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Note on the coincidence of two henselisations

Maria Emilia Alonso Garcia®, Henri Lombardit, and Stefan Neuwirth?

fDepartamento de Algebra, Geometria y Topologia, Facultad de Ciencias Matematicas,
Universidad Complutense Madrid, Spain, mariemi@mat.ucm.es.
HUniversité de Franche-Comté, CNRS, UMR 6623, LmB, 25000 Besancon, France,
henri.lombardi@univ-fcomte.fr, stefan.neuwirthQuniv-fcomte.fr.

Abstract

We compare two henselisations of a residually discrete valuation domain.
Our constructive proof that a certain natural morphism is an isomorphism is
also a proof in classical mathematics. Although this isomorphism is implicitly
accepted as obvious in the literature, it seems that no proof was previously
available.

This note is written in Bishop’s style of constructive mathematics (Bishop 1967,
Bishop and Bridges 1985, Bridges and Richman 1987, Mines, Richman, and Ruiten-
burg 1988, Lombardi and Quitté 2015, Yengui 2015).

Terminology, notation.

This paragraph clarifies the usual constructive terminology for a number of classical
notions. From a constructive point of view, the development of good definitions’
is a decisive part of the work which consists in extracting the constructive content
of a concrete result obtained by means of a classical proof.

A ring is normal when every principal ideal is integrally closed. In classical math-
ematics, this constructive definition is shown to be equivalent to the more usual
definition according to which the ring becomes an integrally closed domain by
localisation at any prime ideal.

A ring is connected if every idempotent is equal to 0 or 1.

Let K be a discrete field. A K-vector space FE is finite over K (respectively strictly
finite over K) if it is a K-vector space of finite type (respectively if we know a finite
basis of E over K). More generally, if A is a ring, an A-module F is finite over A

LA “good definition” must have a clear constructive meaning, apply to cases usually dealt
with in current literature, and be equivalent in classical mathematics to the most common defin-
ition. Naturally, this is not always a simple matter. Several “good” constructively inequivalent
definitions can apply to a single classical notion and it is sometimes useful to consider them.
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if it is an A-module of finite type, and strictly finite over A if it is an A-projective
module of finite type.

A K-algebra L is étale if it is strictly finite and if the trace form is nondegenerate;
equivalently, it is strictly finite and generated by separable elements over K. More
generally, if A is a ring, an A-algebra B is strictly étale if it is strictly finite and
if the trace form is nondegenerate. See for example Lombardi and Quitté (2015,
Definitions VI-1.1 and VI-5.1, Theorems VI-1.4, VI-1.7, VI-5.4, and VI-5.5).

The Jacobson radical of a ring A, denoted by Rad(A), is the ideal formed by
the z € A such that 1 + A C A* (the multiplicative group of units).

A pp-ring (or quasi-integral ring) is a ring in which the annihilator of any element
is generated by an idempotent. A quasi-integral ring is normal if, and only if, it
is integrally closed in its total ring of fractions. An integral domain is none other
than a connected quasi-integral ring.

Let A be a local ring, i.e., for any x € A, x or 1 —z is a unit. Its Jacobson radical
Rad(A), also denoted by m or ma, is equal to the ideal formed by the nonunits. It
is called a Heyting field if Rad(A) = {0}. The residual field of A is the quotient
ring A/ Rad(A); A is residually discrete when the residual field is a discrete field;
this is equivalent to having a test for “z € A* or x € Rad(A)?” in A.

A morphism in the category of local rings is a ring morphism ¢: A — C which
reflects units, i.e. such that ¢(z) € C* implies z € A*. Such a morphism is
sometimes called local, to distinguish it from mere ring morphisms. In the category
of residually discrete local rings, the morphism ¢: A — C is said to define C as
an A-local-algebra.?

A Hensel code in a residually discrete local ring (A, m) is a pair (f,a) € A[X] x A
with f monic, f(a) € m and f'(a) € A*.

