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SCALING LIMITS OF SOLITONS IN THE BOX-BALL

SYSTEM

STEFANO OLLA1, MAKIKO SASADA2, AND HAYATE SUDA3

Abstract. We study the space-time scaling limits of solitons in the
box-ball system with random initial distribution. In particular, we show
that any recentered tagged soliton converges to a Brownian motion in
the diffusive space-time scale, and also prove the large deviation prin-
ciple for the tagged soliton under certain shift-ergodic invariant distri-
butions, including Bernoulli product measures and two-sided Markov
distributions. Furthermore, in the diffusive space-time scaling, we show
that two tagged solitons converge to the same Brownian motion even if
they are macroscopically far apart.

1. Introduction

An integrable many-body system is a deterministic dynamical system con-
sisting of an infinite type of quasi-local conserved quantities that behave like
particles interacting with each other. These quasi-local conserved quantities
are called quasi-particles. Solitary waves (solitons) in solitonic systems are
examples of quasi-particles. Recently, integrable many-body systems have
attracted much attention from the viewpoint of non-equilibrium statistical
mechanics, and in particular, generalized hydrodynamics, which describes
the macroscopic behavior of quasi-particles, see the reviews [D, Sp] and ref-
erences therein. In the Euler space-time scale, it is expected that the hydro-
dynamics is described by the following generalized hydrodynamic equation
(GHD equation) for y(u, t) = (ya (u, t))a of the universal form, regardless of
models :

∂tya (u, t) + ∂u (veffa (y (u, t))ya (u, t)) = 0,
where ya (u, t) is the macroscopic density of quasi-particles of type a at
macroscopic coordinate (u, t), u ∈ R, t ≥ 0, and veffa is called the effective
velocity of quasi-particles of type a. The specific form of the effective velocity
depends on the scattering rule between quasi-particles, and this is where the
differences among models arise. Although such studies have been rapidly
developed in the physics literature, and the GHD theory is expected to
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2 SCALING LIMITS OF SOLITONS IN THE BOX-BALL SYSTEM

be applicable for a wide class of integrable systems including classical and
quantum gases, chains and field theory models, very few rigorous results are
obtained till now, which are for the hard rods dynamics and its generalization
[BDS, FFGS], and the box-ball system (BBS) [CS].

While studies at the Euler scale have been progressing, there was no clear
physical prediction on the behavior in a longer time scale. Therefore, it
is important to obtain mathematically rigorous results on specific models
in order to derive the universality for integrable many-body systems in the
diffusive scale. Recently, by [FO], the fluctuations for hard-rods in diffusive
scale has been proved rigorously. The difference from diffusive fluctuations in
chaotic systems is the strong correlations between quasi-particles of the same
type, i.e., quasi-particles of the same type starting at macroscopic distance
converge to the same Brownian motion. However, the scattering rule in
the hard-rods does not depend on the velocity of quasi-particles. This is a
different feature from general integrable models, and no results have been
known for the case where the scattering rule depends on velocities of the
quasi-particles.

In this paper, we consider the BBS, which is a solitonic system with
a scattering rule depending on velocities of quasi-particles (solitons). We
rigorously show that any tagged soliton converges to a Brownian motion in
diffusive space-time scale, and also prove the large deviation principle for the
tagged soliton. This is the first mathematical result for the central limit
theorem and the large deviation principle for quasi-particles in integrable
systems with scattering rules depending on velocities of quasi-particles, un-
like the hard-rods. Furthermore, we rigorously prove that solitons of the
same type converge to the same Brownian motion, i.e., strong correlations
between quasi-particles as observed in the hard-rods. In order to roughly
describe the results, we first introduce the BBS below.

The BBS is a one-dimensional cellular automaton introduced by [TS],
whose integrable structure has been extensively studied in the past, see the
review [IKT] for details. The BBS exhibits solitonic behavior and is un-
derstood as a discrete counterpart of the KdV equation, which is a central
example of an integrable system having solitary wave solutions. The config-

uration space is {0,1}Z, where for η ∈ {0,1}Z and x ∈ Z, η(x) = 1 means that
there is a ball at x, and η(x) = 0 means that x is empty. When the total num-

ber of 1s in η ∈ {0,1}Z is finite, the one-step time evolution η ↦ Tη ∈ {0,1}Z
is described by the following rules :

● An empty carrier enters the system from the left end (i.e. −∞) and
moves to the right end (i.e. ∞);● If there is a ball at site x, then the carrier picks up the ball;● If the site x is empty and the carrier is not empty, then the carrier
puts down a ball;● Otherwise, the carrier just passes through.
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Clearly, the total number of 1s are conserved. If we denote by W (x) the
number of balls on the carrier at x, then W (⋅) satisfies W (x) = 0 for any∣x∣ > L with sufficiently large L > 0, and

W (x) −W (x − 1) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1 if η(x) = 1,
−1 if η(x) = 0 and W (x − 1) > 0,
0 otherwise.

(1.1)

In addition, Tη can be represented by using W (⋅) as
Tη(x) = η(x) −W (x) +W (x − 1). (1.2)

Figure 1 shows an example how Tη can be obtained from η.

η ∶ . . . 1 1 0 0 0 1 1 1 0 0 1 1 0 0 1 0 1 1 0 0 0 . . .
W ∶ 0 1 2 1 0 0 1 2 3 2 1 2 3 2 1 2 1 2 3 2 1 0 . . .
Tη ∶ . . . 0 0 1 1 0 0 0 0 1 1 0 0 1 1 0 1 0 0 1 1 1 . . .

Figure 1. W and Tη obtained from
η = . . .1100011100110010110000 . . . , where . . . represents
the consecutive 0s.

It is known that the above rule can be extended to η ∈ Ω ⊂ {0,1}Z, where
Ω ∶= ⎧⎪⎪⎨⎪⎪⎩η ∈ {0,1}

Z ; ∃ lim
x→∞

1

x

x

∑
y=1

η (y) < 1

2
, ∃ lim

x→∞

1

x

x

∑
y=1

η (−y) < 1

2

⎫⎪⎪⎬⎪⎪⎭ ,
see Section 2 for details. We note that by [CKST], more detailed results are
obtained for the configuration space in which the dynamics of the BBS can
be defined via the Pitman transform.

In recent years, the BBS started from random initial configurations, called
the randomized BBS, has been studied in terms of its statistical aspects;
characterizations of classes of invariant measures for the randomized BBS
[CS2, CKST, FG], limit theorems under invariant measures [CKST, FNRW,
KL, KLO18, LLP, LLPS, S]. Also, the randomized BBS has been studied
from the viewpoint of hydrodynamics for integrable systems [CS, KMP,
KMP2, KMP3]. Currently, only the BBS and hard-rods are known to
be mathematically tractable models for deriving hydrodynamics from in-
tegrable systems, and thus the BBS is recognized as an important model in
statistical mechanics.

In this article, we consider the BBS on the state space {0,1}Z under
invariant measures, and derive the scaling limits of the tagged soliton. To
give an overview of our results, we introduce the law of large numbers for the
tagged soliton proved in [FNRW]. As mentioned at the beginning, the BBS
is a soliton system and there are infinite types of solitons in the BBS labeled
by positive integers k ∈ N respectively, called k-soliton. A k-soliton consists
of k 1s and k 0s and is identified by a certain algorithm, see Section 2.2 for
details. If there are only k-solitons in the configuration, then they move to
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right with velocity k at each time evolution. When solitons of different sizes
exist and a k-soliton is to the left of an ℓ-soliton with ℓ < k, such solitons will
meet at some time and phase shift will occur between them. In particular,
during the interaction, the smaller soliton is stranded and cannot move. For
example, in the following figure showing the time evolution of BBS, red 1s
and 0s constitute a 2-soliton and blue 1 and 0 constitute a 1-soliton, and
while the 2-soliton tries to overtake the 1-soliton, the 1-soliton cannot move
from its position.

η . . . 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 . . .

Tη . . . 0 0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 . . .

T 2η . . . 0 0 0 0 1 1 0 1 0 0 0 0 0 0 0 0 . . .

T 3η . . . 0 0 0 0 0 0 1 0 1 1 0 0 0 0 0 0 . . .

T 4η . . . 0 0 0 0 0 0 0 1 0 0 1 1 0 0 0 0 . . .

After the interaction, 1-soliton is shifted backward 2 sites and 2-soliton is
shifted forward 2 sites from where they should have come without interac-
tion. This is the phase shift. Thus, given a random initial configuration,
even if the time evolution rule of the BBS is deterministic, the position
of the tagged k-soliton at time n is randomized by the random presence
of other solitons of different sizes, which is a random environment for the
tagged soliton. In [FNRW], the authors show that the tagged soliton satis-
fies the law of large numbers (LLN) when the initial distribution ν is invari-
ant for T and shift-ergodic. Bernoulli product measures of uniform density
ν (η (x) = 1) = ν (η (0) = 1) < 1/2, x ∈ Z, and two-sided space-homogeneous
Markov distributions supported on Ω are important examples of ν satisfying
the assumptions below.

Theorem ([FNRW]). Let Xk(n) be the position of the leftmost component
of a tagged k-soliton at time n and ν be a probability measure on {0,1}Z
satisfying the following.

● ν(Ω) = 1.
● ν is an invariant measure of the BBS, namely Tν = ν.
● ν is a shift-ergodic measure.

Assume that for some k ∈ N, k-solitons exist with positive probability under
ν. Then, there exists some veffk = veffk (ν) > 0 such that

lim
n→∞

Xk(n)
n

= veffk ν-a.s.

The constant veffk is called the effective velocity for k-solitons. A charac-

terization formula for veffk , k ∈ N has been obtained by [FNRW, (1.12)]. We

will present an alternative formula for veffk , see Proposition 4.4 for details.
Also, we give a different proof for [FNRW, (1.12)], see Remark 4.6.

Our main results are the central limit theorem (CLT) and the large devi-
ation principle (LDP) corresponding to the LLN. As a by-product, we also
show the LLN in L

p, p ≥ 1.
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Claim 1 (Limit theorems for a tagged soliton). Assume that the initial
distribution ν is a space-homogeneous Bernoulli product measure or two-
sided Markov distribution supported on Ω. Then, for any k ∈ N, we have the
following.

(1) Under the diffusive space-time scaling, the step-interpolation of the
discrete-time process n↦Xk(n)−veffk n converges weakly to a centered
Brownian motion Bk(t) with variance Dk =Dk (ν) > 0.

(2) The sequence (Xk (n) /n)n∈Z≥0 satisfies the LDP with a smooth con-
vex rate function.

(3) For any p ≥ 1, we have

lim
n→∞

Eν [∣Xk(n)
n

− veffk ∣
p] = 0.

Remark 1.1. For the tagged ball (with a certain rule to identify the posi-
tions of distinguished balls), instead of the tagged soliton, the LLN, the CLT
and the LDP are shown in [CKST] under the Bernoulli product measures.
However, in the case of BBS, balls are local quantities, whereas solitons
are quasi-local quantities, so a more sophisticated mathematical treatment is
needed to show scaling limits for solitons.

Claim 1 will be stated precisely as Theorem 2.1, and Theorem 2.1 will
be proved as a corollary of Theorems 4.5 and 4.10, where we consider more
general initial distributions. Actually, when the initial distribution ν be-
longs to a family of invariant measures introduced by [FG] and satisfies a
good asymptotic property for existence probability of large solitons, we will
show the CLT and the LDP for solitons with size k ≥ K, where K = K(ν)
is a positive integer determined by ν. We note that space-homogeneous
Bernoulli product measures and two-sided Markov distributions supported
on Ω belong to this class, and K(ν) = 1. In this paper a family of invariant
measures introduced by [FG] is called q-statistics, see Section 4.1 for the
precise definition.

Furthermore, we will show that two k-solitons are strongly correlated in
the diffusive space-time scaling even when they are far apart at the macro-
scopic level.

Claim 2 (Strong correlations between k-solitons). Assume that the ini-
tial distribution ν is a q-statistics with a certain second moment condition.
Then, even if two k-solitons are far apart after taking the space scaling,
those fluctuations converge to the same Brownian motion obtained in Claim
1 (1) in the diffusive scaling.

In Section 4.2, we will restate Claim 2 as Theorem 4.8 with precise as-
sumptions.

From the above results, it is expected that the macroscopic fluctuations of
the density of k-solitons at diffusive time scale t can be obtained by shifting
the initial fluctuation field by Bk(t) obtained in Claim 1 (1). In other
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words, the macroscopic fluctuation field Yk(u, t) should follow the following
stochastic partial differential equations for each k ∈ N :

dYk(u, t) = Dk

2
∆uYk(u, t)dt + ∂uYk(u, t)dBk(t), (1.3)

It is noteworthy that the noise driving (1.3) does not depend on the spatial
variables, which is in contrast to typical diffusive fluctuations for chaotic
systems where an additive space-time white noise drives the macroscopic
equation. We expect that (1.3) is a universal equation in completely in-
tegrable many-body systems, and was recently derived rigorously for the
first time from hard-rods dynamics [FO]. We also note that diffusive correc-
tions to Euler scale hydrodynamics for integrable many-body systems have
been studied in physics literature [DBD, DBD2, DDMP, Sp]. It would be
an interesting problem to derive (1.3) rigorously from the BBS, to prove
that {Bk(t); t ≥ 0, k ∈ N} is a centered Gaussian field, and to specify the
correlation between Bk(t) and Bℓ(t) with k ≠ ℓ.

Our approach is based on two different linearization methods for the BBS.
One is called the seat number configuration, which is recently introduced by
[MSSS, S], and it is a generalization of the slot configuration developed by
[FNRW]. We note that the slot configuration has played an important role
in the study of the dynamical aspects of BBS [CS, FG, FNRW]. The other is
the k-skip map, which is a generalization of the 10-elimination introduced by
[MIT] to solve the initial value problem for the BBS with periodic boundary
condition. In [S], the k-skip map is considered in terms of the seat number
configuration, and the relation between q-statistics and the k-skip map is
studied. The results and computations in [S] are essential to obtain Lemma
5.5 and a decomposition formula (5.19) for the position of the tagged soliton,
see Section 5 for details. By using Lemma 5.5, (5.19) and the property of
q-statistics, the CLT/LDP for the tagged soliton can be reduced to the
CLT/LDP for M(n), respectively, where M(n) is the number of times that
the tagged soliton interacts with solitons larger than itself until time n. By
the same idea, we can show the LLN for the tagged soliton in L

p by that
for M(n). Furthermore, Lemma 5.5 and (5.19) are also useful for showing
the strong correlations between solitons of the same size. To the best of our
knowledge, this is the first time that the 10-elimination is applied to the
dynamical problem of the randomized BBS. A version of the 10-elimination
was used in [LLP], but they considered static problems. We note that our
proof strategy can be applied even if the initial distribution ν is not a q-
statistics as long as ν has some nice property, see Remark 4.7 for details.

The rest of the paper is organized as follows. In Section 2 we briefly
recall the basics of the BBS on Z and introduce some terminologies used
in this paper, then we describe our main results Theorem 2.1, where the
initial distribution ν is a Bernoulli product measure or two-sided Markov
distribution. In Section 3, we introduce some notions that are essential for
the proof as well as for describing the results under more general invariant



SCALING LIMITS OF SOLITONS IN THE BOX-BALL SYSTEM 7

distributions. In Section 4 we present our main results, Theorems 4.2, 4.5,
4.8, 4.10 and 4.14, where the initial distribution is generalized to q-statistics.
In Section 5, we introduce the notion of the k-skip map, k ∈ N, and we
prepare some lemmas for the proofs of main results. In the subsequent
sections, Section 6, 7, 8, 9 and 10, we give the proofs of the main results,
Theorems 4.2, 4.5, 4.8, 4.10 and 4.14, respectively. Finally, in Section 11,
we show Theorem 2.1 by using Theorems 4.2, 4.5, 4.8 and 4.10.

2. Box-Ball System

2.1. Dynamics of the Box-Ball system. First we recall the definition
of the one-step time evolution η ↦ Tη when the total number of 1s in
η ∈ Ω is finite, presented in Introduction. A site x ∈ Z is called a record if
η(x) = Tη(x) = 0. Clearly, T can be considered as the flipping 1s (resp. 0s)
to 0s (resp. 1s) except for records, i.e., we can write Tη as

Tη (x) = {1 − η (x) if x is not a record,

0 if x is a record.
(2.1)

We note that records can be characterized as follows :

x is a record if and only if max
z≤x

x

∑
y=z
(2η (y) − 1) ≤ −1. (2.2)

Now we define the BBS on Ω. The one-time step evolution T ∶ Ω → Ω
can be also defined via the notion of records as follows. For η ∈ Ω, we define
a record in η as a site x ∈ Z that satisfies (2.2). We note that there are
infinitely many records in η because the asymptotic ball density as x→ ±∞
is strictly smaller than 1/2. Then, we define T ∶ Ω→ Ω by (2.1).

We number records in η from left to right as follows. For any η ∈ Ω, we
define

s∞ (η,0) ∶=max

⎧⎪⎪⎨⎪⎪⎩x ≤ 0 ; max
z≤x

x

∑
y=z
(2η (y) − 1) ≤ −1⎫⎪⎪⎬⎪⎪⎭ ,

and then we recursively define s∞ (η, i) as
s∞ (η, i) ∶=min

⎧⎪⎪⎨⎪⎪⎩x > s∞ (η, i − 1) ; max
z≤x

x

∑
y=z
(2η (y) − 1) ≤ −1⎫⎪⎪⎬⎪⎪⎭ ,

s∞ (η,−i) ∶=max

⎧⎪⎪⎨⎪⎪⎩x < s∞ (η,−i + 1) ; max
z≤x

x

∑
y=z
(2η (y) − 1) ≤ −1⎫⎪⎪⎬⎪⎪⎭ ,

for any i ∈ N. Notice that s∞(η, i) ∈ Z for any i ∈ Z because η ∈ Ω.
We note that the dynamics of the BBS on Ω can also be described via

the carrier process W (η, x) ∶ Z → Z≥0 recursively defined by (1.1) and
W (η, s∞ (η, i)) ∶= 0 for any i ∈ Z. Then, by using W , T ∶ Ω → Ω is written
as (1.2).
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2.2. Solitons in the Box-Ball configuration. In this subsection, we ex-
plain how we can identify solitons in Ω.

For given η ∈ Ω, we consider the following decomposition :

η = ∪i∈Ze(i), e(i) ∶= (η(x) ; s∞ (i) ≤ x < s∞(i + 1)) . (2.3)

The sequence e(i) is called the i-th excursion of η. Then, for each e(i) ∖{s∞ (i)}, we can find solitons via the Takahashi-Satsuma algorithm as fol-
lows :

● Select the leftmost run of consecutive 0s or 1s such that
– the run is consecutive 0s with finite length, or consecutive 1s.
– the length of the subsequent run is at least as long as the length

of it.
● Let k be the length of the selected run. Group the k element of the
selected run and the first k elements of the subsequent run. The
grouped 2k elements are identified as a soliton with size k, or k-
soliton.
● Remove the identified k-soliton, and repeat the above procedure until
all 1s are removed.

From the definition of records, if e(i) ∖ {s∞ (i)} is not empty, then all 1s

and 0s in e(i) ∖ {s∞ (i)} are grouped and become components of solitons.
We note that from the TS-algorithm, we see that solitons of the same size
do not overlap, and a larger soliton can contain a smaller soliton inside,
but not vice versa. An example of applying the above algorithm to η =
. . .01100011100110010110000 . . . is shown in Figure 2. In this example, only
two excursions have solitons, and there are one 3-soliton, three 2-solitons and
one 1-soliton in total.

. . .0 1 1 0 0 0 1 1 1 0 0 1 1 0 0 1 0 1 1 0 0 0 0 . . .

. . . 0 ✁❆1 ✁❆1 ✁❆0 ✁❆0 0 1 1 1 ✁❆0 ✁❆0 ✁❆1 ✁❆1 0 0 1 0 1 1 0 0 0 0 . . .

. . . 0 ✁❆1 ✁❆1 ✁❆0 ✁❆0 0 1 1 1 ✁❆0 ✁❆0 ✁❆1 ✁❆1 0 0 ✁❆1 ✁❆0 1 1 0 0 0 0 . . .

. . . 0 ✁❆1 ✁❆1 ✁❆0 ✁❆0 0 1 1 1 ✁❆0 ✁❆0 ✁❆1 ✁❆1 ✁❆0 ✁❆0 ✁❆1 ✁❆0 ✁❆1 ✁❆1 0 0 0 0 . . .

. . . 0 ✁❆1 ✁❆1 ✁❆0 ✁❆0 0 ✁❆1 ✁❆1 ✁❆1 ✁❆0 ✁❆0 ✁❆1 ✁❆1 ✁❆0 ✁❆0 ✁❆1 ✁❆0 ✁❆1 ✁❆1 ✁❆0 ✁❆0 ✁❆0 0 . . .

. . . 0 1 1 0 0 0 1 1 1 0 0 1 1 0 0 1 0 1 1 0 0 0 0 . . .

Figure 2. Identifying solitons in η by the TS Algorithm.
1-soliton is colored by blue, 2-solitons are colored by red,
and 3-soliton is colored by brown.

It was discovered by [TS] that total number of k-solitons is conserved in
time for each k ∈ N, i.e., for any η ∈ Ω with the condition ∑x∈Z η(x) <∞, we
have

∣{k-solitons in Tη}∣ = ∣{k-solitons in η}∣ .
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Now we observe the behaviors of solitons in time evolution. If there are only
solitons of the same size, they move to the right by k :

η = . . . 1 1 1 0 0 0 0 0 1 1 1 0 0 0 0 0 0 . . .

Tη = . . . 0 0 0 1 1 1 0 0 0 0 0 1 1 1 0 0 0 . . .

If there are two solitons of different sizes and the larger soliton is to the
left of the smaller soliton, an interaction will occur between them at some
time. During the interaction, the solitons overlap each other and the shapes
of the solitons are collapsed, but they return to their original shapes after
the interaction is over. Furthermore, the larger soliton accelerates when
overtaking the smaller soliton, while the smaller soliton stays where it is.
For example, see Figure 3.

η = . . . 1 1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 . . .

Tη = . . . 0 0 0 1 1 1 0 0 1 0 0 0 0 0 0 0 0 0 . . .

T 2η = . . . 0 0 0 0 0 0 1 1 0 1 1 0 0 0 0 0 0 0 . . .

T 3η = . . . 0 0 0 0 0 0 0 0 1 0 0 1 1 1 0 0 0 0 . . .

Figure 3. The 3-soliton accelerates from time 2 to 3. On
the other hand, the 1-soliton does not move from time 1 to
3.

In the rest of this subsection, we introduce some notions for later use.

2.2.1. Set of all k-soltions. We denote by Γk = Γk (η) the set of all k-solitons
in η. For any γ ∈ Γk, we define X (γ) ∶= (inf γ)−1, and call X(γ) the position
of γ. To obtain our key results, which are Lemma 5.5 and the decomposition
formula (5.19), it is important to define X(γ) as (inf γ)− 1 instead of inf γ.

2.2.2. Natural numbering for solitons. In this paper, since we focus on a
single soliton and consider its scaling limit, it is necessary to label each
soliton. For the BBS on Z, it is convenient to use a record as a reference site
for the detailed analysis. In particular, we are interested in the case where
the origin is a record, i.e., s∞ (η,0) = 0. However, for later use, considering
the case where s∞ (η,0) = 0 is not 0, we order solitons as follows. For each
k ∈ N, a k-soliton to the left of s∞ (0) is the 0th soliton, and k-solitons are
numbered in order from left to right from there. More precisely, for any
k ∈ N, we denote by γ0k the k-soliton such that

X (γ0k) = max
γ∈Γk,X(γ)<s∞(0)

X (γ) .
Then, we recursively define γik as the k-soliton such that

X (γik) = min
γ∈Γk,X(γ)>X(γi−1

k
)
X (γ)
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for i ≥ 1, and
X (γik) = max

γ∈Γk,X(γ)<X(γi+1
k
)
X (γ)

for i ≤ −1. We call γik the i-th k-soliton.
In this paper, the above numbering is called the natural numbering for

solitons.

