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A hybrid a posteriori MOOD limited Lattice Boltzmann method to solve
compressible fluid flows - LBMOOD

Ksenia Kozhanova*®, Song Zhao, Raphaél Loubere?, Pierre Boivin®

“Université de Bordeaux, Institut de Mathématiques de Bordeaux, (IMB), CNRS, Bordeaux INP, UMR 5251, France
bAix Marseille Université, M2P2, UMR7340, Centrale Marseille, France

Abstract

In this paper we blend two Lattice-Boltzmann (LB) numerical schemes with an a posteriori Multi-dimensional Op-
timal Order Detection (MOOD) paradigm to solve hyperbolic systems of conservation laws in 1D and 2D. The first
LB scheme is robust to the presence of shock waves but lacks accuracy on smooth flows. The second one has a
second-order of accuracy but develops non-physical oscillations when solving steep gradients. The MOOD paradigm
produces a hybrid LB scheme via smooth and positivity detectors allowing to gather the best properties of the two
LB methods within one scheme. Indeed, the resulting scheme presents second order of accuracy on smooth solu-
tions, essentially non-oscillatory behavior on irregular ones, and, an ’almost fail-safe’ property concerning positivity
issues. The numerical results on a set of sanity test cases and demanding ones are presented assessing the appropriate
behavior of the hybrid LBMOOD scheme in 1D and 2D.

Keywords: Lattice Boltzmann Method (LBM), MOOD, Hyperbolic system of conservation laws, Shock,
Hydrodynamics.

1. Introduction

Historically the Lattice Boltzmann (LB) method [1, 2] has been designed to solve fluid flow problems relying
on a kinetic description, namely the Boltzmann equation. The Boltzmann equation describes the dynamics of a gas
at a meso-scopic scale, which by integration leads to the equations of fluid dynamics at macroscopic scale, namely
Navier-stokes or Euler inviscid partial differential equations (PDEs). While classical numerical methods, e.g. Finite
Difference, Finite Element or Finite Volume (FV) methods, are usually designed to solve directly the macro-scale
fluid dynamics equations, LB methods focus on the kinetic version of the PDEs. This kinetic version can be split
into a local non-linear collision stage and a non-local linear advection stage [2], the latter being exactly solved by LB
method.

The generic working variable for LB approach is a distribution function while classical methods usually solve for
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the macroscopic conservative variables such as density, momentum and energy. The distribution function models
the probability density of finding particles at given position, velocity and time. Its first moments are indeed the
macroscopic conserved variables. These fundamental differences render LB methods particularly appealing to solve
the weakly compressible Navier-Stokes equations in an efficient manner[3]. However, for compressible flows, for
which conservation of total energy becomes a necessary condition to capture the correct weak solutions, classical LB
methods present some issues due to intrinsic isotropy errors [1, 4].

Several approaches exist to advance LB methods to fully compressible flows [5]. The most intuitive one is to
increase the number of lattice velocities . However, while it has been employed in recent studies [6], it has several
known drawbacks such as high computational cost, particularly in 3D, sophisticated ways to deal with boundary
conditions and stability issues due to the increased number of non-hydrodynamic modes. Another approach consists in
solving the energy equation separately where two routes are possible. The first one introduces the double distribution
function [7] where, yet again, stability ambiguity arises. The second one, the so-called hybrid LB method [8-10],
resolves the energy equation and, hence, the temperature fluctuations using a finite difference scheme coupled with
LBM. Additionally, the in-variance Galilean error is addressed by adding appropriate forcing terms.

The hybrid LB methods for compressible flows can be based on coupling the LB scheme with explicit discrete
energy equation solved by finite difference scheme, in which case new instabilities arise due to the strong coupling
instabilities [11, 12]. An important question is, thus, how to avoid such a coupling and obtain better stability properties
while retaining the accuracy of the scheme. This can be addressed by, for instance, solving a simple advection
equation describing the evolution of the characteristic variables of hyperbolic system of Euler equations. A hybrid
LBM can benefit from such an approach thanks to the entropy-based models, where entropy is indeed a characteristic
variable of Euler equations. The advantage of this technique is its linear independence from the rest of the system
modelled by LBM, which allows in return to control the entropy without degrading the stability and accuracy of the
original LB method. However, explicit discretization of characteristic equation does not lead to a conservative system.
This latter issue has been solved in [13] by deriving a fully conservative model for the total energy. The resulting
scheme benefits from linear equivalence of conservative total energy equation and non-conservative characteristic
entropy-based equation. This allows to keep the advantages of the linearly decoupled from LBM entropy-based model.
However, while this hybrid LB method undoubtedly led to improved solutions and correct jump relations across
shock-waves, e.g. detonations [14], some stability issues for higher Mach numbers remain a challenge. Innovative
stabilisation strategy avoiding the need of the shock sensors, which have been used up to this date in classical LB
schemes, is required.

The difficulty when solving hyperbolic PDEs is the creation in finite time of discontinuous solutions, usually
due to the presence or creation of shock waves or contacts. Conservative numerical schemes are mandatory in order
to capture the correct wave speeds, and, ultimately converge towards a weak solution of the system of PDEs under
consideration. However, when high accurate schemes are considered, that is beyond first order, unavoidably, one faces
the creation of spurious numerical oscillations due to Gibbs phenomenon in presence of steep gradients. Therefore
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any high order scheme requires to be supplemented with an additional dissipation operator. Most of the time, the
extra dissipation consists in adding a large amount of numerical viscosity in the vicinity of steep gradients. Such a
procedure is generally referred to as a ’limiter’ and is embedded into the numerical method. Philosophically, any
effective limiting procedure answers two questions: (i) where in the computational domain is the solution presenting
behaviors that would require extra dissipation? and (ii) how much extra dissipation should be supplemented?

At first glance classical limiters seem to have different forms, for instance the artificial viscosity for Lagrangian
staggered schemes [15], slope/flux limiter for finite volume/finite element second-order schemes [16], (Weighted)
Essentially-Non-Oscillatory procedure for finite difference/volume schemes [17, 18], etc. In reality almost all limiters
resort to ’sensors” to answer question (i) and mimic the dissipation of a first order accurate scheme to tackle (ii).
Starting from the solution at time #’, any numerical scheme evolves the state variables during At > 0 up "*! = 1" + At.
The limiters usually act on the states variables at #*, and must anticipate possible spurious oscillations or troubles
which may manifest at time #**'. Unfortunately, this task is complex because the system of PDEs as well as the
numerical method, are often non-linear. Even the notion of ’spurious oscillations or troubles’ is not clearly defined
especially at the beginning of their development. Moreover, the limiter can fail because there exists no mechanism
to recover from possible mistakes. The consequence of this complex task of anticipation usually manifests as a
precaution principle: the sensors are too sensitive, and, the amount of extra-dissipation is excessive, hence degrading
the solution'.

