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Abstract

We compute exactly the partition function of two dimensional N = (2, 2) gauge
theories on S2 and show that it admits two dual descriptions: either as an integral
over the Coulomb branch or as a sum over vortex and anti-vortex excitations on
the Higgs branches of the theory. We further demonstrate that correlation func-
tions in two dimensional Liouville/Toda CFT compute the S2 partition function
for a class of N = (2, 2) gauge theories, thereby uncovering novel modular prop-
erties in two dimensional gauge theories. Some of these gauge theories flow in the
infrared to Calabi-Yau sigma models – such as the conifold – and the topology
changing flop transition is realized as crossing symmetry in Liouville/Toda CFT.
Evidence for Seiberg duality in two dimensions is exhibited by demonstrating
that the partition function of conjectured Seiberg dual pairs are the same.
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1 Introduction

It has long been recognized that many of the dynamical and quantum properties of four

dimensional gauge theories are mirrored in two dimensional quantum field theories. This

includes – among the wealth of phenomena that a four dimensional gauge theory can exhibit

– the remarkable and not yet completely understood physics of confinement and dynamical

generation of a mass gap. Instantons, which mediate non-perturbative effects in four dimen-

sional gauge theories, are also present in two dimensional field theories, and play a central

role in determining the quantum properties of these theories. While the dynamics of two

dimensional gauge theories is tamer than in four dimensions, few exact results for correlation

functions are available. In most examples, such computations heavily rely on integrability.

Furthermore, given that two dimensional theories share many of the beautiful phenomena

present in four dimensions, it is a desirable goal to attain exact results in two dimensional

quantum field theories.

In this paper we obtain exact results in two dimensional N = (2, 2) supersymmetric

gauge theories on S2. These results are obtained using the powerful machinery of super-

symmetric localization [1–3]. We uncover that the partition function of these theories admit

two seemingly different representations.1 In one, the partition function is written as an inte-

gral (and discrete sum) over vector multiplet field configurations. This yields the Coulomb

branch representation of the partition function

ZCoulomb(m, τ) =
∑
B

∫
t

daZcl(a,B, τ)Zone-loop(a,B,m) .

B is the quantized flux on S2, a the Coulomb branch parameter, m denotes the masses of

the matter fields and τ are the complexified gauge theory parameters

τ =
ϑ

2π
+ iξ ,

where ξ and ϑ are the Fayet-Iliopoulos (FI) parameter and topological angle associated to

each U(1) factor in the gauge group. Expressions for Zcl(a,B, τ) and Zone-loop(a,B,m) are

given in section 4.

In the other representation, the path integral is given as a discrete sum over Higgs

branches of the product of the vortex partition function [4] at the north pole and the anti-

vortex partition function at the south pole. This gives the Higgs branch representation of

the partition function

ZHiggs(m, τ) =
∑

v∈Higgs vacua

Zcl(v, 0, τ) res
a=v

[Zone-loop(a, 0,m)]Zvortex(v,m, e2πiτ )Zanti-vortex(v,m, e−2πiτ̄ ) .

1This can be enriched with the insertion of supersymmetric Wilson loop operators.
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MCoulomb

MHiggs

a + m = 0

Figure 1: Higgs vacua. Vortices and anti-vortices on these vacua contribute to ZHiggs(m, τ)

In this formula the residue of the pole of Zone-loop(a, 0,m) at the location of each Higgs branch

must be taken.2 Equivalently, this expression can be written in a holomorphically factorized

form as a sum of the “norm” of the vortex partition function

ZHiggs(m, τ) =
∑

v∈Higgs vacua

Zcl(v, 0, τ) res
a=v

[Zone-loop(a, 0,m)]
∣∣Zvortex(v,m, e2πiτ )

∣∣2 .
Despite that the expressions for the Coulomb and Higgs branch representations are rather

distinct and involve different degrees of freedom, we show that the two yield identical, dual

representations of the partition function of N = (2, 2) gauge theories on S2

Z = ZCoulomb = ZHiggs .

We have explicitly shown this equivalence for SQCD, with U(N) gauge group and NF funda-

mental and ÑF anti-fundamental chiral multiplets. The factorization of the Coulomb branch

integral is akin to the one found by Pasquetti [5] and Krattenthaler et al. [6] in evaluating

the partition function of three dimensional N = 2 abelian gauge theories on the squashed

S3 [7] and S1 × S2.3

The fact that a correlation function in a supersymmetric gauge theory may admit multiple

representations can be understood to be a consequence of the different choices of supercharge

and/or deformation terms available when performing supersymmetric localization. Different

choices may lead to integration over different supersymmetric configurations, but the local-

ization argument guarantees that all (reasonable) choices must ultimately yield the same

correlation function.4 See section 8 for a more detailed discussion. Our choice of localization

supercharge has the elegant feature of giving rise to supersymmetry equations which inter-

polate between vortex equations at the north pole and anti-vortex equations at the south

pole while also allowing for configurations on the Coulomb branch.

2A Higgs branch is a solution to the equation a+m = 0.
3Other related works on localization include [8–12].
4In particular we obtain the Coulomb branch representation of the partition function using two different

choices of supercharge.
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vortex
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Figure 2: Vortex and anti-vortex configurations in the Higgs branch

We demonstrate that the partition function of certain two dimensional N = (2, 2) gauge

theories on S2 admits a dual description in terms of correlation functions in two dimensional

Liouville/Toda CFT. This is akin to the AGT correspondence [13] between the partition

function of four dimensional N = 2 gauge theories on S4 and correlators in these two

dimensional CFTs. The key difference is that the correlators in Liouville/Toda CFT that

capture the two dimensional gauge theory partition function on S2 involve the insertion

of degenerate vertex operators of the Virasoro or W -algebra at suitable punctures on the

Riemann surface. These insertions have the sought after property of restricting the sum over

intermediate states to a discrete sum of conformal blocks, which precisely capture the sum

over Higgs vacua in the Higgs branch representation of the partition function. Pleasingly,

ZHiggs exactly reproduces the sum over conformal blocks with the precise modular invariant

Liouville/Toda measure by summing over vortices and anti-vortices over all Higgs vacua.

The simplest instance of this correspondence is SQED, described by a U(1) vector mul-

tiplet and NF electron and NF positron chiral multiplets. The partition function of SQED

corresponds to the ANF−1 Toda CFT on the four-punctured sphere with the insertion of two

non-degenerate, a semi-degenerate and a fully degenerate puncture:

α1α2

µm̂ZSQED =

Figure 3: SQED partition function as Toda CFT correlator

The fact that two dimensional N = (2, 2) gauge theories on S2 admit a Liouville/Toda

CFT description with degenerate fields is consistent with the observation that certain half-

BPS surface operators in four dimensional N = 2 gauge theories on S4 are realized by the

insertion of a degenerate field [14].

The correspondence we establish with Liouville/Toda CFT implies that two dimensional
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N = (2, 2) gauge theories enjoy rather interesting modular properties with respect to the

complexified gauge theory parameters τ . This is a direct consequence of modular invariance,

which implies that CFT correlators are independent of the choice of factorization channel

(or pants decomposition) used to represent a correlator as a sum over intermediate states.

The moduli of the punctured Riemann surface on which modular duality acts correspond to

the vortex fugacity parameters

z = e2πiτ .

It is rather interesting that the partition function of two dimensional N = (2, 2) gauge

theories on S2 assembles into a modular invariant object.

Another important motivation to study two dimensional N = (2, 2) gauge theories is

string theory. As shown in [15], the Higgs branch of such a gauge theory flows in the infrared

to a two dimensionalN = (2, 2) supersymmetric non-linear sigma model with a Kähler target

space. Moreover, with a suitable choice of matter content and gauge group, the gauge theory

flows to an N = (2, 2) superconformal field theory, which provides the worldsheet description

of string theory on a Calabi-Yau manifold. One can hope that the exact formulae for the

partition function of these gauge theories will provide a novel way to compute worldsheet

instantons in the corresponding Calabi-Yau manifolds, as well as shed new light into the

dynamics of these phenomenologically appealing string theory backgrounds.

The ultraviolet gauge theory description of these string theory backgrounds provides a

qualitative characterization of the “phase” structure as the Kähler moduli of the Calabi-Yau

manifold are changed by studying the gauge dynamics as a function of the complexified gauge

theory parameters τ [15]. An interesting topology changing transition – the so called flop

transition – occurs in some models as the sign of the FI parameter is reversed ξ → −ξ. The

string dynamics in the two phases connected by a flop transition are expected to be related by

analytic continuation in τ . Our exact results for the partition function of N = (2, 2) SQED

– which includes the conifold for NF = 2 and higher dimensional Calabi-Yau manifolds for

NF > 2 – demonstrate that the results for ξ > 0 and ξ < 0 are indeed related by analytic

continuation. Given the representation of the partition function of SQED in terms of a Toda

CFT correlator on the four-punctured sphere, the analytic continuation describing the flop

transition admits an elegant realization as crossing symmetry in Toda CFT

flop transition←→ crossing symmetry .

Furthermore, our exact results demonstrate that the geometric singularity as we move from

ξ > 0 to ξ < 0 across the singular point ξ = 0 can be avoided by turning on a nonzero

topological angle ϑ, as anticipated in [15,16].

Our findings are used to provide quantitative evidence for Seiberg duality [17] in two

dimensions by comparing the partition functions of putative dual theories in various limits

and finding exact agreement. Seiberg duality in two dimensional N = (2, 2) gauge theories
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[18] relates theories with NF > N fundamental chiral multiplets, trivial superpotential and

gauge groups

SU(N)←→ SU(NF −N) .

The conjectured duality was put forward in [18] to give a physical realization of Rødland’s

conjecture stating that two Calabi-Yau manifolds appear as distinct large volume limits of

the same Kähler moduli space. Our results, therefore, provide further evidence for this

conjecture.

The plan of the rest of the paper is as follows. In section 2 we explicitly write down

for gauge theories on S2 the N = (2, 2) supersymmetry transformations of the vector and

chiral multiplet fields and the associated supersymmetric action. In section 3 we specify a

particular supercharge with which we perform the localization computation. We derive the

partial differential equations that determine the space of supersymmetric field configurations

corresponding to our choice of supercharge and show that the system of equations we get

smoothly interpolates between the vortex equations at the north pole and the anti-vortex

equations at the south pole. A vanishing theorem finding the most general smooth, su-

persymmetric solutions to our system of supersymmetry equations is proven. We find that

smooth solutions are parametrized by vector multiplet fields and correspond to Coulomb

phase configurations, while singular localized vortices and anti-vortices, which exist in the

Higgs phase, may appear at the north and south poles of the S2. In section 4 we local-

ize the path integral by choosing a specific deformation term and show that only Coulomb

branch configurations can contribute if we consider the saddle point equations of the com-

bined action in the limit that the coefficient of the deformation term goes to infinity. This

yields the Coulomb branch representation of the partition function. Quite remarkably, the

integral and sum over the Coulomb branch configurations can be carried out for arbitrary

choices of gauge group G and matter representation. The resulting expression can be written

as a finite sum of the product of a function with its complex conjugate. We identify this

expression as the sum over Higgs vacua of the product of the vortex partition function at

the north pole with the anti-vortex partition function at the south pole. In section 5 we

argue, by first looking at the saddle point equations for a different deformation term, that

the Coulomb branch configurations are lifted and that vortex and anti-vortex configurations

at the poles are the true saddle points of the path integral in this other limit. This yields

the Higgs branch representation of the partition function. This way of computing the path

integral gives a first principles derivation of the result obtained by brute force evaluation

of the Coulomb branch representation of the partition function. The identification of the

partition function of certain two dimensional N = (2, 2) gauge theories with Liouville/Toda

correlation functions is uncovered in section 6, and some of their consequences explored. In

section 7 we provide quantitative evidence for Seiberg duality in two dimensions by matching

the partition function of Seiberg dual pairs in various limits. We conclude in section 8 with

a discussion of our findings and future directions. The appendices contain some detailed
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computations used in the bulk of the paper.

Note added: While this work was being completed, we became aware of related work [19],

which has some overlap with this paper.

2 Two Dimensional N = (2, 2) Gauge Theories on S2

In this section we explicitly construct the Lagrangian of N = (2, 2) supersymmetric gauge

theories on S2. The basic multiplets of two dimensional N = (2, 2) supersymmetry are

the vector multiplet and the chiral multiplet, which arise by dimensional reduction to two

dimensions of the familiar four dimensional N = 1 supersymmetry multiplets. The field

content is therefore
vector multiplet: (Ai, σ1, σ2, λ, λ̄,D)

chiral multiplet: (φ, φ̄, ψ, ψ̄, F, F̄ ) .
(2.1)

The fields (λ, λ̄, ψ, ψ̄) are two component complex Dirac spinors,5 (φ, φ̄, F, F̄ ) are complex

scalar fields while (σ1, σ2,D) are real scalar fields.6 The fields in the vector multiplet trans-

form in the adjoint representation of the gauge group G while the chiral multiplet fields

transform in a representation R of G. The field content of an arbitrary N = (2, 2) super-

symmetric gauge theory admitting a Lagrangian description is captured by these multiplets

by letting G be a product gauge group and R a reducible representation.

While it is well known how to construct the Lagrangian of N = (2, 2) supersymmetric

gauge theories in R2 (i.e. flat space), constructing supersymmetric theories on S2 requires

some thought, as S2 does not admit covariantly constant spinors. Indeed, we must first

characterize the N = (2, 2) supersymmetry algebra on S2. This is the subalgebra of the two

dimensional N = (2, 2) superconformal algebra on S2 that generates the isometries of S2,

but none of the conformal transformations of S2. The N = (2, 2) supersymmetry algebra

on S2 thus defined obeys the (anti)commutation relations of the SU(2|1) superalgebra7

[Jm, Jn] = iεmnpJp [Jm, Qα] = −1

2
γm

β
αQβ [Jm, Sα] = −1

2
γm

β
αSβ

{Sα, Qβ} = γmαβJm −
1

2
CαβR [R,Qα] = −Qα [R, Sα] = Sα .

(2.2)

The supercharges Qα and Sα are two dimensional Dirac spinors generating the supersym-

metry transformations, Jm are the SU(2) charges generating the isometries of S2 while R

is a U(1) R-symmetry charge. This supersymmetry algebra is the S2 counterpart of the

N = (2, 2) super-Poincaré algebra in flat space.

5Our conventions for spinors are listed in appendix A.
6The reality of the auxiliary field D is altered when coupled with matter fields.
7See appendix B for details.
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Constructing a supersymmetric Lagrangian on S2 requires finding supersymmetry trans-

formations on the vector and chiral multiplet fields that represent the SU(2|1) algebra. We

construct these by restricting the N = (2, 2) superconformal transformations to those corre-

sponding to the SU(2|1) subalgebra. The N = (2, 2) superconformal transformations on the

fields are easily obtained by combining the N = (2, 2) super-Poincaré transformations in flat

space (with the flat metric replaced by an arbitrary metric), with additional terms that are

uniquely fixed by demanding that the supersymmetry transformations are covariant under

Weyl transformations.7 Given the SU(2|1) supersymmetry transformations on the vector

and chiral multiplet fields constructed this way and shown below, it is straightforward to

construct the corresponding SU(2|1) invariant Lagrangian. The supersymmetry transfor-

mations and action may equivalently be obtained by “twisted” dimensional reduction from

three dimensional N = 2 gauge theories on S1 × S2, considered in [12].

Without further ado, we write down the most general renormalizable N = (2, 2) super-

symmetric action of an arbitrary gauge theory on S2

S = Sv.m. + Stop + SFI + Sc.m. + Smass + SW . (2.3)

The vector multiplet action is given by

Sv.m. =
1

2g2

∫
d2x
√
h Tr

{
ViV

i + V3V
3 + D2 + iλ

(
/Dλ̄−

[
σ1, λ̄

]
− i
[
σ2, γ

3̂λ̄
])}

, (2.4)

where
V i = εijDjσ2 +Diσ1 ,

V 3 =
1

2
εijFij + i [σ1, σ2] +

1

r
σ1 .

(2.5)

The bosonic part of the action can also be written as

1

2g2

∫
d2x
√
h Tr

{(
F1̂2̂ +

1

r
σ1

)2

+ (Diσ1)2 + (Diσ2)2 − [σ1, σ2]2 + D2

}
. (2.6)

In the vector multiplet action g denotes the super-renormalizable gauge coupling8, h is the

round metric on S2 and r is its radius.

For each U(1) factor in G, the gauge field action in two dimensions can be enriched by

the addition of the topological term

Stop = −i ϑ
2π

∫
TrF , (2.7)

and of a supersymmetric Fayet-Iliopoulos (FI) D-term on S2

SFI = −iξ
∫

d2x
√
h Tr

(
D− σ2

r

)
. (2.8)

8For a product gauge group, there is an independent gauge coupling for each factor in the gauge group.
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The couplings ϑ and ξ are classically marginal, and can be combined into a complex gauge

coupling

τ =
ϑ

2π
+ iξ (2.9)

for each U(1) factor in the gauge group. Quantum mechanically, the coupling τ depends on

the energy scale, and can be traded with the dynamically generated, renormalization group

invariant scale Λ.9 We will return to this dynamical transmutation in section 4.

The action for the chiral multiplet coupled to the vector multiplet is10

Sc.m. =

∫
d2x
√
h

{
φ̄

(
−D2

i + σ2
1 + σ2

2 + iD + i
q − 1

r
σ2 −

q2 − 2q

4r2

)
φ+ F̄F

− iψ̄
(
/D − σ1 − iσ2γ

3̂ +
q

2r
γ 3̂
)
ψ + iψ̄λφ− iφ̄λ̄ψ

}
.

(2.10)

Here q denotes the U(1) R-charge of the chiral multiplet, which takes the value q = 0 for

the canonical chiral multiplet.11 In a theory with flavour symmetry GF , the U(1) R-charges

take values in the Cartan subalgebra of GF (see discussion below).

In two dimensions, it is possible to turn on in a supersymmetric way twisted masses for

the chiral multiplet. These supersymmetric mass terms are obtained by first weakly gauging

the flavour symmetry group GF acting on the theory, coupling the matter fields to a vector

multiplet for GF , and then turning on a supersymmetric background expectation value for

the fields in that vector multiplet. For N = (2, 2) gauge theories on S2, unbroken SU(2|1)

supersymmetry (see equations (2.17) and (2.18)) implies that the mass parameters are given

by a constant background expectation value for the scalar field σ2 in the vector multiplet

for GF . This can be taken in the Cartan subalgebra of the flavour symmetry group GF .

Therefore, the supersymmetric twisted mass terms on S2 are obtained by substituting

σ2 → σ2 +m (2.11)

in (2.10), with m in the Cartan subalgebra of GF

Smass =

∫
d2x
√
h

{
φ̄

(
m2 + 2mσ2 + i

q − 1

r
m

)
φ− ψ̄mγ 3̂ψ

}
. (2.12)

Likewise, the U(1) R-charge parameters q introduced in (2.10) can be obtained by turning

on an imaginary expectation value for the scalar field σ2 in the vector multiplet for GF .

9The dynamical scale is given by Λb0 = µb0e2πiτ(µ), where β(ξ) ≡ b0
2π and µ is the floating scale.

10The representation matrices of G in the representation R, which we do not write explicitly to avoid

clutter, intertwine the vector multiplet and chiral multiplet fields in the usual way.
11q also determines the Weyl weight of the fields in the chiral multiplet. The Weyl weight of a field can be

read from the commutator of two superconformal transformations (see appendix B), which represents the

two dimensional N = (2, 2) superconformal algebra on the fields.
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The corresponding supersymmetric terms in the action are obtained by shifting the action

in (2.10) for q = 0 by

σ2 → σ2 +
i

2r
q . (2.13)

The flavour symmetry GF is determined by the representation R under which the chi-

ral multiplet transforms and by the choice of superpotential, as this can break the group

of transformations rotating the chiral multiplets down to the actual GF symmetry of the

theory. If R contains NF copies of an irreducible representation r and the theory has a

trivial superpotential, then the theory has U(NF ) as part of its flavour symmetry group

and gives rise to NF twisted mass parameters m = (m1, . . . ,mNF ) and NF U(1) R-charges

q = (q1, . . . , qNF ). Occasionally, we will find it convenient to combine these parameters into

the holomorphic combination

MI = mI +
i

2r
qI . (2.14)

Finally, we can add in a supersymmetric way a superpotential for the chiral multiplet

SW =

∫
d2x
√
h

{
FW + F̄W̄

}
, (2.15)

whenever the total U(1) R-charge of the superpotential is −qW = −2. FW is the gauge in-

variant auxiliary component of the superpotential chiral multiplet.12 Under these conditions,

the Lagrangian in (2.15) transforms into a total derivative under the SU(2|1) supersymmetry

transformations below.

A few brief remarks about the N = (2, 2) gauge theories in S2 thus constructed are in

order. The action (and supersymmetry transformations) can be organized in a power series

expansion in 1/r, starting with the covariantizedN = (2, 2) gauge theory action in flat space.

The action is deformed by terms of order 1/r and 1/r2, with terms proportional to 1/r not

being reflection positive. These features are consistent with the general arguments in [20].

