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Let N components be partitioned into two communities, denoted P
and P_, possibly of different sizes. Assume that they are connected via a
directed and weighted Erdos-Rényi (DWER) random graph with unknown
parameter p € (0,1). The weights assigned to the existing connections are of
mean-field-type, scaling as N ~1. At each time step, we observe the state of
each component: either it sends some signal to its successors (in the directed
graph) or remains silent otherwise. In this paper, we show that it is possible to
find the communities P and P_ based only on the activity of the /N compo-
nents observed over 7' time units. More specifically, we propose two simple
methods, an aggregated method and a spectral method, whose misclassifica-
tion rates vanish as long as 7" » N (up to log terms). This condition is proved
to be near-optimal in the minimax sense. Moreover, under the stronger con-
dition 7' » N2 (up to log terms), the aggregated method is shown to achieve
exact recovery with probability tending to 1. Interestingly, these simple meth-
ods do not require any prior knowledge of the other model parameters (e.g.
the edge probability p). The key step in our analysis is to derive an asymp-
totic approximation of the 1-lagged covariance matrix associated to the states
of the N components, as N diverges. This asymptotic approximation relies
on the study of the behavior of the solutions of a Stein-type matrix equation
satisfied by the simultaneous (0-lagged) covariance matrix associated to the
states of the components. This study is challenging, especially because the
simultaneous covariance matrix is random since it depends on the underlying
DWER random graph.

1. Introduction. In this paper, we consider a system of N interacting {0, 1}-valued
chains X = {X,;,t€7Z,1 <i< N} that are coupled via a random matrix 6 = (0;;)1<i j<n
of i.i.d entries distributed as Ber(p) with 0 <p < 1. Let X; = (X1,...,Xn;) denote the
configuration of the system X at time ¢. The dynamics of the model is as follows. Condi-
tionally on 6, the system X evolves as a stationary Markov chain on the state space {0,1}"
in which the conditional distribution of X; given that X; ; = z is that of IV independent
Ber(pp,i(x)) random variables, i = 1,..., N, where

1 1
(1) pg’i(x>zu+(1—)\) N 2 Gija:j+N 2 Gij(l—a:j) s $=($1,...,$N).
JjEP+ JeP_

The sets P4 and P_ form a partition of [N]:= {1,..., N} and the values 0 < A < 1 and
O<p < A are fixed. Neither the sets P and P_ nor the values i and A depend on the random
environment 6.

In this model, the transition probabilities p; g(x) defined in (1) are increasing with respect
to z; for j € P, and decreasing for j € P_, so that the components j € P, have an excitatory
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role, whereas those belonging to P_ have an inhibitory role. In that respect, the sets P,
and P_ partitioning the set of components [N] of the system X introduce a community
structure into the model: components in the same partition have the same role. Hereafter, for
ae{—,+}, we denote 7YY = |P,|/N the fraction of components of the system that belong to
the community P,, and assume that there are values 0 < r,,r_ <1 satisfying ry +r_ =1
such that [ —r | v |rY —r_| < KN~! for some constant K. In particular, we do not
assume that the communities are balanced, i.e., the choice r, # r_ is allowed.

Problem formulation. The goal of this paper is to address the following community de-
tection problem. By observing a sample Xi,..., X741 of the system X, can we find the
communities P, and P_? We do not assume any prior knowledge of u, A, p,74,r_ and 6.

1.1. Application motivation. Part of our motivation to investigate this community detec-
tion problem comes from Neuroscience. Nowadays, the simultaneous activity of large neu-
ronal networks can be routinely recorded and understanding which structural properties of
these networks can be inferred from the recordings is an important question. In several cases,
neuronal recordings have been modeled by discrete-time {0, 1}-valued stochastic chains that
share some similarities with our model (see for example (Galves and Locherbach, 2013;
Duarte et al., 2019) and references therein). In these cases, the time interval in which the
neuronal network has been recorded is binned in small intervals and in each of these inter-
vals, and for each recorded neuron, we assign the symbol 1 if the neuron has fired an action
potential in that time interval and the symbol 0 otherwise. In this context, the sets P4 and
‘P_ correspond respectively to the excitatory and inhibitory neurons of the network, and the
community detection problem formulated above asks whether these two populations can be
discriminated using only the recorded activity.

1.2. Related literature. The model considered here was recently introduced in (Cheval-
lier, Locherbach and Ost, 2026). In their main result, the authors show that it is possible to
estimate the connectivity parameter p from the sample X1, ..., X7 of the system X with rate
N=Y2 4+ NV2/T + (log(T)/T)"?, provided that the asymptotic fraction of components in
each community (the values r and r_) is known a priori. As a consequence, the proposed
estimator is shown to be consistent provided that N 1/2 /T — 0. In this paper, we complement
these results by showing that one can also find the communities defined by the sets P, and
‘P_. More specifically, we propose two simple methods, an aggregated method and a spectral
method, for which we establish theoretical guarantees on exact recovery and misclassifica-
tion rate control. Interestingly, these simple methods do not require the knowledge of the
asymptotic fraction of components that belong to each community.

Community detection problems have been extensively investigated over the past decades.
A large part of the known results were established for the stochastic block model (SBM) - also
known as planted partition model - (Abbe, Bandeira and Hall, 2016; Mossel, Neeman and Sly,
2015, 2016) and its generalizations such as the degree-corrected SBM (Zhao, Levina and Zhu,
2012; Lei and Rinaldo, 2015) and mixed-membership SBM (Airoldi et al., 2008). We refer
the reader to (Abbe, 2018) for a recent review of the classical results in this framework. The
problem of detecting the communities in such stochastic block models is different from ours
for at least two reasons. First, for such models, one has access to the adjacency matrix with
a block structure in terms of the edge probabilities and uses a function of this matrix to find
the communities. In our framework, the adjacency matrix counterpart is the random matrix
AN defined in (3). This matrix is a normalized and signed version of the random matrix 6 in
which all columns in P_ have a negative sign. Since the matrix A"V depends on the matrix ¢
that is not observed, one cannot use the matrix A in our detection problem. Instead, we can
only use the information present in the sample X1, ..., X7 which only gives us a skewed
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view of AN (this is better justified in (4)). Second, given the community assignments, there is
no interaction between the components of those models: they behave independently of each
other. Here, on the contrary, the components of the model do interact and these interactions
are crucial for finding the communities.

More recently, the problem of community detection has been also addressed in the context
of graphical models (Berthet, Rigollet and Srivastava, 2019) and G-latent models (Bunea
et al., 2020). In both papers, the observations are assumed to be i.i.d. copies of some N-
dimensional random vector Z. In (Berthet, Rigollet and Srivastava, 2019), the authors sup-
pose that the distribution of Z is that of an Ising model without external field in which the
interaction strength is 3N ~! between sites of the same block and a/N~! otherwise, where
the real values « and [ satisfy 5 > «. In particular, the block structure in this model is im-
posed directly on the interactions, similar to our model. In the framework of G-latent models
considered in (Bunea et al., 2020), the community structure is imposed directly on the covari-
ance matrix of the random vector Z, unlike the model considered in (Berthet, Rigollet and
Srivastava, 2019) and ours. In the present paper, we go beyond the assumption that the ob-
servations are i.i.d by addressing the community detection problem for dependent variables.
In this setting, part of the literature has focused on dynamic SBM (Pensky and Zhang, 2019;
Lin and Lei, 2024; Matias and Miele, 2016) - a framework fundamentally different from
ours - where one observes sequences of adjacency matrices that slowly vary their community
structures over time and the goal is to estimate these time varying communities. Closer to our
setting, we are only aware of the works of (Peixoto, 2019) and (Hoffmann et al., 2020). Both
papers adopt a Bayesian approach for detecting communities from time series data. Their
focus is on discussing the properties of the proposed methods using synthetic and empirical
data, rather than developing theoretical guarantees leading to exact recovery or controlling
the misclassification rate. Establishing such results in a similar context is the goal of our

paper.

1.3. Our contributions. In this paper, we first establish structural results on the model.
These are then used to derive theoretical guarantees for two community detection methods.

1.3.1. Structural results. The key step in our analysis is to derive an asymptotic approx-
imation for the 1-lagged covariance matrix ©(!) whose (i,7)-entries are defined as
1 .
2 ) = Covp(Xin, Xj0), 0.5 € [N,
where Covg(X; 1, X j,o) denotes the covariance between the random variables X; 1 and X o,
conditionally on 6. To describe this approximation, let AN be the random matrix whose
(i,7)-entries are given by

N7, if j
3) Al = B 1 I]E.P+ 4,5 € [N],
J —N 9ij7 lijP_

With this notation, we establish in Theorem 2.1 that there are explicitly known constants
c1 > 0 and c2 (both depending on A, p, and r ) such that, with high probability,
(4) max [E1) — (14N + e2N~)| < K+/log(IN) /N3,

ijelN] ¥
where the constant K > 0 depends on A, p and r,.. This means that all entries of the matrix
¥ (1) are uniformly close to those of the matrix c; AV + co N1 NIL (with high probability),

where 1, is the /N-dimensional vector full of ones so that 1 1} is the N-by-N matrix full
of ones. The term co N ! can be interpreted as a bias term present in all the entries of the
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matrix $(1). We note that the sign of this bias term is the same as the sign of 7, — r_. In
particular, the bias is 0 if and only if the communities are balanced, i.e. r. =r_ = 1/2.

Once the entry-wise approximation (4) is established, we then derive an approximation for
¥ in the spectral norm, in terms of the matrix

5) T = G E[AN] + eaN11y1],

where E[AN] denotes the expectation of AV, taken with respect to the distribution of the
random matrix 6. Specifically, we establish in Corollary 2.4 that, with high probability,

©6) 150 =Y, < K+ /log(N)/N,

for some constant K > 0 depending on A, p and r .

The matrix AV defined in (3) is a normalized and signed version of # in which the entries
associated with columns in 7_ have a negative sign. Hence the columns of A%, and also of
E[AN], carry information about the communities 7, and P_. The approximations in (4) and
(6) suggest that the same is true for the columns of the random matrix () for large values
of N. To formalize this, let 028 and 522 be the vectors defined as

(7) o8 = (M) T1y and 75 := (5) T1y

The superscript ag in both vectors 2% and o2 stands for aggregated, since these vectors are

obtained by summing over the columns of the matrix ¥(*) and i(l), respectively.

Note that the random vector (AN )Tl ~ is expected to concentrate around its mean
E[(AN)T]1y sufficiently fast (this is formalized in Inequality (37)). Combining this fact
with Equation (4), we show in Corollary 2.3 that the vectors ¢?® and ¢ satisfy, with high
probability,

) %%\U?g—E?gISK«/Iog(N)/N,
1€

for some constant K > 0 depending on A, p and r.
Using (5) and the fact that the random variables 6;;’s are i.i.d with distribution Ber(p), one
can check that the vector ¢ defined in (7) can be rewritten as

9) o =0o4lp, +o_1p_,

where 1p, (resp. 1p_ ) is the /NV-dimensional vector whose entries are equal to 1 in P, (resp.
P_) and 0 elsewhere, and the real values o and o_ are given by

(10) oy =cyt+cipand o_ = cy — c1p.

Since 7+ —o_ = 2c1p > 0, it follows from (9) that the vector 7*& discriminates the com-
munities P, and P_, in the sense that the entries in P, take a larger value than those in
P_.

1.3.2. Aggregated method. In view of the upper bound (8), it is natural to expect that
the vector 0?¢ also discriminates these communities in the limit as [NV diverges. However, the
vector 0 cannot be used in practice, since the matrix ©(1) is not observed. In light of (7),
we propose to estimate 0?8 by

(11) 5% = (ST,

where i(l), defined below in (17), is the empirical estimate of ¥ (1) Given the vector 528 , it
is then natural to estimate the communities P, and P_ by clustering its coordinates. We call
the resulting method aggregated method.
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Its theoretical guarantees are studied in Section 2.4. There, we first prove the conver-
gence of 028 towards a8, both in the sup-norm (Theorem 2.5) and /5-norm (Theorem 2.6).
The control in the sup-norm relies on (8) and (Ost and Reynaud-Bouret, 2020, Theorem 3),
whereas the one in /5 follows from (6) and a sharp estimate for the distance between »®)
and its empirical estimate f](l), stated in Theorem D.1. Then, using Theorem 2.5, we show
in Corollary 2.7 that the aggregated method achieves exact recovery with high probability as
long as 7' » N2 (up to log factors). In Appendix F.2, we study the optimality of this condition
in a similar statistical setting in which conditionally on 6, the system X starts from fixed ini-
tial conditions (and therefore is not stationary). In this setting, in Proposition F.5, we derive
an information-theoretic lower bound showing that exactly recovering the communities P
and P_ is impossible in the minimax sense if 7'/(/N log(N)) — 0. This result suggests that
the condition 7" » N2 may not be optimal for exact recovery.

Finally, as a consequence of Theorem 2.6, we show in Theorem 2.9 that the misclassifica-
tion rate of the aggregated method vanishes as long as 7" » N (up to log factors). Combined
with the information-theoretic lower bound stated in Theorem 2.12, this result shows that the
aggregated method is near-optimal with respect to the misclassification rate.

1.3.3. Spectral method. In this paper, we also consider a spectral method for finding
the communities P, and P_. One key observation behind our spectral method is that the

matrix ¥ has rank 1 and that the vector 5 (up to renormalization) is a leading right
singular vector of it (see Equation (21)). Since singular vectors are only defined up to a
+1 factor, any leading singular vector of S can estimate 72 only up to its sign, and
clustering the entries of such a vector is prone to label ambiguity as it is well known in
the spectral methods literature (Chen et al., 2021). Interestingly, we show that in our case
this ambiguity can be resolved by using the estimator 6*¢ to determine the correct sign,
yielding an improved spectral method presented in Section 2.5. In Theorem 2.11, we prove
that the misclassification rate of our spectral method vanishes as long as 7' » N (up to log
factors). This result together with Theorem 2.12 shows that our spectral method is also near-
optimal with respect to the misclassification rate. To prove Theorem 2.11, we combine the
perturbation theory of matrices with the approximation results stated in Equation (6) and
Theorem D.1.

1.3.4. Proof strategy of our key step. The asymptotic approximation (4) is achieved by

first showing that the 1-lagged covariance matrix (1) can be computed from the simultane-
ous (0-lagged) covariance matrix ©(*) whose (i,7)-entries are defined as
(12) = = Covg(Xi0. X;0), 4,5 € [N].
Next, we show that the simultaneous covariance matrix ¥(0) satisfies some Stein matrix
equation (see Proposition 3.2). To conclude, we then study the asymptotic behavior of the
solutions of the matrix equation satisfied by 2(?) as N — oo. This analysis is challenging,
specially because the matrix 2(?) depends on the random matrix @ and, hence, it is itself a
random matrix. The analysis involves two main ingredients: identifying an "almost" eigen-
vector of the Kronecker product AN ® AV, and a control of averages over entries of the
matrix 6 that are obtained via Hoeffding’s inequality.

1.4. Concluding remarks, extensions and future work. The present paper focuses on the
case of two communities P, and P_. Let us stress that our proposed methods for finding
these communities do not rely on the exact values of the two limits 4 and o_ defined in
(10); knowing that they are well seperated is sufficient.



From a theoretical viewpoint, the case of two communities is a natural and widely studied
setting in the community detection literature Abbe (2018); Abbe, Bandeira and Hall (2016).
Moreover, as noted by Berthet, Rigollet and Srivastava (2019) in the context of the Ising
blockmodel, extending to multiple communities is particularly challenging when the popu-
lation covariance matrix cannot be directly computed from the model parameters. A similar
difficulty arises in our setting: the 1-lagged covariance matrix ©(!) is not directly given in
terms of the model parameters, and we must derive a suitable approximation for it (Theorem
2.1). Deriving such an approximation is by itself a difficult task, because the environment
encoded in the matrix 6 is random and observations are not i.i.d. in our model.

In a suitably modified version of our model with K > 2 communities, we expect the vector
o8 to have K distinct values, so that it should be possible to extend our analysis of the
aggregated method to the case of K communities, though the details remain to be worked out.
However, we conjecture that the analysis of the spectral method would be more challenging.

