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 Abstract— This paper presents a study to assess the character-

istics of particles or bubbles possibly present on Titan’s lakes and 

seas using Cassini RADAR observations when operating in altim-

etry/sounder mode. We developed an analytical model for the Sur-

face-to-Volume power Ratio (SVR) which includes the principles 

of radiative equilibrium and Mie scattering theory. The model 

considers the effects due to extinction phenomena and can be used 

to extract valuable information on the presence of dust particles 

or bubbles in Titan’s liquid bodies. The absence of volume scatter-

ing in the altimetric waveforms is used to constrain the maximum 

density at various radii of the possible presence of nitrogen bub-

bles or solid particles, such as water ice, nitriles, and tholins.  

 

Index Terms— Cassini, Titan, radar altimetry, radar sounder, 

Mie scattering theory, radiative equilibrium. 

 

NOMENCLATURE 

c Speed of light (approx. 3e8 m/s) 

α  Blackman window parameter 

Pa, Psc Absorbed and scattering power, W 

Qa, Qsc, Qe Absorption, scattering and extinction cross-

section 

Si, Ssc Incident and scattered power density, W/m2 

ξa, ξsc, ξe Absorption, scattering and extinction effi-

ciencies 

σb Backscattering radar cross-section, m2 

Ω Solid angle, sr 

𝜃 Elevation radiation angle, rad 

𝜙 Azimuth radiation angle, rad 

n Refraction index ratio 

λ Radar wavelength, m 

r Particle radius, m 

ε𝑖, εℎ, ε𝑚 Inclusion, host material and mixture com-

plex dielectric constants 

tgδ Material loss tangent 

Pi Incident power, W 

PS, PSS Surface and subsurface reflected power, W 

Γs or R12
2   Fresnel reflectivity 

σs Surface radar cross-section, m2 

R Radar altitude, m 
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σh Surface root-mean square height, m 

k Wave number, 1/m 

Pt Transmitted power, W 

PS Surface power, W 

PV Volume Power, W 

PN Noise power, W 

PN,int Integrated Noise power, W 

G Antenna gain 

ϑ3 𝑑𝐵 Antenna beamwidth at -3 dB, rad 

τ Two-way attenuation 

σ Radar cross-section, m2 

σ0
V Backscattering volume coefficient, 1/m 

ka, ks, ke Absorption, scattering and extinction volume 

coefficients, 1/m 

r Particle radius, m 

vi Volume inclusion fraction 

NV, N Particles density, n/m3 

n(r) Particles density probability density function 

PV Volume power, W 

SV Volume power density, W/m 

PN Integrated noise power, W 

SVR Surface-to-Volume power Ratio 

SNR Signal-to-Noise Ratio (Ps PN⁄ ) 

SNRint Integrated Signal-to-Noise Ratio 

 

I. INTRODUCTION 

The Cassini spacecraft's RADAR Mapper played a crucial 

role in unveiling the surface of Saturn's largest moon, Titan, by 

providing unparalleled details of its surface throughout the mis-

sion [1], [2]. The instrument was specifically designed to oper-

ate in various modes, such as Synthetic Aperture Radar (SAR), 

Altimeter, Scatterometer and Radiometer [3]. In 48 flybys, Cas-

sini covered 46% of Titan's surface capturing SAR images with 

a resolution better than 1 km and acquiring 40 topographic pro-

files in altimetry mode [4]. With its RADAR instrument, Cas-

sini observed topographic and geological features such as 

dunes, mountains, canyon and the presence of vast lakes and 

seas at the moon's poles [5], [6], [7], [8], [9], [10]. The compo-

sition of these reservoirs are liquid hydrocarbons, primarily 
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methane and ethane, with a percentage of dissolved atmos-

pheric nitrogen [11], [12]. In May 2013, nadir-pointed altimetry 

data acquired over Ligeia Mare, revealed two distinct echoes, 

one from the surface and the other from its seabed. This meas-

urement demonstrated that the instrument was able to operate 

as a sounder, capable of probing Titan's seas and lakes down to 

hundreds of meters and providing valuable insights of the liquid 

composition [12]. This detection has then been followed by the 

bathymetry of other  

Titan seas and lakes, including  Ontario Lacus, Punga Mare, 

Kraken Mare and Winnipeg Lacus [13], [14], [15], [16], [17]. 

In 2016, a comparison between multiple SAR observations led 

to the detection of over-bright transient backscattering features 

at the surface of Ligeia Mare [18]. These features, named the 

“Magic Islands”, have not been attributed to artifacts (azimuth 

and range aliasing and scalloping) or observation geometry 

changes and are likely explained as the result of ephemeral phe-

nomena associated with floating and/or suspended solids, rising 

gas bubbles or waves from topographically funneled wind [19], 

[20].  

The presence of solid particles in Titan’s lakes and seas has 

been hypothesized as the result of complex aeolian atmospheric 

processes, as well as fluvial transport of sediments from the 

crust or rain washing [21], [22], [23]. Aerosol and water ice 

haze particles originate in the upper atmosphere and can coa-

lesce and settle on the surface, forming larger sand-sized parti-

cles [24], [25]. Such phenomena would also explain the for-

mation of dunes at Titan’s equator and the presence of evapo-

rites at the bottom of dry lake beds and edges of evaporating 

lakes [26], [27], [28].  

Among solid particles, water ice inclusions represent a pos-

sible explanation for the “Magic Island” formation because of 

their insolubility in liquid hydrocarbons and as the main con-

stituent of Titan’s crust [29]. Furthermore, Titan’s complex at-

mospheric photochemical chemistry provides organic material 

to settle onto its surface. These organics include acetylene, hy-

drogen cyanide and nitriles [29]. Such molecules dissolve in the 

hydrocarbon mixture and precipitate out of solution when the 

solubility is exceeded. [30], [31]. As the density of most of these 

particles is higher than the host liquid’s, their presence is as-

sumed to be the result of an ascending stream, uplifting the par-

ticles, and preventing them from sinking [32], [33]. 

