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Abstract. We study entropic fluctuations in the Spin-Fermion model describing an N-level quantum system
coupled to several independent thermal free Fermi gas reservoirs. We establish the quantum Evans-Searles
and Gallavotti-Cohen fluctuation theorems and identify their link with entropic ancilla state tomography and
quantum phase space contraction of non-equilibrium steady state. The method of proof involves the spectral
resonance theory of quantum transfer operators developed by the authors in previous works.
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1 Introduction

This is the fourth and final paper in a series [BBJ*24b, BB]J*25, BB]*24a] dealing with entropic fluc-
tuations in quantum statistical mechanics, and in particular with the quantum Evans-Searles and
Gallavotti-Cohen fluctuation theorems. Its goal is to illustrate, on the example of the open spin-
fermion model, the general theory developed in [BB]*24b, BBJ*24a]. The work [BBJ"25] was devoted
to the justification of the key formulas of [BBJ*24b] by thermodynamic limit arguments.

We assume the reader to be familiar with the framework and results of [BBJ*24b, BBJ*25, BBJ*24a]. In
particular, we will use the notation and conventions regarding open quantum systems and modular
theory introduced in these works.

In the context of open quantum systems, the spin-fermion model goes back to the works [Dav74,
SL78], and with time has become one of the paradigmatic models of quantum statistical mechanics.
The closely related spin—-boson model, in which each thermal reservoir is a free Bose gas, has a much
longer history in the physics literature due to its connection with non-relativistic QED; see e.g. [DJ01,
Section 1.6]. The description and analysis of the spin—-boson model is technically more involved, and
the model does not fit directly in the C*-algebraic formalism of [BBJ"24b, BB]*24a].

The revival of interest in the spin—fermion/boson model started with [JP96a, JP96b, BFS98] that have
generated a large body of literature; an incomplete list of references is [HS95, DG99, BFS00, DJ01,
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Mer01, FGS02, JP02, DJ03, FM04, JOP06, MMS07, AS07, DDR08, DR09, DRK13, M@14, HHS21]. We
will comment on some of these works as we proceed. The techniques we will use draw on [JP96a,
JP96b, JP02, JOPP10].

The paper is organized as follows. In Section 2, we introduce the spin—fermion model, briefly recall
the main objects of study and state our results. In Section 3, for the convenience of the reader, we re-
call the modular structure of the model, as well as the a@-Liouvilleans introduced in [JOPP10, BBJ*24a]
and their connection with the various entropic functionals. Section 4 is devoted to the study of these
a-Liouvilleans and closely follows the analysis in [JP96a, JP96b, JP02]. The proof of the main theorem
is given in Section 5.

Acknowledgments The work of CAP and V] was partly funded by the CY Initiative grant Investisse-
ments d’Avenir, grant number ANR-16-IDEX-0008. The work of TB was funded by the ANR project ES-
Quisses, grant number ANR-20-CE47-0014-01, and by the ANR project Quantum Trajectories, grant
number ANR-20-CE40-0024-01. VJ acknowledges the support of NSERC. A part of this work was done
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3457 at University of Montreal. The LB visit was funded by the CNRS and AP visits by the CRM Simons
and FRQNT-CRM-CNRS programs. We also acknowledge the support of the ANR project DYNACQUS,
grant number ANR-24-CE40-5714.

2 The Spin-Fermion Model

2.1 Description of the model

The spin—fermion model is a concrete example of open quantum system with the structure described
in [BBJ*24b, Section 1.1], where several independent reservoirs are coupled through a small system S.
The model has a non-trivial small system part, described by a finite dimensional Hilbert space #s and
Hamiltonian Hs. Its C*-algebra of observables is Os = 9(.%s), where %(#°) denotes the C*-algebra
of all bounded operators on a Hilbert space 4. Its dynamics Tg = e'% is generated by §s = i[Hs, - ]
and its reference state is ws(A) = tr(A)/dim #s!. Each reservoir subsystem R pl<j=<M,isa free
Fermi gas with single particle Hilbert space b ; and single particle Hamiltonian /. The algebra of ob-
servables of R; is the CAR-algebra G; = CAR(b;), the C*-algebra generated by creation/annihilation
operators a; (Ha;j(f), f €bj,satisfying the canonical anti-commutation relations

laj(f),a; @y =(f,)1  {a;j(f),a;(g)}=0.

The Heisenberg dynamics on @ is the group of Bogoliubov *-automorphisms associated to kj, i.e.,
the C*-dynamics defined by T;(d i(f)) = a; (el f). We denote by §; its generator, T; = e/, The
reference state w; on O is the gauge-invariant quasi-free state generated by the Fermi-Dirac density
operator

T; = (11+eﬁf”f)_1,

IThis choice is made for convenience. None of our results depend on the choice of wg as long as wg > 0.
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where 8 j > 0is the inverse temperature. w; is the unique (7 j, B j)-KMS state on @;. The full reservoir
system R = Ry +--- + Ry is described by the quantum dynamical system (Or, TR, wr) where

OrR=019:--®0),
TR=T1® - ® Ty,
WR=W]® - @W).

The C*-algebra and reference state of the joint system S + R are @ = Os ® Or and w = ws ® wg. In the
absence of interaction between S and R, its dynamics is 74 = 7s ® Tr. This free dynamics is generated
by Of =65 +81 ++-+8.2

For each j, the interaction of S with R; is described by

m;
Vj:ICZQj,k®Rj,k€@S®@', (2.1)
=1
where Qj i € Os is self-adjoint and
Ry =" D20 (f k)0 (fkomy ) 2.2)

with form factors f; x,m € b, and where ¢ ;(f) = \/%(aj N+ a;f (f)) are the Segal field operators. Fol-
lowing [Dav74], we assume that:

(SFMO) Forall teR, je{1,...,M} and (k,m) # (K',m'),
(fj,k,m» eithjfj]',k’,mo =0.

In particular, taking ¢ = 0 in (SFMO) ensures that the R; ; are self-adjoint elements of ;.

Without further mentioning we will assume (SFMO0) throughout the paper. The complete interaction
is V' =} ; V;, and the interacting dynamics 7, is generated by

8 =06q+Ai[V, -1,

where A € R is a coupling constant. The coupled system S + R is described by the C*-quantum dy-
namical system (O, 1,,w). We denote by w; =wot fl the evolution of the state w at time t.

Remark 2.1 In the simplest and most studied example of spin—fermion model one has #s = C?, Hs =
o, and for each reservoir R; the interaction is of the form V; = o, ® ¢(f;), where o, and o, denote
the usual Pauli matrices, see the example at the end of Section 2.4.

As already mentioned, we are interested in the quantum versions of both Evans-Searles and Galla-
votti-Cohen fluctuation theorems, a convenient reference in the spirit of the present work is the re-
view [JPRB11]. The former refers to entropic fluctuations with respect to the initial (reference) state w
of the system while the latter refers to these fluctuations with respect to the Non-Equilibrium Steady
State (NESS) w. of the system. The next assumption postulates the existence of such an NESS of
(O,7),w).

2Whenever the meaning is clear within the context, we write Afor A® Tand 1® 4, § i for 6 i® Id, Id®d j» etc.
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(SFM1) For all A € @ the limit
w4 (A) =limw;(A)
tloo

exists, and the restriction w s of the state w, to Os is faithful, w,s > 0.

In Section 2.4 we will describe sufficient conditions that guarantee the validity of (SFM1).

A time reversal of the C*-dynamics 7, is an anti-linear involutive *-automorphism © of & such that
Bort Z = T/{t o@® forall t € R. Astate v on (0, 1)) is time-reversal invariant if 7, admits a time reversal ©
such that vo ®(A) = v(A*) for all A€ @. In this case, we will say that the quantum dynamical system
(@, 1,,v) is time-reversal invariant (TRI).

If (O,1),w) is TRI, then (SFM1) implies that for all A € @ the limit
w_(A) = lim w:(A)
t——00

exists, and is given by w_(A) = w; 0o O(A™).

2.2 Entropy production and entropic functionals

Before introducing the three entropic functionals which are the main objects of our study, we briefly
recall the mathematical framework needed to define these objects. The purpose here is to fix our
notation, and we must refer the reader to [BBJ*24b, BBJ"24a] for a more detailed introduction and
discussions.

Let (A, m,Q) be the GNS-representation of © induced by w. The enveloping algebra 91 is the smallest
von Neumann subalgebra of 98(#) containing 7 (0). A state on 91 is normal whenever it is described
by a density matrix on . The states on & obtained as restrictions of these normal states are called
w-normal and form the folium A of w.

The dynamical system (0, 1), w) is modular: w is a (¢,,—1)-KMS state where Cﬁ, = et‘sw, the modular
group of w, is the C*-dynamics generated by

M
Op=— Z Bibj.
j=1
Since 6;(¢;(f)) = ¢;(ih;f), our next assumption ensures that V; € Dom(é ;), and hence V € Dom(d,,).
(SEM2) f ., m € Dom(h;) forall j, k, m.

The observable ®; = —16 ;(V;) is then well-defined, and describes the energy flux out of the jth reser-
voir. This brings us to the notion of entropy production rate, given by the observable [JP01, Rue01]

M
g = /15w(V) = Z ﬁjq)j’
j=1
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satisfying the entropy balance relation, see e.g. [JP01],
t
Ent(w;|w) = —f ws(o)ds. 2.3)
0

The left-hand side of this relation is Araki’s relative entropy [Ara76, Ara77], with the sign and ordering
convention of [JP01]. Since this quantity is non-positive, one has fotw s(o)ds = 0 for all £ € R, and
hence w4 (o) = 0.

