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Local limit theorems for complex valued sequences:
Old & New

Jean-Frangois COULOMBEL & Grégory FAYE*

November 25, 2024

Abstract

In probability theory, local limit theorems provide an asymptotic expansion of the convolution
powers of a probability distribution supported on Z with uniform bounds on the remainders. In
this review, we present some recent results for the iterated convolution of complex valued integrable
sequences in one space dimension. In the so-called parabolic case, we give a complete expansion, at any
accuracy order, for these convolution powers and we provide sharp, pointwise, generalized Gaussian
bounds for the remainders. We also present an extension of our main result to the semi-discrete setting
(time-continuous convolution problems), and discuss several natural perspectives.

1 Introduction
For a given integrable complex valued sequence a € ¢!(Z;C), we define iteratively:
vneN, a™ = a™xa,

with the initialization a(!) := a. Here, the notation * stands for the convolution between sequences. More
precisely, for any a = (ay)sez, € £1(Z;C) and b = (by)ez € (1 (Z;C), the convolution a x b is given by

VieZ, (a*b)g = Zag,g/bg/.
Vel

The celebrated Young’s inequality ensures that the above convolution a x b is well defined for any a €
¢Y(Z;C) and b € (1(Z;C), and also belongs to ¢*(Z;C), which endows this space with a Banach algebra
structure. Our aim is to present a brief survey on recent results on the study of some classes of geometric
sequences in this algebra and, more specifically, develop on those results which provide sharp pointwise
estimates on the sequence a(™ for all n € N*. As we shall see later on, this problem is connected with
the large time behavior of finite difference approximations for evolutionary partial differential equations,
which is our main motivation for studying this problem.

*Institut de Mathématiques de Toulouse - UMR, 5219, Université de Toulouse ; CNRS, Université Paul Sabatier, 118 route
de Narbonne, 31062 Toulouse Cedex 9 , France. Research of J.-F. C. was supported by ANR project HEAD under grant
agreement ANR-24-CE40-3260. G.F. acknowledges support from Labex CIMI under grant agreement ANR-11-LABX-0040,
from ANR project Indyana under grant agreement ANR-~21-CE40-0008 and from ANR project HEAD under grant agreement
ANR-24-CE40-3260. Emails: jean-francois.coulombel@math.univ-toulouse.fr, gregory.faye@math.univ-toulouse.fr



When the sequence a is a finitely supported probability distribution, that is, when it is real non
negative, satisfies the normalization condition
> ar =1,

LEL

and only finitely many a,’s are nonzero, the asymptotic behavior of a(™ for large values of n is well-known,
and is described by the so-called local limit theorem in probability theory [25, Chapter VII]. Indeed, in
that setting, for each ¢ € Z, the coefficient a; corresponds to the probability P(X = ¢) where X is a
given random variable with values in Z. If X, ..., X,, ... are independent, identically distributed, random
variables following the same law as X with distribution given by a, then the probability that the random
walk X7 + .-+ X, is at lattice site £ corresponds to the value at the index /¢ of the iterated convolution
(n — 1)-times of the sequence a. That is we have the relation

"V =P(X) 4+ X, = 0),

for all n € N* and ¢ € Z. Assuming that the sequence a possesses at least two nonzero elements
and is aperiodic!, the local limit theorem provides the existence of a sequence of real valued functions
Qm : R = R indexed by m € N* such that for all M € N*:

(n) _ # 721 Z Qm :L‘ng . # o m (1)
" 2rotn WA /2 ngeo O\ (D2 ) 0 Tl T oyn '
where o := 3,5 lag and o? := Y, , (*a; — a® > 0 are respectively the mean and the variance of the

random variable X; with probability distribution a. In the above asymptotic expansion, the error term
is understood to be uniform with respect to £ € Z. In fact, each term @), appearing in the expansion can

be explicitly computed as a linear combination of derivatives of the Gaussian function = +— exp (—%)

and can thus be expressed by using Hermite polynomials. We refer to [25, Chapter VII] for more details.

Over the past decades, there has been a long series of work that have studied the generalization of the
local limit theorem to the case where the sequence a is complex valued [8, 11-14, 17, 19, 2628, 31, 32]
and thus dropping the positivity assumption of the probabilistic framework. Beyond its own analytical
interest, this problem is particularly relevant for instance when one studies the large time behavior of
finite difference approximation of evolution equations [13, 19, 32] or data smoothing problems [17, 31]. We
also point to the recent article [14] which gives a large overview of examples where this issue is meaningful.
In numerical analysis, when one discretizes by means of a finite difference scheme an evolutionary linear
partial differential equation? set on the real line R, one is let to study problems of the form

VneN, u"l=a *u"

for a given initial sequence u’, and a that now encodes the properties of the finite difference scheme.
Assuming that a € ¢1(Z;C), Wthh is typically satisfied when the stencil of the scheme is finite, one
can define the linear convolution operator %, : u +— a * w which acts boundedly on ¢4(Z;C) for any

€ [1,+oc]. Using the morphism property % o % = Laxb, one has (L))" = £, m) for all n € N*, such
that Young’s inequality gives

H'U:n”goo — Hga(muOH[OO — Ha(n) *'U,OHKOO < Ha(n)

2 Huonw :

1We refer to [21] for the definition of aperiodicity.
2The transport equation or the heat equation are typical examples.