The occurrence of nitrogen bubbles in Titan’s seas and lakes 

has been widely investigated and associated with liquid super-

saturation of nitrogen gas [34]. Experimental studies suggest 

that nitrogen exsolution from mixed ethane/methane solutions 

could be triggered by events that would decrease the solubility 

of dissolved nitrogen gas, including  an increase in temperature,  

and an increase in  ethane concentration (i.e., due to rain drops 

or rainfall runoff), possibly leading to the overturning of strati-

fied lakes [35], [36], [37], [38]. Other theoretical studies inves-

tigate bubble nucleation and growth and developed a radiative 

transfer model appropriate for describing bubble reflectivity at 

Titan lake conditions [39], [40]. They identify the seabed as the 

most plausible location for the generation of bubbles, leading to 

a radar reflectivity comparable to the one observed during the 

“Magic Island”.  

The objective of our research is to assess the presence of parti-

cles or bubbles in Titan’s lakes and seas and determine their 

size and density by means of a volume scattering analysis of 

Cassini altimetric data. Based on the Mie scattering assump-

tions and the classical radiative transfer theory, we derive a 

comprehensive expression for the volume scattering return, 

specifically for the case of a beam-limited acquisition geometry 

and a flat surface. By modelling the backscattered surface and 

volume powers, we derive an expression of the Surface-to-Vol-

ume scattering power Ratio (SVR) as a function of particles ra-

dius and volume inclusion fraction for different host-inclusion 

mixture scenarios. We constrain the maximum size of gase-

ous/solid inclusions at various densities in the probed sea by 

comparing the model with the measured SVR. Our results high-

light the impact of inclusions properties on the radar echo in the 

case of a liquid host medium.  

This manuscript is structured as follows. Section II describes 

Cassini altimetry dataset and processing. Section III presents a 

brief review of the Mie Theory, which serves as a foundation 

for our study. Section IV is dedicated to the analytical deriva-

tion of the SVR and the description of its behavior. Finally, in 

Section V, we apply the volume scattering analysis to the Cas-

sini altimetric observations at Ligeia mare and present our re-

sults. 

 

II. DATASET AND PROCESSING 

We used altimetric data acquired by the Cassini RADAR, op-

erating at Ku-band (𝑓𝑐=13.78 GHz, 𝜆 = 2.17 cm) and available 

on the NASA Planetary Data Science (PDS) node website 

(https://pds-imaging.jpl.nasa.gov/volumes/radar.html) in the 

format of Long-Burst Data Record (LBDR) [41].  

Fig 1. Cassini ground-track over Titan’s Ligeia Mare during T91 flyby is pre-
sented in red, where each circle represent an altimetric acquisition/burst. Bursts 

highlighted in white (a-e) are the ones under investigation in this manuscript 

(see Fig. 2). The green and yellow squares refer to the location at which the 

Magic Island has been observed during flybys T92 and T104.  
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During its operations, the Cassini RADAR operated in burst 

mode, transmitting frequency modulated pulses (chirp) with 

duration time of 150 𝜇𝑠 and 4.25 MHz bandwidth.  

Altimetric raw data is processed by means of the CPAD (Cas-

sini Processing of Altimetric Data), which provides for range-

compression and incoherent averaging of the pulses within a 

single burst [42]. With the objective of further improving the 35 

m nominal range-resolution, we integrated into the CPAD an 

intermediate processing based on Super-Resolution (SR) tech-

niques via the Burg method [43], [12]. This processing provides 

for the elimination of the 5% of samples for each side of the 

spectrum and exploits 𝑀= 3 as model order. SR techniques have 

been proved to be suitable for altimetric/sounder data [44], [45], 

[46] and widely used in planetary radar data processing [47], 

[48]. Previous studies have demonstrated that super-resolution 

techniques provide reliable results at high SNR values, such as 

in the current case, where the selected bursts exhibit a SNR of 

around 46 dB [44]. Here, we employ range-compressed signal 

extrapolation to enhance the Cassini RADAR bandwidth by a 

factor 3 (leading to a free-space vertical resolution of 11.6 m) 

followed by a custom weighting function able to reduce side-

lobes down to 60 dB (i.e., Blackman with parameter α = 0.16).  

Figure 1a–e presents the five selected pulses from the T91 flyby 

over Ligeia Mare, where the shallow reflector assumes almost 

a constant depth. We can note that after SR processing the sur-

face and subsurface peaks are narrowed allowing a better esti-

mation of the volume clutter contribution. 

 

III. MIE SCATTERING THEORY 

Volume scattering occurs when an electromagnetic wave in-

teracts with small-scale heterogeneities or irregularities in a me-

dium, causing the wave to propagate in different directions. In 

the case of highly disordered systems, the electromagnetic 

fields scattered by the different centers are statistically 

independent. Therefore, the total scattered field can be regarded 

as an intensity-based summation of all individual contributions, 

which we describe through the Mie theory. 

III.A. Theoretical formulation 

When an electromagnetic wave interacts with a suspended 

particle in a host material, a fraction of the incident power is 

absorbed by the particle 𝑃𝑎, and another fraction is scattered in 

all directions 𝑃𝑠𝑐. The scattering and absorbing cross-sections 

can be defined as the ratio of the scattered or absorbed power to 

the incident power density 𝑆𝑖  respectively 

𝑄𝑠𝑐 = 𝑃𝑠𝑐 𝑆𝑖⁄              𝑄𝑎 = 𝑃𝑎 𝑆𝑖⁄                        (1) 

 

The scattering and absorption efficiencies represent the fraction 

of the incident power density that is scattered or absorbed by 

the particle of radius 𝑟 respectively, normalized by the geomet-

ric cross-section 

 

𝜉𝑠 =  𝑄𝑠𝑐 𝜋𝑟2⁄             𝜉𝑎 =  𝑄𝑎 𝜋𝑟2⁄                  (2) 

 

The total amount of power removed from the incident wave 

when interacting with the particle can be expressed by a sum-

mation of both these contributions, and defined respectively as 

extinction (or attenuation) cross-section and efficiency 

 

𝑄𝑒 =  𝑄𝑎 +  𝑄𝑠𝑐           𝜉𝑒 =  𝜉𝑎 + 𝜉𝑠                 (3) 

 

