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As first recognized by Hill in 1960’s, one character distinguishing the thermodynamics of small
systems from the macroscopic one is that some intensive variables are no longer defined uniquely
for small systems. For example, the differential chemical potential, defined as the derivative of a
thermodynamic potential with respect to particle number, is no longer equal to the integral one,
given by the ratio of Gibbs free energy to the particle number. The concept of differential and
integral surface tensions has been introduced recently to account for the increasing surface
contribution to thermodynamic potentials when a system shrinks down in size. Simulations
constitute a powerful tool for testing new concepts. The present work provides the simulation
evidence for distinct differential and integral surface tensions. Our results point out some useful
directions for future experimental investigations to check the general validity of the concept of

differential and integral surface tensions.
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mailto:szhao@gxu.edu.cn
mailto:wei.dong@ens-lyon.fr

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

I. Introduction

Thermodynamics provides a powerful framework for many scientific domains and technological
applications. It was primarily developed for describing macroscopic systems. T. L. Hill was a pioneer
who had proposed extending thermodynamics to small systems in 1960s by introducing an additional
pair of conjugated variables, i.e., replica number and subdivision potential 12, Until now, none of these
two variables has been determined experimentally. The lack of experimental validation constitutes a
major obstacle for the wide acceptation of Hill’s theory, now named as nanothermodynamics *°.
However, it is attracting much renewed interest >2! due to the booming nanotechnology. Recently, an
alternative approach has been proposed for extending thermodynamics down to nanoscales without
resorting to Hill’s replica trick but by focusing on a single small system and by introducing the new
concept of differential and integral surface tensions, which are, in principle, both experimentally
measurable quantities 2223,

Surface tension is a venerable scientific concept, Laplace ?* and Young 2 initiated its study to
understand capillarity. Gibbs introduced its thermodynamic definition and derived its relation to the
adsorption at surfaces or interfaces 2°. The statistical-mechanics expression of the surface tension and
that of pressure tensor were derived by Kirkwood and coworkers from their respective mechanical
definition 2728, (see also refs [29, 30] for reviews). Many simulation methods are now available for
calculating the surface tensions of various interfaces 3’ (the cited references not intending to be
exhaustive). Experimental evidences start appearing to show the importance of surface contribution to
thermodynamic potentials of nanoscale systems “34°, It has been revealed recently that when the
surface contribution becomes dominant to a system’s thermodynamic potential, two distinct surface
tensions can arise, i.e., one named as differential surface tension, defined as the derivative of a
thermodynamic potential with respect to interface area, and the other named as integral surface tension,
given by the excess thermodynamic potential divided by surface area (see Eqs. 2 - 4 for more precise
definitions) 2223, Fig. 1 shows a prototype of such interfacial systems, e.g., a hard sphere fluid confined
in a slit pore between two flat hard walls (model studied in this work). This is a benchmark model for
the study of confined fluids and many theoretical and simulation works have been devoted to it. Despite
our extensive literature search, we have not found any previous work giving whatever indication that
the differential and integral definitions of surface tension can give different results. So, there is an

obvious gap between the recent prediction of two distinct surface tensions 222 and the currently
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available experimental and simulation data. The primary objective of the present work is for bridging
this gap, at least that between the recent theoretical prediction and the previous simulations, i.e.,
evidencing the general validity of the concept of differential and integral surface tensions through
detailed simulations. We believe that the feasibility demonstration and the search of optimal

experimental conditions are really necessary and very valuable for motivating the endeavor devoted to

A
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FIG.1 A hard sphere (HS) fluid, of diameter o, confined in a slit pore formed by two hard walls. Pore

width: H (accessible pore width: L = H — ¢); Surface area of one wall: A (total surface area: A =

24).

the experimental validation. Before engaging actively in such an endeavor, any experimental group
can raise the following relevant and important questions. At which pore sizes (e.g., in terms of fluid-
particle diameter), the distinct differential and integral surface tensions can show up? What should be
the magnitude of the difference between the differential and integral surface tensions? Is the difference
sufficiently large to be experimentally detectable? The present work aims at bringing some answers to
these questions. The previous theoretical prediction of the two distinct surface tensions was based on
a model with an ideal gas, which does not allow for answering many questions raised above. For
example, the ideal gas is constituted of point particles, so no volume exclusion effect between fluid
particles is taken into account. However, it is well-known that the repulsion between fluid particles at
short distances is mainly responsible for the short-range structure in any real bulk and confined fluids.
We believe that today, sixty years after Hill’s first work on thermodynamics of small systems, any
efforts devoted to evidence the hallmark thermodynamic behaviors of small systems are worthwhile
and timely endeavors. From a broader perspective, the firm establishment of distinct differential and
integral intensive thermodynamic variables will advance our general understanding of
thermodynamics. In the framework of macroscopic thermodynamics, the intensive variables, like

pressure and chemical potential, play an important role for charactering thermodynamic equilibrium.
3
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For the moment, it is not yet clear whether it is the differential or the integral intensive variable that
enters into the conditions for determining the equilibrium in a nanoscale system. We believe such open
questions will become interesting future research issues.

