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Enumeration of weighted quadrant walks:
criteria for algebraicity and D-finiteness

THOMAS DREYFUS, ANDREW ELVEY PRICE, AND KILIAN RASCHEL

ABSTRACT. In the field of enumeration of weighted walks confined to the quarter plane,
it is known that the generating functions behave very differently depending on the chosen
step set; in practice, the techniques used in the literature depend on the complexity of
the counting series. In this paper we introduce a unified approach based on the theory
of elliptic functions, which allows us to have a common proof of the characterisation of
the algebraicity and D-finiteness of the generating functions.

1. INTRODUCTION AND MAIN RESULTS

Walks in the positive quadrant. In this paper we consider weighted walks in the quarter
plane and their associated generating functions, and provide necessary and sufficient
conditions for the latter series to be D-finite (i.e., solution of a linear differential equation
with polynomial coefficients) or even algebraic (solution of a polynomial equation). A
small step walk (or path) in the quarter plane N? = {0,1,2,...}? is a sequence of points
Py, Py, ..., P,, each Py lying in the quarter plane, the steps Py11 — Pj belonging to a given
finite step set S C {0,41}2. See Figure 1 for an illustration. Such objects are very natural
in both combinatorics and probability theory: they are interesting in themselves, and also
because they are strongly related to other discrete structures |7, 10].

To each step (i,j) € {0,£1}? we assign a weight d;; > 0, which can be seen as the
probability that the walk goes in the direction (7,7). With a renormalisation we can
assume that ) d; ; = 1. The model is called unweighted if all non-zero d; ; have the same
values. The weight of a given (finite length) path is defined as the product of the weights
of its component steps. For any (4,7) € N? and any n > 0, we let

(1) ]P)(PO i) (%J))

be the probability that the walk started at Py (often taken as the origin (0,0)) is at some
generic position (7, j) after the n-th step, with all intermediate points Pj remaining in the
cone. In other words, the probability in (1) is the sum of the weights of all paths reaching
the position (4, j) from the initial position (0,0) after n steps. More specifically, we will

Date: September 20, 2024.

This work has received funding from the European Research Council (ERC) under the European Union’s
Horizon 2020 research and innovation programme under the Grant Agreement No. 759702, from Centre
Henri Lebesgue, programme ANR-11-LABX-0020-0 and from the project DeRerumNatura, programme
ANR-19-CE40-0018. The IMB has received support from the EIPHI Graduate School (contract ANR-17-
EURE-0002).

1



2 THOMAS DREYFUS, ANDREW ELVEY PRICE, AND KILIAN RASCHEL

0 20 40 60 80 100

FIGURE 1. A walk of length n = 10,000 started at Py = (0,0) with jumps
in § = {+1}? and uniform transition probabilities d; ; = %

turn our attention to the generating (or counting) function

(2) Q(z,y,t) = Z P(Py % (i, 7)) 2"y t".
i,5,n=>0

Classification of quadrant walk models. There is a large literature on (mostly
unweighted) walks in the quarter plane, focusing on various probabilistic and combinatorial
aspects. To summarise, two main questions have attracted the attention of the
mathematical community: first, finding an exact expression for the probability (1), or
equivalently for the series (2). The second question is to characterise the algebraic nature
of the series (2), according to the classes of functions

{rational} C {algebraic} C {D-finite} C {D-algebraic}.

The first question, which is combinatorial in nature, should not overshadow the second.
Understanding the nature of Q(x,y,t) has implications for the asymptotic behaviour of
the coefficients (see, for example, reference [6]), and also allows us to gain insight into
the complexity of these lattice path problems (to illustrate this fact, let us recall that
unconstrained walks are associated with rational generating functions, while walks confined
to a half-plane admit algebraic counting functions [8]). This is the second question we
will consider in the present work. To be precise, the function Q(z,y,t) is said to be D-
finite (resp. D-algebraic, or differentially algebraic) if it satisfies a linear (resp. algebraic)
differential equation with polynomial coefficients in C(z,y,t), in each of its three variables
x,y,t. A function is said to be differentially transcendental if it is not D-algebraic.
Throughout this paper, in some results we will assume that a certain group of
transformations (simply related to the weights) is finite or infinite; this group will be
properly introduced in Section 2. This group was introduced in [16] in a probabilistic
context, and used in a crucial way for combinatorial purposes in the seminar paper [7].
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FIGURE 2. Four examples of finite group models taken from [21]. From
left to right, a model with a group of order 4, 6, 8 and 10. They should be
normalised to satisfy the property that Z(m)es d;; = 1. The paper [21]
actually contains infinite families of finite group examples. For example, the
third example defines a group model of order 8 if and only if the associated
weights d; ; satisfy diod—1,0 = d1,—1d—1,1 # 0. In the examples above, the
weights are taken to be rational numbers; note that non-rational weights
are also allowed.

Intuitively, finite group models are those to which a generalisation of the well-known
reflection principle applies. Finite group models of order 4, 6 and 8 are fully characterised
in [21]; see Figure 2 for some examples. Moreover, it is proved in [18, Rem. 5.1] that the
order of the group cannot exceed 12 (see also [19]). What is still missing is a complete
description of the parameters that lead to a group of order 10 and 12. There is, however,
a characterisation of the finiteness of the group in terms of the existence of a certain
invariant, see [18, Lem. 2.4].

Main results. Our first and main result is the following; it provides further progress in
the classification of lattice walks in the quarter plane.

Theorem 1. The following are equivalent.

(i) The group is finite.

(ii) The series Q(x,y,t) satisfies a (non-trivial) linear differential equation with
coefficients in C(z,y,t), in the variable x.

(iii) The series Q(x,y,t) satisfies a linear differential equation with coefficients in
C(z,y,t), in the variable y.

(iv) The series Q(x,y,t) satisfies a linear differential equation with coefficients in
C(z,y,t), in the variable t.

Throughout this paper, although we will often omit the term non-trivial, it is implicitly
assumed that all differential equations are non-trivial, i.e., non-zero.

Note that z and y play a symmetric role so the equivalence between (ii) and (iii) is
not so surprising. On the other hand, the equivalence between the ¢t behavior and the
other variables behavior is at first sight much more surprising. Proofs of the equivalence
of the first three conditions of Theorem 1 have already appeared in the literature for fixed
values of t. More specifically, if the assumption (i) on the finiteness of the group holds,
the properties (ii) and (iii) are obtained in [14, Thm 4.1]. On the other hand, if the group
is infinite, it is shown in [22]| that the series Q(x,y,t) does not satisfy any linear equation
in x or in y, further assuming that the step sets are unweighted. The previous result is
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extended to the weighted case in [15, Thm 8.7]. Compared to the present work, the main
difference is that in the previous references all results are obtained with a fixed value of ¢.
The main novelty of our work is precisely to be able to deal with this variable ¢, see (iv),
which is very important from a combinatorial point of view. On the other hand, the result
of [15] holds not only for the quarter plane, but for any cone obtained as the union of an
odd number of quadrants.

Theorem 1 will be obtained as a consequence of two further results, namely Theorems 2
and 3.

Theorem 2. Assume the group of the walk is finite. Then Q(x,y,t) in (2) satisfies a
linear differential equation with coefficients in C(x,y,t) in each of its variables.

Theorem 2 is proved in Section 5. In the unweighted case it is known |7, Sec. 3] that
there are exactly 23 relevant small step quadrant walk models with finite group. Theorem 2
is proved in [7] for 22 of these 23 models. For the remaining model, known as Gessel’s walk,
Theorem 2 is proved in [5] (note that Gessel’s model is the unweighted variant of the third
example in Figure 2). See [4] for closely related results. A weaker version of Theorem 2,
when ¢ is fixed in the unit interval (0, 1), is proved in [17]. Back to the weighted case,
a weaker version of Theorem 2 is given in [14, Thm 4.1]. Tt is proved that if the group
is finite, then for any fixed t € (0,1), Q(z,y,t) satisfies a linear differential equation in
C(zx,y) in each of the two variables z and y. In this sense, our Theorem 2 is a refinement
of [14, Thm 4.1], including the last time variable ¢t. As we could mention above, there is
no exhaustive description of the parameters d; ; that leads to a finite group. In this sense,
Theorem 2 holds independently of an explicit description of the model, the finite group
hypothesis is sufficient.

Our next result shows that in the infinite group case the generating function does not
satisfy any differential equation.

Theorem 3. Assume that the group is infinite. Then Q(z,y,t) does not satisfy any (non-
trivial) linear differential equation with coefficients in C(x,y,t), in any of its variables.

The proof of non-D finiteness in = and y is inspired by the one used in [22]. On the other
hand, the non-D finiteness in the variable ¢ is more subtle and requires a careful study of
the rationality of the periods naturally associated with the model. See Section 6 for more
details.

In the next result we give a refinement of Theorem 2 under the additional assumption
that the orbit-sum is zero. By definition, denoting the group by G and the signature of a
given element g € G by sign(g), the orbit-sum of the function (z,y) — xy is the quantity

(3) O(x,y) =Y _ sign(g)g(xy).
geG

For example, the orbit-sum is zero for the last two models in Figure 2, and non-zero for
the first two models.