A new type of limiting procedure called MOOD (Multi-dimensional Optimal Order Detection) has emerged to
solve this state of affair [19-21]. This procedure is quoted as being an a posteriori paradigm, because it relies on
(a) the detection of a problematic situation on a candidate solution at time #**! computed with an accurate scheme,
and, (b) the subsequent re-computation with a more dissipative scheme of the troubled cells. Because it is simpler
to detect a troubled cell instead of anticipating its future occurrence, MOOD allowed to secure numerical finite vol-
ume/difference, Smoothed Particle Hydrodynamics methods or Discontinuous Galerkin schemes in an efficient way
[22-24]. Moreover, this approach allows the scheme to recover from positivity issues, occurrence of NaN values, etc.
because of the a posteriori test and re-computation. In fact, the re-computation stage uses a ’parachute’ (i.e ultra-
robust) numerical scheme as a last resort scheme for extreme situations [22]. As such, numerical methods which are
a posteriori limited by a MOOD paradigm are fail-safe ones. As far as we know MOOD limiting procedure has never
been coupled with LB methods for solving compressible fluid flows.

Consequently, in this article we present a novel way to design a hybrid method from the LB family. Our approach
relies on the high accurate LB scheme for compressible flows described in [10, 13] supplemented with an a posteriori
MOOD limiting using a low order LB method as a fail-safe/low-order scheme. In this article we only focus on the

compressible fluid flow model for this proof of concept, knowing that more complex models and more advanced set

!For instance solving an isentropic vortex with a second order finite volume scheme with classical minmod slope limiter leads to a first-order
error in L% norm, and strictly less than second-order in L? norm, although no limiting is required for such a smooth solution. If the limiter is turned

off a plain second order of accuracy is retrieved in both norms.
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of LB methods could be used in future studies.

Following this introduction we present in Section 2 the discretized LB method dedicated to solve compressible fluid
flows. Then, in Section 3 this numerical method is further blended with a low-order LB method via the a posteriori
MOOD approach. Numerical experiments are carried out and presented in the Section 4 where sanity checks and
more advances ones are proposed. A discussion (Section 5) follows and some trivial and non-trivial extensions are

proposed. Section 6 concludes this article.

2. Lattice-Boltzmann method for compressible flows

In this section we briefly introduce Lattice-Boltzmann (LB) method focusing on systems of partial differential
equations (PDEs) modeling the compressible fluid flows. The goal of the study is to provide a stable, accurate,

non-oscillating and admissible numerical solution by means of Lattice-Boltzmann type of scheme.

2.1. Target macroscopic equations

This study focuses on the PDEs governing compressible gas dynamics written with Einstein’s notation

8p 6puﬁ
— =0, 1
a " o )
Opuy | ptats + oo _ Itap. -
ot (9xﬂ 6.Xﬂ
OpE  Opug(E + OTaplta
9E oug(E + p/p) _ OTapite. 3)
ot 6xﬁ 6xﬁ

Here ¢ refers to time, x = x, is the space vector, u = u, is the fluid velocity vector with ., referring to their ot

component, p is the mixture density and p it the thermodynamic pressure. E is the total energy (sum of internal
energy e and kinetic energy u2/2), 7oz is the viscous stress tensor, and 6,4 is the Kronecker symbol, i.e 1 if @ = 3, 0
otherwise.

The system is closed upon choosing an equation of state (EOS), for instance a complete one such as the perfect gas

EOS
p = (y—Dpe = kpT, 4

with y the ratio of specific heats depending on the kind of gas considered, T its temperature and & is the Boltzmann
constant (k = 1.38 x 10723 J K™!). The sound-speed is defined as ¢? = yp/p for this EOS. The viscous stress tensor

takes the form
Ou, Oug 2 Ou,

af = " 7 e 5
Tap M(@xﬁ+6xa ’836xy ©)

which is proportional to the dynamic viscosity ¢ > 0 which is a physical parameter.

The present study focuses on the Euler limit of the above system of PDEs, that is when 7,5 — 0, hence all computa-
tions are carried out with a negligible viscosity = 1078 Pa.s. The system of PDEs then becomes of hyperbolic type
with the possible creation of discontinuous solution in finite time, which is a difficult feature to capture.

4
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2.2. Isothermal Lattice-Boltzmann method

2.2.1. Boltzmann equation
The Lattice-Boltzmann method builds upon a specific space, time and velocity discretization of the Boltzmann

Equation (BE). In the absence of external forces, it reads

af of _
T é‘aa = Q(f), (6

where f(€, x, t) is the probability density function of finding particles with velocity & = &, at position x, at time 7. The
left hand-side of (6) indicates that particles travel with their own speed, £. The right-hand-side Q(f) is the so-called
collision operator, taking into account particle collisions. Collisions tend to bring back the distribution f towards the
Maxwell-Boltzmann distribution function (also called Maxwellian function)

e P —lg—ul?
f= We ., (7

where D is the spatial dimension.

The simplest collision model is the BGK (Boltzmann-Gross-Bathnagar) model [25]

1
Qfy = —(f“ =1, ®)

where 7 > 0 is a characteristic time between collisions, related to the fluid viscosity w. It can be shown via Chapman-
Enskog expansion [26] that the first moments of the above system are the Navier-Stokes equations (1-3) since the first

three moments of f are related to the macroscopic variables
[ s@rnde=pex). [ erennag=pt o, [ 161 0dE = pte0)E ). ©)

2.2.2. Velocity discretization

To construct a Lattice-Boltzmann model, the BE equation is first discretized in a reduced-order velocity space (&;),

so that fi(x,1) = f(&;, x,1), and

o . O _ o,
o gy = Q). (10)

The main ingredient in the Lattice-Boltzmann model is to choose an appropriate basis for the velocity space. Given
that 7 is a Maxwellian, a Hermite polynomial basis is chosen. This velocity basis is called the Lattice.

Anticipating on the space/time discretization step, the system is normalized in a way such as each discrete velocity
corresponds exactly to the distance to the next neighboring cell to the time-step. A number of classical lattices DnQm
is available, where n is the spatial dimension (D in (7)), and m is the basis dimension. Popular examples include
D1Q3, D2Q9, D3Q19, D3Q27, with the first two being illustrated in Fig. 1. The present work uses the D2Q9 basis
and the interested reader is referred to [2] for a detailed description of the normalization and velocity discretization

steps.
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Figure 1: Examples of lattices for LB method in 1D, D1Q3 (left) and 2D, D2Q9 (right).

Finally, the normalized system of equation reads

o . i s
ot g = Q0. an

where ¢; = ¢;, is the i™" discrete velocity component of the selected lattice. Note that f; has now Lattice units [2],

even though the same notation is classically retained.