The theory on S2 breaks the classical13 U(1)A R-symmetry of the corresponding N = (2, 2)

gauge theory in flat space. This can be observed in the asymmetry between the scalar fields

σ1 and σ2 in the action on S2, which are otherwise rotated into each other by the U(1)A
symmetry of the flat space theory. This asymmetry is also manifested in the twisted masses

m being real on S2, while they are complex in flat space.14 The real twisted masses m on S2,

however, combine with the U(1) R-charges q into the holomorphic parameters M = m+ i
2r
q

introduced in (2.14).

The gauge theory action we have written down is invariant under the SU(2|1) supersym-

metry algebra. The supersymmetry transformations are parametrized by conformal Killing

12In terms of the φ chiral multiplet, FW = ∂W
∂φ F − 1

2
∂2W
∂φ2 ψψ. Invariance of (2.15) under supersymmetry

when qW = 2 follows from equations (2.28) and (2.29).
13This classical symmetry of the flat space theory, being chiral, can be anomalous.
14Where twisted masses correspond to background values of σ1, σ2 in the vector multiplet for GF .
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spinors15 ε and ε̄ on S2. These can be taken to obey

∇iε = +
1

2r
γiγ

3̂ε

∇iε̄ = − 1

2r
γiγ

3̂ε̄ ,
(2.16)

where ε and ε̄ are complex Dirac spinors in two dimensions and r is the radius of the S2.

The spinors εα and ε̄α are the supersymmetry parameters associated to the supercharges Qα

and Sα respectively. More details about the supersymmetry transformations can be found

in appendix B.

As mentioned earlier, the explicit supersymmetry transformations can be found by re-

stricting the N = (2, 2) superconformal transformations to the SU(2|1) subalgebra. The

SU(2|1) supersymmetry transformations of the vector multiplet fields are

δλ = (iVmγ
m −D) ε (2.17)

δλ̄ =
(
iV̄mγ

m + D
)
ε̄ (2.18)

δAi = − i
2

(
ε̄γiλ+ εγiλ̄

)
(2.19)

δσ1 =
1

2

(
ε̄λ− ελ̄

)
(2.20)

δσ2 = − i
2

(
ε̄γ3̂λ+ εγ3̂λ̄

)
(2.21)

δD = − i
2
ε̄
(
/Dλ+ [σ1, λ]− i

[
σ2, γ

3̂λ
])

+
i

2
ε
(
/Dλ̄−

[
σ1, λ̄

]
− i
[
σ2, γ

3̂λ̄
])

,
(2.22)

with Vm and V̄m defined by

V i = εijDjσ2 +Diσ1 , V 3 =
1

2
εijFij + i [σ1, σ2] +

1

r
σ1

V̄ i = εijDjσ2 −Diσ1 , V̄ 3 =
1

2
εijFij − i [σ1, σ2] +

1

r
σ1 .

(2.23)

The transformations of the massless chiral multiplet fields are

δφ = ε̄ψ (2.24)

δφ̄ = εψ̄ (2.25)

δψ = i
(
/Dφ+ σ1φ− iσ2φγ

3̂ +
q

2r
φγ 3̂
)
ε+ ε̄F (2.26)

δψ̄ = i
(
/Dφ̄+ φ̄σ1 + iφ̄σ2γ

3̂ − q

2r
φ̄γ 3̂
)
ε̄+ εF̄ (2.27)

δF = −i
(
Diψγ

i + σ1ψ − iσ2ψγ
3̂ + λφ+

q

2r
ψγ 3̂

)
ε (2.28)

δF̄ = −i
(
Diψ̄γ

i + ψ̄σ1 + iψ̄σ2γ
3̂ − φ̄λ̄− q

2r
ψ̄γ 3̂

)
ε̄ . (2.29)

15Thus named since the defining equation ∇iε = γiε̃ is conformally invariant.
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The supersymmetry transformations of the theory with twisted masses are obtained from

equations (2.24–2.29) by shifting σ2 → σ2 +m as in (2.11).

With these transformations, the SU(2|1) supersymmetry algebra (2.2) is realized off-shell

on the vector multiplet and chiral multiplets fields. Splitting δ ≡ δε + δε̄, we find that this

representation of SU(2|1) on the fields obeys

[δε, δε] = 0 [δε̄, δε̄] = 0 , (2.30)

and16

[δε, δε̄] = δSU(2)(ξ) + δR(α) + δG(Λ) + δGF (Λm) , (2.31)

thus generating an infinitesimal SU(2)× R ×G×GF transformation. When localizing the

path integral of N = (2, 2) gauge theories on S2, we will choose a particular supercharge Q
in SU(2|1). The SU(2) × R × G × GF transformation it generates will play an important

role in our computation of the partition function.

The SU(2) isometry transformation induced by the commutator of supersymmetry trans-

formations is parametrized by the Killing vector field17

ξi = −iε̄γiε . (2.32)

It acts on the bosonic fields via the usual Lie derivative and on the fermions via the Lie-

Lorentz derivative

Lξ ≡ ξi∇i +
1

4
∇i ξj γ

ij . (2.33)

The U(1) R-symmetry transformation generated by the commutator of the supersymme-

try transformations is parametrized by

α = − 1

2r
ε̄γ 3̂ε . (2.34)

It acts on the fields by multiplication by the corresponding charge. The U(1) R-symmetry

charges of the various fields, supercharges and parameters are given by:

supersymmetry vector multiplet chiral multiplet

ε ε̄ Q S Aµ σ1 σ2 λ λ̄ D φ ψ F φ̄ ψ̄ F̄

1 −1 −1 1 0 0 0 1 −1 0 −q −(q − 1) −(q − 2) q q − 1 q − 2

16The explicit form of the commutator of supersymmetry transformations on the vector multiplet and

chiral multiplet fields can be found in appendix B.
17The fact that ξ is a Killing vector, that it obeys ∇iξj + ∇jξi = 0, is a consequence of the choice of

conformal Killing spinors in (2.16). As desired, it does not generate conformal transformations of S2.
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Since the action of R on the fields is non-chiral, this classical symmetry is not spoiled by

quantum anomalies and is an exact symmetry of the N = (2, 2) gauge theories we have

constructed.

The commutator of two supersymmetry transformations generates a field dependent

gauge transformation, taking values in the Lie algebra of the gauge group G. The induced

gauge transformation is labeled by the gauge parameter

Λ = (ε̄ε)σ1 − i(ε̄γ 3̂ε)σ2 + ξiAi , (2.35)

which acts on the various fields by the standard gauge redundancy transformation laws. On

the gauge field it acts by

δΛAi = DiΛ (2.36)

while on a field ϕ it acts by

δΛϕ = iΛ · ϕ , (2.37)

where Λ acts on ϕ in the corresponding representation of G.

Finally, in the presence of twisted masses m, a GF flavour symmetry rotation on the chiral

multiplet fields is generated by [δε, δε̄]. The induced flavour symmetry transformation acts

on the chiral multiplet fields in the fundamental representation of GF , and is parametrized

by

Λm = −i(ε̄γ 3̂ε)m, (2.38)

with m taking values in the Cartan subalgebra of GF . It acts trivially on the vector multiplet

fields.

3 Localization of the Path Integral

In this paper our goal is to perform the exact computation of the partition function of

N = (2, 2) gauge theories on S2. The powerful tool that allow us to achieve this goal is

supersymmetric localization.

The central idea of supersymmetric localization [21] is that the path integral – possibly

decorated with the insertion of observables or boundary conditions invariant under a super-

charge Q – localizes to the Q-invariant field configurations. If the orbit of Q in the space of

fields is non-trivial,18 then the path integral vanishes upon integrating over the associated

Grassman collective coordinate. Therefore, the non-vanishing contributions to the path in-

tegral can only arise from the trivial orbits, i.e. the fixed points of supersymmetry. These

fixed point field configurations are the solutions to the supersymmetry variation equations

generated by the supercharge Q, which we denote by

δQ fermions = 0 . (3.1)

18By definition of Q-invariance of the path integral, the space of fields admits the action of Q.
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In the path integral we must integrate over the moduli space of solutions of the partial

differential equations implied by supersymmetry fixed point equations (3.1).

Under favorable asymptotic behavior, integration by parts implies that the result of the

path integral does not depend on the deformation of the original supersymmetric Lagrangian

by a Q-exact term19

L → L+ tQ · V , (3.2)

as long as V is invariant under the bosonic transformations generated by Q2. Obtaining a

sensible path integral requires that the action is nondegenerate and that the path integral is

convergent in the presence of the deformation term Q · V .

In the t → ∞ limit, the semiclassical approximation with respect to ~eff ≡ 1/t is exact.

In this limit, only the saddle points of Q·V can contribute and, moreover, the path integral

is dominated by the saddle points with vanishing action. However, of all the saddle points

of Q · V , only the Q-supersymmetric field configurations give a non-vanishing contribution.

Therefore, we must integrate over the intersection of supersymmetric field configurations

and saddle points of Q · V . We denote this intersection by F .

Using the saddle point approximation, the path integral in the t → ∞ limit can be

calculated by restricting the original Lagrangian L to F ,20 integrating out the quadratic

fluctuations of all the fields in the deformation Q · V expanded around a point in F , and

integrating the combined expression over F .21 Of course, even though the path integral is

one-loop exact with respect to t, it yields exact results with respect to the original coupling

constants and parameters of the theory.

The final result of the localization computation does not depend on the choice of defor-

mation Q · V . One may add to Q · V another Q-exact term, and the result of the path

integral will not change as long as the new Q-exact term is non-degenerate, and no new

supersymmetric saddle points are introduced that can flow from infinity. This can be ac-

complished by choosing the deformation term such that it does not change the asymptotic

behavior of the potential in the space of fields. We will take advantage of this freedom and

choose a deformation term Q · V that makes computations most tractable.

Since our aim is to localize the path integral of gauge theories, some care has to be

taken to localize the gauge fixed theory. This requires combining in a suitable way the

deformed action Q · V and gauge fixing terms Lg.f. into a Q̂ = Q+QBRST exact term Q̂ · V̂ ,

where V̂ = V + Vghost. This refinement, while technically important, does not modify the

fact that the gauge fixed path integral localizes to F . The inclusion of the gauge fixing

term, however, plays an important role in the evaluation of the one-loop determinants in the

directions normal to F .

19Q · V denotes the supersymmetry transformation of V generated by Q (see also (4.1)).
20The deformation termQ·V vanishes on F since it is a linear combination of the supersymmetry equations.
21The original Lagrangian L is irrelevant for the localization one-loop analysis.
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3.1 Choice of Supercharge

In this section we choose a particular supersymmetry generator Q in the SU(2|1) supersym-

metry algebra with which to localize the path integral of N = (2, 2) gauge theories on S2.

We consider22

Q = S1 +Q2 . (3.3)

This supercharge generates an SU(1|1) subalgebra of SU(2|1), given by

Q2 = J +
R

2

[
J +

R

2
,Q
]

= 0 , (3.4)

where J is the charge corresponding to a U(1) subgroup of the SU(2) isometry group of the

S2 while R is the R-symmetry generator in SU(2|1). In terms of embedding coordinates

where S2 is parametrized by

X2
1 +X2

2 +X2
3 = r2 , (3.5)

J acts under an infinitesimal transformation, as follows

X1 →X1 − εX2

X2 →X2 + εX1 .
(3.6)

Geometrically, the action of J has two antipodal fixed points on S2, which can be used to

define the north and south poles of S2. These are located at (0, 0, r) and (0, 0,−r) in the

embedding coordinates (3.5). In terms of the coordinates of the round metric on S2

ds2 = r2
(
dθ2 + sin2 θdϕ2

)
(3.7)

the corresponding Killing vector is

i
∂

∂ϕ
, (3.8)

with the north and south poles corresponding to θ = 0 and θ = π respectively. The super-

symmetry algebra (3.4) is the same used in [3] in the computation of the partition function

of four dimensional N = 2 gauge theories on S4.

In order to derive the supersymmetry fixed point equations (3.1) generated by the su-

percharge Q, first we need to construct the conformal Killing spinors associated to it, which

we denote by εQ and ε̄Q. The conformal Killing spinors on S2 obeying (2.16) are explicitly

22In section 4 we also analyze localization of the path integral with respect to both Q1 and Q2. The

analysis leads directly to the Coulomb branch representation of the partition function. On the other hand,

this other choice does not allow non-trivial field configurations in the Higgs branch, and therefore cannot

give rise to the Higgs branch representation of the partition function.
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given by23

ε = exp

(
−iθ

2
γ 2̂

)
exp

(
iϕ

2
γ 3̂

)
ε◦

ε̄ = exp

(
+
iθ

2
γ 2̂

)
exp

(
iϕ

2
γ 3̂

)
ε̄◦ ,

(3.9)

where ε◦ and ε̄◦ are constant, complex Dirac spinors. The conformal Killing spinors εQ and

ε̄Q are given by (3.9), with ε◦ and ε̄◦ being chiral spinors of opposite chirality, that is

γ 3̂ε◦ = +ε◦

γ 3̂ε̄◦ = −ε̄◦ .
(3.10)

Therefore, explicitly

εQ = eiϕ/2 exp

(
−iθ

2
γ 2̂

)
ε◦

ε̄Q = e−iϕ/2 exp

(
+
iθ

2
γ 2̂

)
ε̄◦ .

(3.11)

We note that at the north and the south poles of the S2 the conformal Killing spinors εQ
and ε̄Q have definite chirality, and that the chirality at the north pole is opposite to that at

the south pole

γ 3̂εQ(N) = εQ(N) γ 3̂εQ(S) = −εQ(S)

γ 3̂ε̄Q(N) = −ε̄Q(N) γ 3̂ε̄Q(S) = ε̄Q(S) .
(3.12)

As we shall see, the fact that Q is chiral at the poles implies that the corresponding chiral

field configurations – vortices localized at the north pole and anti-vortices at the south pole

– may contribute to the partition function of N = (2, 2) gauge theories on S2.

We note that the circular Wilson loop operator supported on a latitude angle θ0

Wθ◦ = Tr Pexp

∮
θ◦

[
−iAidxi + ir(σ1 cos θ◦ − iσ2)dϕ

]
(3.13)

is invariant under the action of Q. Therefore the expectation value of these operators can

be computed when localizing with respect to the supercharge Q.

Given our choice of supercharge Q, we can explicitly determine the infinitesimal J ×R×
G × GF transformation that Q2 generates when acting on the fields. The spinor bilinears

constructed from εQ and ε̄Q in section 2 evaluate to24

ε̄QεQ = i cos θ

ε̄Qγ
3̂εQ = i

ξ = − i
r
∂ϕ

α = − i

2r
.

(3.14)

23In the vielbein basis e1̂ = rdθ and e2̂ = r sin θdϕ. For details, please refer to appendix C.
24By fixing the overall normalization ε̄◦ε◦ = i.
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Therefore, in view of (3.6), Q2 generates J +R/2, i.e. a simultaneous infinitesimal rotation

and R-symmetry transformation with parameter

ε =
1

r
, (3.15)

and a gauge transformation with gauge parameter

Λ = i cos θσ1 + σ2 −
i

r
A2 . (3.16)

On the chiral multiplet fields, Q2 also induces a GF flavour symmetry rotation parametrized

by the twisted masses m.

3.2 Localization Equations

Here we present the key steps in the derivation of the set of partial differential equations that

characterize the vector multiplet and chiral multiplet field configurations that are invariant

under the action of Q. The details of the derivation are omitted here and can be found in

appendix C.

We must identify the partial differential equations implied by (3.1)

δQλ = δQλ̄ = 0 (3.17)

δQψ = δQψ̄ = 0 , (3.18)

where δQ ≡ δεQ + δε̄Q , from the explicit supersymmetry transformations given in equations

(2.17, 2.18) and (2.26, 2.27) for the choice of conformal Killing spinors εQ and ε̄Q in (3.11).

The moduli space of solutions to these equations, once intersected with the saddle points

of our choice of Q-exact deformation term, determines the space of field configurations that

need to be integrated over in the path integral.

Given a choice of deformation term, in order for the path integral to converge we need to

impose reality conditions on the fields. These reality conditions restrict the contour of path

integration so that the integrand falls off sufficiently fast in the asymptotic region in the

space of field configurations. The residual freedom in the choice of contour i.e. deformations

of the contour which do not change the asymptotic behavior of the integrand, is then used to

make sure that the contour of integration includes the saddle points of the deformed action.

We are interested in deformation terms that do not alter the asymptotic behavior of

the original action (2.3). We may therefore extract the reality conditions by requiring the

original path integral for some effective couplings to be convergent.

From the kinetic terms in the bosonic part of the action (2.3) we conclude that the scalar

fields σ1, σ2 and the connection Ai in the vector multiplet are hermitian while the chiral

multiplet complex scalars φ and φ̄ satisfy φ̄ = φ†. Next we note that the path integration
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over the chiral multiplet auxiliary fields F, F̄ is just a Gaussian integral and we simply

require F̄ = F †. Provided that a Q-exact deformation term contains following terms

Q · V = − 1

2g2
eff

D2 − iD(φφ̄− ξeff1) + · · · , (3.19)

one should choose the contour of integration for the auxiliary field D such that D+ ig2
eff(φφ̄−

ξeff1) is hermitian for the convergence of the path integral. In other words

Im D + g2
eff(φφ̄− ξeff1) = 0 ,

where the explicit form of the coupling constants g2
eff and ξeff are determined by choice of

Q-exact deformation terms (after taking t→∞).

The supersymmetry fixed point equations for the vector multiplet fields (3.17) are given

by

D2̂σ1 = D îσ2 = 0 D1̂σ1 + g2
eff(φφ̄− ξeff1) sin θ = 0 (3.20)

Re D = [σ1, σ2] = 0 F1̂2̂ +
σ1

r
+ g2

eff(φφ̄− ξeff1) cos θ = 0 , (3.21)

while the supersymmetry equations for the chiral multiplet fields (3.18) reduce to

cos
θ

2
(D1̂ + iD2̂)φ+ sin

θ

2

(
σ1 −

q

2r

)
φ = 0 F = 0 (3.22)

sin
θ

2
(D1̂ − iD2̂)φ+ cos

θ

2

(
σ1 +

q

2r

)
φ = 0 (σ2 +m)φ = 0 . (3.23)

These differential equations on S2 are a supersymmetric extension of classic differential

equations in physics. Our equations interpolate between BPS vortex equations at the north

pole (θ = 0)

(D1̂ + iD2̂)φ = 0 Dî (σ1 + iσ2) = 0

F1̂2̂ +
σ1

r
+ g2

eff(φφ̄− ξeff1) = 0 Re D = [σ1, σ2] = 0(
σ1 +

q

2r

)
φ = 0 (σ2 +m)φ = 0 ,

(3.24)

and BPS anti-vortex equations at the south pole (θ = π)

(D1̂ − iD2̂)φ = 0 Dî (σ1 + iσ2) = 0

F1̂2̂ +
σ1

r
− g2

eff(φφ̄− ξeff1) = 0 Re D = [σ1, σ2] = 0(
σ1 −

q

2r

)
φ = 0 (σ2 +m)φ = 0 .

(3.25)

This system of differential equations is akin to the one found in [22] in the localization

computation of four dimensional N = 2 gauge theories on S4. We return later to the

study of the supersymmetry equations at the poles, which play a crucial role in our analysis,

yielding the Higgs branch representation of the gauge theory partition function on S2.
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3.3 Vanishing Theorem

As explained previously, the path integral localizes to the space F of supersymmetric field

configurations which are also saddle points of the localizing deformation term. In this section,

we consider the supersymmetry equations in the absence of effective FI parameters and we

write down the most general smooth solutions to the supersymmetry equations for generic

values of the R-charges. These solutions are parametrized by the expectation value of fields

in the vector multiplet, thus, we denote this space of solutions by FCoul. In section 4 we

localize the path integral to FCoul and derive the Coulomb branch representation of the

partition function.

With ξeff = 0 and for generic R-charges, the most general smooth solution to the equations

(3.20),(3.21),(3.22) and (3.23) is given by25

A =
B

2
(κ− cos θ) dϕ σ1 = −B

2r
φ = 0

D = 0 σ2 = a F = 0 ,
(3.26)

where a and B are constant commuting matrices which live in the gauge Lie algebra and

its Cartan subalgebra respectively. The matrix B is further restricted by the first Chern

class quantization to have integer eigenvalues. The constant κ parametrizes a pure gauge

background which is necessary in any coordinate patch which includes one of the poles and

can be gauged away in the coordinate patch which excludes the poles.

It is interesting to note that if the R-charge is tuned to be a negative integer or zero,

then there are nontrivial solutions of the form

φ = e
i
2

(κB−q)ϕ (sin θ
2
)
B−q
2

(cos θ
2
)
B+q
2

φ◦ (3.27)

with φ◦ being a constant in the kernel of a + m. Imposing regularity at the poles restricts

the allowed value of q and B as follows: q + |B| must be even and non-positive integers. In

such a case, the above field configuration can be written in terms of the magnetic flux B

monopole scalar harmonics Y
B
2
j,m as

φ = Y
B
2

− q
2
,− q

2
φ◦ . (3.28)

It is worth mentioning that these field configurations are also supersymmetric configurations

in the localization computation of the partition function of three dimensional N = 2 gauge

theories on S1× S2 [12], which computes the superconformal index of these theories. In our

computations, we can ignore these discrete, tuned solutions to the supersymmetry equations:

for theories flowing to superconformal theories in the infrared, unitarity constrains the R-

charges to be non-negative. Furthermore, as will be explained in section 4, these solutions

are not saddle points of the localized path integral.

