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COMMUNITY DETECTION FOR BINARY GRAPHICAL MODELS IN HIGH
DIMENSION
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1Univ. Grenoble Alpes, CNRS, Inria, Grenoble INP*, LJK, 38000 Grenoble, France,
ajulien.chevallier1@univ-grenoble-alpes.fr

2Institute of Mathematics, Federal University of Rio de Janeiro, bguilhermeost@im.ufrj.br

Let N components be partitioned into two communities, denoted P`

and P´, possibly of different sizes. Assume that they are connected via a
directed and weighted Erdös-Rényi (DWER) random graph with unknown
parameter p P p0,1q. The weights assigned to the existing connections are of
mean-field-type, scaling as N´1. At each time step, we observe the state of
each component: either it sends some signal to its successors (in the directed
graph) or remains silent otherwise. In this paper, we show that it is possible to
find the communities P` and P´ based only on the activity of the N compo-
nents observed over T time units. More specifically, we propose two simple
methods, an aggregated method and a spectral method, whose misclassifica-
tion rates vanish as long as T " N (up to log terms). This condition is proved
to be near-optimal in the minimax sense. Moreover, under the stronger con-
dition T " N2 (up to log terms), the aggregated method is shown to achieve
exact recovery with probability tending to 1. Interestingly, these simple meth-
ods do not require any prior knowledge of the other model parameters (e.g.
the edge probability p). The key step in our analysis is to derive an asymp-
totic approximation of the 1-lagged covariance matrix associated to the states
of the N components, as N diverges. This asymptotic approximation relies
on the study of the behavior of the solutions of a Stein-type matrix equation
satisfied by the simultaneous (0-lagged) covariance matrix associated to the
states of the components. This study is challenging, especially because the
simultaneous covariance matrix is random since it depends on the underlying
DWER random graph.

1. Introduction. In this paper, we consider a system of N interacting t0,1u-valued
chains X “ tXi,t, t P Z,1 ď i ď Nu that are coupled via a random matrix θ “ pθijq1ďi,jďN

of i.i.d entries distributed as Berppq with 0 ăp ď 1. Let Xt “ pX1,t, . . . ,XN,tq denote the
configuration of the system X at time t. The dynamics of the model is as follows. Condi-
tionally on θ, the system X evolves as a stationary Markov chain on the state space t0,1uN

in which the conditional distribution of Xt given that Xt´1 “ x is that of N independent
Berppθ,ipxqq random variables, i “ 1, . . . ,N , where

(1) pθ,ipxq “ µ ` p1 ´ λq

¨

˝

1

N

ÿ

jPP`

θijxj `
1

N

ÿ

jPP´

θijp1 ´ xjq

˛

‚, x “ px1, . . . , xN q.

The sets P` and P´ form a partition of rN s :“ t1, . . . ,Nu and the values 0 ă λ ă 1 and
0ăµ ď λ are fixed. Neither the sets P` and P´ nor the values µ and λ depend on the random
environment θ.

In this model, the transition probabilities pi,θpxq defined in (1) are increasing with respect
to xj for j P P` and decreasing for j P P´, so that the components j P P` have an excitatory
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role, whereas those belonging to P´ have an inhibitory role. In that respect, the sets P`

and P´ partitioning the set of components rN s of the system X introduce a community
structure into the model: components in the same partition have the same role. Hereafter, for
a P t´,`u, we denote rNa “ |Pa|{N the fraction of components of the system that belong to
the community Pa, and assume that there are values 0 ă r`, r´ ă 1 satisfying r` ` r´ “ 1
such that |rN` ´ r`| _ |rN´ ´ r´| ď KN´1 for some constant K . In particular, we do not
assume that the communities are balanced, i.e., the choice r` ‰ r´ is allowed.

Problem formulation. The goal of this paper is to address the following community de-
tection problem. By observing a sample X1, . . . ,XT`1 of the system X , can we find the
communities P` and P´? We do not assume any prior knowledge of µ,λ, p, r`, r´ and θ.

1.1. Application motivation. Part of our motivation to investigate this community detec-
tion problem comes from Neuroscience. Nowadays, the simultaneous activity of large neu-
ronal networks can be routinely recorded and understanding which structural properties of
these networks can be inferred from the recordings is an important question. In several cases,
neuronal recordings have been modeled by discrete-time t0,1u-valued stochastic chains that
share some similarities with our model (see for example (Galves and Löcherbach, 2013;
Duarte et al., 2019) and references therein). In these cases, the time interval in which the
neuronal network has been recorded is binned in small intervals and in each of these inter-
vals, and for each recorded neuron, we assign the symbol 1 if the neuron has fired an action
potential in that time interval and the symbol 0 otherwise. In this context, the sets P` and
P´ correspond respectively to the excitatory and inhibitory neurons of the network, and the
community detection problem formulated above asks whether these two populations can be
discriminated using only the recorded activity.

1.2. Related literature. The model considered here was recently introduced in (Cheval-
lier, Löcherbach and Ost, 2026). In their main result, the authors show that it is possible to
estimate the connectivity parameter p from the sample X1, . . . ,XT of the system X with rate
N´1{2 ` N1{2{T ` plogpT q{T q1{2, provided that the asymptotic fraction of components in
each community (the values r` and r´) is known a priori. As a consequence, the proposed
estimator is shown to be consistent provided that N1{2{T Ñ 0. In this paper, we complement
these results by showing that one can also find the communities defined by the sets P` and
P´. More specifically, we propose two simple methods, an aggregated method and a spectral
method, for which we establish theoretical guarantees on exact recovery and misclassifica-
tion rate control. Interestingly, these simple methods do not require the knowledge of the
asymptotic fraction of components that belong to each community.

Community detection problems have been extensively investigated over the past decades.
A large part of the known results were established for the stochastic block model (SBM) - also
known as planted partition model - (Abbe, Bandeira and Hall, 2016; Mossel, Neeman and Sly,
2015, 2016) and its generalizations such as the degree-corrected SBM (Zhao, Levina and Zhu,
2012; Lei and Rinaldo, 2015) and mixed-membership SBM (Airoldi et al., 2008). We refer
the reader to (Abbe, 2018) for a recent review of the classical results in this framework. The
problem of detecting the communities in such stochastic block models is different from ours
for at least two reasons. First, for such models, one has access to the adjacency matrix with
a block structure in terms of the edge probabilities and uses a function of this matrix to find
the communities. In our framework, the adjacency matrix counterpart is the random matrix
AN defined in (3). This matrix is a normalized and signed version of the random matrix θ in
which all columns in P´ have a negative sign. Since the matrix AN depends on the matrix θ
that is not observed, one cannot use the matrix AN in our detection problem. Instead, we can
only use the information present in the sample X1, . . . ,XT`1 which only gives us a skewed
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view of AN (this is better justified in (4)). Second, given the community assignments, there is
no interaction between the components of those models: they behave independently of each
other. Here, on the contrary, the components of the model do interact and these interactions
are crucial for finding the communities.

More recently, the problem of community detection has been also addressed in the context
of graphical models (Berthet, Rigollet and Srivastava, 2019) and G-latent models (Bunea
et al., 2020). In both papers, the observations are assumed to be i.i.d. copies of some N -
dimensional random vector Z . In (Berthet, Rigollet and Srivastava, 2019), the authors sup-
pose that the distribution of Z is that of an Ising model without external field in which the
interaction strength is βN´1 between sites of the same block and αN´1 otherwise, where
the real values α and β satisfy β ą α. In particular, the block structure in this model is im-
posed directly on the interactions, similar to our model. In the framework of G-latent models
considered in (Bunea et al., 2020), the community structure is imposed directly on the covari-
ance matrix of the random vector Z , unlike the model considered in (Berthet, Rigollet and
Srivastava, 2019) and ours. In the present paper, we go beyond the assumption that the ob-
servations are i.i.d by addressing the community detection problem for dependent variables.
In this setting, part of the literature has focused on dynamic SBM (Pensky and Zhang, 2019;
Lin and Lei, 2024; Matias and Miele, 2016) - a framework fundamentally different from
ours - where one observes sequences of adjacency matrices that slowly vary their community
structures over time and the goal is to estimate these time varying communities. Closer to our
setting, we are only aware of the works of (Peixoto, 2019) and (Hoffmann et al., 2020). Both
papers adopt a Bayesian approach for detecting communities from time series data. Their
focus is on discussing the properties of the proposed methods using synthetic and empirical
data, rather than developing theoretical guarantees leading to exact recovery or controlling
the misclassification rate. Establishing such results in a similar context is the goal of our
paper.

1.3. Our contributions. In this paper, we first establish structural results on the model.
These are then used to derive theoretical guarantees for two community detection methods.

1.3.1. Structural results. The key step in our analysis is to derive an asymptotic approx-
imation for the 1-lagged covariance matrix Σp1q whose pi, jq-entries are defined as

(2) Σ
p1q

ij “ CovθpXi,1,Xj,0q, i, j P rN s,

where CovθpXi,1,Xj,0q denotes the covariance between the random variables Xi,1 and Xj,0,
conditionally on θ. To describe this approximation, let AN be the random matrix whose
pi, jq-entries are given by

(3) AN
ij “

#

N´1θij , if j P P`

´N´1θij , if j P P´

, i, j P rN s.

With this notation, we establish in Theorem 2.1 that there are explicitly known constants
c1 ą 0 and c2 (both depending on λ,p, and r`) such that, with high probability,

(4) max
i,jPrNs

ˇ

ˇΣ
p1q

ij ´ pc1A
N
ij ` c2N

´1q
ˇ

ˇ ď K
a

logpNq{N3,

where the constant K ą 0 depends on λ,p and r`. This means that all entries of the matrix
Σp1q are uniformly close to those of the matrix c1A

N ` c2N
´11N1J

N (with high probability),
where 1N is the N -dimensional vector full of ones so that 1N1J

N is the N -by-N matrix full
of ones. The term c2N

´1 can be interpreted as a bias term present in all the entries of the
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matrix Σp1q. We note that the sign of this bias term is the same as the sign of r` ´ r´. In
particular, the bias is 0 if and only if the communities are balanced, i.e. r` “ r´ “ 1{2.

Once the entry-wise approximation (4) is established, we then derive an approximation for
Σp1q in the spectral norm, in terms of the matrix

(5) Σ
p1q

:“ c1ErAN s ` c2N
´11N1J

N ,

where ErAN s denotes the expectation of AN , taken with respect to the distribution of the
random matrix θ. Specifically, we establish in Corollary 2.4 that, with high probability,

(6) ~Σp1q ´ Σ
p1q

~2 ď K
a

logpNq{N,

for some constant K ą 0 depending on λ,p and r`.
The matrix AN defined in (3) is a normalized and signed version of θ in which the entries

associated with columns in P´ have a negative sign. Hence the columns of AN , and also of
ErAN s, carry information about the communities P` and P´. The approximations in (4) and
(6) suggest that the same is true for the columns of the random matrix Σp1q for large values
of N . To formalize this, let σag and σag be the vectors defined as

(7) σag :“ pΣp1qqJ1N and σag :“ pΣ
p1q

qJ1N .

The superscript ag in both vectors σag and σag stands for aggregated, since these vectors are
obtained by summing over the columns of the matrix Σp1q and Σ

p1q, respectively.
Note that the random vector pAN qJ1N is expected to concentrate around its mean

ErpAN qJs1N sufficiently fast (this is formalized in Inequality (37)). Combining this fact
with Equation (4), we show in Corollary 2.3 that the vectors σag and σag satisfy, with high
probability,

(8) max
iPrNs

|σag
i ´ σag

i | ď K
a

logpNq{N,

for some constant K ą 0 depending on λ, p and r`.
Using (5) and the fact that the random variables θij’s are i.i.d with distribution Berppq, one

can check that the vector σag defined in (7) can be rewritten as

(9) σag “ σ`1P`
` σ´1P´

,

where 1P`
(resp. 1P´

) is the N -dimensional vector whose entries are equal to 1 in P` (resp.
P´) and 0 elsewhere, and the real values σ` and σ´ are given by

(10) σ` “ c2 ` c1p and σ´ “ c2 ´ c1p.

Since σ` ´ σ´ “ 2c1p ą 0, it follows from (9) that the vector σag discriminates the com-
munities P` and P´, in the sense that the entries in P` take a larger value than those in
P´.

1.3.2. Aggregated method. In view of the upper bound (8), it is natural to expect that
the vector σag also discriminates these communities in the limit as N diverges. However, the
vector σag cannot be used in practice, since the matrix Σp1q is not observed. In light of (7),
we propose to estimate σag by

(11) pσag “ ppΣp1qqJ1N ,

where pΣp1q, defined below in (17), is the empirical estimate of Σp1q. Given the vector pσag, it
is then natural to estimate the communities P` and P´ by clustering its coordinates. We call
the resulting method aggregated method.
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Its theoretical guarantees are studied in Section 2.4. There, we first prove the conver-
gence of pσag towards σag, both in the sup-norm (Theorem 2.5) and ℓ2-norm (Theorem 2.6).
The control in the sup-norm relies on (8) and (Ost and Reynaud-Bouret, 2020, Theorem 3),
whereas the one in ℓ2 follows from (6) and a sharp estimate for the distance between Σp1q

and its empirical estimate pΣp1q, stated in Theorem D.1. Then, using Theorem 2.5, we show
in Corollary 2.7 that the aggregated method achieves exact recovery with high probability as
long as T " N2 (up to log factors). In Appendix F.2, we study the optimality of this condition
in a similar statistical setting in which conditionally on θ, the system X starts from fixed ini-
tial conditions (and therefore is not stationary). In this setting, in Proposition F.5, we derive
an information-theoretic lower bound showing that exactly recovering the communities P`

and P´ is impossible in the minimax sense if T {pN logpNqq Ñ 0. This result suggests that
the condition T " N2 may not be optimal for exact recovery.

Finally, as a consequence of Theorem 2.6, we show in Theorem 2.9 that the misclassifica-
tion rate of the aggregated method vanishes as long as T " N (up to log factors). Combined
with the information-theoretic lower bound stated in Theorem 2.12, this result shows that the
aggregated method is near-optimal with respect to the misclassification rate.

1.3.3. Spectral method. In this paper, we also consider a spectral method for finding
the communities P` and P´. One key observation behind our spectral method is that the
matrix Σ

p1q has rank 1 and that the vector σag (up to renormalization) is a leading right
singular vector of it (see Equation (21)). Since singular vectors are only defined up to a
˘1 factor, any leading singular vector of pΣp1q can estimate σag only up to its sign, and
clustering the entries of such a vector is prone to label ambiguity as it is well known in
the spectral methods literature (Chen et al., 2021). Interestingly, we show that in our case
this ambiguity can be resolved by using the estimator pσag to determine the correct sign,
yielding an improved spectral method presented in Section 2.5. In Theorem 2.11, we prove
that the misclassification rate of our spectral method vanishes as long as T " N (up to log
factors). This result together with Theorem 2.12 shows that our spectral method is also near-
optimal with respect to the misclassification rate. To prove Theorem 2.11, we combine the
perturbation theory of matrices with the approximation results stated in Equation (6) and
Theorem D.1.

1.3.4. Proof strategy of our key step. The asymptotic approximation (4) is achieved by
first showing that the 1-lagged covariance matrix Σp1q can be computed from the simultane-
ous (0-lagged) covariance matrix Σp0q whose pi, jq-entries are defined as

(12) Σ
p0q

ij “ CovθpXi,0,Xj,0q, i, j P rN s.

Next, we show that the simultaneous covariance matrix Σp0q satisfies some Stein matrix
equation (see Proposition 3.2). To conclude, we then study the asymptotic behavior of the
solutions of the matrix equation satisfied by Σp0q as N Ñ 8. This analysis is challenging,
specially because the matrix Σp0q depends on the random matrix θ and, hence, it is itself a
random matrix. The analysis involves two main ingredients: identifying an "almost" eigen-
vector of the Kronecker product AN b AN , and a control of averages over entries of the
matrix θ that are obtained via Hoeffding’s inequality.

1.4. Concluding remarks, extensions and future work. The present paper focuses on the
case of two communities P` and P´. Let us stress that our proposed methods for finding
these communities do not rely on the exact values of the two limits σ` and σ´ defined in
(10); knowing that they are well seperated is sufficient.
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From a theoretical viewpoint, the case of two communities is a natural and widely studied
setting in the community detection literature Abbe (2018); Abbe, Bandeira and Hall (2016).
Moreover, as noted by Berthet, Rigollet and Srivastava (2019) in the context of the Ising
blockmodel, extending to multiple communities is particularly challenging when the popu-
lation covariance matrix cannot be directly computed from the model parameters. A similar
difficulty arises in our setting: the 1-lagged covariance matrix Σp1q is not directly given in
terms of the model parameters, and we must derive a suitable approximation for it (Theorem
2.1). Deriving such an approximation is by itself a difficult task, because the environment
encoded in the matrix θ is random and observations are not i.i.d. in our model.

In a suitably modified version of our model with K ą 2 communities, we expect the vector
σag to have K distinct values, so that it should be possible to extend our analysis of the
aggregated method to the case of K communities, though the details remain to be worked out.
However, we conjecture that the analysis of the spectral method would be more challenging.
Indeed, with K ą 2 communities, we expect the matrix Σ

p1q to have rank K ´ 1 and we
would need to track K ´ 1 singular vectors simultaneously, instead of only one as in our
case. Moreover, the resolution of the label permutation ambiguity, which in our case reduces
to a simple sign ambiguity, would become significantly more challenging for K ą 2.

As mentioned earlier, a key property in our analysis is that the community structure only
affects the columns of AN , and in particular its rows share a common distribution. The ag-
gregated method heavily relies on this property and should perform poorly if it is violated.
Although the spectral method also relies on this property, we believe that a spectral approach
is more robust to generalizations of the present model.

Furthermore, throughout our analysis we assume that the parameter p does not scale with
the number of chains N in the system X . Despite the fact that some probabilistic tools used
in our proofs are available for cases where p scales with N (e.g. Hoeffding’s inequality),
extending our results for such cases is not straightforward for at least two reasons. First, the
model has to be suitably modified, since the normalization factor N´1 is no longer appro-
priate. Second, and more importantly, our proof of Theorem D.1 relies on Lemma 3.8 of our
companion paper (Chevallier, Löcherbach and Ost, 2026), which has been proved only for
p constant. This lemma controls the covariances between components of our model and is
a key ingredient to control a variance term (this is done in Lemma D.4) appearing in the
Bernstein-type concentration inequality derived in Lemma D.3, which, in turn, is used to
prove Theorem D.1. Extending Lemma 3.8 to regimes where p scales with N would require
a substantially different analysis and is beyond the scope of the present paper. The study of
the case p scaling with N is particularly relevant for applications where the underlying graph
is sparse and dynamics of the model is sensitive to local graph structures (contrary to the
mean-field assumption in (1)).

To conclude, we note that both aggregated and spectral methods are near-optimal in terms
of the misclassification rate and that the aggregated method achieves exact recovery. Whether
the spectral method also achieves exact recovery remains an open question. A related open
question is to understand whether the condition T " N2 required by the aggregated method
is optimal for exact recovery. Our lower bound in Proposition F.5 suggests that the sharp
threshold may indeed be T " N logpNq. Settling this issue is left for future work.

