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LOGARITHMIC SOBOLEV INEQUALITIES FOR GENERALISED
CAUCHY MEASURES

BAPTISTE HUGUET

ABSTRACT. We prove a curvature-dimension criterion and obtain logarithmic
Sobolev inequalities for generalised Cauchy measures with optimal weights and
explicit constants. In the one-dimensional case, this constant is even optimal.
From these inequalities, we derive concentration results, which allow concluding
the case of the pathological dimension two.

1. INTRODUCTION

This article is dedicated to the logarithmic Sobolev inequality for generalised
Cauchy measures, by means of curvature-dimension arguments. These measures
are defined on R" by

_ 1 2\~ : m _ ™T(8 —n/2)
ps(dx) Zén)(1+ |z|*)""dr, with Z; ) ,
where 8 > n/2. In many ways, they can be seen as an approximation of Gaussian
measures. Indeed, thanks to a rescaling argument and letting the parameter (8
go to 0o, we recover the Gaussian distribution. However, this metaphor is more
involved as it can be extended to the comparison between the heat kernel and the
Barrenblatt kernel or between the heat equation and the fast-diffusion equation.
Generalised Cauchy measures do not satisfy the classical functional inequalities,
such as Poincaré or logarithmic Sobolev. This makes them appropriate examples
for studying weighted functional inequalities. The weighted Poincaré inequality
has been studied in numerous articles, starting from the founding article about
functional inequalities for generalised Cauchy measures, [8], with different ap-
proaches leading to a collection of partial results (see [2], [10], [14], [16], [20], [21]).
A unified and complete proof of the optimal inequality is brought in [17], by means
of integrated curvature-dimension arguments.
On the other hand, the logarithmic-Sobolev inequality for generalised Cauchy
measures has been less studied. We say that a probability measure, v, satisfies the
logarithmic Sobolev inequality, with weight €2 and constant C' > 0 if

Ent, (f?) < C/Rn dfPQdy,  f € C(RY).

Key words and phrases. Curvature-dimension criterion; generalised Cauchy measures; loga-
rithmic Sobolev inequality.
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2 B. HUGUET

where C°(R™) denotes the set of smooth compactly supported functions. When-
ever this inequality holds, it extends to a domain in L2(v).
In [8], S. Bobkov and M. Ledoux established the following weighted inequality

1
2B -1 /R dfP(1+ [2*)? dug, B> (n+1)/2.

Their proof is based on the expression of the generalised Cauchy measure as the
distribution of the quotient between independent Gaussian and chi-squared ran-
dom variables. The constant is explicit and has a good order: up to rescaling,
they recover Gross’ logarithmic Sobolev inequality for Gaussian measures from
[15]. Their result has been reproved in one dimension by means of intertwining ar-
guments in [9]. Nevertheless, their weight is not optimal. Actually, we know, from
a Muckenhoupt-type argument, that the weight must be at least of magnitude
(1 + |z|*) log(|z]) (see [7] or [5] for a refined version of the result). It was proved
by [11] that these measures do satisfy a logarithmic Sobolev inequality with the
weight (1 + |z|?)log(e + |z|?), in any dimension. However, their method, based
on Lyapunov conditions, cannot provide explicit constants. It is noticeable that
the weight is different from the optimal weight for Poincaré and Beckner inequali-
ties. The aim of our article is to prove an inequality with the optimal weight and
explicit, or even optimal, constants.

Let us describe the structure of this article. In Section 2, we introduce the
two arguments of this article: the rescaled measures and the curvature-dimension
criterion. This criterion will be declined in the following two sections. In section
3, we study the one-dimensional case. We show that the curvature-dimension
argument is optimal. In Section 4, we study the general case. We obtain explicit
logarithmic-Sobolev inequalities for small parameters. Section 5, is devoted to the
special case of dimension two, for which the curvature-dimension argument fails.
An explicit inequality is obtained by tensorisation and concentration properties.

Ent,,, (f) <

2. RESCALED GENERALISED CAUCHY MEASURES

The goal of this section is to introduce and motivate the two main ingredients of
this work. First, we introduce rescaled measures and we explain why it is natural
to work with them. Then, we obtain a lower bound on the optimal constant for the
logarithmic Sobolev inequality. Finally, we recall the curvature-dimension criterion
and we explain how it applies to the rescaled generalised Cauchy measures.