25A detailed derivation of this result is presented in appendix C.
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We note that even though our choice of Q breaks the SU(2) symmetry of S2, the Q-

invariant field configurations (3.26) are SU(2) invariant. Later on, we take an alternative

approach in which the Coulomb branch is lifted and the saddle point equations admit singular

solutions at the poles thereby breaking the SU(2) symmetry. We will consider the physics

behind singular solutions localized at the north and south poles of S2 in section 5.

4 Coulomb Branch

In order to evaluate the path integral of an N = (2, 2) gauge theory on S2 using supersym-

metric localization, we must choose a deformation of the original supersymmetric Lagrangian

by a Q-exact term (3.2)

L → L+ t δQV . (4.1)

The deformation term δQV defines the measure of integration through the associated one-

loop determinant. In this section we calculate the contribution to the path integral due to

the smooth field configurations (3.26). This yields the Coulomb branch representation of the

path integral, as an integral over the Coulomb branch saddle points FCoul.

A calculation shows that the vector multiplet action (2.4) and the chiral multiplet action

(2.10) are Q-exact with respect to our choice of supercharge (3.3). Specifically,

(ε̄Qγ
3̂εQ) g2 Lv.m. = δQδε̄Q Tr

(
1

2
λ̄γ 3̂λ− 2iDσ2 +

i

r
σ2

2

)
, (4.2)

and

− (ε̄Qγ
3̂εQ) (Lc.m. + Lmass) = δQδε̄Q Tr

(
ψ̄γ 3̂ψ − 2φ̄

(
σ2 +m+ i

q

2r

)
φ+

i

r
φ̄φ

)
, (4.3)

where δQ ≡ δεQ + δε̄Q . This implies that correlation functions of Q-closed observables in

an N = (2, 2) gauge theory on S2 are independent of g, the Yang-Mills coupling constant.

Despite being g independent, these correlators are nontrivial functions of the renormalized

FI parameter ξren for each U(1) factor in the gauge group, and of the twisted masses m.

We now turn to the choice of deformation term δQV . The most canonical choice would

be to take

Vcan = (δQλ)† λ+
(
δQλ̄

)†
λ̄+ (δQψ)† ψ +

(
δQψ̄

)†
ψ̄ . (4.4)

For this choice, the bosonic part of the deformation term δQVcan is manifestly non-negative.

It is therefore guaranteed that all Q-invariant field configurations are the saddle points of

δQVcan with minimal (zero) action. The disadvantage of such a deformation term is that

the resulting action δQVcan does not necessarily preserve the SU(2) symmetries of S2, thus

technically complicating the computation of the one-loop determinants in the directions

transverse to the Q-invariant field configurations. But as we argued in section 3, the result
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is largely insensitive to the choice of deformation, as long as it is non-degenerate and does

not change the asymptotics of the potential in the space of fields. Therefore, we will instead

use as the deformation term the technically simpler, SU(2) symmetric, vector multiplet and

chiral multiplet actions δQV = Lv.m. + Lc.m. + Lmass. Contrarily to the canonical choice

δQVcan, the saddle points of δQV do not coincide with the supersymmetric configurations

and thus fully localize the path integral to the intersection. For this choice of deformation,

the effective FI parameter in (3.19) vanishes ξeff = 0.

It is straightforward to show that all Coulomb branch field configurations in FCoul are

saddle points of δQV and must be integrated over. However, the solutions to the vortex

and anti-vortex equations we found at the poles are not saddle points of δQV . This can be

demonstrated using both the supersymmetry and the saddle point equations at the poles as

follows.26 Since we are taking the masses to be non-degenerate, it follows from the equations

(σ2 +mI)φI = 0 (4.5)

that any pair of distinct non-vanishing vectors φI and φJ have to be independent. In addition,

the above equation combined with the covariant constancy of σ2 and its equation of motion

imply ∑
I

(qI − 1)φI φ̄I = 0 , (4.6)

while the equation of motion for D yields

iD−
∑
I

φI φ̄I = 0 . (4.7)

However, since all non-vanishing φI are independent, we can conclude27 from (4.6) that

φI φ̄I vanishes for each I. It therefore excludes the aforementioned supersymmetric solutions

(3.28) with fine-tuned values of q from the set of saddle points. Combined with (4.7), it also

sets D = 0. Plugging this result in the supersymmetry equations fixes F = −σ1/r = B/2r2

and σ2 = a and we recover the Coulomb branch field configurations spanning FCoul, thus

eliminating the vortex and anti-vortex configurations.

The conclusion that the path integral can be written as a integral over just FCoul can

also be derived as follows. As we remarked earlier, the path integral does not depend on the

choice of supercharge Q used in the localization computation. Therefore, we may instead

try to localize the partition function with respect to the supercharges Q1 and Q2. This,

however, requires finding a deformation term which is Q1 and Q2 exact. Such a deformation

term is provided by the following terms in the action

Lv.m. + Lc.m. + Lmass = δε1δε2V
′ , (4.8)

26With some more effort it is possible to prove using only the equation of motion for D that the vortex

and anti-vortex configurations are not saddle points of the action in the limit in which the coefficient of the

deformation term δQV goes to infinity.
27This step requires us to assume that none of the R-charges is 1.
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with V ′ = 1/2 Tr(λλ) + φ̄F , which are exact with respect to both supercharges since

[δε1 , δε2 ] = 0. In this approach the path integral localizes to the Q1 and Q2 invariant field

configurations, which are the solutions to the equations

δε1λ = δε2λ = 0 δε1ψ = δε2ψ = 0

δε1λ̄ = δε2λ̄ = 0 δε1ψ̄ = δε2ψ̄ = 0 .
(4.9)

These equations directly lead28 to the Coulomb branch field configurations (3.26) parametriz-

ing FCoul while immediately rendering the vortex and anti-vortex configurations non-super-

symmetric. Note that this conclusion is reached by considering the supersymmetry equations

alone, contrary to localization with respect to Q, where the saddle point equations of δQV

also need to be invoked to show that vortex and anti-vortex configurations do not contribute.

Since the saddle points and deformation term (4.8) are precisely the same as the one for Q,

this guarantees that we obtain the same Coulomb branch representation of the path integral.

A drawback of localizing with respect to Q1 and Q2 is that we cannot study the expectation

value of the circular Wilson loop (3.13) since it is not Q1 and Q2 invariant.

In section 5 we will obtain the payoff of using the supercharge Q. As we have shown in

section 3, supersymmetry leads to the vortex and anti-vortex equations at the poles. In that

section, we will argue that localizing the path integral Q in a different limit yields the Higgs

branch representation of the partition function.

4.1 Integral Representation of the Partition Function

We now can write down the expression of the partition function as an integral over the

Coulomb branch field configurations FCoul. The Coulomb branch representation of the par-

tition function is thus given by29

ZCoulomb(m, τ) =
∑
B

∫
t

daZcl(a,B, τ)Zone-loop(a,B,m) , (4.10)

where the integral over a has been reduced to the Cartan subalgebra t of G. The first factor

arises from evaluating the renormalized gauge theory action on the smooth supersymmetric

field configurations (3.26)

Zcl(a,B, τ) = e−4πirξren Tr a+iϑTrB , (4.11)

28Supersymmetry implies that V1 = V2 = V3 = D = 0. The fact that the solutions to these equations are

the Coulomb branch field configurations (3.26) follows by using the equality of actions in (2.4) and (2.6), de-

rived by integrating by parts. Non-trivial chiral multiplet configuration are manifestly non-supersymmetric.
29The partition function has an anomalous dependence on the radius r of the S2 due to the conformal

anomaly in two dimensions. We do not retain this factor throughout our formulae, which can be extracted

from our one-loop determinants.
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and the one-loop determinant Zone-loop(a,B,m) specifies the measure of integration over a,

which is determined by the deformation term δQV .

Some care has been taken to ensure that the computation, including the regularization of

the one-loop determinants Zone-loop(a,B,m), is Q-invariant. Even though the FI parameter ξ

is classically marginal, it runs quantum mechanically according to the renormalization group

equation

ξ(µ) = ξ +
1

2π

∑
j

Qj ln

(
µ

MUV

)
=

1

2π

∑
j

Qj ln
(µ

Λ

)
, (4.12)

where Qj is the charge of the j-th chiral multiplet under the U(1) gauge group corresponding

to ξ, MUV is the ultraviolet cutoff, µ is the floating scale and Λ is the renormalization group

invariant scale. A simple way of performing this renormalization in a Q-invariant way, is to

enrich the theory one is interested in with an “expectator” chiral multiplet of mass M and

charge −Q = −∑j Qj, so that in the enriched theory the FI parameter does not run. Now,

to extract the result for the theory of interest, we take the answer of the finite theory in

the limit where M is very large, thereby decoupling the expectator chiral multiplet. This

procedure results in a Q-invariant ultraviolet cutoff M for the theory under study. As shown

in appendix E, taking M large in the one-loop determinant (4.16) for the expectator chiral

multiplet precisely reproduces the running of the FI parameter (4.12) with MUV = M and

µ = ε = 1/r. That is, the renormalized coupling obtained in this way is evaluated at the

inverse radius of the S2, which is the infrared scale of S2

ξren ≡ ξ (µ = 1/r)|MUV=M = ξ +
1

2π

∑
i

Qi ln
( ε

M

)
. (4.13)

The one-loop factor in the localization computation Zone-loop(a,B,m) takes the form

Zone-loop(a,B,m) = Zv.m.
one-loop(a,B) · Zc.m.

one-loop(a,B,m) · J (a,B) , (4.14)

where the Jacobian factor J (a,B) accounts for the reduction of the integral over all a such

that [a,B] = 0 to an integral over the Cartan subalgebra t. The magnetic flux B over the S2

breaks the gauge symmetry G down to a subgroup HB = {g ∈ G | gBg−1 = B}. Therefore,

the associated Jacobian factor is

J (a,B) =
1

|W(HB)|
∏
α∈∆+

α·B=0

(α · a)2 , (4.15)

where α ∈ ∆+ are positive roots of the Lie algebra of G and |W(HB)| is the order of the

Weyl group of HB.

The one-loop determinants for our choice of deformation term δQV , which is the sum of

(4.2) and (4.3), are computed in appendix D. For a chiral multiplet in a reducible represen-
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tation R = ⊕IrI we obtain

Zc.m.
one-loop(a,B,m) =

∏
I

∏
wI∈rI

(−1)(wI ·B+|wI ·B|)/2
Γ
(
qI
2
− ir(wI · a+mI) + |wI ·B|

2

)
Γ
(

1− qI
2

+ ir(wI · a+mI) + |wI ·B|
2

) , (4.16)

where wI are the weights of the representation rI and Γ(x) is the Euler gamma function. The

twisted masses and R-charges mI and qI of the chiral multiplets, which take values in the

Cartan subalgebra of the flavour symmetry GF , combine into the holomorphic combination

M = m+ i
2r
q introduced in (2.14).

For the vector multiplet contribution we obtain

Zv.m.
one-loop(a,B) =

∏
α∈∆+

α·B 6=0

[
(−1)α·B

((
α ·B

2r

)2

+ (α · a)2

)]
. (4.17)

We note that the Jacobian factor and the vector multiplet determinant combine nicely into

an unconstrained product over the positive roots of the Lie algebra

Zv.m.
one-loop(a,B) · J(a,B) =

1

|W(HB)|
∏
α∈∆+

[
(−1)α·B

((
α ·B

2r

)2

+ (α · a)2

)]
. (4.18)

The sign is
∏

α∈∆+(−1)α·B = e2πiρ·B in terms of the half-sum of positive roots ρ.30

The Coulomb branch representation of the partition function of an N = (2, 2) gauge

theory on S2 is thus given by

ZCoulomb(m, τ) =
∑
B

1

|W(HB)|

∫
t

da e−4πiξrenrTr a+iϑTrB+2πiρ·B
∏
α∈∆+

[(
α ·B

2r

)2

+ (α · a)2

]

×
∏
I,wI

(−1)(wI ·B+|wI ·B|)/2
Γ
(
−ir(wI · a+ MI) + |wI ·B|

2

)
Γ
(

1 + ir(wI · a+ MI) + |wI ·B|
2

)
 . (4.19)

The expectation value of the circular Wilson loop (3.13) is obtained by enriching the inte-

grand in (4.19) with the insertion of

Tr e2πa−iπB . (4.20)

30The sign (−1)2ρ·B , pointed out in [23, 24], was missing in an earlier version of the paper. For simply-

connected gauge groups the sign is trivial: for such groups ρ is an integer weight and GNO quantization of B

ensures then that 2ρ·B ∈ 2Z rather than Z. For U(N) gauge group the sign is equivalent to ϑ→ ϑ+(N−1)π.
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4.2 Factorization of the Partition Function

We show in this subsection that the Coulomb branch representation of the partition function

(4.19) can be written as a discrete sum, whose summand factorizes into the product of two

functions. A related factorization was found previously by Pasquetti [5] when evaluating the

partition function of three dimensional N = 2 abelian gauge theories on the squashed S3.31

We recognize the expression we obtain as the sum over Higgs vacua of the product of

the vortex partition function due to vortices at the north pole with the anti-vortex partition

function due to the anti-vortices at the south pole. This result is interpreted in section 5 as

a direct path integral evaluation of the partition function, where the path integral is argued

to localize on vortices and anti-vortices in the Higgs branch.

Let us consider for definiteness the case of two dimensionalN = (2, 2) SQCD. This theory

has G = U(N) gauge group and NF fundamental chiral multiplets and ÑF anti-fundamental

chiral multiplets. The partition function (4.19) of this theory is32

Z
U(N)
SQCD =

1

N !

∑
B1,...,BN∈Z

∫
da1 · · · daN

{
e−4πiξTr aei(ϑ+(N−1)π) TrB

∏
i<j

[
(ai − aj)2 +

(
Bi −Bj

2

)2
]

·
NF∏
s=1

N∏
i=1

(−1)
|Bi|+Bi

2 Γ(−iai − iMs + |Bi|/2)

Γ(1 + iai + iMs + |Bi|/2)

ÑF∏
s=1

N∏
i=1

(−1)
|Bi|−Bi

2 Γ(iai − iM̃s + |Bi|/2)

Γ(1− iai + iM̃s + |Bi|/2)

}
.

(4.21)

In the large a limit, the integrand is of order |a|N(N−1)+N
∑
I(qI−1), hence this N -dimensional

integral is convergent as long as

NF∑
s=1

qs +

ÑF∑
s=1

q̃s < NF + ÑF −N . (4.22)

In the cases where NF > ÑF , or NF = ÑF and ξ > 0, the contour can be closed towards

iai → +∞, enclosing poles of the fundamental multiplets’ one-loop determinants; the contour

must be chosen to enclose poles of the anti-fundamental multiplets’ one-loop determinants

in cases where NF < ÑF , or NF = ÑF and ξ < 0. Assuming that all R-charges are positive,

or deforming the integration contour to ensure that we enclose the same set of poles, this

expresses the Coulomb branch integral as a sum of the residues at combined poles

iai = −iMpi + ni +
|Bi|

2
for all 1 ≤ i ≤ N , (4.23)

with 1 ≤ p1, . . . , pN ≤ NF and n1, . . . , nN ≥ 0 labelling the poles. The resulting ratios of

Gamma functions in the integrand can be recast in terms of Pochhammer raising factorials

31The partition function of three dimensional gauge theories on S2 × S1 can also be factorized [25].
32Without loss of generality we set r = 1 to unclutter formulas. It can easily be restored by dimensional

analysis.
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(x)n = x(x+ 1) · · · (x+ n− 1) as

Γ(iMpi − iMs − ni)
Γ(1 + iMs − iMpi + |Bi|+ ni)

=
γ(iMpi − iMs)(−1)ni

(1 + iMs − iMpi)ni(1 + iMs − iMpi)ni+|Bi|
, (4.24)

where

γ(x) =
Γ(x)

Γ(1− x)
, (4.25)

and similarly for the ratios of Gamma functions coming from the anti-fundamental chiral

multiplets.

The symmetry between ni and ni + |Bi| in (4.24) leads us to introduce new coordinates

k±i = ni + [Bi]
± = ni + |Bi|/2±Bi/2 ≥ 0 (4.26)

on the summation lattice, such that {ni, ni + |Bi|} = {k±i }. In section 5, the N integers k+
i

will be interpreted as labelling vortices located at the north pole, and k−i anti-vortices at

the south pole. More precisely, k±i measures the amount of vortex and anti-vortex charge

carried by the i-th Cartan generator in U(N): note that the flux Bi = k+
i − k−i .

This change of coordinates decouples the sums over k+ ≥ 0 and k− ≥ 0 and yields the

following expression after converting signs to a shift in the theta angle

Z
U(N)
SQCD =

(2π)N

N !

NF∑
p1,...,pN=1

[
e4πξ

∑
j iMpj

N∏
i=1

∏ÑF
s=1 γ(−iM̃s − iMpi)∏NF

s 6=pi γ(1 + iMs − iMpi)

×
∑
k+i ≥0

[
e(2πiτ+iπ(NF+N−1))

∑
i k

+
i

N∏
i<j

(
Mpj −Mpi + ik+

j − ik+
i

) N∏
i=1

∏ÑF
s=1(−iM̃s − iMpi)k+i∏NF
s=1(1 + iMs − iMpi)k+i

]

×
∑
k−i ≥0

[
e(−2πiτ̄+iπ(ÑF+N−1))

∑
i k
−
i

N∏
i<j

(
Mpj −Mpi + ik−j − ik−i

) N∏
i=1

∏ÑF
s=1(−iM̃s − iMpi)k−i∏NF
s=1(1 + iMs − iMpi)k−i

]]
.

(4.27)

Terms with pa = pb for some a 6= b ≤ N vanish, because the sum over k+ is then antisym-

metric under the exchange of k+
a and k+

b . We can thus normalize the series as

f({pi},M, z) =
∑
ki≥0

[
z
∑
i ki

N∏
i<j

iMpj − iMpi + ki − kj
iMpj − iMpi

∏ÑF
s=1

∏N
i=1(−iM̃s − iMpi)ki∏NF

s=1

∏N
i=1(1 + iMs − iMpi)ki

]

=
∑
ki≥0

[
z
∑
i ki∏
i ki!

∏ÑF
s=1

∏N
i=1(−iMpi − iM̃s)ki∏N

i 6=j(iMpj − iMpi − kj)ki
∏NF

s 6∈{p}
∏N

i=1(1 + iMs − iMpi)ki

]
,

(4.28)

which as we will see in the next section, corresponds to the vortex partition function studied

in [4], with z = exp(2πiτ) (up to a sign) playing the role of the vortex fugacity. Note that
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this series converges for all z (all ξ) if NF > ÑF , and for |z| < 1 (that is, ξ > 0) if NF = ÑF ,

consistent with the constraints required by our choice of contour. All in all, the partition

function factorizes as

Z
U(N)
SQCD =

∑
vi=−Mpi

1≤p1<...<pN≤NF

Zcl(v, 0, τ) res
a=v

Zone-loop(a, 0,M) f({pi},M, (−1)NF+N−1z) f({pi},M, (−1)ÑF+N−1z̄)

(4.29)

up to a constant factor, with

res
ai=−Mpi

Zone-loop(a, 0,M) =
N∏
i=1

∏ÑF
s=1 γ(−iM̃s − iMpi)∏NF

s6∈{p} γ(1 + iMs − iMpi)
. (4.30)

In the next section we obtain this result directly by localizing the path integral to Higgs

branch configurations with vortices and anti-vortices. In the matching, some care must be

taken when comparing the mass parameters of the gauge theory on the sphere with the

parameters describing the theory in the Ω-background used to evaluate the vortex partition

function.

The final expression we find is reminiscent of the discrete sums of the product of holo-

morphic and anti-holomorphic conformal blocks that appear in correlators of the ANF−1

Toda CFT in the presence of completely degenerate fields. A precise matching between the

partition function of N = (2, 2) gauge theories on S2 and correlators in Toda is provided in

the abelian case in section 6, and in the case of U(N) in [26].

Note that this factorization result applies to any gauge group G with an abelian factor

and any matter representation R, as shown in appendix F. This yields a representation of

the path integral that can be interpreted as a sum over Higgs vacua of terms factorized

into holomorphic and anti-holomorphic contributions, corresponding to vortices and anti-

vortices respectively. These formulas motivate natural conjectures for the vortex partition

functions corresponding to gauge theories with gauge group G. In the absence of U(1) factors

in the gauge group, the factorization can be carried out formally, but the two factors may

be divergent series.

5 Higgs Branch Representation

The localization principle, under mild conditions, guarantees that the path integral does

not depend either on the choice of supercharge Q or on the choice of V in the deformation

term. But different choices can lead to different representations of the same path integral

and therefore to non-trivial identities.

In section 4 we have derived a representation of the partition function as an integral

over Coulomb branch vacua. In section 4.2, by explicitly evaluating the integral, we have
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demonstrated that the partition function also has an alternative representation as a sum –

in the Higgs phase – over vortex and anti-vortex field configurations localized at the poles.