1.5. Outline of the paper. The paper is organized as follows. In Section 2, we define
our model rigorously, introduce most of the mathematical notation used in the text and state
our main results. Section 3 is dedicated to the proofs of the structural results of the model,
namely Theorem 2.1 and Corollaries 2.3 and 2.4. Sections 4 and 5 contain, respectively,
the proofs of all results regarding exact recovery and misclassification rate. In Section 6,
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we illustrate the performance of our community detection methods through simulations. Ap-
pendix A contains concentration results derived from Hoeffding inequality that are used in
our proofs. In Appendix B, we prove Theorem B.1, on the convergence of pσag towards σag

in the sup-norm (the key step to prove Theorem 2.5). Section C is devoted to the proof of
the asymptotic approximation of the simultaneous covariance matrix, i.e. Proposition 3.3. In
Appendix D, we prove Theorem D.1, which plays an important role in the analysis of the
misclassification rate of both methods. In Appendix E, we establish a Bernstein-type concen-
tration inequality for dependent matrices (stated in Lemma D.3) that is used in the proof of
Theorem D.1. Appendix F is devoted to the proofs concerning the minimax lower bounds for
the misclassification rate (Theorem 2.12) and exact recovery (Proposition F.5). In Appendix
G, we recall Lemma 3.8 from our companion paper Chevallier, Löcherbach and Ost (2026),
which is central in the proofs regarding the misclassification rate. Appendix H contains an
auxiliary result used in the proof concerning the exact recovery of the aggregated method.
In Appendix I, we present two tables summarizing the notation of the main objects in our
analysis. Finally, Appendix J provides additional information about the performance of the
aggregated method on simulated data.

2. Model definition, notation and main results.

2.1. Model definition. We consider a system of N interacting chains X “ tXi,t, t P

Z,1 ď i ď Nu taking values in t0,1u denoting the presence or the absence of a signal at
a given time. This system evolves in a random environment which is given by the realiza-
tion of a directed Erdös-Rényi random graph via the selection of N2 i.i.d. random variables
θij ,1 ď i, j ď N , distributed as a Bernoulli of parameter p with 0ăp ď 1. Conditionally
on θ, the evolution of the system X is that of a stationary Markov chain on the hyper-
cube t0,1uN with transition probabilities (which depend on θ) given as follows. Writing
Xt “ pX1,t, . . . ,XN,tq and x, y P t0,1uN , we have, for all t P Z,

(13) IPθpXt “ y|Xt´1 “ xq “

N
ź

i“1

ppθ,ipxqqyip1 ´ pθ,ipxqqp1´yiq,

where pθ,ipxq “ IPθpXi,t “ 1|Xt´1 “ xq is defined in (1). The existence and uniqueness of a
stationary version of the Markov chain having transition probabilities as defined in (13) and
(1) is granted by (Chevallier, Löcherbach and Ost, 2026, Theorem 3.3). Only the stationary
regime is considered throughout this paper.

2.2. Notation. Throughout the paper, we use the letters t, s to denote some time indices
whereas the letters i, j denote some spatial values, that is the index of the corresponding com-
ponent. In agreement with the left-hand side of (13), we write IPθ to denote the probability
measure under which the environment θ is kept fixed and the process X is distributed as the
unique stationary version of the Markov chain having transition probabilities as defined in
(13) and (1). The expectation taken with respect to IPθ is denoted by IEθ . The variance and
covariance computed from IEθ are denoted Varθ and Covθ respectively. Moreover, we write
IP to denote the probability measure under which the random environment θ “ pθijqi,jPrNs is
distributed as a collection of i.i.d. random variables with distribution Berppq and the condi-
tional distribution of the process X given θ is that of the process X under IPθ , i.e., the follow-
ing identity holds IP pX P ¨|θq “ IPθpX P ¨q. Finally, we denote IE the expectation taken with
respect to the probability measure IP , and Var and Cov the variance and covariance, respec-
tively, computed from IE. When we need to emphasize that the partition pP`,P´q “ pS,Scq,
where S Ă rN s with |S| “ rNr`s, we add an additional subscript to the previous notation.
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For example, IPS,θ denotes the probability measure under which the environment θ is fixed
and the process X is distributed as the unique stationary version of the Markov chain having
transition probabilities given by (13) and (1), where the communities pP`,P´q “ pS,Scq.
The corresponding expectation is denoted by IES,θ .

For any N -by-N matrix M , we shall denote ~M~p, with 1 ď p ď 8, the matrix norm
induced by the vector norm } ¨ }p, and ~M~max “ maxi,jPrNs |Mpi, jq|. Recall that, although
the matrix norm ~ ¨ ~max is not sub-multiplicative, it satisfies

(14) ~AB~max ď min t~A~8~B~max,~A~max~B~1u ,

for any N -by-N matrices A and B. We write IN to denote the N -by-N identity matrix.
Hereafter, for any subset V of rN s, we write 1V to indicate the N -dimensional vector

having value 1 in each coordinate belonging to V and value 0 in the remaining coordinates.
To alleviate the notation, we will simply write 1N instead of 1rNs, to indicate the vector
full of ones. Along the text, the letter K denotes a constant that is independent of N and
T and that may change from line to line. Also, for any real values a, b, we let a ^ b and
a _ b respectively denote the minimum and the maximum between a and b. Finally, all the
logarithms are in base e.

2.3. Structural results. Let us denote

(15) m “ mpµ,λ, pq “
µ ` p1 ´ λqpr´

1 ´ D
with D “ Dpλ,p, r`q “ p1 ´ λqppr` ´ r´q

which was proved in (Chevallier, Löcherbach and Ost, 2026, Theorem 2.1) to be the limit, in
probability, of the spatio-temporal mean pTNq´1

řN
i“1

řT
t“1Xi,t as T ^ N Ñ 8. Further-

more, denote

(16)

#

c1 “ p1 ´ λqmp1 ´ mq,

c2 “
p1´λq2p2pr`´r´q

1´D2 c1.

For later use, let us observe that c1 ą 0 since p ą 0 and λ ă 1 and that c2 is non-null as long
as the network is unbalanced (i.e. r` ‰ r´).

Recall the random matrices Σp1q and AN defined in (2) and (3) respectively. The matrix
Σp1q is the 1-lagged covariance matrix and AN is a normalized and signed version of random
matrix θ. Remark that Σp1q also depends on N but we chose to not highlight this dependence
in the notation. Moreover, note that this matrix is not symmetric. In our first structural result,
namely Theorem 2.1 below, we show that with high probability the matrix Σp1q is close to
the sum of two matrices: the first one is the matrix c1A

N and the second one is the matrix
c2N

´11N1J
N which is interpreted a bias term. The proof of Theorem 2.1 is given in Section

3.

THEOREM 2.1. There exists a positive constant K ą 0 depending on λ,p and r` such
that for all δ P p0,1s and N ě 2,

IP

˜

‌

‌

‌
Σp1q ´

´

c1A
N `

c2
N

1N1J
N

¯‌

‌

‌

max
ě K

c

logpN{δq

N3

¸

ď δ,

where the matrices Σp1q and AN are defined in (2) and (3) respectively, and the real values
c1 and c2 are defined in (16).

REMARK 2.2. The constant K appearing in Theorem 2.1 remains bounded for fixed
values of λ (i.e. as functions of p and r` only). However, this constant diverges when λ Ñ 0
(the ergodicity of dynamics breaks) or λ Ñ 1 (the dependence between the components of
the model becomes very weak). In such regimes, the result stated in Theorem 2.1 is vacuous.
The same remark applies to several other results, although we will not mention this explicitly.
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Recall the matrix Σ
p1q defined in (5). Our second structural result establishes that the vec-

tors σag “ pΣp1qqJ1N and σag “ pΣ
p1q

qJ1N are close in the sup norm, with high probability.
This result is the basis for the aggregated method presented in Section 2.4. Its proof, given
also in Section 3, follows from Theorem 2.1 and concentration properties of the random
vector pAN qJ1N around its mean IErpAN qJs1N .

COROLLARY 2.3. There exists a positive constant K ą 0 depending on λ,p and r` such
that for all δ P p0,1s and N ě 2,

IP

˜

}σag ´ σag}8 ě K

c

logpN{δq

N

¸

ď δ,

where the vectors σag and σag are defined in (7).

Our final structural result shows that the matrices Σp1q and Σ
p1q are close in the operator

norm, with high probability. This result will be important in the analysis of the misclassifica-
tion rate for both aggregated and spectral methods. Its proof, presented in Section 3, follows
from a combination of Theorem 2.1 with concentration properties of the random matrix AN

around its expectation ErAN s.

COROLLARY 2.4. There exists a positive constant K ą 0 depending on λ,p and r` such
that for all δ P p0,1s and N ě 2,

IP

˜

‌

‌

‌
Σp1q ´ Σ

p1q
‌

‌

‌

2
ě K

c

logpN{δq

N

¸

ď δ,

where the matrices Σp1q and Σ
p1q are defined in (2) and (5) respectively.

2.4. Aggregated method. Recall the vectors σag “ pΣp1qqJ1N and σag “ pΣ
p1q

qJ1N .
Observing that σag can be rewritten as σ`1P`

` σ´1P´
(recall Equation (9)) where

σ` ´ σ´ “ 2c1p ą 0, we immediately see that the vector σag discriminates the communities
P` and P´. By Corollary 2.3, we then expect that the communities can also be discriminated
by the vector σag, with high probability. In practice, however, the vector σag cannot be used
to that end because the matrix Σp1q is not known. To circumvent this issue, one can try to find
these sets by using the empirical estimate of σag.

Let X1, . . . ,XT`1 be a sample of a stationary Markov chain with transition probabilities
given by (13) and (1), associated with some realization θ of the random environment which
is not observed. Given the sample, we propose to estimate the vector σag “ pΣp1qqJ1N by
the vector pσag “ ppΣp1qqJ1N , where pΣp1q denotes the empirical estimate of the matrix Σp1q,
which is defined as

(17) pΣp1q “
1

T

T
ÿ

t“1

pXt`1 ´ pmqpXt ´ pmqJ, with pm “
1

T

T
ÿ

t“1

Xt.

In Theorem B.1, stated and proved in Appendix B, we show that the estimator pσag concen-
trates around σag in the sup-norm, as both T and N diverge provided that T " N2 (up to
log factors). Combining this result with Corollary 2.3, we can show that the vector pσag also
converges to σag in the sup-norm, provided that T " N2 (up to log terms). This is the content
of the result below.
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THEOREM 2.5. Let pσag and σag be the vectors defined in (11) and (7) respectively. There
exist positive constants K1,K2 and K3 depending on λ such that

IP

˜

}pσag ´ σag}8 ě K1

˜

N logpTNq
?
T

`

c

logpNq

N

¸¸

ď K2

˜

1

T
`

1

N

¸

,

for all pairs pN,T q satisfying N ě 2 and T ě K3 logpNq.

Theorem 2.5 is the key ingredient in establishing the exact recovery guarantees of the
aggregated method defined below. Its proof is given in Section 4.

To control the misclassification rate, we need a control similar to that of Theorem 2.5 with
ℓ2-norm replacing the sup-norm. A naive approach that combines the crude bound }x}2 ď?
N}x}8 with Theorem 2.5 leads to a sub-optimal estimate for the convergence rate of pσag

towards σag in the ℓ2-norm. To achieve optimal convergence rate, we use Corollary 2.4 and a
sharp estimate for the distance between the 1-lagged covariance matrix Σp1q and its empirical
estimate pΣp1q (Theorem D.1).

THEOREM 2.6. Let pσag and σag be the vectors defined in (11) and (7) respectively. Then
there exist positive constants K1,K2 and K3 depending on λ such that

IP

˜

}pσag ´ σag}2 ě K1

˜

N

c

logpT q logpN logpT qq

T
`
a

logpNq

¸¸

ď K2

˜

c

N

T
`

1

N

¸

,

for all pairs pN,T q satisfying N ě 2 and

(18) T ě pK3N logpT q logpN logpT qqq _ 2.

The proof of Theorem 2.6 is given in Section 5. Note that Condition (18) requires the
time horizon T to be sufficiently large when compared to the number N of interacting chains
composing the system.

In light of the properties of the vector σag and of Theorems 2.5 and 2.6, it is natural to
estimate the communities P` and P´ by clustering the entries of pσag. Although our approach
extends to several clustering procedures, in what follows we analyze in detail only two of
them.

The first is the k-means clustering with k “ 2, which computes the global minimizer of
the k-means criterion. Since the entries of pσag are real numbers, this can be done efficiently
(in time linear in N ) via the dynamic programming algorithm developed in Wu (1991) (see
also Grønlund et al. (2018) for a review of the existing approaches to one-dimensional k-
means clustering). Note that, in general, its output is different from that of Lloyd’s algorithm.
We denote by p pPag,km

` , pPag,km
´ q the estimated communities obtained by applying k-means

clustering to the vector pσag.
The second procedure, which we refer to as mean threshold clustering, estimates the com-

munities P` (resp. P´) as the set of indices i P rN s for which pσag
i is above (resp. below) the

mean value N´1
řN

j“1 pσ
ag
j . We denote the resulting communities by p pPag,mt

` , pPag,mt
´ q.

Our next result provides the theoretical guarantees for these clustering procedures with
respect to exact recovery.

COROLLARY 2.7. Let pσag be the vector defined in (11) and denote by p pPag,‚
` , pPag,‚

´ q the
estimated communities obtained by applying k-means or mean threshold clustering to pσag.
Then there exist an integer N0 and positive constants K1 and K2 depending only on λ,p, r`

such that

IP
´

p pPag,‚
` , pPag,‚

´ q ‰ pP`,P´q

¯

ď K2

´ 1

N
`

1

T

¯
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for all pN,T q such that N ě N0 and

(19) T ě K1N
2 log2pTNq.

REMARK 2.8. As our proof reveals, the conclusion of Corollary 2.7 also holds if the
k-means clustering is replaced by Lloyd’s k-means algorithm, initialized with the means
m1 “ miniPrNs pσ

ag
i and m2 “ maxiPrNs pσ

ag
i . Indeed, whenever pσag is sufficiently close to

σag in the sup-norm, we show that Lloyd’s algorithm converges to the true partition pP`,P´q

in one iteration.
The analysis for k-means clustering is more involved as it requires to show that the global

minimizer of the k-means criterion is the true pP`,P´q, provided that the vector pσag and
σag are close in the sup-norm. This is done in Lemma H.1 of Appendix H.

Like Theorem 2.5, the proof of Corollary 2.7 is given in Section 4. It follows from Corol-
lary 2.7 that we can exactly recover the communities P` and P´ by clustering the vector pσag

via either k-means or mean threshold, as long as T " N2 (up to log factors). In Section 6, we
perform a numerical study to compare the performance of these two clustering procedures
(and also include hierarchical clustering in this study). We note that the information-theoretic
lower bound derived in Proposition F.5 of Appendix F.2 shows, in a slightly different setting,
that exactly recovering the communities P` and P´ is impossible in the minimax sense if
T {pN logpNqq Ñ 0. This suggests that the condition T " N2 may not be optimal, and re-
solving this issue is left for future work.

In what follows, we focus on the performance of the aggregated method with k-means or
mean threshold clustering in terms of its misclassification rate. Here, the misclassification
rate of an estimated partition p pP`, pP´q is defined by

(20) MRp pP`, pP´q “ N´1p| pP` X P´| ` | pP´ X P`|q.

THEOREM 2.9. Let pσag be the vector defined in (11) and denote by p pPag,‚
` , pPag,‚

´ q the
estimated communities obtained by applying k-means or mean threshold clustering to pσag.
Then there exist an integer N0 and positive constants K1, K2 and K3 depending only on λ,p
and r` such that

IP
´

MRp pPag,‚
` , pPag,‚

´ q ě K1

´N logpT q logpN logpT qq

T
`

logpNq

N

¯¯

ď K2

´

c

N

T
`

1

N

¯

,

for all pairs pT,Nq for which N ě N0 and (18) is satisfied.

The proof of Theorem 2.9 is provided in Section 5. The key step in the proof is to obtain an
estimate for missclassification rate in terms of ℓ2-distance between pσag and σag. This is the
purpose of Lemma 5.1, stated and proved in Section 5. Given this estimate, we then conclude
by Theorem 2.6.

Finally, let us observe that since condition (18) matches the condition T " N up to log
terms, the minimax lower bound stated in Theorem 2.12 of Section 2.6 implies that the es-
timated partitions p pPag,‚

` , pPag,‚
´ q are both near-optimal, with respect to the misclassification

rate. An interesting open question is to understand whether the log factors in condition (18)
can be removed.

2.5. Spectral method. Recall the constants c1 and c2 defined in (16). Using that Σp1q
“

c1IErAN s ` c2N
´11N1J

N and that IErAN s “ pN´11N p1P`
´ 1P´

qJ, we can rewrite Σ
p1q

as

(21) Σ
p1q

“ N´11N pσagqJ,
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where σag is the vector given by (9).
Starting from (21), one can verify after simple calculations that

(22) σsp :“
σag

}σag}2
,

is a right singular vector of Σp1q with corresponding singular value

(23) σ1
`

Σ
p1q˘

“

b

pσ`q2rN` ` pσ´q2rN´ .

Except in trivial cases, σ1
`

Σ
p1q˘

ą 0 so that Σp1q has rank 1 and σ1
`

Σ
p1q˘ is its unique non-

null singular value.
Next observe that Corollary 2.4 and Theorem D.1 together imply that the matrices pΣp1q

and Σ
p1q are close in operator norm with high probability. In view of the above properties

of Σp1q and of Wedin’s sinΘ theorem (see for instance Inequality (50)), it then follows that,
with high probability, any leading right singular vector qv of the matrix pΣp1q is close to σsp,
up to sign. The sign ambiguity can be resolved using pσag as follows. Let qP be a preliminary
estimated community defined as

(24) qP “

#

i P rN s : qvi ě N´1
N
ÿ

j“1

qvj

+

.

Depending on the ambiguous sign, qP is expected to be close to P` or P´, and consequently
the average of the coordinates of pσag over qP is expected to be close to σ` or σ´. Hence, we
propose to estimate the vector σsp by the vector

(25) pσsp “

#

qv , if | qP|´1
ř

iP qP pσag
i ě |rN sz qP|´1

ř

iPrNsz qP pσag
i ,

´qv , else.

THEOREM 2.10. Let pσsp be defined in (25). There exist an integer N0 and positive con-
stants K1, K2 and K3 depending only on λ,p and r` such that

IP
´

}pσsp ´ σsp}2 ě K1

´

c

N logpT q logpN logpT qq

T
`

c

logpNq

N

¯¯

ď K2

´

c

N

T
`

1

N

¯

,

for all pairs pT,Nq for which N ě N0 and (18) is satisfied.

Theorem 2.10 is proved in Section 5. As anticipated above, its proof follows from the
perturbation theory of matrices (Wedin’s Sin Θ theorem), Corollary 2.4 and Theorem D.1.
The most challenging part in the proof is to show that the sign of pσsp is correct with high
probability.

Finally, the estimated partition is defined as

(26) pPsp
` “

#

i P rN s : pσsp
i ě N´1

N
ÿ

j“1

pσsp
j

+

and pPsp
´ “ rN sz pPsp

` ,

and its misclassification rate is upper bounded as follows.

THEOREM 2.11. Let p pPsp
` , pPsp

´ q be the partition defined in (26). There exist an integer
N0 and positive constants K1, K2 and K3 depending only on λ,p and r` such that

IP
´

MRp pPsp
` , pPsp

´ q ě K1

´N logpT q logpN logpT qq

T
`

logpNq

N

¯¯

ď K2

´

c

N

T
`

1

N

¯

,

for all pairs pT,Nq for which N ě N0 and (18) is satisfied.
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The proof of Theorem 2.11 is provided in Section 5 as well. Similarly to the aggregated
method, the control of the misclassification rate of the spectral method relies on Lemma 5.1
and Theorem 2.10. Moreover, the minimax lower bound stated in Theorem 2.12 implies that
the random partition defined in (26) is near-optimal.