Indeed, with K > 2 communities, we expect the matrix s to have rank K — 1 and we
would need to track K — 1 singular vectors simultaneously, instead of only one as in our
case. Moreover, the resolution of the label permutation ambiguity, which in our case reduces
to a simple sign ambiguity, would become significantly more challenging for K > 2.

As mentioned earlier, a key property in our analysis is that the community structure only
affects the columns of A", and in particular its rows share a common distribution. The ag-
gregated method heavily relies on this property and should perform poorly if it is violated.
Although the spectral method also relies on this property, we believe that a spectral approach
is more robust to generalizations of the present model.

Furthermore, throughout our analysis we assume that the parameter p does not scale with
the number of chains /V in the system X . Despite the fact that some probabilistic tools used
in our proofs are available for cases where p scales with N (e.g. Hoeffding’s inequality),
extending our results for such cases is not straightforward for at least two reasons. First, the
model has to be suitably modified, since the normalization factor N~! is no longer appro-
priate. Second, and more importantly, our proof of Theorem D.1 relies on Lemma 3.8 of our
companion paper (Chevallier, Locherbach and Ost, 2026), which has been proved only for
p constant. This lemma controls the covariances between components of our model and is
a key ingredient to control a variance term (this is done in Lemma D.4) appearing in the
Bernstein-type concentration inequality derived in Lemma D.3, which, in turn, is used to
prove Theorem D.1. Extending Lemma 3.8 to regimes where p scales with N would require
a substantially different analysis and is beyond the scope of the present paper. The study of
the case p scaling with [V is particularly relevant for applications where the underlying graph
is sparse and dynamics of the model is sensitive to local graph structures (contrary to the
mean-field assumption in (1)).

To conclude, we note that both aggregated and spectral methods are near-optimal in terms
of the misclassification rate and that the aggregated method achieves exact recovery. Whether
the spectral method also achieves exact recovery remains an open question. A related open
question is to understand whether the condition 7 » N? required by the aggregated method
is optimal for exact recovery. Our lower bound in Proposition F.5 suggests that the sharp
threshold may indeed be T' » N log(NN). Settling this issue is left for future work.

1.5. Outline of the paper. The paper is organized as follows. In Section 2, we define
our model rigorously, introduce most of the mathematical notation used in the text and state
our main results. Section 3 is dedicated to the proofs of the structural results of the model,
namely Theorem 2.1 and Corollaries 2.3 and 2.4. Sections 4 and 5 contain, respectively,
the proofs of all results regarding exact recovery and misclassification rate. In Section 6,
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we illustrate the performance of our community detection methods through simulations. Ap-
pendix A contains concentration results derived from Hoeffding inequality that are used in
our proofs. In Appendix B, we prove Theorem B.1, on the convergence of 528 towards ¢
in the sup-norm (the key step to prove Theorem 2.5). Section C is devoted to the proof of
the asymptotic approximation of the simultaneous covariance matrix, i.e. Proposition 3.3. In
Appendix D, we prove Theorem D.1, which plays an important role in the analysis of the
misclassification rate of both methods. In Appendix E, we establish a Bernstein-type concen-
tration inequality for dependent matrices (stated in Lemma D.3) that is used in the proof of
Theorem D.1. Appendix F is devoted to the proofs concerning the minimax lower bounds for
the misclassification rate (Theorem 2.12) and exact recovery (Proposition F.5). In Appendix
G, we recall Lemma 3.8 from our companion paper Chevallier, Locherbach and Ost (2026),
which is central in the proofs regarding the misclassification rate. Appendix H contains an
auxiliary result used in the proof concerning the exact recovery of the aggregated method.
In Appendix I, we present two tables summarizing the notation of the main objects in our
analysis. Finally, Appendix J provides additional information about the performance of the
aggregated method on simulated data.

2. Model definition, notation and main results.

2.1. Model definition. We consider a system of N interacting chains X = {X;,,t €
Z,1 < i < N} taking values in {0,1} denoting the presence or the absence of a signal at
a given time. This system evolves in a random environment which is given by the realiza-
tion of a directed Erdos-Rényi random graph via the selection of N? i.i.d.random variables
05,1 < 1,7 < N, distributed as a Bernoulli of parameter p with 0<p < 1. Conditionally
on 6, the evolution of the system X is that of a stationary Markov chain on the hyper-
cube {0,1}" with transition probabilities (which depend on 6) given as follows. Writing
Xi=(X14,...,Xn¢) and z,y € {0, 1}V, we have, for all t € Z,

N
(13) Py(Xy = y|Xi1 =) = [ [(pa.i(2))¥ (1 = poi(x)) 74,
=1

where pg ;(x) = IPy(X; s = 1| X;—1 = x) is defined in (1). The existence and uniqueness of a
stationary version of the Markov chain having transition probabilities as defined in (13) and
(1) is granted by (Chevallier, Locherbach and Ost, 2026, Theorem 3.3). Only the stationary
regime is considered throughout this paper.

2.2. Notation. Throughout the paper, we use the letters ¢, s to denote some time indices
whereas the letters ¢, j denote some spatial values, that is the index of the corresponding com-
ponent. In agreement with the left-hand side of (13), we write [Py to denote the probability
measure under which the environment 6 is kept fixed and the process X is distributed as the
unique stationary version of the Markov chain having transition probabilities as defined in
(13) and (1). The expectation taken with respect to [P is denoted by IEy. The variance and
covariance computed from IFy are denoted Vary and Covg respectively. Moreover, we write
IP to denote the probability measure under which the random environment 6 = (6;;); je[N] 18
distributed as a collection of i.i.d. random variables with distribution Ber(p) and the condi-
tional distribution of the process X given @ is that of the process X under 1Py, i.e., the follow-
ing identity holds IP(X € -|0) = IPy(X € -). Finally, we denote IF the expectation taken with
respect to the probability measure IP, and Var and Cov the variance and covariance, respec-
tively, computed from IE. When we need to emphasize that the partition (P, P—_) = (.5, S¢),
where S < [N] with |S| = [N, ], we add an additional subscript to the previous notation.
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For example, IPs ¢ denotes the probability measure under which the environment 0 is fixed
and the process X is distributed as the unique stationary version of the Markov chain having
transition probabilities given by (13) and (1), where the communities (P, P-) = (5, 5°).
The corresponding expectation is denoted by IEs g.

For any N-by-N matrix M, we shall denote || M ||,, with 1 < p < co, the matrix norm
induced by the vector norm || - |, and || M ||| max = max; je[ny|M (i, )| Recall that, although
the matrix norm || - || max is not sub-multiplicative, it satisfies

(14) IAB [ masx < min {{| Al oo [ Bl max, l| Alllmax | B}

for any N-by-NN matrices A and B. We write I to denote the N-by-/V identity matrix.

Hereafter, for any subset V' of [IV], we write 1y to indicate the N-dimensional vector
having value 1 in each coordinate belonging to V' and value 0 in the remaining coordinates.
To alleviate the notation, we will simply write 1y instead of 1y, to indicate the vector
full of ones. Along the text, the letter K denotes a constant that is independent of N and
T and that may change from line to line. Also, for any real values a,b, we let a A b and
a v b respectively denote the minimum and the maximum between a and b. Finally, all the
logarithms are in base e.

2.3. Structural results. Let us denote

1= MNpr_
(15)  m=m(u\p) = w with D = D(\,p,r1) = (1= Np(ry —r-)
which was proved in (Chevallier, Lécherbach and Ost, 2026, Theorem 2.1) to be the limit, in
probability, of the spatio-temporal mean (T'N)~! sz\; 1 ZtT=1 Xitas T A N — oo. Further-

more, denote

cg=1=XNm(l—m),
]6 2,2
(16) {62 = Qo)

For later use, let us observe that ¢; > 0 since p > 0 and )\ < 1 and that c» is non-null as long
as the network is unbalanced (i.e. 5 # r_).

Recall the random matrices (1) and AN defined in (2) and (3) respectively. The matrix
(1) is the 1-lagged covariance matrix and A" is a normalized and signed version of random
matrix 0. Remark that ©(1) also depends on N but we chose to not highlight this dependence
in the notation. Moreover, note that this matrix is not symmetric. In our first structural result,
namely Theorem 2.1 below, we show that with high probability the matrix ©() is close to
the sum of two matrices: the first one is the matrix ¢; AV and the second one is the matrix
coN~11 Nl% which is interpreted a bias term. The proof of Theorem 2.1 is given in Section
3.

THEOREM 2.1. There exists a positive constant K > 0 depending on \,p and r such

that for all 6 € (0,1] and N = 2,
[log(N/6)
max > K T S 57

(59 (o 21010
where the matrices ¥(Y) and AN are defined in (2) and (3) respectively, and the real values
c1 and cy are defined in (16).

REMARK 2.2. The constant K appearing in Theorem 2.1 remains bounded for fixed
values of A (i.e. as functions of p and r only). However, this constant diverges when A — 0
(the ergodicity of dynamics breaks) or A — 1 (the dependence between the components of
the model becomes very weak). In such regimes, the result stated in Theorem 2.1 is vacuous.
The same remark applies to several other results, although we will not mention this explicitly.
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Recall the matrix i(l) defined in (5). Our second structural result establishes that the vec-
tors 028 = (X(V)T1y and 52 = (f(l) )1y are close in the sup norm, with high probability.
This result is the basis for the aggregated method presented in Section 2.4. Its proof, given

also in Section 3, follows from Theorem 2.1 and concentration properties of the random
vector (AN) 1, around its mean IE[(AN)T]1y.

COROLLARY 2.3. There exists a positive constant K > 0 depending on \,p and r such
that for all 6 € (0,1] and N = 2,

1p<o_ag_0.ag|oo>K bg(f\%) <57

where the vectors 0®® and %% are defined in (7).

Our final structural result shows that the matrices X(!) and i(l) are close in the operator
norm, with high probability. This result will be important in the analysis of the misclassifica-
tion rate for both aggregated and spectral methods. Its proof, presented in Section 3, follows
from a combination of Theorem 2.1 with concentration properties of the random matrix AV
around its expectation E[AV].

COROLLARY 2.4. There exists a positive constant K > 0 depending on \,p and r . such
that for all 6 € (0,1] and N > 2,

([l -5, P2 <

where the matrices ¥V and i(l) are defined in (2) and (5) respectively.

2.4. Aggregated method. Recall the vectors 0® = (£(1))T1y and 78 = (i(l))Tl N
Observing that & can be rewritten as o1p, + o_1p_ (recall Equation (9)) where
a4+ —0o_ =2c1p >0, we immediately see that the vector ¢ discriminates the communities
P+ and P_. By Corollary 2.3, we then expect that the communities can also be discriminated
by the vector o#%, with high probability. In practice, however, the vector o#¢ cannot be used
to that end because the matrix (1) is not known. To circumvent this issue, one can try to find
these sets by using the empirical estimate of 2.

Let Xi,..., X741 be a sample of a stationary Markov chain with transition probabilities
given by (13) and (1), associated with some realization # of the random environment which
is not observed. Given the sample, we propose to estimate the vector 0% = (E(l))Tl N by
the vector 528 = (f)(l))Tl ~. where &(1) denotes the empirical estimate of the matrix $(1),
which is defined as

T T
~ 1 . ~ o~ 1
(17) s = TZ(}Q+1 — M) (X, — )", with = fZ)Q.
t=1 t=1

In Theorem B.1, stated and proved in Appendix B, we show that the estimator 68 concen-
trates around ¢ in the sup-norm, as both 7" and N diverge provided that 7" » N2 (up to
log factors). Combining this result with Corollary 2.3, we can show that the vector 68 also
converges to 728 in the sup-norm, provided that 7 » N? (up to log terms). This is the content
of the result below.



10

THEOREM 2.5. Let 6*% and 28 be the vectors defined in (11) and (7) respectively. There
exist positive constants K1, Ko and K5 depending on )\ such that

o Nlog(TN)  [log(N) 11
58 — 58 > K | 2 [ ) R [,

for all pairs (N, T) satisfying N =2 and T > Kslog(N).

Theorem 2.5 is the key ingredient in establishing the exact recovery guarantees of the
aggregated method defined below. Its proof is given in Section 4.

To control the misclassification rate, we need a control similar to that of Theorem 2.5 with
ly-norm replacing the sup-norm. A naive approach that combines the crude bound |z <
V/N||z||,» with Theorem 2.5 leads to a sub-optimal estimate for the convergence rate of 528
towards ¢ in the ¢2-norm. To achieve optimal convergence rate, we use Corollary 2.4 and a
sharp estimate for the distance between the 1-lagged covariance matrix > and its empirical
estimate 3 (1 ) (Theorem D.1).

THEOREM 2.6. Let 68 and 8 be the vectors defined in (11) and (7) respectively. Then
there exist positive constants K1, Ko and K3 depending on X\ such that

P (aag — 5%y > K, <N\/ log(T) log;N log(™)) log(N)>> <K (ﬁ + z1v> :

for all pairs (N, T) satisfying N = 2 and
(18) T = (K3Nlog(T)log(Nlog(T))) v 2.

The proof of Theorem 2.6 is given in Section 5. Note that Condition (18) requires the
time horizon 7' to be sufficiently large when compared to the number IV of interacting chains
composing the system.

In light of the properties of the vector * and of Theorems 2.5 and 2.6, it is natural to
estimate the communities P, and P_ by clustering the entries of 6. Although our approach
extends to several clustering procedures, in what follows we analyze in detail only two of
them.

The first is the k-means clustering with k£ = 2, which computes the global minimizer of
the k-means criterion. Since the entries of 528 are real numbers, this can be done efficiently
(in time linear in N) via the dynamic programming algorithm developed in Wu (1991) (see
also Grgnlund et al. (2018) for a review of the existing approaches to one-dimensional k-
means clustering). Note that, in general, its output is different from that of Lloyd’s algorithm.
We denote by (Pag’km Pig’km) the estimated communities obtained by applying k-means
clustering to the vector 528,

The second procedure, which we refer to as mean threshold clustering, estimates the com-
munities P (resp. P_) as the set of indices i € [N] for which 5} is above (resp. below) the
mean value N ! Z _1 0% We denote the resulting communities by (Pagmt pasmt)

Our next result prov1des the theoretical guarantees for these clustering procedures with
respect to exact recovery.

COROLLARY 2.7. Let 68 be the vector defined in (11) and denote by (Pag’ Pig") the
estimated communities obtained by applying k-means or mean threshold clustering to 528
Then there exist an integer Ny and positive constants K1 and Ko depending only on X\, p,r
such that

1P (P, 55) £ (P, PL)) < Ko 55 + )
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forall (N,T) such that N = Ny and
(19) T > K1 N*log?(TN).

REMARK 2.8. As our proof reveals, the conclusion of Corollary 2.7 also holds if the
k-means clustering is replaced by Lloyd’s k-means algorithm, initialized with the means
my = mingey) 7;® and my = max;e[y) 7, . Indeed, whenever G°¢ is sufficiently close to
7?8 in the sup-norm, we show that Lloyd’s algorithm converges to the true partition (P, P_)
in one iteration.

The analysis for k-means clustering is more involved as it requires to show that the global
minimizer of the k-means criterion is the true (P, P_), provided that the vector 28 and
o8 are close in the sup-norm. This is done in Lemma H.1 of Appendix H.

Like Theorem 2.5, the proof of Corollary 2.7 is given in Section 4. It follows from Corol-
lary 2.7 that we can exactly recover the communities P and P_ by clustering the vector 528
via either k-means or mean threshold, as long as 7' » N2 (up to log factors). In Section 6, we
perform a numerical study to compare the performance of these two clustering procedures
(and also include hierarchical clustering in this study). We note that the information-theoretic
lower bound derived in Proposition F.5 of Appendix F.2 shows, in a slightly different setting,
that exactly recovering the communities P, and P_ is impossible in the minimax sense if
T/(Nlog(N)) — 0. This suggests that the condition 7' > N? may not be optimal, and re-
solving this issue is left for future work.