Theorem 4. Assume that the group of the walk is finite. Then Q(z,y,t) is algebraic over
C(x,y,t) if and only if O(x,y) = 0.
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Note that by Theorem 1 when the group is infinite, the series Q(x, y, t) is transcendental.
Theorem 4 will be shown in Section 4. In the unweighted case, Theorem 4 follows from
[7, 5, 3]. See also [17]. In the weighted case, a weak variant of Theorem 4 (for fixed t) is
proved in [14, Thm 4.1|. In principle, Tutte’s invariants methodology developed in [3] in
the unweighted case also applies to weighted models, and should lead to algebraic results
in three variables; however, to our knowledge this has not been worked out.

In order to present our last main result (Theorem 10), we need to comment on general
techniques to approach Theorems 2 and 4. Looking at the literature, the techniques
used are mostly quite different in the D-finite case (Theorem 2) and the algebraic case
(Theorem 4). For example, in the D-finite case, the reference [7] uses explicit expressions
for the generating function as positive parts of rational functions (see |7, Prop. 8|, see also
[9]), from which the D-finiteness follows from general theoretical arguments. On the other
hand, again in [7], explicit algebraic expressions are obtained from a subtle half-orbit-sum
technique (see |7, Sec. 6]). Similarly, Tutte’s invariant method of [3] applies only in the
zero-orbit-sum case, while the techniques of [4] leading to hypergeometric expressions for
Q(x,y,t) apply only in the D-finite case; and so on.

Remarkably, our techniques for proving Theorems 2 and 4 are similar and rely on a two-
step approach. First, we will use classical results [16, 23, 14, 11] which give expressions
for the generating functions Q(z,y,t) in terms of elliptic functions (after lifting to the
complex plane). Second, we will use a single technical result about elliptic functions, given
as Theorem 10. Although it is a little too technical to be presented in this introduction,
we can give the intuitive idea. Theorem 10 can be interpreted as a refinement of one of the
most classical statements in elliptic function theory, which asserts that any elliptic function
is determined by its poles and the principal parts at its poles, up to some additive constant.
More specifically, we will show that controlling the arithmetic nature (i.e., algebraicity or
D-finiteness) of the poles and principal parts of a given elliptic function yields a global
control of the arithmetic nature of the function itself.

It is worth mentioning that there is a result similar to Theorem 1 for D-algebraicity, see
[11, Thm 1.1], [12, Thm 2|, and [18, Thm 3.8] for more details. It is proved in [11, 12, 18]
that the following are equivalent:

e There exists a decoupling function.

The series Q(z,y,t) satisfies an algebraic differential equation with coefficients in
C(z,y,t), in the variable z.
The series Q(z,y,t) satisfies an algebraic differential equation with coefficients in
C(z,y,t), in the variable y.

The series Q(z,y,t) satisfies an algebraic differential equation with coefficients in
C(z,y,t), in the variable ¢.

2. PRELIMINARY RESULTS ON THE KERNEL CURVE AND GENERATING FUNCTIONS

Functional equation. In this section we recall some well-known facts about the
generating function counting weighted walks in the quarter plane. We follow the
presentation of [13]; for more details and precise references we refer to [13, 11].
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Let K = Q(d; ;) be the field generated by the weights d; ;. The kernel of the walk is the
bivariate polynomial defined by K(x,y,t) := zy(1l — tS(z,y)), where S(z,y) denotes the
jump polynomial

A B_
@ S = Y dyety’ = g awy = B 4 B 1 B,
—1<i,5<1 Y
with A;(r) € 27 'K[x] and B;(y) € y 'K[y]. The kernel plays an important role in the
so-called kernel method. Define further the sectional generating functions

(5) Fl(a:,t) = K(2,0,t)Q(z,0,t) and FQ(y,t) = K(0,y,t)Q(0,y,t).

As first proved in [7] in the unweighted framework, and then used e.g. in [14] in the weighted
case, the following functional equation holds:

Lemma 5. The generating function Q(x,y,t) satisfies the functional equation
(6) K(z,y,)Q(z,y,t) = F'(x,t) + F*(y,t) — K(0,0,£)Q(0,0,t) + xy.

Kernel curve. By definition, the kernel curve E, is the complex affine algebraic curve
defined by

Ey={(z,y) e CxC | K(z,y,t) =0}.

We shall consider a compactification of this curve. We let P!(C) be the complex projective
line, that is the quotient of (C x C) \ {(0,0)} by the equivalence relation

(o, 1) ~ (x4, 7)) <= 3INeC*, (z,7)) = Mzo, z1).

The equivalence class of (zg,21) € (C x C) \ {(0,0)} is denoted by [z¢ : z1] € P}(C). The
map x — [z : 1] embeds C inside P*(C). It is not surjective: its image is P1(C) \ {[1 : 0]};
the missing point [1 : 0] is usually denoted by co. Now, we embed E; inside P1(C) x P1(C)
via (z,y) = ([z: 1], [y : 1]). B

The kernel curve E; is the closure of this embedding of E;. In other words, E; is the
algebraic curve defined by

By = {([xo : 21], [yo : y1]) € PY(C) x PY(C) | K (w0, 21,0, y1,) = O},
where K (z9, 1, %0, y1,t) is the following degree-two homogeneous polynomial

N7 Lo Yo i j
K (0, 71,90, y1,t) = #1yi K < — 75> = ToT1Yoy1 — t Z di71,j719369€% y0y1 .

7y 0<i,j<2

To simplify our notation, we will denote by K(x,y,t) the polynomial K (xo,21,%0,y1,t).
We have basically three different options:

e The kernel curve is degenerate, in the sense of [11, Def. 2.2|, and in this case the
generating series is algebraic over C(x,y,t), see [11, Lem. 2.4].

e The kernel curve has genus zero and either the generating series is algebraic over
C(z,y,t), or is differentially transcendental in all its variables, see [11, Lem. 2.6].

e [, is an elliptic curve.
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So we only need to focus on the situation where E; is an elliptic curve. Necessary and
sufficient conditions on d; j to ensure that F} is an elliptic curve are given in |11, Prop. 2.5].

In this situation, see [11, Prop. 2.5, Ai(x),A_1(x), B1(y), B-1(y) are not identically
Z€ero.

Group of the walk. For a fixed value of z, consider the two roots y_, y; of y — K (z,y,1).
Then, (x,y+) € E;. We consider the involutive function

Lllﬁt%Et

that sends (x,y—) to (x,y4+). Similarly, we define ¢o that permutes the z-roots. Let us
finally define
0 =1901].

Let G be the group generated by the involutions ¢; and t9, and let G be the specialization
of this group for a fixed value of 0 < ¢ < 1.

In the unweighted case, the algebraic nature of the generating series depends on whether
o has finite or infinite order, as implied by a combination of several works [25, 7, 5, 22].
More precisely, G is finite if and only if the generating series is D-finite, i.e., it satisfies
a non-trivial linear differential equation with coefficients in C(z,y,t) in each of its three
variables. Also note that if G is infinite, then G} can be either finite or infinite.

As in Section 1, see (3), we define the orbit-sum O(z,y) = >_ ¢ sign(g)g(zy), where in
the above, sign(g) = 1 (resp. —1) if the number of elements ¢1, 12 used to write g is even
(resp. odd).

Parametrization. The elliptic curve E; is biholomorphic to C/ (w1 (t)Z~+ws(t)Z) for some
lattice w1 (t)Z + wa(t)Z of C via the (w;(t)Z + wa(t)Z)-periodic holomorphic map
A: C — Et
w = (2w, t),y(w, 1),
where x and y are rational functions of p and its derivative J,,p, and p is the Weierstrass
function associated with the lattice wq(t)Z + wa(t)Z:

ooty — L+ 5 < 1 1 )
w, = 5 5 D) .
w? (00b2) TP ((0.0)} (w + fws (t) + fowe (t)) (Elwl (t) + lowe (t))

The maps ¢1, t2 and o may be lifted to the w-plane C. We denote these lifts by 71, 72 and
o, respectively. So we have the commutative diagrams

Et LEt Et *O->Et
Jo Jo
Lk g

The lifted maps are of the form
N(w)=-w, w) =-wt+ws and o(w)=w+ ws,

for some ws(t) € (0,w2(t)). We now give explicit expressions for the periods
wi(t),wa(t), ws(t) and the coordinates z(w,t),y(w,t). For [zg : x1] in PYC), we
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denote by Aj([zo: x1],t) the discriminant of the degree-two homogeneous polynomial
y > K(z0,21,y,1,t). Let us write

4
Aq([zo = x1],t) = Zai(t)xéxil_i.
1=0

The discriminant A ([zg : 21],t) admits four distinct continuous real roots a1 (t),. .., as(t).
They are numbered so that the cycle of Py (R) from —1 to co and from —oo to —1 crosses
them in the order ai(t),...,as(t). One of them, say a(t), is different from [1 : 0] for all
t € (0,1). Since the discriminant has coefficients in K(¢), we deduce that a(¢) (and the
other a;(t) as well) are algebraic over C(t).

Similarly, we denote by b(t) a continuous real root of Aa([yo : y1],t), the discriminant
x+— K(x,1,90,91,t), that is not [1 : 0]. For similar reasons, b(t) is algebraic over C(t).