2.2.3. Position of a soliton at time n. We can track each soliton in time
evolution. First, for any γ ∈ Γk we define heads H(γ) and tails T (γ) as

H (γ) ∶= {x ∈ γ ; η (x) = 1} = {H1 (γ) < ⋅ ⋅ ⋅ <Hk (γ)} ,
T (γ) ∶= {x ∈ γ ; η (x) = 0} = {T1 (γ) < ⋅ ⋅ ⋅ < Tk (γ)} .

From [FNRW, Proposition 1.3], for any γ ∈ Γk (η), there exists unique γ′ ∈
Γk (Tη) such that T (γ) = H (γ′), and we write γ′ as γ(1), i.e., X (γ(1))
is the position of γ at time 1. By repeating the above, for any n ∈ N, we
can find γ (n) ∈ Γk (Tnη) such that T (γ (n − 1)) = H (γ (n)), and we call
X (γ (n)) the position of γ at time n. We note that since there may be a
k-soliton passing through the origin in time evolution, γik (n) is not always
the i-th k-soliton in Tnη.

In the following, the position at time n of i-th k-soliton is denoted by
Xi

k(n).
2.3. Scaling limits for solitons. Now we state our main results on the
fluctuations of k-solitons when the initial distribution ν is given by a space-
homogeneous Bernoulli product measure or two-sided Markov distribution
supported on Ω.

Theorem 2.1. Assume that the initial distribution ν is a space-homogeneous
Bernoulli product measure or two-sided Markov distribution supported on Ω.
Then, for any k ∈ N and i ∈ Z, we have the following.

(1) For any T > 0, the following step-interpolation process,

t↦ 1

n
Xi

k (⌊n2t⌋) − ntveffk (ν) , (2.4)

converges weakly in D[0,T] to a Brownian motion with variance
Dk =Dk (ν), defined in (4.15) below.

(2) The sequence (Xi
k (n) /n)n∈Z≥0 satisfies the LDP with a smooth con-

vex rate function defined in (4.17) below.
(3) For any p ≥ 1, we have

lim
n→∞

Eν [∣Xk (n)
n

− veffk (ν)∣p] = 0.
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Remark 2.2. Formally, the variance Dk(ν) can be obtained via the Green-
Kubo type formula. We consider the following decomposition of Xi

k(n) :
Xi

k(n) −Xi
k(0) −Eν [Xi

k(n) −Xi
k(0)] = n−1

∑
m=0
J i
k(m),

where J i
k(m) is the centered current at time m. Then, Dk(ν) is given by

Dk(ν) = Eν [(J i
k(0))2] + 2 ∞∑

n=1
Eν [J i

k(n)J i
k(0)] .

Later in this paper we will show that when numbering solitons by a rule
different from natural numbering (truncated numbering, see Section 3.1), the

centered current of the i-th k-soliton J (i)
k
(m) with the truncated numbering

can be decomposed as J (i)
k
(m) = J (i)

k,1
(m)+J (i)

k,2
(m), where J (i)

k,1
(resp. J (i)

k,2
)

represents the effect from bigger (resp. smaller) solitons than k, see (5.30)

for the precise formulas. In addition, J (i)
k,1

,J (i)
k,2

are not correlated, i.e.,

Eν [J (i)k,1
J (i)
k,2
] = 0, see (5.33). Moreover, since the initial distribution is

homogeneous in space, the macroscopic limit of solitons does not depend on
their numbering. This is the intuitive reason why Dk(ν) has the form (4.15).

From Theorem 2.1 (1), if we focus on a single soliton, it converges to a
Brownian motion whose variance depends only on the initial distribution
ν and the size of the soliton k, and not on the number i. In Section 4.2,
we focus on two solitons of the same size under more general initial condi-
tions and prove their strong correlations in diffusive space time scaling, see
Theorem 4.8 and Corollary 4.9.

3. Seat number configuration

In order to prove the results described in Section 2, we need the lineariza-
tion method of BBS. In this section, first we introduce the notion of a soliton
with volume. This is a useful notion when looking at the correspondence
between the linearization method and the position of solitons, which will
be introduced later. and then recall the definition of the seat number con-
figuration. Next, we recall the linearization method called “seat number
configuration” introduced by [MSSS, S].

3.1. A soliton with volume. This subsection introduces the notion of
volume for solitons. We then introduce a way to number solitons with
volume. Finally, we explain how the increment of a soliton from time 0 to
n is described.

We fix η ∈ Ω and recall that X (γ) is the position of γ. We denote by
X̄ (γ) ∶= supγ the rightmost site of γ. For any γ, γ′ ∈ Γk with X (γ) <X (γ′),
we say that γ and γ′ are connected if there are no ℓ-solitons with ℓ ≥ k + 1
and records in [X̄ (γ) ,X (γ′)]. In equation form, γ and γ′ are connected if
the followings hold :
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● [X̄ (γ) ,X (γ′)] ∩ {s∞ (i) ; i ∈ Z} = ∅,
● for any γ′′ ∈ ∪ℓ≥k+1Γℓ, [X̄ (γ) ,X (γ′)] ∩ γ′′ = ∅.

Then, for any γ ∈ Γk, we define

Con (γ) ∶= {γ′ ∈ Γk ; γ and γ′ are connected} .
Note that γ′ ∈ Con (γ) then Con (γ) = Con (γ′). For later use, we denote
by Γ∗k the set of k-solitons such that

● for any γ, γ′ ∈ Γ∗k, Con (γ) ∩Con (γ′) = ∅,
● for any γ ∈ Γ∗k, X (γ) ≤X (γ′′) for any γ′′ ∈ Con (γ).

In other words, the leftmost one among the connected ones is chosen as the
representative and Γ∗k = Γ∗k(η) is the set of such representatives. Clearly,
we have Γk = ∪γ∈Γ∗

k
Con (γ). For any γ ∈ Γ∗k, we say that the number of

solitons in Con (γ) is the volume of γ, and write Vol (γ) ∶= ∣Con (γ)∣. Also,
we say that for each k ∈ N, an element γ ∈ Γ∗k is a k-soliton with volume.
For example, in the configuration used in Figure 2, there are three 2-solitons
colored by red. The volume of leftmost 2-soliton is 1, and that of the middle
2-soliton is 2.

3.1.1. Truncated numbering of solitons with volume. We consider the trun-

cated numbering for solitons with volume. We denote by γ
(0)
k

the k-soliton
with volume such that

X (γ(0)
k
) = max

γ∈Γ∗
k
,X(γ)<s∞(0)

X (γ) .
Then, we recursively define γ

[i]
k

as the k-soliton with volume such that

X (γ(i)
k
) = min

γ∈Γ∗
k
,X(γ)>X(γ(i−1)

k
)
X (γ)

for i ≥ 1, and
X (γ(i)

k
) = max

γ∈Γ∗
k
,X(γ)<X(γi+1

k
)
X (γ)

for i ≤ −1. We call γ
(i)
k

the i-th k-soliton with volume. The difference from
natural numbering is that the order is assigned only to the representatives

in Γ∗k. We note that γ
(1)
k
= γ1k from the rules of numbering.

It is an abuse of notation, but for any k ∈ N, i ∈ Z and n ∈ Z≥0, we denote

by X
(i)
k
(η, n) the position of the i-th k-soliton with volume at time n, i.e.,

X
(i)
k
(η, n) =X (η, γ(i)

k
(n)).

3.1.2. Interactions between solitons. Recall that the points (s∞ (η, i))i∈Z
separate groups of solitons. For any γ ∈ Γk, γ

′ ∈ Γℓ with k < ℓ, we say
that γ and γ′ are interacting if s∞ (i) <X (γ′) <X (γ) < s∞ (i + 1) for some
i ∈ Z. We say that γ ∈ Γk is free if γ does not interact with any ℓ-soliton
with ℓ > k.
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For any γ ∈ Γk, γ
′ ∈ Γℓ with k > ℓ, we say that γ overtakes γ′ ( or γ′ is

overtaken by γ) at time n if X (γ (n − 1)) < X (γ′ (n − 1)) and X (γ (n)) >
X (γ′ (n)). We denote by Nℓ (γ,n) the number of ℓ-solitons overtaken by γ

at time n. It is shown by [FNRW, Proposition 6.4] that for any γ ∈ Γk, the
increment X (γ(n)) −X (γ(n − 1)) can be represented as

X (γ(n)) −X (γ(n − 1))
=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
k + 2

k−1

∑
ℓ=1

ℓNℓ (γ,n) if γ(n − 1) is free,
0 otherwise.

(3.1)

In particular, X (γ(n))−X (γ(n − 1)) > 0 if and only if γ(n− 1) is free. For
later use, we define

N
(i)
k,ℓ
(η, n) ∶= ⎧⎪⎪⎨⎪⎪⎩

Nℓ (γ(i)k
, n) k > ℓ,

0 otherwise,

M
(i)
k
(η, n) ∶= ∣{1 ≤m ≤ n ; γ

(i)
k
(m) is not free}∣ ,

and

M
(i)
k,ℓ
(η, n)

∶= ⎧⎪⎪⎨⎪⎪⎩
∣{γ ∈ Γℓ ; γ overtakes γ

(i)
k

at time m, 1 ≤m ≤ n}∣ k < ℓ,
0 otherwise.

Then, from (3.1), we have

X
(i)
k
(η, n)

=X(i)
k
(η,0) + k (n −M (i)

k
(η, n)) + 2 n

∑
m=1

k−1

∑
ℓ=1

ℓN
(i)
k,ℓ
(η,m) . (3.2)

We now observe the interactions between solitons. When a soliton γ is
free and catches up with a smaller soliton γ′, γ overtakes all of Con(γ′)
simultaneously. In addition, when γ catches up with Con(γ′), Con(γ′) are
involved in the right half of γ, and if γ(1) is free, then in the next step
Con(γ′) are involved in the left half of γ. If γ(1) is not free, then both γ

and Con(γ) do not move. For example, see Figure 4, 5 and 6.
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. . . 1 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 . . .

. . . 0 0 1 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 . . .

. . . 0 0 0 0 1 1 0 1 0 1 0 1 0 0 0 0 0 0 0 0 . . .

. . . 0 0 0 0 0 0 1 0 1 0 1 0 1 1 0 0 0 0 0 0 . . .

. . . 0 0 0 0 0 0 0 1 0 1 0 1 0 0 1 1 0 0 0 0 . . .

Figure 4. One 2-soliton with volume 1 and one 1-soliton
with volume 3 are included in this figure. These solitons are
interacting from the second line to fourth line. The
2-soliton overtakes the group of 1-solitons simultaneously.

. . . 1 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 . . .

. . . 0 0 1 1 0 0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 . . .

. . . 0 0 0 0 1 1 0 0 1 1 0 1 0 0 0 0 0 0 0 0 . . .

. . . 0 0 0 0 0 0 1 1 0 0 1 0 1 1 0 0 0 0 0 0 . . .

. . . 0 0 0 0 0 0 0 0 1 1 0 1 0 0 1 1 0 0 0 0 . . .

. . . 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0 0 1 1 0 0 . . .

Figure 5. One 2-soliton with volume 2 and one 1-soliton
with volume 1 are included in this figure. These solitons are
interacting from the second line to fifth line. Each
2-solitons overtake the 1-soliton step by step.

. . . 1 1 1 0 0 0 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 . . .

. . . 0 0 0 1 1 1 0 0 1 0 1 1 0 0 0 0 0 0 0 0 0 . . .

. . . 0 0 0 0 0 0 1 1 0 1 0 0 1 1 1 0 0 0 0 0 0 . . .

. . . 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 1 1 1 0 0 0 . . .

Figure 6. One 3-soliton with volume 1, one 2-soliton with
volume 1 and one 1-soliton with volume 1 are included in
this figure. The 2-soliton overtakes the 1-soliton after being
overtaken by the 3-soliton.

Hence, if the i-th k-soliton is free at time n − 1, then
N
(i)
k,ℓ
(η, n)

= ∣{γ ∈ Γℓ (η) ; γ(n − 1) ⊂ [H1 (γ(i)k
(n − 1)) , T1 (γ(i)k

(n − 1))]}∣ . (3.3)
On the other hand, we have the following inequality for M i

k(n) :
2 ∑
ℓ≥k+1

M
(i)
k,ℓ
(η, n) ≤M (i)

k
(η, n) ≤ 1 + 2 ∑

ℓ≥k+1
M
(i)
k,ℓ
(η, n). (3.4)

We note that since the operator T and spatial shift operators are commuta-

tive, the values of N
(i)
k,ℓ
(n), M (i)

k
(n), M (i)

k,ℓ
(n) are invariant under any spatial
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shift that does not change the numbering of solitons. For later use, we write
this fact as a lemma. We define spatial shift operators τy ∶ Ω→ Ω, y ∈ Z as

τyη(x) ∶= η(x + y),
for any x ∈ Z.
Lemma 3.1. Suppose that η ∈ Ω. Then, for any k, ℓ ∈ N, i ∈ Z and n ∈ Z≥0,
we have

X
(i)
k
(τs∞(η,0)η, n) =X(i)k

(η, n) − s∞(η,0),
and

N
(i)
k,ℓ
(τs∞(η,0)η, n) = N (i)k,ℓ

(η, n) ,
M
(i)
k
(τs∞(η,0)η, n) =M (i)

k
(η, n) ,

M
(i)
k,ℓ
(τs∞(η,0)η, n) =M (i)

k,ℓ
(η, n) .

Thanks to Lemma 3.1, we see that Y
(i)
k

is independent of s∞ (η,0). In

particular, Y
(i)
k

is a function of τs∞(η,0)η.

3.2. Seat number configuration for the box-ball system. To derive
the limiting behaviors of solitons, it is useful to consider seat number config-
uration space in which the dynamics of the BBS is linearized. In this section,
we briefly recall the linearization method introduced by [MSSS] and seat by
[S]. The main idea of this method is to assign a different parameter to each
0,1 in η ∈ Ω based on the fact that η contains many kinds of solitons. Then,
we introduce a class of invariant measures for the BBS that are defined via
the seat number configuration space.

Throughout this subsection, we fix an η ∈ Ω arbitrarily. First, we intro-
duce the notion of carrier with seat numbers. We consider a situation in
which the seats of the carrier W are indexed by k ∈ N, i.e, W is decomposed
as

W (η, x) ∶= ∑
k∈N
Wk (η, x) , Wk (η, x) ∈ {0,1},

where Wk (η, x) = 1 means that the No.k seat is occupied when the carrier
is at the site x ∈ Z. Then, the refined update rule of such a carrier is given
as follows:

● If there is a ball at site x, then the carrier picks up the ball and puts
it at the empty seat with the smallest seat number;
● If the site x is empty, namely η(x) = 0, and if there is at least one
occupied seat, then the carrier puts down the ball at the occupied
seat with the smallest seat number;
● Otherwise, the carrier just passes through.
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In other words, Wk, k ∈ N are defined as Wk (η, s∞ (η, i)) ∶= 0 for any i ∈ Z
and

Wk (η, x) −Wk (η, x − 1)

∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if
k−1

∑
ℓ=1
Wℓ (η, x − 1) = 1,Wk (η, x − 1) = 0 and η(x) = 1,

−1 if
k−1

∑
ℓ=1
Wℓ (η, x − 1) = 0,Wk (η, x − 1) = 1 and η(x) = 0,

0 otherwise,

and we call Wk, k ∈ N the carrier with seat numbers.
By using the carrier with seat numbers, we define the seat number con-

figuration ησk ∈ Ω, σ ∈ {↑, ↓}, k ∈ N and r ∈ {0,1}Z as

η↑
k
(x) ∶= {1 Wk (η, x) −Wk (η, x − 1) = 1,

0 otherwise,

η↓
k
(x) ∶= {1 Wk (η, x) −Wk (η, x − 1) = −1,

0 otherwise,

and

r (η, x) ∶= {1 x = s∞ (η, i) for some i ∈ Z,
0 otherwise.

We note that by the seat number configuration, all 1,0 in η are distinguished
by the parameter (k, σ) in the following sense : for any x ∈ Z,

r(x) + ∑
k∈N
(η↑

k
(x) + η↓

k
(x)) = 1.

In the following, if a site x ∈ Z satisfies ησk (x) = 1 for some k ∈ N and
σ ∈ {↑, ↓}, then we call x a (k, σ)-seat.
Remark 3.2. We note that the seat number configuration can be described
in terms of solitons as follows, see [MSSS, S] for details.

η↑
k
(x) = ⎧⎪⎪⎨⎪⎪⎩

1 x =Hk (γ) for some γ ∈ ⋃
ℓ≥k

Γℓ,

0 otherwise,

η↓
k
(x) = ⎧⎪⎪⎨⎪⎪⎩

1 x = Tk (γ) for some γ ∈ ⋃
ℓ≥k

Γℓ,

0 otherwise.

In other words, a k-soliton consists of exactly one (ℓ, σ)-seat for each 1 ≤
ℓ ≤ k and σ ∈ {↑, ↓}.

Then, by using the above configurations, for each k ∈ N, we define a
non-decreasing function ξk ( ⋅ ) ∶ Z → Z and its inverse (for a certain sense)
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sk ( ⋅ ) ∶ Z→ Z as

ξk (η, x) − ξk (η, x − 1) ∶= r (η, x) + ∑
ℓ∈N

∑
σ∈{↑,↓}

ησk+ℓ (x) ,
ξk (η, s∞ (η,0)) ∶= 0,

and

sk (η, x) ∶=min{y ∈ Z ; ξk (η, y) = x} .
Remark 3.3. The intuitive meaning of ξk is that it is a function that counts
the number of 1s and 0s from the reference point s∞(0), ignoring solitons
of size k or less, and ignoring up to the k-th 1s and 0s constituting solitons,
see Remark 3.2. This counting method allows us to measure the effective
distance between solitons, see Remark 3.6.

Finally, for any k ∈ Z, we define ζk ∶ Z→ Z≥0 as

ζk (η, i) ∶= sk(η,i+1)
∑

y=sk(η,i)+1
(η↑

k
(y) − η↑

k+1
(y)) .

We emphasize three important properties about ζk as follows. The first
is that the function ζk and k-soltions are related via the following formula,

ζk (η, i) = ∣{γ ∈ Γk (η) ; γ ⊂ [sk (η, i) , sk (η, i + 1)]}∣ ,
i.e., ζk represents the total number of k-solitons satisfying ξk(η,X(γ)) = i.
In particular, our ζ coincides with the slot decomposition introduced in
[FNRW], see [MSSS, Section 2.1, Proposition 2.3] and [S, Section 4.1] for
details. From the same reasons as in the discussion just before Lemma 3.1,
we can see that for any k ∈ N, i ∈ Z,

ζk (τs∞(0)η, i) = ζk (η, i) . (3.5)

The second is the bijectivity between ζ and η satisfying s∞(0) = 0, namely
the configuration such that the origin is a record. We define the space of
such configurations Ω0 ⊂ Ω, and also introduce Ω̄ ⊂ ZN×Z

≥0 as

Ω0 ∶= Ω ∩ {s∞ (0) = 0}
Ω̄ ∶= {ζ ∈ ZN×Z

≥0 ; ∑
k∈N

ζk (i) <∞ for any i} .
It is known that ζ ∶ Ω0 → Ω̄ is a bijection, see [FNRW, Section 3] for details.
We note that we can not reconstruct the original η from (ζk(η, ⋅ ))k∈N
in general, because there is an arbitrariness in the choice of the position of
s∞(0) from (3.5), see also Figure 7 for a summary of these properties, where
for any η ∈ Ω, we write

η̃ ∶= τs∞(0)η ∈ Ω0. (3.6)
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η (η̃, s∞ (0)) η̃ (ζk (i))k∈N,i∈Zζ

ζ−1

Figure 7. The relationship between η and ζ. The arrows↔ represent certain bijections, and the arrow → represents
the first coordinate projection.

The third is that the dynamics of the BBS can be linearized via ζk with
a certain offset [FNRW, S]. Here, we cite the result by [S] for later use.

Theorem (Theorem 4.1 in [S]). Suppose that η ∈ Ω. Then, for any k ∈ N
and i ∈ Z, we have

ζk (Tη, i + k + ok (η)) = ζk (η, i) , (3.7)

where the offset ok (η) is given by

ok (η)
∶= s∞ (η,0) − s∞ (Tη,0) + 2 0

∑
y=s∞(0)+1

k

∑
ℓ=1

η↓
ℓ
(y) − 2 0

∑
y=Ts∞(0)+1

k

∑
ℓ=1

Tη↑
ℓ
(y) .

Remark 3.4. We note that if s∞ (0) = 0 and any soliton do not cross the
origin x = 0 in the evolution from η to Tη, then ok = 0 for any k ∈ N. Hence,
if η (x) = 0 for any x ≤ 0, then

ζk (Tnη, i + nk) = ζk (η, i) ,
for any k ∈ N, n ∈ N and i ∈ Z. The above equation reproduces the lineariza-

tion result for the BBS on {0,1}N shown in [MSSS].

Later in this paper we will use the following lemma, which can be consid-
ered as a version of (3.7). The proof will be given in Section A.

Lemma 3.5. For any k ≥ ℓ, i ∈ Z and n ∈ N, we have

ξℓ (Tnη,X
(i)
k
(n)) − ξℓ (Tn−1η,X

(i)
k
(n − 1))

=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
k + oℓ (Tn−1η) + 2 k−1

∑
h=ℓ+1

(h − ℓ)N (i)
k,h
(η, n) if γ

(i)
k
(n − 1) is free,

ℓ + oℓ (Tn−1η) otherwise.

(3.8)

Remark 3.6. For each k ∈ N, we define the k-th effective distance between
γ, γ′ ∈ Γk as

deff,k (η, γ, γ′) ∶= ∣ξk (η,X (γ)) − ξk (η,X (γ′))∣ .
Then, we see that

deff,k (η, γ, γ′) = 0 if and only if γ′ ∈ Con (γ) .
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In addition, from Lemma 3.5, we see that the effective distance is conserved
in time, i.e., for any γ, γ′ ∈ Γk and n ∈ Z≥0, we have

deff,k (Tnη, γ (n) , γ′ (n)) = ∣ξk (Tnη,X (γ (n))) − ξk (Tnη,X (γ′ (n)))∣
= deff,k (η, γ, γ′) ,

and thus we get

∣TnCon (γ (n))∣ = ∣Con (γ)∣ .
4. General initial distributions

In this section we recall a class of invariant measures for the BBS, intro-
duced by [FG]. Then, we consider scaling limits for solitons starting from
such invariant measures.

4.1. q-statistics. We recall a class of translation-invariant stationary mea-

sures on {0,1}Z introduced by [FG]. We define a set of infinite number of
parameters as follows :

Q ∶= {q = (qk)k∈N ∈ [0,1)N ; ∑
k∈N

kqk <∞} .
From [FG, Theorem 4.4, 4.5], for given q ∈ Q, there exists a translation-
invariant stationary measure νq such that (ζk (i))k∈N,i∈Z are i.i.d. for each k

and independent over k under νq, and its distribution is characterized via ζ

as

νq (ζk (i) =m) = qmk (1 − qk) ,
for any k ∈ N, i ∈ Z and m ≥ 0. In the following, we call νq the q-statistics.
For later use, we recall some properties of νq in the following remark.

Remark 4.1. Recall that the i-th excursion e(i)(η) in η is defined in (2.3).
These excursions are elements of the set E given by

E ∶= ∪m∈Z≥0E(m),
E(m) ∶= {e ∈ {0,1}2m+1 ; sup

1≤y≤2m+1

y

∑
x=1
(2e(x) − 1) ≤ −1, 2m+1

∑
x=1

e(x) =m} .
For each i ∈ Z, e(i) (η) can be considered as an E-valued random variable
under νq. Then, from the explicit construction of νq in [FG, Section 4],(e(i))i∈Z are an i.i.d. sequence under the conditional probability measure
νq ( ⋅ ∣s∞(0) = 0). In particular, the centered configuration η̃ ∈ Ω0 defined in
(3.6) is record-shift invariant under νq, i.e.,

νq (η̃ ∈ ⋅) = νq (τs∞(x)−s∞(0)η̃ ∈ ⋅) ,
for any x ∈ Z.
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The Bernoulli product measures and stationary Markov distributions are
two important classes of q-statistics. Let Ber (ρ) be the Bernoulli product

measure on {0,1}Z with intensity 0 < ρ < 1/2. By choosing q as

q1 ∶= ρ(1 − ρ), qk ∶= ρk (1 − ρ)k
∏k−1

ℓ=1 (1 − qℓ)2(k−ℓ) for k ≥ 2, (4.1)

from [FG, Theorem 3.1, Corollary 4.6], we have νq = Ber (ρ). We denote the

class of parameters q = q(ρ) given by (4.1) for 0 < ρ < 1

2
by QBer ⊂ Q.

