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A traffic approach for profiled Pennington-Worah
matrices

Issa Dabo and Camille Male

Abstract

We study macroscopic observables of large random matrices intro-
duced by Pennington and Worah, of the form Y (h) = \/%h[{ \V/VNLZ I,
where W and X are random rectangular matrices with independent
entries and h is a function evaluated entry-wise. We allow the vari-
ance of the entries of the matrices to vary from entry to entry. We
complement Péché perspective from [Electron. Commun. Probab. 24
(2019), no. 66, 1-7] showing a decomposition of Y (h) whose and traf-
fic asymptotic traffic-equivalent for their ingredients, when h belong
to the space of odd polynomials. This give a new interpretation of the
”linear plus chaos” phenomenon observed for these matrices.

Primary 15B52, 461.54; Keywords: Free Probability, Large Random Ma-
trices

Notations: For an integer n > 1, we use the notation [n] := {1,...,n}.
For a real rectangular matrix A and a function A : R — R, we denote by
h[{A}] the entry-wise evaluation of h in A, that is the matrix whose entries
are the image by h of the corresponding entries of A. We consider matrix
sizes Ng, N1, ... for rectangular matrices in the classical regime of random
matrices, i.e. for each 7 > 1, we implicitly assume that NV; is a sequence
N;(N) for a parameter N > 1 that tends to infinity, and such that the ratio
% converges to a positive limit when N — oo.

1 Introduction

In this article, we study random Gram matrices that were introduced by
Jeffrey Pennington and Pratik Worah in the context of machine learning
[PW19]. We refer the reader to [HNRT22] for the motivation of the authors
in this context.

Definition 1.1. Given two complez random matrices W in RN >*No gnd X
in RNoXN2 s long as a function h : R — R, we set

Y(h) = \/%h [{%H € RN XNz (1.1)

that we call the Pennington- Worah matriz associated to h, W, X .




The weak convergence of the empirical eigenvalues distribution of Y'Y
for such a matrix Y is proved in | | for Gaussian entries. Lucas Benigni
and Sandrine Péché [ | extends their result and study the outliers under
the following hypotheses.

Hypothesis 1.2. The rectangular matrices W and X are independent and
have centered real i.i.d. entries with variance one. Moreover there exist
constants 9 > 0, a > 1 such that

P(|W(1,1)] > t and | X (1,1)] > t) < e V.

The function h : R — R is real analytic, and there exist constants C,c, Ag >
0 such that |h™ (x)| < CA™, for all A > Ay, n €N and x € [~ A, A].

Under the above assumptions, the empirical eigenvalues distribution of
YY™ converges in probability toward a deterministic limit has N goes to in-
finity. The limit is described by a consistent system of equations for Stieltjes
transforms. Moreover, in | | Sandrine Péché proposes a presentation of
this distribution by exhibiting a simple equivalent model with same limiting
distribution. She also use this method with Lucas Bengnini in [ | to
describe the outliers.

To state their results from | , ], we recall that a sequence of
sets Sy C R converges in Hausdorff topology toward S C R whenever for
min{e > 0| Sy + (—¢,¢) C 5,5 + (—¢,e) C Sy} tends to zero. We use the
following terminology.

Definition 1.3. Let A = Ax and B = By be two sequences for N1 X Ny
rectangular matrices, where % N—> ; >0 fori=1,2. We say that A and
—00

B are spectral equivalent if the empirical eigenvalues distributions of AA?
and BB! converges to the same limit. We say that A and B are strongly
spectral equivalent if moreover the spectra of AA' and BB' converges to a
same set in Hausdorff topology.

Strongly spectral equivalent matrices have outliers converging to the
—t2/2

same positions | , Proposition 2.1]. We denote by w(t) = e\/ﬁ the

density of a real standard Gaussian random variable. A random matrix is
say to be a standard Gaussian matrix it is has i.i.d. real standard Gaussian

entries.

Theorem 1.4. A random Y (h) as in Definition 1.1 satisfying Hypothesis
1.2 is spectral equivalent to

Y[Jlin(h) + Y!:Iper(h)’

s Gau yGau Gau
where YEUR(h) = /(A7 and YOO (k) = /Bi(R) = 6 (h) 2

The matrices WG XGau gnd 7620 gre independent standard Gaussian



matrices and we have set
61(h) = /R K2 () ()dt, B2(h) = ( /R h’(t)w(t)dt)Q.

Moreover, if the third moment of the entries of W and X is zero, then Y (h)
18 strongly spectral equivalent to

YD(I’L) _ Y[:ﬂin(h> + YDpeI‘(h) + YDdef(h),
where YEE (B) ds an explicit matriz of rank 2.

In words, the first statement says that Y (h) is spectral equivalent to the
matrix when A is linear plus an independent i.i.d matrix. We refers this as
the linear plus chaos phenomenon. Our work is motivated by the following
questions:

1. Stability of the phenomenon. Do we still have an analogue linear
plus chaos phenomenon when the matrices W and X are replaced by
more general models with more structure ? In this article, we consider
profiled matrices, namely matrices with independent entries where the
variance of the entries can varies from one variable to another, see
Hypothesis 2.1. Working with a different type of equivalent we confirm
that the phenom holds.

2. Structure of the noise. Let A and hs be two functions as above, for
which both Y (h1) and Y (he) satisfy the linear plus chaos phenomenon.
What can be said about the joint distribution of these noises 7 Can
we find functions for which these noise are independent ? Or func-
tions for which they are coupled 7 The roots of this question lie in the
very origin of free probability theory which questions the difference
between probability spaces generated by different numbers of free ran-
dom variables | ]. This article completely characterize a family
of independent matrices that generate the noise arising from profiled
Pennington-Worah matrices.

3. Description of the phenomenon. What is the intrinsic reason for
which Pennington-Worah matrices to exhibit such a simple behavior ?
To progress in this question, we propose in Section [X] a decomposition
of a Pennington-Worah as the sum of

Y(h) =Y"™ 4" YR (h) + YU (R) + e(h),

m>2

an we state in Section X the joint convergence of each ingredients of the
above sum toward an ingredient of a linear plus chaos decomposition.
Our interpretation of the emerges of chaos is presented in Remark X.



2 Hypotheses and definition of traffic equivalence

2.1 Matrix model and decomposition
2.1.1 Model of variance profiled matrices

We present in this section our model.

Hypothesis 2.1. The two random rectangular matrices W and X can be
written

W=Tp,oW, X=TI,o0X
where o denotes the entry-wise product of matrices.

1. The matrices W and X are respectively of size N1 X Ny and Ny X Na,
and setting N = Ng + Ni + Na the sequences defined by ; = %,i =
0,1,2, converge to positive number.

2. The matrices of W' and X' independent and have centered real i.i.d.
entries with variance one, the laws of their entries do not depend on
N and have finite moments of all order.

3. The entries of 'y, and T'y are bounded, and (I'y,T';) converges 'z'n_
graphons topology, see Definition 2.6 below. This holds if 'y, = (%;(ﬁa %))
and I'y = (%(%,%))ij, where vy, and v, are piecewise continuous
maps [0,1]2 — R. We call Ty, and T the variance profiles (or simply
profiles) of w and x.

2.1.2 Hermite polynomials

We recall the special role of Hermite polynomials (g,)n>0 to understand
e—t2/2

Theorem 1.4. Recall that w(t) = N and
— 1))
gn ey SO
w(t)

where w(™ denotes the n-th derivative of w. The collection (gn)n>0 is an
orthonormal basis of the space of C[y| with respect to the standard Gaussian
law, normalized such that fR Ingmdw = 0y mn!. The symbol J,, ,, stands for
the usual Kronecker symbol. For any n > 1, we have ¢/, = ng,—1, Vn>1
so in particular, [ gq(lm) (H)w(t)dt = 6y, mn! for any m,n > 1. Hence, for any
h:R— R in L?(dw),
[ R (#)w(t)dt
n!

is the coefficient of to the n-th Hermite polynomial in the basis (g )n>0-

/[:7j



For any A : R — R, let h.=1% \/Ql the orthogonal projection of h on

the orthogonal of ¢g; with respect to dw. Since Y'(h) is linear in h, it is the
sum of the matrices

Y (h) = VOY (g1) + V1 - 6Y (h).

. . GmuxGau
From Theorem 1.4, Y(g;) is spectral equivalent to WW and Y (h) is
. Gau . .
spectral equivalent to ZW The next section introduces a more precise
strategy to decompose the matrix, where the Hermite coefficients show up

naturally.

2.1.3 A decomposition of Pennington-Worah matrices

Let Y (h) = vh[{70WX}] be a Pennington-Worah matrix, where W, X are
rectangular matrices and ~,v9 > 0. For the polynomial function h, : x —
™, the matrix-entry definition gives the expression

V()= (1 Y TG d) X (des )i

7
dE[No]n (=1 J

Our decomposition involves several definitions.

Definition 2.2. 1. A set partition of a set X, simply called a partition,
is a set of non-empty subsets of X, called its blocks, whose union is
X. We denote by P(X) the set of partitions of X. Moreover, for any
multi-index k = (k1,...,ky), we denote by kerk the set partition of

[n] :={1,...,n} such that p ketk g if and only if ky = ky.

2. An integer partition of an integer n > 1 is a non-increasing tuple
A™) = (X\1,... \) of integers, called its parts, which sum up ton. We
denote A+ n to say that X is an integer partition of n. Moreover,
a set partition ™ of [n] is said to be of type A" whenever A s its
sequence of blocks size.

3. For any integer partition A\ of n and any partition my of type X,
we set

n

The above expression clearly depends only on the type of my. Therefore
we have a canonical decomposition

Y(h) = Y ey x 1EZ(A™),
A n



where ¢, (n) is the number of 7 € P(n) of type A In particular for )\én) =
(2,...,2) F n, then ¢, is the number of pair partitions of [n], which is equal

to [p hn(t)dw(t). Moreover, for any n > 1, with )\gn) =1(2,...,2,1) Fn and
)\Sf) = (m,2,...,2) F n, for m > 2, we have

n 1
— n—m — (m)
) —< )/Rt dw(t) = !/Rhn (t)dw(t), m # 2,

where h%m) is the m-th derivative of m. For any 1 < m < n we denote

)\gm’") =(2,...,2,1,...,1) F n the integer partition with m parts equal to
one, for which we also have Cy\(mn) = C(n)-
1 m

Definition 2.3. For any h = Y -, ayhy, odd polynomial or an analytic
function satisfying Hypothesis 1.2, we denote

Y (h) =Y (h) + > YEer(h) + YU (h) + e(h),

m>1

where we have set

ying) — Zan(/Rh’n(t)dw(t)) x5 Z(AM),

n>1

er 29 m n m,n
V) = 3 ([ A @de0) x5 200, v > 2
n>1 "
€ an n n
vt = 3% ([ ram) x mpzof)).
n>1
eh) = > > ancym X Y5 Z(AM).
n21 AP p
)\('n)#)\é}")7

A A g >

Our main result shows that an asymptotic equivalent for these matri-
ces in a sense that is clarified next section, for which the weights can be
computed by simple asymptotic rules for the matrices Z ()\(")).

2.2 Traffic equivalent

A difficulty arise to consider the decomposition of the previous section from
the algebraic aspect. We shall go beyond free probability and use the no-
tion of traffic equivalent to fit the nature of the Pennington-Worah matrix
decomposition, by introducing a generalization of non-commutative poly-
nomials. Although this notion is not a rigorously an intermediate notion
between spectral and strong spectral equivalence, the reader can skip this




section with this idea in mind, without major consequence for the under-
stand of next section (note that our approach does not prove the convergence
of outliers but gives a proposal for the matrix deformation).