Proposition 6. Fori=1,2, let us set D;(*,t) := A;([x : 1],t). An explicit expression for
the periods is given by the elliptic integrals

a4(t) d al(t) d
wi(t) = i/ R iRso and wa(t) = / . R>o.

3(t) v ‘D1($>t)‘ 4(t) Dl(x7t)

An explicit expression of the map AMw,t) = (x(w,t),y(w,t)) is given by

- D (a(t),t) . .
[ ] .T(W7t) - |:a(t) + p(w,t)—léDlll(a(t)vt) ’ 1:|7

B Dy(b(t).1) .
* y(w,t) = [b(t) t w20 2 DI M 1}'

An explicit expression of ws(t) is given by

a1(t) .
ws(t) = / T e (0,u(1)),

L)) /D1l 1)
—0.

1
and x4+ (y,t) are the two roots of K(x+(y,t),y,t)

Analytic continuation of the generating functions. Let us now focus on the analytic
continuation of the generating functions F'! and F? introduced in (5). Let us fix t € (0,1).
The generating function Q(z,y,t) converges for |z|,|y| < 1. The projection of this set
inside P*(C) x P!(C) has a non-empty intersection with the kernel curve E;. In virtue
of (6), we then find for |z|,|y| < 1 and (x,y) € Ei,

FY(z,t) + F?(y,t) — K(0,0,£)Q(0,0,t) + zy = 0.

Since the series F!(z,t) and F?(y,t) converge for |z| and |y| < 1 respectively, we can
continue F'(z,t) for (z,y) € E} and |y| < 1 with the formula:

Fl(x7 t) = _F2(y’ t) + K(07 0, t)Q(Oa 0, t) - 2Y.
We continue F2(y,t) for (x,y) € E; and |x| < 1 similarly.

Lemma 7 (Lemma 27 in [11]). There exists a connected set O C C such that

(i) AO) ={(z,y) € Bt : x| <1 or|y| <1},
(i) o= 5(O) N O is non-empty;
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(iii) | J&"(0)=c.
LeZ

Furthermore, there exist functions w +— 7, (w, t) and w — ry(w, t) which are meromorphic
on the connected domain O and such that

7 re(w,t) = FYz(wt),t) = K(z(w,t),0,t)Q(z(w,t),0,t),
ry(w,t) = FZ(y(wat)vt) = K(Ovy(wat)vt)Q(an(w7t)7t)'

With (ii) and (iii) of Lemma 7, we extend 74 (w,t) and r,(w,t) as meromorphic functions
on C, where they satisfy the equations

(8) ra(w 4 ws(t),t) = re(w, t) + ba(w, 1),
(9) ra(w + wi(t),t) = re(w,t),
(10) ry(w + ws(t), 1) = ry(w, t) + by(w, 1),
ry(w + wi(t),t) = ry(w,t),
(11) re(w,t) + ry(w,t) = K(0,0,t)Q(0,0,t) — z(w, t)y(w, ),
where

(12) by(w,t) = y(—w, t)(z(w, t) —z(wtws(t),t)) and by(w,t) = z(w,t) (y(w,t)—y(—w,t)).
3. ALGEBRAIC NATURE OF ELLIPTIC FUNCTIONS DEPENDING ON A PARAMETER

In elliptic functions theory, it is well known that any elliptic function is determined by
its poles and the principal parts at its poles, up to some additive constant, see e.g. [20,
Thm 3.14.4]. In this section, we will prove a refinement of this result, see Theorem 10 below.
More specifically, we will show that controlling the arithmetic nature (i.e., algebraicity, D-
finiteness or differential algebraicity) of the poles and principal parts of a given elliptic
function yields a global control of the arithmetic nature of the function itself. Theorem 10
is not only interesting in itself, it is also, as we shall see, perfectly adapted to the setting
of random walks in the quadrant, in the sense that one single statement will capture
various situations occurring in the theory (algebraic, D-finite and D-algebraic generating
functions).

Let P be the field of germs of meromorphic Puiseux series at a given point (wo,ty) €
C x (0,1). Let

x = C(z(w,t),t).
Let k be an algebraically closed field and R be a ring such that
xCkCcRCP.
The associated constant fields are denoted by x¢, k; and Ry:
x¢=C(t), kr={a€k:9,(a)=0} and Ry;={a€R:9,(a)=0}

The aim of this article is to determine whether certain functions lie in R in the following
situations:
e The algebraic case: k =R =X;
e The D-finite case: k = X, R is the ring of functions that are solutions to linear 9,
and Oy-differential equations with coefficients in X;
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e The D-algebraic case: k = R is the field of functions that are solutions to algebraic
0,, and Oy-differential equations with coefficients in X.

The purpose of defining k separately from R is that some functions we will be considering
will sometimes involve ratios, so to prove that the ratio lies in R it will be sufficient to
prove that the numerator and denominator both lie in k (or that the numerator lies in R
while the denominator lies in k).

Let (@)te(0,1) be a family of Weierstrass functions. The function g depends on two
variables (w,t); let g2, g3 be the invariants (which depend upon t). Let us now specify the
t-dependency of these functions.

Assumption 8. p € k and g2, 93 € k;.

Lemma 9. Let k > 0. Then 0kp € k. Moreover, if p(a(t),t) € ky for some quantity a(t),
then 9% p(a(t),t) € k.

Proof. The first item follows from Assumption 8 together with the classical differential
equation satisfied by p:

(13) (Owp)?® = 40" — g2 — g3.

We prove the second statement by induction, the case k = 0 is trivial and the case k£ =1
following from Assumption 8 and (13). For the inductive step, we take the kth derivative
of both sides of (13) and rearrange the result so as to express 9**1p(a(t),t) as a rational
function of gz, g3 and the lower order derivatives 9%, p(a(t),t), 0 < j < k. This implies that
if these lower order derivatives belong to k;, then so does 9¥*1p(a(t), ). O

Lemma 9 suggests to introduce the set X; of functions b : (0,1) — C, defined by

(14) Xy = {b(t) : p(b(t),t) € ky U {o0}}.

Recall that a meromorphic function admits a Laurent series expansion » oo as(w — a)

at any given point a € C. By definition, its principal part at a is the rational function
Zg;ly a¢(w — a)’ (with the convention that the sum is 0 if » > 0). The coefficients of the
principal part at a are the complex numbers a,, ...,a_1. Given a meromorphic function on
C, the coefficients of its principal parts are the collection of all coefficients of the principal
parts at its poles. If this function is elliptic, the coefficients of its principal parts form a
finite set.

The following theorem is one of our main technical results.

Theorem 10. Fort € (0,1), let w — f(w,t) be a meromorphic function on C. Let us
assume that Assumption 8 holds, and that:
(i) For allt € (0,1), w— f(w,t) € C(p, 0wp);
(i1) The poles of w — f(w,t) belong to Xy;
(iii) The coefficients of the principal parts of w — f(w,t) belong to Ry;
(iv) There exists a(t) € X; such that f(a(t),t) € Ry.

Then f(w,t) € R.
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Proof. Let us begin with the case where for all ¢ € (0,1), f(w,t) is an even function of w.
Any even elliptic function being a rational function of the Weierstrass function p with the
same periods (see, e.g., |2, p. 44]), we have a decomposition of the form

15 fo)=ch)+ S aim(Bp(w, t) +ZZ aw t
1=1 :

— (b (1), 1))

where
o c(t),a;00(t), a;j(t) are functions that do not depend upon w;
e bj(t) € Xy \ {oo} are the poles of w— f(w,1);
e the sum ), is finite.
We first prove that for all 1 < i < neo, @5,00(f) € Ry. To that purpose, write the series
expansion of the p-Weierstrass functlon at w = 0:

(16) olw,t) = =5+ 3 felt)et
k=2

If noo = 0 there is nothing to prove. Assume that n. # 0. Plugging (16) in the identity
(15), we obtain that f(w,t) is equivalent to @, o (t)w™2"> as w goes to 0. Therefore,
using our assumption (iii), it implies that a,__ o (t) is in Ry.

We now look at cases 1 < i < no. It is well known that the coefficients fi(¢) in (16)
are all polynomials with rational coefficients in the invariants go and g3, see for instance
the proof of Theorem 3.16.2 in [20]. Accordingly, using Lemma 9, all fx(¢) belong to k;.
This shows that for 1 < i < n, the coefficient of w2 in the series expansion of f(w,?)
n (15) at w = 0 has the form a; oo (%) + fi oo, Where fioo € ki(@it1,00(t), ..., ano.co(t)).
By condition (iii), we know that the previous coefficients all lie in Ry, so it follows by a
decreasing induction that for all 1 <4 < neo, ai00(t) € Re.

We now prove that for all j and all 1 < ¢ < nj, a;;(t) € Ry. The reasoning is very
similar to the previous case (j = o0), though it has some particularities, which lead us to
present the argument in detail.