Another important class of q-statistic is two-sided Markov distribution

on {0,1}Z with transition matrix P = (pij)i,j=0,1 on {0,1} satisfying 0 <
p01 + p11 < 1. In [FG], it is proved that such Markov distribution can be
obtained by choosing q as

q1 ∶= a, qk ∶= abk−1

∏k−1
ℓ=1 (1 − qℓ)2(k−ℓ) for k ≥ 2, (4.2)

where

a ∶= p01p10, b ∶= p00p11.
As shown in [S, Section 5.3], the above map P = (pij)i,j=0,1 → (a, b) induces a
bijection between the set of transition matrix {P = (pij)i,j=0,1 ; 0 < p01+p11 <
1} and the set of the pair of parameters {(a, b) ; a > 0, 0 ≤ b < 1,√a+√b < 1}.
We define

QM ∶= {q ; νq is a two-sided Markov distribution} .
For each q ∈ QM, we denote by a(q), b(q) the pair of parameters giving q
by (4.2). Note that by taking a = b = ρ(1 − ρ) we have QBer ⊂ QM, and by
taking b = 0, we have {q ∈ Q ; qk = 0 k ≥ 2} ⊂ QM.

In the following, we will introduce another class of q-statistics. To do
so, we define a shift operator θ ∶ [0,1)N → [0,1)N as θq = (qk+1)k∈N for any

q = (qk)k∈N ∈ [0,1)N. We note that θQ = Q. Moreover, in [S, Theorem 5.3],
it is shown that for q ∈ QM, θq ∈ QM with

a (θq) = a (q) b (q)(1 − a (q))2 , b (θq) = b (q)(1 − a (q))2 . (4.3)

From this, we have θQM ⊂ QM, but θQM ≠ QM. Actually, QBer /⊂ θQM since
a(q)b(q) < 1 for any q ∈ QM. We also note that for any q ∈ QBer, θq ∉ QBer.

We say that q ∈ Q is asymptotically Markov if there exists some K ∈ N
such that θK−1q ∈ QM with convention θ0q = q. We define

QAM ∶= {q ∈ Q ; q is asymptotically Markov} . (4.4)

We note that θQAM = QAM since for any q ∈ QAM, θq̃ = q where q̃1 = 0, q̃k =
qk−1 for k ≥ 2. For q ∈ QAM, we define K(q) as

K (q) ∶=min{ℓ ∈ N ; θℓ−1q ∈ QM} . (4.5)
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In particular, for q ∈ QAM, q ∈ QM if and only if K(q) = 1. In summary, we
have QBer ⫋ QM ⫋ QAM ⫋ Q and θQBer /⊂ QBer, θQM ⫋ QM, θQAM = QAM

and θQ = Q.
For later use, we introduce some notations. For any k ∈ N, we define

Ck ∶ Q →Q as

(Ckq)ℓ ∶= {qℓ 1 ≤ ℓ ≤ k,
0 ℓ ≥ k + 1,

for any q ∈ Q. We note that under νCkq, there are no solitons larger than k

a.s. Next, for any k ∈ N and q ∈ Q, we define αk (q), βk (q) , r̄k (q) as
αk (q) ∶= Eνq [ζk (0)] = qk

1 − qk , (4.6)

βk (q) ∶= Eνq [(ζk (0) − αk (q))2] = qk(1 − qk)2 , (4.7)

r̄k (q) ∶= Eν
θkq
[r (0)] . (4.8)

We note that r̄k (q), k ∈ N satisfies the following system,

1

r̄k (q) = 1 + 2
∞

∑
ℓ=k+1

(ℓ − k)αℓ (q)
r̄ℓ (q) , (4.9)

see Section B.1 for the derivation of (4.9).

4.2. Scaling limits for solitons under q-statistics. In this subsection
we will describe our main results on the fluctuations of k-solitons under the
q-statistics. Since we are interested in the increment of the position of a
fixed k-soliton from time 0 to n, for any k ∈ N, i ∈ Z and n ∈ Z+ we define

Y
(i)
k
(η, n) ∶=X(i)

k
(η, n) −X(i)

k
(η,0) .

First we recall that by [FNRW, Theorem 1.1, 1.5] and [FG, Theorem 4.5],

Y
(i)
k
( ⋅ ) satisfies the law of large numbers in the hyperbolic scaling under

νq, and for later use we describe this fact as follows.

Theorem (Theorem 1.1, 1.5 in [FNRW] + Theorem 4.5 in [FG]). Suppose
that q ∈ Q and qk > 0 for some k ∈ N. Then, for any i ∈ Z, we have

lim
n→∞

1

n
Y
(i)
k
(η, n) = veffk (q) , νq-a.s. (4.10)

The constant veffk (q), k ∈ N is called the effective velocity of k-solitons.
In this paper, we will show the L

p version of the above LLN for any p ≥ 1.
Theorem 4.2. Suppose that q ∈ Q and qk > 0 for some k ∈ N. Then for any
i ∈ Z and p ≥ 1, we have

lim
n→∞

Eνq [∣ 1
n
Y
(i)
k
(n) − veffk (q)∣p] = 0.
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Remark 4.3. If X
(i)
k
(0) has the finite p-th moment, then one can show the

L
p convergence for X

(i)
k
(n) /n instead of Y

(i)
k
(n) /n. When q ∈ QM , then

X
(i)
k
(0) has the finite p-th moment for any p ≥ 1, see Section 11.3.

We will use the following relation between effective velocities. Recall that
αk, r̄k are defined in (4.6) and (4.8).

Proposition 4.4. Suppose that q ∈ Q and qk > 0 for some k ∈ N. Then, we
have

veffk (q) = kveff1 (θk−1q) + 2 k−1

∑
ℓ=1

ℓαℓ (q) veffk−ℓ (θℓq) , (4.11)

and

veff1 (θk−1q) = r̄k (q) . (4.12)

The proof of Proposition 4.4 will be given in Section B.2.

Our purpose in this paper is to consider the fluctuations of Y
(i)
k
( ⋅ ) corre-

sponding to the law of large numbers mentioned above. The following result
implies that the invariance principle(IP)/large deviations principle(LDP) for

Y
(i)
k
( ⋅ ) can be reduced to the IP/LDP for M

(i)
k
( ⋅ ).

Theorem 4.5.

(1) Suppose that there exist some q ∈ Q, k ∈ N and i ∈ Z such that qk > 0
and the following step-interpolation process,

t↦ 1

n
M
(i)
k
(η, ⌊n2t⌋) − tEνq [M (i)

k
(n)] , (4.13)

converges weakly in D ([0,T]), T > 0 to the centered Brownian
motion with variance Gk (q) under νq. Then, the following step-
interpolation process

t↦ 1

n
Y
(i)
k
(η, ⌊n2t⌋) − ntveffk (q) , (4.14)

also converges weakly in D ([0,T]), T > 0 to the centered Brownian
motion with variance Dk (q) under νq, where Dk (q) is given by

Dk (q) ∶= veffk (q)2Gk (q)
veff
1
(θk−1q)2 + 4

k−1

∑
ℓ=1

veffℓ (q)2 veffk−ℓ (θℓq)βℓ (q)
veff
1
(θℓ−1q)2 , (4.15)

and βℓ (q) is defined in (4.7).
(2) Suppose that there exist some q ∈ Q, k ∈ N and i ∈ Z such that qk > 0

and the following limit

ΛM
q,k (λ) ∶= lim

n→∞

1

n
log (Eνq [exp(λ (n −M (i)

k
(n)))]) ∈ R, (4.16)
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exists for any λ ∈ R, and ΛM
q,k ( ⋅ ) is essentially smooth in the sense

of [DZ, Definition 2.3.5]. Then, the following limit

ΛY
q,k (λ) ∶= lim

n→∞

1

n
log (Eνq [exp(λY (i)k

(n))]) ∈ R ∪ {∞},
exists for any λ ∈ R, and ΛY

q,k (λ) satisfies (7.6). In addition, we

have sup∣λ∣≤δ ∣ΛY
q,k (λ)∣ <∞ for sufficiently small δ > 0, and ΛY

q,k ( ⋅ )
is also essentially smooth. Consequently, thanks to the Gärtner-

Ellis theorem (cf. [DZ, Theorem 2.3.6]), the sequence (Y (i)k
(n)

n
)
n∈Z≥0

satisfies the LDP with the good rate function IYq,k, where

IYq,k (u) ∶= sup
λ∈R
{λu −ΛY

q,k (λ)} . (4.17)

Remark 4.6. We note that veffk (q) can be given by

veffk (q) = dΛY
q,k (λ)
dλ

∣λ=0
= r̄k (q) veffk (Ckq) . (4.18)

In addition, (4.18) gives the same formula for the effective velocity as the
formula by [FNRW, (1.12)], see Section B.3 for the proof of (4.18) and the
equivalence between the formulas.

Remark 4.7. We note that Theorem 4.5 can be shown with initial distribu-
tion ν, not necessarily q-statics, such that (ζk (i))k∈N,i∈Z are i.i.d. for each
k and independent over k and satisfy exponential moment condition by the
same argument in this paper.

In the next subsection we will give sufficient conditions for q, k such that
the assumptions in Theorem 4.5 are satisfied.

Next, we consider the correlations between two k-solitons. Our second re-
sult implies that even if two k-solitons are macroscopically far apart, they are
strongly correlated in the diffusive space-time scaling. Recall that e(i) (η)
is defined in (2.3).

Theorem 4.8. Suppose that q ∈ Q and Eνq [∣e(0)∣2] < ∞. Then, for any

k ∈ N with qk > 0, u, v ∈ R and 0 ≤ a ≤ 1 we have

lim
n→∞

Eνq [∣ 1
n
Y
(⌊nau⌋)
k

(n2) − 1

n
Y
(⌊nav⌋)
k

(n2)∣2] = 0.
By combining Theorems 4.5 and 4.8, we have the following.

Corollary 4.9. Suppose that q ∈ Q and k ∈ N satisfy the assumption of

Theorem 4.5 (1) and Eνq [∣e(i)∣2] <∞. Then, for any u, v ∈ R and T > 0, we
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have the following weak convergence in D ([0,T])2 under νq.

lim
ε→0
( 1
n
Y
(⌊nu⌋)
k

(⌊n2t⌋) − ntveffk (q) , 1nY (⌊nv⌋)k
(⌊n2t⌋) − ntveffk (q))

= (Bk (t) ,Bk (t)) ,
where Bk ( ⋅ ) is the centered Brownian motion with variance Dk (q).

Hence, under the assumption of Theorems 4.5 (1) and 4.8, k-solitons with
volume starting at macroscopic distance converge to the same Brownian
motion.

4.3. Scaling limits for M
(i)
k
( ⋅ ). By Theorem 4.5, we have found that for

q ∈ Q and k ∈ N such that IP/LDP for M
(i)
k
( ⋅ ) hold, IP/LDP for k-solitons

also hold. In this subsection, we give some sufficient conditions of such q, k.
To describe the results, we define ρ (q) as the ball density under νq, i.e.,

ρ (q) ∶= νq (η (0) = 1) . (4.19)

First we consider the case that q is asymptotically Markov. Recall thatQAM, K (q) are defined in (4.4) and (4.5). If k is sufficiently large, we can

show that M
(i)
k
( ⋅ ) satisfies the invariance principle, and the nice regularity

property of (4.16).

Theorem 4.10. If q ∈ QAM and k ≥ K (q), then for any i ∈ Z, (4.13)
converges weakly to the Brownian motion with variance Gk (q) under νq,
where Gk (q) is given by

Gk (q) = 4ρ (θkq) (1 − ρ (θkq)) (1 − 2ρ (θkq)) .
In addition, for any i ∈ Z and λ ∈ R, the limit ΛM

q,k (λ) exists. In addition,

ΛM
q,k (λ) is a smooth monotone convex function, which is explicitly given by

ΛM
q,k (λ) = log⎛⎝

1 − 2ρ (θkq)
2 (1 − ρ (θkq)) ⎛⎝eλ +

¿ÁÁÀe2λ − 1 + 1

(1 − 2ρ (θkq))2
⎞⎠⎞⎠ .

In particular, the assumptions of Theorem 4.5 (1) and (2) are satisfied with
q ∈ QAM and k ≥K (q).
Remark 4.11. Recall that if νq is a Bernoulli product measure or two-sided
Markov distribution, then K(q) = 1. Hence, when the initial distribution is
a Bernoulli product measure or two-sided Markov distribution supported on
Ω, then the statement of Theorem 4.10 holds for any k ∈ N.
Remark 4.12. If q ∈ QM , then the ball density ρ (q) can be represented via
a (q), b (q) as

ρ (q) = 1

2

⎛⎝1 −
¿ÁÁÀ1 − 4a (q)

(1 + a (q) − b (q))2
⎞⎠ .
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We note that if q ∈ QM , then ρ (θq) < ρ (q) holds. To show this, it suffices
to show that

a (θq)
(1 + a (θq) − b (θq))2 <

a (q)
(1 + a (q) − b (q))2 ,

and by using (4.3), we see that

0 <√a (q) +√b (q) < 1 implies
a (θq)

(1 + a (θq) − b (θq))2 <
a (q)

(1 + a (q) − b (q))2 .

Remark 4.13. By (4.12) and (B.1), under the assumption of Theorem 4.10,
Gk (q) and ΛM

q,k (λ) can be represented as

Gk (q) = veff1 (θk−1q) (1 − veff1 (θk−1q)2) ,
and

ΛM
q,k (λ) = log

⎛⎜⎜⎝
veff1 (θk−1q)

1 + veff
1
(θk−1q)

⎛⎜⎜⎝e
λ +
¿ÁÁÁÀe2λ + 1 − veff

1
(θk−1q)2

veff
1
(θk−1q)2

⎞⎟⎟⎠
⎞⎟⎟⎠ .

Next, we consider the case where there are at most a finite number of
nonzero elements in q, i.e., there are at most a finite number of types of
solitons under νq. If we denote by qℓ the largest nonzero element, then

M
(i)
ℓ
= 0 νq-a.s., and thusM

(i)
ℓ

trivially satisfies the assumptions in Theorem
4.5. For the second largest solitons in q, we can show the following.

Theorem 4.14. Suppose that q ∈ Q satisfies qℓ > 0, qh = 0, h ≥ ℓ + 1 with
some ℓ ≥ 2 and ∣q∣ ≥ 2. We denote by k = k(q) the second largest element in
q, i.e.,

k ∶=max{1 ≤ h ≤ ℓ − 1; qh > 0} .
Then, for any i ∈ Z, (4.13) converges weakly to the Brownian motion with
variance Gk (q) under νq, where Gk (q) is given by

Gk (q) = 4qℓ(1 − qℓ)2(ℓ−k)
⎛⎝1 + 4qℓ(1 − qℓ)2(ℓ−k)

⎞⎠
−

3

2

.

In addition, for any i ∈ Z, the limit ΛM
q,k (λ) exists. In addition, ΛM

q,k (λ) is
a smooth monotone convex function, which is explicitly given by

ΛM
q,k (λ) = log⎛⎜⎝

(1 − qℓ)ℓ−k eλ
2

+
¿ÁÁÀ(1 − qℓ)2(ℓ−k) e2λ

4
+ qℓ
⎞⎟⎠ .

In particular, the assumptions of Theorem 4.5 (1) and (2) are satisfied with
the above q and k, ℓ.
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5. k-skip map for the BBS

In this section we introduce the notion of k-skip map. The k-skip map is
a natural generalization of the 10-elimination introduced by [MIT] in terms
of the seat number configuration, and the results presented in this section
are crucial for the proofs of main results. For the proofs of some known
results on the k-skip map, we may refer to [S].

For any k ∈ N, we define the k-skip map Ψk ∶ Ω→ Ω as

Ψk (η) (x) ∶= η (sk (η, x + ξk (η,0))) .
First we explain the intuitive meaning of the k-skip map when k = 1. Since
s1(η, ⋅ ) is the inverse function of ξ1(η, ⋅ ), the subset {s1(η, x) ; x ∈ Z} ⊂ Z
does not include the non-increasing points of ξ1(η, ⋅ ), i.e.,

{s1 (η, x) ; x ∈ Z} = Z ∖ {x ∈ Z ; η↑
1
(x) + η↓

1
(x) = 1} .

When 0 ∈ {s1(x) ; x ∈ Z}, then Ψ1(η) is obtained by removing all 1,0
with parameter (1, σ), σ ∈ {↑, ↓} from η, and numbering the remaining 1
and 0 from left to right with respect to the origin η(0). For the case 0 ∉{s1(η, x) ; x ∈ Z}, we first translate η by

inf {s1(η, x) ; s1(η, x) < 0} = s1 (η, ξ1 (η,0)) ,
so that 0 ∈ {s1(τs1(η,ξ1(η,0))η, x) ; x ∈ Z}, and then we perform the same
operation for τs1(η,ξ1(η,0))η.

x -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

η(x) . . . 0 1 1 0 0 1 1 1 0 1 0 1 1 0 0 0 1 0 0 . . .

η↑
1
(x) . . . 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 0 . . .

η↓
1
(x) . . . 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 . . .

. . . 0 ✁❆1 1 ✁❆0 0 ✁❆1 1 1 ✁❆0 ✁❆1 ✁❆0 ✁❆1 1 ✁❆0 0 0 ✁❆1 ✁❆0 0 . . .

x -3 -2 -1 0 1 2 3 4 5 6 7

Ψ1(η) . . . 0 1 0 1 1 1 0 0 0 . . .

Figure 8. How Ψ1(η) can be obtained from η for the case
0 ∈ {s1(η, x) ; x ∈ Z}, where . . . represents the consequtive
0s with infinite length.
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x -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

η(x) . . . 0 1 1 0 0 1 1 1 0 1 0 1 1 0 0 0 1 0 0 . . .

τ−1η(x) . . . 0 0 1 1 0 0 1 1 1 0 1 0 1 1 0 0 0 1 0 . . .

τ−1η
↑
1
(x) . . . 0 0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 . . .

τ−1η
↓
1
(x) . . . 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 . . .

. . . 0 0 ✁❆1 1 ✁❆0 0 ✁❆1 1 1 ✁❆0 ✁❆1 ✁❆0 ✁❆1 1 ✁❆0 0 0 ✁❆1 ✁❆0 . . .

x -4 -3 -2 -1 0 1 2 3 4 5 6

Ψ1(η) . . . 0 0 1 0 1 1 1 0 0 . . .

Figure 9. How Ψ1(η) can be obtained from η for the case
0 ∉ {s1(η, x) ; x ∈ Z}.

The above observations can be made for any k ∈ N as well. Now, we
cite some results by [S]. The following means that there is a one-to-one
correspondence between cites in η with parameter (k + ℓ, σ) and cites in
Ψk(η) with parameter (ℓ, σ), for any k, ℓ ∈ N and σ ∈ {↑, ↓}. This property
implies that Ψk has the semi-group property and that Ψk is a shift operator
for ζ ⋅ , see [S] for the details and proofs.

Proposition (Proposition 4.3 in [S]). Suppose that η ∈ Ω. Then, for any
k, ℓ ∈ N, σ ∈ {↑, ↓} and x ∈ Z, we have

Ψk (η)σℓ (x) = ησk+ℓ (sk (η, x + ξk (η,0))) . (5.1)

In addition, we have

Ψk (Ψℓ (η)) ( ⋅ ) = Ψk+ℓ (η) ( ⋅ ) , (5.2)

and

ζk (Ψℓ (η) , ⋅ ) = ζk+ℓ (η, ⋅ ) . (5.3)

In [S], the following result has been proven. We recall that η̃ is defined in
(3.6).

Theorem (Corollary 5.1 in [S]). Suppose that q ∈ Q. Then, for any k ∈ N
and local function f ∶ {0,1}Z → R, we have

∫
Ω

dνq (η) f (Ψk (η)) = ∫
Ω

dνθkq (η) f (η) , (5.4)

and

∫
Ω

dνq (η) f (Ψk (η̃)) = ∫
Ω

dνθkq (η) f (η̃) . (5.5)
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Remark 5.1. Notice that thanks to (5.4) or (5.5), we have

αk (θℓq) = αk+ℓ (q) , βk (θℓq) = βk+ℓ (q) , r̄k (θℓq) = r̄k+ℓ (q) ,
for any k ∈ N, ℓ ∈ Z≥0. Calculations similar to the above appear frequently
in this paper.

From now on we prepare some lemmas for the proofs of main results.
First we check the relation between Ψk and τs∞(0).
Lemma 5.2. Assume that η ∈ Ω. Then, for any k ∈ N and x ∈ Z, we have

Ψk (η̃) (x) = Ψ̃k (η) (x) .
Proof of Lemma 5.2. First we observe that for any k ∈ N and x ∈ Z,

sk (η̃, x) + s∞ (0) = sk (η, x) .
Next, from [S, (4.16)], for any k ∈ N, we get

s∞ (Ψk (η) ,0) = −ξk (η,0) . (5.6)

By using the above, we have

Ψk (η̃) (x) = η (sk (η̃, x) + s∞ (0))
= η (sk (η, x))
= Ψk (η) (x − ξk (η,0))
= Ψk (η) (x + s∞ (Ψk (η) ,0))
= Ψ̃k (η) (x) .

�

By combining (5.2), (5.3), Lemma 5.2 and the diagram in Figure 7, the
relation between η, ζ and the k-skip map can be expressed by the diagram,
see Figure 10.

η η̃ (ζk (i))k∈N,i∈Z
Ψ1 (η) Ψ̃1 (η) (ζk+1 (i))k∈N,i∈Z
Ψ2 (η) Ψ̃2 (η) (ζk+2 (i))k∈N,i∈Z
⋯ ⋯ ⋯

τs∞(0)

Ψ1

ζ

Ψ1

ζ−1

Ψ1

τs∞(Ψ1(η),0)

Ψ1

ζ

Ψ1

ζ−1

Ψ1

τs∞(Ψ2(η),0)

Ψ1

ζ

Ψ1

ζ−1

Ψ1

Figure 10. The relationships between η, ζ and the k-skip
map.
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Next we claim that for any k > ℓ and i ∈ N, there is a one-to-one cor-
respondence between the i-th k-soliton in η and the i-th (k − ℓ)-soliton in
Ψℓ(η).
Lemma 5.3. Assume that η ∈ Ω. For any k, ℓ ∈ N, k > ℓ, h ∈ Z≥0 and i ∈ Z,
we have

ξℓ+h (η, sk+h (η, i)) = ξℓ (Ψh (η) , sk (Ψh (η) , i))
= sk−ℓ (Ψℓ+h (η) , i) − s∞ (Ψℓ+h (η) ,0) . (5.7)

In particular, if sk+h(η, i) =X(j)k+h
(η,0) for some j ∈ Z, then

sk−ℓ (Ψℓ+h (η) , i) =X(j)k−ℓ
(Ψℓ+h (η) ,0) , (5.8)

and thus

ξℓ+h (η,X(j)k+h
(η,0)) = ξℓ (Ψh (η) ,X(j)k

(Ψh (η) ,0))
=X(j)

k−ℓ
(Ψℓ+h (η) ,0) − s∞ (Ψℓ+h (η) ,0)

=X(j)
k−ℓ
(Ψℓ+h (η̃) ,0) . (5.9)

Proof. First we note that (5.7) is a direct consequence of (5.2), (5.6) and [S,
(4.16)].

Next we will show (5.8). From the assumption we get

sk+h(η,i+1)
∑

x=sk+h(η,i)+1
(η↑

k+h
(x) − η↑

k+h+1
(x)) = ζk+h (η, i) > 0.