The total scattered power in all directions,  𝑃𝑠𝑐 =

 ∬ 𝑆𝑠𝑐(𝜃, 𝜙)𝑅2𝑑Ω
⬚

4𝜋
, where Ω represents the solid angle, can be 

exploited to define the backscattering radar cross-section 𝜎𝑏 of 

a single particle of suspended material. Since 𝑆𝑠𝑐  is the power 

density of the radiation scattered in all directions (𝜃, 𝜙), the 

portion coming back towards the source is obtained by 𝜃 = 𝜋  

 

Fig. 2. a) - e) The five selected altimetric waveforms acquired by the Cassini RADAR during T91 flyby over Ligeia Mare before and after Super-Resolution in 

black and blue, respectively. We integrate the sounding waveform in the area highlighted in green from 17.0 to 17.5 𝜇𝑠. Noise is integrated before the surface echo 

by averaging the contributions obtained in a sliding window with the same size and moving from 12.0 to 15.5 𝜇𝑠, highlighted in grey. f) Results from pulse-by-

pulse signal and noise integration (green and gray solid lines) and their average values (horizontal dashed lines). We measure an integrated signal power of 45.96 

dB and an integrated noise power of 42.96 dB, thus we can assume that there is no remarkable contribution of volume scattering effects. 
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𝑆𝑠𝑐 =
𝑆𝑖 𝜎𝑏

4𝜋𝑟2        →      𝜎𝑏 = 4𝜋𝑟2 𝑆𝑠𝑐 (𝜋) 𝑆𝑖⁄           (4) 

 

The results of Mie’s solution [49] led to the following expres-

sions for the extinction and backscattering efficiency factors in 

terms of converging series 

 

𝜉𝑒  (𝑛, 𝜒) =  
2

𝜒2
∑ (2𝑙 + 1) 𝑅𝑒{𝑎𝑙 + 𝑏𝑙}

∞
𝑙=1        (5) 

 

𝜉𝑏 (𝑛, 𝜒) =
𝜎𝑏

𝜋𝑟2 =  
1

𝜒2
|∑ (−1)𝑙  (2𝑙 + 1)  (𝑎𝑙 +  𝑏𝑙)∞

𝑙=1 |2  (6) 

 

where we can define χ =  kbr =  
2π

λb
r =  

2πr

λ0
√εb

′ , with kb being 

the wave number in the background medium, λb and λ0 the 

wavelength in the medium and in the free space respectively 

and εb
′  the real part of its relative dielectric constant; and with  

n = ni nh⁄ =  √εi √εh⁄   the ratio of the complex indices of re-

fraction of the particle inclusion and the host medium. Instead, 

𝑎𝑙 and 𝑏𝑙 are known as the Mie coefficients.  

As the material dielectric properties and particle dimensions 

in focus do not satisfy the necessary condition for the validity 

of the Rayleigh approximation (|𝑛𝜒| ≪ 1), this study considers 

the general Mie Theory. 

 

 IV. SURFACE-TO-VOLUME SCATTERING POWER RATIO 

This section outlines the theoretical formulation of the Sur-

face-to-Volume scattering power Ratio (SVR). We begin by 

computing the surface response 𝑃𝑠 assuming a coherent 

scattering regime. Subsequently, we model the volume scatter-

ing power 𝑃𝑉 by solving the integral radar equation (10) for the 

case of volume backscattering [50]. Here, we incorporate the 

general Mie theory to account for the scattering properties of 

the inclusions. We then derive the SVR and describe its behav-

ior at varying particle size and density. 

 

A. Radiative Equilibrium and Assumptions 

Nadir-looking radar observations in altimetry mode offer 

valuable insights into the characterization of inclusions or sus-

pended heterogeneity in a homogeneous media. The waveform, 

as shown in Fig. 3c, enables the power measurements of the 

reflections from the surface/subsurface and the scattering from 

the volume, which can be utilized to constrain the size and den-

sity of inclusions. 

The acquisition geometry is illustrated in Fig. 3a, where we 

assume a liquid column filled with spherical particles. We eval-

uate the volume backscattered power from the radiative equi-

librium within the host medium with the reflected and transmit-

ted powers by the surface defined as a function of the surface 

Fresnel coefficient Γs = (1 − √εm) (1 + √εm)⁄ , function of the 

dielectric constant 𝜀𝑚 and the two-way transmittivity term 

(1 − Γs)2 respectively (see Fig. 3b). Therefore, the overall 

backscattering cross-section of the volume incorporates the 

transmittivity term as well as the backscattering individual con-

tribution of each particle, σb,i. Furthermore, we consider the im-

pact of signal attenuation/extinction resulting from both particle 

scattering and absorption phenomena, mainly influenced by 

Fig. 3. a) Nadir-looking acquisition geometry of the Cassini RADAR altimeter in the case of inclusions in the probed liquid bodies. The surface power 𝑃𝑠 refers to 

the coherent contribution from the Fresnel area [52], while the volume power 𝑃𝑣 from the whole antenna footprint. b) Radiative equilibrium in a two-layers medium 

filled with i spherical inclusions. Each particle provides its contribution through its backscattering coefficient 𝜎𝑏,𝑖. c) Example of a sounding observation, where 

the normalized power backscattered from the surface and the subsurface is represented by the two sinc functions in black (𝑃𝑠 and 𝑃𝑠𝑠), while the volume power 

𝑃𝑉(𝑧)  in red is characterized by an exponential decreasing trend along depth. 
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particle size and loss tangent respectively. Although not illus-

trated in Fig. 3b for clarity, attenuation effects are included in 

the derivation of the SVR, as detailed in eq. (2) and (19). 

Our formulation provides for the assumption of uniformly 

distributed spherical inclusions with the same dielectric proper-

ties and does not account for polarization effects and multiple 

scattering phenomena, as suggested by previous works [19]. 

Moreover, we do not consider shadowing effects by particle ob-

struction, which do not occur when the particle radius is lower 

that the wavelength [51]. In our case we assume a maximum 

bubble radius of 2.3 cm (break-up radius), as calculated by [39], 

comparable to RADAR wavelength.  

