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ARTICLE INFO ABSTRACT

Handling Editor: Prof. R. Leach A measurement campaign was carried out at the Geodetic Observatory Wettzell in order to determine the
reference point of a radio telescope used for Very Long Baseline Interferometry (VLBI) at better than 1 mm. This
point has been determined by measuring the trajectories of targets installed on the telescope, using two com-
mercial total stations, but also a prototype of multilateration system composed of one absolute distance meter
and of four measurement heads. The use of prototypes is always subject to risk, so the produced data must be
carefully checked.

This paper evaluates independently the data from the multilateration system to ensure that they are
compatible with the intended purpose. Despite the unstable position of one of the measurement heads, position
uncertainties between 46 pm and 304 pm were assessed for the targets installed on the radio telescope,
depending on uncertainties of the distance measurements, target visibility, and the positions of the targets
relatively to the heads. These results validate the use of the multilateration system, even if the position mea-
surements of some survey pillars of the local site network have shown larger uncertainties, of several hundred of
micrometres.

At the end, the measurements of the multilateration system have been combined with those of the total sta-
tions, a global network adjustment was performed, and the coordinates of the VLBI reference point were
determined with related standard deviations of 0.06 mm, 0.04 mm, and 0.10 mm for the x, y, and z axes,
respectively.

1. Introduction geodetic techniques, such as VLBI, but also Doppler Orbitography and

Radio positioning Integrated by Satellite (DORIS), Satellite Laser

This contribution presents the results of a measurement campaign
performed at the Geodetic Observatory Wettzell (GOW, in Germany) in
October 2021 for the characterization of the southern twin radio tele-
scope TTW-2 used for Very Long Baseline Interferometry (VLBI). VLBI is
one of the most important space geodetic techniques since it is the only
one realizing the celestial reference system and giving access to the time
scale based on Earth’s rotation (UT1). Moreover, VLBI contributes to the
determination of Earth orientation parameters and global Earth-fixed
geodetic reference frames.

A global geodetic reference frame, like the International Terrestrial
Reference Frame (ITRF), results from the combination of several space
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Ranging (SLR), or Global Navigation Satellite System (GNSS). For
instance, GOW 1is a so-called core-site within the Global Geodetic
Observing System (GGOS) where these different space geodetic tech-
niques are operated. In order to combine them and to define an accurate
global frame, it is essential to know the positions of these different in-
struments relatively to each other. This is called the local ties, i.e. vectors
describing the distances and orientations between the reference points
of the different techniques. Currently, the local ties have to be measured
with an accuracy of 1 mm to meet the future requirements aimed by
GGOS, for instance to have an accurate and stable terrestrial frame to
monitor sea level change caused by climate change [1].
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Whereas the reference points of DORIS beacons and GNSS antennas
can be derived directly from measured reference positions, determining
the VLBI reference point is a challenging task in terms of metrology. The
conventional reference point of a radio telescope used for VLBI is
defined as the orthogonal projection of the elevation axis onto the azi-
muth axis. This point lies inside the telescope structure and can neither
be materialized nor measured by means of direct measurements, and
indirect approaches are required, such as the trajectory measurements of
the telescope antenna.

Usually, the reference point of a radio telescope is determined using
conventional terrestrial geodetic instruments [2-4] such as theodolites,
electronic distance metres and total stations (distance, angle and level-
ling measurements), or space-geodetic techniques such as GNSS [5,6].
Two examples of previous reference point determination based on
terrestrial geodetic observations are presented below.

In Ref. [2], Leinen et al. presents the determination of the centre of
rotation of a 35-m parabolic antenna (Cebreros, Spain). In this experi-
ment, two targets were installed on the structure of a radio telescope,
then their positions were measured by total stations (distances and an-
gles). The observations of these targets for 6 azimuthal positions under a
fixed elevation of the antenna, then 7 elevation positions under a con-
stant azimuth, have allowed to describe the trajectories of the targets,
which are circles in the three-dimensional space. From calculation of
best-fitting circles, the reference point was determined with an accuracy
in the range of 1-3 mm. The authors point out that the results depend
mainly on the survey effort, i.e. the number of targets and positions
measured, and the performance of geodetic instruments. In Ref. [3], Li
et al. determines the centre of rotation of the Shanghai Tianma 65-m
radio telescope. The approach is the same as before, with the measure-
ment of 4 targets by total stations from 4 pillars, and more observations:
11 azimuthal positions under a fixed elevation of the antenna, then 8, 10
and 9 elevation positions under fixed azimuths of, respectively, 120°,
150° and 188°. The coordinates of the reference point were determined
with an accuracy of the order of 1 mm.

The aim of this investigation is the determination of the reference
point of the southern twin radio telescope TTW-2, at better than 1 mm,
with respect to well-defined geodetic markers at GOW. To this end,
Cnam has developed a coordinate measurement system dedicated to
large volume metrology, called Distrimetre. It has been characterized in
a meteorologic way in Refs. [7,8]: it is traceable to the International
System of units (SI) and has demonstrated position accuracies between
10 pm and 45 pm, indoors, for a volume of 5.6 m x 10.3 m x 2.6 m [9].
The purpose of this investigation is to show that this instrument can also
be used outdoors, on much larger volumes with distances of several tens
of meters.

This instrument is based on a multilateration technique. This consists
in measuring the distances that separates four laser sources, called
measurement heads, to optical reflectors, called targets. If the positions
of the heads are known, the coordinates of a target will then be calcu-
lated as the intersection of spheres centered on these heads and of radius
the measured distances. In our case, the positions of the heads are un-
known and determined by a multilateration algorithm with self-
calibration: when a sufficient number of targets is measured, a system
with more equations than unknowns is obtained. It is then possible to
determine simultaneously the coordinates of the four heads and of the
targets. In this case, the coordinate system is defined in an arbitrary way
with, for example, a head that defines the origin O, a second one that
defines the x axis, and a last one that defines the xy plane.