One then deduces that a sufficient condition® for the stability of the numerical scheme in the maximum
norm, which reads as

SUp [[|-Z ) [l oo _y poo < +00,

neN

is given by the boundedness of the sequence (Ha(") H Kl)neN' Proving such boundedness is typically achieved

by obtaining pointwise bounds on the iterates a(™, see [11, 32].

As expected (see [8, 11, 12, 27] for many illustrations), a much larger variety of possible behaviors is
obtained by dropping the positivity assumption which correspond, in the language of partial differential
equations, either to parabolic or dispersive behaviors. In this review, we shall only focus on the parabolic
case, which is referred to as the stable case in [32]. This is precisely the situation where the iterated
convolutions will be bounded in the ¢! norm. A fundamental result obtained by Randles and Saloff-Coste
[27] is a generalization of the local limit theorem for a large class of complex valued sequences with finite
support and the identification of the leading order term of an asymptotic expansion similar to (1), which
is referred to as the attractor in [27]. Very recently, for the same class of finitely supported complex
valued sequences, Coeuret [8] has proved a generalization of the asymptotic expansion (1) together with
the derivation of a sharp rate of convergence in the form a generalized Gaussian bound for the remainder
of this new-found asymptotic expansion. In the probability framework discussed above, the main result
of [8] ensures that for any sequence a which is a finitely supported probability distribution with at least
two nonzero elements and aperiodic, for any M € N* there exist two positive real constants Cj; > 0 and

cpr > 0 such that
2 2
a(n) 1 ox L Z Qm( JUné Cm ox Tne
C T Vamamn nm02 | S pra P 2 )

Such a quantified asymptotic expansion already proves very useful in probability theory since it allows to
very easily retrieve (a non-optimal version of ) the well-known Berry-Esseen inequality [3, 16].

All, the results in the above mentioned references [8, 14, 27] contain either technical restrictions on
the class of complex sequences a considered, typically on the Fourier transform* of a, and/or did not
provide sharp enough estimates for the remainders. In our recent contribution [12], we have managed
to drop all previous technical restrictions and derive an asymptotic expansion up to any order with a
sharp, generalized Gaussian estimate for the remainders. More precisely, we shall consider, from now on,
complex valued sequences which satisfy the following assumption.

Y(n,0) € N* x Z,

Assumption 1 (Holomorphy). The sequence a = (ag)eez belongs to 1(Z;C) and its associated Fourier
series:
Fo : ¢(€Cr—> arlt,
LEZ
defines a holomorphic function on an annulus {¢ € C|1—e < |{| < 1+ ¢} for some € > 0. Furthermore,
there holds:
sup |Fa()] = 1.
KEST
In numerical analysis, the latter normalization for the maximum of |Fg| on the unit circle corresponds
to the so-called von Neumann stability condition [23], and it is made in order to avoid introducing

31t is actually a necessary and sufficient condition, see [32].
4This function is referred to as the characteristic function in probability theory, see [25].



additional terms in the main result below. Up to multiplying the sequence a by some positive number, one
can always fix the maximum to 1. Lets us also note that thanks to Cauchy’s formula [30], the holomorphy
of F on an annulus that contains the unit circle S is equivalent to the exponential localization of the
sequence a, that is the existence of a positive constant ¢ such that:

sup el |ay| < +00.
el

Given a sequence a that satisfies Assumption 1, it is well-known [6, 11] that one of the following two
alternatives is satisfied. Either Fy(x) has modulus 1 for any x € S! (e.g. Fy is a Blaschke product [30]).
Or, there exists a finite set of pairwise distinct points on the unit circle S! such that F, has modulus 1
precisely at these points. The reader interested in the first alternative may consult [19] and [6, Theorem
3.1]. From now on, we shall place ourselves in the second case and make the following assumption.

Assumption 2 (Tangency). Let the sequence a satisfy Assumption 1. We assume that there exists a
finite set of pairwise distinct points {ky,...,kx}, K > 1, in S! such that Fa(k;) has modulus 1 for any
ke{l,...,K} and:

Vi €S\ {ky,....6}, |Fa(r)| < 1.

The points Fy (k) will be referred to the tangency points since these are the points where the curve®

{F,(x) |k € S'} meets the unit circle S*. Our third and last assumption describes the behavior of the
asymptotic expansion of Fj near the tangency points k;, and it will be in this assumption that will be
encoded the parabolic nature of the sequence a already mentioned above.

