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Abstract

In this paper, we present and study a stopping criteria based on a priori error estimate
for nonlinear variational problems. We show that for nonlinear variational problems,
the a priori error estimate is divided into two sub errors namely: the discretization
error and the linearization error. We then used that representation to devise a stopping
criteria that help to reduce the computational time. The methodology is applied to three
problems and the numerical results demonstrate the superiority of the new approach.

Keywords Nonlinear variational problems - Finite element method -
Iterative scheme - A priori error estimates - Linearization error - Discretization error -
Stopping criterion

Mathematics Subject Classification (2010) 65N30

1 Introduction

The a priori error analysis controls the overall discretization error of a problem by
providing upper bounds that tend to zero with the mesh size. The upper bound of the
error is not computable because depends most of the time of the exact solution of the
problem. The present work investigates a priori error estimates of the finite element
approximation of nonlinear problems. The goal of this analysis is to prove that for
nonlinear variational problems, the overall error is decomposed into two parts; the
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discretization error and the linearization error. The discretization error is a result of
the finite element approximation, while the linearization error is a consequence of
solving the nonlinear finite element equations by iterative or incremental approach.
From the theory, this approach is more appropriate than the traditional one where only
the discretization error is measured (see [1-5] just to cite a few).

The idea of the stopping criteria taking into account the iterative solution was initially
introduced and developed by in [6, 7] in the context of the a posteriori error estimates.
In their works, the error between the exact and the approximated solutions is bounded
by some local quantities called "indicators" which is divided in two parts namely;
linearization and discretization indicators. It is shown that a good management of
this two sources of error leads to a drastic reduction of the number of iterations.
We note that this approach of the a posteriori error estimates combined with the
stopping criteria based on the linearization and discretization indicators has proved
to be very effective/competitive for mesh adaptation method, and it has been used in
several works (see for instance [8—13]). In this work, our focus is on a priori error
estimates, and we would like to see if the approach proposed in [6, 7] to reduce the
iterations is applicable. We note that this exercise has not yet been explored in the
literature. The task is not straightforward because the a priori analysis is a global
analysis compared to the a posteriori analysis which is local analysis where the study
had been performed. The a priori estimates depend only on the exact solution, but
not the numerical solution and hence can be (in theory if not in practice) evaluated
before computing the numerical solution. Conversely, a posteriori estimates depend
on the numerical solution but not the exact solution, so they do require computing
the solution but can actually be evaluated in practice. Hence from the theoretical
analysis, there is a vast difference. From a mathematical point of view it is natural
when dealing with a nonlinear problem to regard the source of the error as twofold:
the dicretization and linearization. In this work, we show that the idea proposed in [6,
7] can help to reduce the number of iterations for the nonlinear variational problems
we will be dealing with. It is apparent that to reduce the computational time, we
have to balance these two sources of error. Indeed, if the discretization error is more
important than the linearization error, then we have less iterations. We illustrate the
methodology by treating; a Nonlinear model problem in Section 2. In Section 3, we
analyse the systems of equations of Darcy and Forchheimer, while in Section 4, we treat
the Navier-Stokes system. Our approach of proof relies on the triangle’s inequality
to separate the discretiation error to the linearization error, and then each error is
estimated by exploiting the variational formulation. Concluding remarks and some
perspectives are gathered in Section 5.

2 Nonlinear problem
Continuous problem We considered the following nonlinear problem:

—Au+AMu*Pu=f in Q,and u=0 99, 2.1
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where u is the unknown, A and p are two positive real numbers, and f € H -1 (R2), the
dual of the Sobolev space HO1 (€2). The variational model associated with (2.1) reads:

Findu € V= H}(Q) such that

forallveV , fVu~Vvdx+/A|u|2puvdx=(f,v).
Q Q

2.2)

We readily proved that the variational problem (2.2) is equivalent to the following
minimization problem

Findu € V= H}(Q) such that
forallveV, Ju) < J() 2.3)
J() =3 [o IVv[2dx + ﬁ Jq v¥PT2dx — (f.v).

Thus the existence theory of (2.2) is obtained via (2.3) by using the direct method of
calculus of variations (see for instance [10, Theorem 2.3]).

The following well known relations will be used: for all (a, b, p) € R x R x R,
with p > 1,

jal? = 1617 | < pla = bi(lal”" + 617 ).