Remark 2.2 Whenever O is a time reversal for 7,, irrespective of the coupling A € R, then ©(V) =V
and ©(0) = —0, so that w_ (o) <0. In particular, w4+ (o) =0ifw_- = w;.

For a €iR, the Connes cocycle of a pair (u, v) of faithful w-normal states is

[Du:Dv]g = AzlvA;“,

where Ay, the modular operator of the state v, and Ay, the relative modular operator of the pair
(u,v), are both non-negative operators on /. Thus, ([Dy : DV]g)qeir is a family of unitaries on A
which, in fact, belong to 91, see e.g. [AM82, Appendix B]. We further have

Proposition 2.3 Suppose (SEM2) holds. Then, forall t e R, ([Dw; : Dw]g) geir € 7(0).

In what follows we write [Dw; : Dwl, for 771 (([Dw; : Dwlg). Similarly, whenever the meaning is clear
within the context, we write A for 7 (A). The proof of the above proposition relies on the identity

t
logAy, 10 =l0gAy + Qy, Q= f TZS(U)dSy (2.4)
0
and the subsequent norm convergent expansion

[Dw,:Dwlg =1+ Y a” f ¢0%Qy ¢ 0% (Q)db; - B (2.5)

>1
" 0<6,<--<0,<1

For more details about Relations (2.4)-(2.5), we refer the reader to [BBJ*25, Section 2], and in partic-
ular Lemma 2.4 and Equation (2.13) in this reference.

We can now introduce the three entropic functionals considered in [BBJ*24a]. We only briefly recall
their definition and refer the reader to [BBJ*24b, BBJ* 24a] for an in depth discussion.

Two-time measurement entropy production (2TMEP)

The following result was established in [BB]*24b, Theorem 1.3] 3 For anyve N, teR, and a €iR, the
limit
1 (R 0
2™ (@) = lim —f voc? (IDw_;: Dwly)do
R— R Jo

3 Assumption (Reg2) of [BBJ*24b] is guaranteed by Proposition 2.3
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exists, and there is a unique Borel probability measure QZtm on R such that

SZtm(a) f antam(s) (2.6)
R

Moreover, one also has that
@) = lim f vocw([Dw ¢: Dol [Dw_r: Dulg )de

As discussed in [BBJ*24b, BBJ*24a], the family ( 2““) r describes the statistics of a two-time mea-
surement of the entropy produced during a time perlod of length t in the system (@, 73, w), when the
latter is in the state v at the time of the first measurement. In [BBJ " 24b] it was also shown that, if each
reservoir system (0,7 j,w;) is ergodic,? then the map

N 3v—Qy e ZR),

where 2 (R) denotes the set of all Borel probability measures on R equipped with the weak topology,
extends by continuity to the set .45 of all states on @, equipped with the weak* topology. This defines
Qv,r, hence SZtm by (2.6), for all v € 5. We will be particularly interested in the case v =w,.

Entropic ancilla state tomography (EAST)

Forve %, t € Rand a € iR, we set
gancilla gy = ([Dw_t : Dol (D : Do) %) .

EAST is described by the family of functionals (3an°111a) rer- When v = w, and up to an irrelevant

prefactor, gam”a(a) provides an experimental implementation of SZtm(a) through coupling and spe-
cific indirect projective measurements on an ancilla, a procedure called ancilla state tomography,
see [BB]"24a, Section 2.4] and references therein.

Quantum phase space contraction (QPSC)
Forve %, teRand a € iR, we set
I (@) = v ([Dw-; : Dwly).

QPSC is described by the family of functionals (qusc) g and provides another natural route to the
quantization of the classical entropic functionals [BBJ+24a, Section 2.7].

Note that when v = w the three families of functionals coincide,

gitr;q — gancﬂla 32,1,)5(:, 2.7)
and that
OaTnt (@g=o = f sdQg T (s) = Ent(w(|w). 2.8)

The equalities (2.7) are however broken if w is replaced by some other state v € .

4This holds if the one-particle Hamiltonian h j has purely absolutely continuous spectrum, see [Pil06] for a pedagogical
discussion of this topic.
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2.3 Fluctuation theorems and the principle of regular entropic fluctuations
We first strengthen (SFM2) to
(SEM3) fj k,m € Dom (e®"i!) forall a>0and all j, k, m.
Since ¢¥ (¢ i = (p(e‘ieﬂf hj f), Assumption (SFM3) guarantees that V is an entire element for the

modular group ¢, so that the regularity assumption (AnV(9)) of [BBJ*24a] is satisfied for any 9 > 0.

Our next assumption ensures that all the reservoir subsystems (0,7, ;) are ergodic. As a conse-

quence, the probability distribution Q2™; and entropic functional §5™; are well-defined.

(SFM4) h; has purely absolutely continuous spectrum for all j.

The last two assumptions have the following consequence
Theorem 2.4 Suppose that (SFM1), (SFM3) and (SFM4) hold. Then, for all t € R:
(1) The map
iR3a— [Dw;:Dwly, €0
extends to an entire analytic function.
(2) The maps
a—FaM @),

2t
a— gw?}[(a)’

ill
a—Fyor (@),
qpsc

a—35,, (@),

defined for a € iR, extend to entire analytic functions. Moreover, for all a € C,

o (@)= f e AT, Fori(@) = f e~ dQ (s).
R R
(3) The measures Qi“? and fofft are equivalent,® and for some constants k,K >0 and all t € R,
d 2tm
ks o <
dQg,;

Proof. Part (1) follows from (SFM3) and [BB]*24a, Proposition 2.11] while Part (2) is a consequence
of (SFM1)+(SFM3), [BBJ 244, Proposition 3.2] and a well known property of Laplace transforms. Fi-
nally, Part (3) follows from (SFM4) and [BBJ*24b, Theorem 1.6]. |

Assuming that (SFM1)—(SFM4) hold, we are now ready to introduce the principle of regular entropic
fluctuations (abbreviated the PREF) of [BBJ*24a]. There, the PREF was introduced in several forms:
weak, strong, and strong + qpsc. Here we will deal only with the latest (and strongest) form, and
therefore we drop its qualification.

5They have the same sets of measure zero.
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Definition 2.5 Let [ =]9_,9.[ be an open interval containing 0. We say that (@, 1, w) satisfies the
PREF on the interval I if, for all « € I, the limits

F2™(q) = lim —log&zml(a),

Fo™(a) = lim —log%2tm (@),

(2.9)
Fiﬁcﬂla( a) = lim log Sancﬂla( a),
ngsc(a) = hm —log&qpst(a)
exist, and define differentiable functions on I, satisfying
thm thm Fancﬂla quSC . (2 . 1 0)

We denote by F the common function in (2.10).

Remark2 6 While SZtm(a) 32““ (a) and Sam“a(a) are obviously positive for a € R, the quantity
3 (a) is a priori complex. The principal branch of the logarithm should be understood in the def-
inition of FP*°. This makes log."; (a) well-defined for A small enough® and ¢ large, see (5.8) and

Remark 5.6.

Definition 2.5 has several aspects. By the Gértner-Ellis theorem, the existence and differentiability of
the first limit in (2.9) give that the family of measures (Q2'7(¢+)) _ , = 2(R) satisfies a large deviation
principle on the interval ] a, b[, where ]a, b[= R if I = R, and otherwise

a=lim0,F2™(a), b= lim 0, F2™(a),
ald- ald,

with the rate function

I(s) = sup (sa — F2™ (—a)).
—-a€l

This is the quantum Evans—Searles fluctuation theorem. When the system is TRI one moreover has
SZtm(a) 32“(1 —a) for all real @ and all ¢, see [BBJ*24b, Theorem 1.4]. This leads to the celebrated
symmetry

I(—=s) =s+1(s), (2.11)

called the quantum Evans-Searles fluctuation relation, that holds for |s| < min{—a, b}, see [BBJ*24a,
Proposition 2.6].

The existence and differentiability of the second limit in (2.9) give that ( 2t (. )) " 22 (R) satisfies
a large deviation principle on the interval la,, b, [, where Ja,, b [=Rif I = IR and otherwise

a, = lim 0, F2™(a), by = lim 0, F>™(a),
ald_ + ald. +

6This is not restrictive since all our results will be perturbative in A.
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with the rate function
1+(s) = sup (sa — F5™(-a)).
—ael
This is the quantum Gallavotti-Cohen fluctuation theorem. Theorem 2.4(3) identifies these two fluc-
tuation theorems: Fﬁ,tfn = Fﬁ)tm, a=as, b= by, 1 =1;. If the system is TRI, the symmetry [, (-s) =
s+, (s) therefore also holds. This is the quantum Gallavotti-Cohen fluctuation relation.

The other equalities in (2.10) link the 2TMEP with EAST and QPSC. For a more thorough discussion
about the PREF we refer the reader to [BB]*24a] (see in particular Section 2.8).

