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LARGE DEVIATIONS OF THE EMPIRICAL MEASURES OF A
STRONG-FELLER MARKOV PROCESS INSIDE A SUBSET AND
QUASI-ERGODIC DISTRIBUTION

ARNAUD GUILLINT, BORIS NECTOUX!, AND LIMING WUt

ABSTRACT. In this work, we establish, for a strong Feller process, the large deviation
principle for the occupation measure conditioned not to exit a given subregion. The
rate function vanishes only at a unique measure, which is the so-called quasi-ergodic
distribution of the process in this subregion. In addition, we show that the rate function
is the Dirichlet form in the particular case when the process is reversible. We apply
our results to several stochastic processes such as the solutions of elliptic stochastic
differential equations driven by a rotationally invariant a-stable process, the kinetic
Langevin process, and the overdamped Langevin process driven by a Brownian motion.

Dedicated to Patrick Cattiauz

AMS 2020 Subject classifications.
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1. INTRODUCTION

1.1. Setting and purpose of this work. Let (X;);>o be a cadlag Markov process val-
ued in a Polish space .7, defined on the filtered probability space (2, F, (F2)i>0, (Px)zcr),
where P, means that P,(X, = z) = 1 for each x € .. Given a nonempty open subset
2 of ., consider the first exiting time of the process from Z:

og =inf{t >0, X, € 2} (1.1)

A natural question in population processes [20, 52} 12] and in metastability in molecular
dynamics [49] 28, 29] [47], is to investigate the long time behavior of the law of the process
(X¢)t>0 conditioned to stay inside 2, i.e. to study the quantity

lim P,[X; €|t <oyl
t—+o00
where v is a given initial distribution on 2 and P,(:) = [, P,(-)v(dx) (under P,, the
distribution of X is v). Intuitively the limit distribution pg should satisfy
po() =P, [ Xy €|t <ogl, Vt>0.

This is exactly the definition of the quasi-stationary distribution (q.s.d. in short) of the
process in 2, see e.g. [20]. Considering the killed semigroup

P7(z,A) =P,[X, € At <04, VA € B(.Y), (1.2)
where B(.¥) is the Borel o-field of ., then ugy is a q.s.d. if and only if

po P/ = Az, Mt) =P, (t < og),
1
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i.e. g is a positive left eigen-measure of the killed Dirichlet semigroup P7. In our
previous work [35], we gave a quite general framework for the existence, uniqueness of
ta, as well as for the exponential convergence of P,[X; € - |t < 04| to ugy as t — +o0.
From a statistical point of view, it is also very natural to consider the limit behavior of the
conditional distribution P,[L; € - |t < 04] of the empirical distributions (or occupation
measures)

1 t
Lt = —/ (SXsdl' (13)
t 0

as t — 400, where ¢, is the Dirac measure at the point z. Quite curiously, the empirical
distribution L;, knowing that {t < o4}, will not converge to the q.s.d. ug (unlike in
the case where ¥ = .7 if (X;,t > 0) is ergodic), but to the so-called quasi-ergodic
distribution (q.e.d. in short) 74 which is defined by

Ty = Py

where ¢ is the right positive eigenfunction satisfying P7¢p = At)¢ and pg(p) =
f B pdug = 1.

The purpose of this work is to establish the large deviation principle (L.D.P. in short)
of P,[L; € - |t < 0g] with some rate function /5 which vanishes only at a unique measure
which is the q.e.d. m4. This gives quite precise information about how it approaches to
the q.e.d. 74 (for instance exponentially fast in probability, see Corollary [1]).

We should emphasize that the true history is much more delicate than what said
roughly above. Indeed (A(t), tg, @) is in general not unique: even for the one-dimenional
Ornstein-Uhlenbeck process with . = R, 2 = (0,4+00), the uniqueness of the q.s.d.
fails, see [50]. Our work consists to find a rich family of initial distribution v (covering at
least all Dirac measures d,, x € &) so that the intuitive picture above holds. As the rate
function 14 of the L.D.P. of L; is usually interpreted as some (minus)-entropy functional,
the q.e.d. m4 where I4 vanishes can be understood as the quasi-equilibrium of maximal
entropy.

1.2. Organization of this work. This work is organized as follows. In Section [2.1]
we introduce the conditions we will impose on the process (X;,¢ > 0) which are mainly
those of [35] adapted to the killed Feynman-Kac semigroups we consider. We then give
in Section [2.2] the main result of this work which is Theorem [2] about the large deviations
of P,[L; € - |t < 0g] on P(Z) equipped with the 7-topology (stronger than the usual
weak convergence topology), see also Theorem [1| about the spectral gap of the killed
Feynman-Kac semigroup. We also provide the identification of the rate function in the
reversible case, see Corollary 2l Section [3| is devoted to the proof of Theorem [I, and
we prove Theorem [2] in Section [l In Section 5] we prove the identification of the rate
function in the reversible case and finally provides examples in Section [6]

2. MAIN RESULTS

2.1. Framework: notations and assumptions. Let (X;,¢ > 0) be a time homoge-
neous Markov process valued in a metric complete separable (say Polish) space ., with
cadlag paths and satisfying the strong Markov property, defined on the filtered proba-
bility space (€2, F, (Ft)i>0, (Ps)zes) where P, [Xo = 2] =1 for all 2 € . (and where the
filtration satisfies the usual condition). Let B(.#’) be the Borel og-algebra of .77, bB(.¥)



LARGE DEVIATIONS AND QUASI-ERGODIC DISTRIBUTION 3

the Banach space of all bounded and Borel measurable functions f : . — R equipped
with the sup-norm

If[I' = sup [ f(x)].
€S

We also denote by Cp(.) the space of bounded continuous real- Valued functions over
. Given an initial distribution v on ., we write P,(-) = [, P 5 . For AC .7,
we denote by 14 the indicator function of A. The transnzlon probablhty semigroup of
(X¢,t > 0) is denoted by (P, t > 0). We say that P, is strong Feller if P, f is continuous
on . for any f € bB(.). We denote by P(.) the space of probability measures on .#.
For any measure v, transition kernel P(z,dy), and function f on (., B(.¥)), we write

v(f) = (v, f) = / fdv, Pf(x / f()P(z.dy), and (vP)(f) = v(Pf).

We recall that the space D([0, T, ) of .-valued cadlag paths defined on [0, T'], equipped
with the Skorokhod topology, is a Polish space, see e.g. [4].

For a continuous time Markov process, often what is given is its generator £, not its
transition semigroup (P, ¢ > 0), which is unknown in general. We say that a continuous
function f belongs to the extended domain D.(£) of £, if there is some measurable
function g on . such that fg l9|(X5)ds < +o0, Pp-ae. for all x € . and

M) 1= 505 - £Xo) = [ (X)ds (2.1

is a IP,-local martingale for all € .%. Such a function g, denoted by £f, is not unique
in general. But it is unique up to the equivalence of quasi-everywhere (q.e.) that we
recall: two functions gq, go are said to be equal q.e., if g = g9 almost everywhere in the
(resolvent) measure Ry (z,-) = +°° e 'P(x,-)dt for every x € ..

We will work in the following framework, which is slightly different from our previ-
ous work [35]. More precisely, we consider the following assumptions on the non-killed
process:

(C1) For each t > 0, P, is strong Feller.

(C2) For every T" > 0,  +— Py(Xjq € -) is continuous from .7 to the space
P(D([0,T],.7)) equipped with the weak convergence topology.