2.2.3. Spaceftime discretization

Contrary to the Navier-Stokes equations, the convection velocity ¢; of distribution function f; is constant, so the
convection term is linear. Furthermore, it is normalized such as f; is advected exactly to a neighboring cell during one
time-step At > 0. As illustrated in Fig. 1, space and time discretizations are closely related with the lattice. Integration

along a characteristic line of the left-hand side of (11) therefore yields exactly
filt + At x) = £t x — ¢;Ap), (12)

which corresponds to the streaming step of any Lattice-Boltzmann algorithm. ff"” is called the post-collision distri-
bution, to be defined hereafter. The exactness of this integration provides Lattice-Boltzmann methods with excellent
dissipation properties compared to classical finite differences solvers [27].
Via a trapezoidal rule, integration of the collision term — see [2, 28] for a step-by-step proof — yields the funda-
mental formula
coll eq At heq At
700 =70+ (1 - 7)]’,- (. 1) + — Fi(x, 1), (13)

neq

where the definition of f;

is dependent on the collision model. In the simple case of BGK [25],
neq eq At
f;' (x»t) :ﬁ(x7 t)_f; (x’ t)+ EFi(xvt)’ (14)

but more advanced alternatives, such as multiple relaxation [29] and regularized [30, 31] models do exist. Contrary to
the streaming step (12), the collision step is non-linear, but, fortunately it is a local operation.

In (13), the relaxation time 7 > 0 depends on the fluid dynamic viscosity u as

=4 = (15)
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and F; is a forcing term, which may contain volume forces (e.g. gravity) and correcting terms [32]. Note that this
term was omitted up to equation (11) for the sake of clarity. Also remark that in the case of Euler limit, 4 ~ 0, hence
T~ %. The definition of Af can be found in Appendix A (A.2).

A generic LB algorithm consists of a succession of Stream & Collide steps, respectively described in (12) and

(13). Macroscopic mass and momentum are reconstructed after each streaming step as

p(x,t+ Ar) = filx, t + Av), puy(x,t+ Arf) = Z Cia fi(x, t + Ab). (16)

m m
i=1 i=1

2.3. Collision models and its stability properties

Better stability properties can be achieved by reconsidering the collision step. Indeed, the collision model (13)

can be decomposed into two steps (neglecting the forcing term F;):

1. a pre-collision regularisation

fireg — f;eq +f;neq’ (17)

where the computation of ¢/ depends on the macroscopic variables, p, u, u, and, as a result, three moments of
discrete f; are involved. On the other hand, f"*¢ depends on six variables, i.e. p, uy, iy, dyy, dyy, a,, where six

independent moments of discrete f; are involved and

iy = Y (= KMy (18)
k

where H;; are Hermite polynomials. The reader is referred to [33] for more details.
2. a BGK collision
re. At re, e
Jo= F = = (19)

The regularisation strategy leads to the reduction in the system rank which yields to the reduction of the modes
number, i.e. six modes. The reduction of the system rank results in further decrease of modes and, hence, better
stability properties [34]. This can be simply achieved by setting the variable 7 = Ar where now the rank of the system
is reduced and the number of remaining modes is three. This allows to obtain a substantial stability gain as a result of

this modes filtering. The resulting collision model is then reduced to

1

D = [0 + %Fi(x, 0. (20)

Hence, our collision model can be changed by setting 7 = Af to add extra dissipation to the solution where
discontinuities are present by filtering out the non-physical modes. This concept has been analysed in details in [33]

and, moreover, applied in a more traditional shock sensor framework in [35].
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2.4. Extension to compressible flows

The above LB scheme based on the D2Q9 lattice solves the 2D isothermal Navier-Stokes equations (1-2) in the
weakly compressible regime. The corresponding equation of state is p = pc?.

Solving the full compressible set of equations is not possible with the above algorithm because the D2Q9 lattice
quadrature order is too low [2]. This can be illustrated in a simple way: the total energy equation corresponds to
the second-order moment of f;, and has a flux related to the third-order moment [28]. Since ¢;, = {—1,0, 1} for all
nearest neighbor lattices (D1Q3, D2Q9, D3Q19, D3Q27), the third-order moment ; ¢; 4CiaCia = 2, Cio depends on
the first-order moment (corresponding to the mass flux).

There are essentially two possibilities to tackle the full set of compressible equations (1-3):

e Extend the lattice quadrature order, e.g. D2Q37 and D3Q343. The advantage is that the required changes are

minimal, but the numerical cost may dramatically increase.

e Solve for the energy equation aside, e.g. not as the second-order of f;. This can be achieved either with a second

distribution function (double distribution methods), or a scalar (hybrid methods).

For a detailed review of these alternatives, the reader is referred to [5]. The present paper pertains to the hybrid method
category, but the authors expect the MOOD strategy presented in section 3 to apply to other compressible LB methods
through minor modifications.

The hybrid LB method employed in this work allows to rewrite the evolution equations for the mass and momen-
tum in conservative form as well as the evolution for the total energy, as has been shown in [13]. These evolution

equations are

At

Pt tAn = plen) - [0 - UG- ot @1)

At
(U)X, 1+ M) = (pua)(x,0) = [Fi‘;*”(x, 1) — FPetP(x - ¢ A, r)] : (22)

2 2

At

PE)x,t+ A1) = (pE)x,1) - — [F‘E*FV(x, - P (x = cox, t)] : (23)
Axl *2 +2

where the LB fluxes are defined in Appendix B and the definition for the total energy flux in (23) can be found in [13]

equation 35.

2.5. LB algorithm for compressible flows

The LB model for compressible flows is summarized in Table 3.4. Derivation details may be found in the reference
papers [10] for the LB algorithm, and [13] for the numerical scheme specifically developed for the energy equation.
The consistency with the full Navier-Stokes equations (1-3) is proved in [28].

The hybrid algorithm of LB method for compressible flows is summarised below. At time ¢ the conserved fields
fi» p» puo and pE are available along with the knowledge of p, T" at time ¢ — At.

8
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1. Compute fl.""” at time ¢ by using the collision model detailed in Appendix A The computations of the correction
term F; require the knowledge of p and T at the time 7 — At.

2. Perform the streaming step in order to obtain the values of f; at time ¢ + At.

3. Compute the LB fluxes Fy ,, F ‘A’y /2 Fanjay F’A";‘}z from the knowledge of £/ as detailed in Appendix B.

4. Compute the macroscopic variables p and pu, at time ¢ + Ar. These can be obtained by either computing the
moments of f; or by using the LB fluxes. Both methods are equivalent as has been demonstrated in [13].

5. Compute the total energy flux (as per equation 35 in [13]). The total energy is then transported according to

(23).

All these steps being done, f;, p, pu,, oE at time ¢ + At are available as well as the values of p and T at time ¢. The
procedure is then repeated till the final time.