 

B. Surface backscattered power 

For the surface power derivation, we assume a flat surface 

and a beam-limited acquisition geometry. Such hypothesis 

guarantees a regime of coherent backscattered power, whose 

contribution arises from the Fresnel area [52]. This leads to the 

following equation for the radar cross-section valid for the case 

of a spherical wavefront [53], [54] 

 𝜎𝑠 =  𝜋𝑅2𝛤𝑠  𝑒−4k𝜎ℎ
2
                             (7) 

 

where 𝜎ℎ is the root mean square (rms) height of the surface, 

representing its vertical-scale roughness and 𝑅 is the distance 

of the radar from the surface. In this work, we assume σh = 0 

as Titan’s lakes and seas exhibit a relatively calm surface with 

small-scale roughness on the order of millimeters [54], [55], 

[56]. Therefore 𝑃𝑠 can be described by the following expression 

𝑃𝑠 =
𝑃𝑡𝐺2𝜆2𝜎𝑠

(4𝜋)3𝑅4 =
𝑃𝑡𝐺2𝜆2𝛤𝑠𝜋

(4𝜋)3𝑅2                          (8) 

where 𝑃𝑡 and 𝐺 are the transmitted power and the antenna gain. 

We compute the surface Fresnel coefficient by means of the 

Maxwell-Garnett mixing rule as found to be in good agreement 

with experimental measurements in case of uniformly distrib-

uted spherical particles up to the 10% of inclusion fraction [50] 

𝜀𝑚  =  𝜀ℎ + 3𝑣𝑖  𝜀ℎ
𝜀𝑖−𝜀ℎ

𝜀𝑖+2𝜀ℎ−𝑣𝑖 (𝜀𝑖−𝜀ℎ)
                 (9) 

where 𝜀𝑚, 𝜀𝑖 and 𝜀ℎ are the complex dielectric constant of the 

mixture, the inclusion and the host material respectively and  𝑣𝑖 

is the volume inclusion fraction (0 < 𝑣𝑖 < 1). 

C. Volume scattering power and SVR derivation 

The volume power contribution can be described as an inte-

gral summation of contributions of cylinders with volume 𝑑𝑉 

and with growing depth 𝑧, as illustrated in Fig. 3a.  

𝑃𝑉 = ∫
𝑃𝑡𝐺2𝜆2(1−𝛤𝑠)2𝑒−2𝜏

(4𝜋)3𝑅4 𝑑𝜎
⬚

𝐴0
                     (10) 

where 𝐴0 is the antenna footprint. The radar cross-section 𝜎 and 

the two-way wave attenuation 𝜏 can be expressed as  

𝑑𝜎 =  𝜎0
𝑉𝑑𝑉     with 𝑑𝑉 = 𝜋 (

ϑ3 𝑑𝐵 (𝑅+𝑧)

2
)

2

𝑑𝑧         (11) 

𝜏 = ∫ 𝑘𝑒(𝑧′)𝑑𝑧′ = 𝑘𝑒𝑧
𝑧

0
                            (12) 

where the integration volume 𝑑𝑉 in (11) refers to a beam lim-

ited configuration, considering an antenna beamwidth at –3 dB 

equal to ϑ3 𝑑𝐵. In these expressions, 𝜎0
𝑉 and 𝑘𝑒 represent respec-

tively the backscattering and extinction volumetric coefficients, 

which account for the contribution of each scattering center 

through the overall number of particles per unit volume 𝑁𝑉 

𝜎0
𝑉 = ∑ 𝜎𝑏,𝑖(𝑟𝑖)

𝑁𝑉
𝑖=1          𝑘𝑒 = 𝑘𝑠 + 𝑘𝑎 = ∑ 𝑄𝑒(𝑟𝑖)

𝑁𝑉
𝑖=1       (13) 

Under the assumption of independent scattering and neglecting 

multipath effects, the backscattering and the extinction caused 

by a collection of homogeneous and identical particles can be 

described by multiplying the number of inclusions by the spe-

cific scattering coefficient for a single particle 

𝜎0
𝑉 = 𝑁𝑉 𝜎𝑏                  𝑘𝑒 = 𝑁𝑉  𝑄𝑒                    (14) 

It is possible to incorporate the impact of particles of varying 

sizes by describing such coefficients using a continuous distri-

bution function 𝑛(𝑟) based on the radius 

𝜎0
𝑉 = ∫ 𝑛(𝑟) 𝜎𝑏(𝑟)𝑑𝑟

 𝑟𝑚𝑎𝑥

 𝑟𝑚𝑖𝑛
    𝑘𝑒 = ∫ 𝑛(𝑟) 𝑄𝑒(𝑟)𝑑𝑟

 𝑟𝑚𝑎𝑥

 𝑟𝑚𝑖𝑛
    (15) 

If we assume a Gaussian distribution function,  𝑛(𝑟) =
𝑁

𝑠√2𝜋
 𝑒𝑥𝑝 (−

(𝑟−𝑟̅)2

2𝑠2 )  where 𝑟̅ and 𝑠2 are the mean and the vari-

ance of the variable 𝑟. We calculate the integrals within the radii 

values at 2-sigma , supposing that the 95% of the values is 

within  𝑟𝑚𝑖𝑛 =  𝑟̅ − 2√𝑠2 and  𝑟𝑚𝑎𝑥 =  𝑟̅ + 2√𝑠2. The number 

𝑁 represents particles of all sizes in unit volume and is given by 

𝑁 = ∫ 𝑛(𝑟)𝑑𝑟
 𝑟𝑚𝑎𝑥

 𝑟𝑚𝑖𝑛
                           (16) 

and coincides with 𝑁𝑉 in the case of particles with the same 

radius.  