A graph is a couple (V, E) where V is non empty set called the vertex
set, and F is a multi-ensemble of couples of elements of V', possibly empty,
called the edge set. Multi-ensemble means that each element appear with a
given multiplicity. The graph are directed: for e = (v,w) € E, we call v the
source of e, w its target.

Definition 2.4. Let 2 be a label set and x = (x,,),eq a collection of formal
variables.

1. A test graph labeled by Q (or in the variables x) is a triplet T =
(V, E,~) where (V, E) is a graph, and v : E — Q is a map associating
the variable x ) to the edge e € E.

2. A graph monomial labeled by Q is the couple g = (T,in,out) where
in and out are two vertices of the test graph T. They are respectively
called the input and out of g.

We denote by G(Q2) the set of connected graph monomial labeled by 2 and
by CG(Q) the vector space generated by G(Q).

The following definition shows how we can evaluate a graph polynomial
in matrices to define a new matrix, generalizing the matrix product.

Definition 2.5. Let A = (A,)weq be a collection of matrices My (R) and
let g = (T,in,out) € G(Q) be a graph monomial, where T'= (V,E, o). The
evaluation of g in the family An the matriz g(AN) with entry (i,j) € [N]?

g(AN)(ivj) = Z H A’y(e)(@(w)’@(v))' (2‘1)

p:V—=[N] s.t. e=(v,w)EE
p(out)=i,p(in)=j

Assume that the entries of the matrices have finite moments of all orders.
We call traffic distribution of A the map

Ppr:9geG(Q)—E [;Tr[g(AN)]} €R. (2.2)

We say that A converges in traffic distribution whenever ®a(g) converges
for all g € G(Q) as the size N goes to infinity, and we say that A and B are
traffic equivalent if they converge the same limit.

Definition 2.6. A collection T of deterministic matrices converges in graphon
distribution whenever for any test graph T labeled by €,

lim ]E{ H Fv(e)(q)(w),q)(v))} exists, (2.3)

N—ro0
e=(v,w)eEE

where ® : V +— [N] is a random injective map uniformly distributed.




Example 2.7. Let Y = h[{WX}|, where W and X are square matrices and
hn : m— 2. The entry-wise definitions imply that Y = g,(W, X) where
Jn 1S the graph monomial in two variables w,x is as follow: its vertexr set is
{in,out, v1,...,v,} and for each i = 1,...,n, there is one edge with source
in and target v; labeled x, and one edge with source v; and target out labeled
w, see Figure 1. We call v1,...,v, the internal vertices of gy,.

out @

8

%%S
o
g/s /8

Figure 1: The graph monomial g,, of Pennington-Worah matrices. Note the
design symmetry that the graph monomial is unchanged if we permute the
internal vertices. Edges colors serves to distinguish edges labels.

The rest of the section defines how we see rectangular matrices as sub-
matrices of large square matrices. Let Ny, N1, Ny three matrix size integers
as in Section 1 and set N = Ny + Nj + Na. A matrix of My (R) is seen as a
3 x 3 rectangular block matrix

where A;; € My, n;(R) for each i,j = 0,1,2. If B € M, n,;(R), we set
ti.#(B) € My (R) the matrix A such that A; ; = B and Ay j» = 0 for (¢, ') #
(i,7) in the block decomposition. Let Q2 be a label set and s = (s,,, s.,)weca €
{0,1,2}? be a collection of indices. We say that A = (A, )weq is a collection
of s-rectangular matrices if A, is of size Ny, X Ny for all w € Q and we
set 1s(A) = (Ysu.5, )(Aw))w co- We call traffic distribution of a collection
A of s-rectangular matrices the traffic distribution of t5(A). Similarly, the
definition of graphon convergence extends for rectangular matrices.

3 Presentation of the results

3.1 Statement of our result

We say in short that a random matrix is a standard Gaussian matrix if it
has i.i.d. centered real Gaussian entries of variance one. For a matrix A and



an integer k > 1 with denote VA := ( A(i,j))i’j and A°%" = Ao.--0A.
k times

Theorem 3.1. Let Y = (Y (h))
dexed by odd polynomials

X N,
v =Yen ({2 w=
N N() N
where W =Ty oW’ and X =T, 0 X' satisfy 2.1. We denote by Y, YPer,

Y and € the collections of matrices of Definition 2.3 with ~v = ‘/\/ENQ and
1

"= TR |
Then (Yhn,Yper,Ydef, e) is traffic equivalent to (Yohn,Yoper,YOdef, O)
where YOI and YOPer gre independent, YO is deterministic, and are

defined as follows. Setting the bounded matriz My := /Ny 'T92 x T92, we

have

heCdd)[y] be the collection of matrices in-

t2
. —5 WGau XGau
vom = ([ wforn})Smar) o (U < ).
= R IMer ) o N CUN
where WG =T, o WGau  xGau — T o XGau  gpg JyGan xGau gre jpde-
pendent standard Gaussian matrices. Moreover, for any m > 2, we have

t2
1 e~ ZGau
YOPer (p) = </ B(m) HtM H dt> oZm_
m ( ) m . 2 /727_(_ /*N
where Zgau,m > 2, are independent standard Gaussian matrices. Finally,
setting A3 = N71T9 x T'9 we have

)

Odef m(3)m(3) " e_é
yodet(py = T A /h t M dt>.
() 6N 30( . H Q}Lﬁgw

WGau X Gau
VN XN
compared to Theorem 1.4 the linear relation means an entry-wise product.

Similarly, the noise part Yodef(h) is now a variance profile Gaussian random
matrix. The deformation has finite rank when the profiles are constant, and
its entries are O(N~!). This deformation is known from | | to do not
change the limit of the limiting singular-values distribution.

but now

The expression of Y0 (h) is linear in the matrix

Example 3.2. In the context of Theorem 3.1, assume that one of the ran-
dom matrices has a constant variance profile, for instance T'y(i,5) = 1 for
all i,j. Therefore we see that the profile of the linear part is a rank one
matrix: setting D(h) the diagonal matriz whose diagonal entries coincide
with those of this profile matriz, we get that Y (h) is trafic equivalent to

WGauXGau ZGau
———D(h)+06(h)o
D)+ () 0 T

+ B(h), (3.1)



where © is a profile and B(h) a deformation that dot not change the limiting
empirical singular-values distribution.

3.2 Heuristic and comments

The contribution can be computed from Definition 2.3 with the following
approximations.

1. The contribution for the linear part can be approximated jointly in
traffic distribution thanks to factorizations rules
V/ 1 (n=1)
nz )\(") ~ ¢0 % WGauXGau o FOQ > PoZ Sl
770 ( 1 ) \/N mn( ) ( w x)
(n—1)
_ (WGau XGau) . (LI‘\OQ y F02>O 21
vN VN No ¥ 7

which indeed gives the expected equivalent

2% ~ 3 /R M) o (W;v )f/(%) _ ylingy),

n>1

2. For the deformation term, we have asymptotically
(3),,(3)

Moy My
6N

so again the definition of Y9 results in an entry-wise evaluation for-
mula for Y 0def,

Z(A) ~ Ago M"Y,

3. Finally, for each m

> 2,
n (m,n) V 7[)0 1 (m,m) 02 02\ —
Y0 Z (AN )~ TX 72 (A )O(Pw er) 2
N VNg
1

_ \/ﬁomi > Yo Z()\gmvm))o (7F02 % 1—102)0(71%

2m
NO
w

Denoting Z = N \/&T = 71 X Zo, we have for instance with m = 2
0 0

1 2,2 02 02

WZ(A& )y = (ZoZ—Z1 o 75 )

which is known to converges to zero in traffic distribution. Hence
the perturbative term can be interpreted as fluctuations around this

limit. The computations show that /Ny Lo Y()\gm’m)) is traffic

2m
NO

equivalent to
Gau

L 02 02\°% / m
(NOF“’ xT2)"2 o < Rhmdw(t)> o Wik

which gives the expected equivalent.

10



In the next section we state the generalization of the above theorem in
terms of traffic distribution, for which the analog of Equation (3.1) requires
a third additional term.

3.3 Péché perspective and free probability

To emphasis the strength of the equivalent method, recall that free proba-
bility gives a robust and systematic way to compute eigenvalues dis-
tributions. In the context of Theorem 1.4, since the spectral equivalent is a
polynomial in independent matrices, the consistent system of equations for
the its Stieltjes transform for the distribution of Y'Y*, which are crucial for
numerical applications, can be derived thanks to Dan Virgil Voiculescu’s free
probability theory | ]. In particular, a linearization trick developed by
[ | allows to reformulate this system as the fundamental subordination
property. This approach is quite robust since for more structured spaces the
subordination property holds ”with a twist“, formulated thanks to the pow-
erful concept of amalgamation (a non commutative analogue of conditional
probability). The method has its limitations, the systems of equations for
Stieltjes transforms obtained by free probability may be quite complicated,
but it provides explicit algorithms.

Moreover, the method extends for strong equivalents. The strong
convergence of independent real Gaussian matrices is known by a result of
Catherine Donati-Martin and Mireille Capitaine | ] and the latter
author show that finite rank deformations can be described in a simple way
thanks to the subordination property | ]. Therefore the computation
of the outliers for the strong equivalent can be made with the same robust
method as for the computation of the eigenvalues distribution.

Beyond free probability, our approach use a specialization of free proba-
bility called traffic probability [ ], which is motivated by the distributional
invariance of Pennington-Worah matrices. Let us denote by O = Op the
set of size N orthogonal real matrices and by Perm = Permy of size N per-
mutation matrices are two compact subgroups My (R). Let us describe the
two following situations, given a collection of random matrices A = (4;);jes
of size N1 x Na, where implicitly N; and N» goes to infinity such that
% Njo ; > 0 for an auxiliary parameter N — oc.

1. The collection of matrices is bi-unitarily invariant in the sense that A
has the same law as UAV = (UA;V);es for all orthogonal matrices
U,V of corresponding size. Then we can use Florent Benaych-
Georges’s rectangular free probability theory | |, which
correspond to the setting of amalgamation over a space of finite dimen-
sional matrices. In the context of Theorem 1.4, we have convergence
in joint non-commutative distribution

(YDhn(h), YDper(h)> N (ylin(h)? yper(h))

N—o0

11



in the sense that for any polynomial P in two non commutative inde-
terminates consistent with relative matrix sizes, the limit

E[%P(Ymm(h),ymper(h))} — o(P),

exists. The map @ is a linear form on the space of non commutative
polynomials. The framework of non-commutative probability allows to
think these indeterminates as random variables by ”mimicking“ clas-
sical probability in a non-commutative way: the limit of matrices are
called non-commutative random variables and their are determined
by their non-commutative distribution ®. Non-commutative random
variables are understood to be in ”generic position* when there are
freely independent (or simply free), which means that their distribu-
tion satisfies a canonical expression in terms of marginal distribution.
The bi-orthogonal invariance of Y™ (h) and YPe'(h) explains that
their limit are free.