From its mechanical definition, the surface tension is given by,

ymeeh =2 17 dzlp, - py(2)] | 1)

2

where p, and p,(z) are respectively the normal and transverse component of the pressure tensor
and the factor 1/2 accounts for the two fluid-wall interfaces. One well-known thermodynamic
definition gives,
oF 20 oG
=), = (@)W = (a)m,,v ' (2)

where F, G, and 2 are respectively the Helmholtz, Gibbs free energy and the grand potential of the
confined fluid, V, N, Tand u are respectively volume, number of particles, temperature and chemical
potential. Although the definitions given in egs. (1) and (2) should be considered now as the standard
knowledge of surface thermodynamics, their precise meaning and their relations are not always clearly
perceived, thus they are considered sometimes as different things. When the expressions of p, and
p;(z) derived by Ivring and Kirkwood 8 are substituted into eq. (1), one obtains an expression of
y™ech in terms of fluid-fluid and fluid-wall interactions. Starting from eq. (2) with a chosen
thermodynamic potential and its corresponding partition function and taking properly the derivative
with respect to surface area, Dong, Franosch, Shilling > have shown recently that eq. (2) gives exactly
the same result as eq. (1). This shows clearly that the mechanical definition is identical to the
differential thermodynamic definition of surface tension, as already pointed out in some particular
cases 2223, The equivalence of the definitions given in egs. (1) and (2) allows for calculating the
differential surface tension from either of them.

Gibbs 26 and Cahn *° gave respectively also the following expressions of surface tension,

o 0TV, A)-0PUK 0Ty, A)+pPulky

Yo = A - A ' (3)
N G(T,p,N,A)-GPUK  G(Tp,N.A)—pubUky
Y = A = A ' (4)

where 0PUK and GPWk are respectively the grand potential and the Gibbs free energy of the
considered fluid in bulk. While eq. (2) gives the surface tension from the derivative of a
thermodynamic potential, the ones defined by egs. (3) and (4) are based on finite differences. So, the
former has been named recently as differential surface tension while the latter as integral surface

4
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tension 2223, When the pore width is large, all the above expressions give the same result. In fact, all
the previous simulations for determining the surface tension have been carried out under such
conditions. With the help of the model of a strongly confined ideal gas %%, a prediction has been made
recently: the differential and integral surface tensions are no longer the same. Moreover, the integral
surface tensions can be ensemble-dependent, e.g., egs. (3) and (4) give different results, while the
differential surface tension is ensemble-independent, i.e., eq. (2) holds even when the slit pore becomes
very narrow. Thus, it is necessary to indicate which thermodynamic potential is used to define an
integral surface tension. The index used for an integral surface tension serves for this purpose, e.g., 7,
and 7. In order to motivate experimental groups to engage actively in the investigations devoted to
test the predictions of nanoscale thermodynamics, it is necessary to go beyond the ideal gas model
since some key questions concerning the experimental feasibility and the detection conditions can not
be answered with the ideal-gas model constituted of point particles. An immediate such question is:
for which pore sizes (in terms of fluid-particle diameter) one can expect to see distinct differential and

integral surface tensions?

It is true that the system chosen for the present study, i.e., a hard-sphere fluid in a slit pore, is still
a simplified model for fluids. However, it is capable of capturing some key general features of real
fluids. For example, the structure factor of some simple liquids determined from neutron-scattering
experiments is quite close to that given by a HS model. Moreover, the HS model can account for a
large part of a fluid’s free energy since it is a well-known good reference system widely used in
perturbation theories for describing real fluids. Since it is no longer possible to obtain exact and
analytical results for a HS fluid confined in a slit pore, we resort to computer simulations in the present

work.

I1. Methods

A. Calculation of integral surface tension, 7,

The most straightforward way to determine the integral surface tension in a grand canonical ensemble,
I.e., 7, IS to use its definition given in eq. (3). The grand potential of the confined fluid can be
obtained by using the Grand Canonical Transition Matrix Monte Carlo method (GCTMMC) proposed
by Errington °1°2, To determine the grand potential of the bulk fluid, we use Carnahan-Stirling equation
to calculate the pressure of the bulk hard sphere fluid in chemical equilibrium with the confined fluid.