2.4 Main results

We start by introducing our final assumptions. The first two are linked to the complex spectral de-
formation of Liouvilleans in the so-called “glued” Araki-Wyss GNS representation of @; induced by
w; and originally introduced in [JP96a, JP96b, JP02]. The third assumption is the Fermi golden rule
condition which ensures that the small system S is effectively coupled to the reservoirs. The fourth
and last assumption will ensure time-reversal invariance of the coupled system when needed.

(SFM5) There exists a Hilbert space §) such that, for1< j <M, h; = [2(R,,ds)®$) and h i
is the operator of multiplication by the variable s € R,.

The assumption that §; = §) for all j is made only for notational convenience. The other parts
of (SFM5) will play an essential role in our analysis. In what follows we will often write b for h; and h
for hj. Note that (SFM5) implies (SFM4).

We assume that #5 and §) are equipped with complex conjugations which we denote by -. These
anti-linear involutions extend naturally to 98(%5s), h, I'_(h) and their tensor products. We will also
denote by - these extensions.” To each f € h we associate the function f € L?(R,ds) ® §) defined as

- f(s) ifs=0,
fs)=4____ 2.12)
fUsh ifs<O.

Let J(r) ={z€ C||Imz| < r} and denote by H?(r) the Hardy class of all analytic functions f:J(r) — 9
such that

||f||§{2m = suprIIf(s+i8)||%ds<oo.

0l<r

Our next regularity assumption is

“The assumption that this conjugation is the same for all reservoirs is only for notational convenience, and one could
choose a different conjugation in each reservoir.

10
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(SFMS6) For all r >0 and all j, k, m, f]km € H%(r). In addition, for all > 0 and all a > 0,

sup ealslllﬁ,k)m(s+iﬁ)||323ds<oo.
0|<rJR

Note in particular that (SFM6) implies (SFM3), and hence (SFM2).

We now turn to the Fermi golden rule condition. Invoking (SFMO0), the fermionic Wick theorem gives

njk

o (Rt} (R;0) = 0 11 e; (03 ) @7 (¢ frm) - (2.13)
In Section 4.2.2 we shall see that Assumptions (SFM5)-(SFM6) imply that, forany0 < a <7/,
Cam(D =05 (0 (fikm) 01 (" frim)) = O (™),
as |t| — oco. Note also, see e.g. [Dav74, JPW14], that
cj i) = fRe‘i“‘wj (Rjxr(R;0) de =0
for all u € R. Our Fermi golden rule assumption is

(SFM7)

(@) cjr(u)>0forallue{E'—E|E,E €sp(Hs)} and all j, k.8

(b) Forall je{l,...,M}°
{Qjrll<sk=mj} n{Hs} =Cl.

Remark 2.7 (SFM7)(a) is usually formulated in terms of the non-negative matrices h;(u) = [h;.kl) (W]
where

h;.’c’)(u):[Re‘i“fw,-(Rj,krj(Rj,z))dt,

and requires /(1) >0 forall ue {E' - E | E, E' € sp(Hs)} and all j. (SFMO0) however implies that /(1)
is diagonal, see (2.13), hence h;(u) > 0 indeed reduces to cj k() >0 for all k.

Note that the spin—fermion model may not be time-reversal invariant. The next assumption ensures
itis.

85p(A) denotes the spectrum of the operator A.
944" denotes the commutant of the set o« = B(Xs).

11
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(SFM8) The complex conjugation of §) is such that 7 ikm = f] k,m forall j, k, m. Moreover,
the complex conjugation on %5 is such that Hs and i"/+".x~1/2Q; \ are real with respect
to the induced complex conjugation on %(.%s).

Our main result is

Theorem 2.8 Suppose that (SFM5)—(SFM7) hold. Then:

(1) There exists A > 0 such that (SFM1) holds for 0 < || < A.

(2) For any 9 > 0 there exists A > 0 such that the PREF holds on ] —9,1+ 9 for 0 < |A| < A. Moreover,
the function
1-9,1+9[3a~ F(a)

is real-analytic. It is identically vanishing on ] — 9,1+ 9] if B1 = --- = By, and otherwise strictly
convex on this interval.

(3) Ifthe system is TRI, in particular if (SFM8) holds, it moreover satisfies the symmetry

F(a)=F(1-a).

Part (1) was established in [JP02] and is stated here for completeness. We will prove Part (2) using the
techniques developed in [JP96a, JP96b, JP02] and following the axiomatic quantum transfer operators
resonance scheme of [BBJ"24a]; see also Section 5.7. As already mentioned, Part (3) follows readily
from time-reversal invariance. It is an equivalent formulation of (2.11), and for this reason is also
often called fluctuation relation.

Remark 2.9 (1) It follows from (2.6) that the function F is real-valued and convexon ] — 9,1+ 9[. It
satisfies F(0) = F(1) = 0 and, due to convexity, F(a) <0 for a € [0,1] and F(«a) = 0 for a € [0, 1]. The
fact that F is either identically vanishing or is strictly convex on | — 9,1+ 9] then follows from its
analyticity. Finally, F is strictly convex iff w. (o) > 0, see Section 5.5.

(2) Although the interval ] -9, 1+9[ on which the PREF holds can be taken arbitrarily large, our result
is not uniform in the sense that A has to be taken smaller and smaller as 6 grows. This restriction
resembles the high temperature one that is present in [JP02].

(3) For adiscussion of the dependence of A on the §’s see [JP02, JOP06].

Example: The simplest spin—fermion model

In its simplest version the spin—fermion model S is a two-level system, i.e., &5 = C?, with Hamiltonian
Hs = 0. The interaction between S and each reservoir R; is of the form

i.e, in (2.1)-(2.2) and for all j, k we have m; = nj =1, Qj x = 0%, and we assume that the form factors
fj satisty (SFM6) and (SFM8). The operators Hs and Q ik = Oy are real with respect to the usual
conjugation on M, (C) so that the system is TRI. Finally, (SEM7) reduces to | f;(2) ||525 > 0 for all j.

12
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Under these assumptions Theorem 2.8 holds true. Although it does not appear in our notation, F also
depends on A, and we have
F(a) = A*Fa () + O(A®)

where

¥ -,

P =-2| Y113,
-1

! (2.14)

cosh((ﬁj - B -2a
cosh(f;) cosh(fy)

M DA .
—\l Y (tanh(ﬁ ptanh(By) + £ @031 @13, ) .
j

3 Quantum transfer operators approach to the PREF

As mentioned at the end of the previous section, the proof of Theorem 2.8 is based on the study
of complex resonances of a suitable family of non self-adjoint operators called a-Liouvilleans. These
operators are generators of one-parameter groups of so-called quantum transfer operators [BBJ*24a].
The a-Liouvilleans are defined on the GNS Hilbert space # and are a generalization of the C-Liouvil-
lean introduced in [JP02] in the study of NESS. In this section we briefly recall the “glued” Araki-Wyss
GNS representation of the free Fermi gas, introduce the a-Liouvilleans of [BBJ*24a] in the context of
the spin—fermion model, and recall their connection with the entropic functionals.

3.1 The “Glued” Araki-Wyss representation

The original Araki-Wyss representation was introduced in [AW64]. For pedagogical introductions
to the topic we refer to [BR81, BR87, JOPP10, DG13]. The “glued” form of this representation was
introduced in [JP02] and is an essential step in our spectral approach.

Leth = L2(R,,ds) ® §, h be the operator of multiplication by the variable s € R, (recall (SFM5)), and
let w be the quasi-free state on CAR(h) generated by

T = (1]+ef”")_1

where > 0. The C*-dynamics 7 is the group of Bogoliubov *-automorphisms induced by k. We
recall that w is the unique (7, 8)-KMS state on CAR(h).

Setting h=I%(R,ds)® ), to any f € h we associate the pair (fg, fg) ehxh given by

-1/2 -1/2 ~
fs)=(eP+1) e, flo=ifef 1) ), 3.1)

where f is defined in (2.12). Note that fg (s) = ifg(—s). The “glued” Araki-Wyss representation of

CAR(h) induced by w is the triple (A, 7,Q), where 4 =T"_ (h) is the antisymmetric Fock space over b,
Q € A is the Fock vacuum vector, and

(N =¢(fp) = —= (@ (fp) +alfp)),

L
V2
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a* | d denoting the fermionic creation/annihilation operator, and ¢ the associated Segal field operator
on the Fock space I'_(h).

In this representation the standard Liouvillean of 7 is
% =dI(s),

where, with a slight abuse of notation, s denotes the operator of multiplication by s on b. The modular
operator of the state w is
Ay=ePZ =T,

and the modular group acts as
CO@Up) = ALPURALY = Ple P fp).

Finally, the modular conjugation J is such that

J(fpJ =ie"™G(f)),
where N = dI'(1) is the number operator on ' (E).
We finish with a remark regarding the thermal factors in (3.1).
Remark 3.1 The maps

R3s— (eiﬁs + 1)_1/2
have analytic extension to the strip |Im z| < 7/ and forany 0 < r < 7/,

-1/2
sup )
[Imz|<r

(eiﬁz +1 < co. 3.2)

This basic fact will play an important role in what follows.