Since for any i ∈ Z,
sℓ+h (η, ξℓ+h (η, sk+h (η, i))) = sk+h (η, i) ,

we obtain
sk+h(η,i+1)
∑

x=sk+h(η,i)+1
(η↑

k+h
(x) − η↑

k+h+1
(x))

= ξℓ+h(η,sk+h(η,i+1))
∑

x=ξℓ+h(η,sk+h(η,i))+1
(η↑

k+h
(sℓ+h (η, x)) − η↑k+h+1 (sℓ+h (η, x)))

= ξℓ+h(η,sk+h(η,i+1))−ξℓ+h(η,0)
∑

x=ξℓ+h(η,sk+h(η,i))−ξℓ+h(η,0)+1
(Ψℓ+h (η)↑k−ℓ (x) −Ψℓ+h (η)↑k−ℓ+1 (x))

= sk−ℓ(Ψℓ+h(η),i+1)
∑

x=sk−ℓ(Ψℓ+h(η),i)+1
(Ψℓ+h (η)↑k−ℓ (x) −Ψℓ+h (η)↑k−ℓ+1 (x))

= ζk−ℓ (Ψℓ+h (η) , i) > 0.
Hence there is a (k − ℓ)-soliton with volume at site sk−ℓ (Ψℓ+h (η) , i) in
Ψℓ+h (η), and thus there exists some j̃ ∈ Z such that

sk−ℓ (Ψℓ+h (η) , i) =X(j̃)k−ℓ
(Ψℓ+h (η) ,0) .
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Now we show j = j̃. For the case i ≥ 0, from (5.3),

j = ∣{0 ≤ i′ ≤ i ; ζk−ℓ (Ψℓ+h (η) , i′) > 0}∣
= ∣{0 ≤ i′ ≤ i − 1 ; ζk+ℓ (η, i′) > 0}∣
= j̃.

For the case i < 0, from (5.3),

j − 1 = ∣{i ≤ i′ ≤ −1 ; ζk−ℓ (Ψℓ+h (η) , i′) > 0}∣
= ∣{0 ≤ i′ ≤ i − 1 ; ζk+ℓ (η, i′) > 0}∣
= j̃ − 1.

Thus we have j = j̃. Hence we have (5.8).
�

Thanks to Lemma 5.3, we have the following.

Lemma 5.4. For any k, ℓ, h ∈ N, i ∈ Z and n ∈ N, we have

N
(i)
k+h,ℓ+h

(η, n) = N (i)
k,ℓ
(Ψh (η) , n) , (5.10)

M
(i)
k+h
(η, n) =M (i)

k
(Ψh (η) , n) . (5.11)

In particular, (5.11) implies

Y
(i)
1
(Ψk−1 (η) , n) = n −M (i)

k
(η, n) . (5.12)

Proof. We use induction for n ∈ N. First we consider the case n = 1. For
(5.11) with n = 1, from (5.9), we see that the i-th k + h-soliton in η is not
free at time 0 if and only if the i-th k-soliton in Ψh (η) is not free at time 0.
Hence we have

M
(i)
k+h
(η,1) =M (i)

k
(Ψh (η) ,1) .

Next we show (5.10) with n = 1. We fix i ∈ Z and k, ℓ, h ∈ N such that k > ℓ.
Then there exists some j ∈ Z such that

ξk+h−1 (η,X(i)k+h
(η,0)) = j.

In other words, we have

X
(i)
k+h
(η,0) = sk+h−1 (η, j) .

In this case, we also have

Hk+h (γik+h (n − 1)) = sk+h−1 (η, j + 1) .
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We observe that from (3.3),

N
(i)
k+h,ℓ+h

(η,1)
=
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ξℓ+h(η,sk+h−1(η,j+1))
∑

z=ξℓ+h(η,X(i)k+h(η))+1
ζℓ+h (η, z) if the i-th k + ℓ-soliton is free,

0 otherwise.

On the other hand, from Lemma 5.3, we get

ξℓ+h (η,X(i)k+h
(η,0)) = ξℓ (Ψh (η) ,X(i)k

(Ψh (η) ,0)) ,
ξℓ+h (η, sk+h−1 (η, j + 1)) = ξℓ (Ψh (η) , sk−1 (Ψh (η) , j + 1)) ,

and

sk−1 (Ψh (η) , j + 1) =Hk (γ(i)k
(Ψh (η) ,1)) .

Hence if the i-th k + ℓ-soliton is free, we obtain

N
(i)
k+h,ℓ+h

(η,1) = ξℓ+h(η,sk+h−1(η,j+1))
∑

z=ξℓ+h(η,X(i)k+h(η))+1
ζℓ+h (η, z)

=
ξℓ(Ψh(η),Hk(γ(i)k

(Ψh(η),n)))
∑

ξℓ(Ψh(η),X(i)k
(Ψh(η)))+1

ζℓ (Ψh (η) , z)
= N (i)

k,ℓ
(Ψh (η) ,1) .

Now we assume that (5.10) and (5.11) hold up to n ∈ N. Then,
N
(i)
k+h,ℓ+h

(η, n + 1) = N (i)
k+h,ℓ+h

(η, n + 1) −N (i)
k+h,ℓ+h

(η, n) +N (i)
k+h,ℓ+h

(η, n + 1)
= N (j)

k+h,ℓ+h
(Tnη,1) +N (i)

k,ℓ
(Ψh (η) , n)

= N (j)
k,ℓ
(Ψh (Tnη) ,1) +N (i)

k,ℓ
(Ψh (η) , n) ,

where j = j(η, n) is uniquely determined via

X
(j)
k+h
(Tnη,0) =X(i)

k+h
(η, n) ,

i.e., j is the number assigned to the k-soliton at X
(i)
k+h
(η, n) in Tnη. From

[S, Proposition 4.4], we have

Ψh (Tnη) = τ∑n
s=1∑h

m=1 r(Ψm−1(T sη),0)TnΨh (η) ,
and in particular, we get

X
(j)
k
(Ψh (Tnη) ,0) =X(i)

k
(Ψh (η) , n) − n

∑
s=1

h

∑
m=1

r (Ψm−1 (T sη) ,0) .
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Since the number of ℓ-solitons overtaken by a tagged k-soliton from time 0
to 1 is conserved by constant spatial shift, we have

N
(j)
k,ℓ
(Ψh (Tnη) ,1) = N (i)

k,ℓ
(Ψh (η) , n + 1) −N (i)k,ℓ

(Ψh (η) , n) ,
and thus (5.10) holds for n + 1. By using the same argument, we can also
show that (5.11) holds for n + 1. �

Now we will derive some estimates for Nk,ℓ,Mk,ℓ,Mk by using ζ and the
k-skip map. A key observation is that from Lemma 5.3, if we apply the
ℓ-skip map to η, then k-solitons in η with k > ℓ become (k − ℓ)-solitons in
Ψℓ(η), and ℓ-solitons in η become certain sites in Ψℓ(η). Thus we see that
a k-soltion overtaking ℓ-soltions in η corresponds to a (k− ℓ)-soliton passing
a certain site in Ψℓ(η). We note that different solitons may correspond to

the same site, and if ξℓ(X(j)ℓ
) = x for some j ∈ Z and x ∈ Z, then the site x

of Ψℓ(η̃) corresponds to ζℓ(x) ℓ-solitons. Hence, to find the total number of
ℓ-solitons overtaken by the i-th k-soliton in η, we only need to calculate the

sum of ζℓ(x) on x ∈ [X(i)
k−ℓ
(Ψℓ(η))+1,X(i)k−ℓ

(Ψℓ(η), n))]. Conversely, M (i)
k
(n)

can be calculated by counting the number of solitons passing through the
site in Ψk(η) corresponding to the i-th k-soliton with volume.

Lemma 5.5. Assume that η ∈ Ω. Then, for any k, ℓ ∈ N, i ∈ Z and n ∈ Z≥0,
we have

n

∑
m=1

N
(i)
k,ℓ
(η,m) = X

(i)
k−ℓ(Ψℓ(η̃),n)
∑

j=X(i)
k−ℓ(Ψℓ(η̃),0)+1

ζℓ (η̃, j) , (5.13)

and

M
(i)
k
(η, n) = n−1

∑
m=0
(1 − r (TmΨk (η̃) , Jk (η̃, i))) , (5.14)

where

Jk (η, i) ∶=
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

min

⎧⎪⎪⎨⎪⎪⎩j ∈ Z≥0 ;
j

∑
h=0

1{ζk(η,h)>0} = i
⎫⎪⎪⎬⎪⎪⎭ i ≥ 1,

−min

⎧⎪⎪⎨⎪⎪⎩j ∈ Z≥0 ;
−1

∑
h=−j

1{ζk(η,h)>0} = −i + 1
⎫⎪⎪⎬⎪⎪⎭ i ≤ 0.

(5.15)

In addition,

Jℓ(η,σ(i)k,ℓ
(η,0))−1
∑

j=Jℓ(η,σ(i)k,ℓ
(η,n))

ζℓ (η, j) ≤M (i)
k,ℓ
(η, n) ≤ Jℓ(η,σ(i)k,ℓ

(η,0))
∑

j=Jℓ(η,σ(i)k,ℓ
(η,n))−1

ζℓ (η, j) , (5.16)
where

σ
(i)
k,ℓ
(η, n) ∶= inf {j ∈ Z ; X

(j)
ℓ−k
(Ψk (η̃) , n) ≥ Jk (η̃, i)} . (5.17)
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Proof. First we note that thanks to Lemma 3.1 and (5.6), without loss of
generality we can assume that s∞(0) = 0.

First we prove (5.13). Observe that i-th k-soliton overtakes the j-th ℓ-
soliton up to time n if and only if

ξℓ (η,X(i)k
(η,0)) + 1 ≤ ξℓ (η,X(j)ℓ

(η,0)) ,
and

ξℓ (Tnη,X
(i)
k
(η, n)) ≥ ξℓ (Tnη,X

(j)
ℓ
(η, n)) .

Hence, from Lemma 3.5, 5.3 and 5.4, we get

X
(i)
k−ℓ
(Ψℓ (η) ,0) + 1 = ξℓ (η,X(i)k

(η,0)) + 1
≤ ξℓ (η,X(j)ℓ

(η,0))
≤ ξℓ (η,X(i)k

(η,0)) + (k − ℓ) (n −Mk (η, n)) + 2 n

∑
m=1

k−1

∑
h=ℓ+1

N
(i)
k,h
(η,m)

=X(i)
k−ℓ
(Ψℓ (η) , n) .

Hence we have (5.13).
Next we show (5.14) for k < ℓ. We observe that the i-th k-soliton is free

at time n if and only if the site,

sk (Tnη, ξk (Tnη,X
(i)
k
(η, n))) ,

is a record in Tnη. In addition, the function ξk(Tnη, ⋅ ) increases at each
record in Tnη. Hence, the i-th k-soliton is free at time n if and only if

ξk (Tnη,X
(i)
k
(η, n)) ∉ [ξk (Tnη,X

(j)
ℓ
(η, n)) + 1, ξk (Tnη, X̄

(j)
ℓ
(η, n))] ,

for any j ∈ Z and ℓ > k, where
X̄
(j)
ℓ
(η, n) ∶=max{x ∈ Z ; x ∈ Con (γ(j)

ℓ
(n))} .

On the other hand, from Lemmas 3.5 and 5.3, we have

ξk (Tnη,X
(i)
k
(η, n)) − ξk (η,X(i)k

(η,0)) = n

∑
m=1
(k + ok (Tm−1η)) ,

and

ξk (Tnη,X
(j)
ℓ
(η, n)) − ξk (η,X(j)ℓ

(η,0))
= (k − ℓ) (n −M (j)

ℓ
(η, n)) + 2 ℓ−1

∑
h=k+1

(h − k)N (i)
ℓ,h
(η, n)

+
n

∑
m=1
(k + ok (Tm−1η)) .
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By (5.9), (5.10) and (5.11) we get

ξk (Tnη,X
(j)
ℓ
(η, n))

=X(j)
ℓ−k
(Ψk (η) ,0) + (k − ℓ) (n −M (j)

ℓ−k
(Ψk (η) , n))

+ 2
ℓ−k−1

∑
h=1

hN
(i)
ℓ−k,h

(Ψk (η) , n) + n

∑
m=1
(k + ok (Tm−1η))

=X(j)
ℓ−k
(Ψk (η) , n) + n

∑
m=1
(k + ok (Tm−1η)) .

Now we consider an expression of ξk (Tnη, X̄
(j)
ℓ
(η, n)). Observe that there

exists j′ = j′(n) ∈ Z such that

X
(j′)
ℓ
(Tnη,0) =X(j)

ℓ
(η, n) .

Since from Remark 3.6, the volume of solitons are conserved in time, we have∣Con (γ(j′)
ℓ
(Tnη,0)) ∣ = ∣Con (γ(j)

ℓ
(η, n)) ∣. In particular, X̄

(j′)
ℓ
(Tnη,0) =

X̄
(j)
ℓ
(η, n). Since there are no h-solitons with h ≥ ℓ + 1 in the interval[X(j′)

ℓ
(Tnη,0) , X̄(j′)

ℓ
(Tnη,0)] at time n, from Remark 3.2, the difference of

ξk (Tnη, X̄
(j′)
ℓ
(Tnη,0))− ξk (Tnη,X

(j′)
ℓ
(Tnη,0)) is equal to the total num-

ber of h-th head and tail with h ≥ k + 1 in [X(j′)
ℓ
(Tnη,0) , X̄(j′)

ℓ
(Tnη,0)],

i.e.,

ξk (Tnη, X̄
(j)
ℓ
(η, n)) − ξk (Tnη,X

(j)
ℓ
(η, n))

= ξk (Tnη, X̄
(j′)
ℓ
(Tnη,0)) − ξk (Tnη,X

(j′)
ℓ
(Tnη,0))

= 2 ℓ

∑
h=k+1

ξh(Tnη,X̄
(j′)
ℓ
(Tnη,0))

∑
x=ξh(Tnη,X

(j′)
ℓ
(Tnη,0))+1

(h − k)ζh (Tnη, x) .
Then from (5.3) and (5.8), we get

2
ℓ

∑
h=k+1

ξh(Tnη,X̄
(j′)
ℓ
(Tnη,0))

∑
x=ξh(Tnη,X

(j′)
ℓ
(Tnη,0))+1

(h − k)ζh (Tnη, x)

= 2 ℓ−k

∑
h=1

ξh−k(Ψk(Tnη),X̄(j′)
ℓ
(Ψk(Tnη),0))

∑
x=ξh−k(Ψk(Tnη),X(j′)

ℓ−k (Ψk(Tnη),0))+1
hζh (Ψk (Tnη) , x)

= X̄(j′)
ℓ−k
(Ψk (Tnη) ,0) −X(j′)

ℓ−k
(Ψk (Tnη) ,0)

= X̄(j)
ℓ−k
(Ψk (η) , n) −X(j)ℓ−k

(Ψk (η) , n) .
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From the above we have

ξk (Tnη, X̄
(j)
ℓ
(η, n)) = X̄(j)

ℓ−k
(Ψk (η) , n) + n

∑
m=1
(k + ok (Tm−1η)) .

By combining the above, we see that i-th k-soliton is free at time n if and
only if

ξk (η,X(i)k
(η,0)) ∉ [X(j)

ℓ−k
(Ψk (η) , n) + 1, X̄(j)ℓ−k

(Ψk (η) , n)] ,
for any j ∈ Z and ℓ > k, and this is equivalent to

r (TnΨk (η) , ξk (η,X(i)k
(η,0))) = 1.

Since

ξℓ (η,X(j)ℓ
(η,0)) = Jℓ (η, j) , (5.18)

we have (5.14).
Finally we show (5.16). By the same computation as above, we see that

i-th k-soliton will be overtaken by the j-th ℓ-soliton up to time n if and only
if

X
(j)
ℓ−k
(Ψk (η) ,0) + 1 ≤ ξk (η,X(i)k

(η,0)) ≤X(j)
ℓ−k
(Ψk (η) , n) .

On the other hand, we see that

X
(σ(i)

k,ℓ
(η,0)−1)

ℓ−k
(Ψk (η) ,0) < ξk (η,X(i)k

(η,0)) ≤X(σ(i)k,ℓ
(η,0))

ℓ−k
(Ψk (η)) ,

and

X
(σ(i)

k,ℓ
(η,n)−1)

ℓ−k
(Ψk (η) , n) < ξk (η,X(i)k

(η,0)) ≤X(σ(i)k,ℓ
(η,n))

ℓ−k
(Ψk (η) , n) .

Hence, if σ
(i)
k,ℓ
(η, n) ≤ j ≤ σ(i)

k,ℓ
(η,0) − 1, then the j-th ℓ-soliton will overtake

the i-th k-soliton up to time n. Now we observe that

Jℓ(η,j+1)−1
∑

Jℓ(η,j)+1
ζℓ (η, j) = 0,

for any ℓ ∈ N and j ∈ N. From the above and (5.18), we have (5.16). �

The following representation of Y
(i)
k
(n) is a key to show the main results.

As we will see later in Proposition 5.9, the representation of Y
(i)
k
(n) in

Lemma 5.6 is an orthogonal decomposition of Y
(i)
k
(n), unlike the original

formula (3.2).
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Lemma 5.6. For any q ∈ Q, k ∈ N, 0 ≤ ℓ ≤ k − 1, i ∈ Z and n ∈ Z≥0, we have

Y
(i)
k−ℓ
(Ψℓ (η) , n) = veffk−ℓ (θℓq)

veff
1
(θk−1q) (n −M (i)

k
(η, n))

+ 2
k−1

∑
h=ℓ+1

veffh−ℓ (θℓq)
veff
1
(θh−1q)

X
(i)
k−h(Ψh(η̃),n)
∑

j=X(i)
k−h(Ψh(η̃),0)+1

(ζh (j) − αh (q)) ,
with convention ∑0

ℓ=1 = 0. In particular, we have

Y
(i)
k
(η, n) = veffk (q)

veff
1
(θk−1q) (n −M (i)

k
(η, n))

+ 2
k−1

∑
h=1

veffh (q)
veff
1
(θh−1q)

X
(i)
k−h(Ψh(η̃),n)
∑

j=X(i)
k−h(Ψh(η̃),0)+1

(ζh (j) − αh (q)) .(5.19)
Proof of Lemma 5.6. First we note that from Lemma 3.1, for any k ∈ N,
i ∈ Z and n ∈ Z≥0, we have Y

(i)
k
(η, n) = Y

(i)
k
(η̃, n). Hence, without loss of

generality, we can assume that s∞(0) = 0.
We fix q ∈ Q. From (5.2), (5.3), (5.5), Lemmas 5.4 and 5.5, for any k ∈ N,

0 ≤ ℓ < k, i ∈ Z and n ∈ Z≥0, we get

Y
(i)
k−ℓ
(Ψℓ (η) , n)

= (k − ℓ) (n −M (i)
k−ℓ
(Ψℓ (η) , n)) + 2 k−ℓ−1

∑
h=1

h

X
(i)
k−ℓ−h(Ψℓ+h(η),n)

∑
j=X(i)

k−ℓ−h(Ψℓ+h(η),0)+1
ζh (Ψℓ (η) , j)

= (k − ℓ) (n −M (i)
k
(n)) + 2 k−1

∑
h=ℓ+1

(h − ℓ) X
(i)
k−h(Ψh(η),n)
∑

j=X(i)
k−h(Ψh(η),0)+1

(ζh (j) − αh (q))
+ 2

k−1

∑
h=ℓ+1

(h − ℓ)αh (q)Y (i)k−h
(Ψh (η) , n) .

Hence, if we write

Ak−ℓ,ℓ ∶= Y (i)k−ℓ
(Ψℓ (η) , n) ,

Bℓ ∶=
X
(i)
k−ℓ(Ψℓ(η),n)
∑

j=X(i)
k−ℓ(Ψℓ(η),0)+1

(ζℓ (j) − αℓ (q)) ,
C ∶= n −M (i)

k
(n) ,

then for any 0 ≤ ℓ ≤ k − 1 we have the following system.

Ak−ℓ,ℓ = (k − ℓ)C + 2 k−1

∑
h=ℓ+1

(h − ℓ)αh (q)Ak−h,h + 2
k−1

∑
h=ℓ+1

(h − ℓ)Bh,(5.20)
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with convention ∑k−1
h=k = 0. By using (5.20) recursively starting from ℓ = k−1

and then ℓ = k − 2, and so on to ℓ = 0, we can represent Ak−ℓ,ℓ as a linear
combination of C and Bh, ℓ + 1 ≤ h ≤ k − 1. Hence, for any k ∈ N and
0 ≤ ℓ ≤ k − 1, there exist some positive constants bk,ℓ,h (q), ℓ + 1 ≤ h ≤ k − 1
and ck,ℓ (q) such that

Ak−ℓ,ℓ = ck,ℓ (q)C + k−1

∑
h=ℓ+1

bk,ℓ,h (q)Bh,

with convention ∑k−1
h=k = 0. In the rest of the proof, we will show that

bk,ℓ,h (q) = 2veffh−ℓ (θℓq)
veff
1
(θh−1q) , (5.21)

for any k ≥ 2, 0 ≤ ℓ ≤ h − 1 ≤ k − 2, and
ck,ℓ (q) = veffk−ℓ (θℓq)

veff
1
(θℓ−1q) , (5.22)

for any k ∈ N and 0 ≤ ℓ ≤ k − 1. By using (5.20), we have

Ak−ℓ,ℓ = (k − ℓ)C + 2 k−1

∑
h=ℓ+1

(h − ℓ)αh (q)Ak−h,h + 2
k−1

∑
h=ℓ+1

(h − ℓ)Bh

= (k − ℓ)C + 2 k−1

∑
h=ℓ+1

(h − ℓ)αh (q)(ck,h (q)C + k−1

∑
h′=h+1

bk,h,h′ (q)Bh′)
+ 2

k−1

∑
h=ℓ+1

(h − ℓ)Bh

= (k − ℓ + 2 k−1

∑
h=ℓ+1

(h − ℓ)αh (q) ck,h)C
+ 2Bℓ+1 + 2

k−1

∑
h=ℓ+2

(h − ℓ + h−1

∑
h′=ℓ+1

(h′ − ℓ)αh′ (q) bk,h′,h)Bh.

Hence we have

bk,ℓ,h (q) = 2 (h − ℓ) + 2 h−1

∑
h′=ℓ+1

(h′ − ℓ)αh′ (q) bk,h′,h (q) , (5.23)

and

ck,ℓ = k − ℓ + 2 k−1

∑
h=ℓ+1

(h − ℓ)αh (q) ck,h, (5.24)
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with convention ∑ℓ
h′=ℓ+1 = 0. On the other hand, from (4.11) and (5.5), we

have

veffk−ℓ (θℓq) = (k − ℓ) veff1 (θk−1q) + 2 k−ℓ−1

∑
h=1

hαℓ+h (q) veffk−ℓ−h (θℓ+hq)
= (k − ℓ) veff1 (θk−1q) + 2 k−1

∑
h=ℓ+1

(h − ℓ)αh (q) veffk−h (θhq) .(5.25)
By comparing (5.23), (5.25), we see that for fixed k ∈ N, both the sequences

2veffk−ℓ (θℓq) veff1 (θk−1q)−1 and bh,ℓ,k (q) satisfy the same inductive system for
0 ≤ ℓ ≤ k − 1, and these two sequence have the same value 2 with ℓ = k − 1.
Hence we have (5.21). By the same argument for (5.24) and (5.25), we also
get (5.22). Therefore Lemma 5.6 is proved.

�

In the rest of this subsection, we note some consequences from Lemmas
5.5 and 5.6 and some materials in its proof. Before describing those, we
consider the following remark.

Remark 5.7. From (5.3) and the bijectivity of ζ, Ψk(η̃) can be described
as a function of (ζℓ(i))ℓ≥k+1,i∈Z. In particular, for any k ∈ N, Ψk(η̃) and(ζℓ(i))ℓ≤k,i∈Z are independent under νq, q ∈ Q.

First we prove the exponential bound for Y
(i)
k
(n). To describe the result,

we prepare some functions. For any q ∈ Q, k ∈ N and λ ∈ R, we define

uq,k (λ) ∶= log (Eνq [exp (2λζk(0))]) =
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
∞ λ ≥ log q−1k

2
,

log ( 1 − qk
1 − e2λqk ) λ < log q−1k

2
.