(C3) There exist a continuous function W : . — [1, +-00[, belonging to the extended
domain D, (£), two sequences of positive constants (r,,) and (b,,) where r, — 400,

and an increasing sequence of compact subsets (K,,) of . and some constant
p > 1, such that

—Swp(g’) > Tan(z) - bn]-Kn($)a g.e.

Let us now introduce the setting for the killed process. Let & be an non empty and
open subset of . and o4 be the first exiting time of & defined in . The transition
semigroup of the killed process (X, 0 < ¢ < op) is given by , or equivalently for
t>0and x € 9,

Pt@f(x) = E$[1t<0'_@f(Xt)]a (22)

for f € bB(Z). This semigroup is often called the Dirichlet semigroup.
We now turn to the conditions on the Dirichlet semigroup (PZ,t > 0).
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(C4) For a measure—separableﬂ class C of bounded and continuous functions on & |,
P? f is continuous on 2 for any f € C.

(C5) There exists tp > 0 such that for all t > ¢, for all x € 2 and nonempty open
subsets O of 2, P7(x,0) > 0. Moreover, there exists 2o € 2 such that P, [0 <
+oo] > 0.

Notice that (C1), (C3) are slightly stronger than [35, (C1), (C3)].

Running Example. A prototypical example of reversible dynamics satisfying (C1) —
(C5) is the solution to the so-called overdamped Langevin process

dyt = C(yt)dt -+ dBt, (23)

where (By,t > 0) is a standard Brownian motion over R?. Tt can indeed be checked that
that when ¢ : R? — R? is locally Lipschitz such that
lim c(z)- T —00, (2.4)

|z|—+o0 |ZE|

the conditions (C1) — (C5) are satisfied for the strong solution (y:t > 0) of ({2.3)

on any subdomain 2 (i.e. non empty, open and connected) of R? with the Lyapunov
function

W(z) = eolel(i-x(@),
where a > 0 and x € C®(R?) equals 1 in a neighborhood of 0 in R% Such a claim

can be proved using e.g. the techniques developed in [34]. We refer to Section |§| for
more complicated examples arising from statistical physics of processes satisfying (C1)

— (C5).

2.2. Main results. In this section, we state the main result of this work, which is
Theorem [2| below. Before, we need a result on the spectral gap of the killed (outside 2)
Feynman-Kac semigroup of (X;,¢ > 0), which has its own interest. This is the purpose
of Theorem [I]stated in Section[2.2.1} In a nutshell, we need this control on Feynman-Kac
semigroup as our approach for large deviations is based on Gartner-Ellis theorem. It thus
relies on a control of a log-Laplace transform which can be recasted in a Feynman-Kac
framework.

2.2.1. Spectral gap of Feynman-Kac semigroup on weighted function spaces. In this sec-
tion we study the existence of the spectral gap of the killed Feynman-Kac semigroup of
(Xi,t > 0) on a weighted space of measures. In order to introduce our main object of
interest, we need to introduce the potential V' for which we will suppose throughout the
paper without further mention

(Hv) V € bB(2), i.e. V is a bounded and measurable function.
The killed (outside &) Feynman-Kac semigroup is given by

PPV f(2) = B[ £(X)) ol V(Xs)dx1t<09] . fEBB(D),t>0,z €S (2.5)

Note that the generator of this killed semigroup is (formally) the Schrodinger operator
Loy = £+ V where £, is the generator of (PZ,t > 0). Note also that PZ = P
We refer to the classical textbook [24] for the theory of Feynman-Kac semigroups (see
also [54] 26]).

'Here measure-separability means: if u(f) = v(f) for all f € C, the two positive measures u, v on 9
are the same.
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Under the condition (C3), we will consider P,?’V as bounded operators on the weighted
Banach space bywB(2), where bwB(2) is defined by:

bwB(2) = {f : 2 — R measurable s.t. || f|lw = sgg “‘;7(2;

Indeed, by [35, Proposition 5.1] and (C3), we have using also the fact that W > 1:

< +oo}. (2.6)

1 1

EW = E(WP)/P < ~(WP)r L eWP < ~WP(—p, WP — b,1x.)

P p
< —rtW b1k,

where r* = r, /p and b = b, /p. Consequently, e **W (X,) is a supermartingale. Hence,
one has that:
P7W < ™'W,
and then that:
Pt‘@’VW(x) < e”V”tPt@W(x) < e(b;+IIVII)tW(x)'
In conclusion, we have that
1B lw = sup{| B fllw, 1 fllw < 1} < eIV,

Large deviations of P,[L; € |t < 04| are closely related to the spectral properties of the
killed Feynman-Kac semigroup (P7"",¢ > 0), see indeed [27] and [59]. For this reason,
we will need following result about the spectral gap of the Feynman-Kac semigroup
P77 on bwB(2), which generalizes [35, Theorem 2.2 from the case V = 0 to general
real-valued bounded V.

Theorem 1. Assume (C1)— (C5) and (Hy). For any given bounded potential V &
bB(2), consider the log spectral radius of P on bwB(2):

. 1 G,
Ao(V) = lim ~Tog [P lw. (2.7)

Then:

1. For any t > 0, there s only one probability measure pgy such that ,uPt@’V =
c(t)pgy for some constant c(t) and pg (W) < +oo. Moreover, ¥Vt > 0, c¢(t) =
ero Wt Ay(V) < supy, V, and pgy is independent of t > 0 and charges all
non-empty open subsets O of .

2. There is a unique continuous function pgy bounded by cW (for some constant
¢ >0) such that pyv(esy) =1 and

Pt@’v¢@,v = €A@(V)t§0@7v on @, \%7 Z 0. (28)

Moreover, gy > 0 everywhere on 9.
3. There exist 6 > 0 and C > 1 such that for all f € bwB(D) and t > 0:

e 2PV — v (f) - pov| < Ce | flw - W on 2. (2.9)

Note also that Item 3 in Theorem [l| implies that the Feynman-Kac operator Pt@’v

(t > 0) on bwB(D) has a spectral gap near its spectral radius e*2()* and its spectral
projection is the mapping f — g v g v (f), which is one-dimensional. Such a result
is of independent interest. Note that pg is the (unique) q.s.d. of the Markov process
(Xt,t 2 O) n

Pw(2) :={v e P(2),v(W) < +o0}.
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Remark. The notion of q.s.d. can also be extended to killed renormalized Feynman—Kac
semigroup, see e.g. [33], Definition 1]. Ttem 1 in Theoremimplies that jg v is the unique
g.s.d. of the killed (in &) renormalized Feynman—Kac semigroup associated with (2.5)
in 'Pw(@ )

We will prove Theorem |1| in Section [3| using [35, Theorem 3.5 and Theorem 4.1]. To
prove the spectral gap of P,V (t > 0) on by B(D) we will use the non-compact parameter
S which was introduced in [61].

2.2.2. Related literature on long time behavior of Feynman-Kac semigroups. Non-killed
Feynman-Kac semigroups have been widely studied in the literature and we refer for
instance to [23, [7, 43| 18, [57, B9, 37, 16, 17, 2] for the study of these semigroups in L
spaces, see also [63, 58|, 19, 5]. We also mention [32] for a very recent investigation of
the long time behavior of non-killed Feynman-Kac semigroups and its numerical approx-
imations, see also [2I]. Impossible not to refer to [8, ] for pioneering works in the case
V = 0 using ultracontractivity, which is linked in the reversible case to an adapted ver-
sion of assumption (C3). We also refer to [13, [14] 25] and references therein for general
conditions for ergodicity of non conservative Markov semigroups, see also the classical
textbook [53]. We finally refer to the recent work [33] where we study the basic properties
and the long time behavior of killed Feynman-Kac semigroups of several models, arising
from statistical physics, with very general singular Schrodinger potentials. As already
mentioned above, the main goal of this work is to derive a L.D.P. for P,[L; € - |t < 0],
this is the purpose of the next section.