. The collection of matrices is bi-permutation invariant in the sense that
A has the same law as UAV = (UA;V);es for all permutation ma-
trices U,V. Then we can use Greg Zitelli rectangular traffic
probability theory | |. Note that the collection of matrices Y (h)
itself is bi-permutation invariant. For a collection H of functions h and
under assumptions stated next section, we have convergence in traffic
distribution

Y = (Y(h))heH Njo y = (y(h’))he’}-{’

in the sense the for any function g in a class of functions defined below
and called the split graph-polynomials, the limit

B[] 2, 00
exists. As graph polynomials generalize non commutative polynomials,
the traffic distribution extends the non-commutative distribution. The
interest is that the traffic distribution gives much more information,
capturing certain finite rank deformations and distinguishing easily bi-
unitarily invariant matrices. Traffic distributions comes with a notion
of traffic-independence which ”encompasses® | | three notions of
probability: classical probability referred as tensor-probability, the
free probability, and the Boolean-probability which is another non-
commutative non of independence.

12



4 Asymptotic traffic distribution

4.1 Definitions and Notations

Our method is the same as in [ ], using the language of rectangular
traffic probability. In this first subsection, we present a slight reformulation
of the traffic distribution of matrices relating the square and rectangular
cases. We also introduce an important transform, the injective traffic dis-
tribution, and the ingredient to link these two notions. We recall that for
i,i" € {0,1,2}, a N; x N;y matrix A is canonically associated a square matrix
tiir(A) of size N = Ng + N1 + N by completing A with zeros.

Let s = (5,5, )wen € {0,1,2}2 be a collection of matrix size indices.
A test graph T' = (V, E,~y) labeled in € is split (with respect to s) if there
is a partition V' = Vy U V4 U V, such it links edges whose label matches
the size indices: for any e = (v,w) € E, v € V, and w € V, implies
(84(e)>8"7(e)) = (¢,p). A map ¢ : V — [N] is split whenever it sends V; to
the range isomorphic to [N;] in [V].

Definition 4.1. e Lets = (s, s,)weq € {0,1,2}% and A = (Ay)weq be
a family of s-rectangular matrices, and denote A,, = L(sw,s;)(Aw) for
allw € Q. Let T = (V,E,~) be a split test graph labeled by Q. We call
combinatorial trace of T in the family A the complex number

T[TA)] = > ] Aw(e), (4.1)

p:V—[N]eckE

where for e = (v,w) we denote p(e) = (p(w),p(v)). The sum can
be restricted to split maps since otherwise the summand vanishes. We
call injective trace of T in the family Ay, and denote Tr° [T(A)], the
quantity defined as above when the sum over ¢ is restricted to injective
split maps. We denote

™w[T(A)] :=E “ITr[T(A)ﬂ . Tn[T(A)] :=E [;Tro [T(A)]} .

e For any test graph T = (V,E,~) and any partition 7 of its vertex
set V., we denote by T™ = (V™,E™ ~™) the test graph obtained by
identifying vertices in a same block of the partition w: V™ = 7 and
each edge e = (v,w) in E induces an edge with source and target the
block of m that contains v and w respectively. A partition T € P(V)
of V is split whenever w does not identify vertices of different V;’s,
namely V™ = VT U VT UV

There is an abuse of notation using the term ”trace” in the theorem
above since the combinatorial and the injective traces are not defined on
matrix spaces. The combinatorial trace is related to the usual trace of
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matrices as follows: for any family of matrices A and any graph monomial
g = (T,in,out) one has Trg(Ay) = Tr[T"(A)], where T” is obtained from
T by identifying in and out. On the other hand, for any test graph T', we
have the identity
Tr[T(A)] = ) TO[T7(A)],
meP(V)

where P(V) is the set of partitions of V. The sum can be restricted to the
split partitions 7 of V.

5 Proof of the main theorem

5.1 Traffic method for profiled Pennington-Worah matrices

Let us set Y = (Y})peryy the family of matrices

where W and X are as in Theorem 3.1, and h[{ - }] stands for the entry-wise
evaluation. Since (5.1) is a linear expression in h, to prove the convergence in
traffic distribution of Y it suffices to prove the convergence of E[%Tr[T(Y)]
for test graphs indexed by a basis of R[y].

We call reference graphs the split test graphs T in variables standing
for the matrices of Y labeled by monomials. More precisely, we denote
T = (V, E,n) where the index map n : E — N tells that an edge e € F is
associated to the matrix Yy := Y (hn()) where hy, : @ — 2. We have a
partition V. = V; U V5 so that each edge of T has its source in V5 and its
target in V7. Later at the end of the proof we shall use test graph labeled
by Hermite polynomials.

We give an expression of E[%Tr [T(Y)] for any reference graph T', we use
first the so-called substitution property of graph monomials and test graphs
(see [ , Definition 1.7]) to re-write (5.1) in graph language. The proof
of the main theorem follows as we can clearly identify the contribution of
each components in the Pennington-Worah matrix decomposition.

In the definition below, we use the terminology of | ].

Definition 5.1. Given T = (V, E,n) a reference test graph, we denote by
Tr = (V,&,0) the (auxiliary) test graph in two variables w and = obtained
from T as follows. It is obtained by considering the vertex set of the reference
graph (that we then call the reference vertices) and adding for each edge
e € E a collection N(e) = Ve, &) of vertices and edges, that is called the
niche of e, defined as follow. There are n(e) vertices in the niche of e,
different from the reference vertices and the vertices of other niches. They
are called the internal vertices. Moreover, the niche of e has 2n(e) edges, as
each internal vertez is both

14



o the source of an edge labeled w whose target is the target of e in T,

e the target of an edge denoted labeled x whose source is the source of e
mn T.

Two adjacent edges in T that share the same internal vertexr are say to be
companion each other.

When there is no ambiguity about the reference graph T, we write in
short 7 := Tp. The definitions imply that we have

B -y 2
w[T(Y)] = (%) N, “F " an [T(W, X)]
R R SO
= 1 " N e Z (T (W, X)]. (5.2)

TeP(V)

Recall that Hypothesis 2.1 tells that W = I'yy o W' and X = I'x o
X', where W', X’ are independent i.i.d. matrices and I',,T"; are bounded
matrices. Next we explain how we can factorize the contribution of profiles
and work on the traffic distribution of W’ and X’.

Definition 5.2. For any family of s-rectangular random matrices A =
(Ay)wen and any split test graph T = (U, €, ) labeled in Q, with the same
notations as in Definition 4.1, we set

°[T(A)] = E

H A’y(e) ((I)(e))] s

where ® : B — [N] is a injective split map uniformly distributed at random
independently of A.

Let us denote (m), = 0 m__ (known as the falling factorial notation),

m—n)!
which is the number of injective maps from [n] to [m]. From the definition

of TR,, note that we have
1

™w[T(A)] = NCard{W : 0 — [N] split, injective}d”[T(A)]
= %(No)m(ﬂ(N1)|m1|(N2)m2|50 [T(A)]. (5.3)

On the other hand, for 7 = Tr as in (5.2), we denote by £} and £ the set
of edges of T labeled w and x respectively. The independence of W/ and X’
implies

TJOV[T”(W,X)]] = % > (H Tw(d(e)) x J] Tz(o(e))

¢:VT—[N] \e€&] ecly
injective
XE[ 11 W’(qﬁ(e))} x ]E[ 11 X’((b(e))]).
ecET ecEr
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Since the matrices W’ and X’ have i.i.d. entries, the values of the expecta-
tion does not change if we change the split partition 7 into another arbitrary
split partition ®. This is still true if ® is uniformly distributed at random
independently of the matrices. Let us define the test graph T,y = (Vu, Ew)
in one variable w obtained from 7 by removing the edges labeled x and the
vertices of Vo, and let T, be defined similarly. Hence we have

[T (W, X)H (5.4)
_ % D <H T (6(e)) )50 [T (X")]
¢.:V."—t>i£ljgf] e€€y ee&c
= N(No)vo(Nl)vl(Nz)vﬁo[T”(Fw’F )] 8 [T (WIS [TT (X)],

Note that since the entries of I'y, and I'; are bounded the term §° [T”(Fw, Fx)]
is bounded. Moreover, 8°[T.(W")]6°[T,7(X")] = §°[T™(W', X")] is indepen-
dent of N. Finally, recalling that V™ = V{7 U V| U V5T since 7 is split, we
have

(N (N)ws (N)v, = Nl T Tl (14 o(1).
Therefore, by (5.2) and (5.4), setting

am = 1+ -2y,

2 2
eckE

|Voﬂ-‘7 ZE n(e2)—1 |Vﬂ
\I’Tr _ ¢0 ec

| V] N
vt =4 (5.5)

the following expression is valid for any reference graph T

™ [T(Y)] (5.6)
=S NI O[T, )] ST (WS (X)) (1 + (1)
TeP(V)

5.2 Convergence and support of the limit

In a first subsection, we prove that for a reference graph T as in the pre-
vious section and for any 7 € P(V) such that 6°[T,7(W')] x §°[T(X')] =
SO[T™(W', X")] # 0, we always have n(m) < 0. The validity of this claim
implies the convergence in traffic distribution of Y since therefore in the
r.h.s. of Formula (5.6) all terms are bounded. In a second subsection, we
state an intermediate result that allows us to identify the partitions such
that 5°[T™(W’, X')] # 0 and () = 0.
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5.2.1 Proof of the convergence of the traffic distribution of Y

In this subsection, we fix a split reference graph T'. Let 7 € P(V) be a split
partition and denote by p(m) the restriction of 7 to the vertex set of T'. In
the following expression

n(m) =7 -1~ 215200, (5.7

eeE

only |V™| depends on the partition 7, so n(r) is large when the number of
vertices of T is large. On the other hand, by independence of the matri-
ces and their entries, we must have edges identifications in order to have
SO[T™(W', X")] # 0. We shall prove that the competition between these two
constraints results in terms of the right order.

The strategy consists in translating the condition n(7) into concrete
conditions on two other intermediary graphs. First recall that 7, is the
graph labeled in w obtained from 7T by removing the edges labeled x and
the vertices of V5. It may be a disconnected graph, so we denote by ¢, > 1
its number of connected components. Moreover, the number of edges labeled
win T7is |E]| = [Ew| = Y .cpn(e). Finally, since the partition 7 is split,
the number of vertices of this graph is |V]| = |V]"| + |V{'|. Hence we have
the identity

€x] _
2

W+ - -2 5

m(m) = Vil — e = >
eckE

We put the emphasis on this formula since 7; replaces 7 the computation of
the traffic distribution of simpler models, such as independent large Wigner
matrices in | , Chapter 3]. We recall the following definitions.

Definition 5.3. Let & = (%0, €) be a graph.

1. The graph & is a forest whenever the removal of any edge of & always
increases its number of connected components.

2. The skeleton graph & = (0, €) of & is obtained by identifying the edges
of ® with the same endpoints, hence forgetting the multiplicity of the
edges.

We also recall the following result (for a proof, see | , Lemma 2.13]).

Lemma 5.4. For any graph & = (0, €) with ¢ connected components,
0| —c—[€] <0,

with equality if and only if the graph is a forest.
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Therefore we re-rewrite (5.8) as

U o o ‘81711-)‘

mi(m) = ([Val = ex — €51) + (€21 = 52),
where £ is the set of edges of the skeleton graph of 7. The first term in
the r.h.s. is non-negative by Lemma 5.4. On the other hand, for any ¢ > 1
denote by &7 ; C & the set of edges of multiplicity equal to ¢ in 7;7. Then
we have

ST 1 A i—2
(1€ - ) = =L = > jen. (5.9)

i>3

If 6°[ 77 (W’)] = 0, then T} has no edge of multiplicity 1 so (|| — |52—ﬂ‘) <0
with equality if and only if the edges labeled w are of multiplicity 2 in 7).