For a fixed j, let £ > 1 be minimal such that 95p(b;(t),t) is not identically zero (by
classical properties of Weierstrass functions, ¢ € {1, 2}) so that we may write

1 Cj
17) _ el o |
( (p(w,t) — p(bj(t),t) Z w—b (1)

where the c;;(t) are such that

cik(t) € Q(Aup(bi(t),t),...,050(bi(t),t)) C Ry.
The order of the pole of f(w,t) at b;(t) is €n;, see (15), so a one-term asymptotic expansion
(17) gives the dominant term in the principal part of f at b;(t). As a consequence, if i = n;
n (15), the coefficients of the principal parts of w — f(w,t) being in R; (Assumption (iii)
of Theorem 10), and since by Lemma 9, 8%0(b;(t),t) € k¢, we deduce that an, ; € Ry,

If now 1 < @ < nj, one needs to go further and to look at the complete expansion (17).
The coefficient of the term (w — b;(¢))~* in the Laurent expansion of f(w,t) admits the
form c; ¢ (t) + fij, Where fij € kt(ai+17j(t), .oy an,(t)). By a decreasing induction, we
deduce that for all 1 <i < nj, a;;(t) € Ry.



12 THOMAS DREYFUS, ANDREW ELVEY PRICE, AND KILIAN RASCHEL

Recall that by condition (iv), there is some function a(t) € X; such that f(a(t),t) € Ry.
If a(t) happens to be a pole of w — p(w,t), substituting w = a(t) into (15) then yields
a1,00(t) =+ = an 0o(t) =0 and ¢(t) € Ry. When a(t) is not a pole, then p(a(t),t) € ky
and substituting w = a(t) into (15) gives

Noo

ai;j(t)
c(t) + Y aio(t)p +ZZ ’ € Ry
i=1 j )7 ) p(bj(t)vt))l
Moreover, every term in this expression apart from c(t) belongs to the ring Ry, so we must
have ¢(t) € R:. In both cases, we have proved that c(t) € Ry.

Summing up, we have shown that every term in the right-hand side of (15) belongs to
R (p(w,t)). Since p(w,t) € k C R by Assumption 8, we find that f(w,t) belongs to R.
This concludes the proof in the even case.

We now consider the case where w — f(w,t) is odd for all ¢t € (0,1). Then the function
Oup(w,t)" L f(w,t) is even and may be written in the same form as (15), so that we have

w, t)

a; w, (w, aw LWt
Z zoo w{Q t t +;Z (b] t),t))i’

where the i = 0 term in the first sum above replaces the ¢(t) term occurring in (15). Similar
computations as in the even case give that f(w,t) belongs to R.

We finally consider the general case. For any integer n, (p(w, t)—p(a(t), t))n € k. Then,
f(w,t) € Rif and only if f(w,t)(p(w,t) — p(a(t),t))" € R. So without loss of generality,
we may reduce to the case where f(a(t),t) = f(—a(t),t) = 0.

Classically, we write

f(w’t) = er(w?t) + f*(w’t%
where fi(w,t) = W is even and f_(w,t) = M is odd. Given that
conditions (i)—(iii) hold for f(w,t), they hold as well for f(—w,t), and therefore for f; (w,t)
and f_(w,t). With f(£a(t),t) = 0, we find fi(a(t),t) = 0. Then our condition (iv) also
holds. From the even and odd cases of this theorem, we deduce that fi(w,t) € R, so
flw,t) = fr(w,t) + f—(w,t) € R, as required. This completes the proof. O

4. ALGEBRAIC CASE AND TRANSFORMATION THEORY OF ELLIPTIC FUNCTIONS

The main objective of this section is to prove Theorem 4. This result states that, under
the assumption that the group of the walk is finite, Q(z,y,t) is algebraic over C(z,y,t) if
and only if the orbit-sum O(z,y) defined in (3) is identically zero.

4.1. Strategy of proof. It will be convenient to write the orbit-sum directly as a function
of w and ¢, for any w € C and t € (0,1):

(18) Oy (w,t) = (’)(:L‘(w,t),y(w,t)).

Obviously, the hypothesis on the orbit-sum implies that O,(w,t) = 0. Note that [14,
Thm 4.1] proves that for tg € (0,1) fixed, Q(x,y,to) is algebraic over C(x,y) if and only if
Oz (w, to) is identically zero. Hence, if Q(x, y, t) is algebraic over C(x, y,t) then Og(w,t) =0
for all t € (0,1). The following lemma proves that the formal orbit-sum O(z,y) in (3) is
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zero as well, proving the “if part” in Theorem 4. In the remaining of Section 4, we will
thus concentrate on the “only if” part.

Lemma 11. Assume that for all t € (0,1), the orbit-sum O(z,y) vanishes on Ey. Then
O(z,y) is identically zero on C2.

Proof. Let us fix t € (0,1) and = € C. Let y+(z,t) be such that K(x,y+(x,t),t) = 0. Note
that the roots yi(z,t) depend on t. We may restrict (0,1) to an interval U, and without
loss of generality reduce to the case where for such z fixed, y4(x,t) depends continuously
upon t € U. In particular, {y4(z,t)|t € U} admits an infinite number of values. We now
use the fact that y — O(z,y) is a rational function. Since for all t € U, O(z,y4(x,t)) =0
we deduce that y — O(x,y) has an infinite number of roots, it is therefore 0. Since z is
arbitrary, we deduce that O(z,y) is zero. O

Recall that the period wj is purely imaginary, while wy and w3 are positive real numbers,
see Section 2. Moreover, we consider the transformation & from Section 2 satisfying
o(w) = w + ws. Since the group is finite, there exists a non-zero ¢ € N such that &*
leaves invariant the lattice A = wiZ + woZ. Hence fw3z € A, so there exists a positive
number k such that

ws k
(19) L
We may further assume that k and ¢ are coprime.
Let us iterate (8) and (10) to deduce that

(20) re(w 4+ bws(t),t) = ry(w, t) + Or(w, t),
Ty(w + €W3(t)7 t) = Ty(wv t) + Oy(w’ t):

where
-1 -1

(21) Z be(w + jws(t),t) and Oy Zby w + jws(t),t)
J=0 =0

are the orbit-sum (18) and its y-analogue. It is shown in the proof of [14, Thm 4.1| that
Oz(w,t) = —Oy(w, t), so the orbit-sums O, and O, are simultaneously zero or non-zero.

In this section we prove that if the orbit-sum is zero, then Q(z,y,t) is algebraic over
C(z,y,t). It suffices to show that if for all ¢ € (0,1), Oy (w,t) = Oy(w,t) = 0 then Q(z,y, 1)
is algebraic over C(z,y,t). Using (6), it suffices to show that F'! and F? (defined in (5))
are algebraic over C(z,t) and C(y,t), respectively (since K(0,0,t)Q(0,0,t) = F1(0,t) =
F2(0,t)). We will only prove the result for F!(z,t), as the other case would be derived
similarly, by symmetry.

For j,k € N and non-zero, let (k) (w,t) be the Weierstrass function with periods
(jwi(t), kwa(t)), with invariants denoted by ggj’k) and g?()j’k).

Assume that for all t € (0,1), Op(w,t) = Oy(w,t) = 0. By (20), the analytic
continuation r,(w,t) of F*(z(w,t),t) is (w1(t), kwa(t))-elliptic, with fws = kws. We want
to apply Theorem 10 with k = R =X and f = r,.

One key point (which is independent of the orbit-sum being zero and will be true in
the D-finite case presented in Section 5 as well) is to prove that Assumption 8 is satisfied,
namely:
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Theorem 12. Assume that the group of the walk is finite. Then M%) is algebraic over x

(LK)

and gél’k),g are algebraic over C(t).

4.2. Preliminary results on transformed Weierstrass functions. Theorem 12 will
be obtained as a direct consequence of Lemmas 20 and 21 below. In order to prove these
lemmas, we will first prove several intermediate results, and will show successively that
gél’l),gél’l) € C(t) (see Lemma 13), p(Y(w,t) € X (Lemma 14), gék’k),gék’k) c C(t)
(Lemma 16) and finally p**)(w,) € X (Lemma 18). It is worth mentioning that while
some of the forthcoming lemmas are specific to our context, some others are very general
statements on elliptic functions. Note that in Section 4.2 we do not make the assumption
that the orbit-sum is 0 (nor that the group is finite), so we will be able to reuse these

results in Section 5.

Lemma 13. The invariants gél’l) and g:(,)l’l) are algebraic over C(t).

Proof. See [14, (2.7) and (2.8)]. O

Lemma 14. The elliptic functions "V (w,t) and 8,90 (w,t) are algebraic over x.

Proof. By Proposition 6, there exists a rational function f with coefficients in C(t) such
that oY (w, t) = f(x(w,t)), so p1Y) is algebraic over x. By Lemma 13 and Equation (13),
it follows that 8, (w,t) is algebraic over x. O

Lemma 15. For any function h(w,t) algebraic over x, the same holds for O, h(w,t).

Proof. Assume h is non-constant in w, otherwise the statement is clear. Let P(h,z,t) be
a non-zero polynomial satisfying P (h(w,t),x(w,t),t) = 0, of minimal degree in its first
variable. Taking the derivative with respect to w yields

Duh(w, t) Py (h(w, 1), z(w,t),t) + Ouz(w, t) Py (h(w,t), z(w,t),t) =0,
Ouh(w,t)
» Oy (w,t)
rational function of h(w,t), z(w,t) and ¢, so it is algebraic over x. Applying this result
Gwp“’l)(w,t)

with the notation P, = 0,P. By minimality of P, Pj is non-zero. Hence is a

to the specific case h = p(11) | we obtain that is algebraic over x. Along with

Owx(w,t)
Lemma 14, this shows that d,z(w,t) is algebraic over x, and so 0,h(w,t) itself is algebraic
over X. U
Lemma 16. We have k4g§k’k) = ggl’l) and kﬁgék’k) = gél’l). The invariants gék’k) and

g:(,)k’k) are thus algebraic over C(t) by Lemma 13.