2.2.3. Large deviations. The space P(.) of probability measures on . equipped with
the weak convergence topology is a Polish space, whose Borel o-field is denoted by

B(P(~)). We say that a subset B of P(.¥) is measurable if B € B(P(.¥)). The weak
convergence topology is written
B = B.

Notice that for any bounded measurable V' : . — R, the functional g € P(.) — (V)
is B(P())-measurable, by the regularity of probability measures on the Polish space
. The empirical distribution L, given by is a random variable valued in P(.¥).
A probability measure 5 € P(2) is identified with the probability measure on . with
B(Z°) = 0 (ie. P(2) ={B € P(¥); B(Z°) = 0} = {B € P(¥); B(Z) = 1}),
and a function on & is identified with the function 14f on .. We consider also on
P () the T-topology o(P (), bB()), i.e. the weakest topology such that 8 — B(f) is
continuous for each f € bB(.¥), which is stronger than the weak convergence topology.
The 7-convergence is written

B =+ B.
The main result of this work is the following.

Theorem 2. Assume (C1)— (C5), and let v € Pw(Z). Then:
A. Conditioned to be inside the set 9, P,[Ly € -|T < o4, as T goes to infinity,
satisfies the L.D.P. on P(2) w.r.t. the T-convergence topology, with speed T and
with the rate function

I7(8) = sup {B(V)—(Aa(V) = Ag(0)}, B€P(D). (2.10)
VebB(2)
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More precisely:
a. The rate function Iy is good or inf-compact, i.e. the level set {Iy < L} of
Iy is compact in (P(D),T) for any constant L € RT;
b. For any open measurable subset G of (P(.%),T),

o] :
I%g}fflogﬂ”y [L1 € G|T < 09] > —ﬁlgé[@(ﬂ); (2.11)
c. For any closed measurable subset F of (P(2),5) ,
1
limsup —logP, [Lr € F|T < 05| < — inf I15(B); (2.12)
T—oo 1 BEF

B. Furthermore
19(8) =0 <= B = pgpgy (2.13)
where g = g, Yo = pgo s the right positive eigenfunction of the killed
Dirichlet semigroup P? so that pgy(pg) = 1. We call 7 = pgug the q.e.d. of
the process in 9.

Recall that in the second item in Theorem 2 i is the q.s.d. of the Markov process
in 2. We give in Section [f] several examples of processes arising from statistical physics
satisfying (C1)— (C5). We then have the following corollary of Theorem

Corollary 1. Assume (C1)— (C5), and let v € Pw(Z). For any measurable -
neighborhood N of the q.e.d. 7y = pgg, there are constants C,5 > 0 such that

P,[Ly ¢ N|T < 05] < Ce™", VT > 0. (2.14)

In other words, it is a conditional law of large numbers: conditioned not to leave ¥
before time 7" (i.e. knowing the event {1' < 04}), the empirical distribution Ly converges
to my (in the 7-topology) exponentially fast in probability as T — +oc.

2.2.4. Donsker-Varadhan entropy functional. We conjecture that the rate function 74 (f)
in the L.D.P. above should be
L(B)=J(B)~ it J(B) (2.15)

BEP(S): B(2)=1
for all 8 € P(2), where J(f3) is the Donsker-Varadhan entropy functional given by
J(5) = inf Hy, , (QIB;), V5 € P(). (2.16)

Here the infimum is taken over all probability distributions Q on the path space D(R,,.%)
so that Xy(w) = w(t), w = (t — w(t)) € D(R4,.”) is a stationary stochastic processes
with the marginal distribution Qo(-) = Q(X, € -) = B (given); and Fjo1) = o(w(t); t €
[0, 1]); and for the sub o-field G, P|g is the restriction on G of probability measure P, and

d .
Jlog FH2dQ, if Qlg < Plg
~+00, otherwise

Hg(Q[P) := {

is the usual relative entropy of Qg w.r.t. Plg. In other words Hg,  (Q|Pg) is the
relative entropy per unit time of the stationary process law Q w.r.t. our Markov process
law P with the same initial distribution 3, and it is the rate function for the level-3 (or
path level) large deviations of the Markov process. See [27] or [60] for other variational
expressions of J(f).
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In the general setting of Theorem [2] we can only prove one half of (2.17)): I5(3) >
J(B) + Ay(0), see (4.6). However we can prove it in the reversible case, see indeed the
next section.

2.2.5. The reversible case. In this section we assume in addition that:

(C6) The semigroup (P, t > 0) is symmetric on L*(.,7) where 7 is the unique
invariant probability measure of our Markov process (X, ¢ > 0), namely for
all ¢ > 0:

<Ptf>g>7r:<faptg>7r ::/ fPtgdﬂ-a Vf7gEL2(y,7T),

7

i.e. (Xt t > 0) is reversible under P,.

Corollary 2. Assume (C1) to (C6). Assume also that (P, t > 0) is topologically irre-
ducibleﬂ on .. Then, the rate function 14 given by (2.10) has the following expression:

for any B € P(2),
EWh,VR), if f=hr <

, (2.17)
00, otherwise,

I5(B) + Ay = {

where

(NV=Lf, N =Lf)x, if f belongs to ]D)L2(y7ﬂ-)(\/—_£),

~+00, otherwise,

E(f.f) = {
is the Dirichlet form (where Diz2 s (v —£) is the domain of /—£ in L*(, 7)) and

Ay = —Ay(0) = inf {5(f, ) / frdr =1, flg. =0, 7T—CL.6.}
7

15 the Dirichlet eigenvalue.

Note indeed the right hand side of (2.17)) is the closed expression of the Donsker-
Varadhan entropy J(/3) in the reversible case, and Ay = infygep () s(2)=1} J(B)-

The large deviation principle for killed Feynman-Kac semigroups of symmetric Markov
processes is an open topi(ﬂ It has also been considered recently in [42], with additive
functional taking into account the jumps of the process, see also [0, [64], [38] 41l [15]
and references therein. We also mention [I0] for Feynman-Kac representation formulas
and L.D.P. of solutions to deterministic models of phenotypic adaptation in the small
mutations and large time regime.

Running example. Assumptions (C1) to (C6) are satisfied for the process solution

to (2.3) when (2.4) holds and ¢ = —VU, for some U : R? — R,. In this case, the

invariant probability measure  is the so-called Gibbs measure e 2Y®)dz/Z, where Z =
—2U(y) ¢

Jrac Y-

2L.e. for some to > 0 and all ¢ > o, Pi(x,0) > 0 for all x € .% and all non-empty subsets O of .%.
3Tt could definitely have attracted Patrick Cattiaux, but he was distracted too often by part of the
authors to have time to do so.
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3. PROOF OF THEOREM [1I

Proof of Theorem [1 We mention that the proof Theorem [1]is slightly different from the
one we performed in [33] as here V' is not assumed to be continuous. Assume (C1)—
(C5) and (Hy ). The proof of Theorem [1]is divided into several steps.