In what follows, we focus on the performance of the aggregated method with k-means or
mean threshold clustering in terms of its misclassification rate. Here, the misclassification

rate of an estimated partition (73Jr , 73_) is defined by
(20) MR(Py,P_) = N Y|Py nP_|+|P_ A Py)).

THEOREM 2.9. Let %8 be the vector defined in (11) and denote by (ﬁig",ﬁig") the
estimated communities obtained by applying k-means or mean threshold clustering to °8.
Then there exist an integer Ny and positive constants K1, Ko and K3 depending only on \,p
and r,. such that

Nlog(T)log(N log(T log(N N 1
og(T)log(N log(T))  log( ))) <K2< +7)7
T N T N
for all pairs (T, N) for which N = Ny and (18) is satisfied.

P(MR(PYE, %) > I,

The proof of Theorem 2.9 is provided in Section 5. The key step in the proof is to obtain an
estimate for missclassification rate in terms of ¢s-distance between 628 and 8. This is the
purpose of Lemma 5.1, stated and proved in Section 5. Given this estimate, we then conclude
by Theorem 2.6.

Finally, let us observe that since condition (18) matches the condition 7" » N up to log
terms, the minimax lower bound stated in Theorem 2.12 of Section 2.6 implies that the es-

timated partitions (P%&*,P***) are both near-optimal, with respect to the misclassification

rate. An interesting open question is to understand whether the log factors in condition (18)
can be removed.

2.5. Spectral method. Recall the constants c; and co defined in (16). Using that i(l) =

el IE[AN] 4+ coN~11n1}; and that IE[AN] = pN~11n(1p, — 1p )T, we can rewrite s
as

1) sV = N1y ()T,
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where 28 is the vector given by (9).
Starting from (21), one can verify after simple calculations that
T8

(22) TP =
[7°¢]l2

is a right singular vector of s with corresponding singular value
(23) n(EY) = \/(@)%«f + (7).

Except in trivial cases, o1 (i(l)) > () so that i(l) has rank 1 and oy (i(l)) is its unique non-
null singular value.
Next observe that Corollary 2.4 and Theorem D.1 together imply that the matrices %)

and S are close in operator norm with high probability. In view of the above properties
of i( ) and of Wedin’s sin © theorem (see for instance Inequality (50)), it then follows that,
with high probability, any leading right singular vector ¥ of the matrix 2(1) is close to o°P

up to sign. The sign ambiguity can be resolved using 52¢ as follows. Let Pbea prehrmnary
estimated community defined as

N
(24) 75={i€[N]:17¢>N_1Zi7j}.
j=1

Depending on the ambiguous sign, P is expected to be close to P, or P_, and consequently
the average of the coordinates of 58 over P is expected to be close to 7 or o_. Hence, we
propose to estimate the vector a°P by the vector

o _ {6 F P17 Xiep 5% = [INIVPI ™ Xy 5%
v

(25)
, else.

THEOREM 2.10. Let 6°P be defined in (25). There exist an integer Ny and positive con-
stants K1, Ko and K3 depending only on \,p and r such that

SO N log(T)log(N log(T)) \/log(N) N 1

P> 1y Vo)) =re(7+ )
zp(na 7P|y > K, - = Ka(\| 7+ )
for all pairs (T, N) for which N = Ny and (18) is satisfied.

Theorem 2.10 is proved in Section 5. As anticipated above, its proof follows from the
perturbation theory of matrices (Wedin’s Sin © theorem), Corollary 2.4 and Theorem D.1.
The most challenging part in the proof is to show that the sign of &P is correct with high
probability.

Finally, the estimated partition is defined as

(26) PP — { [N]:6° = N~! Z ASP} and PP = [N]\PP
and its misclassification rate is upper bounded as follows.

THEOREM 2.11. Let (ﬁip,ﬁs_p) be the partition defined in (26). There exist an integer
Ny and positive constants K1, Ko and K3 depending only on \,p and r. such that

IP(MR(ﬁip,ﬁip) > K, (Nlog(T) log(Nlog(T)) N longfN))) < I (\/f-l- %)7

for all pairs (T, N) for which N = Ny and (18) is satisfied.
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The proof of Theorem 2.11 is provided in Section 5 as well. Similarly to the aggregated
method, the control of the misclassification rate of the spectral method relies on Lemma 5.1
and Theorem 2.10. Moreover, the minimax lower bound stated in Theorem 2.12 implies that
the random partition defined in (26) is near-optimal.

2.6. Lower bound for the misclassification rate. In this section, we establish lower
bounds on the sample size 7" needed to recover the partition (P, P_), with respect to the
either misclassification rate. For each K > 0 and u > 0, denote 7x (u) = 4/1 — exp(—Ku).
Note that 75 (u) — 1 as u — o0, whereas 7 (u) — 0 as u — 0.

THEOREM 2.12. There exist positive constants K1 and Ko depending only on p and A
such that forall N =2 and T > 1,

. PPN (Tmin — N71) T log(2N)
. ] ) (g () o (529
A max B R(P+,P-) 5 ()~ 2 (T
where ryin =14 Ar_, S ={S c [N]:|S| =[Nri|} and the infimum is taken over all
random partitions (P+,P_) of [ N] which are measurable with respect to o (X1, ..., X14+1).

The proof of Theorem 2.12 is presented in Appendix F.1. The main step in the proof
is to upper bound the variation of the distribution of observations when the true partition
(P4, P-) is slightly modified. Once this is done, we conclude by applying Assouad’s Lemma
(Tsybakov, 2009, Theorem 2.12).

Note that if both T'= Ty and N diverge but T /N < K for some constant K > 0, then
Theorem 2.12 implies that

lyinf iy max IEs| MR(P., P-) | > Z22= (1 - 7, (K) > 0,

showing that recovering the communities P, and P_ is impossible in the minimax sense
unless 7' » N.

3. Proofs of the structural results.

3.1. Some vector and matrix notation. The aim of this section is to introduce additional
notation and simple results already appearing in (Chevallier, Locherbach and Ost, 2026).

Let LY*~ be the vector of row-wise sums over the columns corresponding to P_
of the matrix A%, i.e. LV*= = AN1p_. Then, for all = € {0,1}", the vector py(z) =
(po,1(x),...,po,n(x)) can be written as,

(27) po(z) = ply + (1 —N) (ANz — LN*7).
Now, let us denote m” the (conditional) mean vector given by
(28) mN = (m]1V7 oo 7m%) = ]EG(XO) = ]Eg[pg(Xo)],

where we used the stationarity of the process. With this notation, let us remark that (1)
rewrites as

(29) 2W = By [(X1 —m™N)(Xo —m™)T].
Taking expectation in both sides of Equation (27), one has

(30) mY = ply + (1= \) (AVm"N — LV*7),
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which in particular gives that the centered version of pg(Xy) is
(31) po(Xo) —mY = (1 =N AN (X —mP).

Moreover, using the matrix Q~ = (Iy — (1 — A)A™)~! and the notation for its row-wise
sums /N = QN1 and ¢NV*~ = QN1p_, the solution m” to Equation (30) reads as

(32) m™ = ptN - 1p — N

Let us remark that the inverse matrix QN is controlled by (Chevallier, Locherbach and Ost,
2026, Section F.3):

(33) QN0 < A1

Finally, let us mention that all coordinates of the vector of temporal means m** are expected
to converge to the asymptotic spatio-temporal mean m defined in (15). This statement is
formalized in Equation (68).

The present paper builds upon the modeling framework and some technical results of
Chevallier, Locherbach and Ost (2026). Nevertheless, except from the preliminary results
detailed above, the only additional dependence is (Chevallier, Locherbach and Ost, 2026,
Lemma 3.8) which is included in Appendix G. All other proof strategies and arguments are
entirely new.

N

3.2. Asymptotics for the simultaneous covariance matrix. Let us denote vV the variance
vector given by

(34) oV = (my (1=my),...,mN(1—my)).

According to the end of previous section, we expect that v” is close to m(1 —m)1 . This is
formalized in Equation (38) below.

Let us denote X(0) = IFy[(Xo — m™N)(Xo — m™)T] the simultaneous covariance matrix
whose (i, j)-entry is

0 .

(35) 50 = Cove(Xi0, Xj0), 1,5 € [N].
The main objective of this section is to provide an asymptotic approximation of the matrix
() as N — oo (see Proposition 3.3).

The reason to study the simultaneous covariance matrix is that it serves as a proxy for
getting the asymptotics of the 1-lagged covariance matrix (1), Indeed, we have the following
relation:

PROPOSITION 3.1. X)) = (1 — X)ANx©),

PROOF. By conditioning with respect to F in Equation (29) and then using (31), one has
S0 = 1By [(po(X0) —m™)(Xo —m™) ] = By [(1 = M)AV (X0 — m™) (Xo —m™)T],

which ends the proof. 0

For a N-dimensional vector u = (uq,...,uy), we write diag(u) to denote the N-by-N
diagonal matrix having value u; € R associated with its i-th diagonal entry, i.e. diag(u);; =
g .

For a N-by-N matrix M, we denote do(M) the same matrix where the diagonal terms
are replaced by zeros, i.e. do(M);j = M;;1;%;. The simultaneous covariance matrix »(0)
satisfies the following Stein-type matrix equation.
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PROPOSITION 3.2.  The simultaneous covariance matrix £©) is equal to vN on the di-
agonal and satisfies ©(©) = (1 — \)2ZANSO(ANT out of the diagonal, i.e.

2O = (1-X)2d (ANZ(O)(AN)T> + diag(v™).

PROOF. Let i € [IN]. Under the stationary distribution, X; ¢ is a Bernoulli variable with

parameter m?. Hence, Eg?) = Varg(X; o) = mN (1 —m}) =ov].
Let i, € [N] with ¢ # j. By conditional 1ndependence between Xioand X, given X_4
and stationarity of the process, we have that

25?) = Covy(Xi0,Xj,0) = Covg(pe,i(X_1),p6,;(X_1)) = Covg(ps,i(Xo0), ps,;(X0))-

Yet, the centered version of py ;(Xo) is pgi(Xo) — mY so that using Equation (31) it is easy
to get
0
S0 (1 - \PE[AY (Xo - m) (Xo - m™)T(AY)T],, = (1= WHANSO(AM) 7],

O]

Let us denote a™¥ = 1 ~N(1 N)T — Iy the N-by- N matrix full of ones except on the diagonal.
Here is our main asymptotic result regarding the simultaneous covariance matrix.

PROPOSITION 3.3. There exists a constant K > 0 depending only on \,p and r such
that for all 6 € (0,1] and N = 2,

O

where the real values m and D are defined in (15).

=
max

lgﬁvw) <

The proof of Proposition 3.3, postponed to Section C is interesting in its own right. It
relies on the Stein-type matrix equation satisfied by £(9) (see Proposition 3.2). To exploit
this structure, we introduce the vectorization operator and the Kronecker product, along with
their useful properties, in Section C.

3.3. Proofs. Finally, the last main ingredients to describe the asymptotics of X(!) are
the asymptotics of the vector of row-wise and column-wise sums of A%, denoted by LV =
AN1y and OV = (AN) 71y respectively, and the asymptotics of v*

PROPOSITION 3.4. There exists a constant K > 0 depending only on X\ such that for all
de(0,1] and N =2,

(36) ﬂ?@LN—p@+—r)m¢D>K kg%“”><@
(37 P (’CN —p(lp, —1p )| =K bg(]J\>f/<5)> <9

(38) P(@N—mu—mﬂww>K b%@®><d



16

Proposition 3.4 is a particular case of Lemma A.2 whose proof is given in Section A.
In the remaining of this section, we prove the structural results, namely, Theorem 2.1 and
Corollaries 2.4 and 2.3. We start with the proof of Theorem 2.1.

PROOF OF THEOREM 2.1. Let 0 < § < 1. First of all, remind that ©(1) = (1 — X\)Ax(©®)
(see Proposition 3.1). By Proposition 3.3 and using (14) with the fact that || AN ||, < 1, we
have,

(39)

W A (Gt i) + p(—>z1vV>H

On the one hand, Equation (38) implies that

IP <|||diag(UN) —m(1l— m)INm1 > K\/W) <4/3,

so that using (14) with the fact that || AY || max < 1/N, we get

log(3N/6)> 9

> K| =) <5

3

max

40 P (HAN diag(v™) = m(1 —m) AV | max > K W) <4/3,

On the other hand, for all i, j € [N], (ANaV);; =37 11#]14 =LY — N71¢;;. Hence,
Equation (36) implies that

(41) P <H’ANC§ - Mlm log(3N/4)

—2
> K T—FN ><6/3.

N

max

Hence, combining Equations (39)-(41) and adjusting the constant /', we deduce that

([0 - (o k) o w (YD v ) <o

The result follows by combining the above inequality with the fact that log(3N/§) >
log(6) > 1/2>1/N since 0 <6 <1 and N > 2 (this kind of argument will be used sev-
eral times throughout the paper to simplify the lower bounds at the cost of adjusting the
constant K, and will usually be omitted in subsequent proofs). O

Now we prove Corollary 2.4.

PROOF OF COROLLARY 2.4. Let 0 < § < 1. Let us first decompose

M <c11E [AN] + %mlfv) — ¢y (AN —E[AN]) + 5O — (clAN + %hvlﬁ) :

On the one hand, (Vershynin, 2026, Theorem 4.4.3) applied to the matrix AV — IE[AN]
with ¢ = 4/(log(2/5) (and the value K there can be taken as (N+/log(2))~! whatever p is)
gives

P(AN—ZE[AN]Q/ [\ﬁ ~ log(2/5)]> <.

On the other hand, remark that || M ||z < N|| M ||| max for any N-by-N matrix so that The-
orem 2.1 implies

P (Wzm — (1A + %11\,1}) HL > K W) <3
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The union bound concludes the proof upon adjusting the constant K to get a simpler form
for the lower bound. 0

Finally, we prove Corollary 2.3.

PROOF OF COROLLARY 2.3. By Theorem 2.1 and the definition of the vector & =
(2(M)T1, one can deduce that

log(N /6
(1 00 )] > 16y ) <

and the desired result follows from (37) and the union bound. ]

4. Exact recovery for the aggregated method. In this section, we prove Theorem 2.5
and Corollary 2.7. We start proving Theorem 2.5.

PROOF OF THEOREM 2.5. Using first the triangle inequality and then the union bound,
we obtain

P (6% = 5" > &1 + £2) < IP (|5 = 0% |p 3 0) + IP (Jo™ — 5] > ),

for all £1,e9 > 0. To conclude, take e = KlNlog(TN)T_l/2 with K7 > 0 the constant
given in Theorem B.1 and €3 = K+/log(N?)/N with K > 0 the constant given in Corollary
2.3, and apply Theorem B.1 and Corollary 2.3 with § = N 1.

[

Now, we prove Corollary 2.7.

PROOF OF COROLLARY 2.7. Throughout the proof, denote F¥ = {|0% — %8|, < &}
and GY = {|5%¢ — 0°8|,, < €}, for each € > 0. Combining Corollary 2.3 (with § = N~1)
and Theorem B.1, one can check that

(42) PGNAFN)Y 21— (N '+ KT,

whenever ¢ > max{K+/log(N2)/N, K1 N log(TN)T~'/2} := en 7. Moreover, it follows
from the triangle inequality that that

(43) FY 0 GY c{|5" — 58| < 2¢} := By

Claim 1. Recall that (P2 P*&5™) denotes the two clusters returned by k-means clus-

tering applied to 528 with k = 2. Then, (P2&"™ P&Km) — (P, P ) on the event EN for
all e < c1prmin/(1 + Tmin)-

Proof of Claim 1. Lemma H.1 implies that (P, P_) is the unique global minimizer of the
k-means criterion on the event Eév for all € < ¢1prmin/ (1 + rmin). Hence, under this event,

we must have (P28 PRy — (P, P ) concluding the proof.

Claim 2. Let (Pag fm paglkmy be the two clusters returned by Lloyd’s k-means algorithm
applied to 08 with k = 2, initialized with the means m; = min; 8;% and my = max; G?g.

Let £ < pey /2. Then, on the event EY, we also have (’Pag’lkm Pig’lkm) = (P4, P-).