For a residually discrete local ring A and a Hensel code (f, a), a Hensel zero of code
(f,a) in an A-local-algebra ¢: A — C is an element o € C which verifies f(«) =0
and a—p(a) € Rad(C) (we then have f/(«) € C*). This zero is necessarily unique.
A special polynomial is a polynomial g(X) = X" — X" ! +a, o X" 24+ ...+ aq
with the a’s in m; in this case, (g,1) is a Hensel code whose Hensel zero is the
special zero of g. A polynomial f € A[X] such that (f,0) is a Hensel code is called
a Hensel polynomial; in this case a Hensel zero of code (f,0) is simply called a
Hensel zero of f in C.

A residually discrete local ring A is said to be henselian if every Hensel polynomial
has a Hensel zero in A.

A discrete valued field (K, V) is a discrete field K with a subring V which verifies:
zy=1€ K = z € Voryec V. In this case V is a normal local ring. We also

24 A-local-algebra” must be read as a single word: it is an abbreviation in which the word
“local” refers to both the object C and the morphism ¢.
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require that V be residually discrete. This is equivalent to requiring that we have
a test for “dx € V such that a = xb?”, where a,b € K.

Let A be an arbitrary commutative ring and f € A[X] a monic polynomial; we
shall use the notation ‘ A = AKX/ ‘ and ‘ A= Apll/f] ‘

Coquand and Lombardi (2016, Theorem 6.3) state the following helpful non-
trivial result.

Theorem 6.3. If A is a normal ring and f € A[X] a monic polynomial, then
Ay is also a normal ring.

Presentation of the problem

We answer a natural question that arises from the articles Kuhlmann and Lombardi
2000 and Alonso Garcia, Lombardi, and Perdry 2008.

The henselisation of a residually discrete local ring (A, m), denoted by (A" mh),
is constructed in Alonso Garcia, Lombardi, and Perdry 2008. It solves the univer-
sal problem for the full subcategory of henselian residually discrete local rings in
the category of residually discrete local rings. In other words the construction is
functorial and the functor “henselisation” is the left adjoint functor to the inclusion
functor.

The henselisation of a discrete valued field (K, V), denoted by (K% V) is
constructed in Kuhlmann and Lombardi 2000. It solves the universal problem for
the full subcategory of henselian discrete valued fields in the category of discrete
valued fields.

Since V is a residually discrete local ring, it is natural to compare the two
henselisations V® and VH,

This problem does not seem to be addressed in the classical literature, perhaps
because the answer seems obvious. But it has not been obvious to us, hence this
note. It also answers the problem from the point of view of classical mathematics,
since our constructive definitions are equivalent to the usual definitions in classical
mathematics.

Given the universal property that characterises (V®, m"), and since (VH, mH)
is a residually discrete henselian local ring, we have a unique local morphism of
V-algebras, viz. ¢: V! — VH. Our result is the following.

Theorem 1. Let (K, V) be a discrete valued field with henselisation (K, V).
Let (V! ml) be the henselisation of the residually discrete local ring (V,m). The
unique local morphism of V-algebras ¢: VP — VH is an isomorphism.
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The construction of the henselisation of a residually discrete local ring

An elementary step in the construction of the henselisation A" of a residually
discrete local ring (A, m) is as follows. Let f be a Hensel polynomial. Consider
Alz] = Ay, S =1+m+ (2), and Ay := S~'Afz]. The ring Ay is a residually
discrete local ring with Rad(Ay) = mA; and T is a Hensel zero of f in Ay. The
natural morphism A — Ay is local, faithfully flat, and we identify A with a subring
of Ay. This morphism solves the universal problem for the Hensel code (f,0) in
the category of A-algebras which are residually discrete local rings.

We obtain the henselisation A" as a filtered colimit of extensions of type
A — Ay. We have a filtered colimit because of the universal property satisfied
by the morphism A — A ;. We thus obtain A" which is a residually discrete local
ring of radical Rad(A") = mAP, and the morphism A — A" yields the henselian re-
sidually discrete local ring “generated by A” in the sense of the left adjoint functor
to the inclusion functor in the category of residually discrete local rings.