By substituting (11) and (12) in (10), we express 𝑃𝑉 as an 

integral along the z-axis 

𝑃𝑉 =
𝑃𝑡𝐺2𝜆2(1−𝛤𝑠)2𝜎0

𝑉

(4𝜋)3

𝜋 ϑ3 𝑑𝐵
2

4
∫

𝑒−2𝑘𝑒𝑧

(𝑅+𝑧)2 𝑑𝑧 
𝑧2

𝑧1
            (17) 

This formula indicates that 𝑃𝑉 can be described as summation 

of the contribution due to the particles located in the medium 

between depths 𝑧1 and 𝑧2. The magnitude of this contribution 

depends on their size and is weighted according to the assumed 

probability density function. By assuming 𝑘𝑒 ≠ 0 and neglect-

ing the dependence of the radar range respect with the depth 𝑧, 

we solve the integral 
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𝑃𝑉 =
𝑃𝑡𝐺2𝜆2(1−𝛤𝑠)2𝜎0

𝑉

(4𝜋)3

 ϑ3 𝑑𝐵
2

8𝑘𝑒𝑅2
[ 𝑒−2𝑘𝑒𝑧1− 𝑒−2𝑘𝑒𝑧2]     (18) 

Finally, we obtain the expression for the SVR as 

𝑆𝑉𝑅 =  
𝑃𝑆

𝑃𝑉
=

𝛤𝑠

(1−𝛤𝑠)2𝜎0
𝑉ϑ3𝑑𝐵

2

8𝑘𝑒
[𝑒−2𝑘𝑒𝑧1− 𝑒−2𝑘𝑒𝑧2]

           (19) 

The SVR curve is numerically computed as function of the par-

ticle radii and densities and shown in Fig. 4a for the Cassini 

RADAR case, considering a uniform distribution of vacuum 

particle size immersed into a methane host. For explanation 

purposes, the curve is obtained by integrating the model within 

the nominal super-resolution cell after Blackman windowing 

and varying in size according to the volume percentage of in-

clusions the mixture (refer to eq.(9)). Notably, it exhibits a de-

pendence on particles radius and density 𝑁𝑣, which can be 

equally expressed in terms of volume inclusion fraction 𝑣𝑖 (see 

Fig. 4b and 4d). The curve is limited according to the employed 

mixture model. 

D. Volume Power behavior vs depth  

The volume power density along the depth profile can be ex-

pressed as the integrand of equation (18)  

𝑆𝑉(𝑧) =  𝑑𝑃𝑉(𝑧) 𝑑𝑧⁄ ∝ (1 − 𝛤𝑠)2𝜎0
𝑉 𝑒−2𝑘𝑒𝑧          (20) 

It carries the information at depth 𝑧∗of the investigated volume, 

which provides the specific 𝑃𝑉(𝑧∗) when integrated within the 

resolution cell. In this formula, (1 − 𝛤𝑠)2𝜎0
𝑉 refers to the value 

at surface origin, while 𝑒−2𝑘𝑒𝑧 to the attenuation during propa-

gation in the medium. Scenarios with higher particle size and 

density result in higher 𝜎0
𝑉 and 𝑘𝑒, generating a stronger volume 

response at the surface and a more rapid extinction with depth, 

as shown in Fig. 4c. Therefore, the main contribution of PV is 

concentrated at shallow depths and superimposed to the surface 

response. We apply SR techniques allowing to take advantage 

of a closest integration to the surface response.   

Furthermore, the integration could lead to ambiguity in the 

SVR for different values of radii and/or densities. As an exam-

ple, we examine in Fig. 4b and 3c the case of particles with ra-

dius of 1.2 mm and compare the 𝑆𝑉(𝑧) at three different densi-

ties: one at SVR minimum (red) and two resulting at a higher 

SVR (black). Figure 3c shows that the integrated 𝑃𝑉 increases 

with higher density until reaching its maximum at 𝑆𝑉𝑅𝑚𝑖𝑛, after 

which it decreases again. We attribute this behavior to the in-

terplay between backscattering and extinction phenomena, that 

for high radii and/or densities makes the 𝑆𝑉(𝑧) contribution to 

concentrate at lower depth and leading to signal extinction for 

higher depth. The same considerations can also be extended at 

different particle radii (see Fig. 4d). We solve such ambiguity 

Fig. 4. a) SVR as a function of particle radius and density for the case of the SR Cassini RADAR altimetric data. The plot has been obtained considering a methane-

vacuum host-inclusion scenario with particles of uniform size and by integration of 𝑆𝑉(𝑧) within the nominal 2nd resolution cell after super-resolution. The blue 

contoured lines are the SVR curves, each line refers to a different SVR value shown at the right side of the plot from 45 to 60 dB. The dashed curve refers to the 

Maxwell-Garnett model constraint that allows a maximum volume inclusion fraction of 10%. The black solid curve represents the minimum SVR. The horizontals 

and vertical dashed lines signify respectively the particle radii and density used to derive Fig. 4b and 4d. b) SVR as a function of particle density at three particle 

sizes (r = 0.8, 1 and 1.2 mm). c) Comparison of the volume power density along depth at r = 1.2 mm for three densities 𝑁𝑉 = 0.783 × 106 and 3.5 × 106  𝑛 𝑚3⁄ , 

generating the same SVR, and 1.8 × 106 at 𝑆𝑉𝑅𝑚𝑖𝑛. At higher 𝑁𝑉  the effect of the backscattering causes the volume power density to be concentrated at lower 

depth and to attenuate at greater depth from the surface. There exists a 𝑁𝑉 at which the integration of the volume contribution in the selected resolution cell is 

maximum (red solid line). d) SVR as a function of the particle size for a fixed density value of 𝑁𝑉 =   4 × 106 𝑛 𝑚3⁄ .  
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by selecting observations featuring seabed detection as shown 

in Fig.1, where the signal penetrated the whole liquid depth. 

V. VOLUME SCATTERING ANALYSIS OF CASSINI ALTIMETRIC 

DATA 

A. SVR measurement  

We conduct the SVR measurement on data acquired by Cas-

sini RADAR during T91 flyby over Ligeia Mare, showing a de-

tection of the sea floor at relatively constant depth, as shown in 

Fig. 2. To take advantage of a wider integration window, we 

select the bursts where the floor reflection appears to be close 

to the deepest point (~ 160 𝑚), accounting for five 

acquisitions. Notably, the data have been weighted by a Black-

man window for sidelobe reduction and seabed detection, both 

crucial for measuring the volume scattering and to constrain the 

analysis. This led to a worsening in resolution and resulted in a 

smaller volume integration window. To compensate for the re-

duced window size, we applied super-resolution. 

Our method involves assessing the presence of a volume 

scattering signature in the data by comparing the measured SVR 

and an integrated Signal-to-Noise Ratio, 𝑆𝑁𝑅𝑖𝑛𝑡. 