Proof of Claim 2. Under the assumption that € < pc;, one can easily check that
maxjep 0;° < 0 + ¢ < T4 — ¢ < minjep, 5;° which, in turn, implies that m; =
minjep_ a & and my = maxjep . Furthermore since € < pcy /2, wehave o, —a_ > 4e.
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As a consequence, [0;% —my| <2 <7y — o — 2e < |55% — my| for all i € P_. Arguing
similarly, we also have that |5:% — mgy| < |5;% — m;| for all i € P;. This implies that the
assignment step in the first iteration of Lloyd’s k-means algorithm returns the partition made
of S1 =P_ and S5 = P,. Finally, using similar arguments as above, we can also check that

this partition is stable and so pelm —p_and ﬁig’lkm = P4, concluding the proof.

Claim 3. Recall that (P?8™" P*™) denotes the two clusters returned by mean thresh-
old clustering applied to 6®8. Let € < ¢1prmin. Then, on the event EN, we must have

€ °
~

(PRE™, PRI = (P, P-).

Proof of Claim 3. First, denote 528 = 5% — N~1(5%¢ 1)1y the centered version of the
vector 028 and observe that

~

(44) (Paemt PAEmYy _ (e [N]:6% >0}, {ie [N]: 6% <0}).
Next, check using first the triangle inequality and then Holder inequality that
|6°8 —2e1p(r-1p, —r_1p )| = [6% =7 = N71(5% — 5", 1n)1n]oo
< 6% — 58|, + N (5% — 5%, 15
<[5 — 7| + N7H5" — 5o |1 1
45) = 2]5° — 55| .
Denoting iy = 74+ A r—, we then deduce from (44) and (45) that
{(PEE™, P25 2 (P, P)} = {[16° — 2e1p(r—1p, =71 1p )]0 > 2¢1Primin}
c |67 —7%8||o0 = c1pmin},
which, in turn, implies that
EN < {[6°8 — 5o, < crpran} < (P, P2E™) = (P4, P)},
for all € < ¢1prmin, concluding the proof.

Hence, we have just proved that exact recovery is achieved for all clustering procedures
on EY aslong as ¢ < min{c1prmin, pc1/2, 19 min/ (1 + Tmin) } = 197 min/ (1 + Tmin) (since
Tmin < 1/2)

Finally, letting No = {N > 2: Kq/log(N2)/N < ¢1prmin/(2(1 + rmin))} and verifying
that en 7 < c1P"min/(2(1 + rmin)) for all (N, T') such that N > Ny and

2
. (4(1 n rmm)KlNlog(TN)> |

C1PTmin

the result follows from (42) with e = e 7.
O

5. Misclassification rate for aggregated and spectral methods. In this section, we
prove Theorems 2.6, 2.9, 2.10 and 2.11, besides the auxiliary result stated in Lemma 5.1
below. We start by proving Theorem 2.6.

PROOF OF THEOREM 2.6. Recall that 58 = (S(1)T1y and 57 = (f(l))TlN. Using
that |1 |2 = N'/2 and the triangle inequality, we have that

o &) w()
6% — 78, < JIED — =) o] 1n o
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o DRER L
< (JED - SOl + [I0 SV ,) N1

Combining the above inequality and Theorems 2.4 (with § = N ') and D.1, the result fol-
lows. O

Next, we prove Theorem 2.9.

PROOF OF THEOREM 2.9. The first step in the proof is to show that

K, |5% — |3 -1

TP (Y AN

(46) MR(PIE* P*°) <

with K¢ = 2 and Ky, = 20.

First, Inequality (46) for the estimated communities (ﬁig’mt,ﬁig’mt) is a direct conse-
quence of Lemma 5.1 withg =528, b, =7, b_ =0_ and 7 = 5°8.

Next, we prove (46) for the estimated communities (ﬁig’km, ﬁig’km). To that end, denote
gkm — |pagkm -1 Diepasim 05, for each a € {—, +}, and consider the vector

akm kml

= + Pdgkm+o-k 1 dgkm

By the definition of k-means clustering, we have that for any partition (.S, S¢) of [IV], the
following inequality holds:

47) 6% =53 < 3% — (iss + AseLse )3,

where fiy = |V|71 Y., 57 for any subset V < [N]. Choosing (S, S¢) = (P4, P-) in (47)
and then using triangle and Jensen inequalities, we obtain that

|528 — 3ka§ <|6% — (fip, 1p, + fip_ 1p_)[3

<2(15° — 73 + |7 — (ip, 1p, + ip_1p.) )

(48) =2(15% 5|3 + [P @+ — fip,)? + [P-|(c- — fir.)?)
Now, using once again Jensen inequality, we deduce for each a € {—, +} that
|,Pa|(ﬁ77a _Ea)2 < ’Pa’ (‘,Pa‘il Z (a?g _Ea)2> = Z (a_?g _Ea>27
i€P, i€P,
so that it follows from (48) that
5% — 313 < 4]5° — o8| 3

Using Jensen inequality a third time and then the above inequality, we deduce that

(49) [ ag|\2<2(|\”g o R G ag\l%) <10[5% —7"¢]3.

Now, note that N ! Z oy =N-1 (akm\ﬁag’kﬂ + alim\ﬁig’kmo € (oXm, 5Xm). This

remark 1mphes that the estlmated partition defined in Lemma 5.1 from the estimator 55™ is in

fact (Pag km Pig km). Hence, Lemma 5.1 (with @ =%, b, =5 ,, b_ =7_ and & = 6X™)
and (49) 1mp1y that

2H'\km agHQ

~ ~ — 20( 52 — 728||2
MR(’Pig7km7,Pag’km) < a -1 HU g ”2

N*l
— S e B A Sfe g BN AR
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proving (46) for (P’ pagkm Pig’km).

Finally, using (46) observe that for all N > N; :=[2/(r4+ A r_)] (which ensures that
¥ A rN = (ry Ar_)/2), we have

AK,[5° — 5|3

N~L
T =2 (ry Ar-)?

MR(PIE*, P <

Therefore, the result follows by combining the above inequality with Theorem 2.6.

Now, we prove Theorem 2.10.

PROOF OF THEOREM 2.10. Recall that v is a leading right singular vector of SO and
that P is a preliminary community defined by (24). More generally, the notation 77 highlights
an estimator of 7 for which the sign ambiguity must be resolved. Moreover, recall that 7°P
is a singular vector of the matrix i(l , associated with the largest singular value o (i(l))
defined in (23). Assume that ¥ A Y > 0, so that oy (f(l)) > 0.

Denote E := {||S(1) — §(1)|||2 < (1 —=1/v/2)oy (i(l))}. All the proof takes place on the
event F/. By Wedin’s sin © theorem (Chen et al., 2021, Theorem 2.9 and Inequality 2.26a),
we have that ¥ is close to P (up to its sign) in the sense that:

25 — 5,
o_l (i(l))

Let a € {—1,1} such that || — 7P|y A ||V +T°P|2 = |0 — T°P||2. The sign « is unknown
and the main objective is to prove that it can be estimated using 528,

(50) (R PRI DR PRS

Claim 1. Whatever the Value of ae{—1,+1}, |P| = |Pall < NMR,, where MR, =
MR(P, [N]\P) and MR_ = MR([N]\P, P).

Proof of Claim 1. We only prove the case o = —1. The other case is treated similarly.
Writing |P| = [Py n 73| +|P-n 73! =[Py N P|+|P_| — [P— A ([N]\P)|, we obtain
that [P| — |P_| <[Py n P| < NMR(P, [N ]\77) Arguing similarly, we can also check that

<
that |[P_| — |P| < [P_ n ([N)\P)| < NMR( [N]\P), concluding the proof.

In the following, assume that N > Ny := [2/(r; A 7_)] sothat 7 A 7Y > (ry A7) /2.
Using this inequality on a combination of Claim 1 and Lemma 5.1 applied to 7°P (hence
by =7 /||c*8|2 and b_ =7 _/|[5*¢||2) and ¥, we have

2]t — 72 8|73 - lav — 7|3
lop —b_|2- (PN ArN)2 T oL T2 (re Aro)?

NMR, <

Using the fact that |78, < NV2(|g4| v [_|) and Inequality (50), we get

& =(1
150 502

(51) MR, < K —0
ot (37)

)

with k = 32(|74 | v [7_)?/(|ds —T_|? - (r4+ A r7_)?). It follows from the definitions of
oy and o_ that [o4| v [0_| = cip and |64 — G| = 2¢1p. In turn, we have k > 32 since
r4+ A r— < 1/2.In particular, it implies that the event F’ defined below is included in E.
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Let &, and &_ denote the two following averages,

(52) 5. =P|” 12% and 5 =[[N\P|™' > &%
ieP ie[N]\P

They are expected to be close to o4 and o_ up to sign ambiguity as stated below.

Claim 2. Let N > Ny :=[2/(ry Ar_)| and a € {—1,1}. On the event

~ — Ty NT_— =
{180 -2y <y [P E ) < B

we have |5, — | v 5 — 5_a| < OISV = SW|5, where
4 o 2

oo Kloy — 07\(1) N .

(re Ar)o?(ESY)  VIEATS

Proof of Claim 2. We only prove the inequality regarding &. The other one is treated
similarly. Observe that

1 1

5‘ _ Aag N = — —ag’ <N+ Aag 7*ag,1v
b= y7>y< Ls) ‘P‘< Ls) ‘P‘< B
(@+|Py Pl +7_|P- m73|) ~ —
(53) - z = (5% — 5% 1),
P |7D|< ?

Next, whatever the value of o € {—1,1}, we use Claim 1 to get

@+|Pr APl +T_|P-AP|)  (FalPanP|+T-0a|P0nP))
P P

1 -~
(54) =0q + T|P\,Pa’(57a - Ea)-
Pl

Combining identities (53) and (54) and then using Claim 1, we obtain that

5. —oal < o5 |\7>\7> ol a—aar+|v|<“g—*ag,1ys>
L M0 —al + (5% — 575, 15)
rPr P 7
1
(55) M|7- + (6% — 58,1
- FIMIz- 7] |7D|< Y

Now, it follows from Claim 1 and Inequality (51) that

1P| = [Pal - NMR, = N(r{j —MRa)

(56) > N(Z0E = “‘2> >N
= —(1 = Y

where in the last inequality we used the fact that we are working on the event F'. Hence,
putting together (55) and (56), and using Inequality (51) once more, we conclude that on F'
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and for all N > Ny,

dlo- -7 ~
‘5+_5a’<uMRa+ — (3 -5, L5)

T AT |P|

57) dklo_ — 0+|

(1) <@ 2 1 ~ag _ —ag 1 _
< S 1= =5+ B (@ ).
(ry A ’I“_)O'I(E )

Finally, using Cauchy-Schwarz inequality, the fact that |1y |2 = |V|'/2 for all V < [N] and
then (56) we have that

<Aag—ﬁag717s> P71 )5%% — 7% 2

7|
1/2 -1/2 o
s \/QLAag — %2 = \/QLH(E(” =) 1y
Ty AT Ty ATZ
- 2 & =(1
(58) < Wnr( e i

Combining (57) and (58) ends the proof of Claim 2.
Claim 3. Let N7 and C be defined as in Claim 2. For all N > N7, on the event
G = {|||i<1> 3, < ( - r,gal(i(”)) A (%)} CF,

the estimated sign is correct in the sense that 5P = a.

~

Proof of Claim 3. By definitions of & and 5°P, i.e. Equations (52) and (25), we have 5P = ¥
if &, > &_ and 6°° = —¥ else. Hence it suffices to prove that 5, > &_ if and only if o = 1.
Suppose o = 1. Since G < F and N > Ny, it follows from Claim 2 that
5io—v 25, -5 — 2080 -5V )y27, -7 - (7, —7.)/2= (7, —7_)/2>0.

The same argument applies to the case « = —1 and concludes the proof of Claim 3.

Combining Claim 3 and Inequality (50), we deduce that [P — &*P|, < 2[|=() —
f(l)m Jo1 (f(l)) on the event G. First, remind that o (f(l)) = \/(E+)2 N4 (@)Y so
that oy (5) > Cy 1= (G4 v ) 2712 (ry Ar_)Y2 > 0forall N > Ny. Let Ky, Ky and

K3 be the positive constants depending on A given by Theorem D.1 and K be the positive
constant depending on A, p and r given by Corollary 2.4 and let

Ny =min{N >1:(K; v (2K))y/log(N)/N < Cy/2},

where Cy = (, T+ A r_gol (i(l))) A (%) Also, increase K3 if necessary so that
(K1 v (2K))(K3)~ Y2 < C5/2 and observe that for such K3 it holds that

() v (2K))\/Nlog(T) 1o§(N10g(T)) <G,

for all pairs (N, T') satisfying T > K3 N log(T) log(N log(T)), i.e. condition (18).
As a consequence, for all pairs (N, T") for which N > Ny := N; v Ny and condition (18)
is satisfied with K3 as above, we have that

) {mi(l) o< (g v (ZK))(\/JJ\Z log(T) log(N log(T)) + \/logjifN)) } caG.
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Combining the inequality |55 — 5°P |, < 2[|S(1) — s [|2/C1 with Corollary 2.4 (with § =
N1y and Theorem D.1, the result follows. ]

Below, we prove Theorem 2.11.

PROOF OF THEOREM 2.11. The proof follows from Theorem 2.10 and Lemma 5.1.
O

Finally, we prove Lemma 5.1.

LEMMA 5.1. Letc =by1p, +b_1p_for some b, # b_ and & be an estimator of G. Let
(P4, P_) be the partition defined as

N
P, = {z’e [N]:Gi=N"" )] aj} and P- = [N]\P;.
j=1

Then the following inequality holds:
26 — 7|3

N1
by — 0|2 (P} A D)2

MR(P,,P_) <

PROOF. Let v and ¥ be the centered versions of & and &, that is
N N
iL‘iZ(ATi—N_lZ&j and TZ’ZEZ'—N_12EJ'.
j=1 Jj=1

Remark that the set of misclassified components is M = {i € [N] : sign(v;) # sign(v;)}.
Note that the coordinates of v and v have different signs in M. As a consequence, for all
1e M,

i = 3| = |wi] = [by — b | (P A )
and so v — 9|3 = M| - by —b_|? - (1Y A rN)2 Yet, by triangle and Cauchy-Schwarz
inequalities,

lv=v|2 =6 —o— N6 —7,1n)1n]2
<|[6—Fla+ NG -7, 1n)] - [1n]2
(59) <[6=5ls+ N6 =72 l1n]3=2|6 — 2.

To conclude, recall that MR(P,, P_) = |M|/N. O

6. Simulation study. The numeric experiments were made using Julia programming
language and are available in the package MeanFieldGraph.jl, as well as the material used to
produce the figures below.

The simulation framework follows the one of Chevallier, Locherbach and Ost (2026). In
particular, we consider the parameter 5 = p/\ instead of p because the set of admissible
values of (3 is independent of A (which is not the case for w). If not specified otherwise, the
following parameter values are used:

N=50, ry=.5, pf=.5, A=.5, p=.5, Ngimy = 1000.
Furthermore, the fractions of excitatory and inhibitory components are chosen as rf =
[ryN]and rV = N — [P, |.


https://github.com/jucheval/MeanFieldGraph.jl
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The performance of any community detection method is evaluated via two metrics: the
probability of exact recovery (PER = IP({P; = P4} n {P_ = P_})) and the mean mis-
classification rate (MMR = ZE[MR(73+,73_)]), recall the definition of the misclassification

rate MR(73+, 73_) given in (20). Both metrics are estimated via Monte Carlo method (Ngjmy
indicates the number of simulations).

We evaluate 8 methods, obtained as the combination of the two methods (aggregated and
spectral) developed in the paper with four clustering algorithms (k-means, mean threshold
and hierarchical clustering with two linkage functions). Before comparing the performance
of the different methods in terms of PER and MMR, we highlight that the spectral method
is computationally more expensive than the aggregated method. Indeed, the spectral method
requires estimating the full 1-lagged covariance matrix rather than just its column sums and
finding its leading singular vector. For instance, with N = 100 and 7" = 10000, the computa-
tion of o°P takes around 130ms, whereas 528 takes only 0.5ms.