For a fixed f > 1/2 and ¢ > 1, we defined the rescaled generalised Cauchy
measure (i3, on R™ by

TPT(8 = 12) s
Z0) r(5) |

The scaling parameter o can be interpreted as a computation artefact upon which
we optimise. In the limit case 0 =1, ug = pg, is the classical generalised Cauchy

1
ppo(dr) = ——(o + |z[*)Pdr, with Zé"g =
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measure and will be denoted p53. On the other hand, the measures ji5 93 converge
to the Gaussian distribution when g goes to +00. We denote by w, the function

We : T €ER" = o+ |z
For simplicity, wy is denoted by w. In this work, we prove an inequality for rescaled
measures, fig,, with the weight w, log(w,) and a constant Cs, independent of the
scaling parameter o. Let us notice that as long as ¢ > 1, this weight is positive
but not any longer for ¢ = 1. Actually, we can even prove that generalised Cauchy

measures do not satisfy any logarithmic Sobolev inequality with weight w log(w),
at least in dimension 1, by considering the test functions

@) ooty (1= 2k2)y if >0
K= ,/%(1—1—2/{::10% if <0

which satisfy

1 1
Ent 2 ~ —, d / /12 1 d ~N —_—
n Mﬁ(fk) Zﬁ an R |fk| w Og(w) 1204 ZB 10g(k)
However, an appropriate change of variables allows results on rescaled measures
to be transferred to generalised Cauchy measures.

Lemma 2.1. Assume thal pg, satisfies a logarithmic Sobolev inequality with
weight w, log(w,) and constant C° > 0, then ug satisfies a logarithmic Sobolev
inequality with weight w(log(o) + log(w)) and the same constant C.

Proof. Let f € C*(R™), we have

1
[ Fduse= [ f@)o+ laP) P da

570-
s O.n/27,3

= [ VI ) dy

= fd
. i

where f = f(y/o+). Inparticular, Ent,,, (f?) = Ent,,(f?). By the same argument,
we have

[l log o) s = [ VdE(/F9) o + oyl og(o + oyl as(dy)

= [ 1afP@) -+ Iof?) (108(0) + 1og(1 +[y])) us(d)

Hence, the result is proved. 0

This lemma shows that it is sufficient to work on the rescaled measures. Since
we want to control the sharpness of our inequalities, we need a lower bound on the
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optimal constant. To do this, it is sufficient to have a suitable test function, or a
suitable sequence of test functions, that blow up in L?(ug,,).

Proposition 2.2. Foralln > 1,0 > 1 and 8 > n/2, if ug, satisfies a logarithmic
Sobolev inequality with weight w, log(w,) and constant C, then we have

C>2/(28—n).

Proof. For € > 0, we define f. = w’. These functions are square-integrable if and
only if € < (28 —n)/4 = ¢ and in this case, we have

Z6725 o 25725 o
Ent U(ff) == <2€/ log(wy) ditg—2: o — log < ))
e Zpo n Z8o

ZB—2¢,0
L, Ve o) dig o =127 ( | 10g(cr) dpae
Rn 235 n

Z —ZE, O
Pl / log<wa)du5+1—za,a>
Z,B—Zs,a "

These two quantities diverge when € — gy, but we are only interested in their
quotient. If p5, satisfies the inequality with weight w, log(w,) and constant C,
we have

Z8_2¢,0
9 _ log (Bz’ﬁ) < 4220 (1 . O_Zﬁ+1—2€,a, fR" 1Og(wa) d:uﬁ-l—l—QE,U) ) (1)
f]R" log(wa) d:“’ﬂ—?s,cr - ZB—25,0 f]Rn log(wa) dﬂﬁ—%,a,

When € goes to ey, the right-hand side converges to 4¢3C. Indeed, Z, /241,
is finite and log(w,) is integrable with respect to fn/2+41,0, While Zg ., and
Jgn log(wy) diig—2e » diverge together to +o00. At the left-hand side, we have the
quotient of two quantities, which diverge to +00. So, we need to compare their
speed of divergence. On the one hand, we have

ZB—2¢,0
log (ﬁzz) ~log(I'(f — 26 —n/2)) ~ —log(a),
B,o
where v = § — 2¢ — n/2 goes to 0. On the other hand, we have
1
[ 108(ws) dit-2e0 =—— [ log(o +[af*)(o + [2f) ¥ do