Special polynomials

The following lemma, directly inspired by Alonso Garcia, Lombardi, and Perdry
(2008, Lemma 5.3 and Proposition 5.4), tells us that in the construction of the
henselisation, we can restrict ourselves to the case where we add a special zero of
a special polynomial.

Lemma 2. Let (A, m) be a residually discrete local ring and f(X) = ap+ a1 X +
s+ ap X™ € A[X] with ag € m and a; € A*. We define the special polynomial

9(X) = X" — X" L 4 ag(a;%a X2 —apay *az X2 + -+ (—1)"af *a; "an)
= X" - X" +apl(X) with{(X)e A[X]

and g1(X) = g(X + 1): ¢1 is a Hensel polynomial with Hensel zero i € mA,, and
the special zero of g is 6 = 1 + u. The polynomial f has a zero v in agA4 C
mA,, C mA", with f'(y) a unit in A,,, and v is the unique zero of f in mA,,. If
f is monic, f is a Hensel polynomial, Ay = A, , and vy is the Hensel zero of f.

Proof. The following equality occurs in A[X,1/X]:

—1
—apa
aog(X) = X" (=5 ). (+)
Note that 6 € A, . Let v = —ap(a10)~" € mA,,. Applying (x) we get —agg(d) =
0" f(7), so f(y) = 0. Moreover f'(y) € Ay* because f'(0) € A*.
Uniqueness is straightforward without the need to assume that f be monic. O
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Equality to 0 in the henselisation of a discrete valued field

Consider now the discrete valued field (K, V) and let A = V. Consider the
natural morphism 6: V,, — V. Suppose (K, V&) is an extension of (K, V) to
an algebraic closure.®> The advantage of considering a special polynomial is that all
its zeros in K, with the exception of the special zero, are in Rad(V?¢) = mVac 4

Consider a = p(p) € V,, for p € V[X] and its image o = p(u'), where p/
is the Hensel zero of g; in VH.> Kuhlmann and Lombardi (2000, beginning of
the proof of proposition 2.3) explain how to test if o/ = 0. We calculate the
characteristic polynomial ¢(7) € V[T of p(z) in the K-algebra K|[z| = K[4,;. The
zeros of ¢ in an algebraic closure of K are the o = p(p}) where the p) are the
zeros of g1 (let p} = p/ and of = ). If q(0) # 0, o/ # 0 because g(a’) = 0.5 If
q(0) = 0 we still don’t know whether o/ = 0. We then calculate the characteristic
polynomial r(T) € V[T] of zp(x) in the K-algebra K[z]. The p} for i > 2 are
units, their valuation is zero. The zeros of r in K?¢ are the pia). The valuation
of the zeros of r is therefore the same as that of the zeros of ¢, except in general
the valuation of o/ = ) which increases by v(y') when v(a’) is finite, i.e. when
o’ # 0. On the other hand oo + v(y') = oo and we therefore obtain that o/ = 0
if, and only if, the valuation of the zeros has not changed. The valuation of the
zeros of a polynomial is given by Newton’s polygon method. We therefore have an
explicit test for o/ = 0.

The Newton polygon of a polynomial ¢ € V[X] with respect to v also provides
information about its zeros in extensions. An “isolated slope” of this polygon
corresponds to a v-isolated zero in K; Kuhlmann and Lombardi (2000, Proposi-
tion 2.2) give a precise description of this zero which ends as follows. In summary,
a zero « corresponding to an isolated slope of a Newton polygon can always be
made explicit either as an element of K, or in the form (ad + b)/(cd + d), where
d is the special zero of a special polynomial g(X), a,b,c,d € V, (¢d +d) # 0 and
(ad — bc) # 0.

Remark 3. In the following we use the fact that, since V is integrally closed, Vg,
has no zerodivisor (Coquand and Lombardi 2016, Theorem 6.3).” In the end, we
deduce that Vg, not only has no zerodivisor but is in fact integral. In the appendix,
we give two independent constructive proofs of the fact that V;, is integral and

3A constructive use of the purely ideal structure (K¢, V2¢) is obtained by considering the
dynamic algebraic structure defined by adding the positive diagram of (A, m) to the dynamic
theory of algebraically closed discrete valued fields. This application of the dynamic method is
explained in more detail in Kuhlmann and Lombardi 2000.