Tables 1 and 2 give a comparison of these 8 methods in terms of PER and MMR respec-
tively. We selected specific couples (N,T) to produce the tables. The aggregated method
combined with mean threshold clustering (denoted by ag_threshold in the following) is al-
ways among the best methods. This is also true for the full dataset. To be exhaustive, let us
mention that, out of 420 couples (IV,T'), there are:

* 25 couples where ag_threshold is not among the best methods in terms of MMR (this
number goes down to 13 couples if MMR is rounded up to 1%),

» 7 couples where ag_threshold is not among the best methods in terms of PER (this number
goes down to 1 couple if PER is rounded up to 1%).

However, this is an artifact of the balanced populations (7 = 0.5) considered in the simula-
tion framework. The performance of the mean threshold clustering drops drastically in unbal-
anced settings (see Appendix J). The aggregated method combined with k-means clustering
does not suffer form this drawback and yet has comparable performances. Let us mention
that if we remove the two methods based on mean threshold clustering there are:

* 27 couples (N, T') where ag_kmeans is not among the best methods in terms of MMR (this
number goes down to 14 couples if MMR is rounded up to 1%),

* 11 couples where ag_kmeans is not among the best methods in terms of PER (this number
goes down to 2 couples if PER is rounded up to 1%).

For these two reasons, ag_kmeans is the recommended method and is the only one considered
until the end of this section.

Aggregated method Spectral method
kmeans | threshold | avg | ward kmeans | threshold | avg [ ward

N T

34 5272 84+ 2 87+2 78+3 | 78+ 3 T3 80+ 2 70+3 | 68+3
94 15796 86 + 2 88 +2 9+3 | 81+2 8+3 80+ 2 68+3 | 68+3
142 | 26320 90 + 2 90 + 2 82+2 | 85+2 8242 84 £2 72+3 | 7613
190 | 36844 89+ 2 90 + 2 81+2 | 84+2 82+2 83+t2 71+£3 | 753
250 | 50000 92+ 2 92+ 2 81+2 | 862 85+ 2 86 + 2 73+3 | 7T7+3
TABLE 1
Probability of exact recovery (as percentages) + radius of the 95% confidence interval, computed over Ngjmy
simulations. The couples (N, T) are arbitrarily chosen so that the highest PER of each line is around 90%. The
columns avg and ward correspond to hierarchical clustering with, respectively, the average and Ward linkage

Sfunctions.
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Aggregated method Spectral method

N T kmeans | threshold | avg | ward || kmeans | threshold | avg | ward

34 2641 33 2+3 4+6 | 4+4 5+4 4+3 7T£9 | 65

94 7903 2+1 1+1 2+3 | 3+3 3+2 3+2 5+5 | 443

142 | 10534 2+1 2+1 3+4 | 3+£3 442 4+2 6+6 | 6£3

190 | 13165 2+1 2+1 4+5 | 443 4+2 4+2 8+9 | 6+4

250 | 18427 2+1 2+1 3£3 | 3£2 4+1 4+1 67| 5£3

TABLE 2
Mean misclassification rate (as percentages) + standard deviation, computed over Ngiy,,, simulations. The
couples (N, T) are arbitrarily chosen so that the lowest MMR of each line is around 2%. The columns avg and
ward correspond to hierarchical clustering with, respectively, the average and Ward linkage functions.

Figure 1 illustrates the asymptotic regimes of Corollary 2.7 and Theorem 2.11 for the
ag_kmeans method. The left plot shows that there is a separation between couples (7', N) for
which exact recovery never occurs (dark color) and those for which exact recovery always
occurs (light color). Furthermore, the red curve demarcating this separation is compatible
(modulo a log factor) with our condition (N/T"%/?)1log(NT) — 0 implying exact recovery.

The right plot shows a smoother transition between couples (7', N') for which the misclas-
sification rate is close to random clustering (dark color) and those for which the misclassifi-
cation rate is low (light color). Furthermore, the level set corresponding to a MMR value of
0.1 seems to be a line which is compatible with the fact that our convergence rate is mainly
N/T (modulo log factors).

Exact recovery Misclassification rate
1.0

0.5

0.4

£ 0.3
058 = §
o =

& 0.2

0.1

T T T T 0.0 T T T T 0.0

1.0x10% 2.0x10* 3.0x10* 4.0x10* 5.0x10* 1000 2000 3000 4000 5000
T T

FIG 1. Estimated PER (left) and MMR (right) as a function of N and T (computed over Ngjy,,, simulations) for
ag_kmeans method. Left: The red curve correspond to the equation T = N 2 \hich is the critical condition of our
asymptotic regime. Right: The red curve correspond to the couples (N, T') for which the MMR is equal to 0.1.
The scales are different from one plot to the other.

Finally, Appendix J gives an overview of the performance of ag_kmeans and ag_threshold
methods as one of the parameters (IV, 74, 8, A or p) varies.
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APPENDIX A: LEMMAS BASED ON HOEFFDING INEQUALITY

The two lemmas stated here rely on Hoeffding concentration inequality.

LEMMA A.1. Let (6;5)1<i j<n be i.i.d. entries distributed as Ber(p) and A, B < [N] be
two subsets. Then,

1 | Allog(2N/6)
- ] T > < )
(60) P@%NZ@jm e J
keA
1 Y log (4N /6)
61 P — Y Ol — PPl = 20— | <6,
D (?}w N 2 b= N )
1 9 log(4N /6)
= w0je — )| = 20| ——— | <.
@ P\ ) 2 T )<

(kl)eAxB

PROOF. The independent and centered random variables ¢;; — p have range equal to 1 so
Hoeffding inequality combined with the union bound gives

i > (0 —p)

P | max
<z’e[N] N =

Taking z = (| A]log(2N/5)/(2N?%))'/? proves (60).
The proofs of the two last statements are similar. We only prove the last one which is a bit
more complex. Let ¢ # j. First of all, observe that we can write

% 2 (Hik(gjﬁ_pz) = (]if Z gik> Z (ajfj\;]?) n P]5| ];4 (9113\;]?)'

(k,£)eAx B keA leB

—2N?222/|A
22)<2N€ /4],

Next, using that (|A| v |B|)/N <1, 0<p <1 and |0,,,| < 1, we obtain from the previous
inequality the following upper bound

(0je —p) (0ir. — p)
max |— ;100 — p*)| < max ———= |+ max — .
ije[N:i=j | N2 (kyzng( J ) je[N] ZEZ]]B N i€[N] ];A N
Using Equation (60), the union bound and substituting § by 6/2 conclude the proof. O

The lemma below explicitly contains Proposition 3.4.

LEMMA A.2. Remind that D is defined in Equation (15). There exists a constant K > (
depending only on X\ such that for allbe {—,+}, 6 € (0,1] and N > 2,

(63) P (HLN"b _ bprblNH > K W) <5
(64) P(MN—Mm—nﬂMu>K m#y®><&
(65) P <|CN —p(lp, =1p )|, = K bg(}%) <9
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(66) P <H£Nv'b — <1pb + W1N> ’oo >K bg(]]\\;/(s)> <6,
(67) P (HzN — %1 'oo >K W) <6,

(68) P (HmN —mly|, =K W) <4,

(69) IP<}va(1m)1N||OO>K W) <4.

REMARK A.3. The asymptotics above are related to (Chevallier, Locherbach and Ost,
2026, Lemmas F.1. and F.4.). There are three differences: 1) control in expectation there is
replaced by control in probability here, 2) the 2-norm there is replaced by the infinity one
here, 3) the rate of order 1 there is replaced by a rate of order (log(N)/N)"/2 here (remind
the natural upper bound |z[2 < vV/N||z|« for z € RY).

PROOF. Let us start with the proof of (63). By definition, for all i € [N] and be {—, +},
N,eb b
L7 —bpry’ = > (A —bp) = ), (05— p).
JEPy JEPy
Hence, Lemma A.1 and the fact that 'rév < 1, imply that

P (HLN’“’ . bpr{,VlNHw > W) <.

Combining the above inequality with the fact that |r)" — ;| < KN~!, and then adjusting the
constant K suitably, we obtain (63). The proofs of Equations (64) and (65) follow the same
lines and are therefore omitted.

We now turn to (67). Let us denote eV = LY — p(ry —r_)1y and remind that ¢/~ =
QN 1. Starting from 1y = QV[Ix — (1 — A)AN]1y, one gets that

N =1y + 1 =NQVLY =1y + 1= NQN[p(ry —r )1y + V],

so that
1
N NN
¢ :m(lN-l-(l—)\)Qs ).
Hence,
1 1—A 1—A
N N N N
- —=l1 < —— < - 7
HE 1-D N’oo 1 —D”|Q lloolle™ [loo N1—D) le™ [loo

since [|Q" ||, < A~! by Equation (33). Equation (67) then follows from (64).
Along the same lines, one can prove that

N2 =1, +b(1 = N)pryt™N + (1= 2)QNeM?,

with eV*0 = LN:*0 — pprN1y, and in turn that (66) follows from (63) and (67).
Starting from (32) and using the fact that

p (1= A)pr—
Ay +1p —(1p -
N+t lp (73 1-D

1 =ml
1-D N> min,
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one easily deduces (68) from (66) and (67).
Finally, remark that

[(m™)? —m? 1] < 2[m™ —mly|o,

so that (69) follows from (68). ]

APPENDIX B: CONVERGENCE OF 52¢

In this section, we prove the convergence of 628 towards o€ stated in the result below.

THEOREM B.1. There exist positive constants K1, Ko and K5 depending on \ such that
forall N =2 and € {0,1}V*V,

Nlog(TN)
sl V)

VT

Py <\aag—aag|oo > K ><K2T1,

provided that T > K3log(N).

Note that Theorem B.1 holds for all realizations of the random matrix 6. Clearly, inte-
grating with respect to # leads to a similar result with respect to the probability measure IP,
under which the environment is random. The proof relies on (Ost and Reynaud-Bouret, 2020,
Theorem 3) to control the convergence of the empirical mean and empirical covariance.

PROOF. Along this proof, we use the following notation: for a vector v in RY, & denotes
the spatial mean v = N ! Zf\; 1 ;. First of all, observe that

N
O’?g = Z ES) = Z COV@(XZ'J,XJ"O)
=1 =1
— N Cov(X1,X;0) = N (JEQ (X1 X;0) — mNm ) ,

and

Hence,

|0™ — 5%, = N max
jelN]

_

X, X —IE) (X, N Zr Z;

/ ‘ o) + mVNmY — ZT 25T
—1 tZlQ tAgt—1 0( 1X]70) m mj )

By the triangle inequality and the facts that ¥ <1 and 77172 ;7 <1, we have that

— Zr Z; Z; — Z
P T A S = 41 G A ‘m T
which together with the previous inequality gives
T
70 ® 0%, <N X X1 — IEp(X1X;
(70) o loo max T1t§=2 X1 — IEp(X1.Xj0)
Z;ir — Zr
+N N2 NimlV — 2|,
e T ‘m T ‘
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Now, we use Theorem 3 of (Ost and Reynaud-Bouret, 2020) to control each terms in the
right hand side above.

First, for each j € [N], let f;: {0,1})¥ — {0,1} be the projection on the j-th coordinate:
fj(x) = z; and denote

ZJT N

V) = DK — By f5(X0) = 22— ).

IR

By Theorem 3 of (Ost and Reynaud-Bouret, 2020) with m = M =1, F = {f; : j € [N]},
F = [N] and log(1/(1 — X))/2 as their 6, we have that there exists constants Cy,Cs > 0
depending only on \ such that for all realization of 0 € {0, 1}V

a1 P (Uje[N] {\V(fj)\ > \/Cl S log}(’TN))é }) < CoT ' +2Ne 8,

for all £ > 0 and 7" such that

2
T>1+ W(Zlog(T) + log(N)).

N | Zjr/T — mN |, Inequality (71) implies that

< \/01 1+ log(TN))f) >1—(CoT " +2Ne ),

. Zr
Since, |m¥~ — ZF

(72) P, (‘mN _Zr

T T

for all realization of § € {0, 1}V,
Second, let us define g; : {0, 1}V x {0,1}" — {0,1} for each j € [N] as g;(z,y) = ;7
and denote

T

Z gj Xt 1aXt ZEQ(gj(X*17Xt)))

15

1 G -
- TT 22 (X Xj -1 — By(X1X,0)) -
t=

By Theorem 3 of (Ost and Reynaud-Bouret, 2020) with M =1, m =2, F = {g; : j € [N]},
F =[N] and log(1/(1 — \))/2 as their 6, there exist constants C},C’ > 0 depending only
on A such that

(73) P <Uje[N] {W(QJ) \/C/ i 1OgT(TN))5 }) <1—(CyT " +2Ne™®),

for all realization of 6 € {0, 1}V *¥, ¢ > 0 and T such that
2

T log((T=X7)

Putting together Equations (70)-(73) with £ = log(T'N), we show that the conclusion of
the theorem is true forall N > 2 and T' > C3 log(T'N) for some C5 depending only on A, with
K, depending on C; and C, for each i € {1, 2}, which in turn implies that K; depends only on
A. Hence, to conclude the proof, it remains to show that the conclusion of the theorem is also
true for all N > 2 and T' > K3log(N) for some K3 depending only on \. To see that, take
To = To(Cs) such that T/2 = Cslog(T') for all T' > Ty, define K3 = (7p2C3)/log(2), and
observe that if 7' > K3log(N) > To then T =T/2+ T/2 = Cslog(T') + (K3/2)log(N) >
Cslog(T) + (ToCs/log(2))log(N) > Cslog(T) + Cslog(N). O

(21og(T') + log(N)).
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APPENDIX C: PROOF OF PROPOSITION 3.3

C.1. Vectorization and Kronecker product. Two mathematical objects are known to
be very useful to deal with Stein-type matrix equations: vectorization and Kronecker product.
Here are their definition and useful properties.

The vectorization vec(M) of a N-by-N matrix M is the N?-dimensional vector con-
structed column by column. More precisely, M;; associated with its k-th coordinate, where
k =i+ (j —1)N with ¢, j € [N]. With slight abuse of notation, will write vec(M );; to refer
to the coordinate k =i + (j — 1) N of the vector vec(M ). Recall that the vec operator is an
invertible linear operator on the set of all matrices with real value entries. Given two N-by-
N matrices A and B, we denote A (X) B the Kronecker product between A and B. It has the
following block representation:

AllB ct Al?’LB
A®B = : S
AmB - ApnB
More precisely, this is a N?-by-N? matrix having value A;;, B associated with entry (u,v),
where w = N(i — 1) + j and v = N(k — 1) + £ with 4, j, k, ¢ € [N]. With slight abuse of
notation, will write (A &) B);; k¢ to refer to the entry (u,v) = (N(i — 1) + 5, N(k — 1) +¢)
of the matrix A X) B.

Their most useful property regarding matrix equations is that, for all N-by-N matrices
A B, M,
(74) vec(AMB) = (BT (X) A) vec(M).

Furthermore, remark that || M || max = | vec(M )| 0.

PROOF OF PROPOSITION 3.3. The main idea is to apply the vectorization operator to the
matrix equation of Proposition 3.2. In order to emphasize the difference between vectors of
size N (for instance m”, v™V) or size N2 (for instance vec(E(O))), we use bold notation for
the latter. The same convention is used for N2-by-N? matrices. Let us then introduce the
notation:

(75) 2O = vec(®), vV := vec(diag(v)), 1V := vec(diag(1y)), a := vec(al)

and I denotes the N2-by-N? identity matrix. Obviously, the abuse of notation described
above for the coordinates of the vectorization and Kronecker product is inherited to the bold
notation introduced here.