By using uq,k (λ), we inductively define Uq,k (λ) as Uq,1 (λ) ∶= λ, and
Uq,k (λ) ∶= kλ + k−1

∑
ℓ=1
(k − ℓ)uq,ℓ (Uq,ℓ (λ)) , (5.26)

for any k ≥ 2. We note that there exists some δq,k > 0 depending on q, k such
that (−∞δq,k) ⊂ {λ ∈ R ; Uq,k (λ) < ∞} In addition, Uq,k (λ) is a smooth
monotone convex function on (−∞, δq,k).
Lemma 5.8. For any q ∈ Q and k ∈ N with qk > 0, there exists λq,k ∈(0,∞] depending on q, k such that for any λ < λq,k, i ∈ Z and n ≥ 0,

Eνq [exp(λY (i)k
(n))] < ∞. Moreover, if λ < min{δq,k, λq,k}, then for any

i ∈ Z and n ≥ 0, we have

Eνq [exp(λY (i)k
(n))] = Eνq [exp(Uq,k (λ) (n −M (i)

k
(n)))] . (5.27)

Proof. Since Y
(i)
k
(n) is non-negative, it suffices to consider the exponential

moment of Y
(i)
k
(n) with λ > 0.
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We use induction on k ∈ N. For the case k = 1, since ∣Y (i)
1
(n)∣ ≤ n, from

(5.12), we have

Eνq [exp(λY (i)1
(n))] = Eνq [exp(λn −M (i)

1
(n))] <∞,

for any λ ∈ R.
Now we assume that the claim of this lemma holds up to k − 1. Suppose

that q ∈ Q and qk > 0. By Lemmas 3.1, 5.2, (5.12) and (5.13), we have

Y
(i)
k
(η, n) = kY (i)

1
(Ψk−1 (η̃) , n) + 2 k−1

∑
ℓ=1

ℓ

X
(i)
k−ℓ(Ψℓ(η̃),n)
∑

j=X(i)
k−ℓ(Ψℓ(η̃),0)+1

ζℓ (η̃, j) .
Then from Remark 5.7, Fubini’s theorem and (5.5), we have

Eνq [exp (λY (i)k
(n))]

= Eνq

⎡⎢⎢⎢⎢⎣ exp
⎛⎜⎝kλY (i)1

(Ψk−1 (η̃) , n) + 2λ k−1

∑
ℓ=2

ℓ

X
(i)
k−ℓ(Ψℓ(η̃),n)
∑

j=X(i)
k−ℓ(Ψℓ(η̃),0)+1

ζℓ (η̃, j)⎞⎟⎠
× exp(uq,1 (λ)Y (i)k−1

(Ψ1 (η̃) , n)) ⎤⎥⎥⎥⎥⎦. (5.28)

We observe that from (5.2) and (5.3),

kY
(i)
1
(Ψk−1 (η̃) , n) + 2 k−1

∑
ℓ=2

ℓ

X
(i)
k−ℓ(Ψℓ(η̃),n)
∑

j=X(i)
k−ℓ(Ψℓ(η̃),0)+1

ζℓ (η̃, j)

= kY (i)
1
(Ψk−1 (η̃) , n) + 2 k−2

∑
ℓ=1
(ℓ + 1) X

(i)
k−1−ℓ(Ψℓ(Ψ1(η̃)),n)

∑
j=X(i)

k−1−ℓ(Ψℓ(Ψ1(η̃)),0)+1
ζℓ (Ψ1 (η̃) , j)

≤ 2Y (i)
k−1
(Ψ1 (η̃) , n) .

From the assumption of induction, there exists some λθq,k−1 > 0 such that

Eνθq [exp(λY (i)k
(n))] < ∞ for any λ < λθq,k−1, i ∈ Z and n ≥ 0. Hence if λ

satisfies

0 < 2λ + uq,1 (λ) <min{λθq,k−1,
log q−11

2
} ,

then for any i ∈ Z and n ≥ 0, we have

Eνq [exp(λY (i)k
(n))]

≤ Eνq [exp ((2λ + uq,1 (λ))Y (i)k−1
(Ψ1 (η̃) , n))]

= Eνθq [exp((2λ + uq,1 (λ))Y (i)k−1
(n))]

<∞.
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Since the function λ ↦ 2λ + uq,1 (λ) is strictly increasing, we see that there

exists some λq,k > 0 such that Eνθq [exp (λY (i)k
(n))] <∞ for any 0 < λ < λq,k,

i ∈ Z and n ≥ 0.
From now on we show (5.27). By Lemmas 3.1, 5.2, (5.12) and (5.13), we

obtain

Y
(i)
k−1
(Ψ1 (η̃) , n)

= (k − 1)Y (i)
1
(Ψk−1 (η̃) , n) + 2 k−1

∑
ℓ=2
(ℓ − 1) X

(i)
k−ℓ(Ψℓ(η̃),n)
∑

j=X(i)
k−ℓ(Ψℓ(η̃),0)+1

ζℓ (η̃, j) .
By substituting the above formula of Y

(i)
k−1
(Ψ1 (η̃) , n) to (5.28), we get

Eνq [exp(λY (i)k
(n))]

= Eνq

⎡⎢⎢⎢⎢⎣ exp ((λk + uq,1 (λ) (k − 1))Y
(i)
1
(Ψk−1 (η̃) , n))

× exp⎛⎝2
k−1

∑
h=2
(λh + uq,1 (λ) (h − 1)) Xk−h(Ψh(η̃),n)

∑
j=Xk−h(Ψh(η̃),0)+1

ζh (j)⎞⎠
⎤⎥⎥⎥⎥⎦.

By repeating the above computation, we have (5.27).
From the above, this lemma has been shown. �

Next, for any q ∈ Q, k ∈ N, i ∈ Z and n ∈ Z≥0, we define ∆Y
(i)
k,ℓ
(η,q, n),

1 ≤ ℓ ≤ k − 1 as

∆Y
(i)
k,ℓ
(η,q, n) ∶= X

(i)
k−ℓ(Ψℓ(η̃),n)
∑

j=X(i)
k−ℓ(Ψℓ(η̃),0)+1

(ζℓ (η̃, j) − αℓ (q)) . (5.29)

Note that from Lemma 5.2, (5.14), Lemmas 5.6 and Remark 5.7, Y
(i)
k
(n)

can be represented as

Y
(i)
k
(η, n) −Eνq [Y (i)k

(η, n)] = − veffk (q)
veff
1
(θk−1q) (M (i)

k
(n) −Eνq [M (i)

k
(n)])

+ 2
k−1

∑
ℓ=1

veffℓ (q)
veff
1
(θℓ−1q)∆Y

(i)
k,ℓ
(η,q, n) . (5.30)

From Lemma 3.1 and Remark 5.7, we have the following proposition.

Proposition 5.9. For any q ∈ Q, k ∈ N, i ∈ Z and n ∈ Z≥0, we have

Eνq [∆Y
(i)
k,ℓ
(q, n)] = 0, (5.31)
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and

Eνq [∆Y
(i)
k,ℓ
(q, n)∆Y

(i)
k,ℓ′ (q, n)]

= ⎧⎪⎪⎨⎪⎪⎩
Eν

θℓq
[Y (i)

k−ℓ
(n)]βℓ (q) ℓ = ℓ′,

0 ℓ ≠ ℓ′. (5.32)

In addition, for any 1 ≤ ℓ ≤ k − 1, we have

Eνq [∆Y
(i)
k,ℓ
(q, n)M (i)

k
(n)] = 0. (5.33)

By combining the above, we have

Eνq [∣Y (i)k
(n) −Eνq [Y (i)k

(n)]∣2]
= veffk (q)2
veff
1
(θk−1q)2Eνq [∣M (i)

k
(n) −Eνq [M (i)

k
(n)]∣2]

+ 4
k−1

∑
ℓ=1

veffℓ (q)2Eν
θℓq
[Y (i)

k−ℓ
(n)]βℓ (q)

veff
1
(θℓ−1q)2 .

Proof of Proposition 5.9. Since the case k = 1 is trivial, we consider the case

k ≥ 2. We fix i ∈ Z. Since X
(i)
k−ℓ
(Ψℓ (η̃) , n) is σ (ζh ; h ≥ ℓ + 1)-m’ble for any

1 ≤ ℓ ≤ k − 1 and n ∈ Z≥0, from Remark 5.7 we have

Eνq [∆Y
(i)
k,ℓ
(η,q, n) ∣σ (ζh ; h ≥ ℓ + 1)] = 0 νq-a.s.

Hence we obtain (5.31) and (5.32). In addition, from (5.14), M
(i)
k
(n) is

σ (ζh ; h ≥ k)-m’ble for any n ∈ Z≥0. Hence for any 1 ≤ ℓ ≤ k − 1 and n ∈ Z≥0
we get

Eνq [∆Y
(i)
k,ℓ
(η,q, n)M (i)

k
(n) ∣σ (ζh ; h ≥ ℓ + 1)]

=M (i)
k
(n)Eνq [∆Y

(i)
k,ℓ
(η,q, n) ∣σ (ζh ; h ≥ ℓ + 1)]

= 0 νq-a.s.

Therefore we have (5.33).
�

Remark 5.10. The decomposition (5.30) might be useful to consider the
long-time correlations between solitons with different sizes. Actually, from
Remark 5.7, for any q ∈ Q, k, ℓ ∈ N, k < ℓ, i, j ∈ N, we have

lim
n→∞

1

n
Eνq [∆Y

(i)
k,h
(q, n)∆Y

(j)
ℓ,h′ (q, n)]

= ⎧⎪⎪⎨⎪⎪⎩
vk−h−1 (θh+1q) veff1 (θk−1q)βℓ+1 (q) h = h′,
0 h ≠ h′.
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In addition, for any 0 ≤ h ≤ k − 2 and 0 ≤ h′ ≤ ℓ − 2, we have

lim
n→∞

1

n
Eνq [∆Y

(i)
k,h
(q, n)Y (j)

1
(Ψℓ−1 (η) , n)]

= lim
n→∞

1

n
Eνq [Y (i)1

(Ψk−1 (η) , n)∆Y
(i)
ℓ,h′ (q, n)] = 0.

Hence, if the covariance of Y
(i)
1
(Ψk−1 (η) , n) and Y

(j)
1
(Ψℓ−1 (η) , n) can be

computed explicitly, then one can obtain the explicit correlation between the
i-th k-soliton and j-th ℓ-soliton, but it does not seem to be easy to compute.

6. Proof of Theorem 4.2

Since Y
(i)
k
(n)/n converges to veffk (q) a.s., to show the L

p convergence, it

is sufficient to prove that (∣Y (i)
k
(n)/n∣p)

n∈N
is uniformly integrable, i.e.,

lim
L→∞

sup
n∈N

νq
⎛⎝Y

(i)
k
(n)
n

> L⎞⎠ = 0,
and

lim
L→∞

sup
n∈N

Eνq

⎡⎢⎢⎢⎢⎣
RRRRRRRRRRRR
Y
(i)
k
(n)
n

RRRRRRRRRRRR
p

1{Y (i)
k
(n)/n≥L}

⎤⎥⎥⎥⎥⎦ = 0.
We recall that Uq,k (λ) is defined in (5.26) and is smooth on (−∞, δq,k) with
some δq,k > 0. Thanks to (5.27), we get

Eνq

⎡⎢⎢⎢⎢⎣exp
⎛⎝λY

(i)
k
(n)

n

⎞⎠
⎤⎥⎥⎥⎥⎦ = Eνq

⎡⎢⎢⎢⎢⎢⎣
exp
⎛⎜⎝nUq,k (λ

n
) (n −M (i)

k
(n))

n

⎞⎟⎠
⎤⎥⎥⎥⎥⎥⎦

≤ exp(nUq,k (λ
n
)) ,

where we use the fact 0 ≤M (i)
k
(n) ≤ n. By the smoothness of Uq,k (λ), we

see that if λ < δq,k, then
sup
n∈N

exp(nUq,k (λ
n
)) <∞.

Hence by the Chebyshev inequality we have

sup
n∈N

νq
⎛⎝Y

(i)
k
(n)
n

> L⎞⎠
≤ e−λL sup

n∈N
Eνq

⎡⎢⎢⎢⎢⎣exp
⎛⎝λY

(i)
k
(n)

n

⎞⎠
⎤⎥⎥⎥⎥⎦

≤ e−λL sup
n∈N

exp(nUq,k (λ
n
))

→ 0 as L→∞.
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Moreover, from an elementary inequality xp ≤ (⌊p⌋ + 1)!ex, x ≥ 0, and the
Schwartz inequality, by choosing 0 < λ < δq,k/2, we obtain

sup
n∈N

Eνq

⎡⎢⎢⎢⎢⎣
RRRRRRRRRRRR
Y
(i)
k
(n)
n

RRRRRRRRRRRR
p

1{Y (i)
k
(n)/n≥L}

⎤⎥⎥⎥⎥⎦
≤ (⌊p⌋ + 1)!

λp
sup
n∈N

Eνq

⎡⎢⎢⎢⎢⎣exp
⎛⎝λY

(i)
k
(n)

n

⎞⎠1{Y (i)k
(n)/n≥L}

⎤⎥⎥⎥⎥⎦
≤ (⌊p⌋ + 1)!

λp
sup
n∈N

Eνq

⎡⎢⎢⎢⎢⎣exp
⎛⎝2λY

(i)
k
(n)

n

⎞⎠
⎤⎥⎥⎥⎥⎦

1

2

νq
⎛⎝Y

(i)
k
(n)
n

> L⎞⎠
1

2

≤ (⌊p⌋ + 1)!
λp

⎛⎝supn∈N
exp(nUq,k (2λ

n
)) 1

2⎞⎠
⎛⎜⎜⎝supn∈N

νq
⎛⎝Y

(i)
k
(n)
n

> L⎞⎠
1

2⎞⎟⎟⎠
→ 0 as L→∞.

Therefore Theorem 4.2 is proved.

7. Proof of Theorem 4.5

7.1. Proof of (1). First we prepare the following simple lemmas.

Lemma 7.1. Let ζ(i), i ∈ N be i.i.d. random variables define on any proba-
bility space with E[ζ(0)] = 0 and E[ζ(0)2] = 1, and define S(n) ∶= ∑n

i=1 ζ(i),
n ∈ N. Assume that aε (t) , bε (t) are non-deacresing function on [0,∞) such
that

lim
ε→0

sup
0≤t≤T

∣aε (t) − bε (t)∣ = 0, lim
ε→0

sup
0≤t≤T

∣aε (t) − at∣ = 0,
with some constant a > 0. Then, for any T > 0 and δ > 0, we have

lim
ε→0

P( sup
0≤t≤T

ε ∣S (⌊aε (t)
ε2
⌋) − S (⌊bε (t)

ε2
⌋)∣ > δ) = 0.

Proof. Let B(t), t ≥ 0 be a standard Brownian motion defined on some
probability space. Thanks to the Skorokhod embedding theorem (cf. [B,
Theorem 37.7]), there exists a sequence of stopping times τ (n), n ∈ Z≥0,
τ0 ∶= 0 such that τ (n) − τ (n − 1), n ∈ N are i.i.d. and

(B (τ (n)) , n ∈ N) d= (S (n) , n ∈ N) .
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Hence, we have

P( sup
0≤t≤T

ε ∣S (⌊aε (t)
ε2
⌋) − S (⌊bε (t)

ε2
⌋)∣ > δ)

= P( sup
0≤t≤T

ε ∣B (τ (⌊aε (t)
ε2
⌋)) −B (τ (⌊bε (t)

ε2
⌋))∣ > δ)

= P( sup
0≤t≤T

∣B (ε2τ (⌊aε (t)
ε2
⌋)) −B (ε2τ (⌊bε (t)

ε2
⌋))∣ > δ) .

Now we claim that

lim
ε→0

sup
0≤t≤T

∣ε2τ (⌊aε (t)
ε2
⌋) − ε2τ (⌊bε (t)

ε2
⌋)∣ = 0 a.s. (7.1)

Actually, for any t ≥ 0, we have

ε2τ (⌊aε (t)
ε2
⌋) = ε2 ⌊aε(t)ε−2⌋∑

n=1
(τ (n) − τ (n − 1))

→ at a.s.,

where we use E[τ(1)] = 1. Then, for any n ∈ N, we have

lim
ε→0

max
0≤m≤n

RRRRRRRRRRRε
2τ
⎛⎝
⎢⎢⎢⎢⎣
aε (mT

n
)

ε2

⎥⎥⎥⎥⎦
⎞⎠ − amT

n

RRRRRRRRRRR = 0 a.s. (7.2)

On the other hand, by the monotonicity of τ, aε, we have

sup
t∈[mT

n
,
(m+1)T

n
]
∣ε2τ (⌊aε (t)

ε2
⌋) − at∣

≤
RRRRRRRRRRRRRR
ε2τ
⎛⎜⎝
⎢⎢⎢⎢⎢⎢⎣
aε ( (m+1)Tn

)
ε2

⎥⎥⎥⎥⎥⎥⎦
⎞⎟⎠ −

amT

n

RRRRRRRRRRRRRR
+
RRRRRRRRRRRε

2τ
⎛⎝
⎢⎢⎢⎢⎣
aε (mT

n
)

ε2

⎥⎥⎥⎥⎦
⎞⎠ − a(m + 1)T

n

RRRRRRRRRRR
≤
RRRRRRRRRRRRRR
ε2τ
⎛⎜⎝
⎢⎢⎢⎢⎢⎢⎣
aε ( (m+1)Tn

)
ε2

⎥⎥⎥⎥⎥⎥⎦
⎞⎟⎠ −

a(m + 1)T
n

RRRRRRRRRRRRRR
+
RRRRRRRRRRRε

2τ
⎛⎝
⎢⎢⎢⎢⎣
aε (mT

n
)

ε2

⎥⎥⎥⎥⎦
⎞⎠ − amT

n

RRRRRRRRRRR +
2aT

n

≤ 2 max
0≤m≤n

RRRRRRRRRRRε
2τ
⎛⎝
⎢⎢⎢⎢⎣
aε (mT

n
)

ε2

⎥⎥⎥⎥⎦
⎞⎠ − amT

n

RRRRRRRRRRR +
2aT

n
.

From (7.2), we see that

lim
ε→0

sup
0≤t≤T

∣ε2τ (⌊aε (t)
ε2
⌋) − at∣ ≤ lim

ε→0
max
0≤m≤n

sup
t∈[mT

n
,
(m+1)T

n
]
∣ε2τ (⌊aε (t)

ε2
⌋) − at∣

≤ 2aT

n
a.s.,
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for any n ∈ N. Hence we get

lim
ε→0

sup
0≤t≤T

∣ε2τ (⌊aε (t)
ε2
⌋) − at∣ = 0 a.s.,

and thus from the assumption of this lemma we obtain (7.1). From (7.1),
for any δ′ > 0 we have

lim
ε→0

P( sup
0≤t≤T

∣B (ε2τ (⌊aε (t)
ε2
⌋)) −B (ε2τ (⌊bε (t)

ε2
⌋))∣ > δ)

≤ P
⎛⎜⎜⎜⎝ sup
0≤t,s≤a(T+δ′),
∣t−s∣≤δ′

∣B (t) −B (s)∣ > δ⎞⎟⎟⎟⎠
+ lim

ε→0
P( sup

0≤t≤T
∣ε2τ (⌊aε (t)

ε2
⌋) − ε2τ (⌊bε (t)

ε2
⌋)∣ > δ′)

+ 2 lim
ε→0

P( sup
0≤t≤T

∣ε2τ (⌊aε (t)
ε2
⌋) − at∣ > δ′)

= P
⎛⎜⎜⎜⎝ sup
0≤t,s≤a(T+δ′),
∣t−s∣≤δ′′

∣B (t) −B (s)∣ > δ⎞⎟⎟⎟⎠→ 0 as δ′ → 0.

From the above, Lemma 7.1 is proved.
�

Recall that ∆Y
(i)
k,ℓ
(η,q, n) is defined in (5.29).

Lemma 7.2. For any q ∈ Q, k ∈ N, 1 ≤ ℓ ≤ k − 1, i ∈ Z, T > 0 and δ > 0, we
have

lim
ε→0

νq
⎛⎜⎝ sup
0≤t≤T

1

n

RRRRRRRRRRRRR∆Y
(i)
k,ℓ
(η,q, ⌊n2t⌋) − ⌊vk−ℓ(θℓq)n2t⌋

∑
j=1

(ζℓ (j) − αℓ (q))
RRRRRRRRRRRRR > δ
⎞⎟⎠ = 0.

Proof. First we observe that since n ↦ X
(i)
k
(n) is increasing in n, by using

(4.10) and the same argument used to derive (7.1) in Lemma 7.1, for any
q ∈ Q, k ∈ N i ∈ N and 0 ≤ t ≤ T, we have

lim
ε→0

sup
0≤t≤T

∣ 1
n
X
(i)
k
(⌊nt⌋) − vk (q) t∣ = 0 νq-a.s. (7.3)

Hence, from (5.5) Remark 5.7, Lemma 7.1 and (7.3), the assertion of this
lemma is proved. �

Thanks to Remark 5.7, we see that the following stochastic processes,

t↦ 1

n

⌊veff
k−ℓ(θℓq)n2t⌋
∑
j=1

(ζℓ (j) − αℓ (q)) , (7.4)
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for 1 ≤ ℓ ≤ k − 1, and
t↦ 1

n
(M (i)

k
(η, ⌊n2t⌋) −Eνq [M (i)

k
(⌊n2t⌋)]) , (7.5)

are independent under νq. Moreover, since νq is translation-invariant, the
distribution of (7.5) does not depend on i ∈ Z. By following the standard way
one can show that (7.4) converges weakly to the Brownian motion in D[0, T ]
with mean 0 and variance veffk−ℓ(θℓq)βℓ(q). Hence, from the assumption of
this theorem, Lemmas 5.4, 7.2 and the representation (5.30), the process
(4.14) converges weakly to a sum of independent Brownian motions, and its
variance Dk (q) is given by the sum of their variance. Therefore Theorem
4.5 (1) is proved.

7.2. Proof of (2). We recall that Uq,k (λ) is defined in (5.26). From Lemma
5.8, if λ <min{δq,k, λq,k}, then for any i ∈ Z and n ≥ 0, we have

1

n
logEνq [exp(λY (i)k

(n))] = 1

n
logEνq [exp(Uq,k (λ) (n −M (i)

k
(n)))] .

Hence from the assumption of Theorem 4.5 (2), we have

ΛY
q,k (λ) = ΛM

q,k (Uq,k (λ)) . (7.6)

We also recall that Uq,k ( ⋅ ) is a smooth monotone convex function, and
supλ≤δ Uq,k (λ) < ∞ for sufficiently small δ > 0. In addition, since 0 ≤
M
(i)
k
(n) ≤ n, we have ∣ΛM

q,k(λ)∣ ≤ ∣λ∣ for any λ. Hence if ΛM
q,k is essentially

smooth, then so is ΛY
q,k. Therefore Theorem 4.5 (2) is proved.

8. Proof of Theorem 4.8

First we prepare two lemmas. To describe them, we define Ξk (η, i) ∶=
ξk (η, s∞ (η, i)), and

J̄k (q) ∶= Eνq [Jk(1)] ,
s̄∞ (q) ∶= Eνq [s∞ (1) − s∞ (0)] ,
Ξ̄k (q) ∶= Eνq [Ξk (1) −Ξk (0)] ,

where Jk (i), i ∈ Z is defined in (5.15).

Lemma 8.1. Suppose that q ∈ Q and Eνq [∣e(0)∣2] <∞. Then, for any k ∈ N,
u ∈ R, we have

lim
n→∞

1

n
X
(⌊nu⌋)
k

(0) = s̄∞ (q) J̄k (q)u
Ξ̄k (q) , νq-a.s. and in L1, (8.1)

and

lim
L→∞

lim
n→∞

νq (∣ 1
n
X
(⌊nu⌋)
k

− s̄∞ (q) J̄k (q)u
Ξ̄k (q) ∣ > L√

n
) = 0. (8.2)
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Proof of Lemma 8.1. First we observe that

s∞ (η, i + 1) − s∞ (η, i) = ∣e(i) (η) ∣
= ∣e(i) (η̃) ∣
= s∞ (η̃, i + 1) − s∞ (η̃, i) ,

where e(i) (η) and η̃ are defined in (2.3) and (3.6), respectively. Similarly,
we have

Ξk (η, i + 1) −Ξk (η, i) = 1 + ∑
ℓ∈N

s∞(η,i+1)
∑

x=s∞(η,i)+1
(η↑

k+ℓ
(x) + η↓

k+ℓ
(x))

= 1 + ∑
ℓ∈N

s∞(η̃,i+1)
∑

x=s∞(η̃,i)+1
(η̃↑

k+ℓ
(x) + η̃↓

k+ℓ
(x))

= 1 + ∑
ℓ∈N
∣{(k + ℓ, σ) -seats in e(i) (η̃) , σ ∈ {↑, ↓}}∣ .