4This last equality follows from Kuhlmann and Lombardi 2000.

5This is not restrictive, as we want to test only equality to 0.

6Then a # 0 because o = 0 implies o’ = 0. Note that here, at this stage of the proof, a # 0
simply means —(a = 0), as we do not yet know whether we have a zero test in V.

"By Theorem 6.3, the ring Vi) is normal. Vg, is a localisation of Vi, so that it is also
normal, and as it is local it has no zerodivisor.
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integrally closed. L]

We shall also need the following observation.

Lemma 4. If n € K[d], where § is a special zero of a special polynomial, there
exists an exponent m such that 6™ is a v-isolated zero of a polynomial @ € V[X].

Proof. Result given in Kuhlmann and Lombardi 2000, proof of proposition 2.3. [

Proof of Theorem 1

This paragraph proves the desired isomorphism. We keep the above notation.

Injectivity

For injectivity, it is sufficient to prove it for an elementary step in the construction
of V! described in Alonso Garcia, Lombardi, and Perdry 2008.

In the present case with A = V we obtain in particular a unique V-local
morphism 6: V,, — V. It sends the Hensel zero u of g1 in V,, to the Hensel
zero pi/ of g1 in VH and o = p(p) to o/ = p(p').

We have to show that 6 is injective, i.e. to show that o/ =0 = «a = 0.

If ¢(0) # 0 then o # 0 therefore =(a = 0). Otherwise let’s write ¢(T) =
T™q (T) with m > 0 and ¢1(0) # 0. If &/ = 0, then ¢1(a’) # 0. This implies
q1(a) # 0, and as g(a) = a™qi(a) =0, we get « = 0. Now we know that the
natural morphism 6: V,, — VH is injective and that V,, itself is integral.

Surjectivity

In the following we can therefore identify any ring Vy with its image in V®, and V!
with its image in VH. To ensure that ¢ is surjective, it suffices to show that for
any Hensel zero 1 € K of a polynomial g; € V[X], any element 7 of

W ={neKulvmn=>0}cV!

is in the image of V",

Note that this implies that K™ is the field of fractions of V. However, this
does not tell us that VE C V2. To obtain this inclusion we must use Lemma 4. Tt
shows that 6™ is in the image of a certain V,, C V®. As 1/§ is also in V!, this
shows that n € VP, This completes the proof of the surjectivity of ¢.

We have completed the proof of the fact that the canonical morphism is an
isomorphism. We now turn to the appendices.
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Appendix 1

Here is another constructive proof, different from the one given in the above proof,
for the fact that Vy is an integrally closed ring.

Alonso Garcia, Lombardi, and Neuwirth (2021) consider the situation of a
Hensel polynomial f for a residually discrete local ring (A, ma) when A is integral.
The assumption is that (A, ma) is an integral local ring dominated by a valuation
ring V of the field of fractions K of A (so ma = ANmy ). We consider a step of the
construction of each of the henselisations A" and VH. We thus have a residually
discrete local ring Ay C A" obtained by adding the Hensel zero 3 of f and a
valuation ring W extension of V obtained by adding the Hensel zero 3’ of f.

Precisely W = { ¢ € K[3']|v(¢) > 0 }.8 Consider the morphism 6;: Ay — W
which extends the inclusion morphism A — V. The paper shows that Ker(6;) is a
minimal detachable prime ideal of A y. We apply this result to the present situation
where A = V is self-dominated: the kernel Ker(6;) of the natural morphism
0r: Vy — W is a minimal detachable prime ideal.

Vj is a residually discrete local ring, localisation of Vi, which is normal by
Theorem 6.3 because V is a valuation domain. So V¢ is a local normal ring and
therefore has no zerodivisor: this gives the result used in the previous proof. In
other words the ideal {0} of V; is a prime ideal (in the sense that the quotient
ring has no zerodivisors). We conclude by saying that since Ker(fy) is a minimal
detachable prime ideal and {0} is a prime ideal, {0} is detachable and Vy is integral.