According to Equation (74), the starting idea to tackle the matrix equation satisfied by
() is to consider its vectorization and the Kronecker product (1 — X\)?(AN ®) AV). Here
is a slight modification in order to tackle the dy operator. Let L = (Lij,ke)i,j,ue[zv] be the
N2-by-N? matrix defined as

Lij ke = . ’
’ 0, otherwise.
In particular, remark that
(76) vxeRY" ie[N], [Lx];=0.
Moreover, ||L[o < (1 — )2 < 1 so that I — L is invertible. Finally, remark that the expecta-
tion of L is given by
(1= NpN~h2 ifi#j, (k,0)eP? uP2?,
E[Lijrel = { —((1=NpN=1)2 if i # 4, (k,0) ¢ P2 0 P2,
0, otherwise.
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Step 1. Here we prove that

»O0 - (1-L)" ZLkN

Proof of Step 1. By Proposition 3.2 and linearity of vec, we have
(77) 3 = (1 - A)2vec <d0 (AN2<0> (AN)T)) .
On the one hand, observe that for any i, j € [N] with ¢ # j,
(1— )2 vec (do (AN2<0>(AN)T)) = (1= A [AN SO (AN,

ij
N N
— )’ Z Z o AN

N N
=> Z ikt S0 = [LEO],;.
k=1/¢=1

On the other hand, for ¢ = j, the definition of dg implies

(1— )% vec (do (AN2<°> (AN)T)) =0=[LEO];,

i
where the second equality comes from (76). All in all, we have proved that
»O0 —Lx©) 4 N

which, in turn, concludes Step 1.

The rest of the proof is devoted to the study of the iterates of the form L¥v. Since we
expect that L is close to IE[L] and v¥ is close to m(1 —m)1%, let us look at the iterates
IE[L]¥1" as a preliminary step. It turns out that their study is simple since IE[L]1% is
colinear to a”¥ and a’V is an eigenvector of IE[L] as proven in Step 2 below.

Step 2. Here we prove that

LY = Y g (LY = 07 (- N,

Proof of Step 2. Let i, j € [N]. Let us first study IE[L]1". On the one hand, (IE[L]1%); =
0= ag by (76) and the definition of a’v. On the other hand, if i # j,

(E ZZZE igke] 1y = ZIE igek] = (1= X)p)>N~1

k=1¢=1
We now turn to IE[L]a’. Again, we have (IE[L]a");; = 0 = al. To consider the terms
with ¢ # j, let us denote

s k< (ifand only if (k,¢) e P2 UP? and k # ¢,
e k<> (if and only if (k,¢) ¢ P2 U P2.
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Remark that the two relations above are not complementary. Indeed, k£ = ¢ does not sat-
isfy k < ¢ nor k <» £. The cardinality of the sets {k <> ¢} and {k < ¢} are respectively
N2[(r)? + (rV)? —1/N] and 2N?rYrN . Hence, if i # j, we have

1=\ 2,2
L)y = Y Byl = TN (00 1 ()2 - 18] - 20 )
(k,0)e[N]2: £k
= (1= % () =) = N )
which concludes the proof of Step 2.

According to Step 2 and the paragraph above it, we expect that the two following quantities
are negligible:
(L= N2l —m)

eVl =Lvl — N a and eV?:=La" — D%a",

where we remind that D = (1 — \)p(ry —r_).

Step 3. Here we prove that there exists a constant X > 0 depending only on A such that
forall 6 € (0,1] and N > 2,

log(N /6
P <|€N’1“oo > K 5\]3/)> <.

N1

Proof of Step 3. According to Step 2, we write and decompose " as

eVl = Ly — IE[L)(m(1 -m)1Y) = L(vYN —m(1 —m)1Y) + (L — IE[L]) (m(1 —m)1Y)
On the one hand, since (L1V);; = (IE[L]1%);; = 0, we have
N

(T = BBIL]) (1 = m) 1Y) = max | 37 Lo = [ ]
k=1
1-2)? 1 &
_ ! N ) max NE@k@jk—pQ :
k=1

By Equation (61),

78 P <||<L — BL]) (m(1 = m)1™) | > 2(1 - A)%/W) <d

On the other hand, since (Lv"");; = (L1V);; = 0, we have
N
LY = (1= m)1™) o = max | Y L (o — (1~ m>>)‘
k=1

(1-2)?
N2
Using (38) and gathering with (78) conclude the proof of this step.

<

N|oY —m(1 = m)1x]ew.

Step 4. Here we prove that there exists a constant & > 0 depending only on A such that
forall 0 € (0,1] and N > 2,

P <|5N72y|oo > K log(fvv/é)> <.
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Proof of Step 4. We decompose V2 as

eV? = (L - [E[L])a" + ([E[L]a" — D?*a").
On the one hand, using Step 2, it is easy to check that
(79) IE[L]aY — D*a | = |(rY —rN)2 = N"' — (ry —r_)?| < KNL.

On the other hand, remind the notation k <> ¢ and k <» ¢ introduced in the proof of Step 2,
and check that

(L= EE[L])a o = (1= 2)? max| Z Onbie — 1)~ 53 ) (Bt — 1)
ksl
By definition of k£ < ¢, we have
N
Db —p") = Do (Oubie—p")+ >, (Binbe— Z Oirbn —
k>t (k,0)eP? (k,0)eP? k=1
2 (k00 — p*) = Z (k00 — p*) + Z (0ik0i0 — p).
k<ot (k,0)eP4 xP_ (k,0)eP_xP

Using Lemma A.1 on the five terms in the right hand side above and gathering with (79)
conclude the proof of this step (after adjusting the constant K to get a simpler form for the
lower bound).

We are now in position to end the proof of the proposition. Let us write

Lvl = Ji}aN +eMl and La® =D%aV + sN’2,

where ¢ = (1 — A\)?p?m(1 — m). By standard linear algebra, we have
induction for all £ > 2,

k-2
Ly = S (DZ(kl)aN+ ZD2€L(k2)ésN,Q> RN
N
=0

LOvY = vV and by

In particular, denoting v = max{D? 1 — A} < 1 and reminding that ||L]|, < (1 — )2, one
has forall k > 1,

(80) ‘

LkVN — CD2(k_1)aN' < C(k _ l)ljk “ENQHOO + (1 o )\)k_1“6N71||
N h N *
o0

To conclude the proof, it suffices to remind the result of Step 1, remark that Z DQ(k’ D=

1/(1 — D?), use the summability of the sequence (kv*);>¢ and the 1nequalltles of Steps 3

and 4. U
APPENDIX D: CONVERGENCE OF ()

The goal of this section is to prove the following result.

THEOREM D.1. Let X be the matrix defined in (2) and SO s empirical estimate
defined in (17). There exist positive constants K1, Ko and K3 depending only on A such that

N Nlog(T) log(N log(T N 1

forall € {0,1}N*N | as long as the pair (N, T) satisfies N > 2 and
T = (K3Nlog(T)log(Nlog(T))) v 2.
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An important feature of this result is that, like Theorem B.1, it also holds for all realizations
of the random matrix 6. By integrating (81) with respect to 6, we deduce that the conclusion
of Theorem D.1 is also valid for the probability measure IP, under which the environment is
random.

The starting point of the proof of Theorem D.1 is the following observation. Let > be
the matrix defined as

T
(82) Z (Xpr1 —m™) (X —m™M)T,

where m® is defined in (28). The matrix E(llcan be seen as an intermediate matrix between
the covariance matrix £(1) and its estimator ©1). Then, observe that

(83) IED — =D, < |IEO —ED |y + [|[ED — 5O,

Hence, the proof of Theorem D.1 reduces to controlling each one of the terms on the RHS of
(83).

The first term on the RHS of (83) is controlled by bounding the difference between m and
the (conditional) mean vector m” . This is done in Lemma D.2.

To control the second term, the proof follows a similar strategy to that of Theorem B.1.
Nevertheless, a direct application of (Ost and Reynaud-Bouret, 2020, Theorem 4) would
lead to a looser upper-bound here. Indeed, their result relies on Hoeffding inequality, which
requires no assumption on the covariances. Bernstein inequality is sharper in our case, since
we know that the covariances are of order N~! (Lemma G.1). Adapting their proof to our
framework leads to Lemma D.3 below. Finally, Lemma D.4 is used to control a variance term
appearing in Lemma D.3.

LEMMA D.2. There exists a constant K > 0 depending on \ such that the following
bounds hold for all 0 € {0,1}V>*N :

~ N

(84) Ep [l —m™ 5] < K=
~ - N N
CONIE S COITIES A R "o
(85) zpe(z 5O T) K\ =

PROOF. The proof of (84) follows from the observation that

B[ — m™[3] ZlEe [ — i [3]

N 1 T 1 N T T
Z Varg (7 ) X ) = 75 2, ) 2 Cove (Xia, Xu)
i=1 t=1 i=1t=1s=1

and G.1.
For any vector u e RV, u(T~! Zthl X; —m)" =u(m —m)" = 0nxn, where Oy is
the matrix with all entries equal to 0, so that we can write

T

W = LS Xy — i) (X — )T

™MD
N

| 1« T
S =) ) (Y ) (Y X )
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T
1 ~ ~
Z X1 — (X —mM) T+ (f(XTH - X))+ (m— mN)> (m —m)T
t:1
~ 1 ~ ~ A~
s 4 7 (X7 - X)(mY —m)T = (M —mN)(m—mM)T.

As a consequence, we obtain that
~ ~ 1 ~ ~
(86) I£0 —£W); < FIXr 1 = Xala|m® = ifls + [m™ — 3.

By combining (84), (86) with the chain of inequalities | X741 — X1
| X1 ]2 < 24/N and then using Jensen inequality, we obtain for all § € {0, 1}V >/, that

~ . 2V N ~ N
By [JIE0 = £D o) < S5/ To [1 — m¥ 3] + B [ — m ]

2V/KN N N
< -
< KT < 7 2VE + K).
The inequality above combined with Chebyshev inequality implies Inequality (85), conclud-
ing the proof. O

Combining a coupling result (Lemma E.1) with Matrix Bernstein inequality, we can show
that () and £ are also uniformly close in the operator norm.

LEMMAD.3. Takel < R<T. Forall§ e {0,1}*N and { > 0, the following inequality
holds:

o o L N o e

where o9 = 09 v 09,1 and for t € {0, 1},
00 = | o | Xe = m™ [3(X1—e = m™) (X1t = m™)T| = (Goluoy + Gl umny) Iz
with Gy = XN T and Gy = (W) T M),

The proof of Lemma D.3 is provided in Appendix E. The lemma below is used to control
the constant oy appearing in Lemma D.3.

LEMMA D.4.  For each 0 € {0,1}N*N | let 0y be as in Lemma D.3. Then, there exists a
constant K > 0 depending only on X such that 09 < KN for all § € {0,1}V*V,

PROOF. We need to prove that there exists a constant K > 0 such that 0y ; < KN for all
0 {0,1}N*N and ¢ € {0, 1}. We will only prove that 059 < KN for all § € {0, 1}V*¥ for
some suitable constant /' > 0. The analysis for the case ¢t = 1 is very similar.

In the rest of the proof, let Y; ; = X; s — IEy[X; | for i € [N] and s € Z. Also, denote
G = Go.

For all i, j € [N], observe that

N
Eo[ | X0 —m™[3(X1 —m™) (X2 —m™) ] = Gy = ) Covg[YioYia, YioYial.
k=1
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By Items 2 and 5 of G.1, we then deduce that for all 7 # j,

N
B[ Xo — m™N|5(X1 = m™) (X1 —m™)[] = G < ) [Cove[YioYin, YroYiall
k=1
K
87) < N(N> ~ K,

for some constant K > 0 depending only on A, and that for all i € [ N],
(88)  |di| <N, where d; := Eq[[| Xo — m™ |3(X1 —m™) (X1 —m™)] - Gy
Let d = (di,...,dy) and define D = Diag(d). It follows from (87) and (88) that

(89) 090 = I[Eo[|Xo —m™ [3(X1 —m™) (X1 = m™) "] = GTl2 < || D2

+ || do(Eq[| X0 — m™ [5(X1 = m™) (X1 —m™)")[|2 < ld|
+ N||do(Eg [ | Xo — m™ [3(X1 —m™) (X1 = m™) ") lmax < N + NK = N(K + 1),
and the result follows. O

We are now in position to prove Theorem D.]1.

PROOF OF THEOREM D.1. Combining (83), (85) and Lemmas D.3 and D.4, we obtain
that there exists a constant K > 0 depending only on A such thatforall 1 < R<T,{ >0
and 6 € {0, 1}V it holds that

©0) (B0 20>+ 2 () < (K«/ FTN(1= A

T T
n¢?
* QNRQXP{ T 2N(K +2¢/3) }> :

where n = |T/R|. Let R = 2(1 + log(TN)/log(1 — A\)~!), and ¢ = 4/ %g(QNR) and
suppose that the pair (N, T) is such that N > 2 and

T > K3Nlog(T)log(Nlog(T)) v 2,
where K3 > 0 is a constant satisfying the following properties:

1. K3log(2)log(2log(2)) > 1.
2. K32log(2)log(2log(2)) = (1 — A)~2 v T1 v exp(8/log((1 — A)~ 1)), where T =
min{t > 1:¢ > (161og(t))/log((1 — A\)~1)}.

1024 K3
3 K32 g

Claim. For such a pair (N, T'), one can check that following properties holds:

a) T >

b) R< 2R < 161og(T)/log((1 —N)"1) < T.
¢) Nlog(T)>16/log((1—A)~"

d) n>Tlog((1-\)~ 1)/(1610g( ))-

e) (<3/(2K).
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Proof of the Claim. Item a) follows immediately from property 1. Property 2 ensures that
T > (1 —\)~Y2 v Ty. This, in turn, implies that 21log(7T)/log((1 — A)~!) > 1. Using this
inequality and item a), we then deduce that

R<2R<4(1+ log(T'N))

1
log((1—A)~1)
2 16
————log(T)) < —7———~
(@ -0 1) ) S log @

Using the definition of 77 and the fact that T' > T}, we obtain the last inequality of item b).
Item c) follows from the fact that N > 2 and T > exp(8/log((1 — A\)~1)). As for item d),

it follows from b) and the inequality | z| > z/2 which is valid for all z > 2. Finally, using first
d), then b) and c), we have that

. \/8KN10g(2NR)< \/128KNlog(T)log(2NR)

n Tlog((1—X)~1)

128 K N log(T) log(%)

Tlog((1 =)~

- 256 K N log(T) log(N log(T))
N Tlog((1—=A)~1)

(
Hence, using the fact that 7' > K3 N log(T) log(N log(T")) and Property 3, we deduce that

(<, |2POKN log(7) log(N log(T)) _ 256 K
b Tlog((1—A)"1) =\ log((1 = A7) K

<3/(2K),
proving e).

We now conclude the proof using Claim 1. By Items b) and e) of Claim 1, we have that
R <T and { <3/(2K), so that

N Roo ng¢?
K\| 7 +TN(1 =) +2NRexp{ 2N(K+2C/3)}
N 1 1 N log(l1—-))"!
1 <K ot g S K+ D+ o
oD <ENT 78 T ove SE YT N gy

where in the second inequality we have also used that 21log(T'N)/log((1 — \)~!) < R.
Moreover, using the definition of R, a), b), d) and c), we can also show that

N 2NR | N 8 Nlog(T 8K Nlog(2NR

TT g1-N-1 T n
o5 /N, 8Nlog(T) 8KNlo (%)Mbg(ﬂ
ST Tlog(l - )1 Tlog(1—X)—1

<5 /N 8N log(T N 256K N log(N log(T'))log(T)
SNT Tlogl— -1 Tlog(1 —\)~1

Kl\/Nlog )log(N log T))
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where K > 0 depends only on A and K. Putting together (90), (91) and the above inequality,
the result follows. O

APPENDIX E: COUPLING AND CONCENTRATION

The goal of this section is prove the concentration result stated in Lemma D.3. To that
end, we will use the coupling result below. In words, we couple our model of interest with
a similar Markov chain that independently starts anew every R time steps. We show that the
coupling error vanishes exponentially with respect to R.