2.6. Lower bound for the misclassification rate. In this section, we establish lower
bounds on the sample size T needed to recover the partition pP`,P´q, with respect to the
either misclassification rate. For each K ą 0 and u ě 0, denote τKpuq “

a

1 ´ expp´Kuq.
Note that τKpuq Ñ 1 as u Ñ 8, whereas τKpuq Ñ 0 as u Ñ 0.

THEOREM 2.12. There exist positive constants K1 and K2 depending only on µ and λ
such that for all N ě 2 and T ě 1,

min
p pP`, pP´q

max
SPS

IES

”

MRp pP`, pP´q

ı

ě
prmin ´ N´1q

2

˜

1 ´ τK1

´ T

N

¯

´ 2τK2

´ logp2Nq

N

¯

¸

,

where rmin “ r` ^ r´, S “ tS Ă rN s : |S| “ rNr`su and the infimum is taken over all
random partitions p pP`, pP´q of rN s which are measurable with respect to σpX1, . . . ,XT`1q.

The proof of Theorem 2.12 is presented in Appendix F.1. The main step in the proof
is to upper bound the variation of the distribution of observations when the true partition
pP`,P´q is slightly modified. Once this is done, we conclude by applying Assouad’s Lemma
(Tsybakov, 2009, Theorem 2.12).

Note that if both T “ TN and N diverge but TN{N ď K for some constant K ą 0, then
Theorem 2.12 implies that

lim inf
NÑ8

min
p pP`, pP´q

max
SPS

IES

”

MRp pP`, pP´q

ı

ě
r` ^ r´

2

`

1 ´ τK1

`

K
˘˘

ą 0,

showing that recovering the communities P` and P´ is impossible in the minimax sense
unless T " N .

3. Proofs of the structural results.

3.1. Some vector and matrix notation. The aim of this section is to introduce additional
notation and simple results already appearing in (Chevallier, Löcherbach and Ost, 2026).

Let LN,‚´ be the vector of row-wise sums over the columns corresponding to P´

of the matrix AN , i.e. LN,‚´ “ AN1P´
. Then, for all x P t0,1uN , the vector pθpxq “

ppθ,1pxq, . . . , pθ,N pxqq can be written as,

(27) pθpxq “ µ1N ` p1 ´ λq
`

ANx ´ LN,‚´
˘

.

Now, let us denote mN the (conditional) mean vector given by

(28) mN “ pmN
1 , . . . ,mN

N q “ IEθpX0q “ IEθrpθpX0qs,

where we used the stationarity of the process. With this notation, let us remark that Σp1q

rewrites as

(29) Σp1q “ IEθ

“

pX1 ´ mN qpX0 ´ mN qJ
‰

.

Taking expectation in both sides of Equation (27), one has

(30) mN “ µ1N ` p1 ´ λq
`

ANmN ´ LN,‚´
˘

,
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which in particular gives that the centered version of pθpX0q is

(31) pθpX0q ´ mN “ p1 ´ λqAN pX0 ´ mN q.

Moreover, using the matrix QN “ pIN ´ p1 ´ λqAN q´1 and the notation for its row-wise
sums ℓN “ QN1N and ℓN,‚´ “ QN1P´

, the solution mN to Equation (30) reads as

(32) mN “ µℓN ` 1P´
´ ℓN,‚´.

Let us remark that the inverse matrix QN is controlled by (Chevallier, Löcherbach and Ost,
2026, Section F.3):

(33) ~QN~8 ď λ´1.

Finally, let us mention that all coordinates of the vector of temporal means mN are expected
to converge to the asymptotic spatio-temporal mean m defined in (15). This statement is
formalized in Equation (68).

The present paper builds upon the modeling framework and some technical results of
Chevallier, Löcherbach and Ost (2026). Nevertheless, except from the preliminary results
detailed above, the only additional dependence is (Chevallier, Löcherbach and Ost, 2026,
Lemma 3.8) which is included in Appendix G. All other proof strategies and arguments are
entirely new.

3.2. Asymptotics for the simultaneous covariance matrix. Let us denote vN the variance
vector given by

(34) vN “ pmN
1 p1 ´ mN

1 q, . . . ,mN
N p1 ´ mN

N qq.

According to the end of previous section, we expect that vN is close to mp1´mq1N . This is
formalized in Equation (38) below.

Let us denote Σp0q “ IEθrpX0 ´ mN qpX0 ´ mN qJs the simultaneous covariance matrix
whose pi, jq-entry is

(35) Σ
p0q

ij “ CovθpXi,0,Xj,0q, i, j P rN s.

The main objective of this section is to provide an asymptotic approximation of the matrix
Σp0q as N Ñ 8 (see Proposition 3.3).

The reason to study the simultaneous covariance matrix is that it serves as a proxy for
getting the asymptotics of the 1-lagged covariance matrix Σp1q. Indeed, we have the following
relation:

PROPOSITION 3.1. Σp1q “ p1 ´ λqANΣp0q.

PROOF. By conditioning with respect to F0 in Equation (29) and then using (31), one has

Σp1q “ IEθ

“

ppθpX0q ´ mN qpX0 ´ mN qJ
‰

“ IEθ

“

p1 ´ λqAN pX0 ´ mN qpX0 ´ mN qJ
‰

,

which ends the proof.

For a N -dimensional vector u “ pu1, . . . , uN q, we write diagpuq to denote the N -by-N
diagonal matrix having value ui P R associated with its i-th diagonal entry, i.e. diagpuqii “

ui.
For a N -by-N matrix M , we denote d0pMq the same matrix where the diagonal terms

are replaced by zeros, i.e. d0pMqij “ Mij1i‰j . The simultaneous covariance matrix Σp0q

satisfies the following Stein-type matrix equation.
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PROPOSITION 3.2. The simultaneous covariance matrix Σp0q is equal to vN on the di-
agonal and satisfies Σp0q “ p1 ´ λq2ANΣp0qpAN qJ out of the diagonal, i.e.

Σp0q “ p1 ´ λq2 d0

´

ANΣp0qpAN qJ
¯

` diagpvN q.

PROOF. Let i P rN s. Under the stationary distribution, Xi,0 is a Bernoulli variable with
parameter mN

i . Hence, Σp0q

ii “ VarθpXi,0q “ mN
i p1 ´ mN

i q “ vNi .
Let i, j P rN s with i ‰ j. By conditional independence between Xi,0 and Xj,0 given X´1

and stationarity of the process, we have that

Σ
p0q

ij “ CovθpXi,0,Xj,0q “ Covθppθ,ipX´1q, pθ,jpX´1qq “ Covθppθ,ipX0q, pθ,jpX0qq.

Yet, the centered version of pθ,ipX0q is pθ,ipX0q ´ mN
i so that using Equation (31) it is easy

to get

Σ
p0q

ij “ p1 ´ λq2E
“

AN pX0 ´ mN qpX0 ´ mN qJpAN qJ
‰

ij
“ p1 ´ λq2rANΣp0qpAN qJsij .

Let us denote aN “ 1N p1N qJ ´IN the N -by-N matrix full of ones except on the diagonal.
Here is our main asymptotic result regarding the simultaneous covariance matrix.

PROPOSITION 3.3. There exists a constant K ą 0 depending only on λ,p and r` such
that for all δ P p0,1s and N ě 2,

IP

˜

‌

‌

‌

‌

Σp0q ´

ˆ

diagpvN q `
p1 ´ λq2p2mp1 ´ mq

1 ´ D2

aN

N

˙‌

‌

‌

‌

max

ě K

c

logpN{δq

N3

¸

ď δ,

where the real values m and D are defined in (15).

The proof of Proposition 3.3, postponed to Section C, is interesting in its own right. It
relies on the Stein-type matrix equation satisfied by Σp0q (see Proposition 3.2). To exploit
this structure, we introduce the vectorization operator and the Kronecker product, along with
their useful properties, in Section C.

3.3. Proofs. Finally, the last main ingredients to describe the asymptotics of Σp1q are
the asymptotics of the vector of row-wise and column-wise sums of AN , denoted by LN “

AN1N and CN “ pAN qJ1N respectively, and the asymptotics of vN .

PROPOSITION 3.4. There exists a constant K ą 0 depending only on λ such that for all
δ P p0,1s and N ě 2,

IP

˜

›

›LN ´ ppr` ´ r´q1N
›

›

8
ě K

c

logpN{δq

N

¸

ď δ,(36)

IP

˜

›

›CN ´ pp1P`
´ 1P´

q
›

›

8
ě K

c

logpN{δq

N

¸

ď δ(37)

IP

˜

›

›vN ´ mp1 ´ mq1N
›

›

8
ě K

c

logpN{δq

N

¸

ď δ.(38)
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Proposition 3.4 is a particular case of Lemma A.2 whose proof is given in Section A.
In the remaining of this section, we prove the structural results, namely, Theorem 2.1 and

Corollaries 2.4 and 2.3. We start with the proof of Theorem 2.1.

PROOF OF THEOREM 2.1. Let 0 ă δ ď 1. First of all, remind that Σp1q “ p1 ´ λqAΣp0q

(see Proposition 3.1). By Proposition 3.3 and using (14) with the fact that ~AN~8 ď 1, we
have,
(39)

IP
´

‌

‌

‌

‌

Σp1q ´ AN

ˆ

c1
mp1 ´ mq

diagpvN q `
c2

ppr` ´ r´q

aN

N

˙‌

‌

‌

‌

max

ě K

c

logp3N{δq

N3

¯

ď
δ

3
.

On the one hand, Equation (38) implies that

IP

˜

‌

‌diagpvN q ´ mp1 ´ mqIN
‌

‌

1
ě K

c

logp3N{δq

N

¸

ď δ{3,

so that using (14) with the fact that ~AN~max ď 1{N , we get

(40) IP

˜

~AN diagpvN q ´ mp1 ´ mqAN~max ě K

c

logp3N{δq

N3

¸

ď δ{3,

On the other hand, for all i, j P rN s, pANaN qij “
řn

k“1:k‰j A
N
ik “ LN

i ´ N´1θij . Hence,
Equation (36) implies that

(41) IP

˜

‌

‌

‌

‌

AN aN

N
´

ppr` ´ r´q

N
1N1J

N

‌

‌

‌

‌

max

ě K

c

logp3N{δq

N3
` N´2

¸

ď δ{3.

Hence, combining Equations (39)-(41) and adjusting the constant K , we deduce that

IP

˜

‌

‌

‌
Σp1q ´

´

c1A
N `

c2
N

1N1J
N

¯‌

‌

‌

max
ě K

˜

c

logp3N{δq

N3
` N´2

¸¸

ď δ.

The result follows by combining the above inequality with the fact that logp3N{δq ě

logp6q ě 1{2 ě 1{N since 0 ă δ ď 1 and N ě 2 (this kind of argument will be used sev-
eral times throughout the paper to simplify the lower bounds at the cost of adjusting the
constant K , and will usually be omitted in subsequent proofs).

Now we prove Corollary 2.4.

PROOF OF COROLLARY 2.4. Let 0 ă δ ď 1. Let us first decompose

Σp1q ´

´

c1IE
“

AN
‰

`
c2
N

1N1J
N

¯

“ c1
`

AN ´ IE
“

AN
‰˘

` Σp1q ´

´

c1A
N `

c2
N

1N1J
N

¯

.

On the one hand, (Vershynin, 2026, Theorem 4.4.3) applied to the matrix AN ´ IErAN s

with t “
a

plogp2{δq (and the value K there can be taken as pN
a

logp2qq´1 whatever p is)
gives

IP

ˆ

‌

‌AN ´ IE
“

AN
‰‌

‌

2
ě K

„

1
?
N

`
1

N

a

logp2{δq

ȷ˙

ď δ.

On the other hand, remark that ~M~2 ď N~M~max for any N -by-N matrix so that The-
orem 2.1 implies

IP

˜

‌

‌

‌
Σp1q ´

´

c1A
N `

c2
N

1N1J
N

¯‌

‌

‌

2
ě K

c

logpN{δq

N

¸

ď δ.
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The union bound concludes the proof upon adjusting the constant K to get a simpler form
for the lower bound.

Finally, we prove Corollary 2.3.

PROOF OF COROLLARY 2.3. By Theorem 2.1 and the definition of the vector σag “

pΣp1qqJ1N , one can deduce that

IP

˜

›

›σag ´
`

c1C
N ` c21N

˘
›

›

8
ě K

c

logpN{δq

N

¸

ď δ,

and the desired result follows from (37) and the union bound.

4. Exact recovery for the aggregated method. In this section, we prove Theorem 2.5
and Corollary 2.7. We start proving Theorem 2.5.

PROOF OF THEOREM 2.5. Using first the triangle inequality and then the union bound,
we obtain

IP p}pσag ´ σag}8 ě ε1 ` ε2q ď IP p}pσag ´ σag}8 ě ε1q ` IP p}σag ´ σag}8 ě ε2q ,

for all ε1, ε2 ą 0. To conclude, take ε1 “ K1N logpTNqT´1{2 with K1 ą 0 the constant
given in Theorem B.1 and ε2 “ K

a

logpN2q{N with K ą 0 the constant given in Corollary
2.3, and apply Theorem B.1 and Corollary 2.3 with δ “ N´1.

Now, we prove Corollary 2.7.

PROOF OF COROLLARY 2.7. Throughout the proof, denote FN
ε “ t}σag ´ σag}8 ď εu

and GN
ε “ t}pσag ´ σag}8 ď εu, for each ε ą 0. Combining Corollary 2.3 (with δ “ N´1)

and Theorem B.1, one can check that

(42) IP pGN
ε X FN

ε q ě 1 ´ pN´1 ` K2T
´1q,

whenever ε ě maxtK
a

logpN2q{N,K1N logpTNqT´1{2u :“ εN,T . Moreover, it follows
from the triangle inequality that that

(43) FN
ε X GN

ε Ď t}pσag ´ σag} ď 2εu :“ EN
2ε.

Claim 1. Recall that p pPag,km
` , pPag,km

´ q denotes the two clusters returned by k-means clus-
tering applied to pσag with k “ 2. Then, p pPag,km

` , pPag,km
´ q “ pP`,P´q, on the event EN

ε for
all ε ď c1prmin{p1 ` rminq.

Proof of Claim 1. Lemma H.1 implies that pP`,P´q is the unique global minimizer of the
k-means criterion on the event EN

ε for all ε ď c1prmin{p1 ` rminq. Hence, under this event,
we must have p pPag,km

` , pPag,km
´ q “ pP`,P´q, concluding the proof.

Claim 2. Let p pPag,lkm
` , pPag,lkm

´ q be the two clusters returned by Lloyd’s k-means algorithm
applied to pσag with k “ 2, initialized with the means m1 “ minj pσ

ag
j and m2 “ maxj pσ

ag
j .

Let ε ă pc1{2. Then, on the event EN
ε , we also have p pPag,lkm

´ , pPag,lkm
` q “ pP`,P´q.

Proof of Claim 2. Under the assumption that ε ă pc1, one can easily check that
maxjPP´

pσag
j ď σ´ ` ε ă σ` ´ ε ď minjPP`

pσag
j which, in turn, implies that m1 “

minjPP´
pσag
j and m2 “ maxjPP`

pσag
j . Furthermore, since ε ă pc1{2, we have σ` ´σ´ ą 4ε.
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As a consequence, |pσag
i ´ m1| ď 2ε ă σ` ´ σ´ ´ 2ε ď |pσag

i ´ m2| for all i P P´. Arguing
similarly, we also have that |pσag

i ´ m2| ă |pσag
i ´ m1| for all i P P`. This implies that the

assignment step in the first iteration of Lloyd’s k-means algorithm returns the partition made
of S1 “ P´ and S2 “ P`. Finally, using similar arguments as above, we can also check that
this partition is stable and so pPag,lkm

´ “ P´ and pPag,lkm
` “ P`, concluding the proof.

Claim 3. Recall that p pPag,mt
` , pPag,mt

´ q denotes the two clusters returned by mean thresh-
old clustering applied to pσag. Let ε ă c1prmin. Then, on the event EN

ϵ , we must have
p pPag,mt

` , pPag,mt
´ q “ pP`,P´q.

Proof of Claim 3. First, denote σ̃ag “ pσag ´ N´1xpσag,1Ny1N the centered version of the
vector pσag and observe that

(44) p pPag,mt
` , pPag,mt

´ q “ pti P rN s : σ̃ag
i ě 0u, ti P rN s : σ̃ag

i ă 0uq.

Next, check using first the triangle inequality and then Hölder inequality that

}σ̃ag ´ 2c1ppr´1P`
´ r´1P´

q}8 “ }σ̃ag ´ σag ´ N´1xσ̃ag ´ σag,1Ny1N}8

ď }σ̃ag ´ σag}8 ` N´1|xσ̃ag ´ σag,1Ny|

ď }σ̃ag ´ σag}8 ` N´1}σ̃ag ´ σag}8}1N}1

“ 2}σ̃ag ´ σag}8.(45)

Denoting rmin “ r` ^ r´, we then deduce from (44) and (45) that

tp pPag,mt
` , pPag,mt

´ q ‰ pP`,P´qu “ t}σ̃ag ´ 2c1ppr´1P`
´ r´1P´

q}8 ě 2c1prminu

Ď }pσag ´ σag}8 ě c1prminu,

which, in turn, implies that

EN
ε Ă t}pσag ´ σag}8 ă c1prminu Ď tp pPag,mt

` , pPag,mt
´ q “ pP`,P´qu,

for all ϵ ă c1prmin, concluding the proof.

Hence, we have just proved that exact recovery is achieved for all clustering procedures
on EN

ε as long as ε ă mintc1prmin, pc1{2, c1prmin{p1` rminqu “ c1prmin{p1` rminq (since
rmin ď 1{2).

Finally, letting N0 “ tN ě 2 :K
a

logpN2q{N ă c1prmin{p2p1 ` rminqqu and verifying
that εN,T ă c1prmin{p2p1 ` rminqq for all pN,T q such that N ě N0 and

T ě

˜

4p1 ` rminqK1N logpTNq

c1prmin

¸2

,

the result follows from (42) with ε “ εN,T .

5. Misclassification rate for aggregated and spectral methods. In this section, we
prove Theorems 2.6, 2.9, 2.10 and 2.11, besides the auxiliary result stated in Lemma 5.1
below. We start by proving Theorem 2.6.

PROOF OF THEOREM 2.6. Recall that pσag “ ppΣp1qqJ1N and σag “ pΣ
p1q

qJ1N . Using
that }1N}2 “ N1{2 and the triangle inequality, we have that

}pσag ´ σag}2 ď ~ppΣp1q ´ Σ
p1q

qJ~2}1N}2
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“ ~pΣp1q ´ Σ
p1q

~2N
1{2

ď

´

~pΣp1q ´ Σp1q~2 ` ~Σp1q ´ Σ
p1q

~2

¯

N1{2.

Combining the above inequality and Theorems 2.4 (with δ “ N´1) and D.1, the result fol-
lows.

Next, we prove Theorem 2.9.

PROOF OF THEOREM 2.9. The first step in the proof is to show that

(46) MRp pPag,‚
` , pPag,‚

´ q ď
K‚}pσag ´ σag}22

|σ` ´ σ´|2 ¨ prN` ^ rN´ q2
N´1,

with Kmt “ 2 and Kkm “ 20.
First, Inequality (46) for the estimated communities p pPag,mt

` , pPag,mt
´ q is a direct conse-

quence of Lemma 5.1 with σ “ σag, b` “ σ`, b´ “ σ´ and pσ “ pσag.
Next, we prove (46) for the estimated communities p pPag,km

` , pPag,km
´ q. To that end, denote

pσkm
a “ | pPag,km

a |´1
ř

iP pPag,km
a

pσag
i , for each a P t´,`u, and consider the vector

pσkm “ pσkm
` 1

pPag,km
`

` pσkm
´ 1

pPag,km
´

.