Step 1. In this step we prove that the essential spectral radius of Pt@ Y on bwB(2)
is 0. To this end, we use, as in [35, Theorem 3.5 and Theorem 4.1], the non-compact
parameters (3, and [, (introduced in [61]) of a positive bounded kernel Q(z, dy) over .

Buw(Q) == inf sup Q(z, K°) and 5.(Q) := sup lim sup Q(z, A,) (3.1)
KCCY pev (A

)n—>oo e

where K CC .¥ means that K is a compact subset of . and where the supremum above
is is taken over all sequences (4,,) C B(.¥) decreasing to ().
For any ¢ > 0 fixed, set

Qo(z,dy) = %

By [35] proof of Theorem 3.5],

Br(1xQo) =0, VK CC 7.
Since Q < €= IVI@ Q) we have also

B:(1xkQ) =0, VK CC <.

Hence by [61, Theorem 3.5], the essential spectral radius res(Q|ps) of @ on bB (see [G1]
for definition), is given by

W(y)

e .
W(Jj) t (.1', dy)

P?(z,dy) and Q(z,dy) =

Fess(Q|oB) = }gfl[ﬁw(Qn)]l/n (3.2)
By [35] Theorem 3.5], 3,,(Qo) = 0 and therefore
Bu(Q) < =V 3,(Q) =0
That implies, by (3.2)),
ress(Pt@7v|wa) = ress(Q|bB) < Bw(Q) - 07
which is the desired result.

Step 2. In this step we prove that Pt@ Vs strongly Feller. To this end, we show that for
any f € bB(2), P”"" f is continuous on 2. For any ¢ € (0,) and for any f € bB(2),
consider for x € 9,

Q:f (@) i= Eu [ Lico, f(Xo)elt VO] = PZ(PZY f)(a).
By [35, Lemma 5.2], P7 is strong Feller, and thus, the function Q.f = PZ(P”Y f) is

€
continuous. Since on the other hand, it holds:

sup ]Pt@’vf(x) —Q.f(2)]
€D
x |:1t<o'_@f(Xt>€f5t V(Xs)ds (efOE V(Xs)ds . 1)] ’
z€D

< (esllvll _ 1) HfHetllVll

which goes to zero as € — 0. Hence, we conclude that the function P,? V' f is continuous

on 9.
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Step 3. We now conclude the proof of Theorem [I By the generalized Perron-Frobenius
type theorem [35, Theorem 4.1], there is a unique couple (i, ¢) where u € Pw(2) is a
probability measure on 2, charging all non-empty open subsets of 2, and ¢ € bwB(2)
is a continuous and everywhere positive function on 2 with u(p) = 1 such that
A% 2,V
pP" =, PP o =y,
where A is the spectral radius of Plg V" and

e B2V F = eu()lw < Ce | flw. ¥ € bwB(2). neN. (33

From this exponential convergence and using the semigroup property, it is quite easy to
extend it to whole semigroup (P7"",¢ > 0) (for the details, see [35, proof of Theorem
5.3]), to finally deduce that all the assertions of Theorem [I| hold (with A = Ag4(V))
except the inequality Ay (V') < sup, V' which remains to be proved.

Note that Ay (V) < sup, V follows from the equality

E, elo V(Xs)dle(,@] = uP7Y (1) = oMy (1), vt > 0.
In addition, the fact that Ay (V) < sup, V follows from the last condition in (C5).
Indeed, if in contrary Ag (V') = sup, V', then for all ¢ > 0,
E#[efot V(Xs)dmlt<02] — olsupy V'

Since p charges all non empty open subset of 2 and because the function x — e*2(V)t1 —
P7"V(1) is non negative and continuous, we get that for all z € 2 and ¢ > 0,

t
otsupg V Em[efo V(Xs)dmlt<0@] < elswPo VP [t < ogl,

so that P, [t < 0g] = 1, i.e. P[0y = +00] = 1, a contradiction with the last condition
in (C5). Hence, it holds Ay (V) < supg, V. O

4. PROOF OF THEOREM 2

4.1. A generalized Gartner-Ellis theorem. Our main tool in the proof of Theorem
is the following well known generalized Géartner-Ellis theorem (|27, [59]) that we recall.

Theorem 3. Let (Pr)r~o be a sequence of probability distribution on P(), such that:
(1) For any potential V € bB(9),
1

—_— _ TB(V)
A(V) = lim_los /P OB d8), (41)

(2) The mapping V +— A(V) is Gateauz differentiable on bB(2), i.e. the mapping
t — AV 4+ tV1) is differentiable at t = 0 for any potential V,V, € bB(2).

(3) Pr is exponentially *-tight, namely, YL > 0, IK compact in (P(2),T) such that
for any measurable neighborhood N of K,

1
lim sup 7 logPr[Lr ¢ N] < —L.

T—4o00

Then, Pr satisfies the LD.P. on (P(2),T) with speed T and the rate function

1(B) =sup {B(V) = A(V), V € CG(2)}, BeP(2D),
which is the Legendre transform A* of the Cramer functional A.
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Remark 1. In the theorem above, without the exponential *-tightness condition (3),
the local L.D.P. below holds: for any 8 € P(2),

(1) for any measurable neighborhood A of 8 (in P(2)),

L 1 .
hmTEfoo T log Pr(N) > —1(p); (4.2)
(2) for any a < I(3), there is a measurable neighborhood N of £,
1
1 c_
Tgrfoo T log Pr(N) < —a. (4.3)

The exponential *-tightness is well-adapted to the non-metrisable topology (such as the
T-topology), and it is equivalent to the usual exponential tightness for large deviations
of a sequence of probability distributions on Polish spaces (see [59]).

Proof of Theorem[Z Assume (C1)— (C5). The proof is divided into several steps and
consists in using Theorem |3| above.

Step 1. In this step we prove the equality (4.4). Let
]P)T() = ]P’V[LT S |T < 0@].

Let Ay (V') be the minus Dirichlet eigenvalue given by (2.7)), 114 v the left eigen-probability

distribution, ¢4 v the right eigenfunction, of PV over bywB(2) which are given in The-
orem [I We have by Theorem

S V(X
/ eTﬁ(V)PT(dﬁ) _ E, [6 0 1T<a@]
P(S) P,[T < og]

_ 2V

_ o) -agoyr € Tv(Pr )
v(e=22OT PZ71)

(Aop(V)—Ag(onT V(P2 19v (1) + O(e
V(p9,0)ha(1) + O(e~T)

—JT)

=€

Thus, one has that A(V) is given by:

A(V) = lim —log / TEIPL(dB) = Ay(V) — As(0). (4.4)
P(7)

T—+o0
Step 2 (Gateaux-differentiability). By Theorem , we recall that the operator Pl'@ i
has a spectral gap near its spectral radius e*") on bwB(2) and its eigen-projection is
one-dimensional. Given two potentials V,V; € bB(2), since for any f € bwB(2), the
mapping
AEC— PV My
valued in the Banach space bw3(2), is analytic on a neighborhood of 0 in C, we deduce
by the perturbation theory of operators [40, Chapter 7, Theorems 1.7 and 1.8]), that the
mapping
A = 2V (the spectral radius of Plg ’V“Vl)

is also analytic on a neighborhood of 0 in C. By (4.4)), this shows item (2) in Theorem ,
namely that V € bB(Z) — A(V) is Gateaux differentiable.