To apply eq. (3), we need to choose also the reference surfaces with respect to which the surface tension
5
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is calculated. In the present work, all the results are obtained by choosing the reference surfaces at
z=+1L/2 (see Fig. 1), thus, v =LA (A: surface area of one wall).

It is also possible to calculate ¥, by integrating Gibbs adsorption equation, i.e.,

(%)TL — = _N_Nbulk (5)

ou A

where I is the adsorption and NP"X the number of the corresponding bulk fluid at the same T, the
same u and occupying a volume in the bulk equal to that of the confined fluid. This method, named
as Gibbs-Cahn integration, has been successfully explored by B. B. Laird and coworkers for
calculating surface tension at a single interface “°. In the present work, we do not use this method since
it requires calculating a series of values of the adsorption as well as the determination of the integration
constant, i.e., one value of the surface tension by using another method. However, it is to be pointed
out that this method can provide a useful basis for the experimental determination of 7, since the
experimental measurement of the adsorption is a routine one.
B. Calculation of differential surface tension, y
As already pointed out above, the mechanical definition of surface tension, i.e., eq. (1), is identical to
the thermodynamic differential definition given in eq. (2). Moreover, it has been shown that the
differential surface tension is ensemble-independent 2223, So, eq. (1) can be used with any ensemble
provided one chooses the corresponding thermodynamic potential to calculate y as required by eq.
(2). Eq. (2) shows that the differential surface tension can be calculated by taking the derivative of the
grand potential with respect to surface area when the grand-canonical ensemble is considered.
Nevertheless, a simpler alternative way to calculate the differential surface tension exists by exploring
the fact that the grand potential is a first-order homogeneous function of both V and A. For a given
finite pore width, the volume of the slit pore scales with the pore surface area 2, i.e.,

O(T,u, AV,AA) = AQ(T,u,V,A) . (6)
This leads immediately to

QT 1wV, A) =—p,V+yA . (7)
In contrast to eq .(3), y in eq.(7) is the differential surface tension while 7, in eq.(3) is the integral
surface tension since pPU¥ in eq.(3) is the pressure in the reservoir of the grand canonical ensemble
while p, in eq.(7) is the normal pressure of the confined fluid on the pore walls. When these two
pressures are not equal, their difference, IT = p, — pPY¥, is Derjaguin’s disjoining pressure 5354,
Dong, Franosch and Schilling have proven recently that the contact-value theorem holds also for a

6
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hard sphere fluid confined in a hard slit pore for any pore width > (their proof holds also for the grand
canonical ensemble). The normal pressure can be easily obtained from p, = kgTp(+L/2) (kg:
Boltzmann constant, p(+ L/2): contact value of the fluid density profile at pore walls). By using thus
obtained p,, we obtain the differential surface tension straightforwardly from eq. (7).

Since the differential surface tension is ensemble-independent, we can also calculate it with the
mechanical definition, i.e., eq. (1), in a canonical ensemble. The test-volume and test-area methods 3*-
41 are based on this principle. We used also these methods to calculate the averaged values of the two
components of pressure tensor in order to compare y from the canonical ensemble with that obtained
from the grand canonical ensemble to evidence effectively its ensemble-independence.

C. Calculation of integral surface tension, 7,
In order to show clearly our procedure for calculating 7, it is useful to recall that Gibbs free energy
is a first-order homogeneous function of N and A. i.e.,

G(T,p., AN, AA) = AG(T,p,, N, A). (8)
This leads immediately to

G(T,p,,N,A) = uN + yA, 9)
where u is the chemical potential of the confined fluid. We first calculate the chemical potential with
Widom?’s test particle method °6 and y with the help of its mechanical definition and the test-volume
method for the components of pressure tensor 3 in canonical ensemble. Since both u and y are
differential intensive variables, thus ensemble-independent, we can use them to calculate Gibbs free
energy by using eq. (9). Once G is determined, we obtain readily the integral surface tension, 7,
from its definition, i.e., eq. (4) with uP"¥ being the chemical potential of the corresponding bulk fluid
at the same T with a pressure equal to p,. We use Carnahan-Stirling equation for calculating pPuk

since it gives essentially the exact result for a bulk hard sphere fluid.

I11. Results
In order to enhance their visual perception, all the results shown in the main text are presented in form
of curves. However, the numerical data given in tables can facilitate their use by other researchers who
wish to compare their own results with ours. Such tables along with detailed computational parameters
and conditions are presented as Supplementary Material (SM).