Assumption 3 (Parabolicity). Let the sequence a satisfy Assumption 1 and Assumption 2. Moreover,
at any point K, € S, k € {1,..., K}, where the modulus of Fy attains the value 1, there erists a real
number o, a complex number By with positive real part and a nonzero integer ui € N* such that, as the
complex number & tends to zero, there holds:

Fa(s¢'€) = Falsy) exp (1€ = Bg? + 0(¢27)) @)

Using Assumptions 1, 2 and 3, we consider a point x;, € S* where |Fg (k)| = 1. For any sufficiently
small £ € C, we can write Fy (@k e‘f) as the following convergent power series:

Fac€) = Falwy) exp | g = Brg + Y o), 3)
v>2pup+1

where the coefficients v, play the role of cumulants in probability theory. Following Petrov [25], we
expand a power series in two variables (Y, Z) as follows:

Vk,2 pr+v 2pp+v v m
E AL LRSS Gl =1 E P (Y)Z™, 4
o v>1 (2 g, +2)! +m>1 kan(Y) W

where the Py ,,’s are polynomials with complex coefficients that depend on the cumulants v, (see several
formulas below based on the Faa di Bruno formula [9]).

5Because of Assumption 1, this curve is located inside the closed unit disk.



In order to state the main result of [12], we also need to define the aforementioned attractors of [27].
For any nonzero integer ;1 € N* and for any complex number 8 with positive real part, we introduce the

function: .
HY ‘zeR— — _iwe_’wmd@. 5
2p 27 ( )
The only properties that we shall need on these attractors is the fact for any § with positive real part

and p € N*| the function ng has super-exponential decay at infinity as well as its derivatives:
1 2u
VNeN, 3C>0, VzeR, ‘ng(w)‘ ot )(H?M)W)(a:)] < C exp <—C \x|2u”1> .

With the above notations, our main result reads as follows.

Theorem 1 (Local limit theorem from [12]). Let the sequence a satisfy Assumptions 1, 2 and 3. Then
there exist an integer L € N* and some positive constant co > 0 such that for any n € N* and ¢ € Z with
|¢| > Ln, there holds:

| < exp(—con - colt]). (6)

Moreover, for any integer M € N, there exist some positive constants Cpr and cpy (that depend on M and
a) such that the following holds: for any n € N* and ¢ € Z with |¢| < Ln, there holds:

K

-/ n
(n) Ky Fa(kg)" 5, — an L — agn
“ ; nl/ 2 px) HQW@ 1/(2Mk) Z Z m+1 /(2Mk) <Pkm( d/dm)H2“k> nl/(2 k)

K 2
1 |0 — agn|\ 2re—T
<Cum % 12/ @u) P | M < /@ ur) ) > (1)

where the polynomials Py, are defined in (4).

We already make a first comment regarding the statement of Theorem 1. Since by Assumption 1 the
Fourier series F, is only assumed to be holomorphic on a given annulus which contains the unit circle
S!, which we recall equivalently means that the sequence a is exponentially localized, then, for a fixed
n, the decay at infinity of aén) is at best exponential. This is exactly the result of our first estimate (6).
Nevertheless, if one further assumes that a is finitely supported, then Fy is a trigonometric polynomial
on S!, and in that case, one can prove (see [8]), that our generalized Gaussian bound (7) holds not only
in the large sector {¢ € Z | |¢| < Ln} but for all £ € Z.

Let us come back to our initial example where the sequence a is a finitely supported probability
distribution with a least two nonzero elements and aperiodic. Since the sequence is finitely supported,
has only positive elements which sum to 1, Assumption 1 is therefore satisfied. Furthermore, since a has
at least two nonzero elements, Fj, (k) cannot have modulus 1 for any x € S! for otherwise the sequence a
would have a single nonzero element equal to 1. As a consequence, Assumption 2 is also satisfied. The
aperiodicity of a implies that F, has modulus 1 only at x = 1 for x € S!, that is K = 1 in the notation
of Assumption 2. The asymptotic expansion (2) is verified with ay = « the mean of the random variable
X, 1 =1 and 23, = 02 with 0% > 0 the variance of X, namely one has

) 2
F, (e‘5> o exp <ioz§ — %52 + O(&g)) .

5



From the definition (5), we compute:

22 1 2
2 — -
VeeR, H, (z)= s exp( 202) .