Let us recall that those first two steps yield the local L.D.P. for P,[Ly € :|T < o4
with the rate function /4, see indeed Remark
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Step 3 (exponential *tightness). We now prove item (3) in Theorem [3] Let us
first recall that it follows from [60], that under the assumptions (C1), (C2), (C3),
P,[Ly € -] satisfies, on (P(),7), the good upper bound of large deviations with
Donsker-Varadhan’s rate function J(3) given by . Thus for any measurable 7-
closed subset F of P(2),

F=Fn{peP(¥);pB(2) =1} is closed in (P(S),T),

and
{Lr €F, T <og} C{Lr e FN{BeP();8(2) =1}},
and thus we get the following upperbound:
1
li —logP,|Lr € F,T »| < —inf .
imsup 7 log v|Lr € F,T < 04| inf J(5)
Since by Theorem [1| (with V' = 0), we have
, 1
TEIEOO T log ]P)V[T < U@] = A@(O),
we thus finally deduce that
1

limsup —logP, [Lr € F|T < 05| < — inf J(B8) — Ag(0). (4.5)

Ttoo 1 BEF
This upper bound, together with the local L.D.P. remarked above, yields the following
inequality:

I(B) > J(B) + Ay(0) = J(B) — Ay, VB € P(2). (4.6)
Note that this is half of the equality (2.15)).
Now for any L > 0, consider the set K defined by
K:={8eP(¥);8(2)=1, J(B) < L—Ay(0)} CP(2).

It is a compact subset of (P(Z), 7). We then obtain using the upper bound of large
deviations above that for any measurable T7-open neighborhood A of K,

1
limsup = logP,[Lr ¢ N|T < 0g] < — inf J(B) — Ay(0) < —L.
j——— BEN
This is the desired expotential *-tightness.

Step 4. To finish the proof, it remains to show . Notice that () = 0 if and only
if 8 € OA4(0) (the sub-differential of Ay at V = 0). Since Ay is Gateaux-differentiable,
the level set {I = 0} is a singleton. Thus it remains to prove that 7y = pgus € dA4(0)
or equivalently that

Ag(V) > 75(V), YV € bB(2). (4.7)

To this end, we have at first by Jensen’s inequality:
T
logE, [l VOt o 0—9] >E, [ / V(X,)dt|T < ag}
0

E, [ I e, V(X 7c, dt]
P, [T < 04]
[, [ P?VPE 1dtdy
f 2 P{? 1dv
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In addition, by Theorem |1} we have

eV [ PELdy = vioaa(1) + Ol | Wi = v(os) +0(c ™)
9 9

and (recall that the potential V' is bounded)

e Ao (WT / / PZ(VPZ_,1)dtdv

= / / e 22V P7 (Vg + O(e D) V|- W) dvdt

/ / Pglhg Vgaj + O( )W} dvdt
=Try(V)-v(ps) +O(1).

Thus we obtain
1
Ay(V) > limsup = logE, [efoT V(Xt)dt{T < 0’@]

T—+o00 T
N 1 e AT [ (L P7VPY dtdy
T TSt T e AoWT [ PZ1dy
1 Trg(V) (e +O(1)
Tt T v(pg) + O(e™T)

= W@(V).

This is the desired result (4.7). The proof of Theorem [2[is thus complete. U

Remark 2. A quite natural approach for the large deviations of P,[Lr € -|T < 04| is
to use Varadhan-Ellis principle by approximation (this was suggested by J.D. Deuschel).
Let us consider for n > 1, the potential functions V,, defined by:

Vo(z) = —nlge(x).

The killed semigroup P7 f(x) can be approximated by the (non-killed) Feynman-Kac
semigroup

P g(o) .o | t Vi(Xds ) 1050)

Under (C1) to (C3) together with the topological irreducibility of the process on the
whole space .7, for each n > 1 fixed, as V,, is bounded, by the L.D.P. in [60] and
Varadhan-Ellis principle, the family

E, |:1[LT€-} exp (fot Vn(XS)ds> }
E, [exp ( st Vn(Xs)ds) }

satisfies the L.D.P. on (P(.¥), 7) with the rate function
I(B) = J(B) = A(Va), VB € P(&).

On the one hand, if we now let n — 400, Q,,(L7 € -) converges to the target distribution:
P,[Lr € -|T < 04| and this is satisfying. However, on the other hand, it remains now

to exchange the limit order. For the upper bound of L.D.P., it is enough to prove
that A(V,,) — A(0) (which is already quite difficult). But the main difficulty with this

Qn<LT - ) =
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approach follows from the lower bound of L.D.P.. Without further assumptions on the
subset 2, such as the connectedness in the case when the paths of (X;,¢ > 0) are a.s.
continuous, it is easy to see that the L.D.P. in Theorem [2] with a convex rate function
fails.

5. PROOF OF COROLLARY [2

Proof of Corollary[9. Assume (C1l)— (C6). The proof of Corollary [2| is divided into
several steps.

Step 1 (Preparation). In the framework of (C1)— (C3), under the extra condition
that P, is topologically irreducible on ., our Markov process (X;,t > 0) admits a
unique invariant probability measure 7, which charges all non-empty subsets of ., and
Py(x,dy) = pi(z,y)n(dy) is absolutely continuous w.r.t. 7 for all t > 2¢,, see indeed [60].
Thus, we have

J(B) < 400 = f <K, (5.1)

a fact which was noted in [60]. Let us now consider the quadratic form & defined by
8(f7 f) = < \ _’Sf? \Z _£f>L2(S,Tr)>

with domain D(E) = Dyzgx(vV—L). The quadratic form £ is the so-called Dirichlet
form of the (non-killed) reversible Markov semigroup (P, ¢t > 0) over .. It is well
known ([27]) that for 8 = hr € P(),

78) = {5(\/5, Vh), if Vi € D(E);

~+00, otherwise.

(5.2)

Step 2 (Rayleigh’s principle). Given a potential function V' € bB(2), the semigroup
PV is symmetric on L?(2,147). Its log spectral radius on L*(2, 147), defined by

1 ,
Aga(V) = lim —log| P | xga0m)

is always not greater than its log spectral radius on in the Banach space bwB(2),
i.e. than Ay (V) (by the spectral decomposition). On the other hand, take an initial
distribution v = hx so that hlge = 0, m-a.e., h € L*(#,7) and (W) < +o00. Then,
we have by Theorem [T}

1
Aga(V) > Tlim - logv(P7V1) = Ay (V).

—+00

Therefore, it holds for all V' € bB(2):
Ao (V) = A1), 53)

The quadratic Dirichlet form associated with P on L*(2,147) is defined by (see
indeed [51]), for all f € D(Eyy) = {g € D(E); 1geg =0, m-a.e.},

Esv(f.f)=EUf) — /9 Vi,
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By Rayleigh’s principle, one has:
Ay (V)
=sup{—Eov(f. f); f€D(Esv),7(f*) =1}

= sup{/nyQdﬂ —E(f, f); feDE),n(fH)=1and f >0,1gf =0, ﬂ—a.e.}

where we have used the fact that Eov (| f],|f]) < E2,v(f, f). Thus by (5.3) and (5.1)),
we deduce that

AoV) = AsalV) = sup{ [ vas— a0 pep@}

As A(V) = Ay(V) — Agy(0) (see (4.4)) and since by definition Ay (0) = —Ag, we get by
Legendre-Fenchel’s theorem,

15(8) = A*(B) = (A)"(B) + Ay (0) = J(B) — Ay, VB € P(2).
This is the desired result. The proof of Corollary [2] is thus complete. U

6. EXAMPLES

In this section we give some examples, arising from statistical physics, of processes
satisfying (C1) — (C5).