This technique is widely used in indoor industrial applications, for
the calibration of machining tools [10,11], industrial robots [11], or
coordinate measuring machines (CMMs) [12,13], and more generally
for estimating the six-degree-of-freedom pose (position and orientation)
of end effectors and ensuring the traceability of these measurements.
Multilateration can be implemented using commercial instruments, such
as laser tracers [10] and laser trackers (in interferometric mode [12,13]
or in absolute distance meter (ADM) mode [14]), or using the Frequency
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Scanning Interferometry (FSI) technique [15,16]. For large volumes
with distances up to 10 m, typical uncertainty levels are on the order of a
few tens of micrometres. The principle of the multilateration is also
known in Geodesy. For instance, GNSS-based measurement systems use
this principle. However, optical multilateration is less often applied
because the effort is larger (multiple stations versus a single station) in
comparison to classical polar instruments (e.g. total stations), and
because outdoors, i.e. in harsh environments, optical interferometry
becomes ineffective due to atmospheric disturbances. Therefore, the
coordinate measurement system presented in this study is based on an
ADM capable of performing such measurements.

Thus, the distances are determined by an ADM based on the phase
shift measurement of an intensity-modulated light at a wavelength of
1550 nm. This single ADM is connected through a 1 x 4 optical switch
and a network of fibres to the four measurement heads, which act as
aiming systems. These heads can therefore be several tens of meters
apart from each other while measuring the same target, one after
another, as shown in Fig. 1. From these heads, optical beams are prop-
agated through the air up to the target, a hollow corner cube, then re-
flected on it to return to the heads and to be re-injected in the same fibres
as those used for emission. The ADM can thus receive the modulated
lights and determine the distances d from their phase shift ¢ as follows:

1 ¢
dfix <ﬂ+k> X

where c the speed of light in vacuum, n the air group refractive index
through which the optical beam is propagated, fgr is the radio-frequency
(RF) carrier of the intensity-modulated light, 5 GHz in our case, and k an
integer number corresponding to the number of synthetic wavelengths
A = c¢/(nxfgrp) within the distance to be measured. In practice, this
number is determined by a set of measurements at different RF carriers.

The reference point of the radio telescope TTW-2, depicted in Fig. 2,
has been determined measuring optical retroreflectors mounted on the
rotatable antenna for various azimuth and elevation positions. Basically,
the trajectory of these targets allows to model the two rotation axes of
the telescope, i.e. their geometry in three-dimensional space, their non-
orthogonality and their eccentricity. In this way, the reference point can
be determined by an orthogonal projection of the secondary axis onto
the primary axis [17].

During this measurement campaign, the distances measured by the
multilateration system were completed by polar measurements from
commercial total stations in order to increase the number of observa-
tions and to cover a larger area of the local site network at GOW. More
importantly, these additional measurements take into account other
space geodetic techniques and their reference point. However, before
combining all these data together, it was necessary to validate the
measurements made by the multilateration system. To this end, this
paper first deals with the data obtained by the multilateration system
independently.

Thus, in section 2, the positioning of the measurement heads and of
the different targets is presented, then in section 3, all the distance
measurements performed during the 9 days of the campaign are
detailed, with the corrections that have been made and the estimated
uncertainties. An initial analysis based solely on the distance measure-
ments of the multilateration system is then carried out in section 4 in
order to verify the stability of the positions of the measurement heads.
Indeed, the latter must be stable over time to obtain accurate target
positions after data processing. In section 5, a first determination of the
positions of the measured targets is performed by applying a multi-
lateration algorithm with self-calibration that convert distance mea-
surements into three-dimensional target coordinates. The obtained
positions and uncertainties are then analysed to validate the measured
distances, i.e. if they are compatible with the objective of defining the
reference point of the telescope at better than 1 mm.

After this first step, in section 6, the distance measurements made by
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Fig. 1. Photograph of the four measurement heads, named from A to D, aiming the target E set up on pillar 45. On the top left, zoom on the measurement head D, in
the middle, the absolute distance meter, and on the top right, the target E. All these devices were developed in-house.

[ primary axis ]

-l

azimuth
angle

)

reference point

Fig. 2. Photograph of the radio telescope TTW-2 of 13.2 m diameter with its
two rotating axes for azimuth and elevation angles at 90°. The secondary axis is
located approximately 11.5 m from the ground.

the multilateration system are finally combined with polar measure-
ments of two total stations and processed in a new model developed by
FRA-UAS to determine the reference point of the radio telescope TTW-2
in the local site network of GOW.

2. Layout of the multilateration system

The positioning of the measurement heads of the multilateration
system was a challenge because it was necessary both to cover a wide
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range of angular positions of the radio telescope and to ensure that all
the heads can observe simultaneously a maximum of targets. Moreover,
we should always try to be close to one of the optimal arrangements
presented in Ref. [18] to minimize the position uncertainties. In prac-
tice, the measurement heads A, B and C were positioned at ground level,
whereas the head D was placed high up on the roof of a building. Thus,
all the heads were not placed in a same plane, which would have
penalized the multilateration algorithm.

As shown in Fig. 3, the locations of the measurement heads A and D
are remained the same during the 9 days of the measurement campaign.
The heads B and C, initially located to the northwest side of the radio
telescope, were moved to the northeast side at the end of day 7 to
improve the angular coverage of the telescope. We have therefore two
sets of positions for the measurement heads: A, B1, C1 and D, then A, B2,
C2 and D.

The heads C1, D, B2 and C2 have been set up on the concrete pillars
numbered 30, 33, 43 and 28, respectively. The heads A and B1 have
been installed on heavy tripods depicted in Fig. 4. The tripod of head B1
was mounted on 1-m-long piles positioned in the ground in order to have
a high stability, even if it is located on soft soil. The tripod of head A,
located on a more stable soil, was simply set 15 cm into the ground, then
covered with plaster. If cracks had appeared in the plaster, this would
have meant that the tripod had moved during the measurement
campaign, which was not the case.