Appendix 2

We now give a third, more direct, proof for the fact that the ring V; C VP s
integrally closed. The calculations underlying the three proofs are undoubtedly
more similar than is apparent at first glance.

In fact Lemma 11 below and the analogous Theorem 6.3 in Coquand and Lom-
bardi 2016 are both based on the formula of Tate® in Lemma 5.

Lemma 5 (Tate). Let A be a commutative ring and f € A[X] a monic polynomial
of degree d. Let us write

d—1 .
JX) = (V) + (X =Y)g(X,Y) with g(X,¥) = 3 g;(V)X

8K|[A3] is constructed as a discrete valued field according to a procedure specific to discrete
valued fields. It is a finite separable extension of K, but its dimension as a K-vector space is not
generally known. A similar phenomenon occurs when we construct the real closure of a discrete
ordered field.

9A classical result is that if a ring A is a normal domain (i.e. integrally closed), the same
applies to A[X]. A difficulty from an algorithmic point of view is that the usual proof of the
previous result no longer works when we assume only that A has no zerodivisor and not that it
is integral. This was the primary motivation for the article Coquand and Lombardi 2016.
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and let us denote by tr: Ay — A the trace form of the extension A[y. Then we
have, for all b € Ay = Alz],

d—1

Flap=73  tr(g;(@)p)a’. (1)

]:

Note that b, f'(x), g;(z) € Ay and tr(g;(z)b) € A.

Proof. See Raynaud (1970, Chapter VII, corollary page 74) or Appendix 3. O
Remark 6 prepares the corollary which follows.

Remark 6. Let h € A[X] be a monic polynomial of degree d and A = uh+vh' =
+Res(h, ') be the discriminant of h. Then A’ is a unit in Ap, if, and only if, A
is a unit in A (Lombardi and Quitté 2015, Basic elimination lemma II1-7.5). Let
us suppose that A is an integral domain with field of fractions K and that A is
separable over K. We clearly have Ay, € Ky, (respectively free over A and K with
basis 1,z,...,2%971). Since b/, v, and A are units in K|, they are regular in A,).
We have K,) = K3 = Kj[x]. Furthermore we have A ,3[+] = A[x]p € K-
Thus the natural morphism Ap,; — Ky factorises into

Ay = Ay = Apy 3] = AlRI — Ky = Ky, (2)

where the morphisms are canonical injections which are localisation morphisms ob-
tained by inverting regular monoids (successively A’ N, oM, and the nonzero elements
of A). ]

Corollary 7. Let A be integrally closed and K its field of fractions. Let h be
a separable monic polynomial of A[X]. Then Ay, is normal quasi-integral, with
K|, = Ky as total ring of fractions.

Proof. If d = degh, Ay is free of dimension d over A and Kp,) = K ®a Ay, is
an étale K-algebra of dimension d. We therefore have Ap,; C Kyp,); then A,y =
Ay [1/h'] € Kpp) = Kypy. To show that Agyy is integrally closed, we start by
showing that any element b € Ky, integral over Ay, is in Agyy. Let b € K
be integral over Ap,. As Ay, is integral over A, b is integral over A. We have
h'b € Ay, according to Lemma 5 (Equation (1) with A in place of f and K in place
of A): since b is integral over A and hj;(z) € A for each j, tr(h;(z)b) is integral
over A, therefore in A. Consequently h'b € A,y and b € Ay,

In particular, since any idempotent of Ky is integral over any subring, it belongs
to Ayy. Let ¢ be an arbitrary element of Ay, € Kpp,). If €2 = e and (e) = Ann(c)
in Ky, a fortiori e? = e and (e) = Ann(c) in Apy. So Ay is quasi-integral and
its total ring of fractions is K[,;. Thus Ay, is quasi-integral and integrally closed
in its total ring of fractions, so it is normal. O
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Lemma 8. Let f € A[X] be a monic polynomial. The pairs of complementary
idempotents of A[y) are in bijective correspondence with the factorisations [ = gh
with g,h monic and (g,h) = (1). For such a factorisation we obtain a natural
isomorphism Ay ~ Ay X App.