As a consequence, the asymptotic expansion provided by Theorem 1 reads:

m L o (t—an)? 1 - 2\ (L—an
“ Voroln P < 202n + mz: n(m+1)/2 Py (—d/dz)H, NG ,

>1

02 —
which precisely coincides with (1), since <P17m(—d/ dz)H,?> ) <£\/Sm
n

Qm(2n,e) given in [25]. For instance, we shall see below that the polynomial P; ; is given by:

> can be shown to be equal to

71,3

X3
3'

Pa(X) =
where 71 3 is the cumulant of order 3 at the zero frequency, see (3). This means that the two first terms
(M =1) in the expansion (7) are:

1 (¢ — an)? "3 2N\" (0 —an
= exp|— ~ 3 (g :
Voro?n 202n 3ln \/ﬁ

and these two first terms can be rewritten as:

2
_t ex It} s (23 ) — 32,0) Lt exp | — 2 with  z,0 = f-an
VImotn T\ 2 ) 8lotn T ana PP\ T ) RN

which is with the expression in [25, Theorem 13, page 205].

Next, coming back to the numerical analysis framework, for a given sequence a satisfying Assumptions
1, 2 and 3, an immediate consequence of Theorem 1 is the following explicit expression for the large
time asymptotic of the iterates Z,mu® = a™ % u® of the numerical scheme for any initial condition
u® € (4(Z;C) with ¢ € [1,4+00]. More specifically, for any integer M € N, there exists some positive
constant Cjs such that for any u® € £4(Z; C) there holds:

(n) ,,.0 KEEZFa(ﬁk)nHﬁk T 0
H“ ru _; /) 2w \ 1 ) Y

- Z Z n(m+1 QMk (Pkm( d/dx) 2,%) (nl_/(gl]j:;> *u’

with g := maxy pugr. The generalized Gaussian bound on the remainder terms obtained in Theorem 1 is
thus crucial in the derivation of the above estimate. Indeed, uniform bounds such as the one previously
derived in the literature [25, 27] (see (1) in the probability case) would not have allowed to obtain such
an estimate.

As already emphasized, some analogues of Theorem 1 have been proved in [8, 11, 27], but with either
some restrictions on the number of tangency points and/or the drifts, and/or the number of terms in the
expansion (7). To our best knowledge, it seems that our framework is the most general so far when it
comes to consider sequences a whose Fourier series Fy enjoys an asymptotic expansion of the form (3)

Cat [ s
= RO /2w

/4q



at each tangency point. Maybe, the main restriction that we manage to lift is the fact that we do not
necessarily consider sequences with finite support. Let us remark that sequences satisfying Assumptions
1, 2 and 3 of Theorem 1 with infinite support naturally arise in the study of implicit schemes in numerical
analysis. An implicit discretization of an evolutionary linear partial differential equation by means of
finite differences in space yields recurrence relations of the form

VneN, bxu""'=cxu,

where b and ¢ are two finitely supported sequences, and we assume that the sequence b contains at least
two nonzero elements. Upon assuming that b is invertible on ¢!(Z;C) for the convolution, which thanks
to the Wiener-Levy theorem [24] is equivalent to the fact that

Ve €S, Fp(k) = meé # 0,
LeZ

then one can rewrite the numerical scheme in the form 4! = @+ u™ with @ := b~! x ¢ € ¢}(Z; C) which

has an infinite support. We refer the interested reader to [11, Section 4.2] for an example in such a setting.
In the following Section 2, we present the main ideas towards the proof of Theorem 1. Finally, we

conclude in Section 3 by presenting some natural extensions and perspectives related to this work.

2 Sketch of the proof of Theorem 1

The proof of Theorem 1 naturally splits into two parts corresponding to the two regimes leading to

estimates (6) and (7). Nevertheless, the starting point of the analysis in both cases is the following key
(n)

. . n . . . . .
expression for the coefficient a,”’ which is obtained by inverse Fourier transform

¥(n,0) eN*x Z, af® = 1/ AR (8)
2w J_,
In the above expression, we will make use of the crucial holomorphy hypothesis of Assumption 1 to
deform appropriately the integral in the complex plane (within the domain of holomorphy of F, which is
a given annulus around the unit circle S'). The type of deformations will typically depend on the regime
considered for (n,¢), and more importantly, we may allow the contours to depend on (n, ).

In the far field regime, that is when the ratio |¢|/n is large, the idea is to integrate along a circle with
radius either strictly larger or smaller than 1 depending on the sign of ¢, and that remains in the annulus
{CeC|1—e<|¢| <1+¢} for some € > 0 provided by Assumption 1. Assume for example that ¢ > 0.
We set ¢ :=1In(1 +¢/2), with € > 0, and Cauchy’s formula readily gives

1 (" . RN
a(gn):%/ e—ege—leeFa<e1(9—1g)) a6 .

—T

If C, > 0 denotes the following constant

3 (ei <e—ig>>

Cp:= sup
oe[—m,x]

)

then one gets the bound
V(n,l) e N* X Z, ‘agn)‘ <exp (=0l + Cyn).

7



Upon denoting by || the greatest integer function, we let L := {%J, and for all £ > Ln, we thus have

n L
’alg )’ < exp (—gﬁ) < exp <—Z€ - Q4n) ,

which proves (6) for £ > 0 (the case £ < 0 is handled similarly). So from now on we only consider those
values of ¢ € Z for which |¢| < Ln with n € N*.