Proof. Let A be the lattice w1 Z + woZ. We have

(k) _ 1 _ I _ 9%
g =60 > 31 =60 > GV

AekA\{(0,0)} AeA\{(0,0)}

The proof for gék’k) is similar. O

We will use the following classical lemma several times.

Lemma 17. For any integers ji1,j2 = 1 and any X € Q\ {0}, the function w
ga(jl’ﬁ)()\w,t) is algebraic over (C(géﬂ’”),géjl’p),{{J(jl’h)(wat))-
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Let us first recall three identities satisfied by the Weierstrass elliptic function, namely,
a second order differential equation [20, (3.16.3)], the addition formula [20, (3.17.9)] and
the duplication formula |20, (3.17.10)]:

(22) Oow) = 60°(w) ~ T,
2
(23) p(mw) + p(nw) +p((m +njw) = i (8“%33 - Z?SSW)) ’
2 () 2
(24) P(2w) + 2p(w) = i <gjzgw§) :

Proof of Lemma 17. The formula (24) implies that p(1:72)(2w,t) is algebraically related
to pU192)(w,t) over the field C(@wp(jl’jQ)(w,t),OZp(jl’jQ)(w,t)). Using the differential
equations (13) and (22) satisfied by {7172) we obtain that the first and second derivatives
of pU192)(w, t) are algebraically related to ©U192)(w,t) over C(géjl’h),géjl’h)). As a
consequence, Lemma 17 is proved for A\ = 2.

We now prove by induction that for all integers m > 1, p(jl’j2)(mw,t) is algebraically
related to pUt72) (w, t) over C(ggjl’h),géﬁ’h)). To that purpose, use the addition formula
(23) with n = 1 to deduce that if U172)(mw,t) with m > 1 is algebraically related to
pUL32) (w, ) over C(géjl’jQ),géjl’jQ)), the same holds for pU172)((m 4 1)w,t). Note that
©U172) (—mw, t) = pU32) (mw, t) so that the result is proved for all A € Z.

Finally, for m,n # 0, the above result with w,m replaced by “* n implies that
pU132) (muw, 1) is algebraically related to p(7172) (2w, t) over (C(gé‘j1 ’jz),gé‘jl ,j2)>_ Hence, since
algebraic dependency is a transitive relation, for all m,n # 0, pU1:72) (Mw, t) is algebraically

related to pU192) (w, ) over (C(géjl’jQ),géjl’jQ)). The proof is complete. O
Lemma 18. The elliptic functions %) (w,t) and 0,0%*) (w,t) are algebraic over x.
Proof. Using a reasoning similar as in Lemma 16, we obtain that

) (s, 1) = - oD ().

?@
By Lemma 14, p**)(kw,t) is algebraic over x. It then follows from Lemma 17 that the
function p**)(w,t) is algebraic over x. Finally, since 8, (w,t) is algebraic over the
field C(gék’k),gék’k), pkk) (w, t)), the result for 9, p*F) (w,t) follows from Lemma 16. O

(LK)

Proving the algebraicity of p happens to be more delicate. We first need to show

the algebraicity of values of p(#*) at rational multiples of w; and wo.

Lemma 19. For all A € QN (0,k), the quantities %) (\w; (t),t) and 90" (Awi(t),t)
are algebraic over C(t). A similar statement holds when wy is replaced by ws.

Proof. The proof when w; is replaced by ws is similar, so we will focus on wy. Since
DR (kw (t)/2,t) = 0, it follows from the differential equation satisfied by **) that
©*F) (kwy (t)/2,1) is algebraic over C(gék’k),gék’k)), and hence over C(t) by Lemma 16.

Let A € QN (0,k). By Lemma 17 the function x +— p**) (zw(t),1) is algebraic over

(25) C (o, g8, o0 (akn (8)/2,1))
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Hence, there exists some non-trivial polynomial P, with coefficients in (25) satisfying
(26) Py (0™ (zdwn (1),1)) = 0

for all z. We multiply P, by an appropriate power of x — 1, so that at least one of its
coefficients does not vanish at x = 1 and none of them has a pole at x = 1. At z = 1,
the relation (26) reduces to a non-trivial polynomial of %% (\w; (t),t) with coefficients in
C(t, g( ) (k k) L 0R) (kew () /2, t)). Since ggk’k), ggk’k) and pFF) (kwy (t)/2,t) are algebraic
over C(t ), thls implies that **)(\wy(t),t) is also algebraic over C(t). This proves the
lemma for *F) (Aw;(t),t). Finally, the result follows as 9,p**) (Aw;(t),t) is algebraic
over the field

kk) (kK
C(g8"™, g8, 0*B) (an (1), 1)) O
Lemma 20. The elliptic functions %) (w,t) and 0,91 (w,t) are algebraic over x.

Proof. Let us recall the classical identity

S
—_

k—1

(27) p(hk) (w + lwy (t)7 t) = p(lJC) (w, t) + Z @(’ak) (&‘Jl (t)7 t)?
/=1

~
I
o

which is obtained as follows. Both sides are (wi(t), kwa(t))-periodic with only potential
poles at w1 (t)Z + kwa(t)Z. The expansion at w = 0 of both sides is w™2 + O(w), proving
that the difference

=N
—_

d(w) ==Y P (w + bwi (t), 1) — pH)( Z o) (Lwy (t), 1)

~
Il
o

has no pole at w = 0. Hence, d(w) is an (w(t), kwa(t))-periodic function with no poles,
so it is constant. Moreover, expanding one term further at w = 0 shows that d(0) = 0,
so d(w) = 0 for all w. This proves (27). We note that (27) can alternatively be deduced
directly from the definition of .

We now use the addition formula (23) of the Weierstrass function

P H) (w, ) + B (Cwr (1), 1) + oH) (w + Lon (8), )

1 (008w, 1) — I (e (1), 1))
TI\T o 0) — g ()5 )

which shows that the sum Ze eFF) (w 4 Lwy (1), t) belongs to

Q(p"H) (w, 1), 0% P (bwy (£), 1), 0up™M (w, 1), 0o ®P (w1 (£),1)) _p -

By Lemmas 18 and 19, this sum is algebraic over x. Furthermore, by Lemma 19 again,
Zlg’:ll ©*F) (0w (t),t) is algebraic over x. Using (27), this allows us to conclude that
©1%) (w, t) is algebraic over x. Finally, by Lemma 15, 9,01 is also algebraic over x. [

Lemma 21. The invariants gél’k) and gél’k) are algebraic over C(t).
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Proof. Combining Lemmas 15 and 20, dgp(l’k) is algebraic over x. Hence, the differential

(1,k)
equation 9200 = 6(p(7)? — %, along with Lemma 20 again implies that gy is

algebraic over x. Finally, using the differential equation

(0o (w,1)) = 40 @, 1) — g5 Vo (w, 1) - g5,

we deduce that gél’k) is algebraic over x too. O

The proof of Theorem 12 is complete.

4.3. A proof of Theorem 4. In this part, we check the assumptions (i), (ii), (iii) and (iv)
of Theorem 10, with k = R = X and f(w,t) = r4(w,t), where we recall that r;(w,t) is
the meromorphic continuation of K (z(w,t),0,t)Q(z(w,t),0,t), see (7). We do it in two
separate lemmas: while the first one (Lemma 23) is specific to the algebraic case considered
in this section, the second one (Lemma 24) will be used and applied exactly in the same
way in the D-finite case analyzed in Section 5.

Before these two lemmas, we prove a general result about principal parts.

Lemma 22. Let k =X and k; = C(t) and recall the definition (14) of X; in terms of k;.
For any function h(w,t) € k, and any b(t) € X;, the function h(w,t) expands as a series
around w = b(t), and all coefficients lie in ky. In particular the principal parts of h(w,t)
lie in ky.

Proof. If b(t) is not a pole of h(w,t), then it suffices to prove that 85h(b(t),t) € ky for
all j. Since b(t) € X, then p(b(t),t) € ks U {oo} and with Proposition 6 we deduce that
2(b(t),t) € ke, so h(b(t),t) € ky. With Lemma 15, for all j, &}h(w,t) is algebraic over x.
Hence, we deduce that 5h(b(t),t) € k; =k for all j.

If now b(t) is a pole of h(w,t), we can use the same reasoning to show that the lemma
holds for 1/h(w, t), which implies that it also holds for h(w, t). This proves our claim, which
in particular proves that the coefficients of the principal parts of h(w,t) lie in k. O

Lemma 23. Let k =X and ky = C(t). The following holds:
(i) Forallt € (0,1), w — ry(w,t) € C(p(lvk’)’awp(hk))'

Lemma 24. Under the same notation of Lemma 23, the following holds:
(ii) The poles bj(t) of w — 14(w,t) belong to X;.
(iii) The coefficients of the principal parts of w — r5(w,t) are in k.
(iv) There exists a(t) € X; such that rz(a(t),t) € k.