B—2¢e,0

71'”/2

T2+ 1) 25200

+o0o
/ log(o + T2)(cr + 7"2)_/”267“”_1 dr
0

When e goes to €q, this quantity diverges with the same speed as

1 [t 1
- log(t)t 1720 dt < —.
INE) /1 og(!) et



Thus, the quotient
ZB*QE,O’
log ( ZB,G' )
fRn IOg(wa) d#b’—%,a

behaves as alog(a) when € goes to gy and so, the left-hand side of equation (1)
converges to 2¢o. At the limit, we get 1 < 2¢¢C. This ends the proof. OJ

Note that this lower bound is independent of o. Actually, the proof could have
been done directly for g, for any weight of the form w(log(o) + log(w)), and the
same bound would have been obtained. However, the calculation would have been
less straightforward.

Thus, we have a lower bound on the optimal constant whenever the measures
satisfy a logarithmic Sobolev inequality. The difficult part of this work, as for
any functional inequality, is to show that they really satisfy this inequality and
to obtain an upper bound on the optimal constant. For this purpose we use the
curvature dimension criterion.

Let v be a probability measure on R™ and L diffusion generator, defined on
C°(R™), symmetric with respect to v. We define the carré-du-champ I', and the
iterated carré-du-champ operator I's on C2°(R") by

20(f) = L(f*) — 2fLf, 20a(f) = LT(f) — 2U(f, Lf).

We say that (L,T",v) satisfies the curvature-dimension criterion, or Bakry-Emery
criterion, C'D(p,0), with p € R, if Ty > pI'. This criterion was developed by
Bakry and Emery in [3]. It is sufficient to prove functional inequalities such as
Poincaré, Beckner and logarithmic Sobolev. For more references about curvature-
dimension criterion and functional inequalities, see [4], or [1] more specifically
about the logarithmic Sobolev inequality. The following entropy’s representation
formula, from [12] for instance, sums up the situation.

Proposition 2.3 ([12]). For all p > 0 and f € C*(R™), we have

Ent, (f) = 21[)/ Fgf) dv — ; /0+°o / (Ty — pT) (log(P: f)P.f du dt,

where P denotes the semigroup associated to L. In particular, if (L,T',v) satisfies
CD(p,00), with p > 0, then v satisfies the weighted logarithmic Sobolev inequality

2
Ent, (f?) < f/ () dv.
p n
We aim to prove a curvature-dimension criterion for an appropriate generator
L, associated to rescaled generalised Cauchy measures. We use a generator whose

carré-du-champ I' brings the correct weight €2, = w, log(w,). Let us define L on
Ceo(R™) by

Lf = w,log(w,)Af +2(1 — (8 — 1) log(w,)){x, df).
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It is symmetric with respect to 153, and can be extended to a unique self-adjoint
operator on a domain of IL?(yg,,). Let us introduce some notations. For v,w € R™,
we denote by v ® w the tensor (v®w);; = v;w; and by vOwW = (VR W+w @) /2,
its symmetric part. For a matrix M € M,,(R), we denote by ||M | gs the Hilbert-
Schmidt norm, defined as

IM||Es = > Myl

1<i,j<n

The operator L is an appropriate choice to obtain weighted logarithmic Sobolev
inequalities, as shown in the following proposition.

Proposition 2.4. For all f € C*(R"), we have

T(f) = |df|?,
(A%, df) . |

FQ(f):| 9
HS

+ [(n = 2) log(w,)* — 2(28 — n) log(w,) + n — 2] ||df|’|«|* — (df, z)”]
+ (28 =n)I'(f)
+[=(n—2)(ws — 0) + (28 +n — 2)log(wy)* — 20(8 — n + 1) log(w,)]|df|*.