One of the main task in proving estimate (7) of Theorem 1 is to make appear each term of the
expansion involving the attractors and the polynomials P ,,,. In order to lighten the presentation and
the notations, we shall only consider the case where there is a single tangency point for F,, that is K =1
in Assumption 2, and drop the subscript 1 in our notation. Thus, we have a unique £ = exp(if) with
0 € [0,27) such that |Fg (k)| = 1, and for all sufficiently small £ € C, we can write the convergent power
series

Fa<ﬁei§> = Fa(k) exp ia—pEr + Z %(1{)” ,

v>2u+1

with a € R, g € C with Re(8) > 0, u > 1 an integer and cumulants 7, € C. From (4), we get the
existence of complex polynomials P, defined via

Y2 utv 2utv ryv _ m
exp Zi@u—i—l/)!y Z'| =14 ) Pu(Y)2Z™.
v>1 m>1

With these notations at hand, we let § > 0 be a small positive real number that shall be fixed at some
point in the proof, and 6y € R such that exp(ify) does not belong to the arc {ﬁeie | 6 € [0, 6]} of the
unit circle and 0 € [0y, Oy + 27]. We start once again with (8) and write

1 Oo+2m A . n
aén) — / e*lé@ Fa (ele) d07
2T 0o

and then we further split the integral as

1 0—6 . RN 1 046 . RN 1 Oo+2m . \n
a,gn) = / e 0 B <e19> do + / e R, <e19> do + / e 10, (ele) dé.
27’(’ o 27T 0—35 27T 0+6

From Assumption 2, we note that
V0 € [0, — 8] U0 + 8,60 + 2], ‘Fa <ei0>‘ <1,

such that there exists ¢ > 0 so that we get

agn) _ He];jr("@)n /_i it (Fa(ﬁ)—lFa (ﬁew»” de‘ <oon

where we have performed a change of variables to shift the interval in 6 in the remaining integral. We
can then substitute the above convergent power series into the expression to obtain

n 7£Fa nor v
aé ) _k (ﬁ) / e—l(ﬁ—na)Ge—n662“ exp [ n Z l(ie)u do| < e .
-6

27 V!
v>2u+1



1
Next, we perform a parabolic rescaling in the integral via 6 — 0/n2: so that we get

1

-y §/n2nr . v

o B Falw)" / M o s o [ gy Yo e < o ) dg| < e~

1 — )
‘ 2w n —Wnﬁ v>1 2u+ )t N

with w = T

The above form of the integral motivates the introduction of the following complex valued function of two
arguments:

L 24 V2u+v v
g(w,z) :=exp | w E okl K
= (2u + v)!

where we recognize that

. Youtv (10 )" . if
oo Easi (5) ) o (05)

v>1 n2u n2e

Let us already remark that thanks to the holomorphy of Fy, on the annulus {( € C|1 —¢ < || < 1+ ¢},
there exists dgp > 0 small enough such that g is holomorphic on C x B(0,dp) where B(0,dy) denotes the
open disk in the complex plane centered at the origin and of radius dg > 0. The next step will now be to
approximate g by its Taylor expansion. More precisely, upon assuming that 0 at least satisfies ¢ € (0, dp),
for any M € N*, we obtain

1
-t n  pé/n2k . M s \m m
aén) _ & Fa(w) / . eiwd o=po% E o™ 9 g(i@,()) df| <e " + |e§",ie‘ ,

1 2
27Tn2p, —(S/nﬁ m=0 nm/ “m! 8zm

where the error term is defined as

1
) n §/n2k . . M sn\m m
gy m £ Lale)l / | oHel B (g (ie, a4 ) Sy U 0t (i6,0)> 0.

1 L 2 Ozm
2xn  J—6/m nan £ pm/2ml 0z

We shall come back to the estimate of the error term @‘f’; , later on, and we first finish to obtain our

complete expansion which involves the attractors HQB " and their derivatives.
Inspecting at the definition (5), it is then natural to approximate the integral on the large segment

1 1
[—d/n2: §/n2] by an integral over the whole real line R. Using once more the triangle inequality yields

<e "+ & + |2,

[

_y n . M ig)™ m
aff) 2L [ s e 5 0,0y a0
R

= m/2 | m
27rn2u m:On /“maz

where the new error term is given by

M

“iwh e (i)™ o™y .
e e Z:O T2 ] D (i0,0)d6 .

