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Oscillation threshold of a Raman clarinet with
localized nonlinear losses at the open end

Nathan Szwarcberg,1, 2, a Tom Colinot,1 Christophe Vergez,2 and Michaël Jousserand1
1Buffet Crampon, 5 Rue Maurice Berteaux, 78711 Mantes-la-Ville, France
2Aix Marseille Univ, CNRS, Centrale Med, LMA, Marseille, France

Localized nonlinear losses are taken into account in a simple Raman clarinet model. The
complete system is expressed as an iterated map, enabling to study the stability of the
different playing regimes. A parametric study is carried out with respect to three major pa-
rameters: blowing pressure, embouchure and nonlinear losses coefficient. The model exhibits
the well-known effect of reducing the maximum blowing pressure until the oscillations stop
(extinction threshold) when nonlinear losses increase. Furthermore, the stability analysis
also shows that increasing nonlinear losses increases the minimal blowing pressure for which
the oscillations start (oscillation threshold).
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I. INTRODUCTION

The Raman model can be considered as one of the
simplest physical models of clarinet1. It is composed of a
reed which behaves as an idealized spring with no other
dynamics, and of a passive resonator characterized by
its reflection function. Viscothermal losses are neglected
or reduced to a constant coefficient2 independent from
the frequency. The motion of the reed is coupled to the
response of the resonator through the nonlinear charac-
teristic of the flow crossing the reed channel3, enabling
the system to produce self-sustained oscillations.

In spite of its simplicity, the Raman clarinet model
is useful in that in can provide valuable insights on the
behavior of a real instrument. The model predicts exper-
imental results on the position and nature of the oscilla-
tion and extinction thresholds4–6, which are the minimal
and maximal blowing pressures enabling self-sustained
oscillations. Moreover, when the blowing pressure is in-
creased linearly in time, experimental and numerical re-
sults both highlight a delay in the onset of the oscilla-
tion threshold7 . This delay indicates a sensitivity of the
system to dynamic bifurcations8. Finally, the influence
of localized nonlinear losses at the end of the resonator
on the extinction threshold has been demonstrated by a
comparison between experiments and simulations with a
modified Raman model4,6.

Although the influence of localized nonlinear losses
on the dynamic behavior of the clarinet is documented
for very high blowing pressure4,6,9, their influence over
the global range of control parameters is less well known.
Keefe (1983)10 points out that it is more difficult for a
clarinetist to maintain a stable oscillating regime when
the contribution of localized nonlinear losses in a tone
hole is higher. This observation invites us to study the
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stability of a simple modified Raman model made of a
cylindrical tube with localized nonlinear losses at the
open end.

The complete model accounting for nonlinear losses
located at the open end of the tube is defined in section II.
The system is studied as an iterated map2,11. Thus, the
stability of the different regimes can be easily computed
with respect to the blowing pressure, the embouchure pa-
rameter and the nonlinear losses coefficient. The method
to study the stability of the different regimes is recalled
in section III. The influence of localized nonlinear losses
on the stability of the equilibrium and on the two-state
regime is studied in section IV. Other long-period regimes
are also investigated. Finally, in section V, the influ-
ence of localized nonlinear losses on the dynamics of the
clarinet is compared with that of linear losses. Possible
implications for the musician are discussed.

II. MODEL

A cylindrical tube is considered of length L, radius
a and cross-section S. The characteristic impedance of
plane waves in the tube is Zc = ρ0c0/S, where ρ0 =
1.23 kg·m−3 is the density of air, and c0 = 343 m·s−1

is the speed of sound in the air. The position along the
main axis of the tube is indicated by x ∈ [0, L].

A. Resonator

The acoustic pressure p(x, t) is defined as the sum of
a traveling wave p+(x, t) and a regressive wave p−(x, t):

p(x, t) = p+(x, t) + p−(x, t). (1)

The acoustic velocity v(x, t) is defined from p+ and p−

as
ρ0c0v(x, t) = p+(x, t)− p−(x, t). (2)

The acoustic flow u is also defined so that u = Sv.
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In the Raman model, viscothermal losses do not de-
pend on the frequency2. Thus in the time domain, the
transmission line along the tube is given by

{
p+(L, t) = λp+(0, t− L/c0)

λp−(L, t− L/c0) = p−(0, t),
(3)

where λ ∈ [0, 1]. It can be shown that in the Raman
model, increasing the dissipation due to radiation at the
open end of the tube is equivalent to reducing λ: losses
due to propagation and localized linear losses due to ra-
diation are indistinguishable.