As we cannot find a way to apply the same reasoning 1 defined in (5.7),
we introduce a second graph. We consider T7(™ the quotient of T by the
split partition p(m) such that

e Vi,i' € V1, i~ 7 whenever i and i’ belong to the same connected
component of the quotient of 7, by the restriction of =,

e p(m) and p(7) coincide on Va (Y, 5" € Va, j ~jr) 5’ & J ~r J')-

Note that the partition p(7), which is induced by 7 by restriction, is
finer than p(7) in the sense that each block of p(7) belong to a block of
p(m). Moreover TP(™) is a connected graph since 7' is connected. Its number
of edges is the same as for T', namely |E?(™)| = | E|. Tt number of vertices is
|VP(™)| = ¢, + |ViF|. Therefore we have

_ EA(T) E
mim) = -1 ey -1 - L G

and Formulae (5.7), (5.8) imply that n(7) = ny(7) + n2(7w). With |EP(™)|
standing for the number of edges of the skeleton of T?(™) we write as before

_WWw

mm = (g5 %0) 4 (1) - (5.11)

The first term is non-negative when 6°[7™ (W', X’)] # 0. By a computation
similar to (5.9), we see that last term |EP(™)| — @ is bounded by half
the number of edges of multiplicity one in 77", which may be positive.
We must therefore show that when this quantity is positive, another quan-

tity compensates it. The following definition clarifies phrasing that we use
through the proof.
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Definition 5.5. Let m be a partition of V. We say that a group of edges of
T™ are identified by w if their target vertices belong to a same block of 7, as
long as their sources. An extra-niche (respectively intra-niche) identification
is an identification of internal vertices or edges of T™ from different niches
(respectively the same niche). Two edges e and €' of T are niche neighbors
(w-niche neighbors or x-niche neighbors) whenever they have in their niche
edges forming an extra-niche identification (and these edges are labeled w or
x respectively).

The following fact is used several times.

Lemma 5.6. Assume that T and 7w € P(V) are split and S°[T™(W', X')] #
0. If two edges e and € of T are x-neighbors, then they form a group of
edges of multiplicity at least 2 in TP(™.

Proof. Denote by e, and €, two edges of e and €’ respectively forming an
extra-niche identification. The targets of e, and e/, coincide in 77, so the
targets of e and ¢’ belong to the the same connected component in 7.
Hence by definition of p, e and €’ form a group of multiplicity at least 2 in
Th(m) . O

Lemma 5.7. Assume that T and © € P(V) are split and S°[T™(W', X")] #
0. Let e € E be a simple edge in TP™ . Then e has no x-neighbor, and the
internal vertex of its niche form intra-niche identifications.

Proof. A edge e € F that is simple in 7™ has no z-neighbor since oth-
erwise it would contradict Lemma 5.6. Moreover, by the centering and
the independent of the matrices W/, X’ and their entries, the condition
SO[T™(W', X")] # 0 implies that the edges labeled z in the niche of e must be
identified somewhere, so necessary they form intra-niche identifications. [J

We can now prove that n(m) < 0. Let us denote by (™ the number of
simple edges of T?(™) and by I'" the number of edge of multiplicity at least
3 in 7,7. Since 7,7 has no simple edge when §°[T™ (W’ X")] # 0, then (5.9)
shows that |ET| — @ < —%. On the other hand, since each niche con-
tains an odd number of internal vertices, Lemma 5.7 implies that the niches
corresponding to simple edges of T?(™) must have an edge of multiplicity at

least 3, and so we have [T < I’". Moreover, from the definitions of I we

get |EP(T)| — IE’;ﬂ < . Formula (5.11) and the above arguments imply
that n(m) < lﬁglm < 0 whenever §°[T™(W’, X")] # 0 and so n(x) < 0. This
proves the convergence Cn(7™), and so the convergence in traffic distribu-

tion of Y as explain in the presentation of Section 5.2.
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5.2.2 Support of the traffic distribution

The condition n(m) = 0 is hence equivalent to the following four conditions
for the intermediary graphs 7] and T (™) introduced before:

Lt e+ V| BP9 = o, (5.12)
_ Eﬁ(ﬂ)| =
pro) _ | = — 13
|BP] — - (513)
_ ‘gﬂ" lﬂ'
Tl = —— 14
Vol —ex —1E51 = 0, (5.15)

with 1™ the number of simple edges of T?(7),

Definition 5.8. 1. A simple cycle in a graph is a sequence of pairwise-
distinct vertices v, ...,vg, such that v; and vi41 are adjacent, with
indices modulo k (there is no restriction on the directions of the edges).

2. A cut edge of a graph is an edge whose removal increases the number
of connected components. The set of cut edges of a graph G is denoted

C1(G).

3. A cactus (respectively a pseudo-cactus) is a graph such that each edge
belongs to exactly (respectively at most) one simple cycle.

4. A strong component of a pseudo-cactus G is whether a simple cycle or
a cut edge of G, and we denote by SC(G) the set of strong components
of G, see an example Figure 2. We call cut vertex a vertex of a graph
that belong to several strong components.

)OS

Figure 2: A pseudo-cactus with two cut edges, two length 2 simple cycles,
one length 4 and one length 6 cycles.




Proposition 5.9. In the above setting, let m1 € P(V) such that n(w) = 0
and S°[T™ (W', X")] # 0. Then necessarily TP™ is a pseudo-cactus, and the
partition ™ do no identify edges or internal vertices of T™ from different
strong components of TP(™).

The motivations of this statement are presented next section in Propo-
sition 5.13. The aim of this section is to prove the Proposition 5.9 and
provide elements for the computation of the contribution on each strong
component. The first lemma indicates the multiplicity of the edges labeled
w in the graphs that contribute in the large N limit.

Lemma 5.10. Assume that T and m € P(V) are split, that SO [T™(W', X")]
is nonzero and n(w) = 0. Then there are exactly one group of edges of
multiplicity 3 labeled w in T™ within each niche corresponding to a simple
edge of TP and all other groups of edges labeled w have multiplicity 2.

Proof. Recall that & 5 C & stands for the set of edges of multiplicity equal
to 3 in 7,7 and denote by & .5 those of multiplicity greater than 3. Since
T7 has no edge of multiplicity 1 (otherwise 6°[7.7(W’)] = 0), then (5.14)
reformulates as

I — &5 5] & €03
72 — + (‘55;,>3‘ - 2 ) = 0.
5 L . i .
The second term (|5$7>3| | “’;Bl) is non positive and vanishes whenever
&n~3 = 0. Moreover, since the number of edges in each niche is odd,

and since by Lemma 5.7 simple edges of TP(™ have no z-neighbor, each
of these niches contain at least a group of edges labeled x of multiplicity
at least three. But if some edges forms an intra-niche pairing, so do their
compagnons (recall from Definition 5.1 that two edges of 7 are compagnon
whenever they share the same internal vertex). Hence each niche associated
to a simple edge of TP(™) contains at least one group of edges of multiplicity
> 3 labeled w. Hence we get, [™ < |<§1’;’>3|, so that (I"—|&, 3]) is non positive
and vanishes whenever |€,, 3| = [". All together, this proves the lemma. [

First we use the above lemma to relate the edges of multiplicity 1 in
TP(™) with the cut edges of TP(™).

Lemma 5.11. Assume that T and m € P(V) are split, that SO [T™(W’, X")]
is nonzero and n(m) = 0. Let e be an edge of E of multiplicity 1 in TA(m),
Then it is a cut edge of TP™) and its niche have no extra-niche identification.

Proof. Let e be an edge of E of multiplicity 1 in 77(™ and denote in short by
N its niche. We first prove the second part of the lemma. It is known from
Lemma 5.7 for the edges labeled = in N have no extra-niche identification,
let us prove it for the edges labeled w. Lemma 5.7 also tells that all internal
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vertices in N have always intra-identifications. Hence there is one group
of internal vertices of multiplicity at least 3 in TP and the other groups
may have multiplicity greater than or equal to 2. But Lemma 5.10 tells that
the edges labeled w in this niche form one group of multiplicity 3 and other
groups of multiplicity at least 2. All together, this prove that there are no
additional extra-niche identifications.

Let us now prove that there are no extra-niche identification of inter-
nal vertices in N. The following argument, referred as the argument of
separation, is use several times in the sequel. Denote by V; the set of inter-
nal vertices of N/ that are identified with a vertex outside its niche and let
us prove that Vj = (). Denote by # € P(V) the modification of m obtained
by isolating the vertices of Vj in the following sense

#={B\V,,Bern}u { BnVy,Ben}. (5.16)

This modification does not change the §° weight associated to the parti-
tion, that is 6°[7™(W’, X")] = §°[T™ (W', X")] # 0. Hence by the previous
section, we have 7(#) < 0. But by definition n(#) = n(7) + |Vp| and by hy-
pothesis n(7) = 0, so [Vo| = 0. We have prove that there are no extra-niche
identifications in the niche of e.

It remains to prove that e is necessarily a cut edge of T(™). For clarity
of the presentation, assume first that e is not a cut edge of T' (in which case
it cannot be a cut edge of T°(™) and let us find a contradiction. We use a
similar argument as in the previous paragraph, considering a modification T
of T obtained by separating a vertex v of e as follow: we add a vertex v" and
decide that e is adjacent to v’ instead of v. The resulting graph is connected.
Moreover, separating Vp := {v} in 7 as in (5.16) gives a partition 7 of 7
such that 50[7¥F(W’,X’)] = §O[T™(W', X")] # 0 and n(7) = n(r) + 1. Hence
a contradiction.

Finally, we consider the case where e is a cut edge of T but not of
TP Let S be the disconnected graph obtained from T by separating a
vertex v of e. Denote by S; the connected component of e in S and S
its complementary. As before, separating v in 7 provides a partition & of
the vertices of S with same d° weight. A priori we cannot use the previous
reasoning since S is disconnected, but actually we get the same contradiction
by considering another graph. Let T be obtained from S by identifying a
vertex of S and a vertex of So that are identified by 7 (it always exists since
e is not a cut edge of T°(™ . The partition % induces a partition #’ of the
vertices of T' with same §° weight and such that n(7') = n(7) + 1 (we have
an additional vertex without changing the number of edges), obtaining the
same contradiction. O

We now related the edges of T°(™) that are of multiplicity 2 in T7(™ with
the simple cycles of TP,
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Lemma 5.12. Assume that T and m € P(V) are split, that SO [T™(W’, X")]
is nonzero and n(r) = 0. Let e € E be an edge of multiplicity 2 in TP,
Then e belongs to a unique simple cycle of TP™). Moreover, none of the
edges or internal vertices in the niches of the edges of this cycle is identified
out the union of these niches.

Proof. Let ey be an edge of E of multiplicity 2 in T77(™ and denote in short
by Np its niche. We want to prove that ey has a unique x-neighbor e;
and has a unique w-neighbor e_;. In other words, there exists a couple
of compagnon vertices e&? ), eéo) in My with extra-niche identifications. The
latter couple is not necessarily unique, but our analysis below shows that
when it is not unique then ey belong to a cycle of length two.

The existence of a w-neighbor e_; of eg follows from Lemma 5.10, which
indicates that that the multiplicity of the edges labeled w of TP is two.
Indeed, since the number of edges of each label in a niche is odd, a parity
argument ensures that there exists an edge 61(1? ) ¢ Ny and an edge eV
the niche N_; of another edge e_1 of T that are identified.