To simplify our notation, we will sometimes remove the t-dependency and for instance
write z(w) instead of x(w,t).

Proof of Lemma 23. Condition (i) is equivalent to the statement that r;(w) has w; and
kwo as periods. Indeed, the fact that wy is a period follows from the definition, see (9),
while the fact that kws is a period follows from (20), since we are in the case where the
orbit-sum O, is zero. Il

Proof of Lemma 24. We start with proving Condition (ii). We will heavily rely on a result
derived in [11, Sec. 2.6], asserting that all poles b; of w + 7, (w) are of the form b; = b+4ws,
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for some ¢ € Z and some pole b of either z(w) or by(w) = y(—w)(z(w) — z(w + w3)), see
(12). This follows from the meromorphic continuation procedure (8). We may reformulate
this result by saying that the poles of r, are to be found among the points b; = b + fws,
for some ¢ € Z and b pole of z(w) or y(—w).

Given the definition (14) of X}, Condition (ii) will follow from proving that for any b
pole of z(w) or y(—w) and any ¢ € Z, p1F) (b4 fw3) is either infinite or algebraic over C(t).
The strategy of proof is as follows: we shall first prove the statement for the Weierstrass
function 1Y) then for p1:+),

If b is a pole of z(w), then using the uniformization (Proposition 6), we reach the
conclusion that (1) (b) is algebraic over C(t). If now b is a pole of y(—w), it follows from
the equation K (z(w),y(—w)) = 0 that either b is a pole of x(w) or z(b) is algebraic over
C(t). The uniformization formula implies that 1)) (b) is algebraic or infinite. Using now
the addition formula (23) for 1), we deduce that 1D (b 4 fws) is algebraic as well, or
infinite. Indeed, recall that in the finite group case ws is a rational multiple of wsy, hence
Lemma 19 yields that, if finite, p(11)(fws) and 9,011 (fws) are algebraic functions of t.
Using finally Lemma 20, we immediately conclude that p(l’k)(b + fws) is either infinite or
algebraic over C(t).

We now prove Condition (iii). We start by analysing z(w)y(w) around a pole b(t) of
rz(w,t), as this will relate to a principal part of r, due to (11). By Lemma 22, the
coefficients of the principal parts of x(w)y(w) (at poles b(t)) lie in k;. We now consider the
poles of r; belonging to the domain O (see Lemma 7 for a proper definition of O). In O,
the function r is defined in the following way. Since the series K (x,0)Q(x,0) converges
absolutely when |z| < 1 and 0 < ¢ < 1, and since r,(w) is the meromorphic continuation of
K(z(w),0)Q(z(w),0), the function 7;(w) has no pole when |z(w)| < 1 and w € O. In the
region |y(w)| < 1 and w € O, the functions 7, (w) and —z(w)y(w) have the same poles and
the same principal parts at these poles, as 74 (w) + 7y (w) + 2(w)y(w) — K(0,0)Q(0,0) =0
(see (11)). As a partial conclusion, the coefficients of the principal parts of w — r,(w) at
any pole inside O are algebraic.

Let us now use the fact that the union of all translated domains O + fws, £ € Z covers
the full complex plane, as stated in Lemma 7. Moreover, the following equation holds:
re(w + w3) = ry(w) + by (w), see (8). Accordingly, the poles of r, come from exactly two
sources: first, all points which are poles of b, translated by fws are potential poles of
rz; second, the fws-translations of the primordial poles of r, in the region O represent
potential poles of r, as well. The coefficients of the principal parts being unaffected by the
translations described by the dynamic (8), the proof is complete.

Finally, we show that Condition (iv) holds. Similarly to [11, Lem. 3.11], consider a root
wo = wp(t) of y(wp) = 0. Let us show that we may take the value a(t) = wp. Since o1k) ig
algebraic over x, see Lemma 20, we deduce that either wg is a pole of p(l’k), or p(l’k) (wo)
is algebraic over C(t). So it remains to consider the case where p(1%)(wp) is algebraic over
C(t).

In the proof of [11, Lem. 3.11], it is shown that 7;(wo) + z(wo)y(wo) = 0. Now, by
Proposition 6 and the algebraicity of o1V (wg) over C(t), we deduce that x(wo)y(wo) is
algebraic over C(t). Then r;(wyp) is algebraic over C(¢). This concludes the proof. O
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We are now ready to prove the main result of the section.

Proof of Theorem 4. Recall from the very beginning of Section 4 that we have already
proved that the algebraicity property of Q(x,y,t) implies the zero orbit-sum condition. It
remains to prove the converse statement. To do so, assume that Oy (w,t) = Oy(w,t) =0
for all t € (0,1). By (6), it suffices to show that K(z,0,t)Q(z,0,t) and K(0,y,t)Q(0,y,t)
are algebraic over C(z,t) and C(y,t) respectively. Let us consider K (z,0,t)Q(z,0,t), the
proof for K(0,y,t)Q(0,y,t) is similar. We have seen that K(x,0,t)Q(z,0,t) admits an
analytic continuation r;(w,t) that is (w(t), kwa(t))-periodic. By Theorem 12, Lemma 23
and Lemma 24, we may apply Theorem 10 with k = R = X and f(w,t) = ry(w,t),
and deduce that ry(w,t) is algebraic over X. Then K(z,0,t)Q(z,0,t) is algebraic over
C(x,t). O

5. D-FINITE CASE: A DETOUR VIA WEIERSTRASS ZETA FUNCTIONS

The main result in this section is Theorem 2, which says the following: Assume that
the group of the walk is finite. Then Q(x,y,t) satisfies a (non-trivial) linear differential
equation coefficients in C(z,y,t) in each of its variables.

5.1. Strategy of the proof. The first point is that it is sufficient to prove Theorem 2
for the specialization Q(x,0,t), by similar arguments as in Section 4 (using standard
manipulations on the functional equation (6)). To that purpose, we shall prove a
factorization of the generating function Q(x,0,t) as follows:

(28) K(z,0,t)Q(z,0,t) = Fy(x,t)Fy(x,t) + Fs3(z,t),

and we will successively show that Fy, F» and F3 are D-finite functions in both variables
x and t (concluding thanks to the ring structure of D-finite functions).
To prove (28), our starting point is the lifting r,(w,t) of Q(x,0,t) as introduced in (7),
which we will prove to satisfy the following decomposition:
(29) rw(wvt) = Ox(wvt)¢(w7t) +¢(w7t)7
where
e O,(w,t) is the orbit-sum (21);
o p(w,t) = “;igf)g(w, t)— %C(MQ@) ,t), with ¢ the negative of an anti-derivative of the
Weierstrass function with periods (wi (t), kwa(t)), i.e., Dul(w,t) = —p1F) (w, 1);
e (w,t) is a certain (wq(t), kwa(t))-periodic function.

This decomposition is obtained in [14, Sec. 4] (see also [23, Sec. 9| for unweighted quadrant
walks), based on ideas of [16].

In the zero orbit-sum case (Section 4), the function r4(w,t) = ¥ (w,t) is (w1 (t), kwa(t))-
elliptic by (29); see also (20) and recall that we have ws/way = k/¢, see (19). This strong
periodicity property is no longer satisfied in the non-zero orbit-sum case.

Equation (29) immediately entails the identity (28), where for instance (with obvious
notation) Fy(x(w,t),t) = Oz(w,t), and thus Fj is a pullback of the orbit-sum.

It is crucial to remark that the role and the complexity of the three functions appearing
in (28) is very different. Indeed, the function F} is a simple, explicit function, and we will
easily prove in Lemma 28 that it is algebraic and therefore D-finite. The function F5 is also
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explicit but contained some more difficulties, as it implies the (intrinsically transcendental)
zeta Weierstrass function; it will be proved to be D-finite in Lemma 29 (as a function of
z(w,t) and t). On the other hand, we only have an implicit control on the function Fs,
through the poles of the elliptic function v in (29). Using precise informations on the poles
of various functions as well as Theorem 10, we shall obtain that F3 is D-finite up to some
additive constant, see Lemma 31.

5.2. Preliminary results on D-finiteness. We start with two classical results, which
will be repeatedly used in Section 5.

Lemma 25. Let (k,0) be a differential field and let (R, 0) be a differential ring extension
of (k,0). Then f € R satisfies a linear 0-equation with coefficients in k if and only if the
dimension of the k-vector space Vecty (0" f)nen is finite.

Lemma 26. Let (k,0) be a differential field and let (k,0) be its algebraic closure. Let
(R,0) be a differential ring extension of (k,0). If f € R satisfies a linear 0-equation with
coefficients in k, then it satisfies a linear 0-equation with coefficients in k.

Proof. Lemma 25 admits an elementary proof. Lemma 26 is classical, but let us give a short
proof. As for Lemma 26, assume that f € R satisfies a linear d-equation with coefficients
in k. Let L be a finite field extension of k that contains the coefficients of the differential
equation. By Lemma 25, the dimension of the vector space Vectr (9" f)nen is finite. Since
L|k is finite too, the dimension Vecty (0" f)nen is finite and by Lemma 25, f satisfies a
linear d-equation in coefficients in k. O

5.3. D-finiteness and pullbacks. Recall that the generating function K(x,0,t)Q(x,0,t)
admits a meromorphic lifting 7, (w, t) on the w-complex plane, see (7). Let us first see how
the D-finiteness of an (z,t)-function is related to the D-finiteness of the associated lifted
(w, t)-function.