Each Leica tribrach on which the measurement heads were set up
was levelled every day at the morning using a Leica GZR3 (plummet
accuracy 0.5 mm at 1.5 m, i.e. 1/3 mrad). By this way, the vertical axis
of the instruments was corresponding to the local plumb line. The ad-
justments made from one day to the next for the different pillars and the
heavy tripod used by the head A were very small, which means they
were stable. On the contrary, for the first five days, the level of the
measurement head B1 had to be corrected. The tilt detected by the Leica
GZR3 was up to three bubble increments, i.e. 1 mrad. This shows that the
stability objective of the heavy tripod of head B1 has not been achieved.
The movement of head B1 is probably due to the clamp holders used to
attach the legs of the tripod to the piles: they were improperly mounted.
Thus, the use of heavy tripods with long piles is not to be questioned, on
the contrary this approach is rather adapted to soft soils, it is rather the
way in which they have been mounted that has to be reconsidered. Note
that the heavy tripods should ideally have been installed one week
before the start of the measurement campaign.

In the multilateration system, the targets were hollow corner cubes
mounted on gimbal mechanisms so that they could turn in the direction
of the heads thanks to motors remotely controlled through Wi-Fi. The
first target, named E and depicted in Fig. 5 on the left, is compatible with
the Leica tribrachs and can therefore measure the reference survey
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Fig. 3. Local site network at GOW with the locations of the measurement heads and pillars. The radio telescope TTW-2 is coloured in green, the pillars used in this
experiment are depicted by circles (in blue for the targets and in red for the heads), and the tripods by crosses. (For interpretation of the references to colour in this

figure legend, the reader is referred to the Web version of this article.)

Fig. 4. Photograph of the heavy tripods used by the heads A and B1.

pillars at GOW. Then, as shown in Fig. 5 on the right, four other targets,
named by letters from A to D, were used to measure their trajectories.
These targets, having a different design, were attached to the structure
of the radio telescope by magnetic mounts. They remained in place
during all of the measurement campaign, i.e. 9 days and 8 nights, even
under the rain. The target B has stopped working for a few hours on day
6, and target D has broken down during the night between the days 5
and 6. The last day, the corner cube D has been displaced to a new
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position which did not depend on the elevation orientation of the tele-
scope but was still sensitive to the rotations around the telescope’s az-
imuth axis. From then on, it is named D2 (Fig. 5, on the right). At this
new location, the target D2 could be oriented manually by an operator.
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Target E

Target C

\C)

Target D1

Target A

Fig. 5. Photographs of the target E mounted on the tribrachs on the left, and the ones mounted on the radio telescope (from A to D) in the middle and on the right. A

zoom on the target A is also visible on the photograph of the right.

3. Data set
3.1. Distance measurements

During the 9 days of the measurement campaign at Wettzell, 101
target positions were measured with distances ranging from 12 m to 73
m. Among these positions, 69 have been measured using the four mea-
surement heads simultaneously, 31 have been measured using only
three measurement heads (trilateration), and 1 has been measured using
six measurement heads simultaneously. In this last case, we took
advantage of the move of the heads on day 7 to measure this target from
the locations of A, B1, C1, D, then B2 and C2.

At the end, 68 different targets located on the radio telescope have
been measured, 1 viewed by 6 heads, 43 viewed by 4 heads and 24
viewed by 3 heads only. The different telescope orientations that were
used and the corresponding visibility of the mounted targets are sum-
marized in Table 1.

In parallel, the target E was placed on the reference pillars 15, 28, 30,
43, 44 and 45 to determine their coordinates. This was done several
times during the measurement campaign to ensure the stability of the
multilateration system, by regularly checking that the distances between
fixed pillars and the measurement heads were not changing from day to
day. Furthermore, by using these positions and those of the heads
mounted on other reference pillars, it is possible to adjust the multi-
lateration frame to the reference frame at GOW. The coordinates of the

Table 1

Angular positions of the radio telescope that have been measured, with the
targets viewed by 3 heads in yellow, by 4 heads in green and by 6 heads in blue.
In red, the target D2 measured by 4 heads, and which does not depend on the
elevation axis.

TTW-2 reference point can thus be expressed in the right coordinate
system.

3.2. Distance corrections

The measured distances were corrected for different sources of er-
rors, such as the instrument offsets and the air refractive index through
which the optical beams were propagated.

The instrument offsets (or zero-point offset) are lengths that are
added to the measured distances to compensate for delays in electrical
cables and optical paths. There is one instrument offset per measure-
ment head, named o;. The latter can be determined by the multi-
lateration algorithm with self-calibration. However, in the framework of
this measurement campaign, they have been measured separately
thanks to a laboratory calibration. Uncertainty on these corrections were
estimated to 3.6 pm.

0; = 33.595 mm

0, = 444.348 mm
03 = 106.640 mm
04 = 255.968 mm

(2)

The second parameter to consider when assessing uncertainties is the
air group refractive index through which the optical beams were prop-
agated. It should be properly determined to deduce a geometric distance
from an optical path. It is generally calculated from an update equation
of the Edlén’s formula [19], like Ciddor [20], which depends on the air
temperature, the atmospheric pressure, the partial pressure of water
vapor, and the CO; content. The contributions of all these parameters
are presented in Table 2.

The air temperature is the parameter that contributes the most to the
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Fortunately, with a generally overcast sky during the measurement
campaign, the air temperature was quite stable in time and space. In
fact, the sky was mainly cloudy the first days, with fog in the morning
and intermittent light rains during the day. On day 4, we had a
continuous light rain, with particles of water suspended in air (drizzle).
In the last days, the sky was either partly cloudy or clear, so there was
more sunlight.