B. Boundary condition for the localized nonlinear losses

In this section, for reading comfort, p+(L, t) and
p−(L, t) are written as p+ and p−. The same applies
for p and v.

Localized nonlinear losses are related to the dissipa-
tion of the turbulent flow at the exit of the tube, which
can take the form of vortices for high acoustic velocities12.
They are accounted for through the following relationship
at x = L, assuming a quasi-stationary flow6,13,14:

p = ρ0Cnl v|v|, (4)

where Cnl ≥ 0 is a dimensionless constant which charac-
terizes the vena-contracta of the jet. Its value increases
when the sharpness of the edges at the open end of the
tube increases. Moreover, it does not depend on the di-
ameter of the tube15. Theoretically, the maximum value
of the nonlinear losses coefficient is Cnl = 0.5 (often writ-
ten cd = 4·Cnl = 2) for a monochromatic wave. This the-
oretical boundary applies to an unflanged tube with thin
walls and sharp edges16. However, Atig et al. (2004)6 and
Dalmont and Frappé (2007)4 find a best fit on experimen-
tal results for Cnl = 0.7 (cd = 2.8), for a clarinet with an
unflanged termination with sharp edges. As explained
by Dalmont and Frappé (2007)4, this overestimation can
first be due to the nature of the acoustic field in the clar-
inet which is significantly different from a sine wave, and
also to the fact that in the Raman model, linear losses
are underestimated for higher frequencies.

To suit the reflection function formalism, the bound-
ary condition (4) has to be rewritten by an explicit re-
lationship between p− and p+. An elegant method to
solve this problem is proposed by Monteghetti (2018,
Chap. 2.4.2)17. In the present article, another and more
straightforward method is employed by substituting di-
rectly p+ and p− in Eq. (4) through Eqs. (1) and (2).
Two quadratic polynomials in p− are obtained after this
substitution:

(p−)2 −
(
2p+ +K−1

)
p− +

(
p+ −K−1

)
p+ = 0 if p+ ≥ p−,

(p−)2 −
(
2p+ −K−1

)
p− +

(
p+ +K−1

)
p+ = 0 if p+ ≤ p−,

where K = Cnl/(ρ0c
2
0). The solution of each of these two

equations in p− is:

p− = p+ +
1

2K

(
1−

√
1 + 8Kp+

)
if p+ ≥ 0,

p− = p+ +
1

2K

(
−1 +

√
1− 8Kp+

)
if p+ ≤ 0.

By combining the two conditions on p+, the following
expression is obtained for the reflection at the open end:

p− = p+ +
1

2K

p+

|p+|

(
1−

√
1 + 8K|p+|

)
.

After a bit of algebra, the following expression is finally
obtained:

p− = p+

(
1− 4

1 +
√
1 +KL|p+|

)
, (5)

with KL = 8Cnl/(ρ0c
2
0). The reflection function at x = 0

is deduced by substitution of Eq. (3) in Eq. (5):

p−(0, t) = rnl[p
+(0, t− τ)], where (6)

rnl(ξ) = λ2ξ ·

(
1− 4

1 +
√

1 +K0|ξ|

)
, (7)

with K0 = λKL and τ = 2L/c0. It can be checked that
the reflection function is passive, i.e for all t > 0 and
ξ ∈ R: ∫ t

−∞
|[rnl(ξ)](t)|2 dt ≤

∫ t

−∞
|ξ(t)|2 dt.

The reflection function (under its dimensionless
form) is represented on Figure 1 for different values of
K0 ∈ [0,∞]. Increasing nonlinear losses results in a con-
tinuous transformation from the boundary condition of
an open tube (in blue) to that of a closed tube (in red).
This transformation is symmetrical with respect to the
point (0, 0).