Q, Hess(f) +VQ, 0 Vf — id

Proof. The computation for I' is quite direct and we will focus on I's only. We
have

2T2(f) =Qo A(Q|df [?) +2[1 — (8 — 1) log(wy)](, d(Q|df*))
— 2Q0(df, d(QeAf + 2[1 — (8 — 1) log(w, ) |(z, df)))
=0, AQ,|df|* + 29, (d|df |, dQ) + Q2 A|df |2
+2[1 = (8 — 1) log(we)(dQ, z)[df|* + 2[1 = (8 — 1) log(w,)] QW (d|df|*, )
— 20, Af{df, d) — 2Q2{dAf, df) + 4(B — 1) log(ws){df, dw,){df, x)
—4Q,[1 = (B — 1) log(w, ) |{df, d{df, z))

In order to simplify this expression, we use the Bochner formula (see [4] for
instance), for the Laplacian in R"

Aldf|* — 2(dAf, df) = 2|| Hess(f) s,
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and the identity 1(d|df|?, z) = Hess(f)(V f,z) = (d(df,z),df) — |df|*. Hence, we
have

() 2|62, Hess (1) s + 492, Hess(F) (V1. V2,) — 20, A (df, dS,)
+8(5 — 1) log(wo ) (df, z)*
+ [QQWAQ, +2(1 — (B — 1) log(ws)){(dQ, x)
—4Q,(1 = (8 — 1) log(w,)] |df

Because of the second and third terms, this expression is not a combination of
non-negative terms, up to multiplicative coefficients. To deal with these terms,
we use the following factorisation formula. For M € M, (R) symmetric, and
v,w € R, we have

(U,2w> d

2 2
S (Mij L iy (v, w) 5ij>

M+voOw-—
H HS  1<ij<n 2 2

(viw; + vjw;)

Z M2 + M Uzwj + ijz') - M,‘j<1}, w>(5m +

1<,5<n 4
. . 2
_ Viwj + vjw; (0, W), + (v, w) 5
2 4
vlPlwl2 n-—2
M, + 2(0Mo, w) — Te(M) (0, w) + 121 (v, w)’

2 4

We apply this formula to M = Q, Hess(f), v = Vf and w = V(),. Hence, we
have

2

(f)+ VoV, - ;(df, dQ,)id

HS
n_

LA 9,)? + (8 — 1) log(w){df, )

+ BQ(,AQJ - ;|dQU|2 F (1= (8 — 1) log(w,))(d, )

—2Q,(1—(B—1) log(wa))} |df|”

Then, we use the identity |z|*> = w, — ¢ and we replace d), and AQ, by their
expressions in terms of w,

dQ, = 2(1 + log(w, )z, AQ, = 2n(1 + log(w,)) + 427

g
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We obtain

F2<f) = ‘ .
+ [4(8 = 1) log(w,) — (n — 2)(1 + log(w,))?] (df, x)?
+ [(n - 2)w, log2(wa) + 200 logZ(wa) + (n — 26)wy log(w,)
+2(8 — 1)a log(w,)] |df |

2

1
Q, Hess(f) +VfoVQ, — §<df, dQ,)id

For the last step, we note that the second term, {(df,z)?, is weighted by a coef-
ficient
[—(n — 2)log(ws)* +2(28 — n) log(ws) — (n — 2)],
which is negative for sufficiently large |z| (except in dimensions 1 and 2, which
present other difficulties). In order to circumvent this issue, we introduce the
compensated expression |df |?|z|> — (df,x)?. Tt is non-negative and its coefficient

can be also non-negative under suitable assumptions on § and ¢. This concludes
the proof. O

Let us notice that the Hilbert-Schmidt term can be interpreted as the Hessian of
[ for a conformal change of metric g = Q(,-). This could lead to a new approach,
using metric changes. However, unlike the work on the Poincaré inequality in [16],
here the adapted coordinates to be dealt with do not seem to be explicit.

3. ONE-DIMENSIONAL CASE

The goal of this section is to obtain a weighted logarithmic Sobolev inequality
in the one-dimensional case. We explain that the result is optimal from several
perspectives. This result is used in section 5 to obtain concentration properties.

First of all, in dimension 1, the expression of the iterated carré-du-champ oper-
ator can be simplified. In fact, the second term vanishes. We obtain the following
expressions.

Proposition 3.1. For all f € C*(R), we have

2
Do) = (o f"+ 3901) -+ (26 = DI + Roliso) S,
with Ry(t) =t — o + (28 — 1) log(t)* — 280 log(t).

Therefore, in order to prove a C'D(25 — 1, 00) criterion, it is sufficient to prove
that the rest R, is positive. In dimension 1, this is true, at least for some o large
enough.