While recent advances in LB method for compressible flows indeed led to the improvement of the solution in
terms of the correct jumps relations recovery across the shock waves, notably in recent works [13] and [14], the
stabilisation of the method for the applications where flow discontinuities are observed remains a challenge. In what
follows, the aim is to define an appropriate framework to apply LBM to fully compressible flows with strong shock
waves. Firstly, a LBM collision model with better stability properties is recalled to be an alternative for the areas of
the solution where more dissipation is required. Secondly, an appropriate detection technique of these critical areas
is defined aiming to restore the stability in the zones of strong discontinuities while not degrading the accuracy in
the smooth regions. Hence, the proposed novel stabilisation method for LBM is based on the detection-a posteriori

correction idea rather than traditional shock-sensor techniques.

3. An a posteriori limited LBM-MOOD algorithm

3.1. The MOOD philosophy

The Multi-dimensional Optimal Order Detection [19-22] approach has been chosen to accommodate for both
the collision models where it is necessary. Originally proposed for the finite volume schemes, this paradigm can be
ultimately used for any numerical scheme where certain problematic areas of the solution require a change of the
scheme to fix, for instance, spurious numerical phenomena.

The MOOD technique is based on the a posteriori detection and correction of the “troubled” cells of the solution
by using an appropriate scheme order. The algorithm first runs one iteration of the solution by using the best”
available scheme, usually the more accurate one prone to instability. The obtained solution is then analysed by the set
of physical and numerical admissibility criteria. If one of them fails, the troubled cells are recomputed by using the
next “best” numerical scheme. Then the obtained solution is again analyzed, with, possibly some new troubled cells
to be corrected. This approach is almost fail-free thanks to the availability of the worst case scenario” scheme which

is usually a first-order accurate numerical scheme carrying good stability and robustness properties.
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3.2. Admissibility criteria

The detection of problematic parts of the solution is needed due to the possible presence of non-physical oscilla-
tions caused by Gibbs phenomena. Hence, an extra dissipation might be required in those parts of the domain. The
process of such a detection results in marking the troubled (problematic/bad) cells and applying a more dissipative
scheme for these cells. The detection criteria are twofold.

The first one, the Physical Admissibility Detection (PAD), is based on the physics involved into the system of PDEs
solved. For Euler or Navier-Stokes equations, we test the solution for the positivity of density p and internal energy e.
Notice that this is sufficient to ensure the numerical state to remain in the admissible set.

The second part, the Numerical Admissibility Detection (NAD) is meant to detect the spurious oscillations or other
numerical issues. The base of NAD is the Discrete Maximum Principle (DMP) for cell k which can be represented in

the form of two inequalities as
min(@?) — A < "' < max(@?) + A, 24
keS( k) k keS ( k) ( )

where S is a set containing the current cell k and its neighbors, « is the tested variable (we test density, velocity and
pressure variables) and parameter A is a small number meant to regulate the admissibility of small undershoots and

overshoots in order to have a higher accuracy with smooth extrema. This parameter is computed as

A = max (60, e(r?gx(ag) - r&gn(a;))), 25)

where we set =10* which plays the role of an absolute small number and e=10~3. The parameter A can be in-
terpreted as an option to allow an appearance of new extremes smaller than one thousandth of the local jump at the

current time step n in the immediate neighbourhood of current cell .

3.3. Re-computation/Correction

Any cell which has not passed one of the admissibility criteria is flagged as troubled/bad and its index is stored
in set 8. Moreover, once a bad cell is flagged, in fact the vicinity of this cell is possibly also troubled. Therefore the
direct neighbors of a bad cells are also flagged and recomputed. Obviously more neighbors could be considered hence
increasing the dissipation if needed. The numerical section will present some tests where this neighborhood vary. In

general, only the direct neighbors of a bad cell are added to B.

3.4. LBMOOD algorithm for compressible flows
The resulting LBMOQOD algorithm for compressible flows requires nothing than adding two extra steps inside the
time loop of hybrid LB algorithm. That is, once the solution of total energy at time ¢ + Az has been computed in step

5 of Subsection 2.5, the following steps are added.

6. Run the solution through the MOOD PAD and NAD criteria. Obtain the matrix B of cells to be corrected.
10



Description/Stage Input Qutput Equation
Equilibrium update o,u, T A (A.1)
Force Update p,u, T Fi(t, x) (A.7)
Non-equilibrium update £ Fi(t,x) A (A.3)
Collision 19 17, Fit, x) Feol(t + At, x) (13)
Streaming el x — Aty fit + At x) (12)
Macroscopic variables update fi p,u (16)
FV Energy coupling p,u T T (23)
MOOD detection p,u T B 24)

Table 1: General LBMOOD structure and main stages.

261 7. Recompute the solution for the cells in B following the steps 1-5 of Subsection 2.5 by using the LB scheme
262 with collision model as per (20).
263 Thus, one time iteration of LBMOOD method consists in steps 1-7. The general structure of the method with

2ss  references to necessary equations are summarised in Table 1.

=3

25 4. Numerical tests

266 In this section we present the numerical experiments and evidences assessing that the a posteriori limited LB-
27 MOOD scheme is a viable option to maintain accuracy, robustness and ensure important physics constraints like

s positivity for inviscid gas-dynamics. The following 2D schemes are tested:

N
)1

20  LBM the classical D2Q9 LBM scheme with collision according to (13).
270 LBMO the dissipative D2Q9 LBM scheme with collision model as per (20).

271 LBMOOD the a posteriori blended scheme with these two methods.

272 The methodology of testing relies on a first series of 1D tests:

273 e Advection of a 1D profiles. These simulations test the ability to advect or maintain stationary profiles.

274 e Sod and modified Sod 1D shock tubes. These classical shock tubes challenge the Essentially Non Oscillatory
275 character of the schemes and their ability to capture shocks and rarefaction waves without spurious oscillations.

276 Bach of the previous 1D tests have an analytical solution, allowing error computation and visual comparisons. Mesh
277 convergence studies will be presented to assess that the properties of the LBMOOD scheme is relatively independent
278 from the number of cells. In a second series of test, classical 2D benchmarks are simulated, namely
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e Entropy spot and isentropic vortex. These test the Accuracy and experimental orders of convergence because

smooth exact solutions can be derived.

e Cylindrical Sod shock tube. This is an explosion like problem which generates a radial solution presenting

cylindrical separated simple waves (rarefaction, contact and shock).

e 2D Riemann problems. Several 4 state configurations are simulated to assess the ability of the scheme to capture

complex flow structures for which we can only compare to reference solutions.

4.1. 1D tests

The initial data (domain, density, velocity component u and pressure, and final time) are gathered in Table 2 for
all 1D tests. y is set to 7.5. Initial time is set to ° = 0. The boundary conditions are set to wall type. Exact solutions
can be analytically computed and are superimposed on the numerical results, see [36] for details. Only the density

variable is plotted.