Note that the computation of the reflection function
leads to a different result from Eq. (22) of Atig et al.
(2004)6. It can be checked that the expression from Atig
et al. (2004)6 is derived from Eq. (5) by expanding p+ to
the first order around zero.

C. Nonlinear characteristic and complete model

The flow entering the bore through the reed channel
is given by the well-known nonlinear characteristic11:

û(t) = ζ[p̂(t)− γ + 1]+ sgn[γ − p̂(t)]
√
|γ − p̂(t)|, (8)

where [ξ]+ = ξ · Heaviside(ξ), γ > 0 is the dimensionless
blowing pressure, and ζ ∈ [0, 1]11 is the embouchure pa-
rameter. The dimensionless input pressure and flow are
noted p̂(t) = p(0, t)/PM and û(t) = u(0, t)Zc/PM , where
PM ∈ [4, 8.5] kPa4,6 is the minimal reed closing pressure.
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FIG. 1. Evolution of the shape of r̂nl when increasing K̂0

(values are displayed on the figure), with λ =
√
0.95.

The expression of the nonlinear characteristic (8) as
an explicit relationship between p+ and p− can be found
in Taillard et al. (2010, Appendix A)11 by setting:

X = γ − p̂ = γ − p̂+ − p̂−

Y = û+X = γ − 2p̂−.

The nonlinear characteristic can be written as follows:

Y = X if X > 1;

Y = X + ζ(1−X)
√
X if 0 < X < 1;

Y = X − ζ(1−X)
√
−X if X < 0.

The inverse function X(Y ) = Y −1(X) is determined by
the same authors. From the definition of X, one can
write:

p̂+(t) = γ −X(Y )− p̂−(t).

By substitution of rnl [Eq. (7)] in p̂−(t), the complete
system is summarized in the following expression:

p̂+(t) = f
(
p̂+(t− τ)

)
, where (9)

f(ξ) = γ −X (γ − 2r̂nl (ξ))− r̂nl (ξ) and (10)

r̂nl(ξ) = λ2ξ ·

1− 4

1 +

√
1 + K̂0|ξ|

 , (11)

with K̂0 = PMK0. These formulas could be used in a
delay-line formalism similar to Guillemain and Terroir
(2006)18. In the following, Eq. (9) is written as an iter-
ated function: p̂+n+1 = f(p̂+n ), with a time increment of
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FIG. 2. Evolution of f when increasing K̂0 (values are dis-

played on the figure), with λ =
√
0.95, γ = 0.4 and ζ = 0.5.

τ . In the following, for conciseness, p̂+n is denoted as xn

so that f(xn) = xn+1.
The iterated function is represented on Figure 2, for

λ =
√
0.95, γ = 0.4, ζ = 0.5 and increasing values of

K̂0 from the open tube (K̂0 = 0) to the closed tube

(K̂0 → +∞) boundary conditions. All curves cross the
point (0, f(0)) since r̂nl(0) = 0. Moreover, the curves for

K̂0 = 0 and K̂0 = +∞ are symmetrical with respect to
the axis ξ = 0, since r̂nl(ξ) for K̂0 = 0 is equal to r̂nl(−ξ)

for K̂0 = +∞.
According to the experimental results from Atig et al.

(2004)6 and Dalmont and Frappé (2007)4, the maximum
value of the localized nonlinear losses coefficient would
be K̂0 = 0.325, for Cnl = 0.7, PM = 8.5 kPa and λ =√
0.95. The motivation to study values of K̂0 that are

far higher than observed experimental results is in line
with the very simple formalism of the iterated functions,
which calls for an exhaustive study of the space of the
control parameters. Furthermore, exploring the behavior
of the clarinet for very high values of K̂0 is meaningful
when nonlinear losses are localized in the side holes of a
woodwind. As stated in Chapter 8.4.5.2 of Chaigne and
Kergomard (2016)1: “if the, even real, impedance of a
side hole, increases notably, it may eventually act as a
closed end for the hole!”

III. METHODS

The properties of the iterated function are thor-
oughly described by Taillard et al. (2010)11. A few no-
tions are recalled here to study the stability of the differ-
ent regimes.
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Function f is an iterated function, meaning that

xn+k = (f ◦ f ◦ ... ◦ f)︸ ︷︷ ︸
k∈N∗

(xn) = f (k)(xn).