This section aims to derive from path integral localization arguments the Higgs branch

representation of the partition function. This representation should have a direct derivation

using localization. The appropriate choice of supercharge to use to obtain this representation

is the same supercharge Q introduced in (3.3), since it has the elegant feature of giving rise

to the vortex equations at the north pole

(D1̂ + iD2̂)φ = 0 Dî (σ1 + iσ2) = 0

F1̂2̂ + σ1 + g2
eff(φφ̄− ξeff1) = 0 Re D = [σ1, σ2] = 0(

σ1 +
q

2

)
φ = 0 (σ2 +m)φ = 0 ,

(5.1)

and anti-vortex equations at the south pole

(D1̂ − iD2̂)φ = 0 Dî (σ1 + iσ2) = 0

F1̂2̂ + σ1 − g2
eff(φφ̄− ξeff1) = 0 Re D = [σ1, σ2] = 0(

σ1 −
q

2

)
φ = 0 (σ2 +m)φ = 0 .

(5.2)

We remark that when the effective Fayet-Iliopoulos parameters are non-vanishing, these

equations admit solutions with non-vanishing φ. These solutions then restrict σ2 to be a di-

agonal matrix with the masses of the excited chiral fields on the diagonal and the Coulomb

branch configurations (3.26) parametrizing FCoul are lifted. The Q-invariant field configura-

tions admitted by (5.1) and (5.2) are vortex and anti-vortex configurations at the north and

south pole of the S2. Since vortices and anti-vortices exist in the Higgs phase, we denote

this space of supersymmetric field configurations that must be integrated over by FHiggs.

5.1 Localizing onto the Higgs Branch

In this subsection we present a heuristic argument to introduce non-zero FI parameters in

the localization computation, which as explained above yields to a representation of the

path integral as a sum over vortex and anti-vortex configurations. For the purpose of this

argument, we take all the R-charges to be zero.

Recall that our choice of deformation term δQV = Lv.m. +Lc.m. +Lmass does not include

a FI term. In section 4, we performed the saddle point approximation after taking the

t→∞ limit. In this limit, the effective FI parameter vanishes ξeff = 0 and the saddle point

equations forbid vortices, hence the path integral localizes to FCoul. Instead, we assume here

that there is another choice of Q-exact deformation terms QV ′ leading to a non-vanishing

effective FI parameter ξeff 6= 0 in the t→∞ limit33.

33See [19] for a choice of V ′.
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The equation of motion for the D field arising from the deformed action S + tδQV
′ is

ig−2
eff D + ξeff −

∑
I

φI φ̄I = 0. (5.3)

On the space of Q-supersymmetric field configurations (see section 3.3), D vanishes in the

bulk and we conclude that ∑
I

φI φ̄I = ξeff1N , (5.4)

which, together with (a + mI)φI = 0 imply that the Coulomb branch is lifted, localizing

instead to the Higgs branch. Moreover the supersymmetry equations at the poles yield

σ1φI φ̄I = −B
2
φI φ̄I = 0 (5.5)

which by virtue of (5.4) imply B = σ1 = 0. This leads us directly to the vortex and

anti-vortex equations at the north and the south poles.

The contribution of vortices and anti-vortices to the partition function of an N = (2, 2)

gauge theory on S2 can be obtained as follows. Since the vortices and anti-vortices are

localized at the poles, these can be studied by restricting the N = (2, 2) gauge theory to the

local R2 flat space near the north and south poles of S2. Asymptotic infinity of each R2 is

identified with a small latitude circle on S2 close to the north and south pole respectively.

Therefore, the contribution of vortices and anti-vortices is captured by the vortex/anti-vortex

partition function of the gauge theory obtained by restricting our N = (2, 2) gauge theory at

the poles. As we will see in section 5.2, integrating over vortex and anti-vortex configurations

for all Higgs branch vacua exactly reproduces the partition function computed by integrating

over the Coulomb branch found in section 4.2.

5.2 Vortex Partition Function

Following the discussion in the last subsection, in the planes glued to the poles and in the

presence of the FI parameter, the supersymmetry equations reduce to

(D1 + iD2)φI = 0 , (σ2 +mI)φI = 0 , F12 +
∑
I

φI φ̄I − ξeff = 0 , (5.6)

in the plane attached to the north pole, and

(D1 − iD2)φI = 0 , (σ2 +mI)φI = 0 , F12 −
∑
I

φI φ̄I + ξeff = 0 , (5.7)

in the copy of R2 attached to the south pole. These equations can be recognized as the

differential equations describing supersymmetric vortices and anti-vortices in N = (2, 2)

supersymmetric gauge theories. Therefore, in our localization computation we must integrate

29



over the moduli space of solutions of vortices at the north pole and anti-vortices at the

south pole. For simplicity, we discuss their contribution to the partition function for N =

(2, 2) SQCD with U(N) gauge group and NF fundamental chiral multiplets and ÑF anti-

fundamental chiral multiplets.

Since the vortices and anti-vortices exist only in the Higgs phase, let us first work out

the vacuum structure in the Higgs phase. We first note that vortices can only exist in vacua

in which the anti-fundamental fields vanish. This follows from the known mathematical

result that the vortex equations for an anti-fundamental field have no non-zero smooth

solution when the background field is a connection of a bundle with positive first Chern

class c1 = k > 0. The vortex equations (5.6) and (5.7) then imply that exactly N chiral

multiplets take non-zero values, and diagonalizing σ2 = diag(a1, · · · , aN), one obtains that

each Higgs branch of solutions to these equations is labelled by a set of distinct integers

1 ≤ p1 < · · · < pN ≤ NF , with

ai +mpi = 0 i = 1, . . . , N , (5.8)

up to permutations of integers pi. The contribution from vortices and anti-vortices depends

on the choice of Higgs branch components. In each of these components, the U(N) ×
S[U(NF )× U(ÑF )] symmetry of the theory is broken to

S[U(N)diag × U(NF −N)]× U(1)× SU(ÑF ) , (5.9)

where U(1) rotates fundamental and anti-fundamental chiral multiplets equally.

For a given Higgs branch component labeled by {pi}, the familiar vortex equations (5.6)

admit a multidimensional moduli space of solutions which we denote by M{pi}
vortex. Since the

vorticity

k =
1

2π

∫
R2

TrF (5.10)

is quantized, this moduli space splits into disconnected components M{pi},k
vortex, each of which

is a Kähler manifold, of dimension 2kNF . Taking into account the south pole anti-vortex

contributions, we find that the solutions of the localization equations on S2 span the moduli

space

FHiggs =
⊔
{pi}

[
∪∞k=0M{pi},k

vortex

]
⊕
[
∪∞l=0M{pi},l

anti-vortex

]
. (5.11)

We now argue that the vortex partition function at the poles is captured by the partition

function of the N = (2, 2) gauge theory in the Ω-background, which is a supersymmetric

deformation of theN = (2, 2) gauge theory in R2 by a U(1)ε equivariant rotation parameter ε.

Let us recall that the supercharge with which we localize an N = (2, 2) gauge theory on S2

obeys

Q2 = J +
1

2
R . (5.12)
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The key observation is to note that (5.12) is precisely the supersymmetry preserved by an

N = (2, 2) gauge theory in R2 when placed in the Ω-background. The rotation generator in

the Ω-background corresponds to J + 1
2
R, thus giving rise to the scalar supercharge under

U(1)ε preserved by an N = (2, 2) theory in the Ω-background. Therefore, the contribution

to the partition function of an N = (2, 2) gauge theory on S2 due to vortices and anti-

vortices localized at the poles is captured by the vortex/anti-vortex partition function of

the same gauge theory placed in the Ω-background originally studied by Shadchin [4] (see

also [27–31]).

The vortex partition function in the Higgs branch component {pi} of an N = (2, 2) gauge

theory in the Ω-background is obtained by performing the functional integral of that theory

around the background field configuration of k vortices, and summing over all k. It admits

an expansion

Zvortex({pi},MΩ, M̃Ω, zΩ) =
∞∑
k=0

zkΩZk({pi},MΩ, M̃Ω) , (5.13)

where zΩ = exp(2πiτΩ) is the vortex fugacity and Zk({pi},MΩ, M̃Ω) is the equivariant volume

of the moduli space of k vortices. The volume is given by

Zk({pi},MΩ, M̃Ω) =

∫
M{pi},kvortex

eω̂ , (5.14)

where ω̂ is the U(1)ε equivariant closed Kähler form34 on M{pi},k
vortex. Our computations of

the supersymmetry transformations on S2 in section 3.1 imply that the equivariant rotation

parameter ε for the Ω-background theory induced at the poles is given in terms of the radius

of the S2 by

ε =
1

r
. (5.15)

It is pleasing that the N = (2, 2) theory near the poles yields the Ω-deformed theory, since

the integral (5.14) for the N = (2, 2) theory in flat space suffers from ambiguities, such as

infrared divergences. Fortunately, a closer inspection of the N = (2, 2) gauge theory on

S2 near the poles cures this problem, yielding finite, unambiguous results. In fact, the Ω-

deformation was first introduced to regularize otherwise infrared divergent volume integrals

such as (5.14).

The vortex partition function of an N = (2, 2) gauge theory in the Ω-background can be

computed from the knowledge of the symplectic quotient construction of the vortex moduli

spaceM{pi},k
vortex given in [32,33]. Some details of this construction are presented in appendix G.

The volume (5.14) is then given by the matrix integral of a supersymmetric matrix theory

action with U(k) gauge group. This matrix theory can be obtained by dimensionally re-

ducing a certain two dimensional N = (0, 2) U(k) gauge theory to zero dimensions. This

34The form ω̂ is also equivariant under the action of the residual symmetry of the vacuum over which

vortices are considered. See (5.16).
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supersymmetric matrix theory inherits the supercharge Q of the N = (2, 2) theory in the

Ω-background as well as an equivariant

U(1)ε × S[U(N)diag × U(NF −N)]× U(1)× SU(ÑF ) (5.16)

symmetry. The first factor U(1)ε is the rotational symmetry of the Ω-background while

the rest is the residual symmetry of the vacuum over which vortices are studied. The

integral (5.14) receives contributions from isolated points in the vortex moduli spaceM{pi},k
vortex,

corresponding to the Q-invariant configurations. These are labeled by a partition of k into

N non-negative integers

k =
N∑
i=1

ki . (5.17)

To each such partition we associate an N -component vector ~k = (k1, . . . , kN), describing

how the total vortex number k is distributed among the N Cartan generators in U(N) at

this point.

For the choice of Higgs branch component of the N = (2, 2) gauge theory labelled by

integers {pi} ⊆ {1, . . . , NF}, the partition function of k-vortices admits the following contour

integral representation [4, 34] (see appendix G for details),

Zk({pi},MΩ, M̃Ω) =

∮
Γ{pi},k

k∏
I=1

dϕI
2πi
Zvec(ϕ) · Zfund(MΩ, ϕ) · Zanti-fund(M̃Ω, ϕ) (5.18)

with

Zvec(ϕ) =
1

k! εk

k∏
I 6=J

ϕI − ϕJ
ϕI − ϕJ − ε

(5.19)

Zfund(MΩ, ϕ) =
k∏
I=1

NF∏
s=1

1

ϕI −MΩ
s

(5.20)

Zanti-fund(M̃Ω, ϕ) =
k∏
I=1

ÑF∏
t=1

(
ϕI + M̃Ω

t

)
. (5.21)

For each Higgs vacuum {pi} and vorticity ~k, the integrand in (5.18) admits a pole at

ϕ(i,l) = MΩ
pi

+ (l − 1)ε l = 1, 2, .., ki i = 1, . . . , N , (5.22)

and the contour of integration Γ{pi},k is carefully chosen to enclose all such poles for
∑N

i=1 ki =

k, and no other. The poles of (5.18) can be understood as the location of the fixed points

under the action of Q. Each factor in (5.18) reflects the contribution of the vortex collective
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coordinates associated to each of the N = (2, 2) multiplets: the vector multiplet and funda-

mental and anti-fundamental chiral multiplets. Note here that the mass parameters in the

Ω-background theory can be identified with the mass parameters of the theory on S2,

MΩ
pi

= −impi , MΩ
s = −ε− ims (s 6∈ {pi}) , M̃Ω

s = −im̃s . (5.23)

We observe the same shift in masses as for N = 2 gauge theories on S4 found in [35].

Performing the contour integral and summing over all vortex charges ~k, the vortex partition

function for SQCD takes the following form

Zvortex({pi},m, m̃, z) =
∑

k1+···+kN=k

z|
~k|Z~k({pi},m, m̃) , (5.24)

with

Z~k({pi},m, m̃) =
1∏
i ki!

∏ÑF
s=1

∏N
i=1(−irmpi − irm̃s)ki∏

i 6=j(irmpj − irmpi − kj)ki
∏NF

s 6∈{p}
∏N

i=1(1 + irms − irmpi)ki
.

(5.25)

This expression exactly agrees35 with the expression (4.28) arising from factorization of the

Coulomb branch representation of the partition function on S2. Anti-vortices localized at the

south pole provide an identical contribution, expanded in terms of the anti-vortex fugacity

z̄. The one loop determinant must be evaluated at the location of the Higgs branches, where

there is a zero mode. Removing the zero mode amounts to taking the residue of the one-loop

determinant. Summing over Higgs branch components finally leads to the Higgs branch

representation of the partition function of N = (2, 2) gauge theories on S2

ZHiggs(m, τ) =
∑

vi=−mpi
{pi}⊆{1,...,NF }

Zcl(v, 0, τ) res
a=v

[Zone-loop(a, 0,m)]

× Zvortex({pi},m, (−1)NF+N−1z)Zvortex({pi},m, (−1)ÑF+N−1z̄) .
(5.26)

This matches with the Coulomb branch representation of the partition function computed

earlier.

6 Gauge Theory/Toda Correspondence

In this section we initiate the study of a novel correspondence between two dimensional

N = (2, 2) gauge theories on S2 and two dimensional Liouville/Toda CFT, leaving a more

complete analysis to a separate publication [26]. Our correspondence has a well known

counterpart, the AGT correspondence [13] (see also [36]), which relates four dimensional

N = 2 gauge theories and these CFTs. The correspondence we find shares features with

35One must analytically continue the twisted masses m→ M and m̃→ M̃ to restore non-zero R-charges.
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the AGT one. In fact, motivated by AGT, the entry of the dictionary relating Liouville

conformal blocks and vortex partition functions was already established in [28, 34, 37]. The

partition function of N = (2, 2) gauge theories on S2 provides an elegant way of combining

the vortex partition functions into modular invariant objects. Some of the implications of the

modular properties we find in these two dimensional N = (2, 2) gauge theories are discussed

in section 8.

Specifically, we consider the example of N = (2, 2) SQED, described by a U(1) vector

multiplet and NF of fundamental and NF anti-fundamental chiral multiplets. We show that

the partition function of this theory is given by a four point correlation function on the

sphere for the ANF−1 Toda CFT.36 In detail37

ZSQED(M, M̃, τ) =
|1− z|−2b〈m̂,h1〉

|z|2δ
〈Vα2(∞)Vm̂(1)Vµ(z, z̄)Vα1(0)〉
〈Vα2(∞)Vm̂−bhNF (1)Vα1(0)〉 , (6.1)

up to a normalization of the Vm̂ insertion. The cross-ratio of the four-punctures is given by

the vortex fugacity parameter

z = (−1)NF+N−1e2πiτ , (6.2)

and the masses of the chiral multiplets are encoded in the momenta α1, α2 and m̂, and the

exponent δ. The precise relation between parameters is given in (6.7) and (6.8). Note that

the three point function in the denominator is a normalization, which does not affect the

dependence on z.

The vertex operators38 Vα1 and Vα2 are labelled by generic momenta, thus they each

involve NF − 1 continuous parameters. The vertex operator Vm̂ is a semi-degenerate inser-

tion,39 labelled by a momentum m̂ = −κhNF parallel to the highest weight −hNF of the

antifundamental representation of ANF−1, with one continuous parameter. The correlator

finally involves a fully degenerate insertion Vµ, whose momentum µ = −bh1 is fully con-

strained to the highest weight h1 of the fundamental representation of ANF−1. Let us now

prove (6.1) by expressing both sides of the equality in terms of hypergeometric series.

Restricting (4.27) to the case of U(1) with ÑF = NF , the partition function we are

interested in is given by

ZÑF=NF
U(1) = 2π

NF∑
p=1

[
z−iMp z̄−iMp

∏NF
s=1 γ(−iM̃s − iMp)∏NF
s=1 γ(1 + iMs − iMp)

Fp(z)Fp(z̄)

]
, (6.3)

36See [38] for an introduction to the Toda conformal field theory.
37The power of z in the denominator can be removed by shifting the masses of all the chiral multiplets,

which corresponds to a constant gauge transformation.
38Local operators in the Toda theory take the form Vα = e〈α,φ〉, labelled by a momentum vector α in the

Cartan subalgebra of ANF−1.
39The theory is symmetric under the WNF

algebra, an extension of the Virasoro algebra W2 involving

fields with higher spins 2, . . . , NF . To each primary operator Vα is associated a representation of the WNF

symmetry algebra. For so called degenerate momenta, the WNF
representation becomes reducible, and must

be quotiented by the space of null vectors.
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α1 − bhp

m̂ µ

α2 α1

Figure 4: Toda CFT s-channel conformal block which reproduces the vortex partition func-

tion of SQED for a Higgs vacuum matching the choice of channel 1 ≤ p ≤ NF . The

full four point correlator is equal to the SQED partition function on S2. The momenta

α1 and α2 encode the masses of fundamental and anti-fundamental chiral multiplets, with

SU(NF )×SU(NF ) flavour symmetry, while m̂ captures the remaining U(1)diag flavour sym-

metry.

where z = (−1)NF+N−1e2πiτ , and

Fp(z) = NFFNF−1

(
−iMp−iM̃1 ··· −iMp−iM̃NF

1+iM1−iMp ·̂·· 1+iMNF
−iMp

∣∣∣z) =
∑
k≥0

zk
∏NF

s=1(−iM̃s − iMp)k∏NF
s=1(1 + iMs − iMp)k

(6.4)

are hypergeometric series of type (NF , NF−1), skipping 1+iMp−iMp in the list of parameters

of NFFNF−1. We shall see shortly that this factorized representation of the partition function

matches exactly with the s-channel expression of the Toda four point correlator as a sum

over all allowed internal momenta. The one-loop contribution matches with the product of

the three point functions in the Toda theory, while the conformal blocks are reproduced by

the contribution z−iMp from the classical action together with the vortex partition functions

Fp(z).

As in any two dimensional conformal field theory, the four point correlator of interest can

be expressed in the s, t, or u channels as an integral over all internal momenta of a combina-

tion of three point functions, multiplying a holomorphic and an anti-holomorphic conformal

blocks. For our purposes, the s-channel is the most useful. The fusion rules between the

degenerate operator Vµ and the generic insertion Vα1 only allow the internal momentum in

this channel to be α1 − bhp for some weight hp of the fundamental representation of ANF−1.

Thus, the correlation function is expressed as a discrete sum rather than an integral over

internal momenta:

〈Vα2(∞)Vm̂(1)Vµ(z, z̄)Vα1(0)〉 =

NF∑
p=1

C(α2, α1 − bhp, m̂)C
α1−bhp
−bh1,α1

F (s)
α1−bhp(z)F (s)

α1−bhp(z̄) . (6.5)

Here, C(•, •, •) = 〈V•V•V•〉 are the three point correlation functions of the theory, and

F (s)
α1−bhp is the s-channel conformal block with internal momentum α1 − bhp (see figure 4).
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The three point function involving the degenerate field µ actually has poles for each allowed

internal momentum, hence we consider the residue C
α1−bhp
−bh1,α1

of the three point function at

the given momenta.40

The four point correlator of interest was shown [38] – using null-vector equations – to

obey identical holomorphic and anti-holomorphic hypergeometric differential equations of

order NF , up to a power of |1 − z|2. Those two equations enabled them to evaluate the

conformal blocks F (s) as41

(1− z)−bκ/NF

z(b2+1)
NF−1

2
+iba1,p

F (s)
α1−bhp

[
m̂ µ

α2 α1

]
= NFFNF−1

(
[iba2,s+iba1,p+bκ̂/NF ]1≤s≤NF
[1+iba1,p−iba1,s]1≤s≤NF ,s 6=p

∣∣∣z) , (6.6)

where ia1,s = 〈α1 −Q, hs〉, ia2,s = 〈α2 −Q, hs〉, and κ̂ = κ − (NF − 1)b.

The matching between the vortex partition functions and the conformal blocks occurs

if and only if the 2NF − 1 parameters of the hypergeometric functions are equal (up to

permutation). Up to Weyl reflection, this fixes the 2NF − 1 momentum components of the

Toda correlator in terms of the 2NF − 1 physical masses of the gauge theory:

α1 = Q− i

b

NF∑
s=1

Mshs

α2 = Q− i

b

NF∑
s=1

M̃shs

κ = (NF − 1)b− i

b

NF∑
s=1

(
Ms + M̃s

)
.