1D contact discontinuity. The first test is a simple contact discontinuity in advection which should not generate
any spurious secondary waves. We plot the numerical density for 400 (left panel) and 800 (middle panel) cells in
figure 2 when LBMO, LBM and LBMOOD schemes are used. The right-most panel presents the mesh convergence
for LBMOOD scheme for N = 50 x 2% cells and k = 0,1,2,3,4. The dissipative LBMO scheme produces smooth
solutions (green symbols) while LBM generates spurious numerical oscillations (blue symbols). LBMOOD reduces
their amplitude without entirely damping all of them. For LBMOOD scheme, when a bad cell is detected, then

22 22 22
Exact —— Exact
LBM 400 LBM 800

LBM0400  « LBM080O  «
LBMOOD 400  * 2 LBMOOD 800+ 2

Exact ——
LBMOOD 050
LBMOOD 100
LBMOOD 200
LBMOOD 400 —=
LBMOOD 800 —=

B

)
s

.
3,
A
T

1 L S— 1 \ 1

-0 0.2 0.4 0.6 0.8 1 1.2 1.4 o 0.2 0.4 0.6 0.8 1 1.2 1.4 o 0.2 0.4 0.6 0.8 1 1.2 1.4
Position Position Position

Figure 2: Contact discontinuity problem — Numerical density for LBM0O, LBM and LBMOOD schemes with 400 (left) and 800 (middle) cells.

The right panels present the mesh convergence for LBMOOD scheme for 5 successively refined meshes.

this only cell is recomputed with LBMO scheme, restricting as such the dissipation. However we could spread the
dissipation locally and correct also its closest neighbors. As such 3, 5 or 8 cells could be affected by the correction.
Figure 3 presents a zoom on the numerical results when such neighborhood increase is applied. The results do not
improve when a large neighborhood is to be considered. Because the cost increases with larger neighbor, it does not
justify such an increase in neighborhood size. For now on, only the detected cell will be recomputed with LBMO

scheme.
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Figure 3: Contact discontinuity problem — Numerical density for LBMOOD scheme with 400 (left) and 800 (right) cells —- Comparison of

different correction neighborhoods with increasing spreading.

Problem oL ur  prL | pr Ur PR | Iinal Q Xade(1°)

Sod 1D 10 00 100125 0.0 0.1 0.2 [0,1] 0.5

Contact 1D || 20 1.0 1.0 1.0 1.0 1.0 | 0.25 | [-1,1.5] 05

Sod2 1D 10 00 10| 0125 0.0 0.01 | 0.2 [0,1] 0.5

Table 2: Initial left and right states for the density p, velocity « and the pressure p for the 1D problems. The discontinuity is located at position xq4c

at initial time ° = 0. The final simulation times #gpy are also given.

1D planar Sod shock tubes. Then we run the 1D classical planar Sod shock tube and a modified version (Sod2) to
assess the ability of the methods to capture 1D simple waves accurately. In Figures 4 we compare the results of the
LBMO, LBM and LBMOQOD schemes when 400 or 800 cells are employed (left and right panels). The results for Sod
problem are plotted on top panels, while those for Sod2 are displayed on bottom ones. We observe that LBMO scheme
results are more diffused, LBM ones are more accurate but present overshoots in the vicinity of the shock wave.
LBMOOD produces numerical solutions which are a good compromise between these two inappropriate behaviors.
Namely the oscillations have been almost entirely damped without sacrificing the accuracy anywhere else. On the
right panels of figure 4 we present the mesh convergence of LBMOOD scheme results when the mesh is successively
refined by a factor 2, that is with N = 50 % 2k cellsand k = 0, 1,2, 3, 4. Clearly, when the mesh is refined, the solution
tends towards the exact solution without spurious behaviors. Next, in figure 5, one presents in red the bad cells which
are detected by LBMOOD scheme using 50 (left), 100 (middle) and 200 (right) cells as a function of position and
time iteration. At first glance we observe that a small amount of cells need extra dissipation. The red bad cells are
updated with the robust LBMO scheme while the blue ones rely on the accurate LBM. From these figures we can
observe that the troubled cells mainly follow the displacement of the discontinuities: head of the rarefaction, contact
and shock waves. The contact displacement seems to generate spurious numerical effects which require dissipation,
hence the relative large number of troubled red cells in this area. However this region in between the contact and
shock is essentially constant which minor spurious waves. Therefore the correction has no bad (nor good) effect on
the numerical solution because LBMO and LBM, both can capture constant states. At last, in table 3, we gather the

13
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Figure 4: Sod (top line) and Sod2 (bottom line) 1D problems — Numerical density for LBMO (green), LBM (blue) and LBMOOD (purple) schemes
with 400 (left panels) and 800 (middle panels) cells. The right-most panels present the mesh convergence for LBMOOD scheme for 5 successively

refined meshes.
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Figure 5: Sod (top line) and Sod2 (bottom line) 1D problems solved by LBMOOD scheme using 50 (left), 100 (middle) and 200 (right) cells —
Bad cells (red) detected by as a function of position (horizontal) and iteration number (vertical) — Red/bad cells are updated with LBMO scheme,

while blue/good ones with LBM.
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percentage of troubled cells detected by LBMOOD scheme over an entire simulation P. This percentage of troubled

N,

100 ¢ .

Z N, where N, is the number of cells, N; € N* the number
ttVe n=0

of time iterations, and, for each time step #* > 0, N, is the amount of troubled cells. This percentage is computed

cells for the entire simulation is computed as P =

for all 1D simulations presented in this section and graphically represented also in figure 6. It is obvious that the
percentage of bad cells tends to negligible amount when the mesh gets refined. As such it is clear that the extra-cost

brought by MOOD approach becomes smaller and smaller.

Value of P. % of troubled cells integrated over the simulation

Problems || 50X 50 | 100X 100 | 200x 200 | 400x 400 | 800x 800

Contact 25.03% 16.72% 7.08% 2.42% 1.58%
Sod 16.80% 12.14% 8.84% 6.48% 4.26%
Sod2 21.13% 12.43% 7.01% 4.51% 3.02%

Table 3: Percentage of troubled cells for the 1D test cases when 50 x 50 up to 800 x 800 cells are employed.

30

Contact 1D —@—
Sod 1D —@—
Sod2 1D

25

o

20

15

% of bad cells

10

0 100 200 300 400 500 600 700 800
Mesh size

Figure 6: Curves from the data in Table 3 — Percentage of troubled cells for the 1D test cases when 50 X 50 up to 800 x 800 cells are employed.

4.2. 2D tests
In this section 2D test cases are simulated, and, LBMOOD is set up to employ the lattice neighborhood for the

correction.