£ Fy (k)" /
272 JR\[-5/n2 b/n 0]

2 .
=



Delaying once again the derivation of an estimate for éﬁe, it only remains to link the polynomials P,, to
the function g and its partial derivatives. The key observation is the following identity

mam

Vm>1, YweC, Pu(w) = (w,0), (9)

m! 0zm

which can be easily verified from the definition (4) of B,,. If v = (v1,14,...) denotes a finitely supported
integer valued sequence, we shall introduce the following notations:

:Zﬁug, 14 ::Zug, V!::HW!,

0>1 0>1 0>1

which all make sense for finitely supported sequences as we consider here. Then, combining the expression
(9) obtained on the polynomials P, and the Faa di Bruno formula, we obtain:

m y2er vepre )"
VmeN, Pn(Y)=Y" ) — H<(2u+£>!) : (10)

(v)y=m ’ >1

which is the same expression as in [25, Chapter VII|. For instance, we have in particular Py(X) = 1 and

_ V2p+l 2 p+1

which for p = 1 justifies the formula we had already postulated for our probability example. So, using
(n)

(10) into our last estimate of @, ' together with the properties of the Fourier transform, we have finally
obtained

M - n
al” - 3" g Fal (p (AN g () <eon 4 | |+ 14
14 — n(m+1)/2p m dr 2u | \W = n,t nt

which gives precisely the terms of the asymptotic expansion (7). To conclude the proof it thus remains
to obtain sharp generalized Gaussian estimates for the two error terms.
Let us first notice that the second error term (éf ¢ is easily handled by observing that

M
| < e R | P, (i6)] df < Ce™™
n _mZ:: 27 n(mt1)/2 /R\[a/nzlu,a/niq [Pra(i6)] d8 <

for some positive constants C' > 0 and ¢ > 0 that do not depend on n and /.
Before handling the error term & .0 let us first note that the holomorphy of g ensures the existence

of two constants C' > 0 and Cp > 0° together with § € (0,00) such that there holds

M
|

< C |2/ exp (Rez(ﬁ) (Rew)?* + Cy (Imw)2“> , (11)

for all (w,z) € C x C(0,0) where C(0,8) = {z € C | max(|Re(2)|,Im(z)) < ZS\} And so, we can now fix

once for all § as § = S/ 2 which justifies all our previous computations.

=
=

%The constant Co > 0 can be chosen such that for all u € C, there also holds Re (Bu**) > (Reu)?* — Co(Imu)?".

10
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Figure 1: The integration contour in the case w > 0 (in blue). The bullets correspond to the endpoints of the three
segments that define the new contour. The initial contour is depicted in black. Each new integral appears in red.

The final strategy is to use a well-chosen contour in order to derive a sharp bound for @@nl ¢ Without
loss of generality, we may assume that w > 0, the argument being similar when it is negative, and we
consider the contour depicted in Figure 1 where the constant = appearing there is defined as

1

w 2pu—1 w 2p—1

if < §2nlp o
<4MCO> C 4G .

= (12)

(11
|

2p—1
> §2r—lp 2w,

1/(2p) if
on , i e

Consequently, with the above definition, for any z on the contour that is depicted in blue in Figure

1, we have max(|Re z[, |[Im z])/n%ﬂ < ¢ and we shall therefore be able to apply Cauchy’s formula for
holomorphic functions and also use the estimate (11). And Cauchy’s formula gives:

1
Sn2i . M .

. 9 0 m 8”1
/ omiwh gBO (g <i9, 11> _ E: (o™ g(i&())) d6 = éﬁg + @i}f +&3,,

m
—§n2 n2e o m n2x 9z

where @} ’Zl , resp. é"i ’5, corresponds to the integral on the left, resp. right, vertical segment, and gj ’
corresponds to the integral on the horizontal segment (see Figure 1). Both integrals along the vertical
segments contribute to exponentially decaying terms as it can be noticed by direct computations of the
form

= 2u—1 N
aﬁ’SCM‘m/‘am<_lg °“Qd“§05ec”§6kcﬁ
) 0 )

1,1
évl +

1
since Z < dn2+. For the last contribution, using the definition of =, we obtain the bound

snl/2pe s = | M41
3 = =24 _Re(8) p2u |0 —1Z]
|20 < C exp (—wE+2CH 2 )/_5n1/2ue 2 iy dé
(L+=") 2p—1
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In the first regime of (12), we readily get our desired generalized Gaussian estimate:

2p

‘éiie‘ < n(Mfl)/Z#exp (—cwﬁ> ,
while in second regime we simply get an exponential bound
‘6”5’75| < Ce™ ",
which implies the estimate
C 16— am|\ BT
[l < O 4 e (_C (55 ) |

that holds for any (n,¢) € N* x Z. To conclude the proof it only remains to check that the exponentially
small terms in n can be absorbed into the generalized bound. This can always be achieved when |¢| < Ln,
and the proof of Theorem 1 is thus complete.

3 Some extensions and perspectives

We now discuss some extensions and possible perspectives related to Theorem 1.