By the definition of k-means clustering, we have that for any partition pS,Scq of rN s, the
following inequality holds:

(47) }pσag ´ pσkm}22 ď }pσag ´ ppµS1S ` pµSc1Scq}22,

where pµV “ |V |´1
ř

iPV pσag
i for any subset V Ď rN s. Choosing pS,Scq “ pP`,P´q in (47)

and then using triangle and Jensen inequalities, we obtain that

}pσag ´ pσkm}22 ď }pσag ´ ppµP`
1P`

` pµP´
1P´

q}22

ď 2
´

}pσag ´ σag}22 ` }σag ´ ppµP`
1P`

` pµP´
1P´

q}22

¯

“ 2
´

}pσag ´ σag}22 ` |P`|pσ` ´ pµP`
q2 ` |P´|pσ´ ´ pµP´

q2
¯

(48)

Now, using once again Jensen inequality, we deduce for each a P t´,`u that

|Pa|ppµPa
´ σaq2 ď |Pa|

´

|Pa|´1
ÿ

iPPa

ppσag
i ´ σaq2

¯

“
ÿ

iPPa

ppσag
i ´ σaq2,

so that it follows from (48) that

}pσag ´ pσkm}22 ď 4}pσag ´ σag}22.

Using Jensen inequality a third time and then the above inequality, we deduce that

}pσkm ´ σag}22 ď 2
´

}pσag ´ pσkm}22 ` }pσag ´ σag}22

¯

ď 10}pσag ´ σag}22.(49)

Now, note that N´1
řN

j“1 pσ
km
j “ N´1

´

pσkm
` | pPag,km

` | ` pσkm
´ | pPag,km

´ |

¯

P ppσkm
´ ,pσkm

` q. This

remark implies that the estimated partition defined in Lemma 5.1 from the estimator pσkm is in
fact p pPag,km

` , pPag,km
´ q. Hence, Lemma 5.1 (with σ “ σag, b` “ σ`, b´ “ σ´ and pσ “ pσkm)

and (49) imply that

MRp pPag,km
` , pPag,km

´ q ď
2}pσkm ´ σag}22

|σ` ´ σ´|2 ¨ prN` ^ rN´ q2
N´1 ď

20}pσag ´ σag}22

|σ` ´ σ´|2 ¨ prN` ^ rN´ q2
N´1,
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proving (46) for p pPag,km
` , pPag,km

´ q.
Finally, using (46), observe that for all N ě N1 :“ r2{pr` ^ r´qs (which ensures that

rN` ^ rN´ ě pr` ^ r´q{2), we have

MRp pPag,‚
` , pPag,‚

´ q ď
4K‚}pσag ´ σag}22

|σ` ´ σ´|2 ¨ pr` ^ r´q2
N´1.

Therefore, the result follows by combining the above inequality with Theorem 2.6.

Now, we prove Theorem 2.10.

PROOF OF THEOREM 2.10. Recall that qv is a leading right singular vector of pΣp1q and
that qP is a preliminary community defined by (24). More generally, the notation qη highlights
an estimator of η for which the sign ambiguity must be resolved. Moreover, recall that σsp

is a singular vector of the matrix Σ
p1q, associated with the largest singular value σ1pΣ

p1q
q

defined in (23). Assume that rN` ^ rN´ ą 0, so that σ1pΣ
p1q

q ą 0.

Denote E :“ t~pΣp1q ´ Σ
p1q

~2 ă p1 ´ 1{
?
2qσ1pΣ

p1q
qu. All the proof takes place on the

event E. By Wedin’s sinΘ theorem (Chen et al., 2021, Theorem 2.9 and Inequality 2.26a),
we have that qv is close to σsp (up to its sign) in the sense that:

(50) }qv ´ σsp}2 ^ }qv ` σsp}2 ď
2~pΣp1q ´ Σ

p1q
~2

σ1pΣ
p1q

q
.

Let α P t´1,1u such that }qv ´ σsp}2 ^ }qv ` σsp}2 “ }αqv ´ σsp}2. The sign α is unknown
and the main objective is to prove that it can be estimated using σ̂ag.

Claim 1. Whatever the value of α P t´1,`1u, || qP| ´ |Pα|| ď NMRα, where MR` “

MRp qP, rN sz qPq and MR´ “ MRprN sz qP, qPq.

Proof of Claim 1. We only prove the case α “ ´1. The other case is treated similarly.
Writing | qP| “ |P` X qP| ` |P´ X qP| “ |P` X qP| ` |P´| ´ |P´ X prN sz qPq|, we obtain

that | qP| ´ |P´| ď |P` X qP| ď NMRp qP, rN sz qPq. Arguing similarly, we can also check that
that |P´| ´ | qP| ď |P´ X prN sz qPq| ď NMRp qP, rN sz qPq, concluding the proof.

In the following, assume that N ě N1 :“ r2{pr` ^ r´qs so that rN` ^ rN´ ě pr` ^ r´q{2.
Using this inequality on a combination of Claim 1 and Lemma 5.1 applied to σsp (hence
b` “ σ`{}σag}2 and b´ “ σ´{}σag}2) and αqv, we have

NMRα ď
2}αqv ´ σsp}22

|b` ´ b´|2 ¨ prN` ^ rN´ q2
ď

8}σag}22 ¨ }αqv ´ σsp}22

|σ` ´ σ´|2 ¨ pr` ^ r´q2
.

Using the fact that }σag}2 ď N1{2p|σ`| _ |σ´|q and Inequality (50), we get

(51) MRα ď κ
~pΣp1q ´ Σ

p1q
~2
2

σ2
1pΣ

p1q
q

,

with κ “ 32p|σ`| _ |σ´|q2{p|σ` ´ σ´|2 ¨ pr` ^ r´q2q. It follows from the definitions of
σ` and σ´ that |σ`| _ |σ´| ě c1p and |σ` ´ σ´| “ 2c1p. In turn, we have κ ě 32 since
r` ^ r´ ď 1{2. In particular, it implies that the event F defined below is included in E.



COMMUNITY DETECTION FOR BINARY GRAPHICAL MODELS 21

Let qσ` and qσ´ denote the two following averages,

(52) qσ` “ | qP|´1
ÿ

iP qP

pσag
i and qσ´ “ |rN sz qP|´1

ÿ

iPrNsz qP

pσag
i .

They are expected to be close to σ` and σ´ up to sign ambiguity as stated below.

Claim 2. Let N ě N1 :“ r2{pr` ^ r´qs and α P t´1,1u. On the event

F :“
!

~pΣp1q ´ Σ
p1q

~2 ă

c

r` ^ r´

2κ
σ1pΣ

p1q
q

)

Ă E,

we have |qσ` ´ σα| _ |qσ´ ´ σ´α| ď C~pΣp1q ´ Σ
p1q

~2, where

C “
4κ|σ` ´ σ´|

pr` ^ r´qσ2
1pΣ

p1q
q

`
2

?
r` ^ r´

.

Proof of Claim 2. We only prove the inequality regarding qσ`. The other one is treated
similarly. Observe that

qσ` “
1

| qP|
xpσag,1

qPy “
1

| qP|
xσag,1

qPy `
1

| qP|
xpσag ´ σag,1

qPy

“
pσ`|P` X qP| ` σ´|P´ X qP|q

| qP|
`

1

| qP|
xpσag ´ σag,1

qPy.(53)

Next, whatever the value of α P t´1,1u, we use Claim 1 to get

pσ`|P` X qP| ` σ´|P´ X qP|q

| qP|
“

pσα|Pα X qP| ` σ´α|P´α X qP|q

| qP|

“ σα `
1

| qP|
| qPzPα|pσ´α ´ σαq.(54)

Combining identities (53) and (54), and then using Claim 1, we obtain that

|qσ` ´ σα| ď
1

| qP|
| qPzPα||σ´α ´ σα| `

1

| qP|
xpσag ´ σag,1

qPy

ď
1

| qP|
|M||σ´α ´ σα| `

1

| qP|
xpσag ´ σag,1

qPy

“
1

| qP|
|M||σ´ ´ σ`| `

1

| qP|
xpσag ´ σag,1

qPy.(55)

Now, it follows from Claim 1 and Inequality (51) that

| qP| ě |Pα| ´ NMRα “ N
´

rNα ´ MRα

¯

ě N
´r` ^ r´

2
´ κ

~pΣp1q ´ Σ
p1q

~2
2

σ2
1pΣ

p1q
q

¯

ě N
r` ^ r´

4
,(56)

where in the last inequality we used the fact that we are working on the event F . Hence,
putting together (55) and (56), and using Inequality (51) once more, we conclude that on F
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and for all N ě N1,

|qσ` ´ σα| ď
4|σ´ ´ σ`|

r` ^ r´

MRα `
1

| qP|
xpσag ´ σag,1

qPy

ď
4κ|σ´ ´ σ`|

pr` ^ r´qσ2
1pΣ

p1q
q
~pΣp1q ´ Σ

p1q
~2
2 `

1

| qP|
xpσag ´ σag,1

qPy.(57)

Finally, using Cauchy-Schwarz inequality, the fact that }1V }2 “ |V |1{2 for all V Ă rN s and
then (56), we have that

1

| qP|
xpσag ´ σag,1

qPy ď | qP|´1{2}pσag ´ σag}2

ď
2N´1{2

?
r` ^ r´

}pσag ´ σag}2 “
2N´1{2

?
r` ^ r´

}ppΣp1q ´ Σ
p1q

qJ1N}2

ď
2

?
r` ^ r´

~ppΣp1q ´ Σ
p1q

qJ~2 “
2

?
r` ^ r´

~pΣp1q ´ Σ
p1q

~2.(58)

Combining (57) and (58) ends the proof of Claim 2.

Claim 3. Let N1 and C be defined as in Claim 2. For all N ě N1, on the event

G :“
!

~pΣp1q ´ Σ
p1q

~2 ă

´

?
r` ^ r´

κ

4
σ1pΣ

p1q
q

¯

^

´σ` ´ σ´

4C

¯)

Ă F,

the estimated sign is correct in the sense that pσsp “ αqv.

Proof of Claim 3. By definitions of qσ and pσsp, i.e. Equations (52) and (25), we have pσsp “ qv
if qσ` ě qσ´ and pσsp “ ´qv else. Hence it suffices to prove that qσ` ě qσ´ if and only if α “ 1.

Suppose α “ 1. Since G Ă F and N ě N1, it follows from Claim 2 that

qσ` ´ qσ´ ě σ` ´ σ´ ´ 2C~pΣp1q ´ Σ
p1q

~2 ě σ` ´ σ´ ´ pσ` ´ σ´q{2 “ pσ` ´ σ´q{2 ą 0.

The same argument applies to the case α “ ´1 and concludes the proof of Claim 3.

Combining Claim 3 and Inequality (50), we deduce that }pσsp ´ σsp}2 ď 2~pΣp1q ´

Σ
p1q

~2{σ1pΣ
p1q

q on the event G. First, remind that σ1
`

Σ
p1q˘

“

b

pσ`q2rN` ` pσ´q2rN´ so

that σ1
`

Σ
p1q˘

ě C1 :“ pσ` _σ´q ¨ 2´1{2 ¨ pr` ^ r´q1{2 ą 0 for all N ě N1. Let K1, K2 and
K3 be the positive constants depending on λ given by Theorem D.1 and K be the positive
constant depending on λ, p and r` given by Corollary 2.4 and let

N2 “ mintN ě 1 : pK1 _ p2Kqq
a

logpNq{N ď C2{2u,

where C2 “

´

?
r` ^ r´

κ
4σ1pΣ

p1q
q

¯

^

´

|σ`|^|σ´|

2C

¯

. Also, increase K3 if necessary so that

pK1 _ p2KqqpK3q´1{2 ď C2{2 and observe that for such K3 it holds that

pK1 _ p2Kqq

c

N logpT q logpN logpT qq

T
ď C2{2,

for all pairs pN,T q satisfying T ě K3N logpT q logpN logpT qq, i.e. condition (18).
As a consequence, for all pairs pN,T q for which N ě N0 :“ N1 _ N2 and condition (18)

is satisfied with K3 as above, we have that

H :“

#

~pΣp1q ´ Σ
p1q

~2 ď pK1 _ p2Kqq

´

c

N

T
logpT q logpN logpT qq `

c

logpNq

N

¯

+

Ă G.
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Combining the inequality }pσsp ´ σsp}2 ď 2~pΣp1q ´ Σ
p1q

~2{C1 with Corollary 2.4 (with δ “

N´1) and Theorem D.1, the result follows.

Below, we prove Theorem 2.11.

PROOF OF THEOREM 2.11. The proof follows from Theorem 2.10 and Lemma 5.1.

Finally, we prove Lemma 5.1.

LEMMA 5.1. Let σ “ b`1P`
` b´1P´

for some b` ‰ b´ and pσ be an estimator of σ. Let
p pP`, pP´q be the partition defined as

pP` “

#

i P rN s : pσi ě N´1
N
ÿ

j“1

pσj

+

and pP´ “ rN sz pP`.

Then the following inequality holds:

MRp pP`, pP´q ď
2}pσ ´ σ}22

|b` ´ b´|2 ¨ prN` ^ rN´ q2
N´1.

PROOF. Let v and v be the centered versions of pσ and σ, that is

xi “ σ̂i ´ N´1
N
ÿ

j“1

σ̂j and xi “ σi ´ N´1
N
ÿ

j“1

σj .

Remark that the set of misclassified components is M “ ti P rN s : signpviq ‰ signpviqu.
Note that the coordinates of v and v have different signs in M. As a consequence, for all
i P M,

|vi ´ vi| ě |vi| ě |b` ´ b´|prN` ^ rN´ q,

and so }v ´ v}22 ě |M| ¨ |b` ´ b´|2 ¨ prN` ^ rN´ q2. Yet, by triangle and Cauchy-Schwarz
inequalities,

}v ´ v}2 “ }σ̂ ´ σ ´ N´1xσ̂ ´ σ,1Ny1N}2

ď }σ̂ ´ σ}2 ` N´1|xσ̂ ´ σ,1Ny| ¨ }1N}2

ď }σ̂ ´ σ}2 ` N´1}σ̂ ´ σ}2 ¨ }1N}22 “ 2}σ̂ ´ σ}2.(59)

To conclude, recall that MRp pP`, pP´q “ |M|{N .

6. Simulation study. The numeric experiments were made using Julia programming
language and are available in the package MeanFieldGraph.jl, as well as the material used to
produce the figures below.

The simulation framework follows the one of Chevallier, Löcherbach and Ost (2026). In
particular, we consider the parameter β “ µ{λ instead of µ because the set of admissible
values of β is independent of λ (which is not the case for µ). If not specified otherwise, the
following parameter values are used:

N “ 50, r` “ .5, β “ .5, λ “ .5, p “ .5, Nsimu “ 1000.

Furthermore, the fractions of excitatory and inhibitory components are chosen as rN` “

rr`N s and rN´ “ N ´ |P`|.

https://github.com/jucheval/MeanFieldGraph.jl
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The performance of any community detection method is evaluated via two metrics: the
probability of exact recovery

`

PER = IP pt pP` “ P`u X t pP´ “ P´uq
˘

and the mean mis-
classification rate

`

MMR = IErMRp pP`, pP´qs
˘

, recall the definition of the misclassification
rate MRp pP`, pP´q given in (20). Both metrics are estimated via Monte Carlo method (Nsimu

indicates the number of simulations).
We evaluate 8 methods, obtained as the combination of the two methods (aggregated and

spectral) developed in the paper with four clustering algorithms (k-means, mean threshold
and hierarchical clustering with two linkage functions). Before comparing the performance
of the different methods in terms of PER and MMR, we highlight that the spectral method
is computationally more expensive than the aggregated method. Indeed, the spectral method
requires estimating the full 1-lagged covariance matrix rather than just its column sums and
finding its leading singular vector. For instance, with N “ 100 and T “ 10000, the computa-
tion of pσsp takes around 130ms, whereas pσag takes only 0.5ms.

Tables 1 and 2 give a comparison of these 8 methods in terms of PER and MMR respec-
tively. We selected specific couples pN,T q to produce the tables. The aggregated method
combined with mean threshold clustering (denoted by ag_threshold in the following) is al-
ways among the best methods. This is also true for the full dataset. To be exhaustive, let us
mention that, out of 420 couples pN,T q, there are:

• 25 couples where ag_threshold is not among the best methods in terms of MMR (this
number goes down to 13 couples if MMR is rounded up to 1%),

• 7 couples where ag_threshold is not among the best methods in terms of PER (this number
goes down to 1 couple if PER is rounded up to 1%).

However, this is an artifact of the balanced populations (r` “ 0.5) considered in the simula-
tion framework. The performance of the mean threshold clustering drops drastically in unbal-
anced settings (see Appendix J). The aggregated method combined with k-means clustering
does not suffer form this drawback and yet has comparable performances. Let us mention
that if we remove the two methods based on mean threshold clustering there are:

• 27 couples pN,T q where ag_kmeans is not among the best methods in terms of MMR (this
number goes down to 14 couples if MMR is rounded up to 1%),

• 11 couples where ag_kmeans is not among the best methods in terms of PER (this number
goes down to 2 couples if PER is rounded up to 1%).

For these two reasons, ag_kmeans is the recommended method and is the only one considered
until the end of this section.

N T
Aggregated method Spectral method

kmeans threshold avg ward kmeans threshold avg ward

34 5272 84 ˘ 2 87 ˘ 2 78 ˘ 3 78 ˘ 3 77 ˘ 3 80 ˘ 2 70 ˘ 3 68 ˘ 3

94 15796 86 ˘ 2 88 ˘ 2 79 ˘ 3 81 ˘ 2 78 ˘ 3 80 ˘ 2 68 ˘ 3 68 ˘ 3
142 26320 90 ˘ 2 90 ˘ 2 82 ˘ 2 85 ˘ 2 82 ˘ 2 84 ˘ 2 72 ˘ 3 76 ˘ 3
190 36844 89 ˘ 2 90 ˘ 2 81 ˘ 2 84 ˘ 2 82 ˘ 2 83 ˘ 2 71 ˘ 3 75 ˘ 3

250 50000 92 ˘ 2 92 ˘ 2 81 ˘ 2 86 ˘ 2 85 ˘ 2 86 ˘ 2 73 ˘ 3 77 ˘ 3

TABLE 1
Probability of exact recovery (as percentages) ˘ radius of the 95% confidence interval, computed over Nsimu
simulations. The couples pN,T q are arbitrarily chosen so that the highest PER of each line is around 90%. The
columns avg and ward correspond to hierarchical clustering with, respectively, the average and Ward linkage

functions.
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N T
Aggregated method Spectral method

kmeans threshold avg ward kmeans threshold avg ward

34 2641 3 ˘ 3 2 ˘ 3 4 ˘ 6 4 ˘ 4 5 ˘ 4 4 ˘ 3 7 ˘ 9 6 ˘ 5
94 7903 2 ˘ 1 1 ˘ 1 2 ˘ 3 3 ˘ 3 3 ˘ 2 3 ˘ 2 5 ˘ 5 4 ˘ 3

142 10534 2 ˘ 1 2 ˘ 1 3 ˘ 4 3 ˘ 3 4 ˘ 2 4 ˘ 2 6 ˘ 6 6 ˘ 3

190 13165 2 ˘ 1 2 ˘ 1 4 ˘ 5 4 ˘ 3 4 ˘ 2 4 ˘ 2 8 ˘ 9 6 ˘ 4
250 18427 2 ˘ 1 2 ˘ 1 3 ˘ 3 3 ˘ 2 4 ˘ 1 4 ˘ 1 6 ˘ 7 5 ˘ 3

TABLE 2
Mean misclassification rate (as percentages) ˘ standard deviation, computed over Nsimu simulations. The

couples pN,T q are arbitrarily chosen so that the lowest MMR of each line is around 2%. The columns avg and
ward correspond to hierarchical clustering with, respectively, the average and Ward linkage functions.