To prove the existence a x-neighbor e; of eg, let us prove that the com-

pagnon eg(co) of qu(,) ) has an extra-niche identification. Assume momentarily

in

that e;(vo) has no extra-niche identification and let us find a contradiction.
Since 8°[T™(W’, X')] is nonzero, the multiplicity of e is greater than 1, so
it forms an identification which is necessarily an intra-niche identifications
if the latter assumption is valid. But when two edges form an intra-niche
identification, so do their compagnons. This implies that eq(i(,) ) has both intra
and extra-niche identification, so its multiplicity in 77 is at least 3. This
is in contradiction with Lemma 5.10 which says that this multiplicity is 2.
Hence 6550) has an extra-niche identification with an edge egl). We denote by
N7 the niche of 65;1) and by e; the associated xz-neighbor of eq.

We now show the unicity of the z-neighbor e;. Let €] be any z-neighbor
of eg, and denote by €’ ;1) and €’ 9(60) two edges in the respective niches that
are identified. This identification implies that the sources of ¢y and €} are
equal in 7P(™_ Also, the sources of the compagnons of ¢’ 531) and €’ J(CO)
also equal, so their targets belong to the same connected component. Hence
ep and €} form an edge of multiplicity at least two in TP(™). On the other
hand, n(7) = 0 implies that TP(™) has edges of multiplicity two. This proves
that €} = e; since otherwise this will exhibit an edge of multiplicity greater
than 2.

We now prove the uniqueness of the w-neighbor e_; of ey. Recall that
eE{l) and eg,) ) denote two edges in the respective niches forming an extra-
niche identification. Assume that there is another edge e’ 1(1? ) € Np forming

are

an extra-niche identification. We then consider the compagnon e’ (xo) of this
new edge e’ 75? ). By the above, the z-neighbor is unique, so €’ ;0) has also an
extra-niche identification with an edge ¢’ S) in the niche N of e;. Note that
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(0) s(0) (~1)

e S) #* eg}) otherwise e,,’,€’,,” and e might form an edge of multiplicity

(0)

at least 3 in 77. Now consider the graph consisting in ey,’, €’ 1(1? ), and the
compagnons of eg(cl) and ¢’ 501). It consists in a cycle of length 4, which is a
simple cycle if the vertices are pair-wise distinct. By construction, one sees
directly that the edges are pairwise distinct and so are their source vertices.
On the other hand, the condition n(7) = 0 implies that the skeleton of 7.7
is a forest. Hence the graph is not a simple cycle, which means that the
targets of the edges forming this graph are identified. Hence eq(l? ) and 61(3 )
are identified and so e_; = e;. This prove the uniqueness of e_1, and that
e_1 = e1; when eg and e_; have more than one group of edges identified to
form extra-niche identification (this fact will be relevant later on).

We can now prove the lemma. Starting with eg we construct a sequence
e, i = 0,...,7 of edges in T such that, if ¢ is even, e; and e;; are a-
neighbors, and if ¢ is odd they are w-neighbors, until we come back to an
edge we have already visited (r = min{s|es; € {ep,...,es—1}). By uniqueness
of extra-niche neighbors, we necessarily have e, = e (and so r is even).

Let us denote by C = {ep,...,e,—1} the set of edges forming this cycle
and by N(C) the union of the niches of elements of C. By construction, the
edges of N(C) are not identified outside of N (C). We then deduce that tis
property holds for the internal vertices of N'(C) with the usual argument of
separation. We modify 7 into 7 to separate the set Vj of vertices of N'(C)
that are identified outside of A/(C). This does not change the 6° weight
since it does not modify the multiplicity of the edges. Hence it produces a
partition such that (%) > 0 and n(%) = n(r) + |Vol, the assumption n(r)
implying that Vi = 0. This proves the second part of the lemma.

Finally we can prove that ey belongs to a unique cycle of T°(™). Let S
be the graph obtained by removing to T?(™) the edges of C, and with a small
abuse use C to refer to the subgraph of T°(™) formed by these edges. Note
that eg belongs to a unique cycle if and only if the connected components
of S have exactly one vertex in C. On the other hand, the presence of
a connected component C' with at least two vertices in C would yield a
contradiction thanks to the separation argument: one modifies TP(™) by
separating a vertex common to C and C, which does not disconnect the
graph, producing a quotient of higher but bounded contribution. Hence eq
belong to a unique cycle, which concludes the proof of the lemma. O

Since Condition (5.14) says that the edges of TP(™) are of cardinality 1
or 2, the two above lemmas show Proposition 5.9.
5.3 Asymptotic expression of the traffic distribution

Given a partition pg € P(V') such that T#° is a pseudo-cactus and a partition
of the auxiliary graph m € P(V), we write p(m) = po is a shortcut to say

24



that 7 is a split partition such that §°[77(W’, X’)] # 0, n(w) = 0 and the
restriction of m on V' is p(m) = po.

The previous section proves that for any reference graph 1" we have the
asymptotic expression

™ [T(Y)] (5.17)

= > > T[T (T, ) |87 (W, X)) + o(1),
po€P(V) s.t. meP(V)
TP0 pseudo cactus p(m)=po

where we recall (5.5) and Definition 5.2:

|V07r|7 Z n(e2)71 VE Vv
U=y, P VML S mA)) = E

[T 4@ (2(e))

ec¢

)

v, = % for i = 0,1,2 and ® : U — [N] is split, injective and uniformly
distributed independently of A.

It may be useful to compare Formula 5.17 with the following consequence
of | , Chapter 6] and | , Part II]. In the proposition below, we call
well-oriented (w.o0.) pseudo-cactus a pseudo-cactus for which the edges of
each simple cycle follow a same orientation along their cycle.

Proposition 5.13. Let A = (A4;)jes be a family of N square random ma-
trices that are unitarily invariant in law. Assume that A converges in non
commutative distribution and satisfies the asymptotic fractorization prop-
erty. Denote by Jn the matrix whose all entries are % Then for all 5 € C
the collection A + BIn = (Aj + BIN)jes converges in traffic distribution.
Moreover, for any test graph T in the variables a = (a;);jc; and any partition
po of the vertex set of T', we have

~[T(A + BIn)] — > I o,

N—oo
po€P(V) s.t. CeSC(TY)
TP0 w.o. pseudo cactus

where for any C € SC(T?), if C is a cut-edge then 79(C) = B, and if C is a
simple cycle then 7°(C) = ky(ay, ..., ay) is the n-th free cumulant function
applied to the limit of the matrices Ay, ..., A, along the cycle of C.

The rectangular analogue can be deduced from the computations of
[ | (explaining our scaling factor) and the real analogue (with orthogo-
nal invariance) from | ]. The method consists hence in re-writing (5.17)
by summing over the partitions of the reference graph T rather than 7 = Tp
and exhibiting some factorization structure with respect to the strong com-
ponents.

The latter is the motivation for the second part of the statement in
Proposition 5.9: it shows that these partitions @ € P(V) that contribute
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can be factorized with respect to the niches of the strong components S of
T#0 in the following way. For any strong component S € SC(T}), and any
7 such that p(m) = po, denote by 7g the restriction of 7 to the vertices in S
and its niche vertex. Then since 7 does not identify extra-strong components
internal vertices, 7 is the finest of all partitions in P(V) such that the internal
blocks of mg are contained in blocks of 7, for any S € SC(T7°).

In the three following subsections, we consider a strong component S =
S(po) of TP of a given type, i.e. a cut-edge, a length 2 cycle or a higher
length cycle. In each case, we describe the partition mg and the subgraph of
T™ induced by the niches of the edges of S, and gives an illustration in Figure
3. We denote from now by n1(S5),...,nr4(S) an enumeration of the edge
labels in S, with the shortcuts n(S) := ni(S) if Lg < 2 and n/(S) := na(S)
if Lg = 2. We write "n = 2k + 1“ with all variations of indices.

5.3.1 Focus on cut edges

We denote by (Z) = ﬁi@!
number of choice of ¢ element among p, and by Pa(n) the set of pairings
of n elements. Recall that if £ denotes a standard real Gaussian random
variable, then E[¢"] = |Pa(n)|. For each n > 1, we recall that h,, : © — z"
denotes the n-th power function. Then the Gaussian integration formula
reads nE[h,—1(£)] = E[h],(£)].

Assume that S € SC(T™) consists in a cut edge e. Lemma (5.10) says
that mg identifies 3 internal vertices to form a first block and pairs the other
internal vertices. Hence n(S) > 3 otherwise we cannot form a group of 3

internal edges of same label. We have a total number of

("7 Yipetuts) -9 = ("5 Jeie o1 =Bl e

the usual binomial coefficient counting the

partitions as above, any of them having k(S) internal vertex blocks.

5.3.2 Focus on length 2 simple cycles

Assume that S consists in a cycle of length 2. Lemma 5.10 implies that the
internal vertices are paired. It must have at least one block formed by an
internal vertex of the niche of each edge, but since there is an odd number of
vertices in each niche, each pairing satisfies this property. We have a total
number of

P2 (n(S) +n/(9))| = E[€"T O] = E [R5 6y b () (€)]

partitions mg as above, any of them having with a total of k(S) 4+ k'(S) + 1
internal vertex blocks.
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5.3.3 Focus on higher lengths

Assume that S consists in a simple cycle of length L > 3 of extra-niche
successive neighbors. Constructing the cycles in the proof of Lemma 5.12,
we have shown that in the niche of each edge of S there is an edge labeled
x (the one realizing the neighboring) such that 7 identifies the targets of
all these edges. This forms a first block of mg, that we refer as the central
block (note that it contains at least one internal vertex from the niche of
each edge of S). This central block actually cannot contain more that one
vertex from each niche: otherwise one sees easily that this will produce an
edge labeled w with multiplicity greater than 2 with the usual compagnon
argument. Moreover, the proof of Lemma 5.12 shows that each niche has a
single edge labeled w forming an extra-niche identification unless the cycle
is of length 2. This implies the same property for edges labeled z (since the
compagnon of edge labeled x forming extra-niche identification also form an
extra-niche identification by the multiplicity 2 constraint). The conclusion
is that 7 consists in the central block together with pairings of the remaining
vertices in order to pair the edges labeled w.

To chose mg we can first chose its central block by choosing one internal
vertex in each niche, and then we chose intra-niche pairing of the remaining
vertices, which gives a total number of

Hng |772 ne(S) — 1 ‘ = Hng §"‘ HE ng(S

possibilities for partition mg satisfying the above condition, any of these
partitions having with a total of 1 + Ze 5, k¢(S) internal vertex blocks.

5.3.4 Conclusion

Recall that two test graphs are isomorphic whenever there exists a bijection
between their vertex set that preserves adjacency and labels.

For a partition py of V' such that T*° is a pseudo-cactus and the previous
section shows that for any 7 such that p(m) = po, the isomorphic class of
T™ depends only on pg, not on . On the other hand, the summand in the
sum over 7 in (5.17) is a function of the isomorphism class of 77, so it is a
function of pg. In this section we write explicitly the dependance in pg except
for the contribution of the profiles §° 7™ (I, T'y)] which is considered later.