(|a|21’a _ |b|2/’b)(a —b)>0 . (2.4)

2.1 Finite element approximation

For the discretization, we consider a regular family of triangulations (7j,);, of €2, as
described in Ciarlet [5], which is a set of closed non-degenerate triangles for d = 2
or tetrahedra for d = 3, called elements, satisfying,

e for each A, Q is the union of all elements of 7j,;

e the intersection of two distinct elements of 7y, is either empty, a common vertex,
or an entire common edge (or face when d = 3);

e theratio of the diameter 21 g of anelement K € 7}, to the diameter px of its inscribed
circle when d = 2 or ball when d = 3 is bounded by a constant independent of &:
there exists a positive constant o independent of /4 such that,

hg
max — < o.
KeT, pk

As usual, /& denotes the maximal diameter of all elements of 7;,. To define the finite

element functions, let r be a non-negative integer. For each K in 7j,, we denote P, (K)

the space of polynomials in d variables, restricted to K, with a total degree at most r.
We introduce the following finite element space:

V), = {vh cVNC@): VKT ulk eIPl(K)}.
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The finite element approximation associated to (2.2) reads:

Finduy, € Vj, such that

) 2.5)
forall v, €V, Vup -Vopdx + | Mup|Pupvy,dx = {f, vp).
Q Q

The unique existence solvability of (2.5) can be obtained by invoking the same direct
method of calculus of variations. The similarity is drawn with [10, Theorem 2.3]. We
state that

Proposition 2.1 [10] Let u be the solution of (2.2), and uy, the solution of (2.5). Assume
that u € H?(S), there exists a real number hy > 0 such that for all 1 < hy, the
following a priori error estimate holds:

lu —uply = Chllull2,q .

The nonlinear variational problem (2.5) can be solved by a fixed point strategy which
is described next.

2.2 Iterative scheme: fixed point algorithm

Given u2 € Vj, fori > 0, knowing u’h € Vj,, we compute witl e V1, solution of
forall v, € V;, / VMZ_H -V, dx +/ A|u2|2pu2+lvh dx = {(f,v). (2.6)
Q Q

We readily checked by using Lax-Milgram theorem that (2.6) has a unique solution
uj, € Vj, which satisfies the bound

IVuyll < 1 fl-1e- 2.7

Concerning the convergence of the algorithm (2.6), we state that

Proposition 2.2 [10, Theorem 4.1] Let u’h be the solution of (2.6), and u, the solution
of (2.5). There exists a positive constant C(f, A, p) such that

I —uplly < CCfoh, p)ludy — unlls -

If we take f and A such that C(f, A, p) < 1 (smallness condition on the data), then
ul, — uy in HY(Q).
1—> 00

Remark 2.1 The triangle inequality

" ) o )
g, ™ =l < g™ = wnlly + llun — )yl
and Proposition 2.2 implies that ||u§,+1 — u;, Il —o>o 0.
i—
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The main result of this paragraph is the following

Theorem 2.1 Let u be the solution of (2.2), withu € H*(Q), and u;l given by (2.6).
Then there exists a positiveconstant ¢ independent of h and i, and such that

1 1 1
lu — wylly < c(llul, —uf™ Il + hllullag) -

Proof We quickly observe that

” i+1 i+1

u—up < llw—wuply + llun — w1

with ||up, — u||1 given by Proposition 2.1. Thus it remains to estimate ||uj, — u"H

The difference between (2.5) and (2.6) gives

ll1.

forall v, € Vy, , / V (Ul —up)-Voy dx+,\f (PP ul (g PP up)vp dx = 0.

) 2.8)
We take vy, = up — u’h+1 in (2.8), we use (2.4), Cauchy-Schwarz’s inequality, Holder’s
inequality, Sobolev’s inequality, and (2.7) to obtain

||V(Ml+lfu/1)||2 + )»/ (lul+l|2pul+1 |uh|2puh)(ul+lfuh) dx

>0

_ A/ U 2 — [l PPyl gy — bty dix

IA

1 112p—1 i 2p—1 [ i+1 i+1
2pkf|u’+ |y 2P0 Judfy PP gy — g Jun — wfy dx

A

i+1 i+1)2p—1 i 12p—1 i+1 i+1
< el Vag e PP 1, PP s 1Y Gy — g DTV G = ™D

< eIV, — ul ™IV @y — uf ]|
from which we deduce that
1 1
IV @™ —upll < eV, —ul™)]

which ends the proof. O

Remark 2.2 If . '
lufy — uf 1 < e,

where ¢ is a positive constant which balances the discretization error and the lin-
earization error, then
lu — ujlly < ch.

It

i—1

luy, " —uplli = c1h

then '
luh, — ully < cllul™" —ub )y — 0 geometrically when i — oc.
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2.3 Numerical experiments

In this paragraph we evaluate the performances of the method by introducing a new
stopping condition. In fact, we assess the convergence properties of the method by
performing a standard mesh refinement analysis. The numerical simulations in 2d
are performed using Freefem++ (see [14]). The relative iterative error due to the
linearization of the nonlinear problem (2.1) is

1 i+1
1 =i
i+1

]
lley, " 111
We introduce the following conditions to stop the computations

Classical one : Erl-1 <107, 2.9)
New one : Er} < yh, (2.10)

where the parameter y € (0, 1). In fact, for the new stopping criterion we consider

1 : 1
Er; < yhinsteadof Er; <y

W to be coherent with the relative error given by
h

the classical one. Evidently, this new stopping criterion is efficient when yh < 1073,

otherwise we must used the classical stopping criterion.