In particular, both s∞ (η̃, i + 1) − s∞ (η̃, i) and Ξk (η̃, i + 1) − Ξk (η̃, i) are

functions of e(i) (η̃). In addition,

Ξk (η, i + 1) −Ξk (η, i) ≤ s∞ (η, i + 1) − s∞ (η, i) .
Hence from Remark 4.1 and the assumption of this lemma, both (s∞ (η, i + 1)
− s∞ (η, i))i∈Z and (Ξk (η, i + 1) −Ξk (η, i))i∈Z are i.i.d. L

2 sequences under
νq. In addition, since (ζk(η, i))i∈Z are i.i.d. geometric random variables
under νq, (Jk (η, i + 1) − Jk (η, i))i∈Z is also an i.i.d. L

2 sequence under νq.
Thus we see that for any u ∈ R,

lim
n→∞

1

n
s∞ (⌊nu⌋) = s̄∞ (q)u, νq-a.s. and in L1, (8.3)

lim
L→∞

lim
n→∞

νq (∣ 1
n
s∞ (⌊u

ε
⌋) − s̄∞ (q)u∣ > L√

n
) = 0, (8.4)

lim
n→∞

1

n
Jk (⌊nu⌋) = J̄k (q)u, νq-a.s., (8.5)

lim
L→∞

lim
n→∞

νq (∣ 1
n
Jk (⌊nu⌋) − J̄k (q)u∣ > L√

n
) = 0,

and

lim
n→∞

1

n
Ξk (⌊nu⌋) = Ξ̄k (q)u, νq-a.s.,

lim
L→∞

lim
n→∞

νq (∣ 1
n
Ξk (⌊nu⌋) − Ξ̄k (q)u∣ > L√

n
) = 0.
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Hence we get

lim
n→∞
∣ 1
n
Jk (⌊nu⌋) − 1

n
Ξk (⌊nJ̄k (q)u

Ξ̄k (q) ⌋)∣ = 0, νq-a.s., (8.6)

lim
L→∞

lim
n→∞

νq (∣ 1
n
Jk (⌊nu⌋) − 1

n
Ξk (⌊nJ̄k (q)u

Ξ̄k (q) ⌋)∣ >
L√
n
) = 0. (8.7)

First we show (8.1). We fix δ > 0 and η ∈ Ω, such that

lim
n→∞
∣ 1
n
Jk (η, ⌊nu⌋) − 1

n
Ξk (η, ⌊nJ̄k (q)u

Ξ̄k (q) ⌋)∣ ≤ δ.
Then, since ξk(η,X(i)k

(η)) = Jk(η, i) for any k ∈ N and i ∈ Z, and ξk( ⋅ )
increases at each record, we get

Ξk (η, ⌊nJ̄k (q)u
Ξ̄k (q) ⌋ − ⌊nδ⌋)

≤ Ξk (η, ⌊nJ̄k (q)u
Ξ̄k (q) ⌋) − ⌊nδ⌋

≤ ξk (η,X(⌊nu⌋)k
(η))

≤ Ξk (η, ⌊nJ̄k (q)u
Ξ̄k (q) ⌋) + ⌊nδ⌋

≤ Ξk (η, ⌊nJ̄k (q)u
Ξ̄k (q) ⌋ + ⌊nδ⌋) .

Thus we have

1

n
s∞ (η, ⌊nJ̄k (q)u

Ξ̄k (q) ⌋ − ⌊nδ⌋) ≤
1

n
X
(⌊nu⌋)
k

(η) ≤ 1

n
s∞ (η, ⌊nJ̄k (q)u

Ξ̄k (q) ⌋ + ⌊nδ⌋) .
Hence, by using (8.3) and (8.6), we have (8.1).

By using (8.4) and (8.7) instead of (8.3) and (8.6), we can prove (8.2)
from a similar computation.

�

Recall that σ
(i)
k,ℓ
(η, n) is defined in (5.17).

Lemma 8.2. Suppose that q ∈ Q and Eνq [∣e(0)∣2] < ∞. Then for any

k, ℓ ∈ N with k < ℓ and u, v ∈ R, we have

lim
n→∞

1

n
σ
(⌊nu⌋)
k,ℓ

(0) = fk,ℓ (q, u) , νq-a.s., (8.8)

lim
L→∞

lim
n→∞

νq (∣ 1
n
σ
(⌊nu⌋)
k,ℓ

(0) − fk,ℓ (q, u)∣ > L√
n
) = 0, (8.9)
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and

lim
L→∞

lim
n→∞

νq (∣ 1
n
σ
(⌊nu⌋)
k,ℓ

(n2) − 1

n
σ
(⌊nv⌋)
k,ℓ

(n2) − fk,ℓ (q, u − v)∣ > L√
n
) = 0,
(8.10)

where

fk,ℓ (q, u) ∶= Ξ̄ℓ−k (θkq) J̄k (q)u
s̄∞ (θkq) J̄ℓ (q) .

Proof. We fix q, k < ℓ and u, v. Without loss of generality, we can assume
that u > v. For notational simplicity, we will write ũ = fk,ℓ (q, u).

First we show (8.8). We observe that from Lemma 8.1,

lim
n→∞

1

n
X
(⌊nũ⌋)
ℓ−k

(Ψk (η)) = J̄k (q)u, νq-a. s.,

where we use (5.2) and (5.4) to show barJℓ−k (θkq) = barJℓ (q). We fix δ > 0
and η ∈ Ω such that

lim
n→∞
∣ 1
n
X
(⌊nũ⌋)
ℓ−k

(Ψk (η)) − J̄k (q) ũ∣ ≤ δ,
and

lim
n→∞
∣ 1
n
Jk (⌊nu⌋) − J̄k (q)u∣ ≤ δ.

Then, we see that

1

n
X
(⌊nũ⌋−⌊nδ/k⌋)
ℓ−k

(Ψk (η)) ≤ Jk (η, ⌊nu⌋) ≤ 1

n
X
(⌊nũ⌋+⌊nδ/k⌋)
ℓ−k

(Ψk (η)) ,
where we use the fact that the number of k-solitons contained in an interval[a, b], a < b is at most (b − a)/(2k). Hence, from Remark 5.7 and (8.5), we
obtain

lim
n→∞

1

n
∣σ(⌊nu⌋)

k,ℓ
(0) − ũ∣ ≤ δ, νq-a.s.

Therefore we have (8.8).
Next we show (8.9). We fix L1 > 0. Then, on the following event,

AL1
∶= {∣ 1

n
X
(⌊nũ⌋)
ℓ−k

(Ψk (η)) − J̄k (q) ũ∣ ≤ L1n
−

1

2}
∩ {∣ 1

n
Jk (⌊nu⌋) − J̄k (q)u∣ ≤ L1n

−
1

2} ,
we see that

∣ 1
n
σ
(⌊nu⌋)
k,ℓ

(0) − ũ∣ ≤ L1

kn
1

2

+ nũ − ⌊nũ⌋
n

.
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Hence we have

lim
L2→∞

lim
n→∞

νq (∣ 1
n
σ
(⌊nu⌋)
k,ℓ

(0) − ũ∣ > L2n
−

1

2)
≤ lim

L2→∞
lim
n→∞

νq (1AL1
∣ 1
n
σ
(⌊nu⌋)
k,ℓ

(0) − ũ∣ > L2n
−

1

2) + νq (AL1
)

= lim
n→∞

νq (AL1
)→ 0, L1 →∞.

Therefore we obtain (8.8).

Finally we show (8.10). We observe that σ
(⌊nu⌋)
k,ℓ

(n2)−σ(⌊nv⌋)
k,ℓ

(n2) is equal
to the number of (ℓ − k)-solitons with volume in [Jk (⌊nv⌋) , Jk (⌊nu⌋)] at
time n2, i.e.,

σ
(⌊nu⌋)
k,ℓ

(n2) − σ(⌊nv⌋)
k,ℓ

(n2)
= ∣{j ∈ Z ; Jk (⌊nv⌋) ≤X(j)ℓ−k

(Tn2

Ψk (η̃)) ≤ Jk (⌊nu⌋)}∣ .
Since νq is an invariant measure, from Remark 5.7 we have

∣{j ∈ Z ; Jk (⌊nv⌋) ≤X(j)ℓ−k
(Tn2

Ψk (η̃)) ≤ Jk (⌊nu⌋)}∣
d= ∣{j ∈ Z ; Jk (⌊nv⌋) ≤X(j)ℓ−k

(Ψk (η̃)) ≤ Jk (⌊nu⌋)}∣
= σ(⌊nu⌋)

k,ℓ
(0) − σ(⌊nv⌋)

k,ℓ
(0) .

Hence we have (8.10).
�

Proof of Theorem 4.8. Without loss of generality, we can assume u > v.
From Lemma 5.6, for any 0 ≤ ℓ ≤ k − 1, we have

Y
(⌊nau⌋)
k−ℓ

(Ψℓ (η) , n2) − Y (⌊nav⌋)
k−ℓ

(Ψℓ (η) , n2)
= veffk−ℓ (θℓq)

r̄k (q) (M (⌊nav⌋)
k

(η̃, n2) −M (⌊nau⌋)
k

(η̃, n2))
+ 2

k−1

∑
h=ℓ+1

veffh−ℓ (θℓq)
r̄h (q)

⎛⎜⎜⎝
X
(⌊nau⌋)
k−h (Ψh(η̃),n2)

∑
j=X(⌊n

au⌋)
k−h (Ψh(η̃),0)+1

−
X
(⌊nav⌋)
k−h (Ψh(η̃),n2)

∑
j=X(⌊n

av⌋)
k−ℓ (Ψh(η̃),0)+1

⎞⎟⎟⎠
× (ζh (η̃, j) − αh (q)) . (8.11)
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By using Remark 5.7 and (8.11), we get

Eνq [∣ 1
n
Y
(⌊nau⌋)
k−ℓ

(Ψℓ (η) , n2) − 1

n
Y
(⌊nav⌋)
k−ℓ

(Ψℓ (η) , n2)∣2]
= veffk−ℓ (θℓq)2

r̄k (q)2 n2
Eνq [∣M (⌊nau⌋)

k
(n2) −M (⌊nav⌋)

k
(n2)∣2]

+ 4
k−1

∑
h=ℓ+1

veffh−ℓ (θℓq)2 βh (q)
r̄h (q)2 n2

×Eνq [∣Y (⌊nau⌋)
k−h

(Ψh (η) , n2) − Y (⌊nav⌋)
k−h

(Ψh (η) , n2)∣] . (8.12)

where at the last line we use Lemma 3.1. For notational simplicity, we define

M̃
u,v
k,n
∶= Eνq [∣M (⌊nau⌋)

k
(n2) −M (⌊nav⌋)

k
(n2)∣2] .

Then, from (8.11) with ℓ = k − 1 and the Schwartz inequality, we get

Eνq [∣Y (⌊nau⌋)
1

(Ψk−1 (η) , n2) − Y (⌊nav⌋)
1

(Ψk−1 (η) , n2)∣]
= veff1 (θk−1q)

r̄k (q) Eνq [∣M (⌊nav⌋)
k

(η̃, n2) −M (⌊nau⌋)
k

(η̃, n2)∣]
≤ veff1 (θk−1q)

r̄k (q) (M̃u,v
k,n
) 1

2

.

By using this, (8.12) with ℓ = k − 2 and the Schwartz inequality, we see that

Eνq [∣Y (⌊nau⌋)
2

(Ψk−2 (η) , n2) − Y (⌊nav⌋)
2

(Ψk−2 (η) , n2)∣]
≤ Eνq [∣Y (⌊nau⌋)

2
(Ψk−2 (η) , n2) − Y (⌊nav⌋)

2
(Ψk−2 (η) , n2)∣2] 12

≤ ⎛⎝v
eff
2
(θk−2q)2
r̄k (q)2 M̃

u,v
k,n
+ 4veff1 (θk−2q)2 βk−1 (q) veff1 (θk−1q)

r̄k−1 (q)2 r̄k (q) (M̃u,v
k,n
) 1

2
⎞⎠

1

2

≤ veff2 (θk−2q)
r̄k (q) (M̃u,v

k,n
) 1

2 + 2veff1 (θk−2q)βk−1 (q) veff1 (θk−1q) 12
r̄k−1 (q) r̄k (q) 12 (M̃u,v

k,n
) 1

4

.

By repeating the above procedure from ℓ = k−1 to 0, we see that there exists
some constant ck = ck (q) such that for any 0 ≤ ℓ ≤ k − 1,
Eνq [∣Y (⌊nau⌋)

ℓ
(Ψk−ℓ (η) , n2) − Y (⌊nav⌋)

ℓ
(Ψk−ℓ (η) , n2)∣] ≤ ck k

∑
h=0
(M̃u,v

k,n
)( 12 )h .

Hence, it is sufficient to show that

lim
n→∞

1

n2
Eνq [∣M (⌊nau⌋)

k
(n2) −M (⌊nav⌋)

k
(n2)∣2] = 0. (8.13)
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From now on we prove (8.13). From (3.4), (5.16) and the triangle inequal-
ity, we have

Eνq [∣M (⌊nau⌋)
k

(n2) −M (⌊nav⌋)
k

(n2)∣2] 12

≤ 2Eνq

⎡⎢⎢⎢⎢⎣∣
∞

∑
ℓ=k+1

M
(⌊nau⌋)
k,ℓ

(n2) −M (⌊nav⌋)
k,ℓ

(n2)∣2⎤⎥⎥⎥⎥⎦
1

2

≤ 2 ∞

∑
ℓ=k+1

Eνq [∣M (⌊nau⌋)
k,ℓ

(n2) −M (⌊nav⌋)
k,ℓ

(n2)∣2] 12

≤ 2 ∞

∑
ℓ=k+1

Eνq

⎡⎢⎢⎢⎢⎢⎢⎢⎣

RRRRRRRRRRRRRRRRR
Jℓ(σ(⌊n

au⌋)
k,ℓ

(0))−1
∑

j=Jℓ(σ(⌊nau⌋)
k,ℓ

(n2))
ζℓ (j) −

Jℓ(σ(⌊n
av⌋)

k,ℓ
(0))

∑
j=Jℓ(σ(⌊nav⌋)

k,ℓ
(n2))−1

ζℓ (j)
RRRRRRRRRRRRRRRRR

2⎤⎥⎥⎥⎥⎥⎥⎥⎦

1

2

+ 2
∞

∑
ℓ=k+1

Eνq

⎡⎢⎢⎢⎢⎢⎢⎢⎣

RRRRRRRRRRRRRRRRR
Jℓ(σ(⌊n

au⌋)
k,ℓ

(0))
∑

j=Jℓ(σ(⌊nau⌋)
k,ℓ

(n2))−1
ζℓ (j) −

Jℓ(σ(⌊n
av⌋)

k,ℓ
(0))−1

∑
j=Jℓ(σ(⌊nav⌋)

k,ℓ
(n2))

ζℓ (j)
RRRRRRRRRRRRRRRRR

2⎤⎥⎥⎥⎥⎥⎥⎥⎦

1

2

.

Hence, it is sufficient to show

lim
n→∞

1

n2
Eνq

⎡⎢⎢⎢⎢⎢⎢⎢⎣

RRRRRRRRRRRRRRRRR
Jℓ(σ(⌊n

au⌋)
k,ℓ

(0))−1
∑

j=Jℓ(σ(⌊nu⌋)
k,ℓ

(n2))
ζℓ (j) −

Jℓ(σ(⌊n
av⌋)

k,ℓ
(0))

∑
j=Jℓ(σ(⌊nv⌋)

k,ℓ
(n2))−1

ζℓ (j)
RRRRRRRRRRRRRRRRR

2⎤⎥⎥⎥⎥⎥⎥⎥⎦
= 0,

(8.14)

lim
n→∞

1

n2
Eνq

⎡⎢⎢⎢⎢⎢⎢⎢⎣

RRRRRRRRRRRRRRRRR
Jℓ(σ(⌊n

au⌋)
k,ℓ

(0))
∑

j=Jℓ(σ(⌊nu⌋)
k,ℓ

(n2))−1
ζℓ (j) −

Jℓ(σ(⌊n
av⌋)

k,ℓ
(0))−1

∑
j=Jℓ(σ(⌊nv⌋)

k,ℓ
(n2))

ζℓ (j)
RRRRRRRRRRRRRRRRR

2⎤⎥⎥⎥⎥⎥⎥⎥⎦
= 0,

(8.15)

for any u > v and ℓ ≥ k + 1. In the following we will only show (8.14). We
note that (8.15) can be proved by the same computation.

First we prepare an estimate for σ
(i)
k,ℓ
(0). Since ∣X(i)

h
(0)∣ ≥ 2h∣i∣ for any

i ∈ Z and h ∈ N, we have

0 ≤ σ(i)
k,ℓ
(0) ≤ Jk (η̃, i) , (8.16)

for any i ≥ 1, and
Jk (η̃, i) ≤ σ(i)k,ℓ

(0) ≤ 1, (8.17)

for any i ≤ 0. In addition, for notational simplicity, we define

I
(i)
k,ℓ
(η) ∶= σ(i)

k,ℓ
(0) − σ(i)

k,ℓ
(n2) .
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Now we estimate (8.14). Observe that

Jℓ(σ(⌊n
au⌋)

k,ℓ
(η,0))−1

∑
j=Jℓ(σ(⌊nau⌋)

k,ℓ
(η,n2))

ζℓ (η, j) −
Jℓ(σ(⌊n

av⌋)
k,ℓ

(η,0))
∑

j=Jℓ(σ(⌊nav⌋)
k,ℓ

(η,n2))−1
ζℓ (η, j)

=
σ
(⌊nau⌋)
k,ℓ

(η,0)−1
∑

j=σ(⌊n
au⌋)

k,ℓ
(η,n2)

ζℓ (η, Jℓ (η, j)) − σ
(⌊nav⌋)
k,ℓ

(η,0)
∑

j=σ(⌊n
av⌋)

k,ℓ
(η,n2)−1

ζℓ (η, Jℓ (η, j))

=
σ
(⌊nau⌋)
k,ℓ

(η,0)−1
∑

j=σ(⌊n
av⌋)

k,ℓ
(η,0)+1

(ζℓ (η, Jℓ (η, j)) − 1

1 − qℓ)

−
σ
(⌊nau⌋)
k,ℓ

(η,n2)
∑

j=σ(⌊n
av⌋)

k,ℓ
(η,n2)

(ζℓ (η, Jℓ (η, j)) − 1

1 − qℓ)
+ 1

1 − qℓ (I(⌊n
au⌋)

k,ℓ
(η) − I(⌊nav⌋)

k,ℓ
(η)) . (8.18)

For the first term in (8.18), by using (8.16) and (8.17), we have

RRRRRRRRRRRRRRRR
σ
(⌊nau⌋)
k,ℓ

(η,0)−1
∑

j=σ(⌊n
av⌋)

k,ℓ
(η,0)+1

(ζℓ (η, Jℓ (η, j)) − 1

1 − qℓ)
RRRRRRRRRRRRRRRR

≤ sup
Jk(η,−na(∣u∣+∣v∣))≤m<m′≤Jk(η,na(∣u∣+∣v∣))

RRRRRRRRRRR
m′−1

∑
j=m+1

(ζℓ (η, Jℓ (η, j)) − 1

1 − qℓ)
RRRRRRRRRRR .

Since (ζℓ (η, Jℓ (η, j)))j∈Z are i.i.d. with mean (1 − qℓ)−1, and ζℓ is indepen-
dent of ζk, by Doob’s inequality we get

Eνq

⎡⎢⎢⎢⎢⎣ sup
Jk(−na(∣u∣+∣v∣))≤m<m′≤Jk(na(∣u∣+∣v∣))

RRRRRRRRRRR
m′−1

∑
j=m+1

(ζℓ (Jℓ (j)) − 1

1 − qℓ)
RRRRRRRRRRR
2⎤⎥⎥⎥⎥⎦

≤ 4Eνq

⎡⎢⎢⎢⎢⎣
RRRRRRRRRRRR

Jk(na(∣u∣+∣v∣))−1
∑

j=Jk(−na(∣u∣+∣v∣))+1
(ζℓ (Jℓ (η, j)) − 1

1 − qℓ)
RRRRRRRRRRRR
2⎤⎥⎥⎥⎥⎦

≤ 8na (∣u∣ + ∣v∣) J̄k (q)Eνq [(ζℓ (Jℓ (η,0)) − 1

1 − qℓ)
2] .

Hence we have

lim
n→∞

1

n2
E

⎡⎢⎢⎢⎢⎢⎢⎣
RRRRRRRRRRRRRRRR
σ
(⌊nau⌋)
k,ℓ

(η,0)−1
∑

j=σ(⌊n
av⌋)

k,ℓ
(η,0)+1

(ζℓ (η, Jℓ (η, j)) − 1

1 − qℓ)
RRRRRRRRRRRRRRRR

2⎤⎥⎥⎥⎥⎥⎥⎦
= 0.
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For the second term in (8.18), we observe that

σ
(⌊nau⌋)
k,ℓ

(η,n2)
∑

j=σ(⌊n
av⌋)

k,ℓ
(η,n2)

(ζℓ (η, Jℓ (η, j)) − 1

1 − qℓ)

=
σ
(⌊nau⌋)
k,ℓ

(η,n2)
∑

j=σ(⌊n
av⌋)

k,ℓ
(η,n2)

(ζℓ−k (Ψk (η) , Jℓ−k (Ψk (η) , j)) − 1

1 − qℓ)

=
σ̃
(⌊nau⌋)
k,ℓ

(η,n2)
∑

j=σ̃(⌊n
av⌋)

k,ℓ
(η,n2)

(ζℓ−k (Tn2

Ψk (η) , Jℓ−k (Tn2

Ψk (η) , j)) − 1

1 − qℓ) ,
where at the second line we use (5.3), and σ̃

(i)
k,ℓ
(η,m) is defined as

σ̃
(i)
k,ℓ
(η,m) ∶= inf {j ∈ Z ; X

(j)
ℓ−k
(TmΨk (η̃) ,0) ≥ Jk (η̃, i)} ,

for any k < ℓ, i ∈ Z and m ∈ Z≥0. Since σ̃
(i)
k,ℓ
(η,m) also satisifes (8.16) and

(8.17) by replacing σ
(i)
k,ℓ
(η,0) with σ̃

(i)
k,ℓ
(η,m), we have

RRRRRRRRRRRRRRRR
σ̃
(⌊nau⌋)
k,ℓ

(η,n2)
∑

j=σ̃(⌊n
av⌋)

k,ℓ
(η,n2)

(ζℓ−k (Tn2

Ψk (η̃) , Jℓ−k (Tn2

Ψk (η̃) , j)) − 1

1 − qℓ)
RRRRRRRRRRRRRRRR≤ sup

Jk(η,−na(∣u∣+∣v∣))≤m<m′≤Jk(η,na(∣u∣+∣v∣))RRRRRRRRRRR
m′−1

∑
j=m+1

(ζℓ−k (Tn2

Ψk (η) , Jℓ−k (Tn2

Ψk (η) , j)) − 1

1 − qℓ)
RRRRRRRRRRR .

By the independence of ζk and ζℓ, and then using T -invariance of νq and
Doob’s inequality, we obtain

Eνq

⎡⎢⎢⎢⎢⎣ sup
Jk(−na(∣u∣+∣v∣))≤m<m′≤Jk(na(∣u∣+∣v∣))RRRRRRRRRRR

m′−1

∑
j=m+1

(ζℓ−k (Tn2

Ψk (η) , Jℓ−k (Tn2

Ψk (η) , j)) − 1

1 − qℓ)
RRRRRRRRRRR
2 ⎤⎥⎥⎥⎥⎦

≤ 8na (∣u∣ + ∣v∣) J̄k (q)Eνq [(ζℓ (Jℓ (η,0)) − 1

1 − qℓ)
2] .