Referring to continuous functions, the volume power within the 

time window centered at 𝑡∗ with duration ∆𝑡 can be expressed 

as integral of the volume power density, as follows 

 

Fig. 5. SVR obtained for the case of the T91 Cassini RADAR altimetric data in Fig. 1. We consider a host-inclusion model made of liquid methane/ethane/nitrogen 

(𝜀ℎ
′ = 1.72 and  𝑡𝑔𝛿 = 3.5𝑒−5) and nitrogen gas bubbles and integrate the SVR model as explained in Section V.A. Horizontal lines refer to particle radii available 

in the literature. The area highlighted in blue represents the possible radii and densities pair for our case of no volume scattering detection. The lower black solid 

lines represent the measured SVR and provides the maximum 𝑁𝑉,𝑚𝑎𝑥 at a certain particle size, or equivalently, the maximum 𝑟 at a varying density. The gray 

dashed lines refer to the uncertainty on the 𝑆𝑉𝑅𝑚𝑒𝑎𝑠, as described in Section V.A and shown in Fig.2 f a) is obtained considering a Gaussian distribution of 

particles size with std 1𝑒−6. b) is obtained considering a uniform distribution of particle size and uses a logarithmic scale for both the x and y axis. 
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       𝑃𝑉(𝑡∗, ∆𝑡) = ∫ 𝑆𝑉(𝑡) 𝑑𝑡 
𝑡∗+

∆𝑡
2

𝑡∗−
∆𝑡
2

         (21) 

 

where the time profile can be equivalently expressed in terms 

of depth, 𝑧.  

Due to sampling, the continuous signal assumes the form of a 

time series, and the measure of volume power can be expressed 

as 

         𝑃𝑉 = ∑ 𝑆𝑉(𝑖)𝑚
𝑖=1    (22) 

 
with 𝑖 = 1 … 𝑚 representing the local indexing in the measur-

ing window and 𝑚 the number of samples within the window.  

In this study, 𝑃𝑉 is obtained by integration of the normalized 

altimetric waveforms respect to the surface echo, in an interval 

∆𝑡 = 0.5 𝜇𝑠 between 17.0 𝜇𝑠 and 17.5 𝜇𝑠 to avoid surface and 

subsurface contributions. The related SVR can be accordingly 

expressed as the ratio between 𝑃𝑠 and 𝑃𝑉 as shown in eq. (19). 

Being 𝑃𝑉 an integral quantity, it is necessary to derive an inte-

gral measure of 𝑃𝑁 to enable their comparison. We define the 

integrated noise power 𝑃𝑁,𝑖𝑛𝑡 according to eq.(21) 

 

𝑃𝑁,𝑖𝑛𝑡(𝑡∗, ∆𝑡) =  ∫ 𝑃𝑁(𝑡)
𝑡∗+∆𝑡/2

𝑡∗−∆𝑡/2
                 (23) 

 
which in the form of a time series assumes the form 

 

𝑃𝑁,𝑖𝑛𝑡 = ∑ 𝑃𝑁(𝑖)𝑚
𝑖=1      (24) 

 

In order to avoid fluctuations, we compute an averaged version 

of the noise power 〈𝑃𝑁,𝑖𝑛𝑡〉 obtained by averaging the measures 

from a sliding window  

 

〈𝑃𝑁,𝑖𝑛𝑡〉 =  
1

𝑛
∑ 𝑃𝑁,𝑖𝑛𝑡(𝑗)𝑛

𝑗=1         (25) 

 

where n is equivalently the number of employed windows and 

the 𝑃𝑁,𝑖𝑛𝑡 measures, and j is the lag parameter. The Integrated 

Signal-to-Noise Ratio 𝑆𝑁𝑅𝑖𝑛𝑡 is computed accordingly 

 

𝑆𝑁𝑅𝑖𝑛𝑡 =  
𝑃𝑠

〈𝑃𝑁,𝑖𝑛𝑡〉
               (26)  

 

Here, the selected sliding window moves from 12.0 𝜇𝑠 to 15.5 

𝜇𝑠 and has the same size of the integration window used for 

computing 𝑃𝑉. 

After computation and average of 𝑃𝑉 and 〈𝑃𝑁,𝑖𝑛𝑡〉 values for 

each of the selected observations in Fig. 2, we obtain a 〈𝑃𝑉〉 = 

2.55𝑒−5W and 〈〈𝑃𝑁,𝑖𝑛𝑡〉〉 = 2.53𝑒−5W with an averaged stand-

ard deviation (std) of 0.94𝑒−5W. When comparing with the sur-

face echo, we finally derive an average 〈𝑆𝑉𝑅〉 = 45.96 dB and 

a 〈𝑆𝑁𝑅𝑖𝑛𝑡〉 = 45.92 dB (refer respectively to the green and gray 

lines in Fig. 2f).  The figure shows that the 𝑆𝑉𝑅 metric obtained 

for each observation falls within the 2-𝜎 range of the 𝑆𝑁𝑅𝑖𝑛𝑡,  

calculated by means of the 2-𝜎 uncertainty on 〈𝑃𝑁,𝑖𝑛𝑡〉, and re-

sulting in an asymmetric interval spanning from 43.51 to 

51.80 dB, which indicates a lack of significant evidence for vol-

ume scattering. Consequently, we infer a maximum value for 

𝑃𝑉 , or equivalently a minimum value for the SVR equal to 

𝑆𝑁𝑅𝑖𝑛𝑡. This enables to individuate a space of possible solu-

tions, as depicted in Fig. 5 and 6, where the 𝑆𝑉𝑅𝑚𝑒𝑎𝑠 curve rep-

resents an upper limit for both the particle radius and density. 

More explicitly, such curve describes the maximum size at 

fixed density and vice versa, according to our model.  

Similar considerations can also be extended to data acquired 

during T108, T104 and T126 flybys over Punga Mare, Kraken 

Mare and Winnipeg Lacus, where no volume scattering was de-

tected, even with different SNR and SVR measurements. 