Figure 1 illustrates the asymptotic regimes of Corollary 2.7 and Theorem 2.11 for the
ag_kmeans method. The left plot shows that there is a separation between couples pT,Nq for
which exact recovery never occurs (dark color) and those for which exact recovery always
occurs (light color). Furthermore, the red curve demarcating this separation is compatible
(modulo a log factor) with our condition pN{T 1{2q logpNT q Ñ 0 implying exact recovery.

The right plot shows a smoother transition between couples pT,Nq for which the misclas-
sification rate is close to random clustering (dark color) and those for which the misclassifi-
cation rate is low (light color). Furthermore, the level set corresponding to a MMR value of
0.1 seems to be a line which is compatible with the fact that our convergence rate is mainly
N{T (modulo log factors).
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FIG 1. Estimated PER (left) and MMR (right) as a function of N and T (computed over Nsimu simulations) for
ag_kmeans method. Left: The red curve correspond to the equation T “ N2 which is the critical condition of our
asymptotic regime. Right: The red curve correspond to the couples pN,T q for which the MMR is equal to 0.1.
The scales are different from one plot to the other.

Finally, Appendix J gives an overview of the performance of ag_kmeans and ag_threshold
methods as one of the parameters (N , r`, β, λ or p) varies.
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APPENDIX A: LEMMAS BASED ON HOEFFDING INEQUALITY

The two lemmas stated here rely on Hoeffding concentration inequality.

LEMMA A.1. Let pθijq1ďi,jďN be i.i.d. entries distributed as Berppq and A,B Ă rN s be
two subsets. Then,

(60) P

˜

max
iPrNs

ˇ

ˇ

ˇ

ˇ

ˇ

1

N

ÿ

kPA

pθij ´ pq

ˇ

ˇ

ˇ

ˇ

ˇ

ě

c

|A| logp2N{δq

2N2

¸

ď δ,

(61) P

˜

max
i,jPrNs: i‰j

ˇ

ˇ

ˇ

ˇ

ˇ

1

N

N
ÿ

k“1

θikθjk ´ p2

ˇ

ˇ

ˇ

ˇ

ˇ

ě 2

c

logp4N{δq

2N

¸

ď δ,

(62) P

¨

˝ max
i,jPrNs: i‰j

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

N2

ÿ

pk,ℓqPAˆB

pθikθjℓ ´ p2q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě 2

c

logp4N{δq

2N

˛

‚ď δ.

PROOF. The independent and centered random variables θij ´ p have range equal to 1 so
Hoeffding inequality combined with the union bound gives

P

˜

max
iPrNs

ˇ

ˇ

ˇ

ˇ

ˇ

1

N

ÿ

kPB

pθik ´ pq

ˇ

ˇ

ˇ

ˇ

ˇ

ě z

¸

ď 2Ne´2N2z2{|A|.

Taking z “ p|A| logp2N{δq{p2N2qq1{2 proves (60).
The proofs of the two last statements are similar. We only prove the last one which is a bit

more complex. Let i ‰ j. First of all, observe that we can write

1

N2

ÿ

pk,ℓqPAˆB

pθikθjℓ ´ p2q “

˜

1

N

ÿ

kPA

θik

¸

ÿ

ℓPB

pθjℓ ´ pq

N
`

p|B|

N

ÿ

kPA

pθik ´ pq

N
.

Next, using that p|A| _ |B|q{N ď 1, 0 ď p ď 1 and |θmn| ď 1, we obtain from the previous
inequality the following upper bound

max
i,jPrNs:i‰j

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

N2

ÿ

pk,ℓqPAˆB

pθikθjℓ ´ p2q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď max
jPrNs

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

ℓPB

pθjℓ ´ pq

N

ˇ

ˇ

ˇ

ˇ

ˇ

` max
iPrNs

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

kPA

pθik ´ pq

N

ˇ

ˇ

ˇ

ˇ

ˇ

.

Using Equation (60), the union bound and substituting δ by δ{2 conclude the proof.

The lemma below explicitly contains Proposition 3.4.

LEMMA A.2. Remind that D is defined in Equation (15). There exists a constant K ą 0
depending only on λ such that for all b P t´,`u, δ P p0,1s and N ě 2,

IP

˜

›

›

›
LN,‚b ´ bprb1N

›

›

›

8
ě K

c

logpN{δq

N

¸

ď δ,(63)

IP

˜

›

›LN ´ ppr` ´ r´q1N
›

›

8
ě K

c

logpN{δq

N

¸

ď δ,(64)

IP

˜

›

›CN ´ pp1P`
´ 1P´

q
›

›

8
ě K

c

logpN{δq

N

¸

ď δ,(65)
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IP

˜

›

›

›

›

ℓN,‚b ´

ˆ

1Pb
`

bp1 ´ λqprb
1 ´ D

1N

˙›

›

›

›

8

ě K

c

logpN{δq

N

¸

ď δ,(66)

IP

˜

›

›

›

›

ℓN ´
1

1 ´ D
1N

›

›

›

›

8

ě K

c

logpN{δq

N

¸

ď δ,(67)

IP

˜

›

›mN ´ m1N
›

›

8
ě K

c

logpN{δq

N

¸

ď δ,(68)

IP

˜

›

›vN ´ mp1 ´ mq1N
›

›

8
ě K

c

logpN{δq

N

¸

ď δ.(69)

REMARK A.3. The asymptotics above are related to (Chevallier, Löcherbach and Ost,
2026, Lemmas F.1. and F.4.). There are three differences: 1) control in expectation there is
replaced by control in probability here, 2) the 2-norm there is replaced by the infinity one
here, 3) the rate of order 1 there is replaced by a rate of order plogpNq{Nq1{2 here (remind
the natural upper bound }x}2 ď

?
N}x}8 for x P RN ).

PROOF. Let us start with the proof of (63). By definition, for all i P rN s and b P t´,`u,

LN,‚b
i ´ bprNb “

ÿ

jPPb

pAN
ij ´ bpq “

b

N

ÿ

jPPb

pθij ´ pq.

Hence, Lemma A.1 and the fact that rNb ď 1, imply that

IP

˜

›

›

›
LN,‚b ´ bprNb 1N

›

›

›

8
ě

c

logp2N{δq

2N

¸

ď δ.

Combining the above inequality with the fact that |rNb ´ rb| ď KN´1, and then adjusting the
constant K suitably, we obtain (63). The proofs of Equations (64) and (65) follow the same
lines and are therefore omitted.

We now turn to (67). Let us denote εN “ LN ´ ppr` ´ r´q1N and remind that ℓN “

QN1N . Starting from 1N “ QN rIN ´ p1 ´ λqAN s1N , one gets that

ℓN “ 1N ` p1 ´ λqQNLN “ 1N ` p1 ´ λqQN rppr` ´ r´q1N ` εN s,

so that

ℓN “
1

1 ´ D

`

1N ` p1 ´ λqQNεN
˘

.

Hence,
›

›

›

›

ℓN ´
1

1 ´ D
1N

›

›

›

›

8

ď
1 ´ λ

1 ´ D
~QN~8}εN}8 ď

1 ´ λ

λp1 ´ Dq
}εN}8,

since ~QN~8 ď λ´1 by Equation (33). Equation (67) then follows from (64).
Along the same lines, one can prove that

ℓN,‚b “ 1Pb
` bp1 ´ λqprbℓ

N ` p1 ´ λqQNεN,‚b,

with εN,‚b “ LN,‚b ´ bprNb 1N , and in turn that (66) follows from (63) and (67).
Starting from (32) and using the fact that

µ

1 ´ D
1N ` 1P´

´

ˆ

1P´
´

p1 ´ λqpr´

1 ´ D
1N

˙

“ m1N ,
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one easily deduces (68) from (66) and (67).
Finally, remark that

}pmN q2 ´ m21N}8 ď 2}mN ´ m1N}8,

so that (69) follows from (68).

APPENDIX B: CONVERGENCE OF pσag

In this section, we prove the convergence of pσag towards σag stated in the result below.

THEOREM B.1. There exist positive constants K1,K2 and K3 depending on λ such that
for all N ě 2 and θ P t0,1uNˆN ,

IPθ

ˆ

}pσag ´ σag}8 ě K1
N logpTNq

?
T

˙

ď K2T
´1,

provided that T ě K3 logpNq.

Note that Theorem B.1 holds for all realizations of the random matrix θ. Clearly, inte-
grating with respect to θ leads to a similar result with respect to the probability measure IP ,
under which the environment is random. The proof relies on (Ost and Reynaud-Bouret, 2020,
Theorem 3) to control the convergence of the empirical mean and empirical covariance.

PROOF. Along this proof, we use the following notation: for a vector v in RN , v denotes
the spatial mean v “ N´1

řN
i“1 vi. First of all, observe that

σag
j “

N
ÿ

i“1

Σ
p1q

ij “

N
ÿ

i“1

CovθpXi,1,Xj,0q

“ N CovθpX1,Xj,0q “ N
´

IEθpX1Xj,0q ´ mNmN
j

¯

,

and

pσag
j “

N

T ´ 1

T
ÿ

t“2

XtXj,t´1 ´ N
ZT

T

Zj,T

T
.

Hence,

}σag ´ pσag}8 “ N max
jPrNs

ˇ

ˇ

ˇ

ˇ

ˇ

1

T ´ 1

T
ÿ

t“2

XtXj,t´1 ´ IEθpX1Xj,0q ` mNmN
j ´

ZT

T

Zj,T

T

ˇ

ˇ

ˇ

ˇ

ˇ

.

By the triangle inequality and the facts that mN ď 1 and T´1Zj,T ď 1, we have that

max
jPrNs

ˇ

ˇ

ˇ

ˇ

mNmN
j ´

ZT

T

Zj,T

T

ˇ

ˇ

ˇ

ˇ

ď max
jPrNs

ˇ

ˇ

ˇ

ˇ

mN
j ´

Zj,T

T

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

mN ´
ZT

T

ˇ

ˇ

ˇ

ˇ

,

which together with the previous inequality gives

(70) }σag ´ pσag}8 ď N max
jPrNs

ˇ

ˇ

ˇ

ˇ

ˇ

1

T ´ 1

T
ÿ

t“2

XtXj,t´1 ´ IEθpX1Xj,0q

ˇ

ˇ

ˇ

ˇ

ˇ

` N max
jPrNs

ˇ

ˇ

ˇ

ˇ

mN
j ´

Zj,T

T

ˇ

ˇ

ˇ

ˇ

` N

ˇ

ˇ

ˇ

ˇ

mN ´
ZT

T

ˇ

ˇ

ˇ

ˇ

.
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Now, we use Theorem 3 of (Ost and Reynaud-Bouret, 2020) to control each terms in the
right hand side above.

First, for each j P rN s, let fj : t0,1uN Ñ t0,1u be the projection on the j-th coordinate:
fjpxq “ xj and denote

V pfjq “
1

T

T
ÿ

t“1

pfjpXtq ´ IEθpfjpXtqqq “
Zj,T

T
´ mN

j .

By Theorem 3 of (Ost and Reynaud-Bouret, 2020) with m “ M “ 1, F “ tfj : j P rN su,
F “ rN s and logp1{p1 ´ λqq{2 as their θ, we have that there exists constants C1,C2 ą 0
depending only on λ such that for all realization of θ P t0,1uNˆN ,

(71) IPθ

˜

YjPrNs

#

|V pfjq| ą

c

C1
p1 ` logpTNqqξ

T

+¸

ď C2T
´1 ` 2Ne´ξ,

for all ξ ą 0 and T such that

T ě 1 `
2

logpp1 ´ λq´1q
p2 logpT q ` logpNqq.

Since,
ˇ

ˇ

ˇ
mN ´ ZT

T

ˇ

ˇ

ˇ
ď maxjPrNs |Zj,T {T ´ mN

j |, Inequality (71) implies that

(72) IPθ

˜

ˇ

ˇ

ˇ

ˇ

mN ´
ZT

T

ˇ

ˇ

ˇ

ˇ

ď

c

C1
p1 ` logpTNqqξ

T

¸

ě 1 ´ pC2T
´1 ` 2Ne´ξq,

for all realization of θ P t0,1uNˆN .
Second, let us define gj : t0,1uN ˆ t0,1uN Ñ t0,1u for each j P rN s as gjpx, yq “ xjy

and denote

W pgjq “
1

T ´ 1

T
ÿ

t“2

pgjpXt´1,Xtq ´ IEθpgjpX´1,Xtqqq

“
1

pT ´ 1q

T
ÿ

t“2

`

XtXj,t´1 ´ IEθpX1Xj,0q
˘

.

By Theorem 3 of (Ost and Reynaud-Bouret, 2020) with M “ 1, m “ 2, F “ tgj : j P rN su,
F “ rN s and logp1{p1 ´ λqq{2 as their θ, there exist constants C 1

1,C
1
4 ą 0 depending only

on λ such that

(73) IPθ

˜

YjPrNs

#

W pgjq ď

c

C 1
1

p1 ` logpTNqqξ

T

+¸

ď 1 ´ pC 1
2T

´1 ` 2Ne´ξq,

for all realization of θ P t0,1uNˆN , ξ ą 0 and T such that

T ě 2 `
2

logpp1 ´ λq´1q
p2 logpT q ` logpNqq.

Putting together Equations (70)-(73) with ξ “ logpTNq, we show that the conclusion of
the theorem is true for all N ě 2 and T ě C3 logpTNq for some C3 depending only on λ, with
Ki depending on Ci and C 1

i, for each i P t1,2u, which in turn implies that Ki depends only on
λ. Hence, to conclude the proof, it remains to show that the conclusion of the theorem is also
true for all N ě 2 and T ě K3 logpNq for some K3 depending only on λ. To see that, take
T0 “ T0pC3q such that T {2 ě C3 logpT q for all T ě T0, define K3 “ pT02C3q{ logp2q, and
observe that if T ě K3 logpNq ą T0 then T “ T {2 ` T {2 ě C3 logpT q ` pK3{2q logpNq ą

C3 logpT q ` pT0C3{ logp2qq logpNq ą C3 logpT q ` C3 logpNq.
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APPENDIX C: PROOF OF PROPOSITION 3.3

C.1. Vectorization and Kronecker product. Two mathematical objects are known to
be very useful to deal with Stein-type matrix equations: vectorization and Kronecker product.
Here are their definition and useful properties.

The vectorization vecpMq of a N -by-N matrix M is the N2-dimensional vector con-
structed column by column. More precisely, Mij associated with its k-th coordinate, where
k “ i ` pj ´ 1qN with i, j P rN s. With slight abuse of notation, will write vecpMqij to refer
to the coordinate k “ i ` pj ´ 1qN of the vector vecpMq. Recall that the vec operator is an
invertible linear operator on the set of all matrices with real value entries. Given two N -by-
N matrices A and B, we denote A

Â

B the Kronecker product between A and B. It has the
following block representation:

A b B “

»

—

–

A11B ¨ ¨ ¨ A1nB
...

. . .
...

Am1B ¨ ¨ ¨ AmnB

fi

ffi

fl

.

More precisely, this is a N2-by-N2 matrix having value AikBjℓ associated with entry pu, vq,
where u “ Npi ´ 1q ` j and v “ Npk ´ 1q ` ℓ with i, j, k, ℓ P rN s. With slight abuse of
notation, will write pA

Â

Bqij,kℓ to refer to the entry pu, vq “ pNpi ´ 1q ` j,Npk ´ 1q ` ℓq
of the matrix A

Â

B.
Their most useful property regarding matrix equations is that, for all N -by-N matrices

A,B,M ,

(74) vecpAMBq “
`

BJ
â

A
˘

vecpMq.

Furthermore, remark that ~M~max “ }vecpMq}8.

PROOF OF PROPOSITION 3.3. The main idea is to apply the vectorization operator to the
matrix equation of Proposition 3.2. In order to emphasize the difference between vectors of
size N (for instance mN , vN ) or size N2 (for instance vecpΣp0qq), we use bold notation for
the latter. The same convention is used for N2-by-N2 matrices. Let us then introduce the
notation:

(75) Σp0q :“ vecpΣp0qq, vN :“ vecpdiagpvN qq, 1N :“ vecpdiagp1N qq, aN :“ vecpaN q

and I denotes the N2-by-N2 identity matrix. Obviously, the abuse of notation described
above for the coordinates of the vectorization and Kronecker product is inherited to the bold
notation introduced here.

According to Equation (74), the starting idea to tackle the matrix equation satisfied by
Σp0q is to consider its vectorization and the Kronecker product p1 ´ λq2pAN

Â

AN q. Here
is a slight modification in order to tackle the d0 operator. Let L “ pLij,kℓqi,j,k,ℓPrNs be the
N2-by-N2 matrix defined as

Lij,kℓ “

#

p1 ´ λq2pAN
Â

AN qij,kℓ, if i ‰ j, k, ℓ P rN s

0, otherwise.

In particular, remark that

(76) @x P RN2

, i P rN s, rLxsii “ 0.

Moreover, ~L~8 ď p1´λq2 ă 1 so that I´L is invertible. Finally, remark that the expecta-
tion of L is given by

IE rLij,kℓs “

$

’

&

’

%

pp1 ´ λqpN´1q2, if i ‰ j, pk, ℓq P P2
` Y P2

´,

´pp1 ´ λqpN´1q2, if i ‰ j, pk, ℓq R P2
` Y P2

´,

0, otherwise.
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Step 1. Here we prove that

Σp0q “ pI ´ Lq´1vN “

8
ÿ

k“0

LkvN .

Proof of Step 1. By Proposition 3.2 and linearity of vec, we have

(77) Σp0q “ p1 ´ λq2 vec
´

d0

´

ANΣp0qpAN qJ
¯¯

` vN .

On the one hand, observe that for any i, j P rN s with i ‰ j,

p1 ´ λq2 vec
´

d0

´

ANΣp0qpAN qJ
¯¯

ij
“ p1 ´ λq2rANΣp0qpAN qJsij

“ p1 ´ λq2
N
ÿ

k“1

N
ÿ

ℓ“1

AN
ikΣ

p0q

kℓ A
N
jℓ

“

N
ÿ

k“1

N
ÿ

ℓ“1

Lij,kℓΣ
p0q

kℓ “ rLΣp0qsij .

On the other hand, for i “ j, the definition of d0 implies

p1 ´ λq2 vec
´

d0

´

ANΣp0qpAN qJ
¯¯

ii
“ 0 “ rLΣp0qsii,

where the second equality comes from (76). All in all, we have proved that

Σp0q “ LΣp0q ` vN ,

which, in turn, concludes Step 1.

The rest of the proof is devoted to the study of the iterates of the form LkvN . Since we
expect that L is close to IErLs and vN is close to mp1 ´ mq1N , let us look at the iterates
IErLsk1N as a preliminary step. It turns out that their study is simple since IErLs1N is
colinear to aN and aN is an eigenvector of IErLs as proven in Step 2 below.

Step 2. Here we prove that

IErLs1N “
p1 ´ λq2p2

N
aN and IErLsaN “ p1 ´ λq2p2

`

prN` ´ rN´ q2 ´ N´1
˘

aN .

Proof of Step 2. Let i, j P rN s. Let us first study IErLs1N . On the one hand, pIErLs1N qii “

0 “ aNii by (76) and the definition of aN . On the other hand, if i ‰ j,

pIErLs1N qij “

N
ÿ

k“1

N
ÿ

ℓ“1

IE rLij,kℓs1
N
kℓ “

N
ÿ

k“1

IE rLij,kks “ pp1 ´ λqpq2N´1.