Hence we have

lim
n→∞

1

n2
E

⎡⎢⎢⎢⎢⎢⎢⎣
RRRRRRRRRRRRRRRR
σ
(⌊nau⌋)
k,ℓ

(η,n2)
∑

j=σ(⌊n
av⌋)

k,ℓ
(η,n2)

(ζℓ (η, Jℓ (η, j)) − 1

1 − qℓ)
RRRRRRRRRRRRRRRR

2⎤⎥⎥⎥⎥⎥⎥⎦
= 0.
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For the third term in (8.18), since (Jk(j) − Jk(j − 1))j∈Z are i.i.d. and have

geometric distribution with mean (1 − qk) q−1k , by using (8.16) and (8.17) we
have

lim
n→∞

Eνq

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝
σ
(⌊nau⌋)
k,ℓ

(0) − σ(⌊nav⌋)
k,ℓ

(0)
na

⎞⎟⎠
4⎤⎥⎥⎥⎥⎥⎦

≤ 4 lim
n→∞

Eνq [Jk (⌊∣nau∣⌋)4 + Jk (⌊∣nav∣⌋)4
n4a

]
≤ 4 (1 − qk)4 (∣u∣4 + ∣v∣4)

q4
k

.

Therefore, from (8.9), by setting

AL,n ∶= {∣ 1
na

σ
(⌊nau⌋)
k,ℓ

(0) − 1

na
σ
(⌊nav⌋)
k,ℓ

(0) − fk,ℓ (q, u − v)∣ > L√
na
} ,

with some L > 0, and using the Schwartz inequality, we have

Eνq

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝
σ
(⌊nau⌋)
k,ℓ

(0) − σ(⌊nav⌋)
k,ℓ

(0)
na

− fk,ℓ (q, u − v)⎞⎟⎠
2⎤⎥⎥⎥⎥⎥⎦

= Eνq

⎡⎢⎢⎢⎢⎢⎣
1Ac

L,n

⎛⎜⎝
σ
(⌊nau⌋)
k,ℓ

(0) − σ(⌊nav⌋)
k,ℓ

(0)
na

− fk,ℓ (q, u − v)⎞⎟⎠
2⎤⎥⎥⎥⎥⎥⎦

+Eνq

⎡⎢⎢⎢⎢⎢⎣
1AL,n

⎛⎜⎝
σ
(⌊nau⌋)
k,ℓ

(0) − σ(⌊nav⌋)
k,ℓ

(0)
na

− fk,ℓ (q, u − v)⎞⎟⎠
2⎤⎥⎥⎥⎥⎥⎦

≤ L2

na
+ 2Eνq

⎡⎢⎢⎢⎢⎢⎣
1AL,n

⎛⎜⎝
σ
(⌊nau⌋)
k,ℓ

(0) − σ(⌊nav⌋)
k,ℓ

(0)
na

⎞⎟⎠
2⎤⎥⎥⎥⎥⎥⎦

+ 2νq (AL,n) ∣fk,ℓ (q, u − v)∣2

≤ L2

na
+ 2νq (AL,n) 12 Eνq

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝
σ
(⌊nau⌋)
k,ℓ

(0) − σ(⌊nav⌋)
k,ℓ

(0)
na

⎞⎟⎠
4⎤⎥⎥⎥⎥⎥⎦

1

2

+ 2νq (AL,n) ∣fk,ℓ (q, u − v)∣2 ,
and thus we obtain

lim
n→∞

Eνq

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝
σ
(⌊nau⌋)
k,ℓ

(0) − σ(⌊nav⌋)
k,ℓ

(0)
na

− fk,ℓ (q,−v)⎞⎟⎠
2⎤⎥⎥⎥⎥⎥⎦
= 0.
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By the observation used in the computation for the second term in (8.18)
and using (8.10), we also have

lim
n→∞

Eνq

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝
σ
(⌊nau⌋)
k,ℓ

(n2) − σ(⌊nav⌋)
k,ℓ

(n2)
na

− fk,ℓ (q,−v)⎞⎟⎠
2⎤⎥⎥⎥⎥⎥⎦
= 0.

Since 0 ≤ a ≤ 1, from the above estimates we obtain

lim
n→∞

1

n2
Eνq [∣I(⌊nau⌋)

k,ℓ
− I(⌊nav⌋)

k,ℓ
∣2] = 0.

By combining the above and using the Schwartz inequality, we have (8.14),
and thus Theorem 4.8 is proved.

�

9. Proof of Theorem 4.10

In this section we show Theorem 4.10. First we note that thanks to (5.4)
and (5.11), it is sufficient to consider the case q ∈ QM and k = 1. We fix
q ∈ QM. Next, we prepare the following lemmas. Recall that W ( ⋅ ) is the
carrier process defined in (1.1).

Next, we prepare two lemmas. Before describing the lemmas, we recall
that the inverse of one-step time evoltuion T−1 ∶ Ω→ Ω is given by

T−1η (x) = ←ÐÐÐ(T←Ðη ) (x) ,
where ←Ðη (x) ∶= η(−x), x ∈ Z, see [CKST, (2.12)]. By using the carrier W

and (1.2), T−1η can be represented as

T−1η (x) = η (x) −W (←Ðη ,−x) +W (←Ðη ,−x − 1) .
We also recall that the ball density ρ (q) is defined in (4.19).

Lemma 9.1. If the initial distribution ν is a two-sided Markov distribution
supported in Ω, then for any x ∈ Z, (Tnη (x))n∈Z is an irreducible and non-
periodic two-sided Markov chain on {0,1} whose transition matrix is given
by

R = (R00 R01

R10 R11

) ∶= (1 − ν(η(0)=1)
1−ν(η(0)=1)

ν(η(0)=1)
1−ν(η(0)=1)

1 0
) , (9.1)

and invariant measure π ∈ [0,1]2 for R is the Bernoulli measure with density
ν (η(0) = 1).
Proof. Since η ∈ Ω is a two-sided Markov chain under νq, (η (y))y≥x and(η (x))x≤y are independent conditional on η(x). On the other hand, since

the carrier W (η, x) is (η (y))y≤x-m’ble, we see that (Tnη (x))n≥0 (resp.(Tnη (x))n≤0 ) is (η (y))y≥x-m’ble (resp. (η (y))y≤x-m’ble). Hence, the pro-

cesses (Tnη (x))n≥0 and (Tnη (x))n≤0 are independent conditional on η(x),
and this implies the Markov property at n = 0. Since νq is T -invariant,
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(Tn+mη (x))n≥0 and (Tn+mη (x))n≤0 are independent conditional on Tmη(x)
for any m ∈ Z, and thus (Tnη (x))n∈Z is a two-sided Markov chain.

Since the invariant measure for (Tnη (x))n∈Z is the Bernoulli measure
with density ν (η(0) = 1), we can obtain R by direct computation. �

Lemma 9.2. Suppose that q ∈ QM. Then, for any x, z ≤ 0, the process
r (Tnη, x + z), n ≥ 2 and the event {s∞(0) = z} are independent conditional
on T 2η (x + z).
Proof of Lemma 9.2. Since r(η, x) = 1{η(x)=Tη(x)=0}, the event {s∞(0) = z}
is η(z), Tη(z)-m’ble. In addition, by taking the action T−1, we see that
both η(z) and Tη(z) are (T 2η(y))y≥z-measurable. Hence {s∞(0) = z}
is (T 2η(y))y≥z-measurable. On the other hand, (r (Tnη, x + z)), n ≥ 2 is(T 2η(y))y≤x+z-measurable. Thus by the Markov property of T 2η, the pro-
cess r (Tnη, x + z), n ≥ 2 and the event {s∞(0) = z} are independent condi-
tional on T 2η (x + z). �

9.1. Convergence of (4.13). In this subsection, we will show that (4.13)
with k = 1 converges to the Brownian motion with variance G1 (q), and
compute G1 (q).

We recall the formula (5.14) with k = 1.

M
(i)
1
(η, n) = n−1

∑
m=0
(1 − r (TmΨ1 (η̃) , J1 (η̃, i))) .

From Remark 5.7, Ψ1 (η̃) is independent of J1 (η̃, i). Hence by (5.5), to
show the weak convergence of (4.13), it is sufficient to show that for any
fixed x ∈ Z, the following process,

t↦ 1

n

⌊n2t⌋−1
∑
m=0

(r (Tmη̃, x) −Eνθq [r (Tmη, x)]) , (9.2)

converges weakly to a Brownian motion under νθq. First we consider the
case x ≤ 0. Since T and τs∞(η,0) are commutative, we have

n−1

∑
m=0
(r (Tmη̃, x) −Eνθq [r (TmΨ1 (η̃) , x)])

= n−1

∑
m=0
(r (Tmη, x + s∞ (η,0)) −Eνθq [r (Tmη, x + s∞ (η,0))]) .
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Then, by Lemma 9.2, the process (r (Tnη, x + z)) and the event {s∞ (0) = z},
z ≥ 0 are independent conditional on T 2η(x + z). In addition, by the condi-
tional independence and shift-invariance of νθq, if m ≥ 2, then
Eνθq [r (Tmη, x + s∞ (0))]
=∑

z≤0
Eνθq [r (Tmη, x + z)1{s∞(0)=z}]

=∑
z≤0

Eνθq [r (Tmη, x + z)1{T 2η(x+z)=1}]νθq (s∞ (0) = z, T 2η (x + z) = 1)
νθq (T 2η (x + z) = 1)

+ ∑
z≤0

Eνθq [r (Tmη, x + z)1{T 2η(x+z)=0}]νθq (s∞ (0) = z, T 2η (x + z) = 0)
νθq (T 2η (x + z) = 0)

= Eνθq [r (Tmη,0) ∣T 2η (0) = 1]∑
z≤0

νθq (s∞ (0) = z, T 2η (x + z) = 1)
+Eνθq [r (Tmη,0) ∣T 2η (0) = 0]∑

z≤0
νθq (s∞ (0) = z, T 2η (x + z) = 0) .

Since (Tmη(0))m≥2 is a finite ergodic Markov chain under νθq, and is strongly
mixing with exponentially decay rate, we have

lim
n→∞

RRRRRRRRRRRR
1

n

⌊n2t⌋−1
∑
m=2

(Eνθq [r (Tmη, x + s∞ (0))] − r̄1 (q))RRRRRRRRRRRR = 0.
Also, thanks to the strong mixing property, for any (Tmη(x + z))m≥2-m’ble

set A, the difference ∣νq (A) − νq (Tm′A∣T 2η(x + z) = a)∣ decays exponen-
tially fast to 0 as m′ → ∞ for a = 0,1. From the above, it suffices to
show that the following process,

t↦ 1

n

⌊n2t⌋−1
∑
m=0

(r (Tmη, x + z) − r̄1 (q)) , (9.3)

converges weakly to a Brownian motion under νθq ( ⋅ ), and this can be
shown by the invariance principle for strongly mixing stationary sequences
(cf. [EK, Theorem 3.1]). Hence the convergence of (9.2) has been shown
for the case x ≤ 0. Next we consider the case x ≥ 1. From Remark 4.1, for
any z ∈ Z, the distributions of η̃ and τs∞(η,z)−s∞(η,0)η̃ are the same under νq.
Hence, we have

n−1

∑
m=0
(r (Tmη̃, x) −Eνθq [r (TmΨ1 (η̃) , x)])

d= n−1

∑
m=0
(r (Tmη̃, x − s∞ (η, x)) −Eνθq [r (TmΨ1 (τs∞(η,x)η) , x)]) ,

under νθq. Then, since x ≤ s∞ (η, x), by the same argument used in Lemma
9.2, we see that the events {s∞ (η, x) = z}, x ≤ z and {s∞ (η, x) = z′},
z′ ≤ 0, and the process (r (Tnη, x − z + z′)) are independent conditional on
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T 2η(x − z + z′). Thus by repeating the same argument for x ≤ 0, we can
show that (9.2) converges weakly to a Brownian motion under νθq.

Now we compute the variance G1 (q). We observe that by Lemma 9.1,
the sum in (9.3) can be viewed as a functional of the ergodic Markov chain((Tmη (x + z), Tm+1η (x + z))m∈Z on {(0,0), (0,1), (1,0)}, where its transi-
tion matrix R′ and invariant measure π′ ∈ [0,1]3 are given by

R′ =
⎛⎜⎜⎝
1 − ρ(θq)

1−ρ(θq)
ρ(θq)

1−ρ(θq) 0

0 0 1

1 − ρ(θq)
1−ρ(θq)

ρ(θq)
1−ρ(θq) 0

⎞⎟⎟⎠ ,
and

π′ ((0,0)) = 1 − 2ρ (θq) , π′ ((0,1)) = π′ ((1,0)) = 2ρ (θq) .
Since the explicit solution of the following Poisson equation,

⎛⎜⎝
1
0
0

⎞⎟⎠ =
⎛⎜⎝
⎛⎜⎝
1 0 0
0 1 0
0 0 1

⎞⎟⎠ −R′
⎞⎟⎠ f ,

is given by

f = ⎛⎜⎝
1

− (1 − 2ρ (θq))
−2 (1 − 2ρ (θq))

⎞⎟⎠ ,
from [KLO12, Theorem 1.2], G1 (q) can be computed as

G1 (q) = Eπ′ [∣f ∣2] −Eπ′ [∣R′f ∣2]
= 4ρ (θq) (1 − ρ (θq)) (1 − 2ρ (θq)) .

We note that thanks to (5.4), the formula of Gk (q) for k ∈ N can be obtained
by using Gk (q) = G1 (θk−1q).
9.2. Convergence of (4.16). First we remark that by the same argument
used in Section 9.1 and using Lemma 9.2, we see that if the following limit,

lim
n→∞

1

n
log
⎛⎝Eνθq

⎡⎢⎢⎢⎢⎣exp(λ
n−1

∑
m=0

r (Tmη,0)) RRRRRRRRRRRη (0) = w
⎤⎥⎥⎥⎥⎦
⎞⎠ ,

exists and independent of w = 0,1, then it coincides with ΛM
q,1 (λ). By using

r (Tmη,0) = (1 − Tmη (0)) (1 − Tm+1η (0)), for any w0 ∈ {0,1}, we have

Eνq̃

⎡⎢⎢⎢⎢⎣exp(λ
n−1

∑
m=0

r (Tmη,0)) RRRRRRRRRRRη (0) = w0

⎤⎥⎥⎥⎥⎦
= ∑

w1,...,wn

n−1

∏
i=0

Rwiwi+1e
λ(1−wi)(1−wi+1)

= (R̃ (λ)n)
w00
+ (R̃ (λ)n)

w01
,
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where Rij is defined in (9.1), and R̃ (λ) is given by

R̃ (λ) ∶= (1−2ρ(θq)1−ρ(θq) eλ
ρ(θq)

1−ρ(θq)
1 0

) .
Hence, from [DZ, Theorem 3.1.1], we have

lim
n→∞

1

n
log
⎛⎝Eνq̃

⎡⎢⎢⎢⎢⎣exp(λ
n−1

∑
m=0

r (Tmη,0)) RRRRRRRRRRRη (0) = w
⎤⎥⎥⎥⎥⎦
⎞⎠ = log (PF (λ)) ,

where PF(λ) is the Perron-Frobenius eigenvalue of R̃. By a direct compu-
tation, we see that

PF (λ) = 1 − 2ρ (θq)
2 (1 − ρ (θq)) ⎛⎝eλ +

¿ÁÁÀe2λ − 1 + 1(1 − 2ρ (θq))2
⎞⎠ .

In particular, log (PF (λ)) is a smooth convex function on R. The convex
conjugate of log (PF (λ)) can be computed as

IMq,1 (u) = sup
λ∈R
(λu − log (PF (λ)))

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u

2
log(4ρ (θq) (1 − ρ (θq))u2(1 − 2ρ (θq))2 (1 − u2))
−1
2
log( ρ (θq) (1 + u)(1 − ρ (θq)) (1 − u)) 0 ≤ u < 1,

log(2 (1 − ρ (θq))
1 − 2ρ (θq) ) u = 1,

∞ otherwise.

We note that the minimizer of IMq,1 (u) is 1−2ρ (θq), and from (4.12), (B.1),

the value of minimizer coincides with veff1 (q).
10. Proof of Theorem 4.14

We fix q ∈ Q satisfying the assumption of Theorem 4.14 and define k ∶=
max{1 ≤ h ≤ ℓ − 1 ; qh > 0}.

First we claim that under νθkq, (η (x) ,W (x)) is an ergodic Markov chain
in x ∈ Z on the state space,

Sℓ−k ∶= {(0,0) , (0,1) , . . . , (0, ℓ − k − 1) , (1,1) , (1,2) , . . . , (1, ℓ − k)} ,
with transition matrix

Pℓ−k = ⎛⎝P
(1)
ℓ−k

P
(2)
ℓ−k

P
(3)
ℓ−k

P
(4)
ℓ−k

⎞⎠ ,
where P

(i)
h

, i = 1, . . .4 are h × h matrices given by

P
(1)
1
= 1 − qℓ, P

(2)
1
= qℓ, P

(3)
1
= 1, P

(4)
1
= 0,
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for h = 1, and

P
(1)
h
=
⎛⎜⎜⎜⎜⎜⎝

1 − qℓ 0 . . . 0 0
1 0 . . . 0 0
0 1 . . . 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 . . . 1 0

⎞⎟⎟⎟⎟⎟⎠
, P

(2)
h
=
⎛⎜⎜⎜⎝
qℓ 0 . . . 0
0 0 . . . 0
⋮ ⋮ ⋱ ⋮
0 0 . . . 0

⎞⎟⎟⎟⎠ ,

P
(3)
h
=
⎛⎜⎜⎜⎝
0 . . . 0
⋮ ⋱ ⋮
0 . . . 0
0 . . . 1

⎞⎟⎟⎟⎠ , P
(4)
h
= ⎛⎜⎝

0 1 . . . 0
0 0 ⋱ 0
0 0 . . . 1

⎞⎟⎠ ,

for h ≥ 2. Actually, if we define Xn = (x(1)n , x
(2)
n )

n∈Z≥0
is the Markov process

on Sk′ with the above transition matrix, and recursively define stopping
times as

τ1 ∶= inf {m ∈ N ; Xm−1 =Xm = (0,0)} ,
τn+1 ∶= inf {m ≥ τn + 1 ; Xm−1 =Xm = (0,0)} ,

then the distribution of (X(1)m )
τ1≤m≤τ2−1

coincides with νθkq ○ e(i). In ad-

dition, (X(1)m )
τn≤m≤τn+1−1

and (X(1)m )
τn′≤m≤τn′−1

are independent if n ≠ n′.

Hence, from the construction of q-statistics, (η (x) ,W (x)), x ∈ Z is the
desired ergodic Markov process under νθkq.

On the other hand, since there are only (ℓ − k)-solitons under νθkq, from
(5.14), we have

M
(0)
k
(η, n) = n−1

∑
m=0
(1 − r (TmΨk (η̃) , Jk (η̃,0)))

= n−1

∑
m=0
(1 − r (Ψk (η̃) , Jk (η̃,0) − (ℓ − k)m)) ,

a.s. under νq. From the above, we see that M
(0)
k
(η, n) is a functional of an

ergodic Markov process. Therefore, by using a similar argument to Section
9, one can show that (4.13) converges weakly to a Brownian motion. Also,

by using the relation r(x) = 1{W (x)=0}1{W (x+1)=0}, for any s0 = (s(1)0
, s
(2)
0
) ∈
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Sℓ−k, we have

Eν
θℓCkq

[exp(λ n−1

∑
m=0

r ((ℓ − k)m)) ∣ (η (0) ,W (0)) = s0]
= ∑

s1,sℓ−k,sℓ−k+1,...,s(n−1)(ℓ−k),s(n−1)(ℓ−k)+1

(n−2∏
i=0
(Pℓ−k)si(ℓ−k)si(ℓ−k)+1 eλδ0(s(2)i(ℓ−k))δ0(s(2)i(ℓ−k)+1) (Pk′)(ℓ−k)−1si(ℓ−k)+1s(i+1)(ℓ−k)

)
× (Pℓ−k)s(n−1)k′s(n−1)(ℓ−k)+1 eλδ0(s(2)(n−1)(ℓ−k))δ0(s(2)(n−1)(ℓ−k)+1)

=∑
s

(P̃ℓ−k)n−1s0s
∑
s′
(Pℓ−k)ss′ eλδ0(s(2))δ0((s′)(2)),

where

P̃ℓ−k (λ) ∶= ⎛⎝P̃
(1)
ℓ−k
(λ) P̃

(2)
ℓ−k
(λ)

P̃
(3)
ℓ−k

P̃
(4)
ℓ−k

⎞⎠ ,
and P̃

(i)
h

, i = 1, . . . ,4 are given by

P̃
(1)
1
= eλ (1 − qk) , P̃

(2)
1
= qk, P̃

(3)
1
= 1, P̃

(4)
1
= 0,

for h = 1, and

P̃
(1)
h
(λ) ∶=

⎛⎜⎜⎜⎜⎝
eλ (1 − qℓ)h 0 . . . 0(1 − qℓ)h−1 0 . . . 0

⋮ ⋮ ⋱ ⋮
1 − qℓ 0 . . . 0

⎞⎟⎟⎟⎟⎠
,

P̃
(2)
h
(λ) ∶=

⎛⎜⎜⎜⎜⎝
eλ (1 − qℓ)h−1 qℓ . . . eλ (1 − qℓ) qℓ qℓ(1 − qℓ)h−2 qℓ . . . qℓ 0

⋮ ⋰ ⋰ ⋮
qℓ 0 . . . 0

⎞⎟⎟⎟⎟⎠
,

P̃
(3)
h
∶= ⎛⎜⎝

0 . . . 1
⋮ ⋰ ⋮
1 . . . 0

⎞⎟⎠ , P̃
(4)
h
∶= ⎛⎜⎝

0 . . . 0
⋮ ⋱ ⋮
0 . . . 0

⎞⎟⎠ ,
for h ≥ 2. From [DZ, Theorem 3.1.1 (e)] and the ergodicity of the Markov
chain defined above, we have

ΛM
q,ℓ (λ) = lim

n→∞

1

n
log(Eν

θkq
[exp(λ n−1

∑
m=0

r ((ℓ − k)m)) ∣ (η (0) ,W (0)) = s0])
= log (P̃F (λ)) ,

where P̃F(λ) is the Perron-Frobenius eigenvalue of P̃k′ (λ). Since
det (P̃ℓ−k (λ) − xI2(ℓ−k)) = det (xIℓ−k (xIℓ−k − P̃ (1)ℓ−k

(λ)) − P̃ (2)
ℓ−k

P̃
(3)
ℓ−k
) ,
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where Ih is the h × h identity matrix, by direct computation we see that

P̃F (λ) = (1 − qℓ)ℓ−k eλ
2

+
¿ÁÁÀ(1 − qℓ)2(ℓ−k) e2λ

4
+ qℓ.

Hence Dk (ρ) can be computed as

Dk (q) = d2 log (P̃F (λ))
dλ2

∣λ=0
= 4qℓ(1 − qℓ)2(ℓ−k)

⎛⎝1 + 4qℓ(1 − qℓ)2(ℓ−k)
⎞⎠
−

3

2

.

11. Proof of Theorems 2.1

We recall that if ν is a space-homogeneous Bernoulli product measure or
two-sided Markov distribution supported on Ω, then there exists q ∈ QM

such that ν = νq and K(q) = 1. In addition, under such νq, we have the

exponential bound of ∣e(0)∣ as follows.
Lemma 11.1. Suppose that q ∈ QM . Then, for sufficiently small λ > 0, we
have Eνq [eλ∣e(0)∣] <∞.

The proof of Lemma 11.1 is given in Section C.
In the following subsections, we will show (1) and (2) and (3) under νq,

q ∈ QM .