3.2 The modular structure of the spin—fermion model

For computational purposes it is convenient to work in the following GNS-representation (#%, 75, Qs)
of the small system algebra Os = 98(.#%5s) associated to the faithful state ws. The GNS Hilbert space is
Jbs = Os, equipped with the Hilbert-Schmidt inner product (X, Y) = tr(X*Y). The representation is
the left multiplication, n5(A) X = AX, and the cyclic vector is Qg = wé/ 2= dim(lfs)_” 21. The modular
operator of ws is trivial, A,s X = X, the modular conjugation is /s X = X* and the standard Liouvillean

of 75 is %5 X = [Hs, X]. Note in particular that sp(%s) = {E— E' | E, E' € sp(Hs)}.

For each 1 < j < M we denote by (#},7,Q;) the “glued” Araki-Wyss representation of @; induced
by w, as described in the previous section. We also denote by ¢, £}, A and J; the associated field
operator, standard Liouvillean, modular operator and conjugation. The GNS representation of the
C*-algebra 0 of the spin—fermion model induced by the reference state w is

S =S50, ® - ® A,
MT=7Ns®MT1®--- BTy,

N=050021®:---0Qy.

14
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We adopt the shorthand Qg = Q1 ® --- ® Q. The modular operator and modular conjugation of the
state w are
Ay =Dps®AN1®--®Ay,  J=Js®1®--® ]y,

and the modular group acts as
co(r(ase( e o p(fin)) =ns(agi(e P fip) @ & Pu(eP fu p,,)-

The standard Liouvillean of the free dynamics 7¢ is
Lh=%Ls+ L1+ + L,
and the standard Liouvillean of the interacting dynamics 7, is
Lr=%x+An(V)-AJn(V)].
Note that 7 (V) is a sum of terms of the form
inj,k(nj.k—l)/Zn.S(ijk) ® @j, (fj,k,l,ﬁ,-) .. '@j (fj,k,nj,k.ﬁj)

corresponding to (2.1)-(2.2). Similarly /7 (V)] is a sum of terms of the form

ik DI2 jo e (Q ) s ®

€5 (£ 1 )|+ [1€ B (Fon )] 3.3)

where Jsns(A)JsX = XA*, and N j is the number operator on #’;. We will denote by " the complex
conjugation on ./ naturally associated to the ones on .#5 and ).

3.3 Two families of Liouvilleans

Central to the proof of Theorem 2.8 is the following family of a-Liouvilleans £ , of [BBJ24a], first
introduced in [JOPP10]. For « € iR they are given by

Lra=Lu+ A((V) =T (m(V)]).
Note that, in analogy with (3.3), N
J6, M (m(V) T (3.4)

is a sum of terms of the form

{1k DI2 fomrs (Q 1) Js ® [iei”Nf(p j(e=aPis f]’ffkylﬁj)] [iei”Nf(p' G k,nj‘kﬁj)] . (3.5)

Under Assumption (SFM6), £ , is defined for all @ € C by analytic continuation of (3.4) in the vari-
able a. Note that, due to the linearity/anti-linearity of the map h > f — ﬁ;‘ (Nlaj(f) e n; @), the
analytic continuation of the factor @, (e~fs$ ﬁk mp ) in the product (3.5) is given, for arbitrary a € C,
LB
by
1 ~ 1B:s p# ~% ( — iS o#
2 (aj(eaﬁjsfj,k,m,ﬁj) +aj(e aﬁjsfj,k,m,ﬁj)) :

15
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In what follows, for a € C, we set
N M
Wila) = n(Vj) —]Cg,la(ﬂ(Vj))], Wi(a) = Z Wij(a).
j=1

For arbitrary a € C, the a-Liouvillean £, , generates a bounded, strongly continuous one-parameter
group (e”%ﬂ)telRa on ./, unitary for a € iR. These so-called quantum transfer operators e'Z4e will
play a particular role in the analysis of the 2TMEP, EAST and QPSC functionals.

We also introduce the closely related operators

Pha =02 Ly 1 0-aDE? = Lo+ AAZ 2 W (L — ) A2 (3.6)

The primary reason for introducing these a-Liouvilleans is the following representation of the en-
tropic functionals [BBJ*24a, Proposition 3.2 and Equations (5.11)-(5.12)].

Proposition 3.2 Foralla € C and teR
[Dw_,: DwlaQ =12« [Dw_,: Dol [Dw_;: Dw] aQ= eltZieqy.
2
As a consequence, foralla e C and t, T € R,

(1) Fo7 (@) = (@ el FreaQ),

w,t

@ Tt @ =(Q, e 412 Do : DwlaQ) = (Q, el FrineliZizaq),

(3) .S‘rz)l},‘(fltlla(a) — <Q, eiTg)L,l/z [D(U_[ : D(,U] ’; [D(U_[ . D(U] % Q> — (Q, eiTgA,I/Z eitf/l,aQ>.
2

Remark 3.3 All the above identities are first derived for a € iR, and then extended to a € C by analytic

continuation. Indeed, as already mentioned, (SFM3) implies [BB]*24a, Assumption (AnV(9))] for

arbitrary 9 > 0, which guarantees that all the involved quantities have entire analytic extensions.

4 Liouvillieans: spectra, resonances and dynamics

The proof of our main Theorem 2.8 relies on the representation of the entropic functionals given in
Proposition 3.2, on complex deformations of the a-Liouvilleans, and on the analysis of the spectral
resonances unveiled by these deformations. The general strategy is adapted from [JP96a, JP96b, JP02],
to which we refer for more details.

For the reader’s convenience, in this section we briefly recall the construction of the deformed Liou-
villeans and their main properties, introducing their spectral resonances. The central results of this
section concern the large time behaviour of the associated quantum transfer operators and are given
in Sections 4.3-4.4.
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4.1 Complex deformation of £, ,

Following on Remark 3.1, we set 7 = min (z/ §;) and denote by & the collection of all the fj x,m,p; and

]#k mp;* It then follows from (SFM6) and (3.2) that, forany0O<r <7 and a> 0, & c H?(r) and
G

sup [ e ||f(s+i9)||%ds<oo.
feF JR
0l<r

Let p =19, be the generator of the translation group (eior )(s) = f(s+0). Set P =dI'(p) and define
the unitary group (U(6))ger on .# by UB) = T®e P ® ... ® 79, Further setting

W(a,0)=UO)YW(@)U(-0), (4.1)
we observe that

Ly @) =U0)ZLrU(-0) =L +0N,

Lra0)=U0)ZL1,qU(-0)=L;+0N + AW (a,0),
where N =) iNj. The map (4.1) has an analytic extension
CxJ(7) >3 (a,0)— W(a,0) € B(H), (4.2)

which is bounded on B x J(r), for any 0 < r < # and any bounded B < C. This allows us to define
ZL),0) for A,a € C and 0 € J(7). In what follows, we write

Jt(r)={zeC|0<Imz<r}.

We now summarize the basic properties of the family (£ (), 3 Of complex deformations of the
a-Liouvillean %) ,.

(@) ForIm@ #0, Z(0) = £ +0N is a closed normal operator with domain Dom (%) nDom(N). Its
discrete spectrum is sp(Zs) and its essential spectrum is the union of lines R+i Im(0)N*.1° Moreover,
%r(0)* = %4(0), and for z € sp(ZLx:(0)), one has

1

—_— _1 =
mz%@H|mmw%mY

4.3)

(b) For (A, a,0) e CxCxJIT(#), Z),«(0) is a closed operator with domain Dom(%4) N Dom(V), and
adjoint £) (0)* = £ ;(0). Moreover, with
Cap = IW(a,0)ll,
one has
Sp(Z,q(0)) €Dy q9 = {z € C| dist(z,sp(Z(0))) < [A|Cq 9},
andforze C\Dj 40,

1
— L @)Y < :
1z~ L) = G 2 op(Za ) =M1 Cag

All these results follow from (a) and standard estimates based on the resolvent identity.

10n* =N {0},
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() For(A,a,0) e CxCxT*(7), L) (0) is an analytic family of type A in each variable separately (see,
e.g. [RS78, Section XI1.2]).

In the following we fix 0 < r < 7 as well as 9,{ > 0, and set

C= sup Cgpg, B(9,{)={zeC||Rez|<9,|Imz| <}. (4.4)
[ImB|<r
a€B(9,()

(d) Suppose that a € B(9,({). Then, if Imz < —|A|C,

s—lim(z—%)40) " = (z— Z1.o(Red)) .
ImO|0

The proofis the same as that of [JP96a, Lemma 4.8].

(e) Let )
rs:min{le—e’l‘e,e'esp(fﬁ,e#e'}, 0<K<E,
and A > 0 be such that
. rs
AC=A= mln{Kr, —}.
4
It then follows from (b) that for |A| < A, @ € B(9,({), and (1 —x)r <Im@ < r, one has
sp(Z,a@) c{weC|Imw > (1-2x)r}u{w e C | dist(w,sp(Ls)) < A}. 4.5)
Moreover, for all
ze{weC|Imw < (1-3x)r, dist(w,sp(£s)) = rs/2},

and forall [A| < A, a € B(9,{), 1-x)r <Im@ < r, the estimate
_ 1
l(z— £2,a0) 71l < " (4.6)

holds, see Figure 1.