The air temperature was measured at the level of each measurement
head at the time of the distance measurements using weather stations
Greisinger GFTB 100. The latter are based on platinum resistors Pt1000.
The manufacturer indicates an uncertainty (type B) of 0.5% + 0.1 °C, i.e.
up to 0.2 °C for the measured temperatures between 4 °C and 16 °C.
These sensors have always been placed in the shade to protect them from
the effects of radiation, such as solar heating outdoors. Therefore, we are
confident in the temperature measurements performed at the level of the
heads. However, the average temperature along an optical path may be
different from that measured at the level of a head. First of all, with a
generally cloudy sky during the measurement campaign, the air tem-
perature was a priori rather stable in space. This is confirmed by the
temperatures measured at the level of the heads A, B1, C1, B2, and C2,
which despite different positions (their difference in altitude can be up
to 2.6 m), present similar temperatures. Thus, if for each day of mea-
surement, we adjust the temperatures measured on all these heads to a
polynomial trend curve (of order 4 or 6 depending on the day), then we
obtain on average residuals of standard deviation of 0.5 °C. Neverthe-
less, vertical temperature gradient may exist. Head D, placed high up on
the roof of a building, shows temperatures with similar trends to those of
the other heads, but with an average temperature higher by about 1°. In
this case, the small difference of 1 °C is probably due to radiations from
the heated building. Finally, we state 0.5 °C of uncertainty for the
temperature measurements, which corresponds to the standard devia-
tion of the residuals obtained between the temperature measurements in
different positions and the fitting of these by a polynomial trend curve.

Besides, the relative humidities, always higher than 46%, were also
measured by the Greisinger GFTB 100 sensors, the atmospheric pres-
sures, between 944 hPa and 956 hPa, were determined by Bosch
BME280 sensors, and the CO5 contents were obtained by a Lutron GC-
2028 sensor. Uncertainties of, respectively, 1.5%, 1 hPa, and 40 ppm
were considered, which correspond to the manufacturer’s specifications
(type B).

Lastly, the distances measured from, or to, the reference survey pil-
lars are also affected by geometric errors. Indeed, the invariant points of
the gimbal mechanisms of the heads and targets do not correspond to the
geodetic markers. The reference coordinates of the local site network are
located vertically above the positions of the pillar screw centers, with
the contact plane between the tribrach and the instrument carrier as
reference height. There are therefore corrections to be made on the
measured distances: corrections for the heights of the measurement
heads and the target E of 188 mm, and corrections in the horizontal
plane called centering errors.

To determine the centering error of a measurement head located on a
survey pillar, the head with its Leica carrier has been mounted on the
permanent tribrach of the pillar with all the possible angular orienta-
tions, i.e. 0°, 120° and 240°. In this way, the distances measured up to a
fixed target are subject to a cyclic error. The latter does not exceed 110
pm in amplitude as depicted in Fig. 6.

The centering errors depicted in Fig. 6 have been measured with a
target located in front of the pillars where the measurement heads were
set up, at the same height and at a typical distance of 1 m. The mea-
surement heads are equipped with angle encoders. Thus, the centering
errors of the heads can be determined has a function of its orientation. At
the end, the following centering error has to be subtracted to the
measured distances:

3

with 0 and ¢ being the azimuth and elevation angles of the

correctioncg = a X cos(¢p — ) X sin(6 — 60y — Ocg o°)
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Fig. 6. Centering errors of the heads C1, D, C2 and B2 located on pillars 30, 33,
28 and 43, respectively. The dots correspond to the relative distances up to a
fixed target, and the curves to the best-fitting sinusoids in the least-
squares sense.

measurement heads, respectively, a and 6y the amplitude and the phase
of the cyclic error measured in Fig. 6, and O¢g ¢- the angle recorded by
the azimuthal encoder during the centering error measurements when
the carrier angle with the tribrach was zero (default position).

For the centering error of the target E when set up on the pillars 15,
28, 43, 44 and 45, distances to this target, using different angular ori-
entations of this target, i.e. 0°, 120° and 240° as previously described,
have been measured by the 4 measurement heads A, B1, C1 and D on day
5. Thus, the corrected positions of these reference pillars were obtained
by averaging of the positions measured for each of these orientations. At
the end, centering errors having amplitudes between 150 pm and 250
pm were found.

It has to be noted that such a measurement was also done with the
target E set up on the pillar 30 using the measurement heads A and D.
However, with only two heads, it was not possible to obtain the position
corrected of the centering error.

3.3. Distance uncertainties

As demonstrated in Ref. [21], the uncertainty contribution of the
telemetric system is equal to 2.1 pm (k = 1) in a controlled environment.
However, the multilateration system was exposed to adverse weather
conditions during this measurement campaign, with dust and rain that
have increased the optical losses and the power fluctuations of the
propagated optical beams. The losses directly affect the uncertainty of
the telemetric system due to one of the most important parameters to
take into account when assessing uncertainties: the crosstalk.

The crosstalk refers to the addition of a spurious signal to the ideal
measurement signal (at the same RF frequency) due to mainly optical
leakages from the emission stages to the reception ones. To evaluate the
signal to crosstalk ratio (SCR), the received RF power level was recorded
for each distance measurement, and the level of noise at our working
frequency was measured at regular intervals. This noise depends on the
measurement head, on the optical attenuation applied before reception
of the signals, and it can vary randomly over time. At the end, the
received RF signal was higher than —12 dBm and the SCR better than 55
dB in 75% of the cases.

From the SCR values, the uncertainty contribution of the crosstalk on
the measured distances was calculated as follows:
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Thus, with a SCR higher than 55 dB, the crosstalk adds an uncer-
tainty contribution lower than 6.1 pm. However, in some rare cases, the
SCR may be less than 40 dB and it will bring an uncertainty higher than
34.4 pm.

The other contributions of the telemetric system are presented in
Table 3. They are due to a random noise, an amplitude-to-phase
coupling at the level of the photodetector, or a possible shift of the RF
modulation frequency locked on a rubidium atomic clock (which is
limited by an aging rate of +1.5 10~° per year). The uncertainties on the
instrument offsets have also been taken into account and estimated to
3.6 pm, which is one of the most important contributions of the system.

As explained previously, the telemetric system measures an optical
distance; and to determine the geometric distance from it, a correction
for the group refractive index of the air has been made. In this case, we
have considered an additional uncertainty contribution of 0.6 pm per
metre mainly due to the 0.5 °C of uncertainty on the measured air
temperatures.