11.1. Proof of (1).

Proof of (1). First we observe that for any η ∈ Ω, k ∈ N and n ∈ Z+, we have

X
(1)
k
(η, n) ≤Xi

k (η, n) ≤X(i)k
(η, n) , (11.1)

for any i ∈ N, and
X
(i)
k
(η, n) ≤Xi

k (η, n) ≤X(1)k
(η, n) (11.2)

for any i ∈ Z≤0. In the following, we only consider the case i ≥ 1. For the
case i ≤ 0, we can use the same argument. From Theorems 4.5(1), 4.8, 4.10
and Lemma 11.1, the joint distribution of the following step-interpolation
processes,

t↦ ( 1
n
X
(1)
k
(⌊n2t⌋) − ntveffk (q) , 1nX(i)k

(⌊n2t⌋) − ntveffk (q)) ,
converges weakly to (Bk ( ⋅ ) ,Bk ( ⋅ )). In particular, these processes are
tight and satisfies

lim
n→0

νq
⎛⎝ sup
0≤t,s≤T,∣t−s∣≤δ

RRRRRRRRRRRR
X
(j)
k
(⌊n2t⌋) −X(j)

k
(⌊n2s⌋)

n
− n(t − s)veffk (q)

RRRRRRRRRRRR > ε
⎞⎠ = 0,
(11.3)
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for any T, δ, ε > 0 and j = 1, i. In addition, we have

lim
n→0

νq
⎛⎝ sup
0≤t≤T

RRRRRRRRRRRR
X
(i)
k
(⌊n2t⌋) −X(1)

k
(⌊n2t⌋)

n

RRRRRRRRRRRR > ε
⎞⎠ = 0, (11.4)

for any T, ε > 0. On the other hand, from (11.1) we have

sup
0≤t,s≤T,∣t−s∣≤δ

RRRRRRRRRRR
Xi

k (⌊n2t⌋) −Xi
k (⌊n2s⌋)

n
− n(t − s)veffk (q)RRRRRRRRRRR

≤ sup
0≤t,s≤T,∣t−s∣≤δ

RRRRRRRRRRRR
X
(i)
k
(⌊n2t⌋) −X(1)

k
(⌊n2s⌋)

n
− n(t − s)veffk (q)

RRRRRRRRRRRR
+ sup

0≤t,s≤T,∣t−s∣≤δ

RRRRRRRRRRRR
X
(1)
k
(⌊n2t⌋) −X(i)

k
(⌊n2s⌋)

n
− n(t − s)veffk (q)

RRRRRRRRRRRR
≤ sup

0≤t,s≤T,∣t−s∣≤δ

RRRRRRRRRRRR
X
(1)
k
(⌊n2t⌋) −X(1)

k
(⌊n2s⌋)

n
− n(t − s)veffk (q)

RRRRRRRRRRRR
+ sup

0≤t,s≤T,∣t−s∣≤δ

RRRRRRRRRRRR
X
(i)
k
(⌊n2t⌋) −X(i)

k
(⌊n2s⌋)

n
− n(t − s)veffk (q)

RRRRRRRRRRRR
+ 2 sup

0≤t≤T

RRRRRRRRRRRR
X
(i)
k
(⌊n2t⌋) −X(1)

k
(⌊n2t⌋)

n

RRRRRRRRRRRR .
for any T, ε > 0. Hence from (11.3) we have

lim
n→0

νq
⎛⎝ sup
0≤t,s≤T,∣t−s∣≤δ

RRRRRRRRRRR
Xi

k (⌊n2t⌋) −Xi
k (⌊n2s⌋)

n
− n(t − s)veffk (q)RRRRRRRRRRR > ε

⎞⎠ = 0,
for any T, δ, ε > 0. In addition, from (11.5), we get

lim
n→0

νq (Xi
k (0)
n

> ε) = 0.
Thus we see that (2.4) is tight. Furthermore, from (11.1) and (11.4), we
have

lim
n→0

νq
⎛⎝ sup
0≤t≤T

RRRRRRRRRRRR
X
(i)
k
(⌊n2t⌋) −Xi

k (⌊n2t⌋)
n

RRRRRRRRRRRR > ε
⎞⎠

≤ lim
n→0

νq
⎛⎝ sup
0≤t≤T

RRRRRRRRRRRR
X
(i)
k
(⌊n2t⌋) −X(1)

k
(⌊n2t⌋)

n

RRRRRRRRRRRR > ε
⎞⎠ = 0.

Therefore, (2.4) converges to the Brownian motion with variance Dk (q).
�
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11.2. Proof of (2).

Proof of (2). First we show that for any k ∈ N and i ∈ Z, X(i)
k
( ⋅ ) satisfies

the LDP with rate function (4.17). Since X
(i)
k
( ⋅ ) is R-valued process and

I is a smooth convex function, it is sufficient to show that

lim
n→∞

1

n
log νq

⎛⎝X
(i)
k
(n)

n
< x⎞⎠ ≥ − infy≤x

I(y),
and

lim
n→∞

1

n
log νq

⎛⎝X
(i)
k
(n)

n
≤ x⎞⎠ ≤ − infy≤x

I(y).
Observe that for any ε > 0, from (11.5),

lim
n→0

νq
⎛⎝
RRRRRRRRRRRR
X
(i)
k
(n) − Y (i)

k
(n)

n

RRRRRRRRRRRR > ε
⎞⎠ = limn→0

νq
⎛⎝
RRRRRRRRRRRR
X
(i)
k
(0)

n

RRRRRRRRRRRR > ε
⎞⎠

= 0.
On the other hand, from Theorems 4.5 (2) and 4.10, we get

lim
n→∞

1

n
log νq

⎛⎝Y
(i)
k
(n)
n

< x⎞⎠ ≥ − infy≤x
I(y),

and

lim
n→∞

1

n
log νq

⎛⎝Y
(i)
k
(n)
n

≤ x⎞⎠ ≤ − infy≤x
I(y).

Hence we see that X
(i)
k
( ⋅ ) satisfies the LDP with rate function (4.17).

Now we consider the LDP for Xi
k. From Theorem 2.1 (3) and (11.1), for

the case i ≥ 1, we have

lim
n→0

νq
⎛⎝
RRRRRRRRRRRR
X
(i)
k
(n) −Xi

k(n)
n

RRRRRRRRRRRR > ε
⎞⎠ = limn→0

νq
⎛⎝X

(i)
k
(n) −X(1)

k
(n)

n
> ε⎞⎠

≤ lim
n→0

1

εn
E [X(i)

k
(n) −X(1)

k
(n)]

= 0.
Therefore Xi

k( ⋅ ) satisfies the LDP with rate function (4.17). The case i ≤ 0
can be shown by the same argument, so we omit it.

�
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11.3. Proof of (3).

Proof. First We recall the inequalities (11.1) and (11.2).
In the following we only consider the case i ∈ N, and the case i ∈ Z≤0 can

be shown by using the same strategy.
First we claim that for any k ∈ N, i ∈ N and p ≥ 1, we have

Eνq [∣X(i)k
(0)∣p] <∞. (11.5)

Before proving this, we recall that Jk (η, i), i ∈ Z is defined in (5.15). From
the definition of Jk (η, i) and the following inequality sk (η, x) ≤ s∞ (η, x) for
any x ∈ Z≥0, we get

X
(i)
k
(η,0) = sk (η, Jk (η, i)) ≤ s∞ (η, Jk (η, i)) ≤ Jk(η,i)−1

∑
j=0

∣e(j)∣ .
Since Jk (η, j + 1) − Jk (η, j), j ≥ 1 and Jk (η,1) are i.i.d. geometric random
variables with mean q−1k , we have

∑
x∈N

xνq (Jk (i) = x) 12 <∞.

Then by using Remark 4.1, Lemma 11.1 and the Schwartz inequality, we
obtain

Eνq [∣X(i)k
(0)∣p] ≤ Eνq [∣s∞ (Jk (i))∣p]

=∑
x≥i

Eνq [∣s∞ (x)∣p 1{Jk(i)=x}]
≤∑

x≥i
Eνq [∣s∞ (x)∣2p] 12 νq (Jk (i) = x) 12

≤∑
x≥i

Eνq

⎡⎢⎢⎢⎢⎣
RRRRRRRRRRR
x−1

∑
j=0
∣e(j)∣RRRRRRRRRRR

2p⎤⎥⎥⎥⎥⎦
1

2

νq (Jk (i) = x) 12
≤ Eνq [∣e(0)∣2p]

1

2 ∑
x≥i

xνq (Jk (i) = x) 12
<∞.

Hence we have (11.5).
Now we show (3). From (11.1), we have

∣ 1
n
Xi

k (η, n) − veffk (q)∣p
≤ ∣ 1

n
X
(1)
k
(η, n) − veffk (q)∣p + ∣ 1nX(i)k

(η, n) − veffk (q)∣p .
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Then from Theorem 4.2, (11.5) and the Minkowski inequality, we have

lim
n→∞

Eνq [∣ 1
n
X
(i)
k
(η, n) − veffk (q)∣p]

1

p

≤ lim
n→∞

Eνq [∣ 1
n
Y
(i)
k
(η, n) − veffk (q)∣p]

1

p + 1

n
Eνq [∣X(i)k

(0)∣p] 1p
= 0,

for any i ∈ N. Therefore Theorem 2.1 (3) is proved.
�
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Appendix A. Proof of Lemma 3.5

For notational simplicity, we only consider the case n = 1. We can use the
same proof presented below for any n ∈ N.

We will quote some formulae and results from [S]. First, we recall that
the carrier with capacity ℓ ∈ N, which is a variant of the carrier process, is
defined as

Wℓ (s∞ (i)) ∶= 0,
Wℓ (x) −Wℓ (x − 1) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1 if η (x) = 1,Wℓ (x − 1) < ℓ
−1 if η (x) = 0,Wℓ (x − 1) > 0,
0 otherwise.

We note that from the construction of Wk, k ∈ N, for any ℓ ∈ N and x ∈ Z we
have the relation

Wℓ (x) = ℓ

∑
k=1
Wk (x) . (A.1)

Next, from Remark 3.2 and [S, Lemma 4.2], we see that for any γ ∈ Γk ,
k ∈ N, X (γ) is either a record or a (ℓ, σ)-seat with ℓ ≥ k and σ ∈ {0,1}. In
particular, for any γ ∈ Γk, there exists some i ∈ Z such that

X (γ) = sk(i). (A.2)

From (A.1), (A.2) and [S, Lemma 4.2], we see that for any γ ∈ Γk, k ∈ N and
1 ≤ ℓ ≤ k,

Wℓ (X (γ)) = {ℓ if η (X (γ)) = 1,
0 if η (X (γ)) = 0.
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From the proof of [S, Theorem 4.1], for any ℓ ∈ N and x ∈ Z, we get

ξℓ (Tη, x) − ξℓ (η, x) =Wℓ (Tη, x) +Wℓ (η, x) + oℓ (η) .
If the i-th k-soliton is free, then X

(i)
k

is a record, and X
(i)
k
(1) = T1 (γ(i)k

) −
1. We observe that from the TS algorihtm, if a ℓ-soliton γ is contained

in (H1 (γ(i)k
) , Tk (γ(i)k

)), we have either γ ⊂ [H1 (γ(i)k
) , T1 (γ(i)k

)) or γ ⊂
(T1 (γ(i)k

) , Tk (γ(i)k
)). From this observation, Remark 3.2 and [S, Lemma

4.2], for any 1 ≤ ℓ ≤ k we have

Wℓ (η,X(i)k
(1)) = ℓ

∑
h=1
Wh (η, T1 (γ(i)k

) − 1) = ℓ

∑
h=1
Wh (η,Hk (γ(i)k

)) = ℓ.
In addition, since Tη (X(i)

k
(1)) = 0, for any 1 ≤ ℓ ≤ k we have

Wℓ (Tη,X(i)k
(1)) = 0.

On the other hand, if the i-th k-soliton is not free, then X
(i)
k
(1) = X(i)

k
. In

addition, η (X(i)
k
) = 1 − Tη (X(i)

k
) = 0. Thus for any 1 ≤ ℓ ≤ k we get

Wℓ (η,X(i)k
(1)) = 0, Wℓ (Tη,X(i)k

(1)) = ℓ.
From the above, for any 1 ≤ ℓ ≤ k we have

ξℓ (Tη,X(i)k
(1)) − ξℓ (η,X(i)k

(1)) = ℓ + oℓ. (A.3)

Now we assume that the i-th k-soliton is not free at time 0. Then we have
X
(i)
k
(1) = X(i)

k
, and thus from (A.3) we obtain (3.8) for this case. Next we

assume that the i-th k-soliton is free at time 0. In this case we obtain

ξℓ (η,X(i)k
(1)) − ξℓ (η,X(i)k

)
= ∑

y∈[X(i)
k
+1,X

(i)
k
(1)]
∑
h∈N
(η↑

ℓ+h
(y) + η↓

ℓ+h
(y))

= ∑
y∈[X(i)

k
+1,X

(i)
k
(1)]∩γ(i)

k

k

∑
h=ℓ+1

(η↑
h
(y) + η↓

h
(y))

+ ∑
y∈[X(i)

k
+1,X

(i)
k
(1)]∩(γ(i)

k
)c

k−1

∑
h=ℓ+1

(η↑
h
(y) + η↓

h
(y)) ,

where we use the fact that in the interval [H1 (γ(i)k
) , Tk (γ(i)k

)), there are

only (h,σ)-seats with h ≤ k, and all (k, σ)-seats are elements of γ
(i)
k

. For
the first term, we get

∑
y∈[X(i)

k
+1,X

(i)
k
(1)]∩γ(i)

k

k

∑
h=ℓ+1

(η↑
ℓ+h
(y) + η↓

ℓ+h
(y)) = ∑

y∈γ(i)
k

k

∑
h=ℓ+1

η↑
ℓ+h
(y) = k − ℓ.
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For the second term, we observe that if [X(i)
k
+ 1,X(i)

k
(1)] ∩ (γ(i)

k
)c is not

empty, then each element is a component of some h-soliton γ with h < k,

and γ ⊂ [X(i)
k
+ 1,X(i)

k
(1)]. In addition, a h-soliton is composed by one of

each (h′, σ)-seats for 1 ≤ h′ ≤ h and σ ∈ {↑, ↓}. Hence for any 1 ≤ h ≤ k − 1,
we have

∑
y∈[X(i)

k
+1,X

(i)
k
(1)]∩(γ(i)

k
)c
η↑
h
(y) = ∑

y∈[X(i)
k
+1,X

(i)
k
(1)]∩(γ(i)

k
)c
η↓
h
(y) ,

and

N
(i)
k,h
(1) = ∑

y∈[X(i)
k
+1,X

(i)
k
(1)]∩(γ(i)

k
)c
(η↑

h
(y) − η↑

h+1
(y)) .

Thus we get

∑
y∈[X(i)

k
+1,X

(i)
k
(1)]∩(γ(i)

k
)c

k−1

∑
h=ℓ+1

(η↑
h
(y) + η↓

h
(y))

= 2 ∑
y∈[X(i)

k
+1,X

(i)
k
(1)]∩(γ(i)

k
)c

k−1

∑
h=ℓ+1

η↑
h
(y)

= 2 ∑
y∈[X(i)

k
+1,X

(i)
k
(1)]∩(γ(i)

k
)c

k−1

∑
h=ℓ+1

(h − ℓ) (η↑
h
(y) − η↑

h+1
(y))

= 2 k−1

∑
h=ℓ+1

(h − ℓ)N (i)
k,h
(1) .

From the above, we have

ξℓ (η,X(i)k
(1)) − ξℓ (η,X(i)k

) = k − ℓ + 2 k−1

∑
h=ℓ+1

(h − ℓ)N (i)
k,h
(1) ,

and thus from (A.3) we obtain (3.8) when the i-th k-soliton is free.

Appendix B. Computations omitted in Section 4

In this section we derive (4.9), (4.11), (4.12) and (4.18), whose proofs
were omitted in Section 4.

B.1. Derivation of (4.9). First we observe that

Eνq [r (0)] = νq (η (x) = Tη (x) = 0)
= 1 − νq (η (x) = 1) − νq (Tη (x) = 1)
= 1 − 2νq (η(x) = 1) . (B.1)
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On the other hand, since νq is shift-ergodic, by the ergodic theorem (cf. [B,
Theorem 6.21]), we have

lim
L→∞

1

L

L

∑
x=1

η (x) = νq (η(x) = 1) νq-a.s.

In addition, from Remark 4.1, s∞ (η, i + 1) − s∞ (η, i), i ∈ Z are i.i.d. under
νq, and thus we get

lim
L→∞

1

s∞ (η,L) − s∞ (η,0)
s∞(η,L)
∑

x=s∞(η,0)+1
η (x)

= lim
L→∞

1

s∞ (η,L) − s∞ (η,0)
L−1

∑
i=0

s∞ (η, i + 1) − s∞ (η, i) − 1
2

= 1

2
− lim

L→∞

L

2 (s∞ (η,L) − s∞ (η,0))
= 1

2
− 1

s̄∞ (q) νq-a.s.

where at the second line we use the fact that the number of balls in the i-th
excursion is equal to (s∞ (η, i + 1) − s∞ (η, i) − 1) /2, and the last line we use
the law of large numbers for s∞ (η, i + 1) − s∞ (η, i), i ∈ Z. Hence we have

r̄k (q) = 1

s̄∞ (θkq) .
Now we fix an excursion e ∈ E . Note that e can be regarded as an element
of Ω, by considering η = η(e) as

η(x) = {e (x + 1) 0 ≤ x ≤ ∣e∣ − 1,
0 otherwise.

Then, we can apply Ψℓ to e, and we will write Ψℓ (ε) instead of Ψℓ (η(e))
Then, we have the following formula for e.

∣e∣ = 1 + ∞∑
ℓ=1

∣e∣−1
∑
x=1
(η↑

ℓ
(x) + η↓

ℓ
(x))

= 1 + 2 ∞∑
ℓ=1

∣Ψℓ(ε)∣−1
∑
j=0

ℓζℓ (j) ,
where at the last line we use (5.1) to derive

ξℓ (η(e), ∣e∣ − 1) = 1 + ∞

∑
h=ℓ+1

∣e∣−1
∑
x=1
(η↑

h
(x) + η↓

h
(x))

= ∣Ψℓ (ε)∣ .
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By using the above, (5.4) and Remark 5.7, we have

1

r̄k (q) = Eνk
θ
q [∣e∣] = 1 + 2 ∞∑

ℓ=1
ℓEνk

θ
q [∣Ψℓ (ε)∣]αℓ (θkq)

= 1 + 2 ∞∑
ℓ=1
(ℓ − k) αℓ (θkq)

r̄ℓ (q) .

Hence we have (4.9).

B.2. Proof of Proposition 4.4. First we derive (4.11) From (5.12) and
(5.13), we have

1

n
Y
(i)
k
(η, n) = k

n
Y
(i)
1
(Ψk−1 (η) , n) + 2

n

k−1

∑
ℓ=1

ℓ

X
(i)
k−ℓ(Ψℓ(η̃),n)
∑

j=X(i)
k−ℓ(Ψℓ(η̃),0)+1

ζℓ (η̃, j) .
From (4.10), by taking n→∞ we have

1

n
Y
(i)
k
(η, n) = veffk (q) νq-a.s.

and

1

n
Y
(i)
1
(Ψk−1 (η) , n) = veff1 (θk−1q) νq-a.s.

In addition, since X
(i)
k−ℓ
(Ψℓ (η̃) , n) is σ (ζh ; h ≥ ℓ + 1)-m’ble for any 1 ≤ ℓ ≤

k − 1 and n ∈ Z≥0, by (4.10) and Remark 5.7, we have

1

n

X
(i)
k−ℓ(Ψℓ(η̃),n)
∑

j=X(i)
k−ℓ(Ψℓ(η̃),0)+1

ζℓ (η, j) = αℓ (q) veffk−ℓ (θℓq) νq-a.s.

From the above, we have (4.11).
Next, we show (4.12). From (5.12) and (5.14), we have

1

n
Y
(i)
1
(Ψk−1 (η) , n) = 1

n

n−1

∑
m=0

r (TmΨk (η̃) , Jk (η̃, i)) .
Since Y

(i)
1
(Ψk−1 (η) , n) converges to veff1 (θk−1q), by Remark 5.7, we see

that if

lim
n→∞

1

n

n−1

∑
m=0

r (TmΨk (η) , x) = r̄k (q) , (B.2)

νq ( ⋅ ∣s∞(0) = 0) -a.s. for any x ∈ Z, then we obtain (4.12). To show (B.2),
we observe that by T -invariance of νq and the ergodic theorem, we see that

n−1∑n−1
m=0 r (TmΨk (η) , x) converges a.s. to Eνq[r (TmΨk (η) , x) ∣I], whereI is the set of invariant sets of T . On the other hand, since νq is shift-

ergodic and the limit Eνq[r (TmΨk (η) , x) ∣I] is shift-invariant, we see that
Eνq[r (TmΨk (η) , x) ∣I] is a.s. constant. Hence we have the limit (B.2)
νq-a.s., and this implies (B.2) νq ( ⋅ ∣s∞(0) = 0) -a.s. Thus (4.12) is proved.



72 SCALING LIMITS OF SOLITONS IN THE BOX-BALL SYSTEM

B.3. Proof of (4.18). From (7.6), the derivative of ΛY
q,k with λ = 0 is given

by

dΛY
q,k

dλ
(0) = dUq,k

dλ
(0) dΛM

q,k

dλ
(0) ,

where Uq,k (λ) is defined in (5.26). First we check that the expression (4.18)

is the same as [FNRW, (1.12)]. We observe that
dUq,k

dλ
(0) satisfies the fol-

lowing system,

dUq,k

dλ
(0) = k + 2 k−1

∑
ℓ=1
(k − ℓ) dUq,ℓ

dλ
(0) . (B.3)

On the other hand, from (4.9), (4.12) and (5.12), we have

dΛM
q,k

dλ
(0) = dΛY

θk−1q,1

dλ
(0)

= r̄k (q) .
Then by combining (4.9) and (B.3), we see that (dUq,k

dλ
(0) , r̄−1k (q)) coincide

with the quantities (sk, wk) in [FNRW, (1.12)], respectively, and that (4.18)
and [FNRW, (1.12)] are the same.

To show (4.18), it is sufficient to prove that
dUq,k

dλ
(0) = veffk (Ckq). Since

M
(i)
k
( ⋅ ) = 0 a.s. under νCkq, we have

veffk (Ckq) = dUCkq,k

dλ
(0) .

On the other hand, from (B.3), we get

dUCkq,k

dλ
(0) = dUq,k

dλ
(0) .

Hence
dUq,k

dλ
(0) = veffk (Ckq), and thus we have (4.18).

Appendix C. Proof of Lemma 11.1

From [FG, Lemma 3.7], if we write ν̃q the distribution of e(0) on E under
νq, then the probability ν̃q(e), e ∈ E is

ν̃q(e) = νq (η(1) = 0∣η(0) = 0)∏
k∈N
(a (q) b (q)k−1)ζk(e)

= νq (η(1) = 0∣η(0) = 0) (a′ (q))∑k∈N ζk(e)
b (q) ∣e∣−12 ,

where a′ (q) ∶= a (q) /b (q) and ζk (e) is the total number of k-solitons in e.
We observe that ∑k∈N ζk (e) is equal to the number of 1 ≤ x ≤ ∣e∣ such that
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e (x) = 1, e (x + 1) = 0 and it is known that

∣{e ∈ E (m) ; ∣{1 ≤ x ≤ 2m + 1 ; e (x) = 1,e (x + 1) = 0}∣ = z}∣
= 1

m
(m
z
)( m

z − 1) ,
for any m ∈ N, where the right-hand side is called the Narayana numbers.
Hence, we get

Eν̃ [eλ∣e∣]νq (η(1) = 0∣η(0) = 0)−1
= 1 + ∞

∑
m=1

m

∑
z=1

1

m
(m
z
)( m

z − 1)(a′ (q))z (e2λb (q))m
= 1 + a (q)

1 − e2λ (a (q) + b (q)) +√(1 − e2λ (a (q) + b (q)))2 − 4e2λa (q) b (q) ,
where we use the fact that the generating function of the Narayana numbers
F (a, b) is given by

F (a, b) ∶= 1 − b (1 + a) −√(1 − b (1 + a))2 − 4ab2
2b

.

From the above, for sufficiently small λ > 0, we have Eν̃ [eλ∣e∣] <∞.
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: Hard rod hydrodynamics and the Lévy Chentsov field. Ensaios Mat. 38. Rio de
Janeiro: Sociedade Brasileira de Matemática.
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