Theorem 3.2. Let 05 = exp(26/(26—1)). Then (L,T', us,,) satisfies the criterion
CD(2p —1,00) if and only if 0 > op.
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Proof. Firstly, we show that the remaining term R, (¢) is non-negative for all ¢ >
0. On the one hand, we have

Ro(0) = olog(o)((26 — 1) log(o) — 20).

Then, R,(c) > 0 if and only if 0 > 05. On the other hand, R, is differentiable
and we have
log(t)

R.(t) = 2(28 — 1)o - 2@% +1.

Then for all o > op, for all t > o, we have R/ (t) > 1. It follows that R, is non-
negative for all ¢ > o3 and from Proposition 3.1, we have I'y(f) > (28 — 1)I'(f),
for all f € C(R). O

Now, we apply the rescaling argument of Lemma 2.1 so as to prove the logarith-
mic Sobolev inequality for the generalised Cauchy measure.

Corollary 3.3. For all § > 1/2, for all f € C(R), we have

2 23
Ent,,, (f?) < / L 1 dis.
nty, (f7) < 25 1 | fw 5517 og(w) | dugs

Let us notice that this inequality is also optimal insofar as letting 5 go to +00, we
recover the optimal Gross’ logarithmic Sobolev inequality for Gaussian measures.
Indeed, the rescaling argument, from Lemma 2.1, holds for the measure j5 93 and
we have

2 203 x?

2 2 2

Bnty (1) < 57 [ (£ 28+ 42 (2 2o (1 ; w)) p.23(d).
Then, as 3 goes to 400, we recover the optimal inequality

Ent. (f2) < 2/f’2 .

This result is also optimal in the sense that the constant 25 —1 and Theorem 3.2
are optimal. However, the question of whether it is possible to reach the weight
w(14log(w)) is still open. This question is particularly important as 8 goes to 1/2
for which both, the constant 2/(25 — 1) and log o, explode. Perhaps it is possible
to reduce the combined explosion rate by using a sharper criterion.

4. GENERAL CASE

The goal of this section is to obtain a weighted logarithmic Sobolev inequality
in dimension n > 3. Actually, in the general case n > 2, the curvature-dimension
criterion is not optimal in the sense that it does not allow to recover the optimal
lower bound, but it does not provide relevant inequalities for all n/2 < 5. Indeed,
we can still recover an inequality with an explicit constant, for small 5, but for
larger 3, the lower bound o becomes unreasonably high.
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To begin with, let us recall the expression of the iterated carré-du-champ oper-
ator I's. In Section 2, we proved

Ta(f) = | M()3r5+As(log(ws)) [[df L2l = (df, 2)2]+(2B—n)T(f)+Ro(wo)|df 2,
with
1

M(f)=Q,Hess(f) +VQ, ©Vf — §<ng,df> id

A,(t)=(n—2t* =228 —n)t +n —2

R,(t) = —(n—2)(t — o) + o(28 +n — 2)log(t)* — 20(8 — n + 1) log(t).

There are two main differences between the one-dimensional case and the general

case. First, there is an additional coefficient, A,, whose positivity must be checked.
This imposes new constraints on o. Second, the remaining term, R,, is no longer
non-negative, even for large o. Indeed, its highest order term, (2 — n)t, is non-
positive. To get around this obstacle, we have to sacrifice the optimal constant

23 — n and look for a C'D(25 —n — €, 00) criterion, for some € > 0. Nevertheless,
before using of these considerations, we need to exclude the case n = 2.

Proposition 4.1. Forn =2, (L,I', ug,) does not satisfy any CD(p,0) criterion
forany p >0 and o > 1.

Proof. After simplifications, the iterated carré-du-champ has the expression
Do(f) =M (f)7rs +4(8 — 1) log(wo ) (df, x)°
Blog(w,) + 6 —1
B log(ws) r(f)

+2|(1-p0)+ "

For all z € R?, it is always licit to find a function f such that M(z) = 0, (df,z) =0
and I'(f)(x) # 0. As in dimension 2, § > 1, for |z| sufficiently large, it is always
possible to find f such that I'sy(f)(z) < 0. O

Let us remark that a similar phenomenon can also be observed for the generator
wA — 2( — 1)z, associated with the Poincaré and Beckner inequalities. This
generator does not satisfy any C'D(p, oo) criterion for positive p in any dimension,
but it does satisfy a CD(p, N) criterion for some N < 0, except in dimension 2.
We deal with the pitfall of dimension 2 in Section 5, using a special argument. For
the rest of this section, we assume that n > 3. We obtain a first constraint on o
with the control of A,.