We start the iterative scheme (2.6) by taking u2 = 0, for the numerical investigations,

we consider the domain (x,y) € Q = (0, 1)? where each edge is divided into N

equal segments. Then  is divided into N2 equal squares and equivalently into 2N?

triangles. we consider p = 2, A = 1 and the following exact solution:
u=30xy(x — D)(y — D(x? + y2)e™.

So f is given by the first equation of (2.1).
First of all, we will study the convergence of Algorithm (2.6) with respect to the
parameter y in order to get a good precision with a fast algorithm. We introduce the
following relative error

gel = M=l

llelln

where u;l is computed after the convergence of the iterative scheme (2.6) using one of
the above stopping criteria. We denote by Nj;., the number of iterations of Algorithm
(2.6) to reach the desired stopping criterion.

We consider N = 50 and use the classical stopping criterion (2.10). Algorithm
(2.6) gives Eei1 = 0.0524 after N;;er = 139 iterations. Furthermore, Table 1 shows
the error E eil with respect to y (new stopping criterion (2.10)). We deduce that, for
this particular case and for y < 1.5 we have the same error obtained with the classical
stopping criterion (2.9), whereas for y = 1.5 the number of iterations is Njzer = 50.
Hence the advantage of the method proposed in this paper.

@ Springer



Numerical Algorithms

Table1 2D non-linear model: £ eil and Nj;. Withrespect to y (New stopping criterion (2.10)) for N = 50

y 0.1 1 13 1.5 1.7 2 5 10
Ee! 00524 00524 00524 00524 00526 00527 00540  0.0576
Nier 87 56 52 50 49 47 35 26

To complete this case, we show in Fig. 1 comparisons of the a priori error estimates
between the classical criterion (2.9) and the new one (2.10) for y = 1.5. The presented
curves coincide and the corresponding slope is equal to 0.99 which is close to the
theoretical one equal to 1.

Let us now compare our stopping criteria (2.10) with that introduced in [6, 7] cor-
responding to the a posteriori error estimates. We begin by recalling the indicators
introduced in [10] and summarizing the corresponding error between the exact solution
of Problem (2.2) and the iterative solution of Problem (2.6):

i —ulg = C((C X D) +0% 1 F = fi Iae) P+ (X2 (D)),

KeTy, KeT,

where fj, is an approximation of the data f and,

L .
'73(), = lu Tt —ul |k, o
l
D
(ng( l)) = h%{ ” fh + AMH_I )Vluh|2pul+1 i2(K) Z hE ” [ ] ||L2(E)
565h Q
-0.5 T T T T
06k Classical Criterion
) New Criterion, gamm = 1.5 X
Ko
L -
S
— -
(=]
o
-1.6 1 1 1 L
-2 -1.8 -1.6 -1.4 -1.2 -1

log10(h)

Fig. 1 2D non-linear model: A comparison of the a priori error between the classical criterion (2.9) and
the new criterion (2.10) for y = 1.5
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The a posteriori stopping criterion is given by

L D
n;) (D)

<y, @2.11)

where y,, is a given real parameter and

12 172
2 2
= (2 o) e (2 o)

KeTy, KeT,

Table 2 shows the error E el.1 with respect to y, for N = 50 and for the a posteriori
stopping criteria (2.11). We deduce that for y,, < 0.02, we have the same error as that
obtained by the classical stopping criteria (2.9), where for y, = 0.02 the corresponding
number of iterations (N, = 50) is close to that obtained with the stopping criterion
(2.10) for y = 1.5. Thus, both stopping criteria (2.10) (for y = 1.5) and (2.11) (for
¥p = 0.02) require similar number of iterations.
To complete this test, we show in Fig. 2 the comparison of the a priori error estimates
obtained with the classical stopping criterion (2.9) and with he a posteriori stopping
criterion (2.11) (for y, = 0.02). The slops of the corresponding lines are equal to 0.99
and close to the theoretical one equals to /.

We conclude that both stopping criteria (2.10) and (2.11) gives similar results with
the following remarks:

e (2.10) requires an a priori error estimate while (2.11) is based on the a posteriori
error estimate and needs to compute the indicators at each iteration of the iterative
algorithm.

e (2.11) is very useful for the adaptive mesh method while (2.10) is restricted to the
stopping criteria condition for the iterative algorithm.

3 Darcy-Forchheimer model

Formulation of the problem The Darcy-Forchheimer model is described by the
following system:

Pktut Pluwsvp=f. e

) P

divu =0, in G.D
u-n=0 on 082.