For a given set of control parameters (γ, ζ, K̂0, λ), a fixed
point x∗ of f is considered, so that

f(x∗) = x∗.

From the practical point of view, f is sampled over a
vector x with Nx values xi linearly spaced within the
range xi ∈ [−γ − 0.1, γ +0.1] (the boundaries are chosen
empirically to ensure that all fixed points are found for all
values of the control parameters considered). The fixed
point x∗ is computed by linear interpolation of the zero-
crossing of f(x)−x. The choice of linear interpolation is
preferred since the iterates f (k) have many discontinuities
on their derivatives. The fixed point is stable if

|f ′(x∗)| < 1,

where f ′ = ∂xf . Furthermore, if x∗
k is a fixed point of

f (k), then it is also a fixed point for every iterate f (nk)

with n ∈ N∗. If x∗
k is stable (resp. unstable) for the iterate

f (k), then it is also stable (resp. unstable) for every higher
iterates f (nk). In this study, the stability of the following
regimes is considered.

1. The equilibrium (non-oscillating state, denoted R1)
associated to a fixed point x∗

1 of f , which is stable
if x∗

1 is stable with respect to f .

2. The two-state (or quarter-wavelength) regime, de-
noted R2, which is stable if two fixed points x∗

2 of
f (2) that are different from x∗

1 are stable with re-
spect to f (2). An example is shown on the first row
of Suppl. Fig. 1.

3. The long-period regime (Rn), which is stable if n
fixed points x∗

n of f (n) are stable with respect to
f (n) and are different from the fixed points of f (k),
where k are divisors of n. In this article, only the
regimes R3, R4, R6 and R8 are studied. Examples
of three-state and four-state regimes are provided
on the second and third row of Suppl. Fig. 1.

To compute the stability of the different regimes of inter-
est, the control parameters space (γ, ζ, K̂0, λ) is meshed
on a regular grid. The ranges of the parameters and their
associated step sizes are given in Table I. For the simula-
tions leading to the results presented in sections IV and
VA2, the linear losses parameter is fixed at λ =

√
0.95

to reduce the problem to three dimensions and simplify
the representation of the results. The value of λ is cho-
sen to be consistent with Taillard et al. (2010)11. For a
detailed study about the sensitivity of the Raman model
to λ, see Taillard and Kergomard (2015)19 and section
VA1.

For every set of control parameters, the fixed points
of f, f (2) and f (n) are computed. The stability of the
corresponding regimes is then determined.

TABLE I. Ranges and step sizes of the control parameters

used in the simulations.

Parameter Min Max Step size

γ 0 5 10−3

ζ 0.01 0.99 5 · 10−3

λ 0.1 1 5 · 10−3

K̂0 0 100 5 · 10−2

IV. RESULTS

A. Oscillation threshold

The region in which the equilibrium R1 is stable is
represented in the (γ, ζ, K̂0) space on Figure 3. Dif-
ferent views and cross-sections are given in the Sup-
plementary Figure 2. When K̂0 = 0, the well-known
oscillation threshold curve is recognized in the (γ, ζ)
hyperplane4,20. The threshold γosc↘ at which the oscilla-
tions start when decreasing the blowing pressure from a
reed blocked against the mouthpiece (sometimes named

“inverse threshold”4) is also visible at γ = 1. When K̂0

increases, the oscillation threshold (noted γosc↗) shifts
to higher values of γ while the inverse threshold stays
at γ = 1. The three cuts represented by dashed lines
show that for K̂0 = {1, 5, 10}, the average oscillation
threshold (computed for ζ > 0.2) is respectively at

γ ≈ {0.40, 0.60, 0.73}. When K̂0 > 34, the region of
stability of R1 begins to extend also along the ζ dimen-
sion. Finally, when K̂0 → +∞, the equilibrium is stable
everywhere in the (γ, ζ) space for γ < 1.