(6.7)

Furthermore, the exponent δ is fixed by comparing the powers of z appearing in (6.6) and

(6.4),

δ = (b2 + 1)
NF − 1

2
+

i

NF

NF∑
s=1

Ms . (6.8)

The next object to consider is the product of three point correlation functions appear-

ing in (6.5). We start from the explicit expression for three point functions with a semi-

degenerate insertion (equation (1.39) in [38]),

C(α1, α2,−κhNF ) =
[
πµγ(b2)b2−2b2

]〈2Q−α1−α2+κhNF ,ρ/b〉

· Υ(b)NF−1Υ(κ)
∏NF

s<t Υ(〈α1 −Q, ht − hs〉)Υ(〈α2 −Q, ht − hs〉)∏NF
s,t Υ

( κ
NF

+ 〈α1 −Q, hs〉+ 〈α2 −Q, ht〉
) ,

(6.9)

40The only non-zero two point functions are 〈V2Q−αVα〉 and its Weyl conjugates, where Q =
(
b + 1

b

)
ρ =(

b + 1
b

)∑NF

p=1
NF+1−2p

2 hp. The three point function C
α1−bhp

−bh1,α1
appearing in (6.5) is thus (the residue at)

C(2Q− (α1 − bhp), α1, µ).
41We use the more symmetrical notations of appendix B of [39], with the change α2 → 2Q− α2 to make

this momentum incoming rather than outgoing.
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where the Υ function is introduced in [38]. Thanks to the relation Υ(x+b) = γ(bx)b1−2bxΥ(x),

one can simplify a ratio involving the first of our three point functions as

C(α2, α1 − bhp,−κhNF )

C(α2, α1,−(κ + b)hNF )
=

∏NF
s=1 γ

(
bκ̂
NF

+ iba1,p + iba2,s

)
γ
(
(b2 + 1)1s≤p + ib(a1,s − a1,p)

)
[−πµγ(b2 + 1)]p

.

(6.10)

The second correlation function is given by (see equation (1.51) in [38])

C
α1−bhp
−bh1,α1

= [−πµγ(1 + b2)]p
∏
s<p

γ(iba1,s − iba1,p)

γ(1 + b2 + iba1,s − iba1,p))
. (6.11)

Using the relations (6.7), the two correlation functions combine into exactly the appropriate

factor in the SQED partition function (6.3),

C(α2, α1 − bhp,−κhNF )

C(α2, α1,−(κ + b)hNF )
C
α1−bhp
−bh1,α1

=

NF∏
s=1

γ
(
bκ̂
NF

+ iba1,p + iba2,s

)
γ(1− ib(a1,s − a1,p))

=

NF∏
s=1

γ(−iMp − iM̃s)

γ(1 + iMs − iMp)
.

(6.12)

Putting all the ingredients together, we obtain the relation (6.1) summarizing the corre-

spondence. The normalization by a three point correlator in the denominator of this relation

indicates that the gauge theory partition function corresponds to the insertion of a fully de-

generate momentum in a Toda three point function with two generic and one semi-degenerate

vertex operator.

One noteworthy aspect of the matching is that delta-renormalizable vertex operators,

whose momenta are characterized by the reality condition that 〈α − Q, hs〉 ∈ iR for all

1 ≤ s ≤ NF , arise exactly when the gauge theory complex masses M = m+ i
2
q are real, hence

the R-charges are zero. We can analytically continue the correlator to arbitrary momenta

in order to capture the partition function of gauge theories with non-zero R-charges.

The precise matching between the partition function of SQED with a correlator in ANF−1

Toda CFT can be given a physical explanation using the AGT correspondence. We start

with the punctured Riemann surface describing four dimensionalN = 2 SQCD with SU(NF )

gauge group and NF fundamental and NF anti-fundamental hypermultiplets. This is de-

scribed by an ANF−1 Toda CFT correlator on the four-punctured sphere, with two non-

degenerate and two semi-degenerate punctures. We now add a degenerate puncture, which

is believed to correspond to inserting a half-BPS surface operator on S2 inside S4 [14]. For

the simplest degenerate field, the surface operator can be described by coupling a two di-

mensional N = (2, 2) gauge theory to four dimensional SQCD (see e.g. [40]). The precise

two dimensional gauge theory can be found by realizing the simple surface operator as a

D2-brane in Type IIA string theory, as summarized in Figure 5. For the simplest surface

operator, the corresponding theory is two dimensional N = (2, 2) SQED with NF flavours,

which we just analyzed. The Toda CFT correlator with the degenerate field insertion is
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expected to capture the four dimensional gauge dynamics, the two dimensional gauge dy-

namics on the surface operator and the coupling of the four dimensional degrees of freedom

to the two dimensional ones.

µm̂

α1α2

NS5

D4

D2

x4,5

x7 x6

NS5

Figure 5: Decoupling limit of the AGT correspondence with a simple surface operator.

We can turn off the couplings of four dimensional SQCD to two dimensional SQED by

sending the four dimensional gauge coupling to zero. This corresponds in the language of

Toda CFT to factorizing the five point function into the four point function that we are after

times a three point function. This factorization of the five-punctured sphere is depicted in

Figure 5. In this limit, only the dynamics of the two dimensional theory remain. Moreover,

in this limit, the couplings between the four dimensional and two dimensional theories are

realized as twisted mass parameters for the chiral multiplets in the two dimensional theory.

It is therefore natural to expect that the Toda correlation function (6.5) is related to the

partition function of N = (2, 2) SQED with NF flavours, which is what we have shown

explicitly in this section.

7 Seiberg Duality

In this section, we apply our results to study the infrared duality of N = (2, 2) non-abelian

gauge theories in two dimensions. There are many interesting mathematical conjectures on

the properties of moduli spaces of Calabi-Yau manifolds embedded in Grassmannians, one

of which is known as the Rødland conjecture that a certain Calabi-Yau threefold in the

Grassmannian G(2, 7) and the Pfaffian Calabi-Yau in CP6 are in the same one-dimensional

complexified Kähler moduli space. In attempts to provide a physical proof of Rødland’s

conjecture, it has been proposed [18] that the N = (2, 2) SU(N) gauge theory with NF > N

massless fundamental chiral multiplets without superpotential is dual to the theory with

gauge group SU(NF −N),

SU(N) ←→ SU(NF −N) . (7.1)
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Indeed the two theories, endowed with twisted masses, have the same Witten index. Further-

more, since these theories are expected to flow in the infrared to N = (2, 2) superconformal

theories with central charges ĉ = (NF −N)N + 1, the two theories in this duality pair carry

the same central charge. Recently, the above duality, known as the Seiberg-like duality in

two dimensions, has been generalized to other gauge groups [41]

O+(N) ←→ SO(NF −N + 1), NF ≥ N

SO(N) ←→ O+(NF −N + 1), NF ≥ N

O−(N) ←→ O−(NF −N + 1), NF ≥ N

Sp(N) ←→ Sp(NF −N − 1), NF ≥ N + 3

(7.2)

where ± denotes the eigenvalues of Z2 gauge symmetry of O(N).

We prove in appendix H that the partition functions of theories with special unitary

gauge groups (7.1) are equal in two different limits, hence providing non-trivial evidence to

support the above duality for this pair of gauge groups.

In the limit of small masses and R-charges, the partition function is singular, and we will

express it as

ZSU(N)(M) =
∑

E⊆{1,...,NF }
#E=N

[∏
p∈E

∏NF
s 6∈E γ (iMp − iMs)∑
p∈E

(−iMp)

]
+O(1) , (7.3)

where the sum ranges over sets E of N flavours, and O(1) indicates that only the singular part

of ZSU(N) is captured by the sum. This expression is symmetrical under the transformation
E → E ′ = {1, . . . , NF} \ E
N → N ′ = NF −N
Mp → M′p = −Mp + 1

NF−N
∑NF

s=1 Ms .

(7.4)

Only the O(1) term may be affected, hence we obtain the duality

ZSU(N)(M) = ZSU(NF−N)(M
′) +O(1) , (7.5)

in the limit M→ 0. Note that since ZSU(N) ∼ M−N(NF−N)−1 at 0, the relation (7.5) involves

N(NF − N) + 1 orders. The duality was also tested explicitly to order O(M2) in the case

N = 2, NF = 3.

The second case which we consider in appendix H is the limit where a sum of N of the

complex masses vanishes, with masses otherwise generic. The partition function ZSU(N) has

a simple pole in this limit, whose residue is shown to match the dual SU(NF − N) theory.

This is a strong check of the Seiberg-like duality ZSU(N)(M) = ZSU(NF−N)(M
′) since the

masses and R-charges span in this case a codimension 1 subspace of the NF -dimensional

parameter space.
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Using the Coulomb branch expression (4.19) for partition functions of N = (2, 2) theories

with arbitrary gauge groups, it should be possible to prove Seiberg-like duality for different

pairs of gauge groups, such as those given in (7.2). It should also be possible to extend the

above Seiberg-like duality to theories with a homogenous superpotential of degree d in the

baryon operators, with 2NF
(NF−N)NF+1

< d ≤ NF [41]. Due to the superpotential, the R-charge

of each chiral multiplet is constrained to be in the range42

2

NNF

≤ qi <
NF −N
NF

+
1

NNF

. (7.6)

It would be interesting to show an agreement between the partition functions of each pair

of theories for the case of R-charges in the above range.

8 Discussion

In this paper we have computed the exact partition function of two dimensional N = (2, 2)

gauge theories on S2. We have shown that there are two ways of representing the partition

function. It can be either written as an integral over the Coulomb branch or as a sum over

vortices and anti-vortices in the Higgs branch. By explicitly evaluating the integral represen-

tation in the Coulomb branch, we find exact agreement with the Higgs branch representation

of the partition function. Quite pleasingly, despite that we are integrating over different field

configurations, the two results give rise to the same partition function.

The Coulomb branch representation is found by integrating over Q-invariant field config-

urations that are saddle points of the deformation action. Since our deformation term does

not contain a term linear in D, the intersection of the supersymmetry fixed point equations

with the saddle point equations completely lifts configurations in the Higgs branch, giving

rise, as supersymmetric saddle points, to the Coulomb branch configurations FCoul, which

we integrate over with a specific measure determined by the one-loop determinants. This

implies, in particular, that the vortex and anti-vortex configurations allowed at the poles by

the supersymmetry equations are forbidden. The same result can be more straightforwardly

obtained by localizing the path integral with respect to different supercharges, concretely Q1

and Q2. In this approach, the supersymmetry equations alone forbid any non-trivial configu-

rations in the Higgs phase while precisely reproducing the Coulomb phase field configurations

FCoul.

The Higgs branch representation is instead found by integrating over Q-invariant field

configurations that are saddle points of a deformed action that does contain a term linear

in D. In this case, the intersection of the supersymmetry equations with the equations of

42The upper bound of this range reproduces the condition
∑NF

s=1 qs < NF − N + 1/N which ensures

convergence of the Coulomb branch integral (H.1).
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motion completely lifts the Coulomb branch. However, the equations now allow for non-

trivial field configurations supported in the Higgs phase, which we have denoted by FHiggs.

These field configurations describe vortex and anti-vortex excitations at the poles of the

S2 around each of the Higgs branches of the theory. In this Higgs branch representation,

the partition function is written as a sum over Higgs branches of the product of the vortex

partition function at the north pole with the anti-vortex partition function at the south pole.

The deformed action that we have considered to obtain the Higgs branch representation is

the same deformed action as before, but now the saddle point equations are analyzed at a

large finite value of the parameter multiplying the deformation term. A more desirable and

precise way to arrive at the same conclusion would be to localize the path integral with a

different deformation term δQV that, in the limit when the parameter multiplying it goes to

infinity, yields a non-trivial linear term in D. It would be interesting to explicitly construct

such a deformation term.

Conceptually, the fact that a correlation function in a supersymmetric gauge theory may

admit multiple representations can be understood as follows. When computing a supersym-

metric path integral by supersymmetric localization, several choices are available, including

the choice of supercharge and of deformation term with which to localize (see section 3 for

details). Under mild conditions, the localization principle guarantees that the path integral

is independent of these choices. For different choices, however, the path integral may localize

to different supersymmetric field configurations and therefore provide alternative represen-

tations of the same correlation function. This general picture is behind the equivalence

we find between the Coulomb and Higgs branch representation of the partition function of

N = (2, 2) gauge theories on S2. It would be very interesting to extend this general picture

to find new dual descriptions of correlation functions in supersymmetric gauge theories, as

they can lead, at the very least, to novel identities or to a physical derivation of known ones.

The Higgs branch expression for the partition function shares features with the local-

ization computation of the partition function and Wilson loops [3], ’t Hooft loops [22] and

domain walls [42] in four dimensional N = 2 gauge theories. These correlation functions

receive contributions from non-perturbative field configurations localized at the north and

south poles of the corresponding sphere. In four dimensions they are due to instantons and

anti-instantons, while in two dimensions the path integral is a sum over vortices at the north

pole and anti-vortices at the south pole. In four dimensions the contribution of instantons

and anti-instantons are captured by the instanton partition function [43,44], while the con-

tribution of vortices and anti-vortices are captured by the vortex partition function [4] (see

also [27–31]). An important qualitative difference, however, is that instantons and anti-

instantons appear in the Coulomb phase while vortices and anti-vortices can only appear

as non-trivial field configurations in the Higgs phase. Furthermore, the four dimensional

correlation functions do not have a known dual description, while in two dimensions we find

that the partition function admits a Coulomb branch representation.
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Several applications and correspondences emerge from our results. A correspondence

between the partition function ofN = (2, 2) gauge theories on S2 and correlation functions in

Liouville/Toda CFT has been found, extending the AGT correspondence [13] (see also [36]).

We have explicitly presented the ANF−1 Toda representation of the partition function of

SQED with NF electrons and NF positron chiral multiplet fields, leaving the more complete

correspondence for other theories to a separate publication [26]. This correspondence can be

enriched by adding defects both in gauge theory and in Toda as in [14,42,45] (see also [46])

and it would be interesting to establish a detailed dictionary between gauge theory and Toda

CFT. In fact, we have already found the effect of inserting a supersymmetric Wilson loop

in (4.20). When the gauge group contains U(1) factors, a Wilson loop insertion effectively

shifts the FI parameter ξ as well as a the topological term ϑ. In the Toda CFT description,

this corresponds to changing the moduli of the Riemann surface in the holomorphic sector

and anti-holomorphic sector of the CFT differently. This can be realized by the insertion in

Toda CFT of the complex-structure–changing topological defect operator introduced in [42].

Since the correlation functions of Toda CFT are modular invariant, this correspondence

implies that the gauge theories that admit a Toda CFT representation enjoy quite remarkable

modularity properties in the complexified gauge theory parameters τ (2.9). In particular,

this implies that the results from ξ > 0 to ξ < 0 are related by analytic continuation, and

that the partition function in the two regimes are the same. In the example of SQED, the

ξ > 0 regime corresponds to the factorization of the Toda CFT correlator in the s-channel,

and individual Higgs vacua, labelled by masses of the fundamental chiral multiplets, match

precisely with the NF channels allowed by the fusion of the degenerate insertion with the

operator which encodes the fundamental masses. The ξ < 0 regime is described by the

u-channel factorization, and the sum over Higgs vacua – which correspond to intermediate

channels in Toda – is labelled by masses of the anti-fundamental chiral multiplets.

The expansion of the partition function near ξ = 0 corresponds to the t-channel factor-

ization. In this limit, the expansion in terms of vortices and anti-vortices in SQED breaks

down, and it would be interesting to understand whether this expansion has an alterna-

tive description in terms of another two dimensional gauge theory. Studying the modular

properties further may lead to a picture of dualities analogous to [47]. Relatedly, it would

also be interesting to study the combined dynamics of two dimensional gauge theories on S2

coupled to four dimensional N = 2 gauge theories on S4, and their potential interpretation

as surface operators. Extending the analysis to the squashed S2 is also worth pursuing.

Our findings can also be applied to the study of N = (2, 2) non-linear sigma models with

Kähler target spaces, including Calabi-Yau manifolds. The sigma models which describe

string propagation in such target spaces enjoy a rich “phase” structure as the complefixied

Kähler parameters are varied. This may include the appearance of different geometries in

large volume regimes as well as non-geometrical phases. Novel tools and understanding in the

study of these questions were introduced in [15], where these theories were given an ultraviolet
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definition in terms of N = (2, 2) gauge theories. An important insight brought by the gauge

theory description was the proposal that topology changing transitions – in particular the

flop transition – can be described by analytic continuation in the gauge theory couplings

τ . Our exact results for SQED – which include the conifold for NF = 2 – quantitatively

demonstrate that the two large volume regimes connected through a flop transition are

indeed related by analytic continuation. Furthermore, analytic continuation in the flop

transition is realized by crossing symmetry in our correspondence with Toda CFT. Our

formulas further demonstrate that the physics at ξ = 0, while corresponding to a singular

Calabi-Yau geometry, is completely regular for a non-vanishing topological angle ϑ.

Another relevant connection between N = (2, 2) gauge theories in the ultraviolet and

non-linear sigma models in the infrared is the transmutation of gauge vortices into worldsheet

instantons [15]. Given the exact results for the gauge theory partition function found in this

paper, it would be interesting to revisit this connection, which was effectively used in [48] to

quantitatively study worldsheet instantons.

Finally, we have used our formulas to study Seiberg duality in two dimensions, where we

have demonstrated that Seiberg dual pairs have the same partition function in some limits.

A very rich set of dualities relating two dimensional N = (2, 2) theories is mirror symmetry,

which relates string theory on different mirror Calabi-Yau manifolds and in different phases.

It would be very interesting to extend our results to the case of Landau-Ginzburg models and

provide a detailed picture relating these models to their dual gauged linear sigma models.

This requires extending our analysis by including twisted chiral multiplets and the allowing

for a non-trivial Kähler potential.

Two dimensional N = (2, 2) non-abelian gauge theories been recently proposed to study

non-toric Calabi-Yau manifolds, such as Calabi-Yau manifolds embedded in Grassmannians

and determinantal Calabi-Yau varieties [49]. Due to the strong coupling dynamics of these

gauge theories, these models have not been studied much. Our exact results provide a new

and powerful tool to investigate the strong coupling dynamics of theseN = (2, 2) non-abelian

gauged linear sigma models, which may hopefully lead to new insights into this large class

of Calabi-Yau manifolds. Another direction to study further is a possible connection of our

results to the physics of domain walls in three dimensional gauge theories on S3, generalizing

the results in [11, 42, 50]. Finally, our exact results may provide hints on a 4d/2d relation

between the geometry of four-manifolds and two dimensional gauge theories, resulting in a

novel correspondences beyond the the 2d/4d relations of [13] and 3d/3d relations of [51–53].
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A Notations and Conventions

We use the following conventions for indices:

i, j, k, · · · = 1, 2 coordinate indices on S2 (A.1)

î, ĵ, k̂, · · · = 1̂, 2̂ tangent space indices (A.2)

α, β, γ, · · · = 1, 2 Dirac spinor indices (A.3)

m,n, p = 1, 2, 3 indices for SU(2) generators (A.4)

A.1 S2 Conventions

We work in polar coordinates (x1, x2) = (θ, ϕ) where the metric on S2 can be written as

ds2 = r2
(
dθ2 + sin2 θdϕ2

)
. (A.5)

The canonical choice of orientation is

ε12 =
√
h ε1̂2̂ = r2 sin θ , (A.6)

with the corresponding volume-form

d2x
√
h = r2 sin θdθ ∧ dϕ . (A.7)

The simplest choice of zweibein is

e1̂ = rdθ and e2̂ = r sin θdϕ , (A.8)

with the spin connection given by

ωîĵ = −εîĵ cos θdϕ . (A.9)

By Di we denote the gauge-covariant derivative

Di = ∇i − iAi , (A.10)

where ∇i is the usual covariant derivative and Ai is the gauge field. The corresponding

curvature is given by

Fij = εijF1̂2̂ = ∇iAj −∇jAi − i[Ai, Aj] . (A.11)
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A.2 Spinors and the Clifford Algebra

Our conventions for spinors are the same as in [54] and are listed below. Let τm denote the

standard Pauli matrices given by

τ1 =

(
0 1

1 0

)
, τ2 =

(
0 −i
i 0

)
, τ3 =

(
1 0

0 −1

)
. (A.12)

We take our spinors to be anti-commuting Dirac spinors εα. These spinors are acted on

by the γ-matrices defined by

(γm̂)α
β : γm̂ = τm̂ . (A.13)

Evidently, the matrices γ î satisfy the two dimensional Clifford algebra{
γ î, γ ĵ

}
= 2δ îĵ , (A.14)

and γ 3̂ = −iγ 1̂γ 2̂ is the two dimensional chirality matrix.43

The spinor indices are raised and lowered by the (anti-symmetric) charge conjugation

matrix as

εα = Cαβεβ and εα = Cαβε
β , (A.15)

with the consistency condition

CαγC
γβ = δβα . (A.16)

More explicitly, we take C12 = C21 = 1 and C21 = C12 = −1.

We adopt the Northwest-Southeast convention for the implicit contraction of the spinor

indices, i.e. for two spinors ε and λ we define

ελ ≡ εαλα = λε and εγm̂λ ≡ εα(γm̂) β
α λβ = −λγm̂ε . (A.17)

Note that the γ-matrices with both spinor indices lowered

(γm̂)αβ ≡ Cβδγ
m̂
α
δ , (A.18)

are symmetric and are numerically equal to (−τ3,−i, τ1) for m̂ = (1, 2, 3) respectively.

A.3 Fierz Identities

Let ε̄, λ and ε be anticommuting spinors. The following Fierz identities are used extensively

in our calculations

(ε̄λ)ε+ (λε)ε̄+ (ε̄ε)λ = 0 , (A.19)

(ε̄γm̂λ)γm̂ε+ (ε̄λ)ε+ 2(ε̄ε)λ = 0 . (A.20)

43In terms of the σ and σ̄ matrices introduced in [54], the γ-matrices are given by γmα
β = i

2ε
mnpσnαα̇σ̄p

α̇β .
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B Supersymmetry Transformations on S2

The N = (2, 2) superconformal algebra in the S2 basis is spanned by the bosonic generators

Jm, Km, R,A , (B.1)

and the supercharges

Qα, Sα, Q̄α, S̄α . (B.2)

Jm generate the SU(2) isometries of S2 while Km generate the conformal symmetries of S2.