4.2.1. Entropy spot
The linear properties of our approach are further investigated through the transport of an inviscid entropy spot. A

Gaussian spot of density is superimposed to a uniform velocity mean flow at constant pressure:

p=[1+102"]  p=0,  uy=@u,u)=(22), (26)
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where r is the relative radius r*> = [(x — x.)> + (y — y.)*], where (x., y.) = (5,5) are the coordinates of the spot center.
The computational domain is Q = [-5 : 15] X [-5 : 15] and covered with 200 x 200 cells. Periodic boundary
conditions are considered and the final time is set to fg,a = 1 so that the spot has traveled across the domain and is
back to its original location, so that errors with respect to the exact solution can be computed. In Table 4 we report
these errors and the corresponding rates of convergence. From these data it is clear that LBMO and LBM produce
2nd order converging numerical solutions: LBM being two times more accurate than LBMO. Importantly, LBMOOD

produces exactly the same results than LBM because no bad cell is detected. And this was expected for a smooth

solution.
LBMO LBM LBMOOD
N XN L? error order L? error order L? error order | % bad cells
50 224x 107 — | 1.22x 10 — | 1.22x107° @ — 0
100 || 0.68x 1075 1.7 | 0.33x 107 1.9 | 033x107° 1.9 0
150 0.33x 10 1.9 | 0.14x 107 20 | 0.14x 107 2.0 0
200 0.19x 10> 1.8 | 0.09x 107> 1.6 | 0.09x 107> 1.6 0
Expected — 1 2 2 0%

Table 4: L? errors and experimental convergence rate for the entropy spot problem for LBMO, LBM and LBMOOD schemes — The percentage of

bad cells is an average for all time steps.

In figure 7 we plot the numerical density for the LBM0O, LBM, and LBMOOD schemes. The top panels present
the colored density in 2D, then the bottom ones display the 1D density as a function of the radius r for all cells. The
exact solution is under the the numerical solutions. The three schemes can capture this smooth entropy spot, and can

not be discriminated with this test case.

4.2.2. Isentropic vortex in motion

Next a slightly more complex problem is simulated. The isentropic vortex problem was initially introduced in 2D
space in [18] to test the accuracy of numerical methods since the exact analytical solution is smooth and is not trivial,
i.e all variables do evolve simultaneously. We consider the computational domain Q = [0, 10] X [0, 10] and an ambient
flow characterized by poo = 1.0, #j o = 1.0, up.o = 1.0, pos = 1.0, with a normalized ambient temperature 75, = 1.0
computed with the perfect gas equation of state and y = 7/5. A vortex is centered at (Xyoreex» Yvortex) = (5,5) and
supplemented to the ambient gas at the initial time # = O with the following conditions u; = u; e +0u;, Uy = U 0o +uz,

T* =T% + 6T where

B 1-r B 1-r «_ _O-DpB 2
6u1=—y§exp > ) 6u2=x§exp > ) (5T=—Wexp(l—r),
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Figure 7: Entropy spot problem — 200 x 200 cells — LBMO (left), LBM (middle) and LBMOOD (right) schemes — Top panels: density (color).

Bottom panels: density as a function of radius r.

with r = Vx’2 +y'2 and X’ = X — Xyorexs Y’ = ¥ — Yvortex. The vortex strength is given by 8 = 5.0 and the initial density

follows the relation

T\ (v - 1B
PZPm(T:O) z(l—wexp(l—rz)) . 27)

Periodic boundary conditions are prescribed everywhere. At final time #5,, = 10 the vortex is back to its original

position. In Table 5 we report the errors and the corresponding rates of convergence.

LBMO LBM LBMOOD
N XN L? error order L? error order L? error order % bad cells
50 3.19x 1074 - 1.53x 107 1.53x 107* 0
100 || 3.23x107* - 0.49x 107* 1.6 | 0.49x 107* 16 0
150 3.22x 107 - 0.24x 107 1.8 | 0.24x 107 1.8 0
200 3.17x 107* - 0.14x 107 1.9 | 0.14x10™* 1.9 0
Expected — 1 2 2 0%

Table 5: L? errors and convergence rate for the isentropic vortex problem for LBMO, LBM and LBMOOD schemes — The percentage of bad cells

is an average for all time steps.

Next, in figure 8 we plot the density for the LBMO, LBM, and LBMOOD schemes in 2D (top panels) and 1D as a
function of the radius r (bottom panels). From these results we can observe that the LBMO scheme can not maintain
the vortex shape while LBM can. Accordingly LBMOOD maintains the shape because the number of bad cells is
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close to 0, consequently LBMOOD results are extremely close to LBM ones. This test verifies that a smooth solution

is not spoiled by MOOD procedure.

1.001 1 1001

1 099 1
0999 0908 0999
0998 099
0997 0997 0997
099 09% 0996 |
0995 0995
0994 0995 0.994
0.993 0.994 0993

1.001
0999 1

0.08 0999
0.998

0999
0998
0997
0996
0995
0994

0997 0997
099 09%

0.995
0995 000t
0994 0993

10

1.001 1.001 1.001

0.999 0.999 0.999

0.998 0.998 0.998

ity

Density

0.997 0.997 0.997

Dens
Density

0.996 0.996 0.996

0.995 0.995 0.995

0.994 0.994 0.994

0.993_e 0.993 0.993

8 -6 -4 2 0 2 4 6 8 8 6 -4 -2 0 2 4 6 8
X X

Figure 8: Vortex problem — 200 x 200 cells — LBMO (left), LBM (middle) and LBMOOD (right) schemes — Top panels: density (color and

azimuth). Bottom panels: density as a function of radius r.

4.2.3. 2D Sod problem

The 2D Sod problem, also called *Explosion problem’ consists in the same initial data of Sod 1D where the Left
state is inside a disk of radius r = 0.5, and the Right one outside. The computational domain is Q = [-1,1] x [-1, 1]
and the final time is set to #5, = 0.15. The exact solution is radial, made of a converging rarefaction wave and
diverging contact and shock waves. In-between these waves, because of the cylindrical geometry, the state is not
constant anymore. In figure 9 we compare LBMO, LBM and LBMOOD scheme results. We plot the numerical
density as a function of cell center radius for all cells when a 200 x 200 mesh is employed. As expected LBMO
scheme is overly diffusive especially at the rarefaction wave and some lack of symmetry is observed. Next, LBM
scheme results in the middle panel presents some overshoots (close to the shock and the head of the rarefaction)/ but
is visibly more accurate especially on the rarefaction wave. Then, the results of LBMOOD scheme are a rather good
compromise between these two previous solutions: the dissipation is not too excessive and the oscillations have been
reduced. In figure 10 the top panels display the 2D density in colors for meshes of size N x N with N = 50, 100 and
200 for LBMOOQOD scheme. As the mesh is refined the solution is more accurate as expected, the waves are sharply
captured. More interestingly, on bottom panels of figure 10 we plot the troubled cells in red and the untouched ones
in blue for the last time iteration. The troubled cells have been updated by LBMO scheme and the good ones updated

with LBM. We can observe that the troubled cells are mainly located at the cylindrical discontinuities (shock, contact,
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Figure 9: Sod problem in 2D — Numerical density for all 200 x 200 cells as a function of cell radius — LBMO (left), LBM (middle) and LBMOOD
(right).

head/tail of rarefaction), along with some spurious cells which requires more dissipation according to our detection

criteria.