Table2 2D non-linear model: £ el.l and N, withrespect to y) by using the a posteriori stopping criterion
(2.11) for N = 50

yp 16,71 0.001 0.01 0.02 0.03 0.04 0.05 0.07 0.1
Ee] 00524 00524 00524 00527 00531 00536 00545  0.0561
Niter 88 58 51 44 41 37 33 29
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-0.5 T T
-0.6
-0.7
-0.8
-0.9

-1
-1.1
-1.2
-1.3
-1.4
-1.5

-1.6 | | | |
-2 -1.8 -1.6 -1.4 -1.2 -1

log10(h)

T T
Classical Criterion
New Criterion, gamma, =0.02 X

log10(Eeil)

Fig. 2 2D non-linear model: A comparison of the a priori error between the classical stopping criterion
(2.9) and the a posteriori stopping criterion (2.11) for y, = 0.02

In (3.1), | - | is the Euclidean vector norm |u|?> = u - u, K is the permeability tensor
assumed to be uniformly positive definite and bounded abd €2 is a bounded open set in
R? (d=2,3) with a Lipschitz-continuous boundary d$2. The data f : @ — R is the
external body force per unit volume acting on the fluid. The unknown are the velocity
u the pressure and p. The parameter p is the density of the fluid, u is its viscosity and
B represent the Forchheimer number of the porous media, all assumed to be positive
constants.

The weak formulation reads (see [15-18]):

Find (u, p) € L3(Q)¢ x M, such that
and for all (v,¢q) € L3(Q)? x M,

a(u,v)+é/ lulu - vdx + b(v, p):/ f-vdx, (3.2)
P JQ Q
b(u,q) =0,
where
M= {q(x) e W32 / g(x)dx = o} ,
Q
and

a(u,v):E/K_lu-vdx, b(v,q):/Vq~vdx.
pJQ Q

The variational problem (3.2) is nonlinear of monotone type. Thus its existence is
shown with the help monotone operator theory (see for instance [15, 18]).
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3.1 Finite element approximation

The finite element approximation of (3.2) is standard, and keeping the notation used
before, we approximate the velocity, and the pressure respectively in the spaces Vj,,
M), defined as follows

V) = {vh|vh e L3(Q)?, forall K € Ty, vilx € IP’O(K)d},

My = [ailgn € MNCO@), forall K € Th, anlx € PI(K)] .
With these spaces, we approximate (3.2) by the following finite element scheme

Find (uj, pr) € Vi, x My, such that
for all (vp,qn) € Vi, x My,

B

a(p, vp) +— | luplup - vpdx +b(vp, pp) = | f-vpdx,
P JQ Q

b(up,qn) =0.

(3.3)

For the existence and uniqueness of the solution of (3.3), we can refer to [18] where
the authors have addressed a similar problem but using non-conforming finite element
approach. The convergence of the finite element solution of (3.3) is well known and
we refer the interested readers to [12], where the following is derived

Theorem 3.1 Let (u, p) the solution of (3.2), and (uy, py,) the solution of (3.3). If
(u, p) € WL4(Q) x H2(Q), Then the following a priori errors holds

lp— Ph||w1=3/2(§z)d + llu — uh||L2(Q)d <c1h

2/3
lu —wpll 3 < c2h®?.

Iterative scheme Knowing u2 and for i > 1, we compute (uz, PZ) e Vi, x M, as
solution of

for all (vp, gn) € Vi, x My,

a(u;,,vh)+§f |u;':1|u;;~vhdx+b<vh,p;;)=/ foondx, (G4
, Q Q

b(uy,qp) =0.

The linear system of equations (3.4) is well posed, and we have
|+ a1l 30y + 1V Pl 320 < c 3.5)

where c is a positive constant depending on f. The main contribution of this paragraph
is the following:
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Theorem 3.2 Let (u, p) be the solution of (3.2) and (u;l, p;l) givenby (3.4). If (u, p) €
WL4(Q) x H%(S2), then there exists a positive constant ¢ independent of h and i such

that
2/3

1p = Phllwisrgy + 1w — )l 3y <crllul, —ul 115 + cah®?.
Proof The triangle inequality gives

Il —wyllps < lluw—unllps + llun — w3

Ip = pyllwisz < lp — pullwise + Il pn — phllwisez

where ||u, — ul|;3 and || pr, — plly1.3/2 are given by theorem 3.1. Thus it remains to

estimate |lu, — uj |3, and || pp — pj ly132.
The difference between (3.4) and (3.3) gives

for all (vp, qn) € Vi, x My,

: B L .
atu o)+ | (e, bl ) - vadx -+ b, pl = i) =0,
Q

b(ul —up, qn) = 0.
We take vy, = ”;1 —up and g, = p;l — pp in (3.6), and obtain the following
a(uél —uyp, u}l —up) + g /Q (Iuﬁlluz — |uh|uh) . (u}; —up)dx
B i i1y i
= ; g, |y, — uy, " |uy, ) - (w), — up)dx
Q
_ ﬂ i) i—1 i i d
=2 ) (lhl = 1) ey =
Q
é iy e — unld
=< P |y, —wy, | luy,| luy, — wpldx
Q
B

. - . .
< —lluy, —wy s llug, |l g, — wnllps

P
We recall that (see [15])
forall x, y € R" there exists ¢ independent of x, y such that

fors > 2, cly—x|' < (|x|x_2x — Iy 2y, x — J’)

fors =2, | [x[""2x = [yl 2y| < cly — x| (x] + 132 .