B. Extinction threshold and stability of the two-state regime

above γ = 1

The stability region of the two-state regime R2 is
represented on Figure 4, in the (γ, ζ) plane, for 0 ≤ K̂0 ≤
2. This Figure is also represented in terms of measurable
variables (blowing pressure, height of the reed at rest)
in Suppl. Fig. 3. Above γ = 1, nonlinear losses greatly
reduce the stability of R2, especially for high values of ζ.
This effect is known and has been proven by numerical
and experimental comparisons4,6. When K̂0 → ∞, R2 is
unstable everywhere in the (γ, ζ) space.

Furthermore, the effect of localized nonlinear losses
on the extinction threshold is much more important
than their effect on the oscillation threshold. For K̂0 =
{0, 0.325} the oscillation threshold for ζ = 0.3 is located
respectively at γosc↗ = {0.378, 0.393}, amounting to an
increase of 4.0 %. In comparison, the value of the extinc-
tion threshold of R2 decreases by 40 % for the same set of
control parameters. The effect of nonlinear losses is then
ten times more important on the extinction threshold
than on the oscillation threshold. This scale discrepancy
can explain why the influence of localized nonlinear losses
located at the open end of a tube is not mentioned in pre-
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FIG. 3. Limit of stability of R1 (in black) and Rn (n > 2,

in blue) in the (γ, ζ, K̂0) space, for λ =
√
0.95. The non-

oscillating state is stable outside the volume delimited by

the black surface, and unstable inside. The three dashed-

line curves are horizontal cuts at K̂0 = {1, 5, 10}. The two

dotted-line curves are horizontal cuts at K̂0 = {35, 70}. The

long-period regimes are unstable outside the volume delim-

ited by the blue surface. Other views and cross-sections are

shown in the Supplementary Figure 2.

vious studies4,9,21–23. In addition, in these studies, the
difference in the onset of the oscillations might be masked
by the bifurcation delay induced by the time-variation of
γ7,8.

Finally, the presence of a small region around γ ≈ 0.5
where the two-state regime is unstable can be noted. As
shown on the right panel of Figure 4, when K̂0 increases
from 0 to 2, the area where R2 is unstable shrinks to-
wards high values of ζ. For K̂0 = 0, a chaotic behavior
exists around γ ≈ 0.45 for high values of ζ11. In the case
of K̂0 = 2, stable four-state and eight-state regimes are
found.

C. Long-period regimes

Regimes that are stable in either R3, R4, R6 and
R8 are indicated by the volumes delimited by the blue
surfaces on Figure 3. When K̂0 = 0, stable long-period
regimes exist around γ = 0.5, as also shown on Figure 4.
They progressively disappear when K̂0 increases slightly.
This reduction may contribute to the fact that period-
doubling regimes (R4) are seldom observed on the clar-
inet. Note, however, that for ζ < 0.4 (a typical value for
the clarinet4) there are no existing long-period regimes

for K̂0 = 0 and λ =
√
0.95, as shown on the detailed view

of Figure 4.

From K̂0 = 9 and above, long-period regimes reap-
pear for very high values of ζ, in a thin band of γ near the
oscillation threshold. This band expands towards lower
values of ζ as K̂0 increases. Above K̂0 = 34, Rn be-
comes multistable with the equilibrium R1: for a same
set of control parameters, R1 and a long-period regime
coexist and are both stable. Further computations show
that above K̂0 = 100, this multistability zone expands
towards lower values of ζ, as the band of γ becomes nar-
rower and closer to γ = 1. For example, at K̂0 = 500,
for γ = 0.993, the equilibrium is the only existing regime
∀ζ < 1. For γ = 0.994, a stable two-state regime emerges
at ζ = 0.12, and for γ = 0.995, a stable four-state regime
appears at ζ = 0.64. No stable oscillating regime is found
for K̂0 → ∞ and γ < 1.

V. DISCUSSION

A. Comparison between linear and localized nonlinear losses

To better understand the influence of localized non-
linear losses on the dynamic behavior of a Raman clar-
inet, a parallel study between linear losses (λ) and non-

linear losses (K̂0) is carried out.

1. Linear losses

With regard to linear losses, an insightful result
is presented in Figure 5 of Taillard and Kergomard
(2015)19. This Figure describes the nature of the play-
ing regimes and the type of the bifurcation at the on-
set of the oscillations, for an increasing blowing pressure
(γosc↗) and a decreasing blowing pressure from γ > 1
(γosc↘). This description is made in the plane (µ, ζ),
where µ = (1− λ2)/(1 + λ2).