LEMMA E.1. Let R > 1 and denote R = {3 + aR : a € N}. Take 6 € {0,1}N*N and let
(Zi)ier be a sequence of i.i.d random vectors with distribution Ty, where Ty denotes the
invariant distribution of the Markov chain with transition probability defined in (13), condi-
tionally on 0. Let (Ui,t)ie[ N1,t>2 be a sequence of i.i.d random variables uniformly distributed

on [0, 1], independent of everything else. Let (X, Xt)tzl be the bi-variate stochastic chain
defined in the following way: for t = 1, set X1 = X1 ~ mwg and recursively for all t = 2 and
i€ [N], define

Xip = 1{Ui,tsp9,i(xtfl)} and X = 1{t¢R}1{Ui’t<p9'i(thl)} + Lyery Zit
where py ;(x) is defined in (1). Then, the following properties hold:

1. The chain (Xi)¢=1 is a stationary version of Markov chain with transition probability
defined in (13), conditionally on 0.

2. The random vectors (X;_o, X;_1)er are independent. B

3. Forallte R, (Xy_2,X; 1) is distributed as (X;_2,X¢_1). Also, if Xy o = X;_o, then
Xi1= X 1. R

4. Denoting Qg the joint distribution of (X, X¢)i=1 built as above, then for all t e R,

Qo(Xi2 # Xia) SN(1— N2
PROOF. Items 1,2 and 3 follow from classical arguments of Markov chain theory. Hence,
we only prove Item 4.
Throughout the proof, we write IEg, to denote the expectation taken with respect to (Qg.

Note that by construction, py ;(X;—1) and pgﬂ-(f(t_l) are independent from Uy j, j € [n] for
allie [N]and ¢ > 2,sothatforallie [N]and t ¢ R,

g, [|Xis — Xid|] = Qo{ Xiy # Xi )
= Qp{Ui lies between py ;(X;—1) and pgﬂ-(f(t_l)}

(92) = Eq, [|pe.i(Xi—1) — poi(Xi—1)|]-
Next using the definition of py ;, i.e. Equation (1), we obtain that

N
1po.i(Xi—1) — poi(Xi—1)| < (1= A)N? Z 01 Xjt—1 — Xji—1l.
j=1
Taking the expectation in both sides of the above inequality and then using (92), we deduce
that for t ¢ R and i € [ N],

N
Eo,[| X — Xig] < (A= NN 055Bg, [| X1 — Xji1]
=1

< (1= ) max Eq, [| X1 — Xj-1]]-
Je[N]
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In the second inequality above, we have also used that N ! Z;V: 1 0i; < 1.Now, since i € [N]
is arbitrary, it follows that for ¢ ¢ R,

Eo, [1X:: — X; 4|1 < (1= ) Eo [ X 1 — Xi1.4]].
max Qo [| Xt — Xil] < ( )jrg[e}@ﬁ Qo [[ X1, — Xe—1,4l]

Finally, take ¢t € R\{3}, we observe that t —2 — s¢ R for all s =0,..., R — 3, so that
applying the above inequality recursively yields

Z.rél[z}v)iEQeHXi,t—Q - Xi,t—2|] <(1- )\)(RJ) ifél[i}vﬁ Eq,[| Xit—2-(r-3) — Xi,t—Q*(RfS)H

<(1—N)E2),

which, in turn, implies

N
Qo (Xi—2 # Xi-2) < D Eq,[| Xip—o — Xipof] S N(1—1)F2
=1

For t = 3, we have X;_o = X1 = X 1= Xt—2 by construction. Hence the result holds auto-
matically also for ¢ = 3. O

Once we have Lemma E.1 at our disposal, we are in position to prove Lemma D.3.

PROOF OF LEMMA D.3. Letn = |T/R|.Foreach1 <r < R,denote T, = {r +aR:a€
{0,1,...,n— 1}} and define

1
My = D (X —=m™M) (X —m™M)T =50,

teT,
Also, define

E— %ZtT=nR+1 ((Xt+1 —mN)(X; —mMN)T — E(l))  ifnR<T,
Onxn, ifnR="T,
where 0y« is the N-by-/N matrix with all entries equal to 0.
With this notation, we can write

R

50— = 2 (2 > M)+ E.

Since nR/T < 1 we then deduce from the above identity that

R
©3) I - 5Ol < |2 3 M+ 1Bl
r=1

To deal with the second term on the RHS of (93), we first observe that for all ¢t € Z,

(X1 =m™) (X —m™) T2 < N|(Xesr = m™)(Xe = m™) T max < N,
which also implies that || X[, < N, and then combine these inequalities with the fact that
T —nR < Rtoobtain || E||2 <2NR/T. To deal with the first term on the RHS of (93), we
proceed as follows. By the union bound and the stationarity of the chain conditionally on 6,
we have that for all ¢ > 0 and 6 € {0, 1}V*V,

m(|+ S, =)< S (10 > ¢) = RIFs ([ ).
r=1 r=1
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Putting together (93) and the above upper bounds, we obtain for all § € {0, 1}V*¥ and ¢ > 0,

08 B (50 -2, > 225 1¢) < P@(H\R

) < &y(lI]l2 > ).

Let (Xt)t>1 the chain built in Lemma E.1 and define
My=n"" ) (X —m™) (X —m™)T =50,
teT,

By Items 1, 3 and 4 of Lemma E.1, we have that
Py([[ Ml > ¢) = Qo([[ Ml > <)

< QI ]l > ) + Qo vrer, {¥; # X1}

(95) < Qp([| M2 > ¢) + nN(1— N\)E2.

Items 2 and 3 of Lemma E.1 imply that the matrix M is a sum of i.i.d random matrices.
Therefore, we can apply matrix Bernstein inequality (Tropp, 2015, Theorem 6.1.1), to deduce
that

i ng?
(I3t 12 > ¢) <2Nexp{_2(cf@+21\f§/3)}’

Combining (94), (95) and the above inequality, the result follows. ]

APPENDIX F: MINIMAX LOWER BOUNDS

F.1. Misclassification rate. The goal of this section is to establish the minimax lower
bound for the misclassification rate stated in Theorem 2.12.

Throughout this section, we denote N, = [Nr,|and N_ = N — N.. In what follows, we
will assume that 1/2 < ry < 1. The analysis is similar for the case 0 < r; < 1/2. For later
use, let us observe that N, > N /2 > N_ under the regime 1/2 <r; < 1.

Recall that S = {S < [N]: |S| = N4}. In the sequel, each subset S € S plays the role of
the community P-.. Recall that for each 6 € {0,1}*Y and S € S, we write [Py s to denote
the probability measure under which the sequence of random vectors X = (X;)ez is dis-
tributed as our model of interest, where the communities (P4, P_) = (.5,.5¢). In particular,
forall t € Z and x,y € {0, 1}, it holds that

N
(96) Po,s(yle) := IPy,s (Xt = y| Xp—1 = ) :HPQSZ Vi(1 — ppsi(x)tY,
1=1
where for each i € [ V],

Ch) Po,s5,i(x) =

(29”1’]—1-29” )
JeS JES*®

Moreover, let 7 g denote the unique stationary distribution of the sequence X under IFy g,
that is, the distribution such that 7g 5(y) = 3,c(0.1y~ 76,5(2) Po,s(y|x) for all y € {0,1},
where Py s(y|z) is the transition matrix defined in (96).

Furthermore, let IPs denote the probability measure under which 6 = (Hij)i,je[ N7 Is an
i.i.d. sequence of random variables with distribution Ber(p) and the sequence X is distributed
according IP s conditionally on 6, i.e., IP5(X € -|0) = IPs(X € -). Also, for T' > 1, we

denote IP( 7) and ZPS:T) the law of (X1,..., X7) under [Py 5 and IPg respectively.
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Finally, we note that |S\V| = |V\S| forany S,V € S. To see this, first write |.S| = |S\V| +
|S nV|and |V|=|V\S|+|S n V| and then use the fact that |V| = N} = |S]|.

The key technical step of this section is to study the modifications of our model as S
varies in S. These modifications are measured in terms of total variation distance dpy or
Kullback-Leibler divergence.

Recall that for each K > 0 and u > 0, we denote 7 (u) = 4/1 — exp(—Kwu). The main
step in deriving the lower bound stated in Theorem 2.12 is to prove the following result.

PROPOSITION F.1. Let T = 0 be an integer. There exist positive constants K1 and Ko
depending only on 1 and )\ such that

dry (lpélzT+1)’]P‘(/1:T+l)> <7k, (%) + 27k, (N*I [logl(?f(—mj\))l)b

forall S,V € S such that |S\V| = 1.

To show Proposition F.1, we will use three auxiliary results which involve the Kullback-
Leibler divergence denoted by KL(- | -).

LEMMA E2. There exists a positive constant K depending only 1 and X\ such that
KL (Pys(:|z) | Pov(|z)) < KN~
forall z€{0,1}N, 0 € {0,1}N*N and S,V € S such that |S\V| = 1.

PROOF. Fix z € {0,1}", 0 € {0,1}"*N and S,V € S such that |S\V| = 1. Using that
Py s(-|x) = ®£1Ber(pg757i(x)) and Py v (-|z) = ®£1Ber(p9,\/¢(m)), we can check that

2

(98) KL (Pys(:|z) | Pov(-|x)) = Z (Ber(pg,s,i(x)) | Ber(pg,v,i(z))).
Next, using that for all p,q € (0, 1),
2
KL (Ber(p) | Ber(q)) < (p—q)

¢(1—q)’
and that, since 0 < p < pp gi(z) <1—(A—p) <1forall @€ {0,1}V*N SeSandie[N],

wiin mmin powi(@)(1 = pow(@)) > C:=min{u(l =), (A = p)(1 = (A= p))} > 0,

we obtain from (98) that

N
(99) KL (Py.5(-|z) | Poyv(-|z)) Z po.si(x) — pova(e)”.

Now, since |V\S| = |S\V| = 1, we have that
Z (91']‘56]' — Z Qijxj = Z 91']'1/‘]' — Z Gijxj
jes jev jeS\Vv JeV\S

(100) < D 051+ ] 10| < IS\V]+[V\S| =2.
jeS\V JEVA\S
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Similarly, we also have that

(101) Z Hij(l—xj)— Z Hij(l—.ﬁj) < 2.
JeES*® JeVe
Combining (97), (100) and (101), we then deduce that
4(1—=))

Po,s,i(%) — po.vi(w)| N

Finally, using the above inequality in (99), we obtain that
16(1 — \)?

N1
c

KL (Py.s(-|z) | Pov(|z) < %N(l(i(l - A)QN*Q) -

In the sequel, let us denote

V(gt39|x(y) = IPy,5(X¢ = y|Xo =),

)

for all z,y € {0,1}¥,S e S,t >0 and 0 € {0,1}V*. The second auxiliary result reads as
follows.

LEMMA E3. There exists a constant K > 0 depending only on p and X\ such that

(102) drv (Vé%w Vé%@ SN =N Tpy,
® 0 t
(103) KL (v, 1)) < K

forall € {0,1}N>N, 2 4 e{0,1}", t >0and S,V € S such that |S\V| = 1.

PROOF. We start proving (102) with a coupling argument. Take 6 € {0,1}V*V, S e S and
y,z € {0,1}". Next, consider (Uit)ie[N],¢=1 @ sequence of i.i.d random variables uniformly
distributed on [0, 1] and let (X, )A(t)tzo be the bi-variate stochastic chain defined in the fol-

lowing way. For ¢ = 0, set Xy = « and X, = y, and recursively for all ¢t > 1 and i € [N],
define

Xi,t = } and Xi,t =

1{U'i,t<p9,s.i(Xt—1) 1{Ui,t<p0,5,i()2t—l)}’
where py g ;(-) is defined in (97).

Clearly, the chains (X};);>1 and (X;);>1 are Markov chains with transition probabilities
defined in (96), starting from x and y respectively. Moreover, denoting Qp s, . the joint

distribution of (X, )?t)tgo and proceeding similar as in the proof of Item 4 of Lemma E.1,
we can show that for all ¢t > 0,

(104) Qs (Xt # Ke) SN =N Dy
Now, since
drv (Ve(f)skcv Vé?)ﬂy) < Q@,S,y,x (Xt # )?t) ,

and S€ S, 60, x, y and t > 0 are arbitrary, Inequality (102) follows from the above inequality
and (104).
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Hence, it only remains to prove (103). The key step to prove (103) is to establish the
following result.

Claim. There exists K > 0 depending only on A and p such that

KL( (t+1) Hygt-‘rl))<KL(

—1
Y Sl 1 Yo,V |z + KN,

Yo,5x v, 0V|$)
for all 6 € {0,1}V*N, SV e S such that |S\V| =1, z€ {0,1}" and t > 0.

Proof of the Claim. First, take 0 € {0,1}V*N S V € S such that |S\V| =1, z € {0,1}V
and ¢ > 0, and denote

vt (. 2) = PPy s (X =y, Xpsr = 2| Xo = 2), .2 € {0,1}".

We can write

(105) Voo (0:2) = vy 4, (1) Pays (1)
(106) = Vg;\?(z)ﬂje,s(Xt = y|Xi11 =2, Xo =),

for all y, z € {0, 1}V,
Next, using (105), check that

tt+1) o (tt+1 t)
(107) KL (v 1v”) = KL (v, 130,
t
) L KL (PrsCly) | Poy (1)
ye{0,1}N
Then, using now (106), check also that
(tt+1) | (tt41) (t+1) (t+1)
(108) KL (Ve,spg Iv Yo,v|a ) = (95| Iv evm)

> KL (1P s(Xy = | X1 = 2, Xo = 2) | Poy (Xi = | Xis1 = 2, X0 = ).

2€{0,1}~

Combining (107), (108) and using the positivity of the Kullback-Leibler divergence, it then
follows that

(t+1) (t+1)
( 95’\2: H GV\:B)

<KL (v, | i)+ ) vk WKL (PosCly) | Pov ([)-
ye{0,1}

(t)

Applying Lemma F.2 to the above inequality and then using the fact that v 9,5]c

measure, we conclude the proof of the claim.

is a probability

Finally, starting from Vé(g'x = éo‘)/‘x (and thus KL (Vé% [ é ‘)/ ) = 0) and applying the

Claim iteratively, we obtain (103).
O

Combining Lemma F.3 with the theory of perturbation of Markov chains, we can obtain
an upper bound for d7v (7,5, ™,y ). This is our last auxiliary result.
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LEMMA F4. There exists a constant K depending on p and \ such that

dpy (m,s,m9,v) < 27K (N~ 'log(N)),
forall 0 € {0,1}N*N and S,V € S such that |S\V| = 1.

PROOF. Letty = [log(2N)/log((1 - )\)_1)}. On one hand, Lemma F.3 yields

tn tn N _
dTV( (§S|)zvy(§ S|)y) N1 =N Laryy <27 oy,

for all z € {0, 1}V, € {0,1}¥*N and S e S.

On the other hand, using Bretagnolle-Huber inequality and the fact that there exists some
positive constant C' depending only on A such that ¢ty < C'log(N) (since N > 2), we obtain
that

dry (Vétg‘)m, Vét‘ljl)$> < \/1 —exp (— KL(I/étg‘ [ gt{jfz)) < 7 (N~ tog(N)),

forall z,y € {0,1}", 0 € {0,1}V*N and S,V € S such that |S\V| = 1, where K is a positive
constant depending only on x and A. Hence, applying Theorem 19.2.1 of Rudolf, Smith

and Quiroz (2024) with o = 1/2, € = 7 (N~ log(N)), Q(x,") = '3 (-) and K (x,) =

y(gt{j.fw( ), the result follows. O
Given Lemmas F.2 and F.4, we are in position to prove Proposition F.1.

PROOF OF PROPOSITION F.1. First, observe that

(1:T+1) (1:T+1) < (1:T+1) (1:T+1)
dTV (lPS y JPV > S Ge{{)r,ll%)l\(’xl\’ dTV (JPQ,S s ZP@,V ) .