Proposition 4.2. Letn > 3. Ifn/2 < < n—1 then for alloc > 1, A,(log(w,)) >
0. On the other hand, if 8 > n — 1, then A,(log(w,)) is non-negative if and only

if

os() > 26—n+¢<§:;)(6—n+1)'
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Proof. The coefficient A is polynomial. Its discriminant is A = 16(8—1)(8—n+1).
Then, for n/2 < < n—1 the discriminant is negative and A, is positive without
any restriction on o. For f > n — 1, A,(t) has two roots. The greatest root is

:2ﬁ—n+\/(5—1)(ﬁ—n+1)

t .
+ n— 2

So A, (w,) is non-negative if and only if log(o) is larger than this root. O

Let us remark that A,(¢) is also positive for ¢ smaller than the second root,
but this condition is not interesting since we are looking for the non-negativity
of A,(log(w,(z))) for all x € R™. This proposition suggests that we can get a
reasonable result for small 8. On the other hand, for large § the lower bound on o
explodes as  goes to infinity. This prevents us from using the rescaling argument
to recover Gross’ inequality for Gaussian measures.

Theorem 4.3. Let log(os) = 2(n —2)/(26 —n). Then for alln/2 < <n—1,
for all f € C(R™), we have

Enty, (%) <

4
357 Jo IV Pcll08(03) + log()) s
Proof. Under the assumption n/2 < f < n — 1, we have proved that
T2(f) = (28 = n)T(f) + Ro(wo)|df .

However, R, is not non-negative. Let ¢ > 0 a free parameter. We are looking
for conditions on ¢ and € under which the new remaining term R, (t) = € +
R,(t)/(tlog(t)) is non-negative. For every couple (o, ¢) satisfying this condition,
we have proved that g, satisfies a CD(28 —n—¢, 00) criterion and so, p3 satisfies
the inequality
2
Bnty, (/%) < o——— [ JdfiPw( 1 dyis.
1ty (1) < o [ lifPllog(o) +log()
That is why, among all the possible couple (o, ), we select a solution such that the

quantity log(c)/(26 —n—¢) is as small as possible, but also explicitly computable.
We have

Ro(t) = — (n—2) log(?)

+a(25+n—2)7 —20(5—n+1)1.

t—o
tlog(t)

Asn >3 and f < n — 1, the two last terms are non-negative. Besides, t > o,

so it is sufficient to have
2—n(t—o)

log(o) ¢
Hence, it is sufficient to impose the relation € = (n — 2)/log(o). Then, optimising

the quantity log(o)/(258 — n — ¢), we obtain

2(n — 2)
26 —n

€+ > 0.

log(os) = and ¢ = ;(26 —n).
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This ends the proof. O

Unlike Corollary 3.3 in dimension 1, this result is probably not optimal, in
both perspective. Firstly, it misses the lower bound from Proposition 2.2, by a
factor of 2. Note that the constant log(os) is also twice as large as expected from
Corollary 3.3, as (8 goes to n/2. These two points could probably be improved as
our proof only proceeds from sufficient conditions at each step. However, it seems
very unlikely that an optimal solution (o,¢) that minimises our criterion under
the condition R,. > 0, whether it exists or not, has a closed-form expression.
In any case, we want to stress again that a mere curvature-dimension argument
is not sharp enough to recover the lower bound 2/(25 — n) in dimension n > 2.
Moreover, this result is only valid for 5 < n — 1 and thus does not allow to recover
an inequality for the Gaussian case.

5. TWO-DIMENSIONAL CASE: A TENSORISATION ARGUMENT

As explained in the previous section, the curvature-dimension approach does
not provide any result in two dimensions. In this section, we develop a different
argument based on a tensorisation argument: a two-dimensional measure can be
seen as a product of two one-dimensional measures. This approach is based on
the so-called Marton’s coupling from [19]. This argument has been develop to
obtain cost-information inequalities in [13] for dependent sequences and to obtain
logarithmic Sobolev inequalities in [6] for Markov chains.

For all g > 1, we denote by ,u(;) the generalised Cauchy measure in R? and
o:x € R+ 1+ 2% The measure /40232) can be factorised as

5 (dxdy) = pus g, (dy)ps-jo(de).