We now turn to IErLsaN . Again, we have pIErLsaN qii “ 0 “ aNii . To consider the terms
with i ‰ j, let us denote

• k Ø ℓ if and only if pk, ℓq P P2
` Y P2

´ and k ‰ ℓ,
• k Ü ℓ if and only if pk, ℓq R P2

` Y P2
´.
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Remark that the two relations above are not complementary. Indeed, k “ ℓ does not sat-
isfy k Ø ℓ nor k Ü ℓ. The cardinality of the sets tk Ø ℓu and tk Ü ℓu are respectively
N2rprN` q2 ` prN´ q2 ´ 1{N s and 2N2rN` rN´ . Hence, if i ‰ j, we have

pIErLsaN qij “
ÿ

pk,ℓqPrNs2: ℓ‰k

IErLij,kℓs “
p1 ´ λq2p2

N2
N2

`

rprN` q2 ` prN´ q2 ´ 1{N s ´ 2rN` rN´
˘

“ p1 ´ λq2p2
`

prN` ´ rN´ q2 ´ N´1
˘

which concludes the proof of Step 2.

According to Step 2 and the paragraph above it, we expect that the two following quantities
are negligible:

εN,1 :“ LvN ´
p1 ´ λq2p2mp1 ´ mq

N
aN and εN,2 :“ LaN ´ D2aN ,

where we remind that D “ p1 ´ λqppr` ´ r´q.

Step 3. Here we prove that there exists a constant K ą 0 depending only on λ such that
for all δ P p0,1s and N ě 2,

IP

˜

}εN,1}8 ě K

c

logpN{δq

N3

¸

ď δ.

Proof of Step 3. According to Step 2, we write and decompose εN,1 as

εN,1 “ LvN ´IErLspmp1´mq1N q “ LpvN ´mp1´mq1N q`pL´IErLsqpmp1´mq1N q

On the one hand, since pL1N qii “ pIErLs1N qii “ 0, we have

}pL ´ IErLsqpmp1 ´ mq1N q}8 “ max
i‰j

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

k“1

Lij,kk ´ IErLij,kks

ˇ

ˇ

ˇ

ˇ

ˇ

“
p1 ´ λq2

N
max
i‰j

ˇ

ˇ

ˇ

ˇ

ˇ

1

N

N
ÿ

k“1

θikθjk ´ p2

ˇ

ˇ

ˇ

ˇ

ˇ

.

By Equation (61),

(78) IP

˜

}pL ´ IErLsqpmp1 ´ mq1N q}8 ě 2p1 ´ λq2

c

logp4N{δq

2N3

¸

ď δ.

On the other hand, since pLvN qii “ pL1N qii “ 0, we have

}LpvN ´ mp1 ´ mq1N q}8 “ max
i‰j

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

k“1

Lij,kk

`

vNk ´ pmp1 ´ mqq
˘

ˇ

ˇ

ˇ

ˇ

ˇ

ď
p1 ´ λq2

N2
N}vN ´ mp1 ´ mq1N}8.

Using (38) and gathering with (78) conclude the proof of this step.

Step 4. Here we prove that there exists a constant K ą 0 depending only on λ such that
for all δ P p0,1s and N ě 2,

IP

˜

}εN,2}8 ě K

c

logpN{δq

N

¸

ď δ.
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Proof of Step 4. We decompose εN,2 as

εN,2 “ pL ´ IErLsqaN `
`

IErLsaN ´ D2aN
˘

.

On the one hand, using Step 2, it is easy to check that

(79) }IErLsaN ´ D2aN}8 “
ˇ

ˇprN` ´ rN´ q2 ´ N´1 ´ pr` ´ r´q2
ˇ

ˇ ď KN´1.

On the other hand, remind the notation k Ø ℓ and k Ü ℓ introduced in the proof of Step 2,
and check that

}pL ´ IErLsqaN}8 “ p1 ´ λq2max
i‰j

ˇ

ˇ

ˇ

ˇ

ˇ

1

N2

ÿ

kØℓ

pθikθjℓ ´ p2q ´
1

N2

ÿ

kÜℓ

pθikθjℓ ´ p2q

ˇ

ˇ

ˇ

ˇ

ˇ

.

By definition of k Ø ℓ, we have

ÿ

kØℓ

pθikθjℓ ´ p2q “
ÿ

pk,ℓqPP2
`

pθikθjℓ ´ p2q `
ÿ

pk,ℓqPP2
´

pθikθjℓ ´ p2q ´

N
ÿ

k“1

pθikθjk ´ p2q,

ÿ

kÜℓ

pθikθjℓ ´ p2q “
ÿ

pk,ℓqPP`ˆP´

pθikθjℓ ´ p2q `
ÿ

pk,ℓqPP´ˆP`

pθikθjℓ ´ p2q.

Using Lemma A.1 on the five terms in the right hand side above and gathering with (79)
conclude the proof of this step (after adjusting the constant K to get a simpler form for the
lower bound).

We are now in position to end the proof of the proposition. Let us write

LvN “
ζ

N
aN ` εN,1 and LaN “ D2aN ` εN,2,

where ζ “ p1 ´ λq2p2mp1 ´ mq. By standard linear algebra, we have L0vN “ vN , and by
induction for all k ě 2,

LkvN “
ζ

N

˜

D2pk´1qaN `

k´2
ÿ

ℓ“0

D2ℓLpk´2q´ℓεN,2

¸

` Lk´1εN,1.

In particular, denoting ν “ maxtD2,1 ´ λu ă 1 and reminding that ~L~8 ď p1 ´ λq2, one
has for all k ě 1,

(80)
›

›

›

›

LkvN ´
ζ

N
D2pk´1qaN

›

›

›

›

8

ď ζpk ´ 1qνk
}εN,2}8

N
` p1 ´ λqk´1}εN,1}8.

To conclude the proof, it suffices to remind the result of Step 1, remark that
ř8

k“1D
2pk´1q “

1{p1 ´ D2q, use the summability of the sequence pkνkqkě0 and the inequalities of Steps 3
and 4.

APPENDIX D: CONVERGENCE OF pΣp1q

The goal of this section is to prove the following result.

THEOREM D.1. Let Σp1q be the matrix defined in (2) and pΣp1q its empirical estimate
defined in (17). There exist positive constants K1, K2 and K3 depending only on λ such that

(81) IPθ

˜

~pΣp1q ´ Σp1q~2 ě K1

c

N logpT q logpN logpT qq

T

¸

ď K2

´

c

N

T
`

1

N logpT q

¯

,

for all θ P t0,1uNˆN , as long as the pair pN,T q satisfies N ě 2 and

T ě pK3N logpT q logpN logpT qqq _ 2.
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An important feature of this result is that, like Theorem B.1, it also holds for all realizations
of the random matrix θ. By integrating (81) with respect to θ, we deduce that the conclusion
of Theorem D.1 is also valid for the probability measure IP , under which the environment is
random.

The starting point of the proof of Theorem D.1 is the following observation. Let Σ̃p1q be
the matrix defined as

(82) Σ̃p1q “
1

T

T
ÿ

t“1

pXt`1 ´ mN qpXt ´ mN qJ,

where mN is defined in (28). The matrix Σ̃p1q can be seen as an intermediate matrix between
the covariance matrix Σp1q and its estimator pΣp1q. Then, observe that

(83) ~pΣp1q ´ Σp1q~2 ď ~pΣp1q ´ Σ̃p1q~2 ` ~Σ̃p1q ´ Σp1q~2.

Hence, the proof of Theorem D.1 reduces to controlling each one of the terms on the RHS of
(83).

The first term on the RHS of (83) is controlled by bounding the difference between pm and
the (conditional) mean vector mN . This is done in Lemma D.2.

To control the second term, the proof follows a similar strategy to that of Theorem B.1.
Nevertheless, a direct application of (Ost and Reynaud-Bouret, 2020, Theorem 4) would
lead to a looser upper-bound here. Indeed, their result relies on Hoeffding inequality, which
requires no assumption on the covariances. Bernstein inequality is sharper in our case, since
we know that the covariances are of order N´1 (Lemma G.1). Adapting their proof to our
framework leads to Lemma D.3 below. Finally, Lemma D.4 is used to control a variance term
appearing in Lemma D.3.

LEMMA D.2. There exists a constant K ą 0 depending on λ such that the following
bounds hold for all θ P t0,1uNˆN :

IEθ

“

}pm ´ mN}22

‰

ď K
N

T
.(84)

IPθ

˜

~pΣp1q ´ Σ̃p1q~2 ě

c

N

T

¸

ď K

c

N

T
.(85)

PROOF. The proof of (84) follows from the observation that

IEθr}pm ´ mN}22s “

N
ÿ

i“1

IEθr|pmi ´ mN
i |22s

“

N
ÿ

i“1

Varθ
´ 1

T

T
ÿ

t“1

Xi,t

¯

“
1

T 2

N
ÿ

i“1

T
ÿ

t“1

T
ÿ

s“1

Covθ
´

Xi,t,Xi,s

¯

and G.1.
For any vector u P RN , upT´1

řT
t“1Xt ´ pmqJ “ uppm ´ pmqJ “ 0NˆN , where 0NˆN is

the matrix with all entries equal to 0, so that we can write

pΣp1q “
1

T

T
ÿ

t“1

pXt`1 ´ pmqpXt ´ pmqJ

“
1

T

T
ÿ

t“1

pXt`1 ´ mN qpXt ´ pmqJ ` pmN ´ pmq

´ 1

T

T
ÿ

t“1

Xt ´ pm
¯J
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“
1

T

T
ÿ

t“1

pXt`1 ´ mN qpXt ´ mN qJ `

´ 1

T
pXT`1 ´ X1q ` ppm ´ mN q

¯

pmN ´ pmqJ

“ Σ̃p1q `
1

T
pXT`1 ´ X1qpmN ´ pmqJ ´ ppm ´ mN qppm ´ mN qJ.

As a consequence, we obtain that

(86) ~pΣp1q ´ Σ̃p1q~2 ď
1

T
}XT`1 ´ X1}2}mN ´ pm}2 ` }mN ´ pm}22.

By combining (84), (86) with the chain of inequalities }XT`1 ´ X1}2 ď }XT`1}2 `

}X1}2 ď 2
?
N and then using Jensen inequality, we obtain for all θ P t0,1uNˆN , that

IEθ

”

~pΣp1q ´ Σ̃p1q~2

ı

ď
2
?
N

T

b

IEθ

“

}pm ´ mN}22

‰

` IEθ

“

}pm ´ mN}22

‰

ď
2
?
KN

T 3{2
` K

N

T
ď

N

T
p2

?
K ` Kq.

The inequality above combined with Chebyshev inequality implies Inequality (85), conclud-
ing the proof.

Combining a coupling result (Lemma E.1) with Matrix Bernstein inequality, we can show
that Σ̃p1q and Σp1q are also uniformly close in the operator norm.

LEMMA D.3. Take 1 ă R ď T . For all θ P t0,1uNˆN and ζ ą 0, the following inequality
holds:

IPθ

´

~Σ̃p1q ´ Σp1q~2 ą
2NR

T
` ζ

¯

ď TNp1 ´ λqR´2 ` 2NR exp

"

´
tT {Ruζ2

2pσθ ` 2Nζ{3q

*

,

where σθ “ σθ,0 _ σθ,1 and for t P t0,1u,

σθ,t “ ~IEθ

”

}Xt ´ mN}22pX1´t ´ mN qpX1´t ´ mN qJ
ı

´ pG01tt“0u ` G11tt“1uq~2,

with G0 “ Σp1qpΣp1qqJ and G1 “ pΣp1qqJΣp1q.

The proof of Lemma D.3 is provided in Appendix E. The lemma below is used to control
the constant σθ appearing in Lemma D.3.

LEMMA D.4. For each θ P t0,1uNˆN , let σθ be as in Lemma D.3. Then, there exists a
constant K ą 0 depending only on λ such that σθ ď KN for all θ P t0,1uNˆN .

PROOF. We need to prove that there exists a constant K ą 0 such that σθ,t ď KN for all
θ P t0,1uNˆN and t P t0,1u. We will only prove that σθ,0 ď KN for all θ P t0,1uNˆN for
some suitable constant K ą 0. The analysis for the case t “ 1 is very similar.

In the rest of the proof, let Yi,s “ Xi,s ´ IEθrXi,ss for i P rN s and s P Z. Also, denote
G “ G0.

For all i, j P rN s, observe that

Eθ

“

}X0 ´ mN}22pX1 ´ mN qpX1 ´ mN qJ
ij

‰

´ GJ
ij “

N
ÿ

k“1

CovθrYk,0Yi,1, Yk,0Yj,1s.
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By Items 2 and 5 of G.1, we then deduce that for all i ‰ j,

|Eθ

“

}X0 ´ mN}22pX1 ´ mN qpX1 ´ mN qJ
ij

‰

´ GJ
ij | ď

N
ÿ

k“1

|CovθrYk,0Yi,1, Yk,0Yj,1s|

ď N
´K

N

¯

“ K,(87)

for some constant K ą 0 depending only on λ, and that for all i P rN s,

(88) |di| ď N, where di :“ Eθ

“

}X0 ´ mN}22pX1 ´ mN qpX1 ´ mN qJ
ii

‰

´ GJ
ii .

Let d “ pd1, . . . , dN q and define D “ Diagpdq. It follows from (87) and (88) that

(89) σθ,0 “ ~Eθ

“

}X0 ´ mN}22pX1 ´ mN qpX1 ´ mN qJ
‰

´ GJ~2 ď ~D~2

` ~d0pEθ

“

}X0 ´ mN}22pX1 ´ mN qpX1 ´ mN qJq~2 ď }d}8

` N~d0pEθ

“

}X0 ´ mN}22pX1 ´ mN qpX1 ´ mN qJq~max ď N ` NK “ NpK ` 1q,

and the result follows.

We are now in position to prove Theorem D.1.

PROOF OF THEOREM D.1. Combining (83), (85) and Lemmas D.3 and D.4, we obtain
that there exists a constant K ą 0 depending only on λ such that for all 1 ă R ď T , ζ ą 0
and θ P t0,1uNˆN , it holds that

(90) IPθ

´

~pΣp1q ´ Σp1q~2 ě

c

N

T
`

2NR

T
` ζ

¯

ď

˜

K

c

N

T
` TNp1 ´ λqR´2

` 2NR exp
!

´
nζ2

2NpK ` 2ζ{3q

)

¸

,

where n “ tT {Ru. Let R “ 2p1 ` logpTNq{ logp1 ´ λq´1q, and ζ “

b

8KN logp2NRq

n and
suppose that the pair pN,T q is such that N ě 2 and

T ě K3N logpT q logpN logpT qq _ 2,

where K3 ą 0 is a constant satisfying the following properties:

1. K3 logp2q logp2 logp2qq ě 1.
2. K32 logp2q logp2 logp2qq ě p1 ´ λq´1{2 _ T1 _ expp8{ logpp1 ´ λq´1qq, where T1 “

mintt ě 1 : t ě p16 logptqq{ logpp1 ´ λq´1qu.
3. K3 ě 1024K3

9 logpp1´λq´1q

Claim. For such a pair pN,T q, one can check that following properties holds:

a) T ě N .
b) R ď 2R ď 16 logpT q{ logpp1 ´ λq´1qq ď T .
c) N logpT q ě 16{ logpp1 ´ λq´1q.
d) n ě T logpp1 ´ λq´1q{p16 logpT qq.
e) ζ ď 3{p2Kq.
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Proof of the Claim. Item a) follows immediately from property 1. Property 2 ensures that
T ě p1 ´ λq´1{2 _ T1. This, in turn, implies that 2 logpT q{ logpp1 ´ λq´1q ě 1. Using this
inequality and item a), we then deduce that

R ď 2R ď 4p1 `
1

logpp1 ´ λq´1q
logpTNqq

ď 4p1 `
2

logpp1 ´ λq´1q
logpT qq ď

16

logpp1 ´ λq´1q
logpT q.

Using the definition of T1 and the fact that T ě T1, we obtain the last inequality of item b).
Item c) follows from the fact that N ě 2 and T ě expp8{ logpp1 ´ λq´1qq. As for item d),

it follows from b) and the inequality tzu ě z{2 which is valid for all z ě 2. Finally, using first
d), then b) and c), we have that

ζ “

c

8KN logp2NRq

n
ď

d

128KN logpT q logp2NRq

T logpp1 ´ λq´1q

ď

g

f

f

e

128KN logpT q logp
16N logpT q

logpp1´λq´1q
q

T logpp1 ´ λq´1q

ď

d

256KN logpT q logpN logpT qq

T logpp1 ´ λq´1q
.

Hence, using the fact that T ě K3N logpT q logpN logpT qq and Property 3, we deduce that

ζ ď

d

256KN logpT q logpN logpT qq

T logpp1 ´ λq´1q
ď

d

256K

logpp1 ´ λq´1qK3
ď 3{p2Kq,

proving e).

We now conclude the proof using Claim 1. By Items b) and e) of Claim 1, we have that
R ď T and ζ ď 3{p2Kq, so that

K

c

N

T
` TNp1 ´ λqR´2 ` 2NR exp

!

´
nζ2

2NpK ` 2ζ{3q

)

ď K

c

N

T
`

1

TN
`

1

2NR
ď pK ` 1q

c

N

T
`

logp1 ´ λq´1

4N logpTNq
,(91)

where in the second inequality we have also used that 2 logpTNq{ logpp1 ´ λq´1q ď R.
Moreover, using the definition of R, a), b), d) and c), we can also show that
c

N

T
`

2NR

T
` ζ ď 5

c

N

T
`

8

logp1 ´ λq´1

N logpT q

T
`

c

8KN logp2NRq

n

ď 5

c

N

T
`

8N logpT q

T logp1 ´ λq´1
`

g

f

f

e

8KN logp
16N logpT q

logp1´λq´1 q16 logpT q

T logp1 ´ λq´1

ď 5

c

N

T
`

8N logpT q

T logp1 ´ λq´1
`

d

256KN logpN logpT qq logpT q

T logp1 ´ λq´1

ď K1

c

N logpT q logpN logpT qq

T
,
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where K1 ą 0 depends only on λ and K . Putting together (90), (91) and the above inequality,
the result follows.

APPENDIX E: COUPLING AND CONCENTRATION

The goal of this section is prove the concentration result stated in Lemma D.3. To that
end, we will use the coupling result below. In words, we couple our model of interest with
a similar Markov chain that independently starts anew every R time steps. We show that the
coupling error vanishes exponentially with respect to R.

LEMMA E.1. Let R ą 1 and denote R “ t3 ` aR : a P Nu. Take θ P t0,1uNˆN and let
pZtqtPR be a sequence of i.i.d random vectors with distribution πθ , where πθ denotes the
invariant distribution of the Markov chain with transition probability defined in (13), condi-
tionally on θ. Let pUi,tqiPrNs,tě2 be a sequence of i.i.d random variables uniformly distributed
on r0,1s, independent of everything else. Let pXt, X̃tqtě1 be the bi-variate stochastic chain
defined in the following way: for t “ 1, set X̃1 “ X1 „ πθ and recursively for all t ě 2 and
i P rN s, define

Xi,t “ 1␣
Ui,tďpθ,ipXt´1q

( and X̃i,t “ 1ttRRu1
␣

Ui,tďpθ,ipX̃t´1q

( ` 1ttPRuZi,t,

where pθ,ipxq is defined in (1). Then, the following properties hold:

1. The chain pXtqtě1 is a stationary version of Markov chain with transition probability
defined in (13), conditionally on θ.