For each € {0, 1} and S,V € S, let us denote

T+1
1:T+1
lpé,sy Y(@1,.. . wrs1) = 7o 5(21) [ Pov(@ilzio),
t=2
for all 1,...,xp41 € {0, 1}N , where Py v is the transition probability defined in (96) and
my,s 1s the stationary distribution associated with the transition probability Fy g. Observe
that ZPélsTJ Y and JPQ(IVTH) differ only from their initial distributions, namely, mg ¢ and

T,V respectlvely Usmg this fact, we can write

1:T+1 1:T+1 1:T+1) 5(1: T+1) (1:7T+1) 1:T+1
dTV(lpe(ﬁ ! )’lpe(,v i )) ngV(lpe(,s v 1Py g ) +dTV(1P95V vlpe(,v ! ))

: —1:(T+1
(109) <dTv(ﬂ30(igT“) Py )> + drv (.5, o,V ).

for all 6 € {0, 1}V>V,
Let us deal with the first term on the right-hand size of (109). To that end, we can use the
stationarity of (X})ez under IP g to show that

(1:T+1) 51T +1) Py 5(X¢| Xe-1)
KL(IP + HJPQ ) EglelO (W)]

=TIy s

Py 5(X1]Xo)
log <P9,V(X1|X0) >]
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= TlE,g’s

KL (Pe,s(‘|X0) I Pe,v("Xo)>]-

Combining the above identity with Lemma F.2 and then applying Bretagnolle-Huber inequal-
ity, we obtain that

: 71: T 1 —
dTV(lpg(,lsTH) : lpe,(s,v+ )) <7r(TN7Y),
for some constant K depending only on p and .
Plugging above inequality into (109) and then applying Lemma F.4, we conclude the proof.
O

Finally, we prove Theorem 2.12. In the proof, we will consider excitatory communities S
that belong to the following subset of S:

(110) S ={S'U{2N_+1,...,N}: 8 < [2N_] with | $'| = N_},

with the convention that {2N_ + 1,..., N} = ¢J when 2N_ = N. In words, it means that
whatever S € 8’ is, the last N, — N_ components are excitatory and N_ components among
the 2N _ first ones are chosen as excitatory. In particular, | S| = N, proving that S’ = S.

PROOF OF THEOREM 2.12. We use the framework of (Tsybakov, 2009, Theorem 2.12)
where the statistical model is parametrized by binary vectors w. For each vector w € {0, 1}V,
let S/, be the subset of [2N_] defined as

(111) S,={ie[N_]:wi=1} u{i+ N_e[2N_|\[N_]: w; = 0}.

Clearly, |S/| = N_ and S, := S/, U {2N_ + 1,...,N} € & for each w € {0,1}¥-. Next,
observe that | S \S,,| = 1 for all w,w’ € {0, 1}~ such that

N_
dH(w/,w) = Z l{w;?gwi} =1.
=1

Hence, it follows from Proposition F.1 and (Tsybakov, 2009, Theorem 2.12, Item (ii)) that
there exists positive constants /1 and K2 depending only on p and A such that

(12) il o B [dn ()] > % (1 —— (%) + 2k, (N’l log(N)>),

where the infimum is taken with respect to all random vectors & taking values in {0, 1}~
which are measurable with respect o (X71,..., X741).

One can use (112) to conclude the proof. Indeed, take (73+7 73_) any random partition of
[ V] which is measurable with respect to o (X7, ..., X71) and observe that

max [Es| MR(P., P-) | > max 5| MR(P,., P-) |

> max IBs,[MR(P,,P)]
we{0,1}V~

(113) —N"! max Esw[\ﬁ+\5w|+|8w\73+]].

we{0,1}V~

Next, defining & € {0,1}"- by @; = 1 if and only if i € P, we have that & is measurable
with respect to o (X1, ..., Xp41) and

(114) P\Sw| + [S\P| = [SE\SL| + ISL\S5| = di (@, w).
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Combining (112), (113) and (114), we deduce that

maxlEs[MR(P+,73 )] > &(1 — K, (%) + 27k, (N‘llog(N))),

Ses 2N
for all random partition (P, P_) of [N] which are o(X1, ..., X7,1) measurable. Finally,
the result follows from the fact that N_ > Nr_ — 1. O

F.2. Exact recovery. The goal of this section is to establish a minimax lower bound for
the problem of exactly recovering the communities P, and P_. Here, we consider versions of
our stochastic model starting from fixed initial conditions. Specifically, for each z € {0,1}%,
0 € {0,1}"V*N and S = [N] with |S| = Ny (recall that N = [Nr.]), we denote IP, g0
the probability measure under which the sequence of random vectors (X;);>1 is a Markov
chain on {0, 1}" with transition probabilities given by (96) and (97), starting from X; = x.
Similarly as in the previous section, we also write IP, g to denote the probability measure
under which 6 = (0;;); je[n] is an i.i.d. sequence of random variables distributed as Ber(p)
and the sequence (X;);>1 is distributed as IP, 5 conditionally on ¢. Moreover, for each

integer T' > 1, we write IP( ) and ZP( ) to denote the distribution of (X1,...,X7) under
IP, 56 and IP, 5 respectlvely. Finally, denote Tmin =7+ A 7— and ¢(N) = EYs \]/Wm“i for
each N > [r1 |, and note that ¢(N) — 1 as N — co.

With this notation, we can prove the following minimax lower bound for exact recovery.

PROPOSITION ES5. There exists a constant K > 0 depending on 11 and X such that for
allze {0, 13N, N> [r_lJand T >1,

. 1 2KT KT
onf mex Pes((PrPo) # <S’S>>>¢<N><1—1og<mmm_1>( Ny N))7

where ryin =14 Ar_, S ={S c [N]:|S| =[Nri|} and the infimum is taken over all
random partitions (P+,P_) of [N]| which are measurable with respect to o (X1, ..., X141).

Proposition F.5 implies that there exists K such that, if 7' = Ty and N diverge but
Tn/(Nlog(N)) —0

liminf min maxIP, g((P+,73 ) #(S,99) =1

N—0 (7) ) SeS
showing that exact recovery is impossible in the minimax sense if 7' = o(N log(N)). As we
will see below, the proof of Proposition E.5 is similar to the proof of Theorem 2.12 except
that Assouad’s Lemma is replaced by (Tsybakov, 2009, Theorem 2.5).

PROOF. The proof is similar to that of Theorem 2.12. We only consider the case r— < r.
Recall that N_ = N — N,. Also, for each vector w € {0,1}-, recall the definition of the
set S/, given in (111) and set S, := S/, U {2N_ + 1,..., N}. As observed in the proof of
Theorem 2.12, the set S,, belongs to the collection S’ defined in (110), for each w € {0, l}N -

In the rest of the proof, let Sy := S, where wy = (0,...,0) € {0,1}¥- and S := S,,,
for i € [N_], where w; € {0,1}- has value 1 on its i-th coordinate and all the others are 0.
Clearly, |Sp\S;| =1 forallie [N_].

Fix z € {0,1}""-. Combining the fact that IP,

sures [P Sgﬂ) with the convexity of the Kullback—Leibler divergence (Cover and Thomas,

2006, Theorem 2.7.2), we obtain, for all i € [IN_], that

(1:T+1) (LT+1) (1T+1) (LT+1)
L (P ) < e ().

(1 1) is a mixture of the probability mea-



COMMUNITY DETECTION FOR BINARY GRAPHICAL MODELS 49

Next, combining the chain rule for the Kullback-Leibler divergence with Lemma F.2, we
have that

(1:T+1) (1:T+1) KT
KL (P50 [P 7) <

forall i e [N_] and 6 € {0,1}*¥, where K > 0 depends only on y and \.
Therefore, applying (Tsybakov, 2009, Theorem 2.5) with M = N_, P; = IPQE%:]_FH) for

KT
je {0,1,...,N,}, S = 1/2 and o = W, we obtain that
~ VIN_ 2KT KT
inf max IP, dy(w,w)>1/2) = 1-— — ,
@ wef{0,1}V- . (4 )>1/2) 1++/N_ Nlog(N-) Nlog?(N_)
where the infimum is taken with respect to all random vectors & taking values in {0, 1}~
which are measurable with respect to o(X1,..., X741).

Now, take (73+,73,) any random partition of [N] which is measurable with respect to

o(X1,..., X7 1). Observing that {(Py,P_) # (Su, SS)} = {|P4\Su| + |Su\Ps| = 1} and
that {dy (w,w') = 1} = {dg(w,w") = 1/2}, we obtain from (114) that

max 1P s ((Pe,P) #(8,5%) = max [Py, (Pr,P) # (Su.55))

Ses’ we{0,1}N~
oA /N_ 1 2KT KT
T 14+4/N_ Nlog(N_) Nlog*(N_) |~
Using the fact that N_ > Nr_ — 1 in the above inequality, the result follows. O

APPENDIX G: COVARIANCE LEMMA
For completeness, (Chevallier, Locherbach and Ost, 2026, Lemma 3.8) is stated below.

LEMMA G.1. Let zp, = (ig,tg) € [N] x N, for k =1,...,4. Denote
B = Covg (Xiy 1, Xis o » Xigts Xita) 5
and E = {z : k =1,...,4}. There exists a constant K only depending on \ such that:

1. If #E =1, then |B| <1
2. If #FE =2, z1 # z9 and z3 # z4, then |B| < 1
3. If #E =2, 21 = 29 and z3 = 24, then

Bl < K(1—)\)ltIN—1,
4. If #FE = 3 and z1 = zo or z3 = z4, then
|B| < K(1 — \)lsemszltlsamsil y=2)

where s1 < so < s3 is an ordering of {t1,t2,t3,t4}.
5. If #FE = 3, z1 # zo and z3 # z4, for instance assume that z1 = z3 (and so zy # z4), then

Bl < K(1—\)=74IN
6. If #E =4 andty Aty =13 Vv ty, then
1B| < K(1— A Vi—tanta y=2,
7. If #F = 4, then
|B|< K(1— >\)|s2—sl\+|s3—s4|N—27

where s1 < -+ < 84 is an ordering of {t1,...,t4}.
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APPENDIX H: REMARKS ON k£-MEANS CLUSTERING IN DIMENSION 1

In this section, we collect some remarks concerning k-means clustering in dimension 1
that we use in the proof of Corollary 2.7. In what follows, for any vector v € RY, we denote
V(1) S V(2) < ... < () the order statistics associated to its coordinates. Recall the definition
of the vector 5°¢ given in (11). For each S < [N], we denote [ig = |S|7' Y, 4;° and
Tmin =T+ A T'—.

LEMMA H.1. Consider the vectors %% and 7*¢ defined in (11) and (7) respectively.
There are at most N — 1 possible outcomes for k-means clustering applied to 528 with k = 2.

Moreover, these outcomes have the form (Ssrk),S(_k)) where S = {z e[N]: 8?1% < 8?5)}
and S(f) = [N]\S(,k),for 1<k<N-1

Furthermore, for all N = [2/ryin|, the following inequalities hold simultaneously on the
event E = {||6%8 — %8|y, < €} for all € < c1prmin/(1 + rmin)-

/\ag k k k k ag k+1 k+1 m k+1 k+1 2
(115) |6 — (1 5<>15<>+MS<>15<>)H2>HU — (g Lgomn + figmim Tgmim)|3.
2. Forall |P_|<k<N -1,

~ag (0 o~ ' 2 ~ag _ (75 ) . 5 2
(116) HO’ (Ms(f)lsim + ,U,S(ik)ls(ik))HQ < HO’ (Msgrk+1)1sﬁrk+l) + ,LLS£k+1)1Sik+1>)‘|2.

PROOF. It is well known that the partition of k-means is a Voronoi diagram. In our
case, Voronoi cells are intervals (dimension equals one) and the optimal partition of k-
means, denoted by (Sy,S_), is of the form S_ ={ie[N]:0;® <c}and Sy =[N\S_
for some threshold value ¢ € (min; 5;®, max; o; ). This collectlon of partitions corresponds
to {(S%),s™): 1<k<N -1}

Hence, it remains to prove (115) and (116). Since both proofs are similar, we only prove
(115). Therefore, in the rest of the proof, we fix 1 < k <|P- \

Using that mincer 3;c(65° — ¢)? = 3,c(67° — fis)® for any S < [N] and that
Zjesm (O’?g —c)? - Z]GS““) (a;-Lg —c)? = (A?EH) c)?, for all ce R, one can check that
+ +
(1 17) Z (8;% B ﬁs‘ﬁrk))2 - 2 (/\ag - ,UJS(k+1))2 = (6'?]§+1) - 'a’S(f))Q'
jESErk) jES(f'H)

Arguing similarly, we can also check that

W18 N @FF )= Y GF i) < G — s
jestty jes™

Combining (117) and (118), we obtain that (115) holds, whenever

(119) Ohe1) ~ figo|> 18 e 1) — g

To prove that (119) holds on the event E, we argue as follows. On the one hand,

k
Aa, ~ 1 ~Q, A Q,
(120) Glpr) — s | = 5 |Z( 1) — O () <€
— 7j=1
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On the other hand,
1 N
~Q, ~ ~a, A a
Gy —fswl =5 2 G0~ o)
j=k+1
1 N
~ag ~ag
> N_k 2 G =550
j=IP-|+1
> ]\|ij|14:(0+ —0_—2)> ]|VP_+|1(U+ —7-—2)>r{ (0 - —2).

Assuming that N > No := [2/(r Ar_)] sothat vy A 7Y > (ry A r_)/2, it gives

~ag N (T4 —0— — 26) min
10 err) = g | > 5 :

Finally, combining the above inequality with (120), we see that (119) holds on the event E,
a *E—)Tmin __ _C1PTmin
A Trrmmn) . = () O

for all N > Ny as soon as € <
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APPENDIX I: NOTATION TABLES

Notation Description

JTRD.N X Model parameters

m= % Asymptotic spatio-temporal mean

D=(1-XNp(ry —r_) Denominator of m

c1=1=XAm(l—m) Signal strength normalized by the edge probability p
—)\)2p2 _

cg = %cl Bias factor

T+ =coptecrp Limits discriminating the communities

TABLE 3
Main scalar notation: model parameters and derived scalar quantities.

Notation Empirical Quenched Annealed
Environment

. . N T
Signed adjacency - A % In(lp, —1p_)
Row-wise sums - N p(rf — M1y
Column-wise sums - cN p(lp, —1p_)
Covariance matrices
1-lagged covariance @) =) s
0-lagged covariance 50) »(0) -
Key vectors
Aggregated 598 o8 728
Spectral P - P

TABLE 4

Main matrix notation: empirical, quenched, and annealed versions. The terms quenched and annealed come
from the theory of stochastic processes in random environment: quenched refers to quantities computed
conditionally on a fixed realization of the random environment, while annealed refers to quantities where the
random environment has been averaged out.

APPENDIX J: SUPPLEMENT TO THE SIMULATION STUDY

Figures 2 and 3 give an overview of the performance of the aggregated method combined
with either mean threshold or k-means clustering as one of the parameters (IV, r, 8, A or
p) varies. Except the top right panel (r varies), ag_threshold and ag_kmeans show similar
performances. The following remarks apply to both Figures.

In this framework and for each time horizon 7" fixed, the parameter 8 seems to have no
influence on the performance.

As ) increases, the performance deteriorates as expected because the strength of inter-
action in the system decreases so that the sample contains less and less information on the
underlying graph. Mathematically, this appears in the facts that: 1) o —o_ = 2¢;p vanishes
as A — 1; 2) the constants in our structural results (e.g. Theorem 2.1) diverge as A — 1.

Despite the fact that these constants also diverge when A — 0 (see Remark 2.2), our
method performs well for small values of .
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Moreover, as p increases, the performance improves as expected because the strength of
interaction in the system increases. This is reflected in the fact that 7, —o_ = 2¢;p is an
increasing function of p.

Finally, by comparing the top right panel of Figures 2 and 3, it is clear that the mean
threshold clustering is not robust to unbalanced communities. That is the main reason why
we recommend to use the ag_kmeans method.
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FIG 2. Estimated PER and MMR as function of T for the ag_threshold method. The increasing dashed lines
correspond to the PER (the ribbon corresponds to the 95% confidence interval). The decreasing solid lines corre-
spond to the MMR (the width of the ribbon is equal to the standard deviation). The panels correspond to different
choices of varying parameter (the non-varying parameters are chosen according to the default values given at the
beginning of Section 6). The values of the varying parameter are given by the color legends.
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0.0

FI1G 3. Similar to Figure 2 except that it corresponds to the ag_kmeans method.
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