4.2.4. 2D Riemann problems

The 2D Riemann problems have been chosen in order to address complex 2D flow structures resulting from inter-
actions between discontinuities. They demonstrate the ability of the LBMOOD method to handle such calculations
without using additional stabilisation tools.
These 2D 4-state Riemann problems are described and simulated in [37] for instance. They consist of four quadrants
with constant fluid states meeting at a quadruple point. The computational domain is Q = [0, 1] X [0, 1], the quadruple

point is located at (0.5, 0.5) and generally a mesh made of 400 x 400 cells is employed. The states Uy = (o, Uk, Vi, Pr),

U U
k =1,2,3,4 are located as 2 ! . We focus on three specific configurations labeled 3, 4 and 12 in [37] from
Us | Uy

which the reference solutions are borrowed.

These test cases are used to observe (i) the comparison of the solutions obtained by LBMOOD vs LBMO, (ii) the
convergence of the results calculated by using LBMOOD, and, (iii) the effect of the number of corrected neighbours

on the obtained solution by LBMOOD. Notice that LBM scheme fails for such test cases.

Configuration 3. This configuration is relatively complex due to the presence of small scaled vortices. It is initialised
with p; = 1.5, p» = p4 = 0.5323, p3 = 0.138, p; = 1.5, p» = p4 = 0.3, p3 = 0.029 and u, = u3 = v3 = v4 = 1.206 and
u; = vy = vy = uz = 0. The time step is set as dt/dx = 0.13 and the final time is set to 0.3. For this test LBMOOD
corrects 3 neighbors. LBMO and LBMOOD scheme results are plotted in figure 11 where we see the complex flow
patterns. The ability to sharply capture such small scale structures is an important feature of LB methods because they
occur in more complex flows, e.g. turbulent flows. LBMO scheme produces a diffused solution, while LBMOOD is

able to visibly reduce the dissipation, leading to a more accurate numerical solution on the same mesh. Hence, the
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Figure 10: Sod problem in 2D — LBMOOD scheme — Top panels: Numerical density — Bottom panels: Bad cells in red — 50 x 50 (left),
100 x 100 (middle) and 200 x 200 (right) cells.
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mix LBMO-LBM that MOOD is operating via the detection procedure makes the LBMOOD scheme robust, and, at

the same time more accurate than LBMO.
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Figure 11: Riemann problem configuration 3 — Numerical density — 400 x 400 cells — LBMO (middle) and LBMOOD (right) numerical density

— Reference solution (left) from [37].

Next in figure 12 we present a mesh convergence study for LBMOOD scheme using N x N cells with N = 100
(left), 200 (middle) and 300 (right). The solution for 400 x 400 is displayed on figure 11-right panel. LBMOOD

produces more accurate results as the mesh gets refined without spurious features as expected. We have observed

1 16 1 16 18
‘ 14 ‘ 14 14
08 08 .
‘ 12 ‘ 12 12
0.6 1 0.6 1 X 1
> ‘ 08 e ‘ 08 > 08
04 04 X
\ 06 06 06
02 04 02 04 ¥ 04
02 02 02
0 0
0 02 04 06 08 1 1 0 02 04 06 08 1
X X
Figure 12: Riemann problem configuration 3 — Numerical density — LBMOOD scheme — N X N cells with N = 100 (left), 200 (middle) and

0 0.2 04 0.6 08
X
300 (right).

that the larger the neighborhood, the more diffused the solution becomes (we have simulated with 8 neighbors, not
shown here). As already mentioned, this fact does not justify the use of too large a neighborhood for the correction in

LBMOOD

Configuration 4. This configuration involves relatively weak discontinuities and is initialised as p; = p3 = 1.1,

p2 =p4 =0.5065, py=p3=1.1,pr=ps =035 and u; =v; = v, = uy =0, uy = uz = v4 = 0.8939 The time step is
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set as dt/dx = 0.19 and the final time is set to 0.25.

The comparison of the final solutions is proposed in figure 13. Both schemes, LBMO and LBMOOD, are capable
of producing the solutions with, however, a more dissipative result by LBMO. This drawback is visibly improved
on LBMOOD solution. Only lattice neighbors are corrected by LBMOOD for this configuration. We observe the
convergence of the results (see figure 14 by varying the number of points in computational domain from 100 x 100 to
300 x 300. The numerical solution gets more accurate with finer mesh, and, seems to converge towards the reference
solution.

Furthermore, the solution computed by LBMOOD with only immediate corrected neighbours is sharper in comparison
to 3, 5 or 8 neighbours, see figure 15. This is an expected result, and, such an increase of corrected neighbours can be

used in order to dissipate more, for instance in presence of stronger discontinuities.

o 02 04 06 08 1

Figure 13: Riemann problem configuration 4 — Numerical density — 400 x 400 cells — LBMO (middle) and LBMOOD (right) numerical density

— Reference solution (left) from [37].

Figure 14: Riemann problem configuration 4 — Numerical density — LBMOOD scheme — N x N cells with N = 100 (left), 200 (middle) and
300 (right).
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Figure 15: Riemann problem configuration 4 — Numerical density — LBMOOD scheme for 400 x 400 cells — Increase the number of neighbor
cells corrected to 3 (left), 5 (middle) or 8 (right).

Configuration 12. This configuration involves smaller scaled vortices, and, thus, can be considered as a more chal-
lenging test case. Initial data are p = ps = 1, p; = 0.5313 and p3 = 0.8, p» = p3 = ps = 1, p; = 04, and
up =vy =vy =u3 =vy =uy =0, vy = uy =0.7276 The time step is set as dt/dx = 0.19 and the final time is set to
0.25.

The comparison of the final solutions is proposed in figure 16. Both schemes, LBMO and LBMOOD, are capable
of producing the solutions with, however, a dissipative result by LBMO. This drawback of the solution is improved
by LBMOOD when only one neighbor is corrected. However, some instabilities are present in the solution of LB-
MOOD. Fortunately this situation can be improved by increasing number of corrected cells as can be seen in figure 17.
Choosing the number of neighbors to be corrected in LBMOOD is a parameter to be fixed by the user. At last we
present in figure 18 the bad cells at last time iteration for different sizes of corrected neighborhood, from 1 (lattice
neighbors) to 8. As expected the smallest neighborhood has less damped the solution during the simulation, hence
more bad cells remain. Conversely, using larger and larger neighborhood forces LBMOOD to damp the spurious
oscillations, producing a smoother solution, and, consequently reducing the number of remaining bad cells at the end

of the simulation.

5. Discussion and food for thought

Although the previous numerical section has validated our proof of concept of coupling MOOD with LB method

for compressible inviscid flows, more benefits can already be anticipated.