The first condition A < kxr ensures that the two subsets on the right-hand side of (4.5) are disjoint. It
follows that the spectrum of £ ,(0) in the subset {z € C | dist(z,sp(Z£s)) < A} is discrete. The second
condition A < rg/4 ensures that for any distinct e, ' € sp(%s)

{zeC|lz—e|<Aln{zeC|lz—¢€| <A} =g,
so that the spectral projection

142

D)0.0(0) = f (2= Lra@) 2
2mi

|z—e|=rg/2
onto the part of spectrum of £ ,,(0) inside the disk |z—e| < rs/2 has exactly the same rank as the spec-
tral projection 1,(%s) of s for the eigenvalue e. This spectrum actually coincides with the spectrum

of a linear map
2.4, a):Ran1,(%s) — Ran1,(%s), 4.7)
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4 Imz

(L =r)r 1—2k)r

© 0666 &' -

Figure 1: Picture of the z-plane (it is assumed here that xr < rs/4). The black dots are the eigenvalues
of Zs. 1f 0 is in the hashed area, the spectrum of the deformed Liouvillean £, ,(0) is in the shaded
areas (which extends to infinity on the top side).

called quasi-energy operator in (JP02], that does not depend on 8. Hence, the spectrum of £, ,,(0)
in the half-plane Im z < (1 — 2«)r is discrete and independent of 8 as long as (1 —x)r <Im# < r. The
finitely many eigenvalues in this half-plane are called spectral resonances of £ ,. We shall briefly
recall the construction of the quasi-energy operators Z.(A, @) in Section 4.2.1.

(f) We start with the observation that, for Imé =0, (e“ffr(e)) />0 18 a strongly continuous contraction
semi-group on 7. It then follows that for all (1,a) € C?> and 0 < Im6 < 7, (el%*«©@) _ is also a
strongly continuous semi-group on .#. For ¢,1,0 e R and a € iR, one has

itLya0) _ g5t it%:(0)
e =6, e
with the unitary cocycle

G 0o =1+ GAD" Wi, (@,0) -+ Wy, (a,0)ds; -+ dsp,

n=1 0§ <--=<s,=<1
where
W, (a,0) = " w(a,0)e 1@,

By Assumptions (SFM5)-(SFM6), the map (a,0) — Wy(a,0) € B(H) extends to an analytic func-
tion on C x J(#), bounded for («,Im#@) in any compact subset of Cx ] — 7, #[. It follows that for ¢ € R,
A a,0) — 651,0;,0 is an analytic function on C? x J(#), bounded for (1, @,Im @) in any compact subset
of C2x ] — 7, 7[. Note that since U(0")W;(a,0)U(—6") = W;(a,0 +0') for 8’ € R, one has

UO"S] ooV =6 o0 UOHY.
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Thus, if ¥ is analytic for the group (U(0))ger in a strip 0 < Imf < p < 7, so is Qifl o H\I’, and the latter
identity extends by analyticity.

The family (eieN )ima=o iS @ strongly continuous contraction semi-group which is analytic in the open
upper half-plane Im6 > 0. Thus, if ¥ € # is analytic for the group (U(0))geg in a strip 0 < Im#6 < p,
then, for ¢ > 0, the map

R30— e Z:Oy)p = N () ¥

has a bounded continuous extension to the strip 0 < Im6 < p which is analytic in its interior. It follows
that the same holds for the map

R>0— U@y,
and hence that the respective extensions satisfy
Oy )Y = U@Ly
for 0 = Im@ < p. Combined with the previous results, we conclude that
6! 0 T OUO)Y =6 ,UO)RTY =UO) &Y,

and so
2O )W = U@)el! Lrawp, (4.8)

For later use, see in particular Section 5.3, we summarize the above discussion in the following lemma.

Lemma 4.1 If V¥V is analytic for the group (U(0))ger in a strip 0 <Im6 < p < 7, then the map
R36— U@)e!'“ ¥ e A

has an analytic extension to the same strip, which is bounded and continuous on any closed substrip,
and for any 0 in this strip

el O 170)y = U(©)elLrap,

4.2 The quasi-energy operators

In this section we first recall briefly the construction of the maps X.(A, @). They go back to [HP83] and
we refer the reader to e.g. [HP83, JP96a, JP02] for more details. In a second part we study their con-
nection with the Davies generator and the level-shift operator, see e.g. [Dav74, DJ03, DF06, JPW14].
This connection plays a key role in the study of spectral properties of (A, a), hence of £ ,(0), and
which is given in Section 4.2.3.

The standing assumptions in this section are the ones made in Paragraph (e) of the previous section.
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4.2.1 ConstructionofX,(A,a)

The map (A, @) — 2, 4,.(0) is analytic and
20,a,0(0) = 20,0,e(0) = 1(Lx) = 1(Ls) ® IQRIQRI.
It follows from the estimate (4.6) and the resolvent identity that, by possibly making A smaller,

sup  124,4,60) — 20,060 <1
[Al<A
a€B@9,0)

for all e € sp(Zs). This gives that the map
Shae@) =200,e0)2),4,00):Ran2, 4 .(0) — Ran 29, (0)
is an isomorphism, reducing to the identity for A = 0. The quasi-energy operator (4.7) is defined by
2o @) = S1,0,6(0)24,0,6(6) L2,0(0) 21,0,6(0) S0 (O) . (4.9)

As the notation suggests, 2.(A, a) does not depend on 0, see e.g. [JP96a]. In the following, it will be
convenient to identify Ran Sy 4 .(0) = Ran1.(Zf) = Ran1.(Zs) ® Qr with Ran1,(%s), so that 2. (A, &)
will act on the eigenspace of £ for its eigenvalue e.

By construction these quasi-energy operators satisfy
sp(ZeA, @) =sp(Zra@))n{zeCllz—el <rs/2},

and have the following properties which follow from regular perturbation theory [Kat66, RS78, HP83].

(1) The map (A, @) — Z.(A, @) is analytic and
Te(A, ) = elo(Zs) + A2 2P (@) + 0(A3), (4.10)

where the estimate O(A3) is uniform in a € B(9,(). The term linear in A vanishes due to Assump-
tion (SFMO), and it is at this point that (SFMO) enters critically in the proof.

(2) A Fermi golden rule computation gives

=@ (a) = li%ﬂe(xs) TEW (@) (e +ie — La) ' W() Ts1e(ZLs), (4.11)

where Ts : #5 3 X — X ® Qg has the adjoint TS*X® YR =(Qr,Yr)X.

3)
tha)= P Z.hra, P@= P P W),
eesp(Ls) eesp(Zs)
defines two operators acting on #%. The operator 2® (a) is the so-called level-shift operator for
the triple (A5, %, W(a)), see e.g. [DF06]. Equation (4.11) also allows to define 2(82) (a), hence
2@ (), foralla € C.
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4.2.2 Quasi-energy operators and deformed Davies generators

In this section we turn to the close relation between X? (a) and the deformed Davies generator in-
troduced in [JPW14]. We will use this connection in the next section to study spectral properties of
@ (a). Those of (A, a) will then follow from regular perturbation theory.

It follows from (SFM5) and (2.12) that

Cjlm(l) =w; ((Pj(fj,k,m)(l’j(eithjfj,k,m))
= 5 Fikm @M (L= T)) + €M T)) f km)

L [ cosh((Bj/2+iD)s) . N
B j =S)Jj d
fR cosh (fs/2) Fikm(=98) fj,m(s)ds

=lf fj,k,m(_s)fj,k,m(S)
2 Jr 1+ePis

4

eltsds,

and (SFMB6) allows to deform the integration contour from R to R+ia, as long as |a| < 7/,

3 (1) = 1 f]',k,m(_(Sila))fj,k,m(Sila) eit(siia)ds
J.km 2 R 1 + e~ Fi(stia) '

This gives that €} k., (1) = O(e~ for all j, k, m, provided 0 < a < 7. Hence, it holds that
(SFMO00) For somee >0andall j, k,m,

o0
f 1€ k,m ()| t°dt < co.
0

Denote by 7, the C*-dynamics on Os ® 0; generated by s +6; +iA[V}, - ]. Assumption (SFMO)
and (SFMO00) go back to [Dav74], where it was shown that, for all X, Y € Os,

. - K

lim ws®w;(X75401) (V)] =ws(XeN (1), (4.12)

A—0
A2t=¢

for some K; € 9(05s). By similar arguments, see [DF06], one can show that
lim o(X7p' 07} (V) = ws (xet*(n),
A2r=¢
with
K=) K;.
J

K; is the Davies generator of the system S + R; and K that of the full system S + R. The semi-groups
(e'k) 1> and (e’®) />0 are completely positive and unital on Os. If Assumption (SFM7) holds, these
semi-groups are also positivity improving, see e.g. [Spo77, JPW14].
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For a € C, following [JPW14], we define the deformed Davies generators K, j and K, acting on Os by

Ko j(X) = K (Xe®iths)emabiths K, =Y Kqj. (4.13)
j

We note that K; commutes with Os (see [Dav74, Theorem 2.1] or [DF06, Theorem 6.1]) so that
Katz,j(X) =e Pits K, ; (ezﬁfHS X) : (4.14)

forall z € C. For a € R, the semi-groups (e"%«/) _ and (e’®«),_, are also completely positive, and they
are moreover positivity improving if Assumption (SFM7) holds, see [JPW14, Theorem 3.1].

The following proposition gives the announced connection between these deformed Davies genera-
tors and the level-shift operators.

Proposition 4.2 Suppose that (SFMO0), (SEM5) and (SFM6) hold. Then, forall a € R,

@ (@) = —iKy/2—q. (4.15)

Corollary 4.3 Suppose that (SFMO0), (SFM5) and (SFM6) hold. Then, for all a € R the semi-group

(e”zm (“))po is completely positive, and unital when a = . If Assumption (SFM7) holds, then this

semi-group is also positivity improving.