We recall that according to Corollary 3.3, us satisfies a logarithmic Sobolev
inequality with constant Cs = 2/(28 — 1) and weight x — o, (k + log(o,)) (with
k = 20/(28 — 1)). Thanks to a rescaling argument, similar to Lemma 2.1, the
measure pg,, (dy) also satisfies a logarithmic Sobolev inequality with constant
Cs but weight (0, + 3?) (k + log(1 + y*/0,)). We are going to make good use of
our optimal logarithmic Sobolev inequality in dimension one, in both a direct and
indirect way. Firstly, we prove a Gaussian concentration property under a weighted
logarithmic Sobolev inequality. This kind of result is very classical without weight
(see [4] or [18] for instance). Its generalisation to weighted inequalities might
appear in former works although we could not find it.

Lemma 5.1. Let 2 : R® — R a positive weight and v a probability measure on
R™. Suppose that v satisfies a weighted logarithmic Sobolev inequality with weight
Q and constant C > 0, then, for all f € C*(R™) such that |Qdf |*||oc < o0, for all

t € R, we have
CIOMFL )

v (etf) < exp (tl/(f) + 1
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Proof. The proof is directly adapted from the classical Herbst argument. Let f
be compactly supported. The general case can be reached by a density argument.
We set ¢, = v (e%f ) We apply the logarithmic Sobolev inequality to e*/ to obtain
a differential inequality on . Indeed, we have

Ent, () = 14! — 4 log(¢y,) and / e | Qv < (191df Pl oot
R”l

Hence, v satisfies the inequality v, — v, log(vy) < C||Q|df|?||t?®:. So as to
integrate this inequality, we set ¢; = log(t;)/t, with the initial condition ¢y =
2u(f). Tt satisfies ¢, < C||Q|df|?||o0, and we obtain the result. O

Let us notice that, whenever the weight 2 is not bounded, this concentration
result is weaker than the usual Gaussian concentration inequality as it is applied
to a more restricted class of functions. However, it is sufficient enough to prove
the following L'-ILlog(LL) inequality.

Lemma 5.2. Assume that v satisfies the previous hypothesis. For all f € L2(v)
and h € Ct, centred, such that ||Q|dh|?|| < oo, we have

v (£20)[ < CIQUaRP o (f?) Ent (7).

Proof. Let us denote Ay = v (eth>. By definition, we have v(exp(th —log(A;))) =1
for all t. According to the Donsker-Varadhan variational representation of the
entropy, we have

v((th —log(A:)) f*) < Ent, (f%).
From the previous lemma, we know that log(A;) < C|Q|dh|?||t?/4. Thus, for all
t, we have

CHQ’thHOOV(Jd)tQ . l/(th)t + Enty(fQ) Z 0.

In particular, it holds for ¢ = (2v(f2h)) / (C||Q2|dh|?||v(f?)). Hence, the result is
proved. 0

Now we have all the necessary argument to prove a logarithmic Sobolev inequal-
ity for generalised Cauchy measures in dimension n = 2.

Theorem 5.3. Let k =23/(28 —1). For all 1 < 3 and f € C°(R?), we have

2

4m3+2+;+4m\/(f€2+1) +
g 89

26— 1 /Rz [df Pw (5 + log(w))* du®.

Proof. Let f € C°(R?) such that ,ug)( f?) = 1. First, we establish a tensorisation
formula for the entropy. We have

Entugm(fQ) = /R /R F2108(f?) g0, (dy) prp—1/2(d)

= /REnt“Bm (f?) ,ug_1/2(dx)+/RF2 log(F?) prs—1/2(dx)

Ent e (f2> <
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where the function F € C°(R) is defined by F?(z) = [z f2(z,y) pis.0, (dy). Since

this function satisfies pg_1/2(F?) = 1, we obtain the following tensorisation formula

Entlt(;) (f2) = /REntuﬁ’” (fQ) ug,l/g(dx) + Entuﬁil/Q(FQ). (2)

Now, we work on the entropy of a one-dimensional generalised Cauchy measure.
We need to understand F’ in order to apply the logarithmic Sobolev inequality
from Section 3. From its definition, we have