The left hand side of (3.7) combined with the first relation in (3.8) gives

(3.6)

3.7

(3.8)

o . . . .
Cllat), — unll® + clluy — up |3 < alu — wy uly — up) +/ (10, — Tl ) - ay = i)
Q
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which together with (3.7), (3.5) and Young’s equality yields
), — wnl® + ), — wnll3 5 < Clluj, —uf 125 (3.9)

Next, pp, — pil € M and (M}, V) is inf-sup stable. Hence from (3.6) there exists
y > 0 such that

Ypn = phlly132

o b(v. pp — pl)
- vth HvHL3

. 1 - o
a(uj, —up, vp) + % Jo <|u;l |uj, — |u2|u}1) “vpdx + % Jo <|u;l|u’h - |uh|uh) - vpdx

IA

sup
vev, llvll 3

IA

. T . . .
Clluy, — upll + Ny, — w3l 1l 3 + Cllay, — wpll 3l 1l 3 + gl 3)

: S .
< Clluy, —upll + luj, —ujll; 3 + Clluy, —upll; 3,

which together with (3.9) implies that

' i i—1 i—1 ' i i—1,2/3
Ipn = ppllwisz < Clluwy, —wy, s + llug, — )l + Cllug, — uj, IIL/3 - (3.10)

(3.9) and (3.10) complete the proof. ]
Remark 3.1 Adopting the similar approach as the proof of Theorem 3.2, and provide

a condition on the data, we can show that lim ||u§l — u;l_l ;3 =0.
1—> 00

3.2 Numerical experiments

For the numerical simulations we use the iterative scheme (3.4). The error due to

linearization is
2l — s
’ oyl o
and the stopping criterion will be one of the following tests:
1. Classical one: Erl.2 <1073,
2. New one: Eri2 < yh.

Here also we mention thatif y & > 107>, we use simply the classical stopping criterion.
We observe that both stopping criterion gives the following error:

1P = Pillwanay + e =yl s < eh®?.

3.2.1 2D numerical simulations

We consider in this case 2 = (0, 1)2 and the following exact solution:

Yx, y) =2y (x — D?(y — D2exp(xy),
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oy Y
5, —a),
px,y) =cpxy(x —2./3)(y —2./3.).

u(x,y) = (u1,uz) = cy (

Then f can be computed by using the first equation of (3.1) where ¢, = 50,c¢, =
10,8=5,p=1,u=1.

We begin by studying the convergence of the iterative system (3.4) with respect to
y. We introduce the following relative error

2 |l — ulh||L3 lp — P2||W1,3/2
’ lluell 13 Il

where (uél, p;;) is computed after the convergence of the iterative scheme (3.4) using
one of the above stopping criteria.

By taking N = 50 ( the number of segments by edge) and using the classical
stopping criterion, we get Njzor = 54 and E ei2 = 0.049. Furthermore, Table 3 shows
the error E 61‘2 with respect to y. We deduce that in this case and for y = 1.5, we have
(as in the previous case) the same error obtained with the classical stopping criterion
E ei2 = 0.049 and for y = 1.5 the number of iterations is N;;., = 19. Hence, we also
observe the advantage of the method proposed in this paper.

We give in Fig. 3 comparisons of the a priori error estimates between the classical
stopping criterion and the new one for y = 1.5. The slope of the curves is 0.95 which
agrees (even better) with the theoretical slope 2/3.

3.2.2 3D numerical simulations
In this part we consider 2 = (0, 1)? and the following exact solution:

Y(x,y) = x7y*22(x — )*(y — D*(z — 1)%exp(xy2),
u(x,y) = (uy, uz, uz) = ¢, curl (Y, ¥, ¥),
px,y) =cpxyz(x —2./3)(y —2./3)(z — 2./3)).

Here also the mesh is such that every edge of the cube is divided into N segments, so
the mesh contains 6N> elements. We begin by studying the iterative convergence of
(3.4) with respect to y where ¢, =10,¢, =10, =10,p=1,u = 1.

By considering the classical stopping criterion and taking N = 20, the iterative
scheme (3.4) converges after 20 iterations with an error E ei2 = 0.314. Otherwise,
by taking the new stopping criterion, Table 4 shows the error £ el.2 and the number
of iterations Nj;. With respect to y. Here in the 3D case, y = 1.5 seems to be the

Table 3 2D Darcy-Forchheimer model: £ eiz and Nj;,, with respect to y (New stopping criterion) for
N =50

y 0001 0.0l 0.05 0.1 0.5 1 1.5 2 5
Ee? 0049 0049 0049 0049 0049 0049 0049 0051  0.054
Nier 49 39 33 30 23 20 19 17 14
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'1 T T

| | |
Classical Criterion 2D
New Criterion 2D, Gamma=1.5 X

log10(Eei?)