6.1. Kinetic Langevin process driven by a Brownian motion. Let U : R? —
[1,4+00] be measurable function and consider the phase space

S ={U < +oo} x R

Let us consider the so-called kinetic Langevin process (X; = (x4, v¢),t > 0) which is the
solution to the stochastic differential equation in .#:

dxt = ’Utdt, dl}t = —VU(J,})dt - ’Yl)tdt + dBt, (61)

where v > 0 is the friction parameter and (By,t > 0) is d-dimensional standard Brownian
motion. The validity of the conditions (C1) — (C5) have been shown in:

a. In [35] when the potential U is only C! over R¢, namely when VU is continuous
over R? (in this case .7 = R? x R?), and when 2 = & x R? where 0 is a C?
subdomain of R

b. In [36] when the potential U models the singular interactions between the par-
ticules and when 2 = € x RY where € is a subdomain of {U < +oo} with
C? boundary inside {U < +oo}. More precisely, in this case, d = kN (with
k,N > 1), N is the number of R¥-particles, and U has the form

N
U',...,2") =Y V@) + D Vila' =), z; R,
i=1 1<i<j<N
where V7 : R¥ — R U {400} is e.g. the Coulomb potential, the Riesz potential,
or the Lennard-Jones potential.

More recently, the authors proved in [34] that in both cases a and b above, the conditions
(C4) and (C5) actually hold with any such subdomain & of the phase space . (i.e.
without any assumption on the regularity of &’). We refer to [48, [3 1] for related results
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6.2. SDE driven by a rotationally invariant stable processes. In this section,
we prove Theorem [4 below for the process solution to the elliptic stochastic differential
equation driven by a rotationally invariant stable processes. This theorem aims
at showing that such processes satisfy under mild assumptions the conditions (C1) —

(C5).

6.2.1. Definition of the process and assumptions. Let (0, F, (Ft)i>0, P) be a filtered prob-
ability space (where the filtration satisfies the usual condition). Let us consider a (Lévy)
rotationally invariant a-stable process (L&, ¢ > 0) on R? (0 < o < 2,d > 1), see e.g. [}
Example 3.3.8 and Section 4.3.4]. We denote by F, its Lévy measure and we recall that
it is pure jump process where:

Cqo
Fa(dZ) = W dZ, Ca > 0. (62)

Recall also that for all ¢ > 0, L admits moments of order ¢ € [0,«). Let > 1 and
U:R%— [1,400) be a C? function such that for some R, > 1 and ¢, > 0,

VU(z) -z > c.|z|? for all |z]| > R,. (6.3)

Remark that in the case U(x) = |z|* (for large |z|), condition (6.3) is verified if & > 2
with § = k/2. Let (X;(z),t > 0) be the solution (see Corollary (3)) of the Lévy driven
elliptic stochastic differential equation

dX; = —VU(X,)dt +dL¢, Xy =z € R% (6.4)

For a non empty subset 2 of R?, we recall that o5 = inf{t > 0, X; ¢ Z}. In the rest
of this section, we check that the process (Xt, ¢ > 0) satisfies (C1) — (C5). In what
follows, B(z,r) is the open ball of R? centered at z of radius r > 0. Let us mention that
one can easily adapt our analysis to non gradient vector field in (6.4]).

6.2.2. On Assumptions (C1) and (C3). The infinitesimal generator of (6.4]) is given
by, for ¢ € C3(R?) (see e.g. [1I, Section 6.7]),

LX0(a) = ~VU(a) - V(@) + [ [vla+2) = (o) = Vola) - Lgaen] Faldo)
]Rd
In the following 6 > 0 is small enough such that

280 < a A 1. (6.5)

Consider a smooth function V : R? — [1,+00) such that for |z| > 1, V(z) = 2 + |=|*.
Then, for p > 1, define the function W by

W =V, (6.6)
Proposition 1. Assume (6.3). Then, for any p > 1, (C3) is satisfied with W defined
by (6.6).

Proof. Recall that 8 > 1. Let x € RY. If |z| > max(R,,1), we have V(z) = 2 +
|2|7? and in this case one has VV(z) = 0 |z~ Therefore, using (6.3)), one has
—VU(z) - VV(x) < —c.30|z|%25=2 and thus, since 23 > 2, one has when |z| — +o0,
—VU(z)-VV(x)/V(z) = —o0. Let us now consider for z € R?,

() = /||<1 [V(z +2) = V(z) = VV(z) - 2| F,(dz).
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Since Hess V is bounded over R? | it holds for all 7, 2 € R%: |V (2+42)—V (2)-VV(z)-2| <
C|z]?, for some C' > 0. Hence, one has for all z € RY, |&(x)| < Cf|2\<1 |2|2F,(dz).
Thus, 7 (x) is well defined and @ (z)/V(z) — 0 as || = +oo. Let us now consider
the quantity

ot () = / [V(m +2z)— V(I)]Fa(dz)
|2[>1
= /|>1 [V(w + Z) - V(:L'):| 1\$+Z\21 and |m\21Fa(dZ)
! /||>1 V(@ +2) = V(@) | Lppai<t or o<1 Fa(dz) =2 () + oy (x).

Let |2] > 1 and z € RY. Assume that x € R? is such that |z 4+ 2| > 1 and |z| > 1 so
that V(z + 2) =2+ |z + 2|%? and V(z) = 2 + |z|?. Since 0 < 1, using the inequality
(a+b)% < a® + % for a,b > 0, we have thanks to (6.2)) and (6.5 that in this case:
(@) < [yl + |22 = 2] Fudz) < [, |2 Faldz) < +00. Assume now that
z € R? is such that |z + 2| < 1 so that V(z + z) < ¢ := supj, <, V. We then have since
V >0:

oy (x) < /

|z|>1

ey — V(@)]Fa(d2) < o3 / Fa(d2) < +oo,

|z|>1

Assume now that € R? is such that |z| < 1. Since for some L > 0, V(y) < L(2+ |y|*?),
we then have using again that V > 0:

Ax) < L /

|z|>1

2+ (o] + |2 Fu(d2) §2L/ Fa(dz)JrL/ (14 |2[P) F (d2).

|z|>1 [>1

Consequently 7 (z) < +oo. In all cases, we have that <% (z)/V(z) — 0 as |2] — +o0
(note also that |@h| < C(V + 1) for some C > 0). In conclusion, we have proved
that for some m > 0, ¥V (z)] < m(|z|?*272 + 1) and L*V(z)/V(z) — —oc0 as
2] = +o0. As V € D(£Y), where D,(£") is the extended domain of the process (6.4)),
and £XV = Z*V (see indeed the end of the proof of Corollary |3 below), we have thus
proved that (C3) holds. O

Corollary 3. Assume (6.3). Then, for allx € R?, there exists a unique pathwise solution
(Xi(x),t > 0) to (6.4) which moreover defines a strong Markov process. Moreover, a.s.
(Xi(z),t > 0) € D(R,,RY).