More advanced models of PDEs. LBMOOD scheme is directly usable with more complex or different systems of
PDEs involving source terms, non-conservative products, involutions, etc. For instance, compressible or incompress-
ible Navier-Stokes, multi-phase flows, detonation models, for which LB methods are already employed. Obviously

with such different models, different physical processes are to be expected. Therefore the PAD/NAD criteria from
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Figure 16: Riemann problem configuration 12 — Numerical density — 400 %400 cells — LBMO (middle) and LBMOOD (right) numerical density
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Figure 17: Riemann problem configuration 12 — Numerical density — LBMOOD scheme for 400 x 400 cells — Increase the number of neighbor

cells corrected to 3 (left), 5 (middle) or 8 (right).

— Reference solution (left) from [37].
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Figure 18: Riemann problem configuration 12 — Bad cells — LBMOOD scheme for 400 x 400 cells and, from left to right, 1, 3, 5 and 8 corrected

neighbors.
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MOOD (see section 3.2) must be appropriately adapted, see [22] for examples of detection criteria for complex mod-

els of PDEs.

More advanced ’parachute’ LB method. The parachute scheme being the last scheme to be tried on troubled cells, it
must fulfill the detection criteria by construction. In this paper the toy model of compressible fluid flows is relatively
simple, making LBMO a valid parachute scheme. However LBMO may not always be such a parachute if more
complex systems of PDEs are to be solved. In this case, especially if the PAD/NAD criteria have been modified,
the parachute scheme may require some adaptation. Some work is indeed mandatory to design provably robust LB

methods for each model of PDEs.

More advanced cascade of LB methods. Yet another possible evolution would be to test a few LB schemes in the so-
called MOOQOD cascade [21, 22], see figure 19. In this article our simple cascade was composed by LBM and LBMO
schemes. Let us define the function 8(x) = ( - %) which is the coefficient in front of f“¢ in (13). LBM corresponds
to setting 6(1) = (1 - %) = 6 while LBMO to 6(Ar) = 0. However one could add few intermediate values of 6 in
between these extremes values. For instance by reducing 6 by the same factor 6 > 1, say 2, or 5. Hence §"*' = %V,
where 0 < v is the index numbering the LB schemes. Obviously, lim,_, ;. 8 — 0, and, numerically with only few
iterations, 6" rapidly drops to 0, leading to employing LBMO scheme. Doing so, a troubled cell could be re-computed
with an intermediate scheme between LBM and LBMO. Because only few cells require to be recomputed, the extra
CPU time spent dropping in the cascade should not be extremely large?>. With more advanced 3D models, when

refining the mesh is no more feasible, this slight gain in terms of accuracy may become important.

BM BM
0 y=0

-0 0 =6

B
v=l v=1_ 0

MORE ACCURATE

LSNd0d 40N

V=00 L M v=1 LBM
0

6=0

Figure 19: Left: Advanced cascade of LB methods that could be employed within a MOOD approach. Right: the cascade used in this paper to

produce the numerical results.

2This approach mimics the use of MOOD within a Finite Volume framework [20-22].
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More advanced implementation and codes. LBMOQOD has no limitation when it comes to multiple dimensions, mean-
ing that the extension to 3D is theoretically trivial. One difficulty is however the efficient massive parallelisation of
LBMOOD. Because we can not anticipate how many troubled cells are detected and recomputed, then the computing
load between processors is difficult to be maintained balanced. However, as already mentioned and seen in the numer-
ical results, few troubled situations are generally detected. Therefore the expensive stage is the computation of LBM
solution (and the first detection). This stage can be parallelised in the classical way because the same operations are
made for each and every cell. Next, if troubled cells are detected, it becomes more complex to produce a balanced
parallel code. One expects however that the recomputation involves so few cells that the parallelisation efficiency is
maintained. At last, as already mentioned in section 2.4, tackling total energy equation by the extension of the lattice

quadrature rules is not an issue for MOOD.

6. Conclusions and perspectives

This paper has presented a proof of concept of the hydridization of two Lattice-Boltzmann schemes by means
of the a posteriori MOOD paradigm to solve the compressible fluid flows in its inviscid limit. A second-order LB
method prone to instability is coupled with a more robust one within MOOD to produce a robust yet-accurate hybrid
LB scheme in 1D and 2D. The MOOD paradigm detects a candidate solution produced by the accurate LBM scheme.
If troubled cells are detected, they are further recomputed with LBMO in a robust way. The detection criteria are
physically and numerically based.

This hybrid LB scheme has been validated on a set of classical test cases involving smooth and discontinuous solutions.
On these test cases the hybrid LB scheme is as accurate than the LBM scheme when this later is usable, but, more
important is as robust than LBMO on difficult situations involving shock waves for instance.

In the latest section we have discussed some lines of evolution for this LBMOOD method. Our future studies will
focus on applying it to detonation models and to implement/validate the 3D version which does not present any

theoretical difficulty.
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Appendix A. Unified density-based model with recursive regularised collision operator

The LBM part of this work is based on the unified density-based model of [10] with a recursive regularised

collision operator. This model, which can be considered as an extension of previous pressure-based and density-based
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models, is presented below. The equilibrium distribution for D2Q09 reads,

2 2y,,2 R 2 _ 2 2
fieq - wipll + — 00i L% 1)+ Czaua + (Czactﬁ 62,36 S Ualip Cisy(ci,x _;s)uxu)’ + c’»X(ci,y cs)uxu)’ . (AD)
wj 2c% 2c8 2¢5

i s

where ® = T/T,.s, ¢s = +/RT,; and w; are Gaussian weights of the lattice. T,.r is an arbitrary reference
temperature linked to the mesh size Ax and time At through the following equation,
1 Ax

RT) e = ——. A2
/ V3 At (A2)

The recursive regularisation allows to compute the off-equilibrium distribution functions,

2 2 2 2
neq _ (CiaCip — Oapc?) neq,(2) ciy(ci, =€) neq.3) Cialcyy = ¢5) neq,(3) A3
fi = wi 26‘? ap 2 C? xxy 26? Ay ’ (A3)
where
neq,(2) _neq,(2) 51Yﬁ _ _neq,(2) _ 25 eq AtF A4
Ao ® = @t = Sy, G = Y (eiatis — )i = S+ ) (A4)
ey 3 = 2uydy,” @ 4w N7 @, (A.5)
a0 = 1, a4 2u,a0 P (A.6)
The correction term is
Ff = e 4(c,ac, 5= zéaﬁ)a%z), (A7)
where for D2Q9 lattice we have
3
SO 2 Ay 9(p(1 - ©)) 2, 0(p(1 -0)) (1 -0))  dpu,)
Ay =€ O (p 5 ———) + ¢ (Uq P + ug %0 ) 903 Oap- (A.8)

The first-order upwind scheme is adopted to discretise the spatial derivatives in (A.8), except for the velocity
divergence where the second-order centered finite difference scheme is used, and, the time derivative where a temporal
upwind scheme is employed.

Appendix B. Lattice Boltzmann fluxes

The expressions for the LB mass and momentum fluxes are proposed below with the + notations standing for

x* =x+Axandy* =y + Ay.
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