-1.6 ] ] ] ] ]
2 -1.9 -1.8 -1.7 -1.6 -1.5 -1.4

log10(h)

Fig.3 2D Darcy-Forchheimer model: A comparison of the a priori error between the classical criterion
and the new one for y = 1.5

suitable value giving the same error obtained with the classical stopping criterion but
with N;;., = 6 and showing the advantage of the new stopping criterion proposed in
this paper.

Figure 4 shows comparisons of the a priori error estimates between the classical
criterion and the new one for y = 1.5. The slope of the curves is 0.71 which agrees
(even better) with the theoretical slope 2/3.

4 Navier-stokes equations

We consider for a positive constant v, the following system:

vAu+[u-Viu+Vp=f, in
divu =0, in “.1)
u=20 on 092,

Table 4 3D Darcy-Forchheimer model: £ eiz and Nj;,, with respect to y (New stopping criterion) for
N =20

y 0.001 0.01 0.05 0.1 0.5 1 1.5 2 5

Ee? 0314 0314 0314 0314 0314 0314 0314 0313 0308
Niger 18 14 11 10 8 7 6 6 4
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-0.25 T T T T T T
Classical Criterion 3D

03+ New Criterion 3D, Gamma=1.5 X

log10(Eei?)

0.55 ]

0.6 ] ] ] | |
14 -135 -13 -125 -12 -115 -1.1 -1.05

log10(h)
Fig.4 3D textbfDarcy-Forchheimer model: A comparison of the a priori error between the classical criterion

and the new one for y = 1.5

where the unknowns are the velocity u and the pressure p of the fluid. f is an external
forces acting on the fluid, assumed to be in LZ(Q)d. The variational formulation of

(4.1) reads;

Find (u, p) € V x M, suchthatforall (v,q) e Vx M,

a(u,v)+b(v, p)+cu,u,v) =~£(v), 4.2)
b(u,q) =0,
with
v=lveH' @ vr=0 }
M=L%= [peLz(Q): /pdsz].
Q
and

a(v,u):v/ Vu :Vvdx, b(v,q):—/divqux,
Q Q

c(u,v,w):/[wV]v-wdx, E(v):/f-vdx.
Q Q
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The nonlinear boundary value problem (4.2) has been studied by several authors, and
under smallness assumption on data (see [3, 4, 19]). In fact it is shown that there exists
a positive constant C such that if

v > ClIfIl, (4.3)

then (4.2) has a unique solution (u, p) € V x M which moreover satisfies
fulli + llpll = CIAI-

4.1 Finite element approximation

The finite element approximation of (4.2) is standard, and keeping the notation used
before, we introduce the subspaces V;, and M}, given such that the following inf-sup
condition holds: there exists § > 0 (independent of /) such that

b(v,
forall gn € Ma,  Blasll < sup ot

(4.4)
vev, vl

With these spaces, we approximate (4.2) by the following finite element scheme

Find (up, pn) € Vi x My, such that for all (vy, gn) € Vi, x My,
a(up, vy) + b(vp, pp) + c@p, up, vy) = L(vy), 4.5)
b(up, qn) =0,

with |
c(up, vy, wy) = c(up, vy, wy) + 3 / (div up)vy - wpdx .
Q
As usual, the trilinear form ¢(-, -, -) is used to compensate for the fact that div u;, may

not be equal zero. Of course, using Green’s formula and the functions regularity, we
get

~ 1
c(up, vy, wy) = 5(/ (up - Vv, - wpdx — / (up - Vywy, - vhdx) .
Q Q

Thus the trilinear form ¢(-, -, -) is anti-symmetric. The discrete problem (4.5) has at
least one solution (uy, py) € Vi, x My (see [3, 4, 19]). Moreover under (4.3), the
solution is unique, and satisfies the bound

C
lunlly + llpall < ;Ilfll,

and the following error estimate holds

lw = will+1p = pull = C(inf Ju—valli+ inf llgs—pll)  @46)
v, eV CIhEMh
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Remark 4.1 Following [3, 4], we can take one of this tow discretization:

1. Taylor-Hood elements: for some k > 2 we set

YV, = {vh eVﬂC(Q)d, forall K € 7T;, v|g € ]P’k(K)d},

M, = {qh e LX) NCQ): forall K € Ty, qulx € IP’k_l(K)} .

Then the inf-sup condition (4.4) is satisfied, moreover for all v € H*(Q)4, 1 <
s<k+1,andforallg € H'(2),0 <t < k we have

inf lv—vplli < Ch*wlly, inf llgn —qll < Ch'liqll; .
qneMp

vpEVy

Thus if the solution of (4.2) satisfies u € H**1(Q)? and p € HX(Q), (4.6) gives

lu—uplly + llp — prll < Chk(”””k-H + ||P||k) .
2. Mini-element:
V), = [vh e VNe@)Y, forall K € Ty, vplx € PI(K)"},

M, = {qh e L2 Q) NCQ) : foral K € Ty, qulx € IP’l(K)} @)
where P1(K) = [P (K) @ span{Aq, ... , Ag}1%. We have
= wnlly + 1p = pull < Ch(liulls +11p1l ).