Now, we present first the simulation evidence for the distinct integral and differential surface

tensions. Fig. 2 show the results for y, and y asa function of chemical potential which are obtained
7
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in a grand canonical ensemble by using respectively the methods described in Sec. I1-A and Sec. 11-B.
We see clearly that for narrow pores, y (continuous curves) is different from y, (dash-dot curves).
The differential surface tension changes significantly with the pore width while the modification of the
integral surface tension with the pore width is moderate. We see also that the difference between 7,
and y increases with the chemical potential. So, it is easier to detect this difference at high fluid
densities. For the system studied here, the largest difference between 7, and y is found for the pore

width, L = 1.50 (see the red curves in Fig. 2).

FIG.2. Results evidencing distinct integral and differential surface tensions from grand canonical
transition matrix Monte Carlo simulation. ¥,: symbols and dash-dot lines; y: symbols and continuous
lines. Symbols are original simulation data and lines are fittings with a third-order polynomial. Three
pore widths are considered: L = 0.250 (black), L = 1.5¢ (red), L = 2.00 (blue). Details about

computational conditions are given in Supplementary Material (SM).

We have recalled above that the integral surface tension, y,, satisfies a generalized Gibbs
adsorption equation, i.e., eg. (5). From our grand canonical ensemble simulations, we can readily
calculate the adsorption, i.e., the right-hand-side (RHS) of eq. (5). The results of 7, as a function of
u allow for determining the derivative on the left-hand-side of eq. (5). In order to calculate accurately
the derivative, the simulation data in Fig. 2 are fit to smooth curves (dash-dot lines). The thus obtained
derivatives of 7, with respect to u are presented in Fig. 3 as lines while the simulation results for
—I' are shown as symbols. The good agreement between the lines and the symbols shown in Fig. 3

evidences the validity of the generalized Gibbs adsorption equation.
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FI1G.3. Corroboration of adsorption equation satisfied by the integral surface tension, ¥,. Values of
—(07qo/0u)r,: Continuous lines; Adsorption, I': Symbols. Three pore widths are considered: L =
0.250 (black), L = 1.50 (red), L = 2.00 (blue). Details about computational conditions are given

in SM.

Hill first point out that the ensemble-dependence is one salient feature of the thermodynamics of
small systems 2, The recent work of W. Dong has further clarified that only integral intensive variables
are ensemble-dependent while the differential intensive variables are not %. In Sec. 11-B, we described
the respective the procedure to calculate y in a grand canonical ensemble, as well as that in a
canonical ensemble. In addition to the results of y obtained in a grand canonical ensemble (those in
Fig. 2), we also calculated y in a canonical ensemble with the help of its mechanical definition and
the test-volume method to calculate the averaged components of pressure tensor. These results of y
from different ensembles are presented in Fig. 4 (continuous curves for pVT-ensemble and symbols
for NVT-ensemble). The good agreement between the results from different ensembles confirms well

the ensemble-independence of the differential surface tension.

FIG. 4. Ensemble-independence of differential surface tension evidenced by comparing the pVT-
ensemble simulation results (continuous curves) and those from NVT-ensemble (symbols). Three pore
widths are considered: L = 0.25¢0 (black), L =1.5¢ (red), L = 2.00 (blue). Details about

computational conditions are given in SI.
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In Sec. 11-C, the method for calculating Gibbs free energy with our simulation data is described.
We used again Carnahan-Stirling equation to calculate the chemical potential of a bulk hard sphere
fluid, Yk at a pressure equal to the value of the normal pressure in the confined fluid. Then, eq. (4)
allows for calculating straightforwardly 7. The results for ¥, as a function of p, are presented in
Fig. 5 along with the differential surface tension. We see that ¥, is also different from y and their
difference is even more pronounced than that between 7y, and y. Concerning the influence of the
pore width on y and 9, Fig. 5 shows that ¥, changes slightly when the pore width is modified
while the differential surface tension is much more sensitive to the change of the pore width as what

is already observed from the results given in Fig. 2.

FIG. 5. Integral surface tension defined from Gibbs free energy, 7, (symbols being simulation data
and dash lines for guiding the eye) as a function of normal pressure, compared to differential surface
tension, y (symbols being simulation data and full lines for guiding the eye). Three pore widths are

considered: L = 0.5¢ (black), L = 1.00 (red), L = 1.50 (blue).