The results from Taillard and Kergomard (2015)19

are reproduced on Figure 5 with the method presented
in Section III, for K̂0 = 0 and the values of γ, ζ, λ writ-
ten in Table I. The different colors in the (λ, ζ) plane
describe the dynamic behavior of the clarinet (the x-axis
is inverted). Four points A, B, C, D are added to Figure
5 to describe the different playing scenarios at γosc↗ and
γosc↘. In the detail figures at the bottom right corner,
the equilibrium R1 is represented in black/gray (resp. sta-
ble/unstable), and the two-state regime R2 is represented
in red/light red (resp. stable/unstable.).

In the white region in the bottom-right half of the
plane, no sound can be played, for all values of γ. For low
values of λ (points C and D), the green region points out
that the bifurcation at γosc↗ is inverse: the musician can
not shift continuously from silence to pianissimo, which
can be considered as a drawback. Outside the green re-
gion, the bifurcation at γosc↗ is direct (i.e. this continu-
ous shift is possible, as it can be seen for points A and
B). The blue and red regions describe the type of the
bifurcation at γosc↘. In the red region, the bifurcation is
inverse (points A and C). In the blue region, it is direct
(points B and D), which also means that no sound can
be played for γ > 1. In the section 7.3 of Taillard and
Kergomard (2015)19, the authors explain that a direct

J. Acoust. Soc. Am. / 6 February 2025 5



FIG. 4. Stability region of R2 in the (γ, ζ) plane, for different values of K̂0 ∈ [0, 2] and λ =
√
0.95. The values of K̂0

corresponding to the different colors are written on the figure. On the left panel, the color patches are superimposed in a fan

shape from blue (K̂0 = 0) to yellow (K̂0 = 2). On the right panel, a detailed view is given on the region where R2 is unstable

and Rn is stable.

bifurcation at γosc↘ could be useful for the clarinetist
since it “conducts to a clean pianissimo, with a sound
richer in high harmonics” compared to the sound close
to the threshold at γosc↗. Finally, long-period regimes
can be played in the yellow region, where λ is close to 1.

Figure 5 provides insights on the dynamic behavior of
the clarinet, but lacks information regarding the playing
range of the instrument with respect to the blowing pres-
sure γ. For another viewpoint to compare linear losses
and localized nonlinear losses, the playability of the in-
strument is represented in the (λ, γ) plane on Figure 6.
For λ < 0.75, no long-period regimes (in yellow) can be
played, as also shown on Figure 5. It can also be noticed
that for λ ≤ 0.6, sound can hardly be played for γ > 1.
When λ ≤ 0.39, Figure 5 shows that the bifurcation at
γosc↘ is direct for all ζ: no sound can be played above
γ = 1.

2. Localized nonlinear losses

The representation of Figures 5 and 6 is reproduced
on Figures 7 and 8 for the nonlinear losses coefficient,
with λ =

√
0.95. First and most importantly, it can be

noticed on Figure 8 that for all ζ ∈ [0, 0.99], the oscil-

lation threshold γosc↗ increases monotonically when K̂0

increases. On the detailed view of Figure 8, γosc↗ in-

creases from 0.36 to 0.41 when K̂0 increases from 0 to
1. Moreover, Figure 7 shows that the equilibrium R1 be-
comes stable with at least one oscillating regime for high
values of ζ and K̂0 > 34, as illustrated on Figure 3 .

Regarding the extinction threshold, Figure 8 high-
lights that nonlinear losses greatly decrease the value
of the extinction threshold, for all ζ ∈ [0, 0.99]. From

K̂0 > 10, the extinction threshold is almost at γ = 1.
Figure 7 also shows that the range where γosc↘ is direct
(i.e. the extinction threshold is located at γ = 1, repre-

sented in blue) increases linearly from ζ ∈ [0.03, 0.05] for

K̂0 = 0 to ζ ∈ [0.03, 0.13] for K̂0 = 100. Finally, regard-
ing the long-period regimes, both Figure 7 and 8 show
that stable long-period regimes exist for high values of ζ
and for all values of K̂0, except K̂0 ∈ [2, 8].