 

B. Results and Discussion  

With reference to previous studies, we consider a host with a 

liquid composition of 𝑁2:𝐶𝐻4:𝐶2𝐻6 (with permittivity 𝜀ℎ
′ =

𝜀𝐶𝐻4
′ = 1.72 and loss tangent 𝑡𝑔𝛿 = 𝜀ℎ

′′ 𝜀ℎ
′ =⁄ 3.5𝑒−5) coexist-

ing with inclusions of different natures, suspended particles or 

dissolved gas, that are deemed to be the most plausible in Ti-

tan’s seas and lakes [13], [29], [57]. We explore the following 

possible inclusion case-studies: 

1.   Nitrogen gas (𝑁2)  that, due to the lack of available meas-

urements for its dielectric properties, we model as vacuum 

bubbles with 𝜀ℎ
′ = 1 and  𝑡𝑔𝛿 = 0 [40]. 

2a.  Pure solid water ice with 𝜀ℎ
′ = 3.1 and  𝑡𝑔𝛿 = 1𝑒−4, insol-

uble in liquid hydrocarbons [58]. 

2b.  Nitriles (acetonitrile, acrylonitrile, cyanoacetylene) which 

are hypothesized to be at the basin of empty lakes in the 

form of evaporites [23]. We consider an average 𝜀ℎ
′ = 2.9 

and  𝑡𝑔𝛿 = 1e−3 [29]. 

2c.  Organic aerosol particles, which we assume to have the 

same properties as Titan-like tholins, an Earth laboratory 

analogue of Titan organic aerosols  [24]. We consider the 

averages 𝜀ℎ
′ = 2.2 and 𝑡𝑔𝛿 = 1𝑒−3 [57], [29].  

Specifically, using the real part of the dielectric constant and 

the loss tangent, we calculate the imaginary part of the permit-

tivity. In particular, the model does not incorporate the loss tan-

gent directly; instead, it exploits the real and imaginary compo-

nents of the permittivity, varied according to Maxwell-Garnett 

mixing rule (see eq. (9)).  

 

Scenario 1 – Nitrogen gas 

Our results are shown in Fig. 5, where the SVRmeas= 45.92 

dB represents the boundary between two possible cases. The No 
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Detection Zone (ND) encompasses all particles radii and densi-

ties combinations when no volume scattering is detected, there-

fore  describing the selected altimetric observations. Alterna-

tively, the Detection Zone (DZ) highlights all possible combi-

nations in the case of detection. The graph also indicates the 

presence of an Extinction Zone (EZ)  (described in Section 

IV.D). The gray dashed lines, instead, refer to the uncertainty 

on the SVRmeas, as described in Section V.A and shown in Fig.2 

f. We incorporate into our graph the results related to particles 

size obtained from previous theoretical and experimental inves-

tigations of nitrogen exsolution phenomena. 

Fig. 6. SVR obtained for three different types of solid spherical inclusions with uniform particle size and where the host is a liquid methane/ethane/nitrogen 

mixture with permittivity 𝜀ℎ
′ = 1.72 and 𝑡𝑔𝛿 = 3.5𝑒−5. a) Water ice b) Nitriles c) Organic aerosol particles. Horizontal solid lines refer to particle radii available 

in literature and estimated considering the techniques listed in Table III.  
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 Experimental studies of bubbles exsolution under Titan’s 

conditions from Farnsworth et al. provide for a bubble average 

population of 10 bubbles/cm2 whose size can be described by a 

Gaussian distribution with average radius of 0.65 mm and 0.1 

mm standard deviation [36]. Such results are obtained at Titan’s 

surface pressure of 1.5 bar, using a liquid depth < 3 cm, there-

fore they represent a minimum value for bubble size, which 

could grow under the action of diffusion or coalescence phe-

nomena [40]. Considering a uniform spatial distribution of par-

ticles this leads to a volume inclusion fraction of 0.13%. The 

SVRmeas at 0.65 mm, according to our model, corresponds to a 

maximum particle density of approximately 1.691 × 106 bub-

bles/𝑚3 (see Fig. 5a), that equates a volume inclusion fraction 

around 0.19%. We find that, at a bubble radius of 0.65 mm, 

Cassini RADAR would detect bubbles with a density between 

0.17–1.3x107 n/m3. If the bubbles were much more dense, for 

example 3x107 n/m3, then a bubble with as small as a radius of 

~3.5mm would be detected. The larger the bubbles become, the 

less dense they must be for detection. This suggests that the 

Cassini RADAR could have observed bubble events only if 

characterized by marginally bigger size and/or higher density 

than observed in Farnsworth et al., 2019, up to the signal ex-

tinction.  

To evaluate the impact of the uncertainty in the host liquid's 

loss tangent on the maximum density, for the mentioned case, 

we consider the upper and lower bounds determined by Mastro-

giuseppe et al. 2016 and Le Gall which estimate the loss tangent 

to range between 4.6𝑒−5 and 2.1𝑒−5 respectively. This range 

results in an estimated density variation 1.689 × 106 to 1.694 × 

106 bubbles/𝑚3. 
Other theoretical studies model the RADAR backscattering 

with the aim of understanding radius and concentration to gen-

erate the “Magic Island” [19], [40]. These studies explore a 

range of bubble sizes, spanning from fractions of millimeters to 

few centimeters. They conclude that scenarios with bubble sizes 

from 0.1 up to 2 - 2.5 mm are unlikely to result in the detection 

of surficial bright features. These results were reported inde-

pendently by Hofgartner et al., who analyzed 10000 bubbles 

within the line of sight, and by Cordier and Liger-Belair, who 

considered a density of 100 bubbles/m3. Likewise, our model 

suggests that bubbles with radius of 0.1 mm would lead to a 

scenario with no detection and would not incur an extinction 

within the validity interval of the mixture model. From litera-

ture, it is expected that bubble volume inclusion fraction is 

much lower than 10% [36], [40]. Therefore, under such as-

sumption, Cassini would not be able to detect particles of such 

size. As shown in Fig. 5b, at the upper radii of 2 and 2.5 mm, 

our model yields maximum densities of approximately 2500 

and 600 bubbles/m3 to have no detection and 2 × 104 and 5400 

bubbles/m3 for scenarios leading to signal extinction. 