2. The random vectors pX̃t´2, X̃t´1qtPR are independent.
3. For all t P R, pX̃t´2, X̃t´1q is distributed as pXt´2,Xt´1q. Also, if Xt´2 “ X̃t´2, then

Xt´1 “ X̃t´1.
4. Denoting Qθ the joint distribution of pXt, X̃tqtě1 built as above, then for all t P R,

Qθ

`

Xt´2 ‰ X̃t´2

˘

ď Np1 ´ λqR´2.

PROOF. Items 1,2 and 3 follow from classical arguments of Markov chain theory. Hence,
we only prove Item 4.

Throughout the proof, we write IEQθ
to denote the expectation taken with respect to Qθ.

Note that by construction, pθ,ipXt´1q and pθ,ipX̃t´1q are independent from Ut,j , j P rns for
all i P rN s and t ě 2, so that for all i P rN s and t R R,

IEQθ
r|Xi,t ´ X̃i,t|s “ QθtXi,t ‰ X̃i,tu

“ QθtUi,t lies between pθ,ipXt´1q and pθ,ipX̃t´1qu

“ EQθ
r|pθ,ipXt´1q ´ pθ,ipX̃t´1q|s.(92)

Next using the definition of pθ,i, i.e. Equation (1), we obtain that

|pθ,ipXt´1q ´ pθ,ipX̃t´1q| ď p1 ´ λqN´1
N
ÿ

j“1

θij |Xj,t´1 ´ X̃j,t´1|.

Taking the expectation in both sides of the above inequality and then using (92), we deduce
that for t R R and i P rN s,

IEQθ
r|Xi,t ´ X̃i,t|s ď p1 ´ λqN´1

N
ÿ

j“1

θijEQθ
r|Xj,t´1 ´ X̃j,t´1|s

ď p1 ´ λq max
jPrNs

EQθ
r|Xj,t´1 ´ X̃j,t´1|s.
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In the second inequality above, we have also used that N´1
řN

j“1 θij ď 1. Now, since i P rN s

is arbitrary, it follows that for t R R,

max
iPrNs

EQθ
r|Xi,t ´ X̃i,t|s ď p1 ´ λq max

jPrNs
EQθ

r|Xt´1,j ´ X̃t´1,j |s.

Finally, take t P Rzt3u, we observe that t ´ 2 ´ s R R for all s “ 0, . . . ,R ´ 3, so that
applying the above inequality recursively yields

max
iPrNs

EQθ
r|Xi,t´2 ´ X̃i,t´2|s ď p1 ´ λqpR´2q max

iPrNs
EQθ

r|Xi,t´2´pR´3q ´ X̃i,t´2´pR´3q|s

ď p1 ´ λqpR´2q.

which, in turn, implies

Qθ

`

Xt´2 ‰ X̃t´2

˘

ď

N
ÿ

i“1

EQθ
r|Xi,t´2 ´ X̃i,t´2|s ď Np1 ´ λqR´2.

For t “ 3, we have Xt´2 “ X1 “ X̃1 “ X̃t´2 by construction. Hence the result holds auto-
matically also for t “ 3.

Once we have Lemma E.1 at our disposal, we are in position to prove Lemma D.3.

PROOF OF LEMMA D.3. Let n “ tT {Ru. For each 1 ď r ď R, denote Tr “ tr ` aR : a P

t0,1, . . . , n ´ 1uu and define

Mr “
1

n

ÿ

tPTr

pXt`1 ´ mN qpXt ´ mN qJ ´ Σp1q.

Also, define

E “

#

1
T

řT
t“nR`1

`

pXt`1 ´ mN qpXt ´ mN qJ ´ Σp1q
˘

, if nR ă T,

0NˆN , if nR “ T,

where 0NˆN is the N -by-N matrix with all entries equal to 0.
With this notation, we can write

Σ̃p1q ´ Σp1q “
nR

T

´ 1

R

R
ÿ

r“1

Mr

¯

` E.

Since nR{T ď 1 we then deduce from the above identity that

(93) ~Σ̃p1q ´ Σp1q~2 ď

‌

‌

‌

1

R

R
ÿ

r“1

Mr

‌

‌

‌

2
` ~E~2.

To deal with the second term on the RHS of (93), we first observe that for all t P Z,

~pXt`1 ´ mN qpXt ´ mN qJ~2 ď N~pXt`1 ´ mN qpXt ´ mN qJ~max ď N,

which also implies that ~Σp1q~2 ď N , and then combine these inequalities with the fact that
T ´ nR ď R to obtain ~E~2 ď 2NR{T. To deal with the first term on the RHS of (93), we
proceed as follows. By the union bound and the stationarity of the chain conditionally on θ,
we have that for all ζ ą 0 and θ P t0,1uNˆN ,

IPθ

´‌

‌

‌

1

R

R
ÿ

r“1

Mr

‌

‌

‌

2
ą ζ

¯

ď

R
ÿ

r“1

IPθ

´

~Mr~2 ą ζ
¯

“ RIPθ

´

~M1~2 ą ζ
¯

.
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Putting together (93) and the above upper bounds, we obtain for all θ P t0,1uNˆN and ζ ą 0,

(94) IPθ

´

~Σ̃p1q ´Σp1q~2 ą
2NR

T
`ζ

¯

ď IPθ

´‌

‌

‌

1

R

R
ÿ

r“1

Mr

‌

‌

‌

2
ą ζ

¯

ď RIPθ

´

~M1~2 ą ζ
¯

.

Let pX̃tqtě1 the chain built in Lemma E.1 and define

M̃1 “ n´1
ÿ

tPT1

pX̃t`1 ´ mN qpX̃t ´ mN qJ ´ Σp1q.

By Items 1, 3 and 4 of Lemma E.1, we have that

IPθp~M1~2 ą ζq “ Qθp~M1~2 ą ζq

ď Qθp~M̃1~2 ą ζq ` Qθ

´

YtPT1
tYt ‰ Xtu

¯

ď Qθp~M̃1~2 ą ζq ` nNp1 ´ λqR´2.(95)

Items 2 and 3 of Lemma E.1 imply that the matrix M̃1 is a sum of i.i.d random matrices.
Therefore, we can apply matrix Bernstein inequality (Tropp, 2015, Theorem 6.1.1), to deduce
that

Qθp~M̃1~2 ą ζq ď 2N exp

"

´
nζ2

2pσθ ` 2Nζ{3q

*

.

Combining (94), (95) and the above inequality, the result follows.

APPENDIX F: MINIMAX LOWER BOUNDS

F.1. Misclassification rate. The goal of this section is to establish the minimax lower
bound for the misclassification rate stated in Theorem 2.12.

Throughout this section, we denote N` “ rNr`s and N´ “ N ´N`. In what follows, we
will assume that 1{2 ď r` ă 1. The analysis is similar for the case 0 ă r` ă 1{2. For later
use, let us observe that N` ě N{2 ě N´ under the regime 1{2 ď r` ă 1.

Recall that S “ tS Ă rN s : |S| “ N`u. In the sequel, each subset S P S plays the role of
the community P`. Recall that for each θ P t0,1uNˆN and S P S , we write IPθ,S to denote
the probability measure under which the sequence of random vectors X “ pXtqtPZ is dis-
tributed as our model of interest, where the communities pP`,P´q “ pS,Scq. In particular,
for all t P Z and x, y P t0,1uN , it holds that

(96) Pθ,Spy|xq :“ IPθ,SpXt “ y|Xt´1 “ xq “

N
ź

i“1

ppθ,S,ipxqqyip1 ´ pθ,S,ipxqq1´yi ,

where for each i P rN s,

(97) pθ,S,ipxq “ µ `
p1 ´ λq

N

´

ÿ

jPS

θijxj `
ÿ

jPSc

θijp1 ´ xjq
¯

.

Moreover, let πθ,S denote the unique stationary distribution of the sequence X under IPθ,S ,
that is, the distribution such that πθ,Spyq “

ř

xPt0,1uN πθ,SpxqPθ,Spy|xq for all y P t0,1uN ,
where Pθ,Spy|xq is the transition matrix defined in (96).

Furthermore, let IPS denote the probability measure under which θ “ pθijqi,jPrNs is an
i.i.d. sequence of random variables with distribution Berppq and the sequence X is distributed
according IPθ,S conditionally on θ, i.e., IPSpX P ¨|θq “ IPS,θpX P ¨q. Also, for T ě 1, we
denote IP

p1:T q

θ,S and IP
p1:T q

S the law of pX1, . . . ,XT q under IPθ,S and IPS respectively.
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Finally, we note that |SzV | “ |V zS| for any S,V P S . To see this, first write |S| “ |SzV |`

|S X V | and |V | “ |V zS| ` |S X V | and then use the fact that |V | “ N` “ |S|.
The key technical step of this section is to study the modifications of our model as S

varies in S . These modifications are measured in terms of total variation distance dTV or
Kullback-Leibler divergence.

Recall that for each K ą 0 and u ě 0, we denote τKpuq “
a

1 ´ expp´Kuq. The main
step in deriving the lower bound stated in Theorem 2.12 is to prove the following result.

PROPOSITION F.1. Let T ě 0 be an integer. There exist positive constants K1 and K2

depending only on µ and λ such that

dTV

´

IP
p1:T`1q

S , IP
p1:T`1q

V

¯

ď τK1

´ T

N

¯

` 2τK2

´

N´1
Q logp2Nq

logpp1 ´ λq´1q

U¯

.

for all S,V P S such that |SzV | “ 1.

To show Proposition F.1, we will use three auxiliary results which involve the Kullback-
Leibler divergence denoted by KLp¨ } ¨q.

LEMMA F.2. There exists a positive constant K depending only µ and λ such that

KL
`

Pθ,Sp¨|xq
›

›Pθ,V p¨|xq
˘

ď KN´1.

for all x P t0,1uN , θ P t0,1uNˆN and S,V P S such that |SzV | “ 1.

PROOF. Fix x P t0,1uN , θ P t0,1uNˆN and S,V P S such that |SzV | “ 1. Using that
Pθ,Sp¨|xq “ bN

i“1Berppθ,S,ipxqq and Pθ,V p¨|xq “ bN
i“1Berppθ,V,ipxqq, we can check that

(98) KL
`

Pθ,Sp¨|xq
›

›Pθ,V p¨|xq
˘

“

N
ÿ

i“1

KL
`

Berppθ,S,ipxqq
›

›Berppθ,V,ipxqq
˘

.

Next, using that for all p, q P p0,1q,

KL
`

Berppq
›

›Berpqq
˘

ď
pp ´ qq2

qp1 ´ qq
,

and that, since 0 ă µ ď pθ,S,ipxq ď 1´ pλ´µq ă 1 for all θ P t0,1uNˆN , S P S and i P rN s,

min
WPtS,V u

min
iPrNs

pθ,W,ipxqp1 ´ pθ,W,ipxqq ě C :“ mintµp1 ´ µq, pλ ´ µqp1 ´ pλ ´ µqqu ą 0,

we obtain from (98) that

(99) KL
`

Pθ,Sp¨|xq
›

›Pθ,V p¨|xq
˘

ď
1

C

N
ÿ

i“1

`

pθ,S,ipxq ´ pθ,V,ipxq
˘2
.

Now, since |V zS| “ |SzV | “ 1, we have that
ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

jPS

θijxj ´
ÿ

jPV

θijxj

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

jPSzV

θijxj ´
ÿ

jPV zS

θijxj

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

jPSzV

|θijxj | `
ÿ

jPV zS

|θijxj | ď |SzV | ` |V zS| “ 2.(100)
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Similarly, we also have that

(101)

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

jPSc

θijp1 ´ xjq ´
ÿ

jPV c

θijp1 ´ xjq

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2.

Combining (97), (100) and (101), we then deduce that

|pθ,S,ipxq ´ pθ,V,ipxq| ď
4p1 ´ λq

N
.

Finally, using the above inequality in (99), we obtain that

KL
`

Pθ,Sp¨|xq
›

›Pθ,V p¨|xq
˘

ď
1

C
N
´

16p1 ´ λq2N´2
¯

“
16p1 ´ λq2

C
N´1.

In the sequel, let us denote

ν
ptq
θ,S|xpyq “ IPθ,SpXt “ y|X0 “ xq,

for all x, y P t0,1uN , S P S, t ě 0 and θ P t0,1uNˆN . The second auxiliary result reads as
follows.

LEMMA F.3. There exists a constant K ą 0 depending only on µ and λ such that

dTV

´

ν
ptq
θ,S|x, ν

ptq
θ,S|y

¯

ď Np1 ´ λqt1tx‰yu,(102)

KL
´

ν
ptq
θ,S|x }ν

ptq
θ,V |x

¯

ď K
t

N
,(103)

for all θ P t0,1uNˆN , x, y P t0,1uN , t ě 0 and S,V P S such that |SzV | “ 1.

PROOF. We start proving (102) with a coupling argument. Take θ P t0,1uNˆN , S P S and
y,x P t0,1uN . Next, consider pUi,tqiPrNs,tě1 a sequence of i.i.d random variables uniformly
distributed on r0,1s and let pXt, pXtqtě0 be the bi-variate stochastic chain defined in the fol-
lowing way. For t “ 0, set X0 “ x and pX0 “ y, and recursively for all t ě 1 and i P rN s,
define

Xi,t “ 1␣
Ui,tďpθ,S,ipXt´1q

( and pXi,t “ 1␣
Ui,tďpθ,S,ip pXt´1q

(,

where pθ,S,ip¨q is defined in (97).
Clearly, the chains pXtqtě1 and p pXtqtě1 are Markov chains with transition probabilities

defined in (96), starting from x and y respectively. Moreover, denoting Qθ,S,y,x the joint
distribution of pXt, pXtqtě0 and proceeding similar as in the proof of Item 4 of Lemma E.1,
we can show that for all t ě 0,

(104) Qθ,S,y,x

´

Xt ‰ pXt

¯

ď Np1 ´ λqt1tx‰yu.

Now, since

dTV

´

ν
ptq
θ,S|x, ν

ptq
θ,S|y

¯

ď Qθ,S,y,x

´

Xt ‰ pXt

¯

,

and S P S , θ, x, y and t ě 0 are arbitrary, Inequality (102) follows from the above inequality
and (104).
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Hence, it only remains to prove (103). The key step to prove (103) is to establish the
following result.

Claim. There exists K ą 0 depending only on λ and µ such that

KL
`

ν
pt`1q

θ,S|x }ν
pt`1q

θ,V |x

˘

ď KL
`

ν
ptq
θ,S|x }ν

ptq
θ,V |x

˘

` KN´1,

for all θ P t0,1uNˆN , S,V P S such that |SzV | “ 1, x P t0,1uN and t ě 0.

Proof of the Claim. First, take θ P t0,1uNˆN , S,V P S such that |SzV | “ 1, x P t0,1uN

and t ě 0, and denote

ν
pt,t`1q

θ,S|x py, zq “ IPθ,SpXt “ y,Xt`1 “ z|X0 “ xq, y, z P t0,1uN .

We can write

ν
pt,t`1q

θ,S|x py, zq “ ν
ptq
θ,S|xpyqPθ,Spz|yq(105)

“ ν
pt`1q

θ,S|x pzqIPθ,SpXt “ y|Xt`1 “ z,X0 “ xq,(106)

for all y, z P t0,1uN .
Next, using (105), check that

(107) KL
`

ν
pt,t`1q

θ,S|x }ν
pt,t`1q

θ,V |x

˘

“ KL
`

ν
ptq
θ,S|x }ν

ptq
θ,V |x

˘

`
ÿ

yPt0,1uN

ν
ptq
θ,S|xpyqKL

`

Pθ,Sp¨|yq }Pθ,V p¨|yq
˘

.

Then, using now (106), check also that

(108) KL
`

ν
pt,t`1q

θ,S|x }ν
pt,t`1q

θ,V |x

˘

“ KL
`

ν
pt`1q

θ,S|x }ν
pt`1q

θ,V |x

˘

`

ÿ

zPt0,1uN

ν
pt`1q

θ,S|x pzqKL
`

IPθ,SpXt “ ¨|Xt`1 “ z,X0 “ xq } IPθ,V pXt “ ¨|Xt`1 “ z,X0 “ xq
˘

.

Combining (107), (108) and using the positivity of the Kullback-Leibler divergence, it then
follows that

KL
`

ν
pt`1q

θ,S|x }ν
pt`1q

θ,V |x

˘

ď KL
`

ν
ptq
θ,S|x }ν

ptq
θ,V |x

˘

`
ÿ

yPt0,1uN

ν
ptq
θ,S|xpyqKL

`

Pθ,Sp¨|yq }Pθ,V p¨|yq
˘

.

Applying Lemma F.2 to the above inequality and then using the fact that νptq
θ,S|x is a probability

measure, we conclude the proof of the claim.

Finally, starting from ν
p0q

θ,S|x “ ν
p0q

θ,V |x (and thus KL
`

ν
p0q

θ,S|x }ν
p0q

θ,V |x

˘

“ 0) and applying the
Claim iteratively, we obtain (103).

Combining Lemma F.3 with the theory of perturbation of Markov chains, we can obtain
an upper bound for dTV pπθ,S , πθ,V q. This is our last auxiliary result.



46

LEMMA F.4. There exists a constant K depending on µ and λ such that

dTV pπθ,S , πθ,V q ď 2τKpN´1 logpNqq,

for all θ P t0,1uNˆN and S,V P S such that |SzV | “ 1.

PROOF. Let tN “

Q

logp2Nq{ logpp1 ´ λq´1q

U

. On one hand, Lemma F.3 yields

dTV

´

ν
ptN q

θ,S|x, ν
ptN q

θ,S|y

¯

ď Np1 ´ λqtN1tx‰yu ď 2´11tx‰yu,

for all x P t0,1uN , θ P t0,1uNˆN and S P S .
On the other hand, using Bretagnolle-Huber inequality and the fact that there exists some

positive constant C depending only on λ such that tN ď C logpNq (since N ě 2), we obtain
that

dTV

´

ν
ptN q

θ,S|x, ν
ptN q

θ,V |x

¯

ď

c

1 ´ exp
`

´ KLpν
ptN q

θ,S|x }ν
ptN q

θ,V |xq
˘

ď τKpN´1 logpNqq,

for all x, y P t0,1uN , θ P t0,1uNˆN and S,V P S such that |SzV | “ 1, where K is a positive
constant depending only on µ and λ. Hence, applying Theorem 19.2.1 of Rudolf, Smith
and Quiroz (2024) with α “ 1{2, ϵ “ τKpN´1 logpNqq, Qpx, ¨q “ ν

ptN q

θ,S|xp¨q and Kpx, ¨q “

ν
ptN q

θ,V |xp¨q, the result follows.

Given Lemmas F.2 and F.4, we are in position to prove Proposition F.1.

PROOF OF PROPOSITION F.1. First, observe that

dTV

´

IP
p1:T`1q

S , IP
p1:T`1q

V

¯

ď max
θPt0,1uNˆN

dTV

´

IP
p1:T`1q

θ,S , IP
p1:T`1q

θ,V

¯

.