2F () F'(z) = (F?)'(x)

d
=0, [ Play)on+y?) P
R

Zg
=2 [ f0u1 s (dy) + [ Pl s, (dy)

where

ha(y) = (00 +y2)P0l/>50), <(UI n y2)—/30;1/2+/3) _ [(250—(;)3/j ;2;%]33

which morally represent the differential of the disintegration kernel. It follows that
tso, (h) = 0. Moreover, ug,, (dy) satisfies a logarithmic Sobolev inequality with
constant Cj and weight Q,(y) = (0, + y*)(k + log(1 + y*/0,)). For all x € R, the
function h, satisfies the boundedness assumption of Lemma 5.2. Indeed, we have

(0x +y°)(k +1og(1 +4%/0,))

(0,0 (1) 2 () = 165722

(02 4+ y?)*
op+y?
< 16/3%k
O-$

So, for all x € R, [|0yh, ]| < % and the lemma applies. Together with the
Cauchy-Schwarz inequality, we have

452/4505

T

1/ 1/2
F@F@I <1 (f 0P (9)  + 17 (D B, ()

A last, from Young’s inequality, we have for all A > 0

462I€05

Oz

PP < 04 [ 0P s () + (14 5)

3 Ent,, (f2)
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Now that we dispose a precise control over |F’|?, we apply the logarithmic Sobolev

inequality for ji5_1/2
Entugfl/z(FQ) §C’5_1/2/ |F' 0, (k + log(o,)) pp—1/2(dx)
<CoapA+ 1) [ 107 o (5 + log(o)) dp?
9 A+1 9
+ 483K CCy1p "5 / Ent,, (f2) (5 +log(0,)) pts_12(dz)

From (2), we have

A+1

Entugn(fz) < (1 +48°kC5C5_12 ) /E nt,, . (f*)(k +1og(oy)) pp—1/2(dx)

+ C’671/2()\ + 1) / |8xf‘2aas(’% + 10g(0x))2 du(;)

Then, we apply the logarithmic Sobolev inequality for pg .,

/Entuﬁa ) (k4 log(0z)) pp—1/2(dw)

y?
< Gy [ 10,5+ log(0)) (e + 7)o+ log(1L + 2 .
Together with the previous inequality, we obtain

Bnt, o (%) <M5(N) [ ldf P (s + los(e))? duf?
with

A

To conclude, we optimise over A > 0. The minimum, Mg, always exists and is
reached for

A+1
MB()\) = max {05_1/2()\ + 1), C,B (1 =+ 4ﬁ2/€050g_1/2 + >} .

4B2/€C/%05,1/2 + C/g - 03,1/2 - \/Z
205—1/2 7
with A = (46211050571/2 +Cp — 05,1/2>2 + 1652/£C§C§_1/2. Let us remark that

BCs = k. It follows that
2y L 2 + K
80

A = C§71/2 [(45 +
To conclude, we have

4/1 CB 1/2+C5+Cﬁ 1/2—\/Z
2Cﬁ 1/2 '

This ends the proof. O

O:

2
— 1) + 16k | = 16k°C3_, )

Cﬁ 1/2

MﬁZC/g()\O-i—l) :C
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One can notice that this method is not optimal. For instance, the simplification
of the weight, at the last step, is not sharp. A more precise weight would have
been

w(z,y) (/@ + log(1 + x2)) (/i +log(1 +52/(1 + :1:2)))

which has order wlog(w) on each direction y = cx but is globally of order w log(w)?
(along y = 22 for instance). Actually, by iterating the process in larger dimen-
sions, we get a logarithmic Sobolev inequality for the generalised Cauchy measure
in R”, with explicit constant but weight (1+|z|?) (x + log(1 + |z|?))". Nonetheless,
this method has several main features. Firstly, it provides a logarithmic Sobolev
inequality for the whole range of parameters 3, unlike the curvature-dimension ar-
gument from Section 4. Besides, the constant is explicit, unlike by the Lyapunov’s
method for instance. Furthermore, the constant has the right order of magnitude

as ( goes to +00. Indeed, the rescaled measure ,ug’)zﬁ satisfies

Ent,o (%) < 28M [ 1dfP(L+ (2 +4%)/26) (s + log(1+ (o +1?)/28)) dus.

Therefore, we can recover Gross’ inequality for Gaussian measure, with a non-
optimal constant,

Ent. e (f2) < (6 + 4v/2) / df|2 dy @
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