According to the same studies, bubbles of larger size and 

same densities mentioned above would lead to an increase in 

SAR radar backscattering [40], respectively. These studies con-

sider a maximum bubble radius of 2 cm and 2.3 cm, respec-

tively.  For these radii, our model indicates a maximum density 

of around 0.0025 and 0.001 bubbles/m3 for no detection and 

0.02 and 0.009 bubbles/m3 for signal extinction. Specifically, 

Cordier and Liger-Belair estimates that 100 n/m3 of centimeter 

sized bubbles would generate the same Bubble Radar Signal 

Amplification (BRSA) of the “Magic Island”. According to our 

model, this scenario would generate no detection with bubble 

density < 0.15 bubbles/m3 and lead to extinction with 1.3 bub-

bles/m3. A summary of the results is listed in Table I.  

The high bubble densities computed from the T92 and T104 

SAR data (by [36] and [40] according to the measured BRSA), 

when compared with the low 𝑣𝑖 obtained under standard condi-

tions from T91 altimetric data, strengthen the hypothesis of the 

Magic Island being generated by ephemeral phenomena. 

 

Scenario 2 – Suspended solids 

The solid particles generated in Titan’s upper atmosphere 

ranges in size from fractions to hundreds of microns [59]. Such 

particles can conglomerate to create larger particles that de-

scend and  deposit on Titan’s surface, forming dunes, or in the 

case of seas and lakes, generating sediments and evaporites. 

Their size is investigated in terms of their mobility as a result 

of the balance between thermodynamic forces acting against 

gravity and interparticle cohesion [60]. Several sources along 

with VIMS spectrometer observations constrain the grains size 

to a range of 0.05 – 2.5 mm in diameter and are listed in Table 

III [61], [62], [5], [63], [64], [65], [66], [67], [68].  However, 

existing studies do not definitively associate the derived grain 

size to a specific material. 

Our results are shown in Fig. 6 for cases 2a), 2b) and 2c) at 

varying size and inclusion fraction. We find that the detection 

of suspended particles would be possible if the particles are rel-

atively large (of the order of few millimeters in radius). As ex-

pected, at small radii the SVRmeas and the extinction curves oc-

cur at lower inclusion fractions for materials with higher atten-

uation. Instead, for larger radii, losses are dominated by scatter-

ing phenomena, causing an inversion of this behavior. In the 

three scenarios, particles of size lower than around 0.34 mm, 

0.5 mm and 0.84 mm, respectively, are never detected. For den-

sities higher than 2.45%, 1.00% and 1.04% respectively, parti-

cles of such sizes lead to extinction without intercepting the 

SVRmeas curve for densities higher than 2.45% (1.7 × 108 

n/m3), 1.00% (2 × 107 n/m3) and 1.04% (4.2 × 107 n/m3) re-

spectively.   Hence, for such cases, our constraint coincides with 

the extinction scenario as for higher depths the seabed would 

not be detected. Results are listed in Table II. 

With reference to Lorenz 2014 [69], extinction occurs be-

tween 2.66% and 2.96% (from 2.3 × 108 to 4.5 × 108 n/m3), 

from 1.31% to 1.35% (from 1.2 × 108 to 2.2 × 108 n/m3), and 

from 1.48% and 1.5% (from 1.3 × 108 to 2.3 × 108 n/m3), re-

spectively for the three cases . 

With reference to Comola et al. 2021, who suggests a grains 

of radius 1 mm [70], our model constrain a minimum volume 

inclusion fraction at 0.04%, 0.06%, and 0.35% (around 9.5 × 

104, 1.4 × 105 and 8.3 × 105 n/m3), for case a), b) and c). Ex-

tinction is reached at 0.29%, 0.33%, and 0.87% (6.9 × 105, 7.9 

× 105 and 2.1 × 106 n/m3), respectively. We summarized these 

results in Table III, along with other estimations at other inclu-

sion sizes available in literature.  
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VI. CONCLUSIONS 

In this paper, we conducted a volume scattering analysis of 

the Cassini RADAR altimetric observations, with the goal of 

determining the density of potential inclusions in Titan's hydro-

carbon lakes and seas. By combining the Mie scattering and ra-

diative equilibrium principles, under the assumption of spheri-

cal particles submerged in a liquid, our approach involved the 

derivation of a mathematical model for describing the Surface-

to-Volume power Ratio (SVR) that explicitly incorporate parti-

cle size and volume density/inclusion fraction as separate pa-

rameters. By keeping one of these parameter constant, we de-

coupled the other’s individual contribution and gained insight 

of their effect on the SVR.  

This inverse modeling technique allowed us to infer particle 

size and volume density from real Cassini RADAR altimetric 

observations over Titan’s lakes and seas. We selected all the 

acquisitions featuring seabed detection and measured the SVR 

within the depths between the two echoes radar returns: from 

the surface and from the seabed. Upon assessing the absence of 

volume scattering within the dataset, we infer that the measure-

ment corresponds to the signal SNR, thus indicating a minimum 

value for the SVR. This enables us to establish a constraint on 

the maximum inclusion fraction, based on particle sizes derived 

from previous studies. Four possible host-inclusions mixtures 

involving (1) nitrogen gas, (2a) water ice, (2b) nitriles and (2c) 

organic aerosols have been explored. 

For nitrogen gas inclusion, laboratory experiments indicated 

a bubble radius of 0.65 mm, resulting in a maximum volume 

inclusion percentage of 0.19%. This suggests that detection of 

such bubbles from the Cassini RADAR would be possible if 

higher concentration of bubbles or a larger bubbles size is pre-

sent in Titan’s lakes. 

Under the hypothesis of solid inclusions, we find that parti-

cles with radii lower than around 0.34 mm (for water ice), 0.5 

mm (for nitriles) and 0.84 mm (for tholins), respectively with a 

maximum density of 2.45%, 1.00% and 1.04% cannot be de-

tected without incurring in signal extinction. On the other hand, 

considering radii in the range 0.025 – 1.25 mm, as Sodelbrom 

et al. 2007 constrained from VIMS spectrometer observations, 

we derived a maximum volume inclusion fraction for detection 

to be between 0.02-3.49%, 0.03-1.43% and 0.16-1.52% for the 

three materials respectively [61]. 

Our model can be applied to radar systems onboard present 

and future missions targeting Jovian and Saturnian moons, such 

as Europa and Titan, where liquid filled basins are hypothesized 

to be present [71], [72], [73], [74]. This offers the opportunity 

to further investigate the properties of such host-inclusion mix-

tures and gain a deeper understanding of the ongoing processes 

and composition on these celestial bodies. 
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