Proof. The proof leading Equation below is rather standard. We do it for sake of
completeness. The computations carried out in the proof of Proposition (1| shows that
for any ¢ > 0, f(f | L%V (z,)|ds is a.s. finite for any cadlag process (x4, s > 0) (as such
a process is a.s. bounded over [0,t]). Note also that since the number of jumps is at
most countable, it holds a.s. [} .Z¥XV(v,-)ds = [} £¥V(z,)ds. Let ¢; > 0 such that
LEV < ¢V over R4 Set for R > 0, op = inf{t > 0,V(X;) > R}. Note that
Yr = inf{t > 0,X; ¢ ¥z} where ¥ = {z € RY V(z) < R} is an open bounded
(say by cg > 0) subset of R%. Consider the unique strong solution of up to time
or and set 0o = limp 1o Op = SUpPp-oor Which is its lifetime. Let us prove that
P.[00 = +0o0] = 1 for all z € R For @ € ¥, using It6 formula [I, Theorem 4.4.7] on
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the interval [0,¢ A og(x)], one has:

My @) = V(X)) = Vi) = [ 23VX (@)

= [ V@) +2) = VX @) a2

_ /0 /R Mo [V(X () + 2) = VX, ()] Na(ds, d2),

where N, is the compensated Poisson random measure of (L&, ¢t > 0). Since V(y) <
L(2 + |y|??) and 2860 < 1 (see (6.5))), we have for all Y € R¢,

/ 1v(y)§R|V(Y+Z) —V(Y)|2Fa(dz)
|z|>1

S 2/ 1v(y)§RV2(Y —+ Z) Fa<d2) + 2R2/ Fa(dZ)
|z]>1

|z|>1

< 2L? / [4 + 260 + 2| 2% F,(dz) + 2R? / F.(dz).
|z|>1

|z|>1
Moreover, since [VV] is bounded over R?, there exists C' > 0 such that for all Y € R,

/ Lvo<rlV(Y +2) = V(Y)[*F,(dz) < C/ 122 F(dz) < +o0.

l#1=1 |21<1

Hence, because 1,,, < lv(x_)<g, one deduces that E,[[) [oi Lcop[V(Xs + 2) —
V(X,-)]PF,(dz)ds] < +o0. Consequently, for all R > 0, the process (M, (z),t > 0) is
a martingale. Thus,

t/\O'R
E[V(Xino)] S V(@) + B[ [ £5V(X, )ds]

0

< V(@) +aE, [ /0 o V(Xs_)ds}

— V(z) + e Ex[/OWR V(Xs)ds} < V() +a Ez[/OtV(XsAUR)ds .

By Gronwall’s inequality [31, Theorem 5.1 in Appendixes|, we have E,[1,,<:V (Xinor)] <
E.[V(Xirog)] < V(z)e!. Since V(X,,) > R, it then holds

cit

P,[or <t] < eR V(z), ¥t > 0. (6.7)

This proves that o, (z) is a.s. infinite. Note also that we have proved that V € D,(£¥)
and hence W € D.(£X) (see [35, Proposition 5.1]). The strong Markov property follows
from the (pathwise) uniqueness by standard considerations. O

We also mention [66, Theorem 3.1] for existence and uniqueness of solutions to a-stable
driven stochastic differential equations in a similar setting where the analysis relies there
on the fact that a rotationally invariant a-stable process is (in law) a subordinated
Brownian motion. We also refer to [44] where the exponential ergodicity of a Markov
process defined as the solution to a SDE with jump noise is investigated.

In the following, we denote by (P, t > 0) the semigroup of the process (X;,t > 0),
where we recall that P, f(x) = E,.[f(X,)], for all f € bB(RY).
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Proposition 2. For allt > 0, P; is strong Feller.

Proof. Let R > 0 and let Uy : R? — R be a C? function such that Uz = U on the closure
of ¥ and such that all its derivatives of order less than 2 are bounded. Let (X s > 0)
be the solution of dX[' = —VUR(X[)dt + dL$. For all R > 0, by [65, Theorem 1.1] and
standard approximation theorem [22, Lemma 7.1.5], € R? s E,[f(X[)] is continuous
for all t > 0 and f € bB(R?). Let z,, — x € R% Consider a compact set K and Ry > 0
such that z,,2 € K C ¥, for all n > 1. Since (X,,s > 0) and (X s > 0) coincides
before their first exit time from ¥#%, we have for all f € bB(R?), t > 0, R > Ry, and
n>1,

E.[f(X0)] = Ea, [£(X0)]]

< [B[[f (X (2)) = F(X{ (@) Licon@ronn] | + 2| Plor(z) A or(an) <]

< |[E[[f(X{(2)) — f(X (@a))]| + AN I Plor(z) A or(za) < 1.
Note that sup,s; Plor(z) A or(2,) < 1] < Plog(x) < t] + sup,s; Plog(r,) < t] <
2¢t sup V/R — 0 as R — +oo by (6.7). Hence |[E.[f(X;)] — E. [f(Xy)] — 0 as
n — 400, the desired result. O

Let us mention that the strong Feller property of solutions to Lévy driven stochastic
differential equation has been extensively investigated in the literature, see e.g. [55] 50,
46, 30, 67, 62, 62] and references therein.

6.2.3. On Assumption (C2).
Proposition 3. The process (X, t > 0) solution to (6.4) satisfies (C2).

Proof. Let T > 0 be fixed. Recall that for r > 0, ¥4 = {z € R% V(z) < R} is an
open bounded subset of R? and op = inf{t > 0, X; ¢ ¥z}. Let z,, — = € R%. One can
assume that for some Ry > 0, x,,,x € ¥ for all R > Ry and n > 0. In the following we
assume that R > Ry. By Gronwall Lemma [31, Theorem 5.1 in Appendixes| we have for
all R >0, when T' < og(z) A op(zy), supscor | Xi(z) — Xi(zn)| < |2 — 2,]€""", where
br := sup,c y, |[Hess U(y)|. Thus, one has for all ¢ > 0 and all R > 0 fixed, as n — oo,

P, (R) = P| sup Xi(a) = Xilan)| 2 €T < on(a) A on(wn)| 0.
s€[0,T

Consequently, it holds for any € > 0:

P[ st] 1 Xi(z) — Xi(z,)| > €] <PL(R)+P[T > og(x) Aog(z,)]
s€[0,T
<P,(R)+P[T > op(z)] + P[T > op(z,)]

T

R )

where we have used to get the last inequality and the fact that V(z,) < Ry and
V(x) < Ry. Let us now consider 6 > 0. Pick Rs > Ry such that 2Rye'” /Rs < §/2. For
this fix Ry > 0, P, (Rs) — 0 as n — +o0, and thus, there exists N5 > 1 such that for
all n > N;, P,(Rs) < 6/2. Therefore, one has that P[sup,co ) [Xi(7) — Xi(y)| > €] <6
for all n > N;. We have thus proved that Xjr(z,) — Xjpo,r() in probability as
n — +oo for the supremum norm over [0, 7). Thus X 7)(z,) = Xo,71(x) in probability
as n — +oo also for the distance of D([0,T],R%), see e.g. [4, Section 12]. Therefore,

S Pn(R> + 2RO
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P, [ X1 € -] converges weakly to P,[Xp 7 € -] in P(D([0, T], R?)), which is precisely
(C2). The proof is thus complete. O

6.2.4. On Assumption (C5). Let 2 be an open subset of R?. Recall that (P7,t > 0)
denotes the semigroup of the killed process (X;, ¢ > 0), i.e. P?7f(x) = E.[f(Xi)Lli<oy),
for all f € bB(2Z) (see (2.2])). We have the following result.

Proposition 4. Let 2 be a subdomain of R. Let T > 0 and x,2 € 9. Then, for all
e>0andT >0,

PZ(x,B(z,€)) = P[| Xy — 2| < ¢, T < 19] > 0. (6.8)
In addition, if R4\ Z is nonempty, then for ally € 9, P,log < +oo] > 0. Thus,
Assumption (C5) is satisfied.