To write 8°[T™(W’, X')] in terms of py recall that for each cut edge of
TP(™)  there is in 7™ a group of edges of multiplicity 3 in each variables and
the other groups are all of multiplicity 2. Denote by

e Ci(po) the set of cut edges of T, ¢1(pg) = |C1(po)],

o m{Y = E[W’(1,1)%] and m{® = E[X'(1,1)3] the third moments of the
matrix entries.
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Figure 3: Three types of strong components that contribute in the limiting
traffics distribution: the upper leftmost figure represents the strong com-
ponent associated to a cut edge of 7, the bottom leftmost stands for a
length two cycle, and the rightmost one for a cycle of length 6. The light
blue region represents the niche of an edge labeled by = — 2°.

Recall that the variables are normalized (E[W’(1,1)?] = E[X'(1,1)?] = 1).
We hence deduce that §°[T7(W’, X')] = 0 if T*° has a cut edge S with label
n(S) = 1, and otherwise

(50[7-77(W’,X/)] = E H W’((p<e)) « H X'(gp(e)) _ (mg,)mg(ﬁg))cl(po)

ecEn ecEr

which is independent of the edge labels Y,, of T" with index n > 3.

In order to write ¥™ as a function of py note first that [V{"| = |V{°| and
|VF| = |V4°| by definition. Moreover, the number of internal vertices does
not depend on 7: indeed, denote

e (C5(pg) the set of simple cycles of length 2 of T, ca(pg) = |Ca(po)|,

e (C3(pg) the set of higher length simple cycles, and c3(po) = |C3(po)|.
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Sections 5.3.1, 5.3.2 and 5.3.3 yield

VEl = Y RS+ D (RS +K(S)+1)

S€C1(po) SECQ(,D())
LS n(e) — 1
+ Y (1D k() :CQ+C3+ZT'
SeCs(po) =1 eck
So the definition of ¥™ gives
V|- 2=t £0 £0
e V| VT \% \%
P o— wO €E |22‘ ‘11|:¢82+03¢‘11 |w|22 "

where V/ is the set of vertices of T%° in V;. As announced, this expression
is a function of pg. It also does not depend on the labeling.

The number of partitions 7 such that p(m) = pg is given by the count
of Subsections 5.3.1 to 5.3.3. We recall h,, : x — z™ and £ a standard real
Gaussian random variable. With the above computations and (5.17), we
have finally obtained the following asymptotic formula.

Lemma 5.14. Let Y be the family of profiled Pennington- Worah matrices
defined in (5.1). Then under our assumption, for any reference test graph
Tn = (V, E,n), with Ty, = Tz, the associated auziliary test graph and my €
P(V) such that p(mo) = po, we have

™ [TH(Y)] _ Z 1/}|2V290|w\1v1p0 |(50 [7‘50 (Fu” Fx)]
po€P(V)
TEO pseudo cactus

mq(g)mgcg) c1(po)
X<6> IT E[r)s©)]

SeCi(po)

S€C3(po)

Lg
< 2@ T TTERLs) @] +o0).  (5.18)

SECs(po) i=1

6 Construction of the asymptotic equivalent

In this section, we analysis the expression (5.18), using Proposition 5.13 and
technics from traffic probability [ | in order to construct three explicit
families of matrices Y, YP°" and B indexed by C[y] such that, for the
collections restricted to odd polynomials, Y has the same limiting traffic
distribution as

YU 4 YP 4 B = (YI(h) + YP(h) + B(h))hec[y}'
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Moreover, each matrix is a linear function of its argument h € C[y|. The
construction of each collection comes from the analysis the contributions of
each type of strong component in (5.18).

The limiting traffic distribution of B has the same expression as (5.18)
if we set to zero the contributions that are not associated to the cut-edge
set Ci(po), see Lemma 6.2. The matrices of B are deterministic and their
entries are of order N~! (they are called of Boolean type in | D).

The construction of the collection Y is motivated by the contribution
from C3(po) in (5.18). The matrices of Y are obtained by applying profiles
to the matrix ¥; = —2%_. Comparing with Proposition 5.13, it may be
useful to recall that the product of two independent Ginibre matrices con-
verges toward a non commutative random variables whose free cumulants
are constant (they do not depend on the order of the cumulant), called a
free Poisson variable. By Shlyakhtenko | ], since we can expect that a
good notion of free Poisson variable over the diagonal holds to describe the

asymptotic of \/V]i\;f/(ﬁ in canonical terms.

Therefore the linear matrix Y comes also with contributions for length
2 cycle that we must subtract from the length 2 cycle contribution (5.18) in
order to surmise the perturbation family YP'. Recall that for a collection
of non commutative random variables, all free cumulants of order greater
than 2 vanish if and only if the collection is circular or semi-circular, which
are the limit GOE and Ginibre matrix ensembles. Shlyakhtenko proves in
[ | the analogue for variance profiled matrices. The consequence is that
to construct YP it suffices to understand a covariance structure. This is
in particular the moment where we switching from reference test graphs to
test graphs labeled by the Hermite polynomials.

Each case relies a same lemma stated in the following subsection.

6.1 A property of the function §°

In Section 5.1, after the definition of the auxiliary graph 77, we use the
substitution property while replacing the edge of a test graph by graph

operations. While this property is obvious for the evaluation of the com-
binatorial traces, it is not longer true for the injective trace. The lemma
below shows that the substitution property can be applied for the map 6°
evaluated in bounded matrices. We restrict our statement to the situation
we meet later on.

Lemma 6.1. A = (Ay)weq a family of s-rectangular random matrices with
bounded entries and let T = (U, €, ) be a test graph. Assume that T has an
edge eg € Va x Vi associated to a matriz of the form A,y = go(A), where
g = (6,in,out). Assume that in is the only vertexr of & in Vo, and out is
the only vertex of © in Vy. Let us denote T the test graph obtained from ¥
by replacing the edge ey by the graph &, identifying the input or g with the
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source of ey, as well as the output of g with the source of ey. Then, denoting
R = N7 "gg(A) where vy is the number of internal vertices of &, we have
as N goes to infinity

O [T(A)] = 8°[T'(A, R)] + o(1).

Proof. Recall that for ® a uniform split injection U — [N] distributed in-
dependently of A, denoting ®(e) := (®(w), ®(v)) when e = (v, w), we have

O [T(A)] = [HA }

ec€

Setting U = Yy LY, LI Vo, the boundedness of the matrix entries implies
O [T(A)]

- Y ¥ (6.1)

[D1| 7| V2]
Ny Ny ¢1:01—[N1] $p2:02—[N2]
injective injective

(1 Z H ta2)( ) (do,1.2(e ))) + o(1)

Do
NO ®o0: ‘Ho—) No] ec¢

where is the last formula ¢g 12 coincide with ¢; on V/° for each i = 0,1, 2.
Recall that 1, 9) denotes the canonical injection of My, n,(R) — My n(R).
By assumption, denoting & = (Vis, Es,vs), we have

L(1,2) (A’y(e ) (¢0,1,2(60)) vao Z H L(1,2) (¢o 1 2( ))

q56 mc—)[No] 66@@

where ¢ ; , is defined as ¢ 1,2 with ¢ instead of ¢. We therefore can write
our expression in terms of 7. Denoting V = 0; U Yy L1 ) its vertex set, £
its edge set, and keeping the notation ~ for the label map,

1 > T (Aye) (Go12(e)

Vol
NO ®0: ‘Bo—)[N()] ec¢

= . Z HL(12 ¢0,1,2( ))

Vol
NO ¢0:V0—>[N0] ece

By the same reasoning as for showing (6.1) in the reverse sense, we get that
the latter expression equals ¢° [T(A, R)] up to a negligible error resulting
from the replacement of the map on Vy by an injective map. O

Our strategy is to apply the above lemma in each edge of T7° in Lemma
5.14 reducing the complicated structure of profiled PW matrices to simpler
matrix ensembles.
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6.2 The Boolean type deterministic deformation

In the context of Lemma 5.14, let e € T7° be a cut-edge with label n(e) > 3.
Section 5.3.1 describes the subgraph & = &(e) of 7™ induced by the niche
of e. Denote gg the graph monomial whose test graph is & and whose input
and ouput are the vertices of this graph in V5 and Vj respectively. The graph
G hasvy =1+ n(eT)_?’ internal vertices, corresponding to the HET)_?’ internal
vertex pairing plus one group of 3 vertices. The corresponding identification
for the edges implies that the following expression holds

N*”’ge(rwarac)
1 No 5 3 1 o 2 2 %
= [(N;Fw(z,f) Iz(¢,5) ) X (NZF«UW Fa(6,9) ) Lj
_ ABO (S/Eo(n(e)*?)))‘ (62)

where we have set
Ap =Nt 1ot 1=1,2, (6.3)

and used the concise notations A°" = (A} )p, and VA= (\/Apq)pq Note
that with h,, : z +— 2", for any matrix A we have h’[{zA}] = h" (x)A°("—3),
We hence propose to introduce the following collection of matrices.

Lemma 6.2. Let B = (B(h))heC[y] be the collection of N1 x Ny deterministic
matrices defined as follows: for € a standard real Gaussian random variable,

3),.(3)

B(h) = %Ag oF [h [{g\//TQ}H

Then B converges in traffic distribution and for any reference graph Ty, =
(V, E,n), with same notations as (5.18), we have

PO PO
w[Ta®)] = > e O[T, )]
poEP(V)
TEO tree

3),(3)

. <w6x> [T E[o @]

ecE

Note that since all the edges of a tree are cut edges, then Cy(pg) = E
and the above expression coincides with (5.18) when T is a tree.

Proof. For any edge e € E and any split injective map ¢ : V — [N],

H1.2) (Bhm(e))) (6(e))
(3),,) .
= P R )] (A0 /A7) (66e)).
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Therefore, writing 7y in terms of the injective distribution and using the
definitions, we have

wL®)] = & > > [[tunBlne) (@)

poEP( ) ¢:V—[N] ek

injective
3) (3)\ 7
1 [ my my
- N<6N> [T El ©)
eclR

X Z Z H L(1,2) <A3 ° W . (e)_3)> (¢(e))

po€P(V) ¢:V—[N] el
injective

We can hence substitute the subgraphs G(e) defined in the beginning of this
section and apply Lemma 6.1 for each vertex e of T*0, getting

S T we (As o /Ay (e )73)> (¢(e))

¢:V—[N]eckE
injective

(30 oy (N2 g | TT 10 (N1 (T 20 (210)|

eckE
_ N|Vp0|+\Vp0|1/}|Vlo‘¢W2 |(1+0( ))50[7;?0(1_‘11);1_‘90)]7

We hence have

i\ "
w[T®)] = (=5 [[EMmE
e€el
% Z NWB(Po)w‘lvlpolzﬂlQVon‘(So [Ta® (T, T2)] (1 + 0(1)).
po€P(V)

where np(po) = —1 — |E| + |V°|. By Lemma 5.4, np(7) < 0 with equality
if TP is a tree. We hence get the expected asymptotic expression.
O

6.3 The linear collection Y!»

We follow the same strategy as in the previous section, with the difference
that we want to compare our expression with the expression of the linear
model. In the context of Lemma 5.14, let e be an edge of T*° contained in a
simple cycle of length greater than 2. Section 5.3.1 describes the subgraph
of 7™ induced by the cycle, so in particular the subgraph induced by the
niche of e. If n(e) = 1, the niche of e consists in two edges forming the
extra-niche identification. Assume that n(e) is greater than one. We denote
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by &(e) the subgraph generated by the other edges, that form intra-niche
identifications.