3.1 The semi-discrete case

For a given sequence b € ¢!(Z;C), we consider linear evolution problems of the form
vVt >0, u/(t) = bxul(t), (13)
where v/ (t) stand for the time derivate of the sequence valued function w : ¢t — w(t) = (ug(t))eez, that is

V(0 R X Z,  (u(1)), = %(t).

Such a class of evolution problems naturally arise in numerical analysis as the semi-discretization in space
of linear partial differential equations by means of finite differences schemes [1, 2], in probability for the
study of continuous-time random walks [21] or in some applications in biology (e.g. spreading of agents
on a lattice [4, 20]). Since the operator % : u — b * u is a bounded operator on any ¢?(Z;C) with
q € [1,4+0o¢], it is the infinitesimal generator of a uniformly continuous semigroup acting on any ¢(Z; C)
that we shall denote by (.#3(t)),~, and whose action on £9(Z; C) can be expressed as (see [15]):

+o00
VE>0, Fp(t)iu— Hlthu=Y

n=0

tn

The above series is indeed uniformly convergent for any w € ¢4(Z; C), and for all ¢ > 0 we have the crude
uniform bound
|”yb(t)”|éq_>gq S etHszl .

We are interested in deriving a precise pointwise asymptotic expansion of the Green’s function associated
to the semi-group (.#4(t)),~ o which is defined as follows. For any sequence u” € ¢¢(Z; C) with ¢ € [1, +oc],

12



there exists a unique global solution u € €°([0, 4+00); £4(Z; C)) N €1((0,4+00); £4(Z; C)) of (13) which
initially satisfies u(0) = u®. This solution is explicitly given through the following representation formula

VE>0, u(t)=.%(t)u’ _Zt—‘b(”)*uo.

mn.
n=0

The Green’s function GP is then the unique solution associated to the initial condition u® = &, where &
stands for the Dirac delta sequence which satisfies 6, = 1 if / = 0 and 6, = 0 otherwise. We thus have

Vi 0, GY(t) = ()6 = thm 5= thm

since ¢ is a unitary element for the convolution, that is bx § = b. As a consequence, solutions to (13)
starting from u(0) = u® € ¢9(Z; C) simply write

VE>0, u(t)=%)u’ = Go(t) xu’
We now present the main assumptions in the sequence b considered in this semi-discrete case.

Assumption 4 (Semi-discrete setting). The sequence b = (by)eez, belongs to €1(Z;C) and its associated
Fourier series:

v CECr Y bl

LeZ

defines a holomorphic function on an annulus {¢ € C|1 —¢e < |(| < 1+ ¢} for some e > 0. Furthermore,
there holds:
sup Re(vp(k)) = 0.

reS!

We also assume that there exists a finite set of pairwise distinct points {ky,...,kx}, K > 1, in S! such
that the real part of vp(ky) is 0 for any k € {1,..., K} and:

Vi €S\ {ky,....6}, Re(w(x)) < 0.

Moreover, at any point k;, € S, k € {1,..., K}, where the the real part of vp(ky) vanishes, that is
vp(Ky) = iz, for some z;, € R, there exists a real number ay, a complex number i, with positive real part
and a nonzero integer ui € N* such that, as the complex number & tends to zero, there holds:

vy (€)= iz + g = Bg? +0(EMH). (14)

Under the above assumption on the sequence b, we also have the following convergent power series:

Vb (ﬁkei§> = iz, + iap & — B M + Z Vk.y (i), (15)

v>2 pur+1

for some complex coefficients v, € C which allow to define the polynomials P}, ,,, exactly as in (4). An
analogue of Theorem 1 in this semi-discrete setting reads as follows.

13



Theorem 2 (Semi-discrete local limit theorem). Let the sequence b satisfy Assumption J. Then there
exist a positive real number L > 0 and some positive constant co > 0 such that for anyt > 1 and £ € Z
with |€] > Lt, there holds:

(G2 (0)| < expl—cot —co | (16)

Moreover, for any integer M € N, there ezist some positive constants Cpr and cpr (that depend on M and
a) such that the following holds: for any t > 1 and ¢ € 7 with |¢| < Lt, there holds:

K ¢ itz K M —L tlz
b Ky €E g aEn ChyetER {— apn
Gy(t) — kz +1/(2 ) H2/kuc (tl/ (2 k) > Z Z:l +(m+1)/(2 px) (P;@m( d/dx)HQMc) +1/(2 )
=1 =1m=

2
|¢ — agn| T
(17)

K
< Ou ; t(M+2)/ ) P | M < 11/ pn)

It is important to remark that estimates (16) and (17) are only valid for large times, here taken as
t > 1. Indeed, for small times 0 < t < 1, we do not expect the validity of such an estimate, and one needs
to be careful with the singularity at ¢ = 0. Theorem 2 was already proved in [4] in a specific case at order
M =1 with a different method of proof. Instead of using Fourier series on Z, [4] uses Laplace transform
in time to derive an alternate representation formula for the Green’s function G®(t). Here, for any ¢ > 0
and ¢ € Z, we have the following analogue of (8) that is

GHo) = 5= [ e ap.