R and A are each a U(1) R-symmetry generator, the first being non-chiral and the latter

being chiral.

The N = (2, 2) superconformal algebra is given by

{Sα, Qβ} = γmαβJm −
1

2
CαβR [Jm, S

α] = −1

2
γm

αβSβ [R, Sα] = +Sα

{S̄α, Q̄β} = −γmαβJm −
1

2
CαβR [Jm, Q

α] = −1

2
γm

αβQβ [R,Qα] = −Qα

{Qα, Q̄β} = γmαβKm +
1

2
CαβA [Jm, Q̄

α] = −1

2
γm

αβQ̄β [R, Q̄α] = +Q̄α

{Sα, S̄β} = γmαβKm −
1

2
CαβA [Jm, S̄

α] = −1

2
γm

αβS̄β [R, S̄α] = −S̄α

[Jm, Jn] = iεmnpJ
p [Km, S

α] = −1

2
γm

αβQ̄β [A, Sα] = Q̄α

[Km, Kn] = −iεmnpJp [Km, Q
α] = −1

2
γm

αβS̄β [A, Qα] = −S̄α

[Jm, Kn] = iεmnpK
p [Km, Q̄

α] = −1

2
γm

αβSβ [A, Q̄α] = −Sα

[Km, S̄
α] = −1

2
γm

αβQβ [A, S̄α] = Qα .

(B.3)

This algebra admits a Z2 automorphism, under which

Jm, R,Qα, Sα → Jm, R,Qα, Sα

Km,A, Q̄α, S̄α → −Km,−A,−Q̄α,−S̄α .
(B.4)

Therefore, {Jm, R, S,Q} generate a subalgebra. It is the SU(2|1) algebra in (2.2), which

describes the N = (2, 2) supersymmetry algebra on S2.

B.1 Realization of SU(2|1) on the Fields

A simple way to obtain the SU(2|1) supersymmetry transformations is to first construct

the N = (2, 2) superconformal transformations and then restrict to those of the SU(2|1)

subalgebra. This logic applies in any dimension and gives a first principles construction of
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the supersymmetry transformations that does not require guesswork, at least as long as the

space admits a conformal Killing spinor.

The superconformal transformations are easily obtained from the Poincaré supersymme-

try transformations in flat space by demanding that once the flat metric is replaced by a

curved metric, that the supersymmetry transformations are covariant under Weyl transfor-

mations. In this process, the constant supersymmetry parameters of flat space are replaced

by conformal Killing spinors, which obey

∇iε = γiε̃ ∇iε̄ = γĩ̄ε . (B.5)

Using that the fields and conformal Killing spinors transform with definite weight under a

Weyl transformation

gij → e2Ω(x)gij (B.6)

we obtain the required superconformal transformations by imposing Weyl covariance. The

terms that need to be modified in the vector and chiral multiplet flat space supersymmetry

transformations (which can be obtained by dimensionally reducing the four dimensional

N = 1 supersymmetry transformations in [54] to two dimensions) to make them Weyl

covariant are44

ε̄ /Dλ −→ ε̄ /Dλ− λ /∇ε̄
ε /Dλ̄ −→ ε /Dλ̄− λ̄ /∇ε

/Dσ1,2ε −→ /Dσ1,2ε+ σ1,2 /∇ε
/Dσ1,2ε̄ −→ /Dσ1,2ε̄+ σ1,2 /∇ε̄
/Dφε −→ /Dφε+

q

2
φ /∇ε

/Dφ̄ε̄ −→ /Dφ̄ε̄+
q

2
φ /∇ε̄

/Dψε −→ /Dψε− q

2
ψ /∇ε

/Dψ̄ε̄ −→ /Dψ̄ε̄− q

2
ψ̄ /∇ε̄ ,

(B.7)

where we have used the following Weyl weights w

SUSY vector multiplet chiral multiplet

ε ε̄ Aµ σ1 σ2 λ λ̄ D φ ψ F φ̄ ψ̄ F̄

−1
2
−1

2
0 1 1 3

2
3
2

2 q
2

q+1
2

q+2
2

q
2

q+1
2

q+2
2

where w is the charge ϕ→ e−wΩ(x)ϕ under the Weyl transformation (B.6).

44The coefficients of the extra terms are fixed by demanding that the combination transforms covariantly

under Weyl transformations and, in general, depend on the Weyl weight of the fields as well as the dimension

of space.
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In this way, we obtain the two dimensional N = (2, 2) superconformal transformations

for the vector multiplet

δAi = − i
2

(
ε̄γiλ+ εγiλ̄

)
,

δσ1 =
1

2

(
ε̄λ− ελ̄

)
,

δσ2 = − i
2

(
ε̄γ3̂λ+ εγ3̂λ̄

)
,

δD = − i
2
ε̄
(
/Dλ+ [σ1, λ]− i

[
σ2, γ

3̂λ
])

+
i

2
λ /∇ε̄+

i

2
ε
(
/Dλ̄−

[
σ1, λ̄

]
− i
[
σ2, γ

3̂λ̄
])
− i

2
λ̄ /∇ε,

δλ =
(
iγ 3̂F1̂2̂ − γ 3̂ /Dσ2 + i /Dσ1 − γ 3̂[σ1, σ2]−D

)
ε+ iσ1 /∇ε− σ2γ

3̂ /∇ε,

δλ̄ =
(
iγ 3̂F1̂2̂ − γ 3̂ /Dσ2 − i /Dσ1 + γ 3̂[σ1, σ2] + D

)
ε̄− iσ1 /∇ε̄− σ2γ

3̂ /∇ε̄ ,

(B.8)

and chiral multiplet

δφ = ε̄ψ

δφ̄ = εψ̄

δψ = i
(
/Dφ+ σ1φ− iσ2φγ

3̂ +
q

2
φ /∇
)
ε+ ε̄F

δψ̄ = i
(
/Dφ̄+ φ̄σ1 + iφ̄σ2γ

3̂ +
q

2
φ̄ /∇
)
ε̄+ εF̄

δF = −i
(
Diψγ

i + σ1ψ − iσ2ψγ
3̂ + λφ+

q

2
ψ /∇
)
ε

δF̄ = −i
(
Diψ̄γ

i + ψ̄σ1 + iψ̄σ2γ
3̂ − φ̄λ̄+

q

2
ψ̄ /∇
)
ε̄ .

(B.9)

The spinors ε and ε̄ serve as the parameters of the superconformal transformations, such

that each independent conformal Killing spinor is associated with one of the supercharges

in the superconformal algebra. On S2, we can take the conformal Killing spinors to satisfy

∇iεs =
s

2r
γiγ

3̂εs and ∇iε̄s̄ =
s̄

2r
γiγ

3̂ε̄s̄ (B.10)

with s, s̄ = ±. There are four independent solutions to these equations

εs = exp

(
−isθ

2
γ2̂

)
exp

(
iϕ

2
γ 3̂

)
εs◦ , (B.11)

ε̄s̄ = exp

(
−is̄θ

2
γ2̂

)
exp

(
iϕ

2
γ 3̂

)
ε̄s̄◦ . (B.12)

parametrized by four independent constant spinors ε±◦ and ε̄±◦ . A general superconformal

transformation is then generated by a linear combination of the supercharges parametrized
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as follows

δε+ = ε+◦ γ̃+Q, δε− = ε−◦ γ̃−S̄, δ̄ε̄+ = ε̄+◦ γ̃+Q̄, δ̄ε̄− = −ε̄−◦ γ̃−S (B.13)

where γ̃± satisfy

γ̃± =
1√
2

(
1± iγ3

)
= ±iγ3γ̃∓

γ̃2
+ = −γ̃2

− = iγ3, γ̃+γ̃− = 1 .

(B.14)

Using the conformal Killing spinor equations above, the superconformal algebra is realized

on the vector multiplet fields as

[δε, δε̄]λ = −Lξλ+ i [Λ, λ] + i
s− s̄

2
αλ+ i

s+ s̄

2
Θγ 3̂λ− 3i

s+ s̄

2
αλ ,

[δε, δε̄] λ̄ = −Lξλ̄+ i
[
Λ, λ̄

]
− is− s̄

2
αλ̄− is+ s̄

2
Θγ 3̂λ̄− 3i

s+ s̄

2
αλ̄ ,

[δε, δε̄]Ai = −(LξA)i +DiΛ ,

[δε, δε̄]σ1 = −Lξσ1 + i [Λ, σ1]− (s+ s̄)Θσ2 − i(s+ s̄)ασ1 ,

[δε, δε̄]σ2 = −Lξσ2 + i [Λ, σ2] + (s+ s̄)Θσ1 − i(s+ s̄)ασ2 ,

[δε, δε̄] D = −LξD + i [Λ,D]− 2i(s+ s̄)αD ,

(B.15)

and [δε, δε] = [δε̄, δε̄] = 0 on all the fields. Therefore [δε, δε̄] generates a space-time transfor-

mation as well as a gauge transformation, an R and A R-symmetry transformation and a

Weyl transformation. The parameters of these transformations are given by

ξi = −iε̄γiε ,
Λ = (ε̄ε)σ1 − i(ε̄γ 3̂ε)σ2 + ξiAi ,

Θ =
1

2r
ε̄ε ,

α = − 1

2r
ε̄γ 3̂ε ,

(B.16)

where we have omitted the subscript s and s̄ on the spinors. Note that the spacetime

transformation is realized by the Lie derivative on bosonic fields and by the Lie-Lorentz

derivative (2.33) on the fermions. More explicitly, the Lie-Lorentz derivative along the

vector field ξ is given by

Lξ = ξj∇j − i
s− s̄

2
Θγ 3̂ . (B.17)
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The superconformal algebra is realized on the chiral multiplet fields as

[δε, δε̄]ψ = −Lξψ + iΛψ + i
s− s̄

2
(1− q)αψ − is+ s̄

2
Θγ 3̂ψ − is+ s̄

2
(q + 1)αψ ,

[δε, δε̄] ψ̄ = −Lξψ̄ − iψ̄Λ + i
s− s̄

2
(q − 1)αψ̄ + i

s+ s̄

2
Θγ 3̂ψ̄ − is+ s̄

2
(q + 1)αψ̄ ,

[δε, δε̄]φ = −Lξφ+ iΛφ− is− s̄
2

qαφ− is+ s̄

2
qαφ ,

[δε, δε̄] φ̄ = −Lξφ̄− iφ̄Λ + i
s− s̄

2
qαφ̄− is+ s̄

2
qαφ̄ ,

[δε, δε̄]F = −LξF + iΛF + i
s− s̄

2
(2− q)αF − is+ s̄

2
(q + 2)αF ,

[δε, δε̄] F̄ = −LξF̄ − iF̄Λ + i
s− s̄

2
(q − 2)αF̄ − is+ s̄

2
(q + 2)αF̄ ,

(B.18)

where the parameters of the transformations are the same as those for the vector multiplet

fields (B.16).

To obtain the SU(2|1) supersymmetry transformations, we restrict the superconformal

transformations (B.8) and (B.9) we have constructed to those associated with Qα and Sα,

which are parametrized by ε+ and ε̄−. The corresponding realization of the algebra on the

fields is given by (B.15) and (B.18) with s = 1 and s̄ = −1.

In the main text, we find it convenient to perform the field redefinition D → D + σ2/r,

after which we obtain the supersymmetry transformations presented in section 2.

C Supersymmetric Configurations

In this appendix we present the derivation of the choice of SUSY parameters and the corre-

sponding supersymmetric configurations.

C.1 Choice of Supercharge

The conformal Killing spinor equations on S2 are

∇iε = +
1

2r
γiγ

3̂ε , (C.1)

∇iε̄ = − 1

2r
γiγ

3̂ε̄ , (C.2)

with the general solutions of the form

ε = exp

(
−iθ

2
γ2̂

)
exp

(
iϕ

2
γ 3̂

)
ε◦ , (C.3)

ε̄ = exp

(
+
iθ

2
γ2̂

)
exp

(
iϕ

2
γ 3̂

)
ε̄◦ . (C.4)
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Here, the hatted γ indices denote the tangent space (flat) indices45. The corresponding

bilinear ξi = −iε̄γiε is given by

ξ1 = − cosϕ
(
iε̄◦γ̂

1ε◦
)
− sinϕ

(
iε̄◦γ̂

2ε◦
)
, (C.5)

ξ2 = −ε̄◦ε◦ + cot θ sinϕ
(
iε̄◦γ̂

1ε◦
)
− cot θ cosϕ

(
iε̄◦γ̂

2ε◦
)
. (C.6)

We wish to find spinors such that ξ1 vanishes while ξ2 is a non-zero constant. The vanishing

on ξ1 for all angles ϕ requires ε̄◦γ
1ε◦ = ε̄◦γ

2ε◦ = 0. This can be achieved by choosing ε◦ and

ε̄◦ to be chiral spinors with opposite chirality. We choose the constant spinors such that

γ 3̂ε◦ = +ε◦ , (C.7)

γ 3̂ε̄◦ = −ε̄◦ , (C.8)

and the conformal Killing spinors reduce to

ε = exp

(
−iθ

2
γ2̂ +

iϕ

2

)
ε◦ , (C.9)

ε̄ = exp

(
+
iθ

2
γ2̂ −

iϕ

2

)
ε̄◦ . (C.10)

The spinor bilinears constructed out of these spinors take the form

ε̄ε = ε̄◦ε◦ cos θ , (C.11)

ξ = −1

r
ε̄◦ε◦

∂

∂ϕ
, (C.12)

α = − 1

2r
ε̄◦ε◦ . (C.13)

C.2 Supersymmetric Saddle Point Equations

Since after localization, only supersymmetric configurations can contribute, we write Qf = 0

for all fermionic fields, withQ parametrized by the particular choice of ε and ε̄ we just derived.

Let us fix the relative normalization of ε◦ and ε̄◦ such that

ε̄◦ = −iγ 2̂ε◦ (C.14)

45See appendix A.
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We thus obtain the explicit expressions

ε = eiϕ/2
(

cos
θ

2
− i sin

θ

2
γ 2̂

)
ε◦ ε̄ = e−iϕ/2

(
sin

θ

2
− i cos

θ

2
γ 2̂

)
ε◦ (C.15)

γ 1̂ε = eiϕ/2
(

sin
θ

2
− i cos

θ

2
γ 2̂

)
ε◦ γ 1̂ε̄ = e−iϕ/2

(
cos

θ

2
− i sin

θ

2
γ 2̂

)
ε◦ (C.16)

γ 2̂ε = eiϕ/2
(
−i sin

θ

2
+ cos

θ

2
γ 2̂

)
ε◦ γ 2̂ε̄ = e−iϕ/2

(
−i cos

θ

2
+ sin

θ

2
γ 2̂

)
ε◦ (C.17)

γ 3̂ε = eiϕ/2
(

cos
θ

2
+ i sin

θ

2
γ 2̂

)
ε◦ γ 3̂ε̄ = e−iϕ/2

(
sin

θ

2
+ i cos

θ

2
γ 2̂

)
ε◦ (C.18)

Thanks to those expressions for various gamma matrices acting on our conformal Killing

spinors, δλ = 0 and δλ̄ = 0 may be written as

0 = δλ =

[
sin

θ

2
(iV1̂ + V2̂) + i cos

θ

2
(V3̂ + iD)

]
ei
ϕ
2 ε0

+

[
cos

θ

2
(V1̂ + iV2̂)− sin

θ

2
(V3̂ − iD)

]
ei
ϕ
2 γ 2̂ε0

(C.19)

0 = δλ̄ =

[
cos

θ

2

(
iV̄1̂ + V̄2̂

)
+ i sin

θ

2

(
V̄3̂ − iD

)]
e−i

ϕ
2 ε0

+

[
sin

θ

2

(
V̄1̂ + iV̄2̂

)
− cos

θ

2

(
V̄3̂ + iD

)]
e−i

ϕ
2 γ 2̂ε0.

(C.20)

while δψ = 0 and δψ̄ = 0 yields

0 = δψ = i

[
sin

θ

2

(
D−φ− ie−iϕF

)
+ cos

θ

2

(
σ1 − iσ2 +

q

2r

)
φ

]
ei
ϕ
2 ε◦

+

[
cos

θ

2

(
D+φ− ie−iϕF

)
+ sin

θ

2

(
σ1 + iσ2 −

q

2r

)
φ

]
ei
ϕ
2 γ 2̂ε◦,

(C.21)

0 = δψ̄ = i

[
cos

θ

2

(
D−φ̄− ieiϕF̄

)
+ sin

θ

2
φ̄
(
σ1 + iσ2 +

q

2r

)]
e−i

ϕ
2 ε◦

+

[
sin

θ

2

(
D+φ̄− ieiϕF̄

)
+ cos

θ

2
φ̄
(
σ1 − iσ2 +

q

2r

)]
e−i

ϕ
2 γ 2̂ε◦ .

(C.22)

Here D± = D1̂ ± iD2̂ and for future reference, we define σ± = σ1 ± iσ2. Since ε◦ and

γ 2̂ε◦ are linearly independent, each square bracket must vanish separately. Using the reality

conditions
A†i = Ai φ̄† = φ

σ†± = σ∓ F̄ † = F
(C.23)
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we can write the equations as

sin
θ

2
D±σ+ + cos

θ

2

(
F1̂2̂ +

σ1

r
+ iD∓ i [σ1, σ2]

)
= 0

cos
θ

2
D±σ− − sin

θ

2

(
F1̂2̂ +

σ1

r
− iD± i [σ1, σ2]

)
= 0

(C.24)

sin
θ

2

(
D−φ± ie−iϕF

)
+ cos

θ

2

(
σ∓ +

q

2r

)
φ = 0

cos
θ

2

(
D+φ± ie−iϕF

)
+ sin

θ

2

(
σ± −

q

2r

)
φ = 0 .

(C.25)

Taking linear combinations of each set of these equations and using the reality conditions,

we obtain the desired SUSY equations

D2̂σ1 = D2̂σ2 = D1̂σ2 = 0 Re D = [σ1, σ2] = 0

D1̂σ1 − Im D sin θ = 0 F1̂2̂ +
σ1

r
− Im D cos θ = 0 ,

(C.26)

cos
θ

2
D+φ+ sin

θ

2

(
σ1 −

q

2r

)
φ = 0 σ2φ = 0

sin
θ

2
D−φ+ cos

θ

2

(
σ1 +

q

2r

)
φ = 0 F = 0 .

(C.27)

C.3 Q-Supersymmetric Field Configurations

To compute the path integral using localization on supersymmetric configurations, we need

to find the space of solutions of equations (C.26) and (C.27).

Let us first analyze the vector multiplet field equations.

For concreteness, we choose the coordinate patch 0 < θ < π, where we can gauge away

the dθ-component of the gauge field46. The general solution to (C.26) takes the form

A = rσ1 cos θ dϕ, σ1 = σ1(θ), σ2 = σ2(ϕ) . (C.28)

Imposing the chiral multiplet supersymmetry equations (C.27) and plugging in the above

form for the vector multiplet fields we obtain(
sin θ ∂θ +

q

2
cos θ + σ1

)
φ = 0(

∂ϕ + i
q

2

)
φ = 0

F = 0

(σ2 +m)φ = 0
(C.29)

where we have also included the mass term which, as explained in section 2 is just a shift in

σ2 by a diagonal matrix valued in the flavor symmetry group. For generic values of R-charges

q, the only solution of the above equations which is periodic in ϕ is

φ = 0 . (C.30)

46Every 1-form w = wθdθ on S2 is, up to dϕ terms, closed and therefore exact – since the H1(S2) = 0.
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Consequently, in the absence of effective Fayet-Iliopoulos parameters, the reality conditions

necessary for having a convergent path integral constrain the vector multiplet auxiliary field

to vanish, i.e.

Im D = −g2φφ̄ = 0 . (C.31)

The vanishing of the auxiliary field in turn forces σ1 to be a constant and the general solution

to the supersymmetry equations (C.26) and (C.27) takes the form

A =
B

2
(κ− cos θ)dϕ σ1 = −B

2r
σ2 = a D = 0

φ = φ̄† = 0 F = F̄ † = 0

(C.32)

where δA = κB
2

dϕ is the appropriate gauge transformation to extend the solution to the

coordinate patches including the north pole (with κ = 1) or the south pole (where κ = −1).

We conclude that for general R-charge assignments, F0 – the space of smooth solutions to

the supersymmetry fixed point equations – is parametrized by two constant matrices, a and

B, where B is further constrained by the first Chern class quantization to take integer values.