The relation (4.15) can be proven by direct computation, see e.g. [DJ03, Section 6.7] or [DF06]. Al-
ternatively, one can give a structural proof following [DJ04] where (4.15) was established in the cases
a=0and a = 1/2.!! For the reader’s convenience we finish this section with a proof of Proposition 4.2
along these lines.

Remark 4.4 Proposition 4.2 can actually be proven under much more general condition than (SFM6).
However, making this assumption does not affect the generality of our main result while allowing for
arelatively simple proof of Lemma 4.5 below which is the main technical ingredient of the argument.

Recall that Q; is the vector representative of the state w; in the GNS Hilbert space of the j th reservoir.
Setting
g/l,a,j =% +$j +/1Wj(a),

one has the following lemma, compare with (4.12).

Lemma4.5 Forall X,Y € B(X*s) and a € iR,

lim (X80, e ey 8.0)) = tr(x T @y,
—0
A2r=¢

where 2;2) (@) is the level-shift operator for (#s, Ls + £j, Wj(a)),

2;2) (@) = G?z )1€im1]e($s)T5* Wj(@)(e+ie— (Ls + L) W) Ts 1. (Zs). (4.16)
eesp(ZLs

HNote that our convention for the Davies generator differs from the one in [DJ04] by a factor i.
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Proof. The proofis an application of [DF06, Theorem 3.4]. In that theorem the only assumption which
requires a comment is the following one: for some Ay >0

0 .
f sup H@Wj(a)e”(l_g)‘%"“'f(l_g) Wj(a)QH dt < oo,
0 A=A

where & = Is ® |Q2)(Q|. To check it, we introduce complex deformations as in Section 4.1,
gA,oz,j(@) = U(9)$A,a,j U(=0) = £,;(0) + A\Wj(a,0),
fo)j(@) =% +$j +9Nj.

For Im@ > 0, (e!*%i®)) _ 'is a strongly continuous contraction semi-group on /% ® #,;. Hence, for
all A, € C and 0 < Im@ < 7, the perturbed family (el’#*«/®@) _ 'is a strongly continuous semi-group
on #s ® A ;. Moreover, since 2U0) =2 =U(-0)22, we can write

QW] (a)eit(l—(@)fa,a,]‘(l—g’) W](a)@ — @W] (a’g)eit(l—g’)fﬂ,a,j @1-22) Wj(a, 0)2. 4.17)

It follows from (SFMO) that 22V; % = 0,'2 and similarly 2W (a,0)2 = 0. It therefore suffices to prove
that

m .
f sup H (1= 2)elt1-P)L1a;O0-P) (] _ gp) ” dr < oo, (4.18)
0 A=A

for some Ay > 0 and some 0 such that 0 < Im6@ < 7. Observing that the operator appearing in the last
formula belongs to the semi-group acting on Ker 2 and generated by

(1- gz)g/l,a’,j (0)|Ker@ = ecfs +dI'(s + 0)|Q]L +A1 - g)W(Q»QNKerQZ)
we get, for L =0and ¢ =0,
H (1= @)elt1-2)1 %, 0)0-2) (1 _ gp) “ = IMO)

and a standard estimate on perturbed semi-groups [Dav80, Theorem 3.1] gives

o= y)eif(l—@)gl,a,j(g)(l—@)(1 —P)| < e—l’(ImG—MHIW(CKﬂ) ”),
so that the estimate (4.18) follows by fixing 8 such that 0 < Im(0) < # and 0 < Ay small enough. O
Proof of Proposition 4.2. For « € iR we have that

Vi = Us® ] ePiiviePi® s e Jj) = ePi%i(Js 0 J))ViUs ® ] )" *Pi%i.

Consider now the operator Hs + £; + AV; where, with the usual abuse of notation, Hs stands for
7(Hs), and so Hs + AV; € m(0). By the Trotter product formula,

ea’ﬁj(HS+$j+/1Vj) Us ®]])‘/](]S ®]j)e—aﬂj(Hs+$j+Vj)

- lim (eaﬁj(Hsmx/j)/neapjsf,-/n)”(]S®]j)vjus®]j) (e—aﬁj(Hs+\/j)/ne—aﬁj5£j/n)"_

n—oo

12That PV;& =0is also necessary to get (4.12), see [Dav74].
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Since, for 1 € R, €' (@) e 1'% c 1(0)’, we derive that for « € iR,
Vi (@) =PI+ L A (s @ [ Vs @ Jj)e” @PiHs T2+, (4.19)
Using that £s + £ + AV = £ q, i— AV]’?‘(a) commutes with Hs + £} + AV}, (4.19) further yields that

gﬂ,a,j — eaﬁj(Hs+$j+A‘/j)gﬂ,,ﬂ,je_aﬁj(Hs+$j+A‘/j)-

Combined with Lemma 4.5, this relation gives that, for a €i(-(,{),
2;2) (@) (X) = e“ﬁfHSz;?’ (0) (e~ %Pitls Xy, (4.20)

By analyticity, this relation holds for all @ € R, provided its left-hand side is given by (4.16). It was
shown in [DJ04, Theorem 3.1] that
22(0) = ~iKiy,j,

and so

2P @) =Y 2P @) = Y ez o) P x) = i) eI Ky je” P X).
j j j

Taking into account (4.13)—(4.14), we finally get

2@(@) = -1 Kij2-a,j = —iKi/2-a-
J

4.2.3 Spectral analysis of X(A, )

As a direct consequence of Corollary 4.3 we first get the following spectral result about the level-shift
operator 2% (@), see e.g. [[PW14, Theorem 2.2]. Let

&P (@ =imin{mw|wesp(Z?@)}.

Lemma 4.6 Assuming (SFMO) and (SFM5)—(SFM?7), the following assertions hold for a € R.

(1) &@(a) is a purely imaginary simple eigenvalue of 2@ (a), with &® (3) = 0.
(2) All the other eigenvalues z € sp (2@ (@) \ {€® (a)} satisfy Im (z - &P (@) > 0.

(3) The eigenprojection for the eigenvalue &® (a) writes Py = | Xo)(Yy|, where Xg, Yy € Fb5 = B(KS)
are positive definite.
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Proposition 4.7 Under the assumptions of the previous lemma, for any 9,{ > 0 there exists A,e > 0
such that:

(1) ForO0<|Al <A anda € B(9,({), the linear map (A, a) has a simple eigenvalue & (A, @) such that for
any other eigenvalue w € sp(2(1, a)) \ {€ (A, a)} one has

Im(w - &, @) = Ae.

(2) For fixed A, the map B(9,{) 3 a — &(A, @) is analytic.

(3) &, a) esp(Zo(A, @), in particular|& (A, )| < 2—5.

Proof. (1)-(2) Follow immediately from (4.10), the previous lemma and regular perturbation theory.

(3) Since £@ () is purely imaginary it must be an eigenvalue of Z(()Z) (a). Regular perturbation theory
ensures that £(A, a) is therefore an eigenvalue of 2y(A, @) for A small enough. |

Remark 4.8 Using (4.10) we actually have & (A, @) = 12€® (a) + O(A3).

4.3 Dynamics of a-Liouvilleans

In this and the next two sections, we assume that (SFMO0) and (SFM5)—(SFM?7) hold, and we set

D= () DomU(®).

[Tm6|<7
Recall also that 0 < r < 7 is fixed and C is given by (4.4).

Proposition 4.9 For any %r <p<rand?i,( >0, there exist constants \,e > 0 such that, for « € B(9,(),
0<|Al< A, and ®,¥ € D, the function

z2— (D, (z— L1a) 1Y), 4.21)

originally analytic for Im z < —AC, has a meromorphic continuation to the half-planelm z < g, and its
only possible singularity in the regionIm(z — & (A, a)) < %/126 is a simple pole at & (A, ).

Proof. Fix 0 < x < é such that p = (1 -2«)r. Let A,e be as Proposition 4.7 and ®,¥ € D. For all
Imz < —AC and 6 € R one has

(@, (2= L1a) W) = (UO), (z— ZL1,a(0) ' UO)Y).

Note that the functions R3 6 — Yy =U@)¥Y and R> 60 — 59 = U(0)® = U(-0)D both have analytic
continuations to the strip J(#). Thus, the identity

(@, (2= Z1,0)7 W) = (B, (2= La(0) W) (4.22)

holds for all 6 € J*(7), |Al < A, @ € B(9,{) and Imz < —AC. Using the results from Paragraph (e) in
Section 4.1, by setting 6 = ir the right-hand side of this identity provides a meromorphic continuation
of its left-hand side to the half-plane Im z < p. Proposition 4.7 then yields the last assertion. |
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Remark 4.10 The residue of the function (4.21) at £(A, ) is given by
Cra = (U(=1rD,2) o (inUGr)¥), (4.23)
where 2, 4(ir) is the spectral projection of £, ,(ir) for the eigenvalue (A, a).