Besides, the measurement heads and targets were not perfectly
machined and assembled as with any mechanical system, which induces
additional sources of error in the geometric distances. The mis-
alignments within the gimbal mechanisms of the four measurement
heads and of target E were modelled and quantified in Ref. [7] to finally
show in Ref. [8] that they contribute to the uncertainty by, respectively
1.4 pm and 3.9 pm. Similar uncertainty contributions were obtained for
the targets A to D.

Finally, considering additive errors for the three contributions, i.e.
the telemetric system, the air refractive index, and the mechanical de-
signs of the measurement heads and targets, the global distance un-
certainties depicted in Fig. 7 are obtained. The uncertainties on the
distance measurements (k = 1) are between 5.6 pm and 43.8 pm, and in
68% of the cases are lower than 20.6 pm.

Fig. 7 describes the performance of the developed multilateration
system. However, there are additional sources of error that have not
been taken into account. First, the uncertainties of the corrections
applied to the measured distances to compensate for the centering errors
of the heads have not been considered. In fact, such corrections have no
impact on the uncertainty of the measured distances since they have to
be considered as corrections on the survey pillar positions that will be
obtained by the multilateration technique. However, this will affect the
adjustment of the pillar coordinates to the local site network at GOW.
Secondly, as previously explained, the measurement heads were levelled
each morning, which has an impact on the positions of the heads. If the
heads are considered fixed for the duration of the campaign, these
levelling errors must be reported on the measured distances. This point
is studied in the next part.

Table 3
Uncertainty budget of the multilateration system.

Parameter Description Value Contribution (k
=1)
1 U gr Modulation frequency frr = 4895 MHz 1.5-107° x L
2 u crosstalk SCR from 60 dB to 3.4 pm-34.4 pm
crosstalk 40 dB
3 Uamy amplitude-to-phase 10 dB power 0.4 pm
PM coupling variations
4 U poise random noise Gy = 0.17 mrad 0.8 pm
5 Uoe instrument offsets formula (2) 3.6 pm
6 up group refractive index Ciddor equation 0.6 pm/m
of the air [20]
7 Uhead mechanical design of see [7] 1.4 pm
the heads
8 U target mechanical design of see [7] 3.9 pm

the targets
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Fig. 7. Distribution of the uncertainties (k = 1) assessed for the

measured distances.

4. Stability of the multilateration system

In order to check the stability of the pillars and tripods on which the
heads of our multilateration system have been mounted, the distances
between these heads and some reference survey pillars at GOW have
been measured for several days in a row. The results for the pillars 28
and 45 are depicted in Fig. 8.

Apart from the measurement head B1, the measured distances were
stable over time with variations between —130 pm and +130 pm. The
related standard deviation equals to 54 pm, a value slightly larger than
the distance uncertainties previously assessed in section 3.c, but which
can be explained by the levelling performed each day. For the head B1, a
significant drift, almost linear, is observed. The measured distances
change up to 1.5 mm over 7 days for this head mounted on a heavy
tripod (Fig. 4), which was clearly not stable. This is confirmed by
measurements of the pillars 43 and 44 made on day 1 and day 5 as
shown in Fig. 9: the maximum distance difference between these two
days when observed by the heads A, C1 and D equal to 530 pm, while for
head B, the difference is up to 1.3 mm for pillar 43.

These results confirm the mechanical instability of the heavy tripod
on which the measurement head B was installed. Therefore, the dis-
tances measured from this head cannot be directly used.

5. Data processing
5.1. Target and measurement head positions

Since the measurement heads are equipped with angle encoders
(resolution of about 400 prad), a first approximation of the target po-
sitions can be performed in a spherical coordinate system, as for a laser
tracker. Thus, in a cartesian system, the coordinates of a target j are:

x; =d;; x sin(e;;) x cos(6;;)

y; = dij x sin(p;;) x sin(6;;) (5)

g = dyj x cos(py)

with d;; being the measured distances, 6;; and ¢;; the azimuth and
elevation angles of the measurement head i when it aims at the target j.

These coordinates, accurate to a few millimetres, are used as initial
values by a multilateration algorithm with self-calibration to determine
the positions Tj of the targets and the positions H; of the measurement
heads using only distance measurements. This algorithm represents a
nonlinear optimization problem where the quadratic sum of the differ-
ences between the squared distances measured by our ADM and the
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Fig. 9. Distance difference between day 1 and day 5 for pillars 43 and 44.

squared distances calculated from the positions provided by algorithm is
minimized:

residual function = Z(di:fz _ HHi _ Tj”z)z

i

©

The unknown variables to determine are the coordinates of the 6
measurement heads and of the 70 targets measured by 4 or 6 heads.
Once these are determined, the coordinates of the targets measured by
only 3 heads are derived, independently, by classical trilateration.

In our case, some target positions T corresponding to pillars Py, with
k equals to 28, 43, 44 or 45, have been measured several times during
the measurement campaign. Thus, in order to improve the multi-
lateration algorithm, the residual function has been updated by adding
the condition that the difference between two positions of a same pillar
measured on different days has to be equal to zero. In the same way,
distances measured with the heads A and D up to the target E set up on
pillar 30 have been added as new constraints. Lastly, when a measure-
ment head was set up on a pillar, the difference between this head and
this pillar has to be equal to zero. Thus, our residual function was
upgraded as follows:
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have been added to the residual function. The first terms of the residual
function are thus divided by the square of the uncertainty on the
measured distances. In addition, to ensure that two positions of the same
pillar measured on different days are equal, or that a measurement head
installed on a pillar has stable coordinates, we have arbitrarily opted for
the last terms of the residual function for a weight much higher than the
other weights with an uncertainty o9 of 0.25 pm, which really constrains
the network.