For each θ P t0,1uNˆN and S,V P S , let us denote

IP
p1:T`1q

θ,S,V px1, . . . , xT`1q “ πθ,Spx1q

T`1
ź

t“2

Pθ,V pxt|xt´1q,

for all x1, . . . , xT`1 P t0,1uN , where Pθ,V is the transition probability defined in (96) and
πθ,S is the stationary distribution associated with the transition probability Pθ,S . Observe

that IP p1:T`1q

θ,S,V and IP
p1:T`1q

θ,V differ only from their initial distributions, namely, πθ,S and
πθ,V respectively. Using this fact, we can write

dTV

´

IP
p1:T`1q

θ,S , IP
p1:T`1q

θ,V

¯

ď dTV

´

IP
p1:T`1q

θ,S , IP
p1:T`1q

θ,S,V

¯

` dTV

´

IP
p1:T`1q

θ,S,V , IP
p1:T`1q

θ,V

¯

ď dTV

´

IP
p1:T`1q

θ,S , IP
1:pT`1q

θ,S,V

¯

` dTV

`

πθ,S , πθ,V
˘

,(109)

for all θ P t0,1uNˆN .
Let us deal with the first term on the right-hand size of (109). To that end, we can use the

stationarity of pXtqtPZ under IPθ,S to show that

KL
´

IP
p1:T`1q

θ,S }IP
p1:T`1q

θ,S,V

¯

“ IEθ,S

«

T`1
ÿ

t“2

log
´Pθ,SpXt|Xt´1q

Pθ,V pXt|Xt´1q

¯

ff

“ TIEθ,S

«

log
´Pθ,SpX1|X0q

Pθ,V pX1|X0q

¯

ff
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“ TIEθ,S

«

KL
´

Pθ,Sp¨|X0q }Pθ,V p¨|X0q

¯

ff

.

Combining the above identity with Lemma F.2 and then applying Bretagnolle-Huber inequal-
ity, we obtain that

dTV pIP
p1:T`1q

θ,S , IP
1:pT`1q

θ,S,V q ď τKpTN´1q,

for some constant K depending only on µ and λ.
Plugging above inequality into (109) and then applying Lemma F.4, we conclude the proof.

Finally, we prove Theorem 2.12. In the proof, we will consider excitatory communities S
that belong to the following subset of S :

(110) S 1 “ tS1 Y t2N´ ` 1, . . . ,Nu : S1 Ă r2N´s with |S1| “ N´u,

with the convention that t2N´ ` 1, . . . ,Nu “ H when 2N´ “ N . In words, it means that
whatever S P S 1 is, the last N` ´N´ components are excitatory and N´ components among
the 2N´ first ones are chosen as excitatory. In particular, |S| “ N`, proving that S 1 Ă S .

PROOF OF THEOREM 2.12. We use the framework of (Tsybakov, 2009, Theorem 2.12)
where the statistical model is parametrized by binary vectors ω. For each vector ω P t0,1uN´ ,
let S1

ω be the subset of r2N´s defined as

(111) S1
ω “ ti P rN´s : ωi “ 1u Y ti ` N´ P r2N´szrN´s : ωi “ 0u.

Clearly, |S1
ω| “ N´ and Sω :“ S1

ω Y t2N´ ` 1, . . . ,Nu P S 1 for each ω P t0,1uN´ . Next,
observe that |S1

ωzSω| “ 1 for all ω,ω1 P t0,1uN´ such that

dHpω1, ωq :“

N´
ÿ

i“1

1tω1
i‰ωiu “ 1.

Hence, it follows from Proposition F.1 and (Tsybakov, 2009, Theorem 2.12, Item (ii)) that
there exists positive constants K1 and K2 depending only on µ and λ such that

(112) inf
pω

max
ωPt0,1uN´

IESω
rdHppω,ωqs ě

N´

2

´

1 ´ τK1

´ T

N

¯

` 2τK2

´

N´1 logpNq

¯¯

,

where the infimum is taken with respect to all random vectors pω taking values in t0,1uN´

which are measurable with respect σpX1, . . . ,XT`1q.
One can use (112) to conclude the proof. Indeed, take p pP`, pP´q any random partition of

rN s which is measurable with respect to σpX1, . . . ,XT`1q and observe that

max
SPS

IES

”

MRp pP`, pP´q

ı

ě max
SPS 1

IES

”

MRp pP`, pP´q

ı

ě max
ωPt0,1uN´

IESω

”

MRp pP`, pP´q

ı

“ N´1 max
ωPt0,1uN´

IESω

”

| pP`zSω| ` |Sωz pP`|

ı

.(113)

Next, defining pω P t0,1uN´ by pωi “ 1 if and only if i P pP`, we have that pω is measurable
with respect to σpX1, . . . ,XT`1q and

(114) | pP`zSω| ` |Sωz pP`| ě |S1
pωzS1

ω| ` |S1
ωzS1

pω| “ dHppω,ωq.
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Combining (112), (113) and (114), we deduce that

max
SPS

IES

”

MRp pP`, pP´q

ı

ě
N´

2N

´

1 ´ τK1

´ T

N

¯

` 2τK2

´

N´1 logpNq

¯¯

,

for all random partition p pP`, pP´q of rN s which are σpX1, . . . ,XT`1q measurable. Finally,
the result follows from the fact that N´ ě Nr´ ´ 1.

F.2. Exact recovery. The goal of this section is to establish a minimax lower bound for
the problem of exactly recovering the communities P` and P´. Here, we consider versions of
our stochastic model starting from fixed initial conditions. Specifically, for each x P t0,1uN ,
θ P t0,1uNˆN and S Ă rN s with |S| “ N` (recall that N` “ rNr`s), we denote IPx,S,θ

the probability measure under which the sequence of random vectors pXtqtě1 is a Markov
chain on t0,1uN with transition probabilities given by (96) and (97), starting from X1 “ x.
Similarly as in the previous section, we also write IPx,S to denote the probability measure
under which θ “ pθijqi,jPrNs is an i.i.d. sequence of random variables distributed as Berppq

and the sequence pXtqtě1 is distributed as IPx,S,θ conditionally on θ. Moreover, for each
integer T ě 1, we write IP

p1:T q

x,S,θ and IP
p1:T q

x,S to denote the distribution of pX1, . . . ,XT q under

IPx,S,θ and IPx,S respectively. Finally, denote rmin “ r` ^ r´ and ϕpNq “
?
Nrmin´1

1`
?
Nrmin´1

, for

each N ě rr´1
mins, and note that ϕpNq Ñ 1 as N Ñ 8.

With this notation, we can prove the following minimax lower bound for exact recovery.

PROPOSITION F.5. There exists a constant K ą 0 depending on µ and λ such that for
all x P t0,1uN , N ě rr´1

mins and T ě 1,

inf
p pP`, pP´q

max
SPS

IPx,Spp pP`, pP´q ‰ pS,Scqq ě ϕpNq

˜

1´
1

logpNrmin ´ 1q

´2KT

N
`

c

KT

N

¯

¸

,

where rmin “ r` ^ r´, S “ tS Ă rN s : |S| “ rNr`su and the infimum is taken over all
random partitions p pP`, pP´q of rN s which are measurable with respect to σpX1, . . . ,XT`1q.

Proposition F.5 implies that there exists K such that, if T “ TN and N diverge but
TN{pN logpNqq Ñ 0

lim inf
NÑ8

min
p pP`, pP´q

max
SPS

IPx,Spp pP`, pP´q ‰ pS,Scqq “ 1,

showing that exact recovery is impossible in the minimax sense if T “ opN logpNqq. As we
will see below, the proof of Proposition F.5 is similar to the proof of Theorem 2.12 except
that Assouad’s Lemma is replaced by (Tsybakov, 2009, Theorem 2.5).

PROOF. The proof is similar to that of Theorem 2.12. We only consider the case r´ ď r`.
Recall that N´ “ N ´ N`. Also, for each vector ω P t0,1uN´ , recall the definition of the
set S1

ω given in (111) and set Sω :“ S1
ω Y t2N´ ` 1, . . . ,Nu. As observed in the proof of

Theorem 2.12, the set Sω belongs to the collection S 1 defined in (110), for each ω P t0,1uN´ .
In the rest of the proof, let S0 :“ Sω0

, where ω0 “ p0, . . . ,0q P t0,1uN´ and Si :“ Sωi

for i P rN´s, where ωi P t0,1uN´ has value 1 on its i-th coordinate and all the others are 0.
Clearly, |S0zSi| “ 1 for all i P rN´s.

Fix x P t0,1uN´ . Combining the fact that IP p1:T`1q

x,S is a mixture of the probability mea-

sures IP
p1:T`1q

x,S,θ with the convexity of the Kullback-Leibler divergence (Cover and Thomas,
2006, Theorem 2.7.2), we obtain, for all i P rN´s, that

KL
´

IP
p1:T`1q

x,S0

›

›

›
IP

p1:T`1q

x,Si

¯

ď max
θPr0,1sNˆN

KL
´

IP
p1:T`1q

x,S0,θ

›

›

›
IP

p1:T`1q

x,Si,θ

¯

.
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Next, combining the chain rule for the Kullback-Leibler divergence with Lemma F.2, we
have that

KL
´

IP
p1:T`1q

x,S0,θ

›

›

›
IP

p1:T`1q

x,Si,θ

¯

ď
KT

N
,

for all i P rN´s and θ P t0,1uNˆN , where K ą 0 depends only on µ and λ.
Therefore, applying (Tsybakov, 2009, Theorem 2.5) with M “ N´, Pj “ IP

p1:T`1q

x,Sj
for

j P t0,1, . . . ,N´u, s “ 1{2 and α “
KT

N logpN´q
, we obtain that

inf
pω

max
wPt0,1uN´

IPx,Sw
pdHp pw,wq ě 1{2q ě

?
N´

1 `
?
N´

˜

1 ´
2KT

N logpN´q
´

d

KT

N log2pN´q

¸

,

where the infimum is taken with respect to all random vectors pω taking values in t0,1uN´

which are measurable with respect to σpX1, . . . ,XT`1q.
Now, take p pP`, pP´q any random partition of rN s which is measurable with respect to

σpX1, . . . ,XT`1q. Observing that tp pP`, pP´q ‰ pSw, S
c
wqu “ t| pP`zSω| ` |Sωz pP`| ě 1u and

that tdHpω,ω1q ě 1u “ tdHpω,ω1q ě 1{2u, we obtain from (114) that

max
SPS 1

IPx,S

´

p pP`, pP´q ‰ pS,Scq

¯

ě max
wPt0,1uN´

IPx,Sw

´

p pP`, pP´q ‰ pSw, S
c
wq

¯

ě

?
N´

1 `
?
N´

˜

1 ´
2KT

N logpN´q
´

d

KT

N log2pN´q

¸

.

Using the fact that N´ ě Nr´ ´ 1 in the above inequality, the result follows.

APPENDIX G: COVARIANCE LEMMA

For completeness, (Chevallier, Löcherbach and Ost, 2026, Lemma 3.8) is stated below.

LEMMA G.1. Let zk “ pik, tkq P rN s ˆ N, for k “ 1, . . . ,4. Denote

B “ Covθ pXi1,t1Xi2,t2 , Xi3,t3Xi4,t4q ,

and E “ tzk : k “ 1, . . . ,4u. There exists a constant K only depending on λ such that:

1. If #E “ 1, then |B| ď 1.
2. If #E “ 2, z1 ‰ z2 and z3 ‰ z4, then |B| ď 1.
3. If #E “ 2, z1 “ z2 and z3 “ z4, then

|B| ď Kp1 ´ λq|t1´t3|N´1.

4. If #E “ 3 and z1 “ z2 or z3 “ z4, then

|B| ď Kp1 ´ λq|s3´s2|`|s2´s1|N´2,

where s1 ď s2 ď s3 is an ordering of tt1, t2, t3, t4u.
5. If #E “ 3, z1 ‰ z2 and z3 ‰ z4, for instance assume that z1 “ z3 (and so z2 ‰ z4), then

|B| ď Kp1 ´ λq|t2´t4|N´1.

6. If #E “ 4 and t1 ^ t2 ě t3 _ t4, then

|B| ď Kp1 ´ λqt1_t2´t3^t4N´2.

7. If #E “ 4, then

|B| ď Kp1 ´ λq|s2´s1|`|s3´s4|N´2,

where s1 ď ¨ ¨ ¨ ď s4 is an ordering of tt1, . . . , t4u.
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APPENDIX H: REMARKS ON k-MEANS CLUSTERING IN DIMENSION 1

In this section, we collect some remarks concerning k-means clustering in dimension 1
that we use in the proof of Corollary 2.7. In what follows, for any vector v P RN , we denote
vp1q ď vp2q ď . . . ď vpNq the order statistics associated to its coordinates. Recall the definition
of the vector pσag given in (11). For each S Ď rN s, we denote pµS “ |S|´1

ř

iPS pσ
ag
i and

rmin “ r` ^ r´.

LEMMA H.1. Consider the vectors pσag and σag defined in (11) and (7) respectively.
There are at most N ´1 possible outcomes for k-means clustering applied to pσag with k “ 2.
Moreover, these outcomes have the form pS

pkq

` , S
pkq

´ q where S
pkq

´ “

!

i P rN s : pσag
piq ď pσag

pkq

)

and S
pkq

` “ rN szS
pkq

´ , for 1 ď k ď N ´ 1.
Furthermore, for all N ě r2{rmins, the following inequalities hold simultaneously on the

event E “ t}pσag ´ σag}8 ď ϵu for all ϵ ď c1prmin{p1 ` rminq:

1. For all 1 ď k ă |P´|,

(115) }pσag ´ ppµS
pkq

`

1Spkq

`

` pµS
pkq

´

1Spkq

´

q}22 ą }pσag ´ ppµS
pk`1q

`

1Spk`1q

`

` pµS
pk`1q

´

1Spk`1q

´

q}22.

2. For all |P´| ď k ď N ´ 1,

(116) }pσag ´ ppµS
pkq

`

1Spkq

`

` pµS
pkq

´

1Spkq

´

q}22 ă }pσag ´ ppµS
pk`1q

`

1Spk`1q

`

` pµS
pk`1q

´

1Spk`1q

´

q}22.

PROOF. It is well known that the partition of k-means is a Voronoi diagram. In our
case, Voronoi cells are intervals (dimension equals one) and the optimal partition of k-
means, denoted by pS`, S´q, is of the form S´ “ ti P rN s : pσag

i ď cu and S` “ rN szS´

for some threshold value c P pmini pσ
ag
i ,maxi pσ

ag
i q. This collection of partitions corresponds

to tpS
pkq

` , S
pkq

´ q : 1 ď k ď N ´ 1u

Hence, it remains to prove (115) and (116). Since both proofs are similar, we only prove
(115). Therefore, in the rest of the proof, we fix 1 ď k ă |P´|.

Using that mincPR
ř

jPSppσag
j ´ cq2 “

ř

jPSppσag
j ´ pµSq2 for any S Ď rN s and that

ř

jPS
pkq

`

ppσag
j ´ cq2 ´

ř

jPS
pk`1q

`

ppσag
j ´ cq2 “ ppσag

pk`1q
´ cq2, for all c P R, one can check that

(117)
ÿ

jPS
pkq

`

ppσag
j ´ pµS

pkq

`

q2 ´
ÿ

jPS
pk`1q

`

ppσag
j ´ pµS

pk`1q

`

q2 ě ppσag
pk`1q

´ pµS
pkq

`

q2.

Arguing similarly, we can also check that

(118)
ÿ

jPS
pk`1q

´

ppσag
j ´ pµS

pk`1q

´

q2 ´
ÿ

jPS
pkq

´

ppσag
j ´ pµS

pkq

´

q2 ď ppσag
pk`1q

´ pµS
pkq

´

q2.

Combining (117) and (118), we obtain that (115) holds, whenever

(119) |pσag
pk`1q

´ pµS
pkq

`

| ą |pσag
pk`1q

´ pµS
pkq

´

|.

To prove that (119) holds on the event E, we argue as follows. On the one hand,

(120) |pσag
pk`1q

´ pµS
pkq

´

| “
1

|S
pkq

´ |

k
ÿ

j“1

ppσag
pk`1q

´ pσag
pjq

q ď ϵ.
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On the other hand,

|pσag
pk`1q

´ pµS
pkq

`

| “
1

N ´ k

N
ÿ

j“k`1

ppσag
pjq

´ pσag
pk`1q

q

ě
1

N ´ k

N
ÿ

j“|P´|`1

ppσag
pjq

´ pσag
pk`1q

q

ě
|P`|

N ´ k
pσ` ´ σ´ ´ 2εq ě

|P`|

N ´ 1
pσ` ´ σ´ ´ 2εq ą rN` pσ` ´ σ´ ´ 2εq.

Assuming that N ě N0 :“ r2{pr` ^ r´qs so that rN` ^ rN´ ě pr` ^ r´q{2, it gives

|pσag
pk`1q

´ pµS
pkq

`

| ą
pσ` ´ σ´ ´ 2εqrmin

2
.

Finally, combining the above inequality with (120), we see that (119) holds on the event E,
for all N ě N0 as soon as ε ď

pσ`´σ´qrmin

2p1`rminq
“

c1prmin

p1`rminq
.
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APPENDIX I: NOTATION TABLES

Notation Description

µ, λ, p, r˘ Model parameters

m “
µ`p1´λqpr´

1´p1´λqppr`´r´q
Asymptotic spatio-temporal mean

D “ p1 ´ λqppr` ´ r´q Denominator of m

c1 “ p1 ´ λqmp1 ´ mq Signal strength normalized by the edge probability p

c2 “
p1´λq2p2pr`´r´q

1´D2 c1 Bias factor

σ˘ “ c2 ˘ c1p Limits discriminating the communities
TABLE 3

Main scalar notation: model parameters and derived scalar quantities.

Notation Empirical Quenched Annealed

Environment
Signed adjacency - AN p

N 1N p1P`
´ 1P´

q
J

Row-wise sums - LN pprN` ´ rN´ q1N
Column-wise sums - CN pp1P`

´ 1P´
q

Covariance matrices

1-lagged covariance pΣp1q Σp1q Σ
p1q

0-lagged covariance pΣp0q Σp0q -

Key vectors
Aggregated pσag σag σag

Spectral pσsp - σsp

TABLE 4
Main matrix notation: empirical, quenched, and annealed versions. The terms quenched and annealed come

from the theory of stochastic processes in random environment: quenched refers to quantities computed
conditionally on a fixed realization of the random environment, while annealed refers to quantities where the

random environment has been averaged out.

APPENDIX J: SUPPLEMENT TO THE SIMULATION STUDY

Figures 2 and 3 give an overview of the performance of the aggregated method combined
with either mean threshold or k-means clustering as one of the parameters (N , r`, β, λ or
p) varies. Except the top right panel (r` varies), ag_threshold and ag_kmeans show similar
performances. The following remarks apply to both Figures.

In this framework and for each time horizon T fixed, the parameter β seems to have no
influence on the performance.

As λ increases, the performance deteriorates as expected because the strength of inter-
action in the system decreases so that the sample contains less and less information on the
underlying graph. Mathematically, this appears in the facts that: 1) σ` ´σ´ “ 2c1p vanishes
as λ Ñ 1; 2) the constants in our structural results (e.g. Theorem 2.1) diverge as λ Ñ 1.

Despite the fact that these constants also diverge when λ Ñ 0 (see Remark 2.2), our
method performs well for small values of λ.
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Moreover, as p increases, the performance improves as expected because the strength of
interaction in the system increases. This is reflected in the fact that σ` ´ σ´ “ 2c1p is an
increasing function of p.

Finally, by comparing the top right panel of Figures 2 and 3, it is clear that the mean
threshold clustering is not robust to unbalanced communities. That is the main reason why
we recommend to use the ag_kmeans method.
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FIG 2. Estimated PER and MMR as function of T for the ag_threshold method. The increasing dashed lines
correspond to the PER (the ribbon corresponds to the 95% confidence interval). The decreasing solid lines corre-
spond to the MMR (the width of the ribbon is equal to the standard deviation). The panels correspond to different
choices of varying parameter (the non-varying parameters are chosen according to the default values given at the
beginning of Section 6). The values of the varying parameter are given by the color legends.
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FIG 3. Similar to Figure 2 except that it corresponds to the ag_kmeans method.
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