We note in passing that for special values of the R-charges, there exist non-trivial solu-

tions to the chiral multiplet supersymmetry equations which take the form

φ = e
i
2

(κB−q)ϕ (sin θ
2
)
B−q
2

(cos θ
2
)
B+q
2

φ◦, subject to (a+m)φ◦ = 0 . (C.33)

D One-Loop Determinants

Here we present the computation of the one-loop determinants in the localization compu-

tation of the partition function. Our starting point is the quadratic part of the vector and

chiral multiplet actions (2.4) and (2.10) in the background (3.26) with the addition of the
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gauge fixing ghosts c̄, c and the Lagrange multiplier b. The various terms are

Sv.m.
b =

∫
d2x
√
hTr

{
Ai
(

M2 +
1

r2

)
Ai +

i

2r2
εijA

i
[
B,Aj

]
+

2

r
σ1ε

ijDiAj

+ σ1

(
M2 +

1

r2

)
σ1 + σ2M2σ2 + D2 − G2

}
, (D.1)

Sv.m.
f =

∫
d2x
√
hTr

{
λ̄

(
i /D − i

2r

[
B, ·

]
+ γ 3̂

[
a, ·
])

λ

}
, (D.2)

Sghost =

∫
d2x
√
hTr

{
c̄M2c− bG(Ai, σ1, σ2)

}
, (D.3)

Sc.m.
b =

∫
d2x
√
h

{
φ̄

(
M2 + i

q − 1

r
a− q2 − 2q

4r2

)
φ+ F̄F

}
, (D.4)

Sc.m.
f =

∫
d2x
√
h

{
ψ̄

(
−i /D − i

2r
B −

(
a+

iq

2r

)
γ 3̂

)
ψ

}
, (D.5)

where G is the gauge fixing condition corresponding to the choice of gauge

G(Ai, σ1, σ2) = DiA
i +

i

2r

[
B, σ1

]
− i
[
a, σ2

]
= 0, (D.6)

and M2 is given by

M2 = −D2
i +

1

4r2
B2 + a2 , (D.7)

where a and B act in the appropriate representations. We note that (D.6) is the background

gauge field choice DMA
M = 0 in four dimensions dimensionally reduced to two dimensions.

This choice simplifies computations considerably.

The integral over b imposes the background field gauge (D.6) while integrating out the

auxiliary fields D and F yields a trivial factor. We now analyze the rest.

D.1 Dirac Operator in Monopole Background

Before computing the one-loop determinant contribution of fermionic fields, let us first derive

the spectrum of the Dirac operator in the background (3.26). Since the index of the Dirac

operator, acting in the representation R of the gauge algebra, is given by

ind( /D) =
1

2π

∫
S2

TrF = TrB , (D.8)

we anticipate |TrB| zero-modes. Excluding these modes, we may diagonalize the Dirac

operator using spinor monopole harmonics. For each weight w of the representation R and
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each mode (J,m) such that J > |Bw|/2 and −J ≤ m ≤ J we have

(i /D)J,m =

(
λJ,m 0

0 −λJ,m

)
(D.9)

since i /D is traceless. The spectrum of i /D can easily be derived from the spectrum of − /D2

when expressed in terms of the scalar Laplacian

(i /D)2 =

(−(D−i )2 + 1−Bw
2r2

0

0 −(D+
i )2 + 1+Bw

2r2

)
. (D.10)

Here (D±i )2 ≡ (∂i−iBw±1
2
ωi)

2 denotes the scalar Laplacian in the monopole background with

monopole charge Bw±1
2

. The connection ωi is expressed in terms of the spin connection (A.9)

as ωi = ω1̂2̂
i . In the rest of this subsection, we drop the subscript in Bw to avoid cluttering

the notation.

The eigen-value of the scalar Laplacian in the (J,m) mode is given by

− (D±i )2
J,m =

J(J + 1)

r2
− (B ± 1)2

4r2
, (D.11)

where J runs from |B±1|
2

to ∞ in integer steps and the multiplicity in each mode is 2J + 1.

Using this expression for the eigenvalues and the relation between the eigenvalues of the

scalar Laplacian, which can be easily read off from (D.9) and (D.10), we conclude that the

spectrum of the Dirac operator consists of

0, with multiplicity |B|, and (D.12)

+

√
(J + 1

2
)2 − (B

2
)2

r2
, J =

|B|+ 1

2
, . . . with multiplicity 2J + 1, (D.13)

−

√
(J + 1

2
)2 − (B

2
)2

r2
, J =

|B|+ 1

2
, . . . with multiplicity 2J + 1 (D.14)

for J = |B|+1
2
, . . . We also note that the fermonic zero-modes are spinors of a definite chirality,

which depends on the sign of B.

D.2 Chiral Multiplet Determinant

Using the spectrum of the Dirac operator we just derived, we can easily compute the fermionic

determinant of the chiral multiplet. First, note that γ 3̂ anticommutes with /D, hence, a shift
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in /D by γ 3̂ results in a shift in the square of the eigenvalues. Therefore, we have

det ∆c.m.
f = det

[
− i /D − iB

2r
−
(
a+

iq

2r

)
γ 3̂

]
=
∏
w

[
(−i)Bw

(
q + |Bw|

2r
− iaw

)|Bw|

×
∞∏

J=
|Bw|+1

2

[
−
(
Bw

2r

)2

−
(

(J + 1
2
)2 − (Bw

2
)2

r2
+

(
aw +

iq

2r

)2
)]2J+1]

(D.15)

=
∏
w

[
(−i)Bw

∞∏
J=0

[(
J

r
+
|Bw|+ q

2r
− iaw

)2J+|Bw|

× (−i)2|Bw|
(
J + 1

r
+
|Bw| − q

2r
+ iaw

)2J+|Bw|+2
]]

.

=
∏
w

[
(−1)(Bw+|Bw|)/2

∞∏
J=0

[(
J

r
+
|Bw|+ q

2r
− iaw

)2J+|Bw|

×
(
J + 1

r
+
|Bw| − q

2r
+ iaw

)2J+|Bw|+2
]]

.

Here we have used the notation xw ≡ x · w, where w are the weights of the representation

R under which the chiral multiplet transforms. In the last line zeta-function regularization

is used to regularize the sign factor in the infinite product[
∞∏
J=0

(−i)2|Bw|

]
reg

= (−i)(1+ζ(0))2|Bw| = (−i)|Bw|. (D.16)

The bosonic determinant may be written as

(det ∆c.m.
b )

1
2 =

∏
w

∞∏
J=
|Bw|

2

[(
J + 1

2

r

)2

+

(
aw + i

q − 1

2r

)2
]2J+1

=
∏
w

∞∏
J=0

[(
J

r
+
|Bw|+ q

2r
− iaw

)
·
(
J + 1

r
+
|Bw| − q

2r
+ iaw

)]2J+|Bw|+1

.

(D.17)

Putting the two together we have the one-loop contribution from the chiral multiplet fields:

Zc.m.
one-loop(a,B,m) =

∏
w∈R

[
(−1)(Bw+|Bw|)/2

∞∏
J=0

[
J + 1 + |Bw|−q

2
+ iraw

J + |Bw|+q
2
− iraw

]]
(D.18)
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These infinite products can be regularized using Euler’s gamma function

1

Γ(z)
=

[
∞∏
J=0

(z + J)

]
reg

(D.19)

to yield, in the presence of a twisted mass m introduced by shifting a→ a+m

Zc.m.
one-loop(a,B,m) =

∏
w∈R

(−1)(Bw+|Bw|)/2
Γ
(
q
2
− ir(aw +m) + |Bw|

2

)
Γ
(

1− q
2

+ ir(aw +m) + |Bw|
2

)
 . (D.20)

The chiral multiplet determinant has a pole when a + m has a zero and q is a non-positive

integer. More precisely, there is a pole whenever |B| ≤ −q with B − q even when acting on

φ. These poles are due to the zero modes found in (3.28), which exist precisely under these

conditions. In evaluating the determinant for these tuned values of q, the zero modes must

be excluded, thus yielding a finite result.

D.3 Vector Multiplet Determinant

The fermion contribution to the vector multiplet one-loop determinant is the same as that

of a chiral multiplet in the adjoint representation with R-charge q = 0. It is given by

det∆v.m.
f =

∏
α∈∆

(−1)(Bα+|Bα|)/2
∞∏
J=0

[(
J

r
+
|Bα|
2r
− iaα

)2J+|Bα|(J + 1

r
+
|Bα|
2r

+ iaα

)2J+|Bα|+2
]

=
∏
α∈∆+

(−1)Bα
∞∏
J=0

{[(
J

r
+
|Bα|
2r

)2

+ a2
α

]2J+|Bα| [(
J + 1

r
+
|Bα|
2r

)2

+ a2
α

]2J+|Bα|+2}
.

(D.21)

where α ∈ ∆+ are the positive roots of the Lie algebra of G.

In order to compute the contribution from the bosonic fields, we need to write down the

mode expansion of the fields. For the scalars fields σ1 and σ2, we may use the expansion in

the standard scalar monopole harmonics

σαs =
∞∑

J=
|Bα|
2

J∑
m=−J

1

r
σαs,J,mY

|B.α|
2

J,m (D.22)

where we have introduced a factor of 1
r

for normalization and s = 1, 2. As for the gauge field,

the mode expansion is much more subtle. A basis of monopole vector spherical harmonics

is given in [55]. Expanding the gauge field in this basis we find

Aαi =
∑
λ=±

∞∑
J=Jλ0

J∑
m=−J

Aα,λJ,m

(
C
λ,Bα

2
J,m

)
i
, (D.23)
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where J±0 = |Bα|
2
∓ 1 for |Bα|

2
≥ 1 and J±0 = |Bα|+1

2
∓ 1

2
otherwise. The reality condition on

the gauge field then implies A−α = A∗α and for scalars σs,−α = σ∗s,α. The explicit form of(
C
λ,Bα

2
J,m

)
i

is not necessary for our computation and will be omitted here. All we need are

some basic properties of the basis elements which are

δλ
′

λ δ
J ′

J δ
m′

m =

∫
d2x
√
h
(
C
λ′,Bα

2

J ′,m′

)∗
i

(
C
λ,Bα

2
J,m

)i
, (D.24)

−D2
j

(
C
λ,Bα

2
J,m

)i
=

1

r2

[
J(J + 1)−

( |Bα|
2
− λ
)2
](

C
λ,Bα

2
J,m

)i
, (D.25)

Di

(
C
λ,Bα

2
J,m

)i
= − 1√

2r2

√
J(J + 1)− |Bα|

2

( |Bα|
2
− λ
)
Y
|Bα|
2

J,m , (D.26)

iεij

(
C
λ,Bα

2
J,m

)j
= −λ

(
C
λ,Bα

2
J,m

)
i
. (D.27)

Using the above expansion for the gauge field and the scalars and performing the integral

over S2, the bosonic part of the vector multiplet action in (D.1) can be written as

Sv.m.
b '

∑
λ=±

∞∑
J=Jλ0

J∑
m=−J

A−α,λJ,m

[
J(J + 1)

r2
+ a2

α + λ
Bα

2r2

]
Aα,λJ,m

−
∑
λ=±

∞∑
J=
|Bα|
2

J∑
m=−J

σ−α1,J,miλ
√

2

√
J(J + 1)− |Bα|

2

(
|Bα|

2
− λ
)

r2
Aα,λJ,m

+
∑
s=1,2

∞∑
J=
|Bα|
2

J∑
m=−J

σ−αs,J,m

[
J(J + 1)

r2
+ a2

α +
2− s
r2

]
σαs,J,m ,

where there is an implicit summation over all roots α ∈ ∆.

In order to compute the determinant, it is best to break it down into three factors. The

first one isolates the J = |Bα|
2
− 1 contribution, which is only non-trivial when |Bα|

2
− 1 is

non-negative. In this case we have

det(∆v.m.
b,1 ) =

∏
α∈∆,|Bα|≥2

[(
Bα

2r

)2

+ a2
α

]|Bα|−1

. (D.28)

The second factor is

det(∆v.m.
b,2 ) =

det(M2)∏
α∈∆

[(
Bα
2r

)2
+ a2

α

]|Bα|+1
(D.29)

where the numerator is just the contribution of σ2 and the denominator is a factor that we

have included to shift the lowest mode of A− (which has J = |Bα|/2 + 1). With this shift,
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the rest of the determinant is given by

det(∆v.m.
b,3 )

=
∏
α

∞∏
J=
|Bα|
2

∣∣∣∣∣∣∣∣∣∣∣∣
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2
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2
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2

i
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2
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2
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2
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2
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=
∏
α∈∆

∞∏
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2

[(
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r2
+ a2

α

)(
J2

r2
+ a2

α

)((
J + 1

r

)2

+ a2
α

)]2J+1

= det(M2)
∏
α∈∆

∞∏
J=0

[((
J

r
+
|Bα|
2r

)2

+ a2
α

)((
J + 1

r
+
|Bα|
2r

)2

+ a2
α

)]2J+|Bα|+1

,

where

det(M2) =
∏
α∈∆

∞∏
J=
|Bα|
2

[
J(J + 1)

r2
+ a2

α

]2J+1

. (D.30)

Note the shift in the lowest mode of A− at the top left component in the matrix. As we

mentioned earlier, this a factor that we multiply and divide by hand to avoid isolating the

J = |Bα|
2

mode. Note also that in this case the off-diagonal terms (1, 3) and (3, 1) vanish.

Including the contribution from the ghosts – which is det(M2) – the one-loop partition

function of the vector-multiplet becomes

det(∆v.m.
b )

1
2

det(M2)
=

∏
α∈∆+

∏∞
J=0

[((
J
r

+ |Bα|
2r

)2

+ a2
α

)((
J+1
r

+ |Bα|
2r

)2

+ a2
α

)]2J+|Bα|+1

∏
α∈∆+

[(
Bα
2r

)2
+ a2

α

]|Bα|+1∏
α∈∆+,|Bα|≥2

[(
Bα
2r

)2
+ a2

α

]−|Bα|+1

= |det(∆v.m.
f )|

∏
α∈∆+

[
1(

Bα
2r

)2
+ a2

α

]|Bα| ∏
α∈∆+,|Bα|≥2

[
1(

Bα
2r

)2
+ a2

α

]1−|Bα|

. (D.31)

Therefore, we find that

Zv.m.
one-loop(a,B) =

∏
α∈∆+

Bα 6=0

[
(−1)Bα

[(
Bα

2r

)2

+ a2
α

]]
. (D.32)
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E One-Loop Running of FI Parameter

Consider a two dimensional N = (2, 2) gauge theory with a U(1) gauge group factor in the

presence of an FI parameter ξ. When the sum of the U(1) charges of the chiral multiplets

Q =
∑

iQi is non-vanishing, the FI parameter gets renormalized according to

ξ(µ) = ξ +
1

2π

∑
j

Qj ln

(
µ

MUV

)
. (E.1)

In our localization computation, some care has been taken to regularize the theory in a Q-

invariant way. We accomplish this by introducing an “expectator” chiral multiplet of charge

−Q, mass M , and R-charge q = 0. In this enriched theory the FI parameter does not run.

However, we recover the original theory by decoupling the expectator chiral multiplet by

taking its mass M to be large. We now demonstrate by analyzing the one-loop determinant

of the expectator chiral multiplet that this yields the running of the FI parameter with

MUV = M and µ = 1/r.

The relevant one-loop determinant of the expectator chiral multiplet is

lnZc.m.
one-loop(a,B,M) = ln

[
Γ
(
QB+q

2
+ irQa− irM

)
Γ
(
1 + QB−q

2
− irQa+ irM

)]+O(1) . (E.2)

The asymptotic expansion of Γ(z) with large imaginary argument is given by

ln Γ(z) =

(
z − 1

2

)
ln z − z +O(1) (E.3)

where the terms of order 1 depend on the sign of Im z but are irrelevant for renormalization

of ξ. Using this asymptotic form for large mass M in (E.2) yields

lnZc.m.
one-loop(a,B,M) '

rM�1
2irM (1− ln rM) + (q − 1) ln rM + 2irQa ln rM

= 2irM (1− ln rM) + (q − 1) ln rM + 4πira
1

2π
Q ln

(
M

ε

)
,

(E.4)

where ε = 1
r
. Note that the first two terms do not have any physical effect since they just

rescale the partition function by an a-independent factor. The last term, however, combines

with the on-shell classical piece of the action

lnZ0 ' −4πiraξ (E.5)

to account for the running of the FI parameter

lnZ0 · Zc.m.
one-loop(a,B,M) ' −4πiraξren , (E.6)

with

ξren = ξ +
1

2π

∑
i

Qi ln
( ε

M

)
. (E.7)
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F Factorization for any N = (2, 2) Gauge Theory

We repeat in this appendix in full generality the proof of section 4.2 that the partition

function can be written as a finite sum of terms, each of which is a product of a holomorphic

and an antiholomorphic functions of the complex parameter τ associated to each U(1) gauge

factor. We start from (4.19) with arbitrary gauge group G and matter representation R,

which we recall in a more compact form below as (F.6). The vector multiplet one-loop

determinant in the original expression can be recast in terms of the one-loop determinant of

an adjoint chiral multiplet with iM = −1 (in this appendix we take r = 1),∏
α∈∆+

(−1)(α·B)

[
(α · a)2 +

(
α ·B

2

)2
]

=
∏
α∈∆+

(−1)α·B
Γ(1− iα · a+ |α ·B|/2)

Γ(−iα · a+ |α ·B|/2)

Γ(1 + iα · a+ |α ·B|/2)

Γ(iα · a+ |α ·B|/2)

=
∏
α∈∆

(−1)(α·B)+ Γ(1− iα · a+ |α ·B|/2)

Γ(iα · a+ |α ·B|/2)
.

(F.1)

The classical factor is ∏
abelian
factors

e−4πiξTr a+iϑTrB = e2πit·(ia+B/2)e−2πit̄·(ia−B/2) (F.2)

where the (non-integer) weight t depends holomorphically on the complexified parameters

τ = ϑ/(2π) + iξ for each abelian factor in G:

t =
∑

abelian
factors

(
ϑ

2π
+ iξ

)
Tr . (F.3)

Next we show that in the factor corresponding to one weight wI of the representation of a

chiral multiplet I, the sign can be absorbed by modifying the arguments of Gamma functions,

(−1)(wI ·B)+ Γ (−iMI − iwI · a+ |wI ·B|/2)

Γ (1 + iMI + iwI · a+ |wI ·B|/2)
=

Γ (−iMI − iwI · a− wI ·B/2)

Γ (1 + iMI + iwI · a− wI ·B/2)
. (F.4)

When wI · B is negative, this identity is trivial, while for positive (integer) wI · B it results

from Euler’s identity Γ(x)Γ(1− x) = π/[sinπx] and anti-periodicity of the sine function,

(−1)wI ·Bπ
/[

sin π (−iMI − iwI · a+ wI ·B/2)
]

= π
/[

sin π (−iMI − iwI · a− wI ·B/2)
]
.

(F.5)

From this we deduce

ZCoulomb(M, t, t̄) =
1

|W(G)|
∑
B

∫
t

da e2πit·(ia+B/2)e−2πit̄·(ia−B/2)

×
∏
I,wI

Γ(−iMI − wI · (ia+B/2))

Γ(1 + iMI + wI · (ia−B/2))
,

(F.6)
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with a sum ranging over all GNO-quantized B (including gauge equivalent values), an inte-

gral ranging over the Cartan subalgebra t, and a product over weights of the representation

R in which the chiral multiplets transform, as well as weights of an additional adjoint rep-

resentation for the vector multiplet determinant.

Just as we did in section 4.2 for the case of SQCD, we close each of the integration

contours in a direction that depends on the matter content and the sign of ξ for each abelian

gauge factor. Each factor in the integrand of Z has poles whenever the numerator Gamma

function has a non-positive integer argument while the denominator one does not, namely

when

iwI · a = −iMI + |wI ·B|/2 + n (F.7)

for some non-negative integer n. Evaluating the N = rank(g) integrals in (F.6) yields a sum

over common poles obeying (F.7) for N different choices of a flavor I and a weight wI , such

that the chosen wI span weight space47. Explicitly,

iwj · a = −iMpj + nj + |wj ·B|/2 , for all 1 ≤ j ≤ N . (F.8)

Note that the contours do not enclose all such combined poles. The combinations of flavors

pj and weights wj over which we sum thus obey further constraints, such as restricting pj
to (anti)fundamental flavors in the case of SQCD. Those constraints are complicated to

obtain in general, hence preventing this analysis from providing a fully explicit factorized

expression of the partition function. However, they do not affect any of the analysis proving

that factorization does indeed occur.

We introduce the dual basis to wj, given by elements λj of the Cartan subalgebra such

that wj · λk = δjk. For every weight w that appears in the Coulomb branch expression, all

w · λj are rational, and

w =
N∑
j=1

(w · λj)wj . (F.9)

The partition function is expressed in terms of

w · (ia±B/2) =
N∑
j=1

(w · λj)(−iMpj + nj + (wj ·B)±) , (F.10)

where we use the notation (x)± = (|x| ± x)/2. Contrarily to the SQCD case where all w · λj
are 0 or ±1, the integers nj and (wj · B)± may not lead to integer shifts of w · (ia ± B/2)

hence of the Gamma function arguments. This was a key ingredient in section 4.2 to extract

the Pochhammer symbols in terms of which the partition function factorizes. We recover

integer shifts by splitting the sums over nj and wj · B depending on residues modulo the

47If the chosen wI did not span weight space, the conditions (F.8) would not constrain a to a given element

in the Cartan subalgebra.
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lowest common denominator µj of all w · λj. Namely, for each 1 ≤ j ≤ N we use Euclidean

division to write

nj + (wj ·B)± = k±j µj + d±j , (F.11)

with a quotient 0 ≤ k±j and a remainder 0 ≤ d±j < µj. Clearly, each choice of integers k±j
and d±j in those ranges corresponds to integers nj and a vector B in the Cartan subalgebra,

determined by

nj = min(k+
j µj + d+

j , k
−
j µj + d−j ) (F.12)

wj ·B = k+
j µj + d+

j − k−j µj − d−j . (F.13)

However, the element B thus constructed may not obey GNO quantization, which requires

that for every weight w,

w ·B =
N∑
j=1

(w · λj)(wj ·B) =
N∑
j=1

(w · λj)(k+
j µj + d+

j − k−j µj − d−j ) (F.14)

is an integer. Since all µj(w ·λj) are integers, (F.14) reduces to a condition on d±j , only, with

no restriction on k±j ≥ 0.