Proposition 27. Let f(w,t) be a function such that for all t € (0,1), w — f(w,t) is
meromorphic on C. In addition, let a(t) € C(t) and w(t) be such that x(w(t),t) = a(t).
Assume that O, f € X and that t — f(w(t),t) is D-finite over C(t). Then any differentiable
function F(x,t) satisfying f(w,t) = F(x(w,t),t) on some neighbourhood is D-finite in its
two variables over C(x,t).

Proof. Differentiating the identity relating f and F', one finds
(30) Ouf(w,t) = 0px(w, t)0, F(x(w,t),t).

By Lemma 15 (resp. by assumption), the function d,z(w,t) (resp. 0, f(w,t)) belongs to
X. Equation (30) allows us to obtain that 0,F(x,t) is algebraic over C(z,t). Since any
algebraic function is D-finite, see |24, Prop. 2.3|, we reach the conclusion that F(z,t)
satisfies a linear differential equation in its first variable.
We now look at the t-variable. Fix a non-critical point (z., t.) within the neighbourhood

where F'(z,t) is defined and consider the expansion

[e.9] o0

O F(x,t) = (2 — o) (t — to)ai
j=0 k=0
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around this point. Following the discussion preceding [24, Thm 2.7|, we consider the
function

~ . log(1—(z — )\ A (2 — xR i
F(xz,t) == ((z — 2c)0. F (1)) * <— e > = jz::() 2 W(t —te)a;j,

where x denotes the Hadamard product with respect to expansions around (., t.). Since
the Hadamard product of D-finite functions is D-finite, see [24, Thm 2.7|, the function
ﬁ(w,t) is D-finite (in both variables). Moreover, due to the expansion, axﬁ(:c,t) =
9y F(z,t), that is F(z,t) = F(z,t) + A(t) for some function A(¢) not depending on z.
So it suffices to show that A(t) is D-finite.

We now consider a function Fj(z,t) defined in a connected region containing x = a(t)
and satisfying F(z(w,t),t) = f(w,t) for w in a connected region containing w = w(t).
By the meromorphicity of f, the function Fy(x,t) — A(t) and F(z,t) = F(x,t) — A(t) are
sheets of the same multi-valued function. This implies that Fy(z,t) — A(t) is D-finite in
both variables as it satisfies the same linear differential equations as F (z,t). Since D-finite
functions of algebraic functions are necessarily D-finite, see |24, Prop 2.3|, this implies that
Fi(a(t),t) — A(t) is D-finite in t. Moreover, Fy(a(t),t) = f(w(t),t), which is D-finite in
¢ by assumption, so A(t) is also D-finite. Hence F(z,t) = F(x,t) 4+ A(t) is D-finite as
claimed. O

5.4. D-finiteness of the functions Fj, F» and Fj. In this part, we show crucial
preliminary results to the proof of Theorem 2.

Lemma 28. The function O, defined in (18) belongs to X.

Proof. Clearly with (18) we have O, € C(x(w,t),y(w,t),t). We conclude with the fact
that y(w,t) € X, due to the polynomial equation K (x(w,t),y(w,t),t) = 0. O

Let us now consider the pullback of the function ¢ appearing in (29). Write ¢(w,t) =
Fy(x(w,t),t), with

o o) = G0 = R0,

We have the following result:

Lemma 29. The function Fy(x,t) satisfies a linear differential equation with coefficients
in C(xz,t) in each of its variables.

Before embarking into the proof of Lemma 29, we show the following properties of the
Weierstrass zeta function:

Lemma 30. Let ¢ and p denote, respectively, the Weierstrass (-function and p-function
with periods (w1 (t), kwa(t)). We have 0, € X and for a(t) € X, see (14), the functions
a(t) and ((a(t),t) are both D-finite with respect to t.

Proof. We have 0,,((w,t) = —p(w, t), which belongs to X by Theorem 12. We now consider
the t-derivation. Let us see ¢ and g as functions of the invariants

1,k 1,k
g i=gi" and  gy:= gf""
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corresponding to the elliptic curve with periods (w1, kws). By [1, (18.6.19-22)], one has

9 1 2 3
(95 — 2793)0gs0 = ¢' (—2934“ + 49§w> = 993" + 0 + 5929,

9
(95 —2793)ys0 = ¢ (392( - 293w) +6920° — 9930 — g5,

1 1 1 /1 3 9
(95 = 2793)05¢ = ¢ <9ggp + 295) — 5w (29%) + 493> + 79300,

3 1 1 3
(g5 — 2793)0ysC = —3¢ (ggp + 293) + 5@ <993p + 295) + 592(%@,

which may be each rewritten as an equation of the form,

8g.y:aj§+bjw+cj, j:2,3,

J

where aj, b; and ¢; are algebraic over x and y = ( or p. Substituting the equations with
Yy = Ca into at( = (atg2)892C + (87593)8934-, ylEldS

(32) 01¢ = (Org2)az( + (Org2)baw + (0rg2)ca + (Org3)az + (0rg3)bsw + (0rg3)ca.

Note that 0.g; is algebraic in ¢, as the derivative of an algebraic function (Lemma 13), so
we have 9;((w,t) € X + X((w, t) + Xw. By the same analysis, dyp(w,t) € X + X((w, t) + Xw.
Now assume a(t) € X3, and introduce

At = kt + ktC(CL(t), t) + kta(t),

where k; denotes the field of algebraic functions in ¢ (see Section 3). Setting w = a(t)
above yields

atC(a(t)7 t)7 8tp(a(t), t) € At-
We will now show that A; is closed under differentiation by ¢. Note that k; is closed under
differentiation by ¢ and that A; is closed under multiplication by elements of k;, so it
suffices to show that a/(t) € A; and %C(a(t), t) € As. First, recall that by the definition of
X, along with Lemma 20, we have p(a(t),t) € ky, so its derivative with respect to ¢ also
lies in k¢, that is
Owpl(a(t), t)a’(t) + dup(alt),t) € ky.

Combining this with dp(a(t),t) € ky C Ay and 9,p(a(t),t) € ki (from Lemma 20) yields
a'(t) € A. Finally,

(a0, 1) = ~ola(0), 0 (1) + Ac(a(t), 1) € As

Hence A; is closed under differentiation with respect to ¢. Since A; has dimension (at most)
3 as a vector space over ky, this implies that any element f(¢) € A; satisfies a non-trivial
linear differential equation of order at most 3 with coefficients in k;. By Lemma 26, this
implies that f(¢) is D-finite. In particular, a(t) and {(a(t),t) are both D-finite in ¢. O

Proof of Lemma 29. First, we observe that it is enough to prove that each of G(z,t)
and H(z,t) in (31) have the above-mentioned property. Indeed, w;(t) is D-finite by [3,
Lem. 6.10] and so is ¢ ("“T(t), t) by Lemma 30; recall that D-finite functions are stable by
addition and multiplication.
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In order to prove that G(x,t) satisfies a linear differential equation with coefficients

in C(z,t) in each of its variables, we shall apply Proposition 27 with a(t) = :U(wlz(t),t),
which is algebraic by Lemma 19 and Proposition 6. The result then directly follows from
Lemma 30.

We move to the function H(x,t), applying once again Proposition 27. The function
OwH (z(w,t),t) = Jy,w = 1 is obviously in X. Moreover, choosing a(t) = z(0,t), which by
Proposition 6 is algebraic, we find H(a(t),t) = 0. The proof is complete. O

From what precedes, F(z,t)Fs(x,t) is D-finite, hence Q(z,0,t) is D-finite if and only
if K(z,0,t)Q(z,0,t) — Fi(z,t)Fa(x,t) is D-finite. So by (28) and (29), it suffices to show
that the pullback of ¢, namely F3, is D-finite. This is exactly what the following result
aims to achieve, up to an additive constant.

Lemma 31. Let F5(x,t) be the pullback of 1 appearing in (29) and let xy € P1(C) such
that K (z0,0,t) = 0 (noting that K (x,0,t) does not depend ont). Then F3(x,t)— F3(xo,t)
is D-finite.

As in the algebraic case, we will prove the above statement using Theorem 10; we thus
need to have a control on the poles and principal parts of . Lemma 24 already contains
precise properties of the poles and principal parts of ., and we now move to the function
Oz¢. To that purpose, we first consider O, and ¢ separately. Let us recall that the set X;
has been defined above Theorem 10, see (14).

Lemma 32. Let f = O, or f = ¢.
(i) For allt e (0,1), the poles bj(t) of w— f(w,t) belong to X;.
(ii) The coefficients of the expansion of w — f(w,t) around any pole b(t) of Oy or ¢
are D-finite.

Proof. The poles of ¢ form the lattice wi(¢)Z + kws(t)Z, while the poles of O, are of the
form b+{ws, with b a pole of b, (w, t). As we can see in the proof of Lemma 24, b+/fws € X;.
In both cases, this shows the first point (i).