However, this was not enough to obtain a satisfactory residual in
formula (7) because, as seen previously, the measurement head Bl
moved over time. To resolve this problem, a new position of the head B1
was considered each day for the 4 first days, then a new head B1 for the
days 5, 6 and 7 when its tripod seemed more stable regarding the
levelling carried out at the beginning of each day. Thus, as shown in the
timeline in Fig. 10, ten different measurement heads are now
considered.

Due to a continuous light rain on day 4, only 6 target positions were
measured during that day (of which only 4 were measured by four
heads). Therefore, to compensate for this lack of measurements and help
the algorithm better define the position B14, the curves shown in Fig. 8
were interpolated to add two new points on day 4.

Fig. 11 presents the results after applying the multilateration algo-
rithm with self-calibration. In this figure, the error is the difference
between the distances measured by the telemetric system and the dis-
tances deduced from the multilateration algorithm that provides the
coordinates of the measurement heads and targets. For each target
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Fig. 11. Experimental results of the multilateration with self-calibration. The error is the difference between the distances measured by the telemetric system and the
distances deduced from the coordinates of the measurement heads and targets provided by the multilateration algorithm. The global standard deviation on the error

is 27.4 pm.

position, four errors are calculated, one per head. With errors lower than
120 pm and a standard deviation of 27.4 pm, it can be concluded that the
multilateration algorithm with self-calibration converges well.
Furthermore, the absolute errors are less than 20.1 pm in 68% of the
cases, which is consistent with the distance uncertainties depicted in
Fig. 7.

When the results are analysed in detail, the standard deviations on
the errors are between 18 pm and 23 pm, except for the heads C2 and B1
which have standard deviations of 34 pm and 44 pm, respectively. Such
a result is not surprising for the head B1, which was not stable. For head
C2, this can be explained by the position measurement numbered 65,
which appears to be incorrect. The latter corresponds to a measurement
of the target E located on pillar 44, with long distances between 30 m
and 46 m.

Fig. 11 shows that the measured distances are consistent with each
other, and the related standard deviation of 27.4 pm is close to the un-
certainties presented Fig. 7, even if it is slightly larger. The uncertainty

5.2. Position uncertainties

targets relatively to the measurement heads play an important role. The
optimal configurations to minimize the uncertainties, presented in
Ref. [18], are difficult to approach in practice since this partly depends
on the available survey pillars. Nevertheless, it should be noted that the
chosen configuration is more favourable for the targets mounted on the
radio telescope than those set up on the pillars of the geodetic network.

The determination of the uncertainties on the measured positions is a
complex calculation detailed in the study presented in Ref. [9]. In this
paper, only the results are presented. First, the uncertainties, expressed
as 3 x 3 covariance matrices, can be depicted by ellipsoids. In order to
represent confidence regions of 68% probability, a scaling factor of 1.88
was applied to the eigenvalues of the covariance matrices, which allows
to move from one-dimensional normal error distributions towards tri-
variate error distributions [22]. Fig. 12 shows two examples, one for the

of the temperature measurements, estimated at 0.5 °C in part 3.b, may 200 ~ —HeadA
have been underestimated. To obtain from the uncertainty budget in 150 Target 20
Table 3, 68% of the distances with an uncertainty (k = 1) less than 27.4
pm, the temperature uncertainty should be increased to 0.8 °C. 100
Finally, there is no unexpected error in Fig. 11 (i.e. outliers). If
measurement errors had been made, the multilateration algorithm with 50
self-calibration would not have converged as well. Therefore, it seems —
that the uncertainty budget was well calculated, the operator choices, :E,_ 0
such as defining a new position of head B1 for each new day, are rele- ~
vant, and the weights used in the residual function are correct. -50
This analysis of the errors is a minimum requirement for the vali- il
dati . -100 O(A) =22 um
ation of data from such a measurement campaign, but we can go
further and propagate the uncertainties of the distance measurements to 0(Tyo) =103 pm
three-dimensional positions. -150
-200 - =
-100 \/ 100
0 0

Once the measurement head and target positions were determined,
the uncertainties on these positions were assessed. The latter depend on
the multilateration algorithm through which the measured distances are
transformed into position values. In this process, the positions of the

X (um) y (Hm)

Fig. 12. Example of confidence ellipsoids describing confidence regions of 68%
probability. The x, y and z axes are oriented as depicted in Fig. 3.
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measurement head A and one for the target C measured on day 3 with
the radio telescope at azimuth = —60° and elevation = +90° (position
numbered 20). In the same way as these examples, the position mea-
surements of this campaign have, in most cases, their highest uncer-
tainty mainly oriented along the z axis (i.e. along the vertical
component). This is due to small vertical variations between the heads:
the maximum difference is about 9.2 m between B2 and D, but if we
exclude head D we get only 2.6 m.

For a better comparison of the results, the uncertainties can also be
expressed as a single number as follows:

Orusiini) = /0(0)” +0,(0)” + 0. ®
where i is the position number. In other words, the uncertainty is the
square root of the sum of the diagonal elements of the covariance matrix.

In this case, and as shown in Fig. 13, the uncertainties on the posi-
tions of the measurement heads are always lower than 130 pm, except
for the measurement head B14. This corresponds to the position of head
B1 on day 4, which is not well defined due to the lack of measurements
during this rainy day.

Concerning the targets installed on the radio telescope, their un-
certainties are less than 200 pm when they are determined by multi-
lateration with 4 heads, and as might be expected, the uncertainties are
higher when only 3 heads are used, up to 300 pm. For comparison, the
target position obtained by multilateration with 6 heads, i.e. target C on
day 7, has an uncertainty of 46 um (result not depicted in Fig. 13). These
levels of uncertainty, much better than 1 mm, meet the requirements for
the determination of the reference point of the radio telescope TTW-2.