With this representation formula, we observe that the proof of Theorem 1 readily applies to the continuous
setting without any difficulty. Coming back to the example addressed in [4], it corresponds in our setting
to the finitely supported sequence b defined as

1
b*l = bO ==X bl =X with bﬁ =0 for ’€| > 2,
X X

for some y > 1. In that case, the associated amplification factor reads

. 1 . 1 : 1 1
vp(el?) = ;e_le o X + xel? = — (X + X) (1 —cos(f)) +1i (X - X) sin(f), 6 € [0,2n),

such that there is a unique tangency point at the origin for § = 0 with asymptotic expansion

@ =i (x- )= (x+ 1) 5 - (- 1) B o,

as & — 0. This implies that o = x — i >0,8= % + i, u =1 and we can even deduce the first cumulant

Y3 =—a=x— i As a consequence, Theorem 2 applied to this case with M = 1 gives for all t > 1 and
|¢| < Lt for some L > 0:

exp <_$e(t)2

b (6%
Gilt) - 2 >  24p32\/2nt

o(1)2
T (zo(t)® — 334(t)) exp <— z(;) >‘ < t3(32 exp (—cze(t)?) ,
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for two positives constants C, c > 0, and where we have set
_l—at
V26t

is precisely the one derived in [4, Proposition 4.1] .

xg(t) :

This above expansion’”

3.2 The dispersive case

As we already explained in the introduction, the parabolicity hypothesis of Assumption 3 is one of two
possible behaviors referenced by Thomée [32], the other behavior being the dispersive case which is also
referred to as the unstable case since it yields unboundedness of the sequence (Ha(") H él)neN’ see [19, 32].
Let a be a given sequence that satisfies Assumption 1 and Assumption 2, a tangency point r; is said to
be dispersive if the asymptotic expansion of the modulus of the amplification factor function F, near this
point satisfies the following property. There exist a real number ag, a complex number 5, with positive
real part, two nonzero integers vy, ux € N verifying 1 < vy < 2 and a real polynomial py with pg(0) # 0
such that

Fo (1¢'€) = Fa(y) exp (i € +1€7pu(€) — B €2 +0 (£2171)) (18)

for all complex number £ that tends to zero. We refer to [5, 10, 19, 27] for examples of sequences yielding
dispersive tangency points. In numerical analysis, a celebrated example where the above expansion holds
is given by the so-called Lax-Wendroff scheme for the transport equation [18, 22] and is characterized by
a sequence a taking values
2 2
a_1:¥, ao:l—)\2, alz)\—;)\,
for some A € (—1,1). A straightforward computation yields

with  ap =0 for [£| > 2

‘Fa (eif’)’ — 1 402(1— )2 <sing)4, 0 cR,

which implies that the modulus of Fj, has a unique tangency point £ = 1 with Fg(1) = 1 together with
asymptotic expansion
; . (1 — N2 A1 — A2
Fo () =, exp <1A€ A Ao (55)) :
which is of the form of (18) with v = 3 and 2u = 4. To our best knowledge, it is still an open problem
to prove an analogue of Theorem 1 for dispersive tangency points. The more advanced result available

in the literature is [27, Theorem 1.2] which provides the leading order term of a™ . Specified to the
Lax-Wendroff example, [27, Theorem 1.2] shows that

() _ 1 iw (L —An —-1/3
a, _mAi’) <n1/3 >+O(TL /)7

A(1-)2)
6

uniformly with respect to ¢ € Z, where w = and the function A is defined as the oscillatory

integral®:
. 1 . .
VeeR Ay (x) /em‘ S
R

T oor

We shall deal with the local limit theorem (up to any order) in the dispersive case in a subsequent work.

"Borrowing the notation from [4], one has o = ¢, and 8 = cosh(\.).
5The function Ag/ % is the classical Airy function.
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3.3 The multi-dimensional case

Another very interesting perspective is the generalization of Theorem 1 in the multi-dimensional setting
where the sequence a is now indexed on the d-dimensional lattice Z¢, with some integer d > 2. We refer
to the fascinating recent developments [7, 26, 28, 29] on the subject. As expected, the multi-dimensional
setting presents a much richer classification of the tangency points compared to the one-dimensional
case which has essentially two cases (parabolic and dispersive)’. Borrowing the terminology used in
the aforementioned references, the multi-dimensional analogue of the parabolic case studied here would
correspond to the case where all tangency points of Fy, are of positive homogeneous type, see [28, Definition
1.3.]. In that case, one can hope to prove a result analogous to Theorem 1, and we leave it for future
work.

“We do not address here the more degenerate case where F, (k) has modulus 1 for any & € S'. We refer to [5] for some
examples in that case and formal results.
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