For the second point, O, € x, so the result for f = O, follows from Lemma 22. Consider
now ¢. By Lemma 30, each pole b(t) is D-finite, so by the definition of ¢, it suffices to
prove the same result for ¢(w,t). Note that 0,((w,t) = —p®Y(w,t). By Lemma 22,
the coefficients of the expansion of 1) (w,t) around w = b(t) are algebraic, so the
same holds for the non-constant coefficients of ((w,t). For the constant coefficients, if
b(t) is not a pole of ((w,t) then ((b(¢),t) is D-finite by Lemma 30. If b(¢) is a pole of
C(w,t), then b(t) = mwi(t) + knwa(t) for some integers m,n and the constant coefficient
is 2m((w1(t)/2,t) + 2knC(kw(t)/2,t), which is D-finite. O

Lemma 33. The coefficients of the principal parts of w — Oy (w,t)p(w,t) are D-finite.

Proof. This follows immediately from Lemma 32 (ii). O

Proof of Lemma 31. The poles of ¢¥(w,t) = rp(w,t) — Oy(w,t)p(w,t) belong to X; by
Lemma 32. The principal parts of r,(w,t) are algebraic (and in particular D-finite). By
Lemma 33, the same holds for the principal parts of w +— Oy(w,t)¢(w,t), and hence the
principal parts of ¢ are D-finite and its poles are algebraic.
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Consider now a complex number wy with y(wo,t) = 0 and z(wo,t) = zo. Then
P(w,t) — P(wo,t) vanishes at wy. Following the proof of Theorem 10, the function
admits a decomposition

1/J(Wat) = ¢(w07t) + Z fi(t)wi(wvt)v

where v; € X and f; are D-finite. So F3(z,t) — F3(zp,t) admits a decomposition into sum
and product of D-finite elements, so is D-finite. O

5.5. Conclusion: proof of Theorem 2.

Proof. Let us write

Tz(w7t) - 1/J(W0,t) = w(wvt) - w(w(]vt) + Om(w7t)¢(w7t)'

From what precedes K (z,0,t)Q(z,0,t) — ¥(wo,t) = K(z,0,t)Q(z,0,t) — F3(xo,t) is D-
finite. Then K(x0,0,t)Q(zo,0,t) — F3(xo,t) is D-finite. We have seen in Lemma 24 that
rz(wo, t) = K(x0,0,t)Q(x0,0,t) is algebraic (and therefore D-finite). Then Fj(zg,t) is D-
finite. Since both F3(zo,t) and K(z,0,t)Q(z,0,t) — F3(zo,t) are D-finite, we deduce the
D-finiteness of K (x,0,t)Q(x,0,t). Hence Q(z,0,t) is D-finite. Similarly, the D-finiteness
of Q(0,y,t) follows. We conclude with the functional equation (6). O

6. INFINITE GROUP CASE
It remains to treat the infinite group case, and to provide the proof of Theorem 3.

Proof. Recall from [15, Lem. 8.16] that some € > 0 necessarily exists such that for ¢ € (0, ¢),
Q(z,0,t) ¢ C(z) and Q(0,y,t) ¢ C(y). More generally, Theorem 8.7 in that article shows
that Q(z,y,t) is D-finite in x (or y) for all fixed ¢t € (0,1) if and only if the group is
finite. Recall from Section 2 that if the kernel curve is degenerate (resp. has genus 0),
the generating function is algebraic (resp. algebraic or differentially transcendental) in its
three variables. So let us assume that the kernel defines an elliptic curve.

By [11, Thm 1.1|, the series is 0,-algebraic if and only if it is dy-algebraic, if and only
if it is O;-algebraic. Then, when the series is 0,-transcendental, it is 0y-transcendental
and Os-transcendental. Hence it is not D-finite in each of its variables. Similarly, when
the series is 0 -transcendental (resp. 0;-transcendental), it is not D-finite in each of its
variables. So Theorem 3 holds when the series is differentially transcendental in one of its
variables.

So we can focus on the situation where the series is differentially algebraic in each of its
variables. By (6), it suffices to show that Q(z,0,t) and Q(0,y,t) are not D-finite in each
of their variables. Let us focus on Q(z,0,t), the proof for Q(0,y,t) being similar.

Let us begin by the non-D-finiteness in x. The strategy is heavily inspired by the one
used in [22]. For any value of 0 < ¢ < 1, the function Q(z,0,t) admits a meromorphic
continuation, see (7). Using [18, Prop. 3.9], the continuation of K(z,0,t)Q(x,0,t) admits
the form

re(w,t) = f(z(w,1),t) + g(w, 1),
where f € C(z,t) is a rational function (called decoupling function) and g is o-invariant,
meaning ws-periodic. Since 7, (w,t) and f(z(w,t),t) are wy(t)-periodic, the same holds for
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g(w, t) proving that it is elliptic with the periods wi (t),ws(t). Let F(x,0,t) be the pullback
of g(w,t). To the contrary, assume that we have a D-finite relation

n
(33) > bix, )0LF (2,0,t) =0, b € Cla,t], by #0.

i=0
Fix ¢ty € (0,¢) such that the group is infinite and (¢ — ¢9) does not divide b, (x,t). Recall
that for all 0 < ¢y < ¢, Q(x,0,ty) ¢ C(z) so w — g(w,tp) is not constant. Then g(w, to)
admits at least one pole and since it is ws(tg)-periodic and ws(tg)/ws(to) ¢ Q it admits an
infinite number of poles modulo ws(tp)Z. The pullback F(x,0,%y) is a multivalued function
in x and the set of the projection of the poles forms an infinite set. By the Cauchy-Lipschitz
theorem, the poles of F' must be located at the zeros of by, (z,tp). Since there are an infinite
number of such poles, we find that (t — ty) divides b, (z,ty). A contradiction.

Consider the t-holonomy. To the contrary, assume that we have a D-finite relation

n
(34) > bz, t)0jF(2,0,t) =0, b €Clz,t], by #0.

i=0
Again we fix ty € (0,¢) in the t-plane such that (¢t — ty) does not divide b,(x,t), and
the group is infinite for this value of ¢ (that is ws(to)/wa(to) ¢ Q). We repeat the above
reasoning to deduce that F(x,0,tg) is a multivalued function in x and the projection of the
poles form an infinite set. Moreover, due to the meromorphicity of g(w,t), the differential
equation (34) holds on every sheet of F'(x,0,1).

Since (t — top) does not divide b,(x,t), we may choose one pole z. € C such that
bn(ze,to) # 0, and we may analyse F'(z.,0,t) for ¢ in the vicinity of ¢3. Again by the
Cauchy-Lipschitz theorem, if ¢ — F(x.,0,t) is meromorphic, then the poles of F(x.,0,t)
must be located at the zeros of by, (z, t). Since b, (x.,tg) # 0, we deduce that t — F(z.,0,t)
is not meromorphic and therefore F(x.,0,t) = oo for all ¢. Letting w = b(t) denote the
corresponding pole of g(w,t), this implies that z(b(t),t) is constant, that is, it doesn’t
depend on ¢. Similarly z(b(t) + kws(t),t) is constant for infinitely many integers k, which
implies that z(b(t) + kws(t) + jwa(t),t) is also constant for any integer j.

Now, if zzg; is not constant, we can choose t; near ty such that

W'g,(tl)
WQ(tl)

The function x(b(t) + mkws(t) — mjwa(t),t) is constant for infinitely many integers m,

_J
=-€Q

and these functions are all equal at ¢ = 1, hence these functions are all equal to the same

ws(t2) £ J

w2 (tg) k

constant. Consider three such values mq, mo, mg and consider to # t; so that %

but such that 5 is sufficiently close to t; such that the distinct values z1, zo, z3 defined
by z; = b(t2) + mikws(t2) — m;jwa(te) all lie in the same fundamental domain of x(w,t2).
Then the results above imply that z(z1,t2) = x(z2,t2) = x(z3,t2) = x(b(t1),t1), but
this contradicts the fact that z(w, t2) takes every value exactly twice in each fundamental

domain.

ws(t)
wa(t)
infinite. Now for any a € R, we can choose a sequence (j1,k1), (j2,k2), ... of pairs of

Finally, if is constant, then it is irrational as we have assumed that the group is
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integers such that k,ws(t) — jawa(t) — aws(t) as n — oco. Then
x(b(t) + kpws(t) — jawa(t),t) — x(b(t) + aws(t),t)
for each fixed t. Hence, x(b(t) + aws(t),t) does not depend on ¢, so it only depends on «.
Hence, for t; sufficiently close to tg, we have
x(b(to) + awa(to), to) — x(b(t1) + awa(t1),t1) =0,
for a € R. Since this is a meromorphic function of «, it must be 0 for any a € C, that is
z(b(to) + awa(to), to) = x(b(t1) + awa(t1), t1).

However, this implies that the two sides of this expression, as functions of «, have the
same minimal ratio of periods wi(tp)/wa(to) = wi(t1)/wa(t1). Since this applies for all ¢;
sufficiently close to ¢y, the ratio wi(t)/w2(t) must not depend on ¢. This is a contradiction,
however, as wi(t)/wa(t) — 0 as t — 0. Indeed, using |3, Eq. (6.5)] one has

() KNI
wa(t) K(Vk)

and k — 1 ast — 0, see [22, Eq. (7.26)]. On the other hand, since the kernel is an elliptic
curve, wy(t) # 0, contradicting the fact that w;(t)/w2(t) must not depend on t. O
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