Iterative algorithm Let u2 be an initial guess, We take, for i > 0, the following
scheme:

Find (uZ'H, p;l+l) € V, x My, such that for all (vy, gn) € Vi, x M,
a(u,t', va) + b(on, piT) + T, wit i) = £(vp) (4.8)
by, qn) =0.

Knowing uz, the scheme (4.8) is a linear variational problem which is theoretically

solved using Lax-Milgram’s theorem. Taking the difference between (4.5) and (4.8)

for v, = u;lH — uy,, one gets

a(u;lJrl —uy, u;l+1 —uy) = F(uh, up, u;l+l i+1 il

—up) —c(uy, u,, uy, up)
= Cup — by, wp, ul ™ — up)

CIV @ — u) | Ve | IV @}t — up)|

IA

IA

C . .
ISV @y = w)] IV @™ —up)ll
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which by the coercivity of a(-, -) gives
i+1 ¢ i
V@™ —unll = SISV @, —up)l - 4.9)

From (4.9), we deduce that the algorithm (4.8) converges if (4.3) is verified. We next
discuss a consistency notion introduced in [18, Remark 5]. We state that

Lemma 4.1 The algorithm (4.8) is consistent with (4.5) in the sense that if there is
Jj = 1 such that the solution (uil, p{l) coincides with the solution (up, py) of (4.5),
then foralli > j, (ufq, p;l) coincides with (up, pp).

Proof 1t is done by induction. We assume that up to i, the solutions of (4.8) and (4.5)
are the same. We take the difference between (4.5) and (4.8) and obtain that

forall (v,q) € V,, x My, ,
a(,™t —up, v) + b, pt = pp) + Sup, wit, v) — Cup, up, v) =0,
b, ™ —up,q)=0.

(4.10)
Thus taking v = u’h+1 — uy,, and using the linearity of ¢(-, -, -) with respect to the
second component and the anti-symmetry property of ¢(-, -, -), we obtain
a@i™ —wp, Wit —up) =y, wp, wl —wp) — Sl wl T —uy)
=c(up, up — u’h‘|r1 u’h+1 up) = 0.

We deduce using the coercivity of a(-, -) that u’Jrl = uj,. Returning to (4.10), one
gets b(v, p}j‘l — pn) = 0. From the inf-sup condition (4.4), one obtains p;l"H = Dh,
which ends the proof. O

The next result present an a priori error estimate and prove optimal convergence for
HMHQ)4 x HY () regularity of solution.

Theorem 4.1 Let (u, p) be the solution of (4.2) and (u;l, p;,) given by (4.8). If (4.3)
is verified, then there exists C independent of h and i such that

IV@ —ui ™+ 1lp — pit I < CIV @, — ul ™I+ 11V @ — up)ll + 1lp — pall-
Proof The triangle inequality gives

IV @ —ul ™I < V@ — )l + IV @y, —ulth)|

i+1 l+l||

lp—p," | <llp— pull + llpn —

with ||V, — w)|| + Il pn — pl is given by (4.6). We next estimate ||V (u, — ') +
lpn — ’+1 ||. Considering (4.9), and using triangle’s inequality, we get

(1- IIfII)IIV(u’“ —up)|| < IIfIIIIV(u’“ —upll. @1
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The difference between (4.8) and (4.5) gives
b(op, pr — i) = a@i T — g, vy) + S, wit vy — Sy, up, vy) .

Next, pn, — pﬁl € My and (M}, V},) is inf-sup stable, thus (4.4) applies and

i+1
Bllpn — p, "l
i+1
b, pr — pi )
< sup —M—
v, eV, lvnli
i+1 ~, 1 ~,
a(@i™ —wy, ) + T, witt ) — Sy, up, vp)
< sup
vV, llvnli
- a@i™ —uy, o) + S, —ul T T o) + T wl ™ — g, o) + TG — g g, )
< sup
v eV, llvnll

< vV —upll + CIV @, — aPHINVEL )+ CIval T IV @™ — w) ) + 1V @ — )l Ve

C
< VIV —u)l + ;IIHfHIIV(u;, —uthi+ = HfHIIV(ul+1 —up)ll + *HfIIHV(u'+1 —up)l

which together with (4.11) implies that

C .
Il i — Pl+l||<V||V(ul+1—”h)||+;||||f||||v(u2 ’“)||+—||f||||V(u’“—uh)||
4.12)
Equations 4.11 and 4.12 complete the proof. O