The graph S(e) has one vertex out in Vi, on vertex in in Vs, vg = %
internal vertices, an edge of multiplicity two labeled w between each internal
vertex and out, and an edge of multiplicity two labeled x between the input
and in. Comparing with the context of Lemma 6.1, note that the graph
monomial gy (e) = (6(6),in,out) satisfies

» oy oln(e)-1)
N Ogn(e)(rwarx) = ( AZ) ) (6'4)

where we recall that Ag := N71T92 x T'92. Moreover removing from 77 the
edges and internal vertices of &(e) gives the subgraph we obtain assuming
n(e) = 1. In consequence, our operation is equivalent to replace Yy by
the entry-wise product of the above matrix with Y.

Similarly, let e, e’ be two edges of T*° that form a simple cycle of length
2. Assume that n(e) + n(e’) is greater than 2, and denote by S(e,e’) a
subgraph generated by all internal vertices in the niche of e but one pairing,
and all edges attached to it. This graph has one vertex out in V1, on vertex in
in V3, vo(e,e) = n(e)++(el)72 internal vertices, and the same configuration
of double edges as in S(e) of the previous paragraph. The important fact is
that the graph operation gy(e) n(e) = (6(6, e¢'),in, out) factorizes

Nﬁvo(e,el)gn(e),n(e/) (Fwy Fa:)
_n(e)—1 7n(e,)71
= (N 2 gn(e)) (Fwa F.Z‘) o (N 2 gn(e/)> (Pwy Fa:);

where o is the entry-wise product. While removing from 7™ the edges
and internal vertices of &(e, e') also gives the subgraph we obtain assuming
n(e) = 1, we can distribute the induced contribution as profiles applied to
e and to € separately.

This motivates the introduction of the following collection of matrices.

Lemma 6.3. Let W =T',oW’ and X = T'y0 X’ be as in our main theorem.
Let Y'n = (Y“”(h))hec[y] be the collection of N1 x No profiled matrices such

that for any polynomial h,
Yin() = B (e /Al o (g x ),

where Ay := N7IT92 xT92 and /Ag := (\/Ag(i,j))“. Then Y'™ converges
in traffic distribution and for any reference graph Ty = (V, E,n), with no-
tations as in (5.18) we have

™ [Tn(Yhn)] _ Z ¢|2V2P0| ¢|1le0\ 50 [TJO (Fw,rx)]
poE€P(V)
TPO cactus

% g7 T E [y (©)] + 0(1)-

ecE
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Note that the expression coincides with (5.18) on cacti whose strong
components are simple cycles of length greater than 2. Moreover, the map
(h, W, X) + Y!" is 3-linear.

Proof. Let Ty, = (V, E,n) be a reference graph and denote by T3 = (V, E, 1)
the test graph obtained from T by assuming all edges are labeled 1. We
denote 71 = (V1,&1,71) := Try. Let T = (U, &, v) be the test graph in the
variables w, x, and a collection of variables r = (r,,),>1 obtained from 77 as
follows: for each edge e of T', we add a so-called corrective edge in 77 between
the endpoints of e labeled ry(). Note that T and 7; have same vertex set.
Then similarly to (5.6) for computing 7n[7%(Y1)], with ¥™ = %vmwlvmwgv;\
we have

5 [Tu (Y1)

= > NU [0y, T, R)|SO[TT (W, X)) (1 + o(1)).
TeP(V1)

where 7 can simply be written

aw) = —1 -5 = (—1- e+ )+ (17 - )

Most of the arguments in the sequel can be deduced from the previous
section, but it may be of interest to have an independent sketch of proof.
Lemma 5.4 and §°[7T77 (W', X)] # 0 imply that 7™ is a cactus whose cycles
are of length two (that we call double tree later on). Moreover a pair of
double edge have same label, either w or x. For each edge e of T, we call
w-neighbor of e the edge €’ such that the edges labeled w in their niche are
identified, and similarly we define the x neighbors. Two edges are called
niche neighbor if they are either w or x-neighbors. The definitions imply
that the edges of T' in a same equivalent class of equivalence for the niche-
neighboring relation form a simple cycle in 7°(™). For simple cycles of length
greater than 2, their niches induce the usual star-shape subgraph of Section
5.3.3 (where the edges labels n(e) are equal to one), see an example Figure
4.

This implies that 77" is a cactus whose number of strong compo-

nents is ¢(p) = |Vp|™, and there is a single 7 corresponding to pg. Using
) )
ST W, XN =1, ™ = 1/)|2V2 |¢|1V1 Iwg(po) in the following computation
™ [Tn (Y(lln))]
> Yo T O[T (T, Ty, R)SO[TT (W, X)) + o(1)
po€EP(V) sit. meP (V1) s.t.
TEO cactus p(m)=po
PO PO
_ Z w|2V2 ‘77/}‘1‘/1 |50 [Sm) (Fun Fm,R)] % w(c)(PO) + 0(1)’
po€P(V) s.t.

TEO cactus

35



>

Figure 4: The test graph that contribute to the injective traffic distribu-
tion of %, where we have encircled the equivalent class for the niche
neighboring relation.

where g is any partition of V;

On the other hand, recalling that t;9) is the canonical injection of
Mn, N, (R) = My n(R), for any edge e € E and any split injective map
$: V™ 5 [N,

n

o (e)—1
L(1,2) (R(h‘n(e))) (¢(€)) = E[h;(e)(f)] (l(l,z)(AQ)) ? (¢(€))
= E[hL ()] X 11,2y (N gn(e) (T, T)) (0(e)),
where gn() is given in (6.4). Therefore using Lemma 6.1 on 7, for each

subgraph S(e) and &(e,e’) defined in the introduction of this section, we
have

[T (T, T, R] = [ B[ty (€)] % 6°[Ton(Tow, T
eclk

Altogether, this proves the asymptotic expression stated in the lemma.
Hence the convergence holds for all reference test graph, so Y™ converges
in traffic distribution. O
6.4 Identification of an additive circular noise

6.4.1 Constant profiles

In this section we assume that all entries of Iy, and I', are equal to 1. Since
we look for a collection YP®' such that Y™ +YP" + B as the same limiting
traffic distribution as Y, we shall consider the bilinear map

f(hi,ho) = E[h(&ha()] —E[R1(9)] x E[RS(E)],
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obtained from the length 2 cycle contribution of (5.18) minus the expression
valid only for higher length cycles. The family (g, )n>0 of Hermite polyno-
mials is a basis of C[y]" by

M)

y2 dn Yy

gn iy ()" eT it

2.

It is an orthogonal sequence for the standard Gaussian law

E[gn(&)gm ()] = dpnmn!, Yn,m > 0.

The Leibniz formula implies the formula

dn+1 2 d» 2 dn—l 2

_y _y _y
2 2 2

= Vgt

dyn+1 €

which yields the identity ¢/,(y) = ngn—1(y), Vn > 1. Moreover the orthog-
onality relation implies E[g,(£)] = E[g5,(£)g0(&)] = 00 for any n > 1 and so
Elg;,(£)] = nE[gn—1(€)] = 0n,1. We therefore have for all n,m > 1

f(gna gm) = n!(sn,m - 5n,15m,1-

We can hence propose the following collection of matrices. We call double-tree
a cactus whose simple cycles are all of length two.

Lemma 6.4. Let YP¢" = (Ype"(h))hec[y] be a collection of N1 x No random

matrices such that the map h — YP"(h) is linear and
o YP(go) = YP(g1) =0,

e the matrices \/z/)on!N_lYper (gn),n > 2 labeled by Hermite polynomials
are i.i.d. with i.i.d. real standard Gaussian variables.

Then YP" converges in traffic distribution and for any reference test graph
Tyw whose edges are labeled by integer greater than 1,

o 1Y) ©5
= Z |2V2p0 ‘w‘lvlpo |,¢8(PO)

po€P(V)
TEO double tree

x II (Elhuererwe(©)] = Elhiyeye Eluee) )
CeC(po)
(6.6)

where notations are as in Lemma 5.14.
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Example 6.5. For instance, one can compute the first odd Hermite poly-
nomials g1(y) =y, g3(y) = y> — 3y and g5(y) = y° — 103> + 14y. Hence we
have for the power functions hs = g3 + 3g1 and hs = g5 + 10g3 + 16g1. So
we can write YP"(h3) = /621, YP(hs) = 10v/62Z; + 2v/30Z,, where Z4
and Zy are independent matrices with i.i.d. real centered Gaussian variable
of variance .

Remark 6.6. Let consider Y™ defined in Lemma 6.3. If the profile ma-
trices T'y, 'y are constant equal to one, then so is the matriz </Ay. Hence
the property E[gl,(€)] = 6n.1 implies that Y'"(g,) = 0 if gy, is the Hermite
polynomial of order n > 2. The same reasoning shows that, for B defined
in Lemma 6.2, then B(g,) = 0 unless n = 3. This is not longer true when
/As is not constant equal to one.

Proof. Let T be a test graph whose edges are labeled by Hermite polynomials
of order greater than 1. The associated rectangular matrices are independent
with i.i.d. entries, for which the computation of the traffic distribution is
similar to | , Chapter 3]

T [T (YP7)]

- Y 2 Y e[ Tue(ra) )]

PoEP(V) ¢:VP0—[N] eclk
injective
= Z Z NW(PO) (1 4 0(1))w1 p0|¢ Vp0|50[ g(\/NYper)]

po€EP (V) ¢:VPO—[N]
injective

where n(pg) = -1 — @ +|VPo|. By Lemma 5.4 we get

TN[Tg(Yper)] = Z Z ¢1 po‘va()'

po€P(V) s.t. ¢:VPO—[Nlinjective
T°0 double tree

< T E[%)us] +o(1)
{e,e’}eE

In the above sum, E denotes the skeleton of E and the product is over all
elements of E that are denoted {e, €'} where e and ¢’ are two edges of Ty that

are identified by p. By definition of the matrices Y?°" and by orthogonality

of the Hermite polynomials, we have E[yl()?(;)yz()%/)] = 0ge,g, X Yon(e)! =

PolE [ge (&)ge (& )] We hence obtain the asymptotic formula

™ [T (YP)]
= > v po'i/flva'w o) I Elgac)(©gwic)(©)]-
po€P(V) CeC(po)

TEO double tree
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Since E[g,,(¢)] = 0 for all n > 1, the asymptotic formula (6.5) is valid
for all test graphs labeled by Hermite polynomials of positive order. Indeed,
if there is an edge labeled g; then, since E[g1(€)gn(§)] —E[¢'(§)]E[g,(&)] =
E[£9n(€)] —E[g,,(£)] = 0 then (6.5) vanishes, and otherwise the expressions
coincides. Since the Hermite polynomials form a basis of C[y] and the map
h — YP¢"(h) is linear, this proves the convergence in traffic distribution of
YPe". Finally, since (6.5) is a multilinear function of the labels, the formula
is also valid for all test graphs labeled in C[y]. O

In the rest of this section, we emphasis a property that we use later.
We say that a family A that converges in traffic distribution satisfies the
asymptotic factorization property whenever for any test graph 1i,...,77p,

we have

L L
IE[(Z]_II %Tr [T(A)H - ZHI ™~ [T(A)] + o(1).

Lemma 6.7. The couple (W' /v/N,X'/v/N) and the collection YP' defined

in Lemma 6.3 and Lemma 6.8 satisfy the asymptotic factorization property.