Proposition 4.11 For any % r<p<rand?d,{ >0, thereexist a constants A > 0 such that, for a € B(9,(),
0<|Al < A, and ¢,y € 7€, the function f(2) = (}, (z — L),q(ir) "L w) satisfies'

sup 10! f)(x+ipy) > dx < +oo0, (4.24)
y<p |x|>R
jEo1}

whereR = 1+ %s|. As a consequence, for any ®,¥ € D, the function g(z) = (®, (z— £ o)~ \V) satisfies

sup |(6j g)(x+iy) Iz_j dx < +o0. (4.25)
y<o JIx|>R
je(0,1}

Proof. As in the proof of Proposition 4.9, we fix 0 < x < 1/6 such that p = (1 —2x)r.

Since % (ir) is a normal operator, the spectral theorem gives that for z in the resolvent set of % (ir),

dpty (©)
(2= L)yl :f by ©)
sp(Li(ir) 12—l

where p,, denotes the spectral measure of £, (ir) for the vector y.

For any ¢ € sp(Zx(ir)) and y < g, one has

dx T
I Smax(—,z),
IxI>R X +iy —¢] 2Kr
and hence

sup I (x +iy — L (i)t dx < co. (4.26)
y<e JIx|>R

By the same argument, we also have

sup f (G +iy — Ler) ") ¢l dx < co. (4.27)
y<p J|x|>R
Invoking the identity (4.3), we deduce that if A is small enough then, for |A| < A and a € B(9,{), the
operator

Gz, A @) = (I- Mz — Le(ir) ' W(a,in) ™

is well defined for |Re z| > R, Im z < p, and satisfies

sup [G(z,A, )| <2. (4.28)
|Rez|>R
Imz<p

135 denotes the Wirtinger derivative w.r.t. z.
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It follows from the second resolvent identity that
(2= ZLyalir) ™ =Gz, A, @) (z— Lyir) ™" (4.29)

Combining (4.26), (4.28) and (4.29) gives that (4.24) holds for j = 0.

Similarly, the operator
Gz, b a) = (I - AW(a,ir)(z— Ly ir) ™)~

also satisfies

sup [IG(z, A, @)l <2,
|Rez|>R
Imz<p

and is such that
(2= Lro(r) " = (- L (ir) ' Gz, A, a).

We can then write
—0(z—ZLral(ir) ' = (2= Lhali) = (2 L) ' G(z,4, @) G(z, A, @) (2 — L (ir) 7,

so that

0f(2)] = |0¢h, (2= Lao (i) )| =4l (2= L) ™) Il (2 = Lo ir) M.
Combining (4.26), (4.27) and the Cauchy-Schwarz inequality, we obtain (4.24) with j = 1.
Finally, (4.25) follows from (4.22) and (4.24) with 8 =ir, ¢ = U(=ir)® and v = U(ir) V. g

Using Propositions 4.9 and 4.11 together with [BBJ24a, Proposition 4.1] we obtain the following dy-
namical result.

Proposition 4.12 For any 9,{ > 0 there exists A,e > 0 such that for any 0 < |A| < A, a € B(9,{) and
®,%¥Y € D one has

(q), ei[f/l'a \y) — eité”(/l,a) (Clya + O(e_ﬂ'zet))
ast 1 oo, where cy , is the residue given by (4.23).
The next, closely related, result is proven in an identical way and will be used in the sequel. Recall
that, forall (4, @) € C> and 0 <Im# < 7, (e!“*«®) _ s also a strongly continuous semi-group on .

Combining (4.24) in Proposition 4.11 with the spectral results about £ ,,(0) obtained in Sections 4.1-
4.2, and using [BBJ* 24a, Proposition 4.1], we have the following analogue of Proposition 4.12.

Proposition 4.13 For any9,( > 0, there exist constants A, e > 0 such that, for all0 < |A| < A, a € B(9,{)
and ¢,y € S one has

(@, eiiLralin) gy — oitE ) (<¢,Qx,a(ir)1//> + O(e_ﬂet))

astoo.
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4.4 The :‘f\,l_a Liouvilleans

As mentioned in Section 3.3, the study of the ancilla part of the PREF relies on the closely related Liou-
villeans 21@. It is easy to see that the analysis of £} 4 presented in the previous sections extends line
by line to 2, , and the associated analytically deformed 2, . (0). We denote by £? (a) and (A, )
the corresponding level-shift and quasi-energy operators.

By the definition (3.6), &) , is obtained from %, , by replacing W (a) by A;%/2W (1 - @) A%/2. Since
Afj’ 2 commutes with %; and Afﬁ/ 2Ts = Ts, the associated level-shift operator is given by

S@(a) = 1%116(555) TEA,PW (3 - a) AL % (e +ie— L) 1A, *W (3 - a) AY? T (L5)
= liTr(r)lﬂe(,st) TEW (3 -a)(e+ie— L) 'W (3 - a) Ts1.(L5)
€
2
=P (4-a),

for a € iR, hence for all a € C by analyticity. In particular the conclusions of Corollary 4.3 hold, with
unital property when a = 0, hence so do those of Lemma 4.6 and Proposition 4.7, i.e., the operator
2 (A, @) has a simple eigenvalue & (A, &) such that for any other eigenvalue w of £(A, @) one has

Im(w—é"A(A, a)) = €.

Arguing as in Section 4.1, Paragraph (f), we derive that, for all A,a € C and 0 < Im#@ < 7, the family
(e“fﬂ'a(m) =0 is a strongly continuous semi-group on ./ such that, similarly with (4.8), one has

U@ Dray = ¢t %O 1)@ (4.30)
forall ¥ € D and 0 < Im# < 7. Finally, we have the following analogue of Propositions 4.12 and 4.13.

Proposition 4.14 For any 9,( > 0, there exists A,e > 0 such that for all0 < |A| < A, a € B(9,{) and all
®,¥ € D one has

(@, Zhe ) = elEAD (U (i), D)4 (i) UGN W) + O™ 4.31)

as t | oo, and where 2 1,a (i) is the spectral projection offla,a (ir) for its eigenvalue E(A, a).

Similarly, for all b,y € A€ one has
<(,b, eiti’aya(ir)w> — eitg(/l,a’) (<('b’ Q/\Aya (ir)lﬂ) + O(e_/'Lzet)) , (4.32)

astloo.

5 Proofof Theorem 2.8

We prove separately the 2TMEP, QPSC and EAST parts of the PREE These three parts are proven re-
spectively in Sections 5.2, 5.3 and 5.4. They all rely on the representation of the various entropic
functionals given in Proposition 3.2 and on Propositions 4.12, 4.13 and 4.14.
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As a preparation for the proof we establish some analyticity properties of the Connes cocycle. Indeed,
for the QPSC and Ancilla parts of the PREF we will first have to consider the large T limit in Propo-

sition 3.2(2)-(3) in order to obtain suitable expressions for F2? and Sgﬁsf This large T limit also

relies on Proposition 4.12, applied to e’ <412, For that purpose one needs to prove that the vectors

[Dw_;: Dw],Q and [Dw_;:Dwlg [Dw_;: Dw]aQ
2

belong to the subspace D. This will be a consequence of the analyticity properties of the Connes
cocycle we establish in the next section.

5.1 Analyticity of the Connes cocycle

The main result in this section is

Proposition 5.1 Suppose that (SFM6) holds. Then, for any t € R, the map
RxiRxR3 (A, a,0)— UO)[Dw;: Dwl,U(-0) € B(F)

has an extension to C x C x J(#) which is analytic in each variable separately and is uniformly bounded
for (A, a,Im @) in compact subsets of CxCx] -7, 7.

Remark 5.2 The quantity U(0)[Dw; : Dw],U(—60) depends on A through the time evolved state w;.

Proof. The proof builds on the results established in [BBJ*25, Section 2]. For «a € iR recall the iden-
tity (2.5)

[Dw;:Dwle =1+ ) a” f o Q) 6o " (Qp) duy -+~ duy, (5.1)

n=1
Osuy<--<up<l

where .
Q: :f T,{S(U)d& o =2A6,(V).
0

Let (I's)seg denote the cocycle associated to the local perturbation AV of the free dynamics 74, i.e.,
the solution of the Cauchy problem

OsTs =iATTS(V),  To=1.

s is a unitary element of @ with the norm convergent expansion

Ii=1+) (iAs)" f T (V)1 " (V)doy -~ duy, (5.2)

| fr
>
n= 0<v;<--<v,<1

and for u € R we have ,
S4Qn) = fo )T (G0N ) ds, 5.3)

see [BBJ*25, Equations (2.9) and (2.14)].
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Now, observe that (SFM6) gives that the maps

R*>(s,2,0) — U@)7T50oci(V)U(-0) € B(H), (5.4)
R*>(s,0,0) — UO)7}0650,(V)IU(-0) € B(A), (5.5)

have extensions to C? x J(#) which are analytic in each variable separately and are uniformly bounded
for (s, a,Im@) in compact subsets of C2x]1-7,7[. Using Equation (5.2) we get that, for (A, u,0) € R3,

U0)6,T-9U(-0) =

1+ ) (-ids)" f [UO)7,™ o (NU=0)]---[UO)T, " 0 gl (VYU (=0)1dwy -+~ dup,
n=1

O <-<v,<l

and it follows from (5.4) that the map
R*3 (A, u,0) — UB)ssT-)U(-6)

has an extension to C? x J(#) which is analytic in each variable separately and is uniformly bounded
for (1, u, s,Im#A) in compact subsets of C? xRx]—#,7[. The same holds for if I'_ is replaced by its
inverse I'* ;. From (5.3) we infer that

t
U0)6,(QNU(-0) =f0 [UB)6, T UNIUO)14,° 064 (U (=0 [U O)g,, (T )U(-0)]ds,
and hence deduce, using (5.5), that
R®> (A, u,0) — UO)¢}3(Q)U(-0)

has an extension to C? x J(#) which is analytic in each variable separately and is uniformly bounded
for (A, u, t,Im @) in compact subsets of CZxRx]-7,7[ Finally, going back to (5.1) we have

UB)[Dw;:DwlaU(-0) =

1+ a” f [U@O)6, " " (QnU )]+ U@, " * (QYU(-0)Idu ---dup,
n=1

O<u;<--<u,<l1

and Proposition 5.1 follows. |

Since U(-0)Q = Q, the following consequence of the previous proposition is immediate.