Proof. 1f gu+ hv = 1 in Ay = A[z], the factorisation corresponds to the idem-
potents e = gu and 1 —e = hv. If A is a discrete field K, an idempotent e(z)
corresponds to the element g(x), where g(X) = pged(f(X),e(X)) in K[X]. Alonso
Garcia, Lombardi, and Perdry (2008) give a proof in the case of a ring. We will
use this lemma with a discrete field only. O

Lemma 9. Let K be a discrete field, f € K[X] a monic polynomial, and b € K{y).
We have a factorisation f = gh as in Lemma 8 with b a unit in Ky;,; and nilpotent
in K[g]
Proof. The algebra B := Kjy) is strictly finite zerodimensional. In a reduced
zerodimensional ring, for any element b there is an idempotent e such that (b) = (e),
b is a unit in B[1/e] ~ B/(1 — e) and nilpotent in B/(e). Apply Lemma 8. O

Lemma 10. Let K be a discrete field and f € K[X] be a monic polynomial.
Then K5y ~ Ky = Ky for a monic separable polynomial h which divides f.
In particular the K-algebra Ky is étale.

Proof. Apply Lemma 9 with b = f/(z). We have f = gh in K[X], f' = gh/ + h¢',
Ky ~ Ky x K. The K-algebra K¢y is isomorphic to K because flis a
unit in Ky, and nilpotent in K. In the K-algebra Kp,), g and f* = h'g are
units, so A’ is also a unit and & is separable over K. Thus Ky, = Ky is an étale
K-algebra.

Note that Ky} is zero when f divides a power of f” in K[X].

Lemma 11. Let A be a normal domain and f € A[X] a monic polynomial. Then
A 4y is a normal quasi-integral ring.

Proof. Let K = FracA. We apply Lemma 9 with b = f’ and Lemma 10, we
write f = gh with monic polynomials g and h in K[X]. We have g,h € A[X]
because A is integrally closed. Moreover g monic divides a power of f’ in K[X] so
in A[X] (the division takes place entirely in A[X]). So g is a unit in Ay}, which
implies h = 0 in Ay} because gh = f = 0. We therefore obtain

Ay = Apnls] = ApnlGln] = AmlGllE] = A (/)

Relative to the natural inclusion A, — Kip), the elements A, f’, and g, units in
K|, are regular in A,). We therefore obtain the canonical injective morphisms
of localisation at regular monoids shown below:

A = Ay = Ay = Ky = Ky
9



We conclude that Ajj) is normal quasi-integral, and therefore also its localisa-
tion A{f} ZA{h}[l/g]. O

Lemma 12. Let A be an integrally closed residually discrete local ring and f €
A[X] a monic polynomial. Then Ay is an integrally closed residually discrete local
ring.

Proof. We know that Ay is a residually discrete local ring. As a localisation
of Ay, it is a normal quasi-integral ring. And every local ring is connected. [J

Appendix 3

In this appendix, we recall a proof of Tate’s lemma given in Coquand and Lombardi
2016 which is simpler than the one of Raynaud (1970, Chapter VII, §1).

Proof of Lemma 5. We have Ay = Alr] = A[X]/(f). Let B = Alxy,...,24]
be the universal decomposition algebra of A for f, where f(X) = H?zl(X — ;)
(Lombardi and Quitté 2015, Definition I11-4.1). Each A[z;] C B is isomorphic to
Afz] and we can take x = x1. We write b = h(x) € Apy. For all {(z) € Ay

we have tr({(z)) = Z?Zl l(z;) € A0 We have g(V,Y) = f/(Y) and g(z1,2;) =
g(zi,x1) = 0if i # 1: in fact (X, 1) = HLQ(X—:Q) because (X —z1)g(X,z1) =
F(X) = fz1) = f(X) =TT, (X —2). So

f(@)b = g(w1,21)h(z1) = Zj_

and for ¢ # 1
0=g(xy,z;)h(x;) = ijo gi (i) h(x:)a).

Summation gives the Tate formula announced. O
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