Finally, the ensemble dependence of the integral surface tensions is evidenced by the results
presented in Fig. 6, which shows clearly that ¥, # ¥,. From Fig. 6, one can see that for L = 2.00,
the curve of 7, overlaps nearly that of ¥, so the ensemble-dependence of the integral surface tension
becomes negligible for pores with a width larger than 2.00. However, a pronounced ensemble-

dependence is observed for strong confinements, L < 2.0c.
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FIG. 6. Ensemble-dependence of integral surface tensions. Integral surface tension defined from grand
potential, 7,: symbols being simulation data and dash-dot lines given by fittings with a third-order
polynomial; Integral surface tension defined from Gibbs free energy, y.: symbols being simulation
data and full lines for guiding the eye. Three pore widths are considered: L = 0.25¢ (black), L =
1.50 (red), L = 2.00 (blue).

IV. Discussion

The results of the present study provide the simulation evidences for the general validation of the
concept of distinct differential and integral surface tensions 222 i.e., ¥y # 7, # 7, When the size of
an interfacial system shrinks down in the direction normal to the interface. The mechanical definition
and the differential thermodynamic definition of surface tension are ensemble-independent and give
the same result, i.e. y = y™e". But the integral surface tensions are ensemble-dependent, e.g.,
Yo # ¥¢ In cases of strong confinement. In contrast to Hill’s nanothermodynamics, the alternative
approach proposed recently 2223 focuses on a single small system without resorting to the artifice of
replica proposed by Hill. Now, a physically-appealing measure for quantifying a system’s smallness
emerges as well. In fact, down to which size, a system can be qualified as a small one? Before
answering this question, it is to note that the absolute value of the size does not always provide a
suitable answer to such a question. For the system considered in this work, it is the pore size compared
to the fluid-particle size that really matters. A more quantitative characterization of different degrees
of smallness can be formulated according to successive modifications of the thermodynamic properties
due to the size decrease. For the prototype system considered in this work, when the pore width
becomes smaller, one finds first p, # p (differential pressure: p, = —(002/0V)r, 4, integral
pressure: p =—0/V) and u # i (differential chemical potential: u = (8G/IN)ry, 4, integral
chemical potential: g = G/N). Further decreasing the pore width leads to y # 7, # 7, in addition
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The new concept of differential and integral surface tensions improves not only our understanding
of the thermodynamic properties of small systems but also our knowledge about various simulation
methods for determining surface tensions. Up to now, it is believed that all the simulation methods
give the same result for surface tension. However, this is no longer true when the surface contribution
becomes dominant in the thermodynamic potential. Under such conditions, the methods based on the
differential definition or the mechanical definition do not give the same result as those based on the
integral definition of surface tension. For example, the first category, including the methods based on
pressure tensor 337 or the test area method 3941, gives the differential surface tension while the second
category, including the thermodynamic integration method “* and that base on integrating Gibbs
adsorption equation “¢4’_ gives the integral surface tension. When the methods of the second category
are used, particular attention has to be payed also to the ensemble-dependence of the obtained results.
The general validity of the approach proposed recently by W. Dong ?>? is demonstrated by the
simulations reported in this work. We hope this will provide an impetus to the investigations for its
experimental validation. We also hope that the present work can motivate further theoretical
investigations. Intensives variables, like pressure and chemical potential, play an important role for
describing phase equilibria. It is not yet clear whether it is the differential or the integral intensive
variables that determine the phase equilibria in small systems. Advance in clarifying such open issues
will certainly benefit the development of nanoscience and nanotechnology.

Although the hard sphere fluid is a quite simple model for fluids, it is now well-known that it is
capable of describing quite well the properties of many colloid systems. Moreover, granular gases
resemble in many aspects to a hard sphere fluid although their motion is not a thermal one but driven
by the vibration of the plateau on which they are placed. Recently, some experiments with granular
gases have provided very interesting results for corroborating some theoretical predictions of stochastic
thermodynamics "%, One can wonder how a granular gas which is a macroscopic system can be used
to test the predictions of the nanoscale thermodynamics. In fact, if a granular gas can be confined in a
slit pore of a width in the range of a few diameters of a granular, the system is under the strong
confinement conditions. Such a system should manifest the same behaviors as those observed from
our simulations. As already pointed out above, the really relevant physical measure of smallness is not

the absolute size but the pore width compared to the fluid-particle size. Under the condition of strong
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confinement, the fluid adsorption near one pore wall affects that on the other wall. Thus, there is no
long a clear distinction of bulk and interface regions in such a system, the characteristic thermodynamic
behaviors of small systems will manifest themselves. The strategy described above should allow for
devising possible experimental investigations with granular gases and our simulation results will be

certainly useful to help finding the suitable experimental conditions.
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