Proof. Fix T' > 0 and € > 0. Let & be a bounded subdomain of & with closure included
in  and such that x,z € &. The proof is divided into three steps.

Step A. Preliminary analysis. Let ¢ : R — R? be a globally Lipschitz vector field
such that ¢ = —VU on the closure of &. Let (X7, s > 0) be the solution of dX} =
c(X})dt + dL. Since (X5, s > 0) and (X7, s > 0) coincides before their first exit time
from &, Equation holds if

P, [{|X7 — 2| < e} N {Ran X}, 1y C O}] > 0. (6.9)

Let us prove . In the rest of the proof, we adopt the notation of [45, Section 2.2].
Note here that r =0, b = ¢, 0 = 1, and ¢(z,u) = u. In view of 45, Theorem 2.1} and
, the goal is to construct ¢ € S§7%; such that

Ran¢ C O, ¢pg = x, and |¢r — 2| < €/2. (6.10)
If such a curve ¢ exists, by [45, Theorem 2.1], it holds for all ¢y > 0,
Pm[dT<X*7¢) < 60] > 0, (611)

where dr is the Skorokhod metric of D([0, 7], R?), see [4, Section 12]. It is not difficult
to construct ¢ € ng’;f; satisfying using the simple procedure described in [45],
Equation (7)].

Step B. Construction of the curve ¢. We will construct ¢ with f; = 0. First note that
for any 7 > 0 and a # b € RY, J(a, B(b,7")) = F(B(b —a,r")) € (0, +o0) if 7' < |b— al.
Therefore a # b = b € supp(J(a,-)) (i.e. the jump from a to b is admissible). Define

b(y) = c(y) — a, where a = —/ wp Fy(dw),
lw|<1
and wy, is the orthogonal projection of z on the vector space L = {¢ € RY, f‘
(| Fy(dw) < +o0}.
Assume x # z (the case x = z is treated similarly). Consider two disjoint open

balls B(x,€') and B(z,€) whose closures are included in & for any ¢’ € (0, ¢) for some
€y € (0,¢/4). Fix such a ¢ > 0.

Initialization. Let ¢ be the solution of bs = B(@)_with ¢o = x. Choose t; € (0,7T) such
that ¢, € B(z,€/2) for all t € [0,¢;) and ¢ € B(x,€'/2). Then, pick z; € B(z,€/2)
and set ¢y, = x1 # x (this jump is admissible according to the previous discussion).

w1 [0
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Second step. We let ¢; evolve again according to the flow u, = B(us) on [ty,ty) with
initial condition z;. If b(x;) = 0, we stop the procedure because ¢ = x1 for all ¢t > ;.
Otherwise, there exists ty > t; such that ¢, € B(z,€/2) for all t € [t;,t2) and x; # ¢y €
B(z,€/2). If one can choose t, > T, we stop the construction of ¢. Otherwise, we come
back to z; setting
Pty =11

and we then consider this point as the initial value of the Cauchy problem 1, = b(u,)
on the time interval [ta, to + to — t1).

Iteration. Then, one repeats this procedure a finite number of times to construct ¢ over
[O,tl) U [tl,t2> U [tz, 2t2 - t1> U [2t2 - tl, 3t2 — 2t1) U... [nt2 — (n — 1)t1, (n -+ 1)t2 — ntl)

const

By choice of € > 0, the resulting ¢ has the desired properties, i.e. ¢ € S§75 satisfies
(6.10).

Step C. End of the proof of . Assume that ¢y > 0 is small enough (say €y € (0, €),
€s € (0,€)) such that dr(f, ) < €/2 implies that Ran f C & (note that in particular

\fr — 2| < |fr — or| + |or — 2| < dr(f,¢) + €/2 < €). Then, using (6.11)) with such a
small g > 0 yields P, [{| X} — 2| < e} N {RanX[O 7 C o} >0, Wthh is exactly 6.9).

Therefore, is satisfied. The second statement in Proposition I is then easy to obtain
with the same analysis. This concludes the proof of Proposition [4 U

6.2.5. On Assumption (C4).
Lemma 1. For all compact subset K of R and § > 0, limy_o+ sup, ¢ x Pulop.s < t] = 0.

One way to prove Lemma (1| is to study the trajectories of the process (6.4), as this
done in the proof of [34], Lemma 2.4]. We give here another proof based on the Itd
formula which is inspired from the computations leading to .

Proof. Let K be a compact subset of RY. Let ¥ : R? — [0,1] be a smooth function
such that ¥ =0 on B(0, p/2) and ¥ = 1 on B(0, p). Note that ¥, V¥ and Hess ¥ are
uniformly bounded over R?. Set W, (z) = ¥(z—x). Let K; be the (closed) J-neighborhood
of K. In addition, for any z, z € R,

L5 ,(2)] < [VU(2) - Vo Ta(2)] +2/ Fa(dy) + sup [Hess, Wy (w)] ly|* Fu(dy)

ly|>1 weR ly|<1
< |VU(2) - V. ¥,(2)] + Co,
for some Cy > 0 independent of z, 2 € R%. Since for x € K, V.V, (2) = 0 for all 2z ¢ Kj,
we deduce that sup,cg.cx, |-£~¥2(2)| < 400. On the other hand, by Ité formula,
the process (M,"*(z),t > 0) is a martingale, where M,"*(z) := V. (X,(z)) — V. (x) —
fot LXV, (X, (x))ds. In particular ¥, € D.(£¥) and £¥¥, = £X¥,. Thus, since in
addition ¥, (x) = 0, we have using the optional stopping theorem,

tATB(z,5) X
Eo Ve (Xinopgs)] < Ex[/o LV, (X (x))ds

<t sup |LFU,(2)].
zeK,zeKs

Notice that we have used above that when x € K and s < 0p(;4), Xs- (7) € K5 and thus
for all # € K and s < 0p(as), |-LXV(Xs- ()] < SUDek ek, L Wa(2)|. Note that
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| Xops (@) — 2] > 0. Hence, U, (X, () =1 and
NSt s |25V

Px [O'B(x,ﬁ) < t] = E:p[laB(I’(g)gt\Ij:p(X
reK,zeK;

OB(x,5)

This ends the proof of the lemma. U

Using (C1), Lemma 1} and the same arguments as those used to prove [19, Theo-
rem 2.2], we deduce the following result.

Corollary 4. Let 9 be any non empty open subset of RY and t > 0. Then, for any
t >0, P? is strongly Feller. In particular (C4) holds.

In conclusion, we have thus proved that, when 5 > 1 and ([6.3) holds, the process
(X, t > 0) solution to (6.4)) satisfies (C1) — (C5) with the Lyapunov function defined
in . Hence, we have the following result.

Theorem 4. Let § > 1 and assume (6.3). Let 2 be any subdomain of RY such that
R\ 2 is nonempty. Then, the empirical distribution of the process solution to (6.4)) (see
C’omllary@ satisfies all the assertions of Theorem Theorem@ and Corollary |1 with

the Lyapunov function defined in .

Note. When Z is bounded, one can modify U outside 2 so that it satisfies (6.3)) and
then, as W is bounded over Z (see (6.6)), all the assertions of Theorem , Theorem
and Corollary [1] hold on the whole space b3(Z) and for all v € P(2).

Note. Notice that the fact that & is connected is not necessary to get the result of
Proposition [ (this is the main difference with solutions to SDE driven by a Brownian
motion), and thus Theorem [4| holds when e.g. Z is a finite union of disjoint subdomains
of R such that R?\ Z is nonempty.
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