However, the positions of the target E set up on the survey pillars of
the local site network at GOW have uncertainties of a different order of
magnitude, with values between 0.27 mm and 2.32 mm. This is due to
the not optimal position of these pillars relative to the measurement
heads. In fact, if all the heads are located in the same place, or very close
to each other, the information provided by the four measured distances
will not be much greater than that provided by a single distance, and the
uncertainty in the directions orthogonal to the target-head axis will be
very high. In our case, the top view in Fig. 3 shows that the heads A, B1,
C1 and D (multilateration before day 8) and the heads A, B2, C2 and D
(multilateration after day 7) are within an angle of, respectively, 70° and
130° from the radio telescope point of view, while from the pillar point
of views the heads are within smaller visual fields. Thus, the target E set
up on the survey pillars has higher uncertainties, up to 2.3 mm for the
pillar 15 measured by trilateration on day 5 (19° angle).

Such uncertainties can be problematic for coordinates change from
the multilateration frame to the frame of the local site network at GOW.
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This step is, however, crucial for the determination of the local tie
vectors describing the distances and orientations between the reference
points of the different space geodetic techniques.

This section has highlighted a limitation of the multilateration
technique: for a given configuration of the measurement heads, some
target positions can be measured with an uncertainty better than 200
pm, while other target positions have an uncertainty up to 670 pm (pillar
28) or of several millimetres for trilateration (pillar 15).

5.3. Positions of measurement head B1

In order to verify whether the choice to define a new position of the
head B1 for each new day was relevant, the different positions of this
head obtained by the multilateration algorithm with self-calibration
were plotted in Fig. 14. This head is the one set up on the heavy
tripod moving over time, and it appears that this head moved upwards
about 800 pm along the z axis and sidewards about 1.2 mm along the
negative x axis. The results along the y axis are compatible between
them with error ellipses that overlap: the observed y coordinates stay
within £100 pm. It has to be noted that the observed movement can be
partly explained by the levelling of the tribrach of this head at the
beginning of each day.

For sure, the movement of the heavy tripod of the head B strongly
degrades the performances of the multilateration system. If a new po-
sition of the head B1 had not been considered for each new day, it would
not have been possible to define the coordinates of B1 in an accurate
way.

5.4. Interpoint distances

In order to validate the data from the prototype of the multilateration
system, reproducibility tests were carried out. For instance, the target
positions measured several times during the measurement campaign, on
different days, and under different environmental conditions, or even
with different measurement heads, should have the same target
coordinates.

To check this reproducibility, the positions of the reference pillars
28, 43, 44 and 45, measured over several days, were first compared. For
this purpose, Fig. 15 (on the left) shows for each pillar the evolution of
the distances between the different measured positions and the mean
position. For example, pillar 28 was measured up to day 6 using the 4
heads A, B1, C1 and D, then the last few days using only the 3 heads A, D
and B2. At the end, the observed discrepancies in Fig. 15 are up to 475
pum (peak to valley), which is compatible with the assessed uncertainties
in Fig. 13, between 276 pm for pillar 45 and 680 pm for pillar 28.
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Fig. 13. Uncertainties of the measurement heads, from A to D2, and of the targets measured by 4 or 3 heads.
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Fig. 15. Reproducibility of interpoint distances.

In a similar way, the distances measured between the different tar-
gets mounted on the radio telescope should always be the same for
different orientations of the radio telescope. Fig. 15 (on the right) shows
these interpoint distances. Their variations are within £270 ym with
standard deviations between 89 pm and 170 pm, except for distance AB
which have a higher dispersion with variations up to 1 mm (peak to
valley). No explanation was found for this larger dispersion.

Table 4 summarizes the results of distances measured between the
targets mounted on the radio telescope. Only one value exists for the
distance between the targets B and D, and, thus, the standard deviation
is not calculable.

At the end, the reproducibility of the interpoint distances demon-
strates that the data from the multilateration system are compatible with

Table 4
Distances measured between the targets mounted on the TTW-2 radio telescope
and the corresponding standard deviations.

Interpoint distance Average distance (mm) Standard deviation (pm)

AB 2747.171 458
AC 3990.297 163
AD 2921.945 163
BC 3941.648 127
BD 3338.080 -
CDh 1402.452 89
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the objective of determining the reference point of the radio telescope at
better than 1 mm. This also demonstrates that the positions of the targets
set up on the radio telescope, and attached to the structure by magnetic
systems, were stable over the 9 days of the measurement campaign.

6. Determination of the reference point

The results presented in this contribution highlight the performances
of the Distrimetre instrument. The uncertainties on the distances
measured by the multilateration system are around 21 pm as assessed by
the uncertainty budget (Fig. 7). This was confirmed by the standard
deviations of the difference between the measured distances and the
distances deduced from the coordinates of the measurement heads and
targets provided by the multilateration algorithm (Fig. 11). However,
the uncertainties are greater for the head Bl due to its mechanical
instability, with an observed standard deviation of 44 pm. Besides, for
the targets mounted on the radio telescope, the estimated position un-
certainties and the standard deviations observed of the interpoint dis-
tances are mainly lower than 300 pm. The measurements of the
multilateration system can therefore be used for the determination of the
reference point of the radio telescope TTW-2. However, target positions
of the survey pillars present higher uncertainties, between 270 pm and
2.3 mm.

The measurements were completed by additional measurements
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performed by FRA-UAS using Leica total stations TS50 and TS60. The
total stations have measured the same targets as the multilateration
system, simultaneously with it. These additional measurements help to
compensate for the movement of the measurement head B1 over time,
up to 1.1 mm and 0.7 mm along the x and z axes, respectively, as seen
previously. The polar measurements also help to improve the un-
certainties on the target positions, especially those of the reference
survey pillars. The data set is therefore larger than presented so far, with
more than 2700 distance measurements. In this context, it makes more
sense to treat all the data together in a new model developed by FRA-
UAS.