4.2 Numerical experiments

In this part we will perform 2D and 3D numerical investigations based on the Mini-
element discretization given by (4.7) and using Freefem++ (see [14]). In both cases,
the domain © = (0, 1)? and the relative iterative error due to the linearization of the
nonlinear problem (4.2) is

i+1
3 _ ”uh - “;, 1

™ I
where the stopping criterion of Scheme (4.8) will be one of the following tests:

1. Classical one: Erl.3 <1073,
2. New one: Eri3 < yh.

We observe that both stopping criterion gives the following error:
lp = Phll + llu — w1 < cih.

where (uﬁl, p;;) is computed after the convergence of the iterative scheme (4.8).
We introduce also the following relative error

3 lu—uplle Ip—pl
l[2e]l1 Pl
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Table 5 2D Navier-Stokes model: £ e? and N;., with respect to y (New stopping criterion) for N = 50

y 0.001 0.01 0.05 0.1 05 1 1.5 5
Eé} 0.135 0.135 0.135 0.135 0.135 0.135 0.135 0.138
Niter 13 10 7 6 4 3 3 2

where (u, p) is the exact solution of Problem (4.2) and (uz, p;,) is computed after the
convergence of the iterative scheme (4.8) using one of the above stopping criteria.

4.2.1 2D numerical simulations
We consider in this case 2 = (0, 1)2 and the following exact solution:

Y(x,y) = x2(x — D?y*(y — 1)% cos(dmrx) cos(4my),

d
u(x,y) = (U, u2) =cy (5’ _E)’

p(x,y) =cpxylx =2./3)(y = 2./3.),

where ¢, = 10,¢, = 10, p = 1, v = 0.01. Thus, f can be computed by using the
first equation of (4.8).

We first take N = 50 and (the number of segments by edge) and use the classical
stopping criterion, we get Nj;or = 15and E e? = 0.135. Table 5 shows the dependency
of the error E e? and the number of iterations N;;., with respect to y. In this case,

| | | | I I
0.8 Classical Criterion 2D .
New Criterion 2D, Gamma=1.5 X

log10(Eei)

1.2 | | | | 1 L
2 -19 -19 -8 -18 -175 -1.7 -1.65

log10(h)

Fig.5 2D case textbfNavier-Stokes model: A comparison of the a priori error between the classical criterion
and the new one for y = 1.5
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Table 6 3D Navier-Stokes model: £ e? and N;;., with respect to y (New stopping criterion) for N = 20

y 0.001 0.01 0.05 0.1 05 1 1.5 5
Eé} 0.183 0.183 0.183 0.183 0.183 0.183 0.183 0.188
Niter 9 7 6 6 4 4 4 3

y = 1.5 gives the same error obtained with the classical stopping criterion but with 3
iterations instead of 15 iterations obtained with the classical stopping criterion. This
shows the advantage of this method.
Figure 5 shows comparisons of the a priori error estimates between the classical
criterion and the new one for y = 1.5. The slope of the curves is 0.99 which agrees
with the theoretical slope equal to 1.

4.2.2 3D numerical simulations

We consider in this case 2 = (0, 1) and the following exact solution:

px,y) =cpxyz(x —2./3)(y —2./3)(z —2./3.),
u(x,y,z) = (ur, uz, u3) = cycurl W(x, y, z),

where
W(x,y,2) =v(x,y,2), ¥k, y,2), ¥k, y,2),

'04 ! ! !

| |
Classical Criterion 3D
0.45 New Criterion 3D, Gamma=1.5 X

log10(Eei)

0751 .
08} i

-0.85 l l l L | |
-14 -135 -13 -125 -1.2 -1.15 -1.1 -1.05
log10(h)

Fig.6 3D Navier-Stokes model: A comparison of the a priori error between the classical criterion and the
new one fory = 1.5
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and
Yx, y,2) = x2(x — D22y — D22 (y — D% cosrxyz).

We take ¢, = 200, ¢, = 20, v = 0.005. Thus, f can be computed by using the first
equation of (4.8).

We consider N = 20 (the number of segments by edge) and use the classical stopping
criterion, we get Nj;or = 11 and Eei3 = 0.183. Table 6 shows the dependency of
the error £ 91'3 and the number of iterations N;;., with respect to y. As in the privious
cases, y = 1.5 gives the same error obtained with the classical stopping criterion but
with 4 iterations instead of 11 iterations obtained with the classical criterion.

Figure 6 shows comparisons of the a priori error estimates between the classical
criterion and the new one for y = 1.5. The slope of the curves is 1.09 which agrees
with the theoretical slope equal to 1.

5 Concluding remarks

Our aim is was to introduce a new stopping criterion based on the iteration error in
order to obtain a fast algorithm. This goal was achieved by avoiding the unnecessary
iterations in comparison with the order of the a priori error estimates (the discretiza-
tion error). This strategy was considered in three cases and the superiority of the novel
approach was clearly demonstrated. The current methodology should be further devel-
oped, in particular by (i) extending the present analysis to variational inequalities of
second kind; (ii) considering the case of a curved boundary.
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