Proof. The proof follows from minor modification of the convergence 7n [T(Yhn)]
by considering a unconnected graph 7' and normalizing the trace by N ¢
where ¢ is the number of connected components. The independence of the
matrix entries shows that we can factorize the contributions of each con-
nected component. O

6.4.2 (General profiles

We consider a collection of matrices as in Lemma 6.4 that we denote YP¢"' =
(Ype”(h))he(c[y]. We look for a collection of matrices YP¢" = (Y?¢"(h))
of the form

heCly]

YPer(h) = R(h) o YP°'(h) (6.7)

for R(h) chosen in order to match the remaining terms.

Section 6.3 gives an expression of the traffic distribution of a couple of
N; x Ny profiled Gaussian matrix Z; = Ry 0 Z’, Zo = Ry o Z', where VNZ'
has i.i.d. standard real Gaussian entries. Their injective traffic distribution
is supported on double trees, and the contribution of a double edge with
labels z; and zo is as follows: for the graph monomial g with two vertices
out € V1, in € V5, and one double edge labeled z; and 25 from in to out, we
have

g(Rl, Rz) = R1 o RQ.

Of independence interest, note that Ng(Rj, Rs) is the matrix of the co-called
R-transform over the diagonal computed by Shlyakhtenko [ ].
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On the other hand, let us S be a double edge formed by two edges e, ¢’
of TP as in Section 5.3.2. Its vertices are in € Vh,out € V4 and a set
Vo(S) of %n(el) internal vertices, with double edges between internal and
non internal vertices as usual. The associated graph monomial gy (e)1n(e) =
(S,in, out) satisfies

1
Ngn(e)Jrn(e’) (Fuh Fx)

1 Mo n(ertnle) on(e) on(e’)
- |(FXrzanrze) | = VR UR
k=1

We can hence propose the following collection of matrices, using the simple
relation y™h), (x) = yh!,(xy) for h, : x — ™.

Lemma 6.8. Let YP" = (Y7 (h)) be the collection of matrices

heCly]

YPer(h —h[{\ﬁ}] Yper/

where the collection YP¢"' is as in Lemma 6.4. Then YP" converges in
traffic distribution, and for any reference test graph Ty, we have

v [Ta(YP7)]
Po PO c
=Y T @ T T f(Bage)s )
po€P(V) CeC(po)

TP0 double tree

where we recall that f(hyi,hy) = ]E[h1(§)h2(f)] - E[hﬁ (f)] X E[hé(f)]

Proof. Let T = (V, E,n) be a reference test graph and denote R = (A;g)nx'

The collection of matrices YP® is invariant in law by left and right mul-
tiplication by permutation matrices, so we can factorize the profiles under
the injective trace

N [Tn(YP)]
= Z 50 [Tgo(f{)] X T [Tro(YPer)].
poEP(V)
Therefore we can use the expression TN[ (Yper’)] from the previous case.
™ [T (YP)]
_ Z w\vf'olw 1 \wC(Po 50 [Tpo (R)]

po€P(V)
Tp0 double tree

< 1 ( (e () (€)] = E[h%(C)(g)]E[h%/(C)(g)])-
CeC(po)
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On the other hand, recalling that 1(; oy is the canonical injection of My, n, (R) —
My, n(R), for any double edge € = {e, , ¢’} of TH® and any split injective map
¢ : VPO — [N], the definition of R implies

1.2) (Re)) (8(€) % t1,2)(Ryeny) (6(€))
= 1aa (857 (6(0) * 1) (AS) (6(e))

e)+n(e)

_ n(e)tn(e)
= 1) (N 2 In(e)tn(e) (Lw, Fm)) (o(e)),

L

—

With gn(e)4n(er) @s in the beginning of the section. Therefore using Lemma
6.1 for each double edge, we have

50 [T[I’O (3/Az0 R(h))} = O[T (T, ).

Altogether this proves the expected asymptotic formula. ]

6.5 Conclusion

We shall now use the asymptotic traffic independence principle for the col-
lections Y'" YPe" and B. The drawback of our presentation is that since
we have variance profiles we cannot use existing theorems to conclude. Al-
though it is easy to use this theorem we are going to repeat the arguments
of the three last section.

Let Z1, Zo and Zg3 be three independent families of rectangular matri-
ces indexed by some set J, that converges in traffic distribution and sat-
isfy the asymptotic factorization property. Assume furthermore the families
are bi-permutation invariant, that is Z; has the same law as the collection
(U Z; V)j cJ for any permutation matrices U and V of appropriate size, for
j=1,2,3.

Then the asymptotic traffic independence theorem for rectangular ma-
trices [ | proves that (Z1,Zso,Z3) converges in traffic distribution. Let
us recall the sketch of the proof. Let T be a testing graph in three families
of variables z1,zo,z3 with vertex set V = Vo U Vi U V,. Let m be a split
partition of its vertex set and denote for any ¢ = 1,2,3 by 7; is the graph
obtained from T by removing edge that are not in z;. Its vertex set is de-
noted V; = Vp,; U Vi, U Va,. Setting (N)7= = Hj=0,1,2 (Nj) e have as

before

vy

[T (Z1,22,Z3)] = N '(N)= x 6°[T"(Z1,Z2,Z3)]
and reciprocally
&Y [T”(Zl, Z,, Zg)] =4 [T”(Zl)]éo [T”(Zg)]éo [T“(Zd)]
)

= (N)7+(N)77(N)7 x E[ II m™°szs)],
SeCcC(T™)
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where the product is over the union all connected components S of T, 75"
and 75", and ig denotes the edge labels in 1, 2, 3 of matrices associated to S.

VI|-S VT
We therefore get, setting ™ = Hj:() 19 wl R we get

T2 22,25)] = N'™(1+o)e™ [ [S(Zis)]
SeCC(T™)

for some n(m) whose expression can be made explicite from the above com-
putation. The important properties are that

1. n(m) < 0 with equality if and only if a certain graph, called the graph
of colored component of 77, is a tree | , ]

2. if the elements of CC(T™) are pseudo-cacti, then the graph of colored
component of 77 is a tree if and only if 7™ is a pseudo-cactus whose
strong components have edges labels associate to a single family among

Z,,Z5,Z3 | J.
Assuming that for any test graph S that is not a pseudo-cactus, A}im ™S [S (Zz)] =
—00
0 for ¢ =1,2,3, we get
N [T(Zh Zy, Z3)] - Z v H T]% [S(Zis)] + 0(1)

TeP(V) s.t. SeCC(T™)
T™ w.c. p.—cactus

where "w.c. p — cactus“ is a shortcut for well-colored pseudo-cactus, mean-
ing that all edges of each simple cycle of the cactus 7™ are labeled either by
Zl, ZQ or Z3.

The collections of matrices Y™ YP' and B are not bi-permutation in-
variant when the profiles are not constant. But they are defined by applying
profiles to bi-permutation collections of independent matrices and we can
use this property.

More precisely, with Z1, Zo, Z3 and the test graph 7 given as above,
assume we are also given a collection of matrices with bounded entries T
and a test graph 7. obtained from 7T by adding a set £ of edges labeled
for matrices in I', but without adding vertices. Let 7_ be the union of test
graphs obtained from 7} by removing the edges that are not standing for a
matrix in I'. Since 7 and 73 have same vertex set we have

™[TL(Z1,Z2,Z5,T))
= D NNy (N2) g 0 [T7 (21, 2, 2))8° [ 77 (D)

peP(V)
=Y wrm] [ A S@)] el
TEP(V) s.t. secc(TT)

T™ w.c.p—cactus
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Informally, we can factorize the profile contribution under the injective trace.
We recall the definitions and set the following notations

lin L /

Yinm) = BHEVR] o (5 x o)

W/ Xl

ﬁ)x(l“xo\/—ﬁ))

YPU(h) = h[{{/As}] 0 YPU'(h) =: Ta(h) o YP"'(h),
3),.3)

B(h) = WA3OE[ [{f\/»}]]—ﬁ )oln

6N

= T'y(h)o ((Fw o

where Jy is the matrix whose entries are 3. We set Z; = (W//v/N, X'/V/N),
Zo = YP' Zs = (Jy) and the collection T' consisting in Ty, ', and the
matrices I'1(h),T'2(h),I's(h) for all h € C[y]. For any test graph 7" in three
collections of variables

v [T(Y™, Y, B)] = 7n[T4(T,Z1,Z,Z3)]
where 7T, is obtained from T

e adding for each edge labeled of T associated to YP'(h) and edge with
label T'y(h) and same endpoints,

e adding for each edge labeled of T' associated to B(h) and edge with
label T's(h) and same endpoints,

e adding for each edge labeled of T associated to Y'"(h) and edge with
label T'9(h) and same endpoints,

e replacing each edge of T associated to Y'"(h) by a niche with one
internal vertex, one edge labeled w’ and one edge labeled 2’

e adding for each edge in labeled w’ and edge with label I';, and same
endpoints, and for each edge in labeled z’ and edge with label ',
similarly.

So we can apply the above observation: with same notations as above
[T+ (T, Z1,Z2, Z3)]
— > T [ R [S(Zis)] +0(1).

TeP(V) s.t. SeCC(TP)

T™ w.c. p—cactus
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We have for any test graph S

™ (S(Z3)] feand 1 <S is a tree),

S (S(Zs)] e 1 <S is a double tree) H f(hn(s), hn/(s))
e cese(s)

™ S(z))] — 1 <S is a w.c. — double tree),

N—oo

where in the second formula h,,(g), hy(s) are the edges labels in the double
edge S and in the third one ”w.c. — double tree“ means that for each doubles
edge, both edges labels are w or are .

Let as before p(7) be the restriction of 7 to the vertices of V in V3 U V5.
The previous niche-neighbor argument shows that 77 is a cactus such that
for the simple cycles of T* labeled by the edges associated to Y1, the edges
of their niche forms the star-shape test graph of section 5.3.3 when all edges
labels are 1. We therefore have, when T is a reference test graph

v [T(Y"™, YP B)]

— Z \\ 1 H 1 <the label is in Z3>

po€P(V) s.t. S€eCCy(Tro)
TPopseudo—cactus

<« I (11 (the tabels are in 25)vo [ (s, hn,(s)))
SECCy(T*0) cesc(s)
X H ]l(the labels are in z1>¢0 x U [T7(T)] + o(1).

SeCCs(Tro)

where 7 is the only partition of V such that p(7w) = pp and 77 is a pseudo-
cactus with simple cycles of length two. Going back to the definition as the
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profile matrices as in the previous sections shows
v [T(Y™, YP, B)]
= > &[T, ()| w?

po€P(V) s.t.
TPopseudo—cactus

@), (3) c1(po)
<M (M) ek

SECCl(TpO) S€C1(p0)
with label in z3

X H o H F (h(sys hor(s))
Secca(Tro)  Cesc(s)

with label in zo

Lg
« I wo[EM, s ©)+o).
/=1

SGCCg(TpO)
with label in z1

Hence, if T'= (V, E,~) is a reference test graph in a single collection z,
denoting for any 0 : E — {1,2,3} by Tp the test graph obtained from 7' by
changing for each edge e its label y(e) = z(h) into zy()(h), we have

VTG S Nt ) B ATV SR G VI
0:E—{1,2,3}

If S is a double edge of T#0, either 6 attributes labels in z; for both edges,
or labels in zs. All other contributions factorizing, these two termes adds
up to give the expected formula. This proves that any trace of Y 4+
YP® + B in a reference test graph labeled by odd polynomials satisfies the
same asymptotic formula than the collection of Pennington-Worah matrices.
Hence they have the same limiting traffic distribution, which conclude the
proof of the main theorem.
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