For the network adjustment, all the distance measurements of the
multilateration system were merged with those of the two Leica total
stations TS50 and TS60, which were used for the survey of the local site
network [23]. Similar strategies were used to process the data, as
assigning a new position of the head B1 each new day to compensate the
movement of its tripod. The sets of distances of the three instruments
were introduced into the network adjustment with different weights:
distance uncertainties of about 0.3 mm were set for the two total sta-
tions, and 0.1 mm for the multilateration system. These values are
derived from variance component estimation [24]. For this purpose,
groups of observations were formed depending on the observation type
(distance or angle) and measurement instrument. Then, the variance
components of these observation groups were estimated. In our case, the
stochastic model was iteratively adapted until the estimated variance

components were close to the expectation value E{5>} = 1. In the final
adjustment, the variance components of the sets confirming the as-

sumptions of the stochastic model are 62, = 0.8 and G2, = 0.6 for

the two total stations, and 63,, = 0.7 for Distrimetre, the name given to
the multilateration system. The results clearly indicate the superiority of
the multilateration measurement system, which is at least three times
better than a conventional total station for the telemetric unit.

The target positions extracted from this network adjustment, which
combines all the measurement systems into a consistent network, were
then used for the derivation of the VLBI reference point. To this end, a
modified transformation approach derived by Losler et al. [25] was
applied to obtain the orthogonal projection of the elevation axis onto the
azimuth axis. The conventional reference point of the radio telescope
results from a transformation between a telescope-fixed reference frame
and the Earth-fixed reference frame realized by the stable survey pillars
of the local site network. The basic equation is:

P = Pire + Ry (B)R, (@)R ()R, (7) (€r0 + Re(wr)p; ) ©)

where p; is a certain position defined in the telescope-fixed frame and
P; is the corresponding position in the Earth-fixed frame observed in a
specific telescope orientation given by the azimuth angle x; and eleva-
tion angle wg. @ and B compensate the tilt between the azimuth axis of
the telescope and the z axis of the reference frame, y and e,o parame-
terize the non-orthogonality and the offset between both telescope axes,
and Ppp is the position of the reference point. Matrices R are basic
rotation matrices. For a detailed description, the reader can refer to the
contributions [25,26].

At the end, the positions P;; cover the full azimuthal working range
of 360° and almost the entire working range of the elevation angle.
Treating these positions as observations, the reference point of the TTW-
2 was determined by means of least-squares adjustment. The fully
populated variance-covariance matrix of the positions serves as sto-

Table 5

Estimated reference point coordinates as well as related standard deviations.
component value (mm) o (mm)
X 98 132.3 0.06
y —156 095.8 0.04
z 15 374.3 0.10
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chastic model within the adjustment. Table 5 summarizes the estimated
reference position and the related standard deviations. As previously
seen, a larger uncertainty is obtained along the 2z axis.

The Global Geodetic Observing System aims for an accuracy of 1 mm
for the reference points, which is reached by the described analysis
procedure. In order to evaluate the benefit of the Distrimetre, the co-
ordinates of the TTW-2 reference point were derived separately from the
observed positions of the Distrimetre. This data set consists of only 10%
of the full data set. The estimated reference point deviates in x, y, and 2
by 0.0 mm, —0.1 mm, and 0.2 mm, respectively. These small differences
are insignificant compared to the derived uncertainties. In summary,
reference points can be efficiently obtained from a small but precise data
set, as improved instrumentation reduces both measurement effort and
radio telescope downtime during the measurement campaign.

7. Conclusion

The determination of the reference points of space geodetic tech-
niques, such as GNSS, SLR, VLBI, DORIS, is essential for the combination
of these different techniques and for the realization of a global Earth-
fixed geodetic reference system. The future requirements, e.g. sea
level monitoring, require to know these points with an accuracy better
than 1 mm.

We have developed an absolute distance meter to measure the dis-
tances that separate targets from 4 heads. This multilateration system,
traceable to the SI, has been carefully optimized and characterized in a
metrological way. In this investigation, this system has been deployed
outdoors for multilateration measurements with distances up to 73 m in
order to determine the reference point of a VLBI radio telescope at the
Geodetic Observatory Wettzell.

An uncertainty budget was first established for the distances
measured by the multilateration system. The uncertainties were around
21 pm with a maximum value of 44 pm for a distance of 73 m. However,
it was shown that the position of head B1 drifted over time due to a
mechanical instability of the tripod on which it was installed. The
strategy to solve this was to define a new position of this head at each
new day.

Then, a multilateration algorithm with self-calibration was applied
on the measured distances, and thus the positions of the measurement
heads and targets were determined, as well as their uncertainty. The
difference between the distances measured by the telemetric system and
those deduced from the coordinates provided by the multilateration
algorithm yields a standard deviation of 27 pm. This standard deviation
is slightly larger than expected because of the mechanical instability of
the head B1: if we only study the results concerning this head, a standard
deviation of 44 pm is obtained. The standard deviations for the other
heads are compatible with the uncertainties previously determined.

The analysis of the uncertainties of the three-dimensional positions
revealed a weakness in the configuration of the measurement head po-
sitions, with a larger uncertainty along the z axis as a consequence.
Despite this, the magnitudes of the uncertainties for the targets set up on
the radio telescope were compatible with our objective, i.e. defining the
reference point of the telescope to better than 1 mm. In contrast, the
positions of the survey pillars had large uncertainties, between 0.27 mm
and 2.32 mm due to the unfavourable geometrical configuration. These
positions are crucial for the knowledge of the VLBI reference point in the
frame of the local site network at GOW, and, thus, of the local tie vectors
describing the distances and orientations between the reference points
of the hosted space geodetic techniques.

The use of a prototype instrument for the determination of the VLBI
reference point involves risks. Thus, during this measurement campaign,
two commercial total stations, which are well-proven instruments, have
also been used to complete the multilateration measurements. At the
end, a global network adjustment was performed combining the three
instruments, and the reference point of the radio telescope was extrac-
ted. The estimated coordinates of the reference point show standard
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deviations between 0.04 mm and 0.10 mm. Thus, the global objective
aimed by GGOS was achieved with coordinates at least one order of
magnitude more accurate than expected.

In addition, we have demonstrated that the developed prototype of
multilateration system can be used outdoors, over distances up to 73 m,
and with a significant lower uncertainty than commercial total stations.
Nevertheless, the obtained results could have been better with a me-
chanically more stable head B1 and a more optimal head arrangement.
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