Corollary 5.3 The vectors [Dw_;: Dw]oQ and [Dw_; : Dw]% [Dw_; : Dw] g Q belong to the subspace D,
forallteRandaeC. ’

5.2 2TMEP part of the PREF

In this and the next two sections we fix 0 < r < 7 as in Section 4.
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The starting point is the representation given in Proposition 3.2(1). Given 9,{ > 0, using Proposi-
tion 4.12 with 3 — @ € B(3+9,¢), and the fact that U(6)Q = Q for all 6 € C, we can write for all
O0<|A<Aandae]-9,1+9],

. 1
o @) = ((,2, 1 (ND) + 0
72

w,t

as t | oo. If moreover

(Q,2)1_,(nNQ) #0, (5.6)
then
1
F2™(a) = lim —logF, T (@) =i6 (4,1 - a), (5.7)
t—oo ’

and the map a — F2™(a) is analytic by Proposition 4.7. We proceed to prove (5.6).

Denote by P, , the spectral projection of the quasi-energy operator (A, a) associated to its eigen-
value &(A,a). The map (A,a) — P, is analytic in each variable separately for 0 < |A] < A and
a € B(9,{). Since &(A,a) is actually an eigenvalue of Zy(A, @), see Proposition 4.7, P, , is also the
spectral projection of A72Z¢(A, @) = £ (@) + O(1) for the eigenvalue A726(4,a) = £? (@) + ON). It
follows that A — P, , extends analytically to A = 0 where Py o = |X4)({Y,| is the spectral projection of
2 (@) for the eigenvalue &@ (), see Lemma 4.6. Recall that X, Y are positive definite for a € R.
Using (4.9) we then have
2),0(r) = 52,000 Pa,aSp,a0(ir),

so the map (A, @) — 2 ,(ir) is analytic with 2 o (ir) = Pg,q (recall that Sg 4,0(ir) is the identity). In
particular, we have

(Q, 20,q(ir)Q2) = (Qs, Xg){Ye,Qs) = %tr(Xa) tr(Yy) >0

for a real. By possibly making A and ¢ smaller we derive that (5.6), hence (5.7), holds for || < A and

3—aeB(3+9,0).

Finally, the 2TMEP part of the PREF with respect to the NESS w,, i.e.,
1 .
F,"(@) = lim —log§,,7(a) =i€ (4,3 - a),
follows from Theorem 2.4(3).

Remark 5.4 Recall that F2™(a) > 0 for a € R, see e.g. (2.6). This gives that (5.7) implies that &(A, ) is

w,t

purely imaginary for a €] -9 -1/2,9+1/2|.

Remark 5.5 Since 32'7'(0) = 1 for all 7 we have & (A,3) =0.

w,t
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5.3 QPSC part of the PREF

Starting with the representation of Proposition 3.2(2) we have, forall 1,a € C,
Fa (@) = (T2 [Dw_; : Dwla Q).

Corollary 5.3 guarantees that [Dw_; : Dw]4Q € D so we can invoke Proposition 4.12. Since &(A, %) =0,
we obtain that for some A >0,all0<|A| < A,and all ¢ € C,

Sarr(a) = lim (0,12 Do : DwlaQ) = (Q 2, 1 (NU G Dw - : DwlaQ),

(2
where we again used the fact that U(-ir)Q = Q. Proposition 3.2 leads to
[Dw_t . D(U]DCQ = eitfll,l/zfaQ,

forall A € R and a € C. Using again Corollary 5.3, the fact U(ir)Q = Q and invoking Lemma 4.1 we
further have

Sot(@ =(Q,2, 1 (inelZr-ainNg),

Using Proposition 4.13, we hence get

Sg}ff (@) = eité’(/l,%—a’) <Q’Q}L,% (ir)Q/ly%_a(ir)Q) + O(e—/lzet) , (5.8)
so that
1 .
tm L logi @ =i (1)
follows provided

(2,112, 1, (1) #0.

That for a given 9 > 0 one can find A > 0 and { > 0 such that the latter identity holds for |1] < A
and % -a€ B(% +9,{) is now deduced by following the proof of the related relation (5.6) given in
Section 5.2.

Remark 5.6 When A = 0, we actually have

Qg) > 0.

(Q, 24,112y 1)) = (Qs, X3)(¥1, X3_)(¥1

1_
37Q

This ensures that the logarithm of the complex valued quantity Sglff(a) is indeed well-defined for A
small and ¢ large.
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5.4 EAST part of the PREF

The proof is completely parallel to the one of the previous section. The same reasoning starting from
the representation given in Proposition 3.2(3) gives that, for some A >0, all0<|A|<Aandall @ € C,
Fancilla gy = Lim (@, e’ 112 (Dw_; : Dol [Dw-; : Dwlz Q)
—00 2

Wt

= (Q,Q/L% (in)UGr[Dw_;: Dw]’;i [Dw_;: Dw]%Q)
=(Q,2,,1 (U e Ziq)

= (@2, (e ing)

=00 (0,2, 1(i1)2),4(1Q) + O™ ),

where we have also used (4.30) and (4.32). By exactly the same argument as in Section 5.2 one can
find A > 0 such that for || < A and a € B(9,{) one has

(2,21 (122, (1)Q) #0,
so that )
(@) = Jim —1og 51 (@) =i (L, @).
—00 ’
It remains to prove that this limit coincides with the one of the 2TMEP and QPSC functionals, i.e., that

ENa)=6(A1-qa). (5.9)

Recall that Sg‘}fﬂla(a) = T2y see (2.7). By Proposition 3.2(3), we have

w,t
Foni (@) = (Q,e e q),

S0, using (4.31) we further get
. 1 ancilla _p
}H& . log§,,: (@)=i8A,a).

Combined with (5.7) this proves (5.9).

5.5 Nonvanishing of F

It remains to establish the assertion dealing with the non-vanishing of F. As mentioned in Remark 2.9,
the convexity and analyticity of F, combined with the symmetry F(0) = F(1) = 0, ensure that either F
is identically vanishing on | — 9,1 + 9[ or is strictly convex. If it is strictly convex, the symmetry also
guarantees that 0 is not a minimum so that F is identically vanishing if and only if

OaF(a)la=0=0.
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Now, using (2.3) and (2.8) we have

t
2tm(oz)| —/0 w,(o)ds.

This identity and convexity (see e.g. (2.6)) give
0aF(@)|g=0 = ~w(0).

It thus remains to prove that w, (o) =0ifand onlyif 1 =--- = By = B.

It is proven in [JP02, Theorems 1.3-1.4] and [JOP06, Theorem 1.15] that if §; # §; for some i, j, then
under the assumptions of Theorem 2.8 there exists A > 0 such that for 0 < 1] < A, w4 (o) > 0. On the
other hand, if 8, = --- = By = B then w; is a (1), B)-KMS state and in particular w, € A". By [JP03,
Theorem 1.3], w, (0) =

5.6 The simplest spin-fermion model

The spectrum of %5 is {—2,0, 2}, the eigenvalue 0 having multiplicity 2. Using (4.11) one can compute
explicitly Z(ez) (o). Fora=0and a = % this was done in [JP02], and one can then use (4.20) to obtain

@ (@) =in % —”fj QI§ [ efi  —e2b
0 121 2cosh B; —e72ab; e Pi |’

while Dy @ , (@) are scalars, which turn out to be independent of a, and are given by

lM

28(@) = 22 TP

j=1

175
va J ’”Jdr+m||f,(2)||ﬁ)

where PV stands for Cauchy’s Principal Value.

The eigenvalues of Zf)z) (a) are

EP (@) =i (Z If @15,
J

cosh(2(B; - fr)a)
cosh(f;) cosh(fy)

k=1

M ~ ~
iJ y (tanh(ﬁ j)tanh(By) + 1Fi @121 fe@ ||;).

Obviously, E(()z_) (a) has the smallest imaginary part, so that
&P () = EP (),

and (2.14) follows from (5.7).
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5.7 Comparison with the general scheme of [BBJ* 24a]

Although our analysis of the a-Liouvilleans mostly follows the abstract scheme given in [BB]* 24a], the
structural properties of the spin-fermion model allow to simplify certain steps. We have for example
used Propostion 3.2(3) to analyze the ancilla part of PREF therefore relying on the variant (Deform2A)
of the general scheme. Also, the regularity of the map a — &(A, a), hence of a — F(a), is here a
consequence of regular perturbation theory that allows us to bypass Assumption (Deform3), see also
Remark 2 after Theorem 4.5 in [BBJt24a].
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