The comparison between Figures 5 and 6 and Fig-
ures 7 and 8 highlights the following similarities and dif-
ferences between linear and nonlinear losses. First, in-
creasing linear losses and nonlinear losses both reduce
the playing range of the clarinet by increasing the value
of the oscillation threshold γosc↗ and reducing the value
of the extinction threshold. Second, as the extinction
threshold gets close to 1, the range in ζ where the bi-
furcation at γosc↘ is direct increases. Third, increasing
linear and nonlinear losses both reduce the stability of
the long-period regimes. For nonlinear losses, this ob-
servation is true for K̂0 < 8. Above this value, stable
long-period regimes reappear. Finally, when linear losses
are high (λ < 0.61), the bifurcation at γosc↗ becomes
inverse for all ζ. This is not the case for nonlinear losses,
where γosc↗ is always direct.

B. Implications for the musician

Taillard and Kergomard (2015)19 discuss that when
linear losses increase, the reduction of the value of the
extinction threshold could be useful for the musician to
perform a “clean pianissimo”. Therefore, localized non-
linear losses might also be beneficial by enhancing this
effect.

Increasing linear and nonlinear losses not only re-
duces the playing range of the clarinet, but also the am-
plitude of the acoustic pressure in the air column. This
effect has already been studied experimentally4,6 and
numerically6,9,22. In comparison with linear losses, it is
worth noting that localized nonlinear losses significantly
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FIG. 5. Evolution of the dynamic behavior of the clarinet with respect to the linear losses parameter λ and to the embouchure
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typical scenarios at γosc↗ (direct for A and B, inverse for C and D) and at γosc↘ (direct for B and D, inverse for A and C).
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FIG. 7. Same as Figure 5, here in the plane (K̂0, ζ) with λ =
√
0.95. In the white region at the top right corner, the equilibrium

R1 is stable for all γ, but oscillating regimes are also stable. Point E highlights the multistability between the equilibrium

(stable in black/unstable in gray) and the oscillating regimes (stable/unstable R2 in red/light red, stable R4 in pink.)

reduce the amplitude of the acoustic pressure without
altering too much the value of γosc↗ nor changing the
nature of the bifurcation, as shown on Figure 9. When
K̂0 increases (Fig. 9(a)), the slope of the amplitude of the
two-state regime around γosc↗ decreases, whereas linear
losses increase this slope (Fig. 9(b)), ultimately leading to
an inverse bifurcation (green zone on Figure 5). Thanks
to localized nonlinear losses, the reduction of the slope
near γosc↗ could help clarinetists to control the softest
dynamics of their instrument.

VI. CONCLUSION

The main aim of this study is to contribute to the
understanding of nonlinear losses that are localized at
the open end of a clarinet-like instrument. The com-
plete system is written as an iterated function, which
enables to investigate the stability of the different play-
ing regimes in a simple and systematic way. This work
thus follows on from the literature devoted to minimal
clarinet models8,11,19. As a main result of this study, lo-
calized nonlinear losses increase the value of the minimal
blowing pressure for which the oscillations start. This
effect is not reported in previous works dedicated to this
phenomenon4,6,22. Although the bore of a real clarinet
is much more complicated than a cylindrical tube, this
result provides some insight for the wind instrument mak-
ers into the value of undercutting the side holes to mod-
ify the dynamic range of the instrument. This hypothesis
could be explored in a future work thanks to the formu-

lation proposed in Eq. (7), which provides a simple way
to take into account localized nonlinear losses in the side
hole of a waveguide model. Furthermore, localized non-
linear losses act as a natural compressor, reducing the
amplitude of the acoustic pressure without altering the
direct nature of the bifurcation at the onset of the os-
cillations. This is not the case for linear losses, which
significantly increase the value of the minimal blowing
pressure to produce a sound, and can change the nature
of the bifurcation at the onset of the oscillations from
direct to inverse. Finally, the increase of nonlinear losses
entails the disappearance of high order regimes, before
they reappear for very strong values of the coefficient.
Future studies may explore experimentally the possible
influence of localized nonlinear losses on the control of
the nuances from the clarinetist.
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