Hence, the sums over n and B split into a sum over (allowed combinations of) degeneracy

parameters d±j , and a sum over vortex parameters k±j . We have thus expressed the partition

function as

Z(m, t, t̄) =
∑

{(pj ,wj)}

∑
{d±j }

∑
k±j ≥0

res

[
e2πi

∑N
j=1(t·λj)(−iMpj+d+j +k+j µj)e−2πi

∑N
j=1(t̄·λj)(−iMpj+d−j +k−j µj)

×
∏
I,wI

Γ
(
−iMI −

∑N
j=1(wI · λj)(−iMpj + d+

j + k+
j µj)

)
Γ
(
1 + iMI +

∑N
j=1(wI · λj)(−iMpj + d−j + k−j µj)

)] ,
(F.15)

up to constant factors, and replacing the N singular Gamma functions by their residue at

that pole. The vorticities k±j introduce integer shifts in the arguments of Gamma functions,

indeed, by construction of µj, all µj(w ·λj) are integers. This enables us to extract from the

summand the factors that only depends on the choice of flavors, weights, and degeneracy

parameters, pj, wj, and d±j ,

Zcl = e2πi
∑N
j=1(t·λj)(−iMpj+d+j )e−2πi

∑N
j=1(t̄·λj)(−iMpj+d−j ) (F.16)

resZone-loop = res
∏
I,wI

γ

(
−iMI −

N∑
j=1

(wI · λj)(−iMpj + d+
j )

)
, (F.17)

where, once more, gamma functions should be replaced by their residue when appropriate.
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After removing these k±j -independent factors, we are left with∑
k±j ≥0

[
e2πi

∑N
j=1 µj(t·λj)k

+
j e−2πi

∑N
j=1 µj(t̄·λj)k

−
j

×
∏
I,wI

(
−iMI −

∑N
j=1(wI · λj)(−iMpj + d+

j )
)
−

∑N
j=1 µj(wI ·λj)k

+
j(

1 + iMI +
∑N

j=1(wI · λj)(−iMpj + d−j )
)∑N

j=1 µj(wI ·λj)k
−
j

] (F.18)

=
∑
k−j ≥0

e−2πi
∑N
j=1 µj(t̄·λj)k

−
j∏

I,wI

(
1 + iMI +

∑N
j=1(wI · λj)(−iMpj + d−j )

)∑N
j=1 µj(wI ·λj)k

−
j

×
∑
k+j ≥0

e2πi
∑N
j=1 µj(t·λj)k

+
j
∏

I,wI
(−1)

∑N
j=1 µj(wI ·λj)k

+
j∏

I,wI

(
1 + iMI +

∑N
j=1(wI · λj)(−iMpj + d+

j )
)∑N

j=1 µj(wI ·λj)k
+
j

.

(F.19)

The partition function reduces to a finite sum of factorized terms,

Z(t, t̄,M) =
∑

{(pj ,wj)}

∑
{d±j }

Zcl(t, t̄,M) resZone-loop(M)Zvortex(t,M)Zanti-vortex(t̄,M) , (F.20)

where each of the factors additionally depends on the choice of vacuum {pj, wj, d±j }. This

extends the result of section 4.2 to a general gauge group G and a general chiral multiplet

representation R of G.

G Vortex Partition Function

We describe in this appendix the procedure used to evaluate the contribution from vortex

(and anti-vortex) configurations. For simplicity, we only consider the case of SQCD, the

two dimensional N = (2, 2) U(N) supersymmetric gauge theory with NF ≥ N fundamental

chiral multiplets of masses (M1, . . . ,MNF ) and ÑF ≤ NF anti-fundamental chiral multiplets

of masses (M̃1, . . . , M̃NF ). The flavour group is U(1)anti-diag × SU(NF ) × SU(ÑF ), hence∑NF
s=1 Ms =

∑ÑF
s=1 M̃s.

As we show in section 5, the presence of vortex/anti-vortex solutions requires the scalar

field σ2 to take specific values, labelled by a choice of N masses Mp1 , . . . ,MpN . For such a

choice of Higgs vacuum, the moduli space of solutions to the vortex equations (5.1) splits

into discrete components M{pi},k
vortex, where the vorticity k is defined by

k =
1

2π

∫
R2

TrF . (G.1)

The equivariant volume of the moduli spaceMvortex can be expressed as a finite dimensional

integral [4]. We denote by M̂ the diagonal N × N matrix with eigenvalues Mpi , by M̌ the

diagonal matrix whose eigenvalues are masses of the other NF−N (non-excited) fundamental

chiral multiplets, and by M̃ the matrix of anti-fundamental masses.
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G.1 Vortex Matrix Model

The moduli spaceM{pi},k
vortex of configurations with k vortices admits an ADHM-like construc-

tion, which can be understood as the supersymmetric vacua of a certain gauged matrix model

preserving two supercharges [27,31,32]. The relevant representations of the supersymmetry

algebra can be obtained from the dimensional reduction of N = (2, 0) supersymmetry in two

dimensions. This gauged matrix model involves one U(k) vector multiplet Φ = (ϕ, λ, λ̄,D),

and is coupled to one adjoint chiral multiplet X = (X,χ), N fundamental chiral multiplets

I = (I, µ), NF −N anti-fundamental chiral multiplet J = (J, ν) and ÑF fundamental fermi

multiplets Ξ = (ξ,G). The matrix model preserves three global symmetry groups U(1)R,

U(1)J and U(1)A, which can be identified as the R-symmetry group, the rotational symmetry

group J and the axial R-symmetry group of the given two dimensional theory, respectively.

As mentioned before, U(1)A may suffers from an axial anomaly. Under these three U(1)

symmetry groups, the supercharges Q and Q̄ have charges (−1,+1,−1) and (+1,−1,−1).

For later convenience, we summarize global and gauge charges of the matrix model variables

in the table below.

X χ I µ J ν ξ ϕ̄ λ λ̄

U(1)R 0 −1 0 −1 0 −1 −1 0 −1 +1

U(1)2J −2 −1 0 +1 0 +1 +1 0 +1 −1

U(1)A 0 −1 0 −1 0 −1 +1 +2 +1 +1

U(1)ε −2 −2 0 0 0 0 0 0 0 0

U(k) adj k k̄ k adj

Here the U(1)ε symmetry group can be identified as a twisted rotational symmetry group

J +R/2 of the two dimensional theory. Note that the complex scalar field X represents the

position of the k vortices while I and J represent orientation modes. The supersymmetric

vacuum equation with a positive FI parameter r ∼ 1/g2 > 0 is given by

[X,X†] + II† − J†J = r1k

ϕI − IM̂ = 0 [ϕ, ϕ̄] = 0

Jϕ− M̌J = 0 [ϕ,X] = 0 ,

(G.2)

where X, I and J denote k × k, k × N and (NF − N) × k matrices. The choice of Higgs

vacuum in the original two dimensional gauge theory is encoded in the matrices M̂ and M̌.

The solutions of (G.2) describe the moduli space M{pi},k
vortex of k vortices, and the volume of

the moduli space can be identified as the partition function of this matrix model.
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G.2 Vortex Partition Function

Since the matrix model describing moduli space of vortices in R2 has an infinite volume, it

must be modified by turning on a chemical potential associated to the twisted rotational

symmetry group U(1)ε. The chemical potential ε can be understood as the Omega deforma-

tion parameter in the given two dimensional theory, which is the inverse radius of the sphere

S2.

In the context of the matrix model, the chemical potential can be introduced by weakly

gauging U(1)ε, hence modifying (G.2) to the deformed supersymmetry vacuum equation

[X,X†] + II† − J†J = r1k

ϕI − IM̂ = 0 [ϕ, ϕ̄] = 0

Jϕ− M̌J = 0 [ϕ,X] = εX ,

(G.3)

and adding a new (deformed) fermion equation

ϕξ + ξM̃ = 0 . (G.4)

Due to the chemical potential ε, the space of vacua is reduced to isolated points, fixed points

of supersymmetry.

We explain how to characterize such fixed points. Suppose without loss of generality that

ε is positive definite. One can show from the deformed supersymmetry vacuum equations

that J = 0 and the N chiral multiplets I are each an eigenvector of the operator ϕ. More

specifically, denoting by |α〉 an eigenvector of the operator ϕ with eigenvalue α,

I = |Mp1〉 ⊕ · · · ⊕ |MpN 〉 . (G.5)

Then, the vector space of dimension k on which ϕ acts can be spanned by generators con-

structed by successive actions of X on |Mpi〉

|Mpi + lε〉 def∝ X l|Mpi〉 (l = 0, 1, .., ki − 1) , (G.6)

with
∑N

i=1 ki = k. As a consequence, the fixed points are characterized by N one-dimensional

Young diagrams. The number of boxes ki of the i-th 1-d Young diagram determines the

vorticity of the i-th U(1) factor in the Cartan subalgebra of U(N). The matrix components

of X are then determined using the first relation of (G.3).

The partition function of the matrix model can be reduced to a Gaussian integral around

such fixed points. The results are nicely expressed as the following contour-integral expres-

sion [4, 34]

Z~k({pi},M, M̃) =

∮
Γ{pi},k

k∏
I=1

dϕI
2πi
Zvec(ϕ) · Zfund(M,ϕ) · Zanti-fund(M̃, ϕ) (G.7)
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with

Zvec(ϕ) =
1

k! εk

k∏
I 6=J

ϕI − ϕJ
ϕI − ϕJ − ε

(G.8)

Zfund(M,ϕ) =
k∏
I=1

NF∏
s=1

1

ϕI −Ms

(G.9)

Zanti-fund(M̃, ϕ) =
k∏
I=1

ÑF∏
s=1

(
ϕI + M̃s

)
, (G.10)

where the contour Γ{pi},k is chosen such that it encircles poles at

ϕI = ϕ(i,l) = Mpi + (l − 1)ε (l = 1, 2, .., ki) , (G.11)

which can be understood as the fixed points (G.6). The vortex partition function of the two

dimensional gauge theory in a specific choice of Higgs branch component {pi} thus takes the

form

Zvortex({pi},M, M̃, z) =
∑

k1+···+kN=k

z|
~k|Z~k({pi},M, M̃) . (G.12)

The residues of (G.7) can be expressed as Pochhammer raising factorials (x)n = x(x +

1) · · · (x+n−1) and the full vortex partition function of SQCD in the Higgs vacuum labelled

by {pi} is

ZSQCD
vortex =

∑
~k

z|
~k|

~k!

∏N
i=1

∏ÑF
s=1

(
1
ε
(Mpi + M̃s)

)
ki∏N

i 6=j
(

1
ε
(Mpi −Mpj)− kj

)
kj

∏N
i=1

∏NF
s6∈{pj}

(
1
ε
(Mpi −Ms)

)
ki

, (G.13)

where ~k! = k1! · · · kN !.

H SU(N) Partition Function in Various Limits

We prove first that the partition function on S2 of the N = (2, 2) SU(N) gauge theory with

NF fundamental chiral multiplets obeys (7.3). The Coulomb branch representation of this

partition function is

ZSU(N)(M) =
1

N !

∑
B1+···+BN=0

∫
da1 · · · daN−1

[
N∏
i<j

(
(ai − aj)2 +

(
Bi −Bj

2

)2
)

NF∏
s=1

N∏
i=1

(−1)(Bi+|Bi|)/2Γ(−iai − iMs + |Bi|/2)

Γ(1 + iai + iMs + |Bi|/2)

]
a1+···+aN=0

.

(H.1)
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The integral can be computed in the same way as the U(N) partition function evaluated in

section 4.2. It turns out that closing the contour for a towards i∞ or −i∞ gives the same

series representation of the partition function,

ZSU(N)(M) =
(2π)N−1

N !

∑
B1+···+BN=0

∑
n1,...,nN−1≥0

NF∑
p1,...,pN−1=1

{
(−1)NF

∑
i |Bi|/2

·
N−1∏
j=1

[
(−1)nj

nj!(nj + |Bj|)!

NF∏
s 6=pj

Γ(−iMs + iMpj − nj)
Γ(1 + iMs − iMpj + nj + |Bj|)

]

·
NF∏
s=1

[
Γ
(
− iMs + 1

2
|BN |+

∑N−1
j=1

(
− iMpj + nj + 1

2
|Bj|

))
Γ
(
1 + iMs + 1

2
|BN | −

∑N−1
j=1

(
− iMpj + nj + 1

2
|Bj|

))]

·
∏

i<j<N

[(
Bi −Bj

2

)2

−
(
− iMpi + ni +

|Bi|
2

+ iMpj − nj −
|Bj|

2

)2
]

·
∏
i<N

[(
Bi −BN

2

)2

−
(
− iMpi + ni +

|Bi|
2

+
N−1∑
j=1

(
− iMpj + nj +

|Bj|
2

))2
]}

.

(H.2)

The argument of every Gamma function appearing in (H.2) is an integer shifted by a

term of order M. We can thus expand each as a series in powers of M,

Γ(1 + n+ iM) = n!(1 +O(M)) (H.3)

Γ(−n+ iM) =
1

iM

(−1)n

n!
(1 +O(M)) (H.4)

for any integer n ≥ 0. Note that singularities arise from Gamma functions with non-positive

(integer) arguments while positive arguments lead to a regular behavior.

Expanding all Gamma functions as power series in M, every term in (H.2) has the form

NF∑
p1=1

· · ·
NF∑

pN−1=1

N−1∏
j=1

NF∏
s 6=pj

1

Mpj −Ms

 (series in powers of M)

 , (H.5)

except the term corresponding to n1 = · · · = nN−1 = |B1| = · · · = |BN | = 0, which has an

additional singular factor 1/
(
Ms +

∑N−1
j=1 Mpj

)
. Since

NF∑
p=1

[
Ml
p

NF∏
s 6=p

1

Mp −Ms

]
=

∑
l1,...,lNF≥0

l1+···+lNF =l−NF+1

Ml1
1 · · ·M

lNF
NF

(H.6)

is a polynomial for any integer l ≥ 0 (zero if l ≤ NF − 2), the expression (H.5) is in fact a

power series, hence is O(1) at M → 0. The same argument applied to the n = B = 0 term
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implies that all Mp −Ms factors vanish from the denominator in this case as well, leaving

only denominators of the form Ms +
∑N−1

j=1 Mpj .

We have just shown that to order O(1), only the term with n = B = 0 is relevant. We

can thus rewrite (H.2) as

ZSU(N)(M) =
(2π)N−1

N !

NF∑
p1,...,pN−1=1

{ ∏
i<j<N

(
Mpi −Mpj

)2
N−1∏
j=1

NF∏
s 6=pj

Γ(iMpj − iMs)

Γ(1− iMpj + iMs)

·
∏
i<N

(
Mpi +

N−1∑
j=1

Mpj

)2 NF∏
s=1

Γ
(
− iMs − i

∑N−1
j=1 Mpj

)
Γ
(
1 + iMs + i

∑N−1
j=1 Mpj

)}+O(1) .

(H.7)

Terms where pi = pj for 1 ≤ i 6= j ≤ N vanish because of the first product. We then use the

relation Γ(x) = 1
x
Γ(1 + x) to separate the singularities from some Gamma functions. This

cancels some factors coming from the vector multiplet determinant, yielding

ZSU(N)(M) =
(2π)N−1

N !

∑
1≤p1 6=... 6=pN−1≤NF

{ ∏
i<N

[
iMpi +

∑N−1
j=1 iMpj

]
∏NF

s 6∈{pj}

[(
− iMs − i

∑N−1
j=1 Mpj

)∏N−1
j=1 (iMpj − iMs)

]
·
N−1∏
j=1

NF∏
s 6=pj

g(iMpj − iMs)

NF∏
s=1

g

(
−iMs − i

N−1∑
j=1

Mpj

)}
+O(1) ,

(H.8)

where

g(iM) =
Γ(1 + iM)

Γ(1− iM)
= exp

(
− 2γ(iM)− 2

∞∑
j=1

ζ(2j + 1)

(2j + 1)
(iM)2j+1

)
= 1 +O(M) . (H.9)

Noting that the sums in (H.8) only involve (N − 1) flavours pi, we use the relation

NF∏
s 6∈{pi}

1

−iMs −
∑N−1

j=1 iMpj

=

NF∑
t6∈{pi}

[
1

−iMt −
∑N−1

j=1 iMpj

NF∏
s 6∈{pi,t}

1

iMt − iMs

]
(H.10)

to obtain a sum over all N -element subsets E = {p1, . . . , pN−1, pN = t} ⊆ {1, . . . , NF}:

ZSU(N)(M) = (2π)N−1
∑

E⊆{1,...,NF }
#E=N

[∏
p∈E

∏NF
s 6∈E γ(iMp − iMs)

−i∑p∈E Mp

· 1

N

∑
t∈E

{ ∏
p∈E\{t}

iMp − iMt +
∑

s∈E iMs

iMp − iMt

NF∏
s=1

g(iMs − iMt)

g
(
iMs − iMt + i

∑
p∈E Mp

)}]+O(1) ,

(H.11)

The ratios of g have the form

g(x)

g
(
x+ i

∑
p∈E Mp

) = 1 +

[∑
p∈E

iMp

]
(series in powers of M) . (H.12)
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All terms beyond the zeroth order have a factor of
∑

p∈E Mp, cancelling the corresponding

pole in (H.11). Those terms thus only have poles of the form 1/(iMp − iMt), and we have

proven earlier that those poles cannot remain. Thus, replacing the ratios (H.12) by 1 only

changes the partition function by terms which are regular at M → 0, in other words, O(1)

terms. The sum over t in (H.11) is then

1

N

∑
t∈E

∏
p∈E\{t}

iMp − iMt +
∑

s∈E iMs

iMp − iMt

=
1

N
∑

s∈E iMs

∮
dz

2πi

∏
p∈E

z + iMp +
∑

s∈E iMs

z + iMp

= 1 .

(H.13)

Inserting this result back into (H.11) gives (7.3), up to the normalization factor (2π)N−1.

This concludes the proof of (7.3), which in turn implies that the partition function of the

SU(N) and SU(NF −N) theories, with a particular matching of the mass parameters, are

equal at order O(1) in the limit of small masses and R-charge.

For any given value of N and NF , the Gamma functions appearing in (H.2) can be

expanded in power series using

(−1)nΓ(x− n)

Γ(1− x+ n+ |B|) =
1

x

exp
[
−2γx− 2

∑∞
j=1

ζ(2j+1)
(2j+1)

x2j+1
]

∏n
j=1[j − x]

∏n+|B|
j=1 [j − x]

. (H.14)

The partition function of the SU(2) gauge theory with NF = 3 fundamental chiral multiplets

was computed in this manner up to order O(M2) and is, as expected, equal to the partition

function of the theory of three free chiral multiplets, with masses given by (7.4). The signs

coming from the chiral multiplet one-loop determinants (4.16) are crucial: the matching

would otherwise fail with a difference of order 1.

The study of the M→ 0 limit which was just performed highlights the value of considering

limits where the partition function has a pole.

The Gamma functions appearing in the series expression (H.2) of ZSU(N)(M) have poles

at

iMt − iMu = k ≥ 0 (H.15)

N∑
j=1

iMsj = k ≥ 0 , (H.16)

where k is an integer, and t, u and sj are flavour indices. We ignore in this paper the poles

(H.15): in fact, those poles cancel amongst the various terms in the full partition function,

which is thus regular at iMt − iMu = k. We concentrate on the poles (H.16), labelled by

a choice of N chiral multiplets E ⊆ {1, . . . , NF}, #E = N and a total vorticity k. For

definiteness, we choose E = {1, . . . , N}, that is, sj = j.

Since the N = (2, 2) SU(N) gauge theories with NF > N massless fundamental chiral

multiplets flow to an infrared fixed point, the R-charge of each chiral multiplet should be
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non-negative. However, note that
∑N

s=1 iMs = k ≥ 0 implies that the sum of the R-charges

of the N chiral multiplets is −2k ≤ 0. Hence only the poles with k = 0 are in the physical

parameter space. The poles corresponding to a non-zero vorticity k > 0 can however be

reached by analytically continuing with respect to the complex masses M.

The terms in (H.2) which are singular when
∑N

s=1 iMs = k are precisely those for which

1 ≤ p1 6= . . . 6= pN−1 ≤ N , and for which the integer nN defined by

N∑
i=1

(
ni +

|Bi|
2

)
= k (H.17)

is non-negative. As we will see, the number of such terms is finite. Defining pN by

{p1, . . . , pN} = {1, . . . , N}, the residue of the partition function at this pole takes a symmet-

ric form, where the Gamma functions involving sums of masses are recast in terms of the

mass iMpN . Following the same procedure as in section 4.2, we introduce the coordinates

k±i = ni + 1
2
|Bi| ± 1

2
Bi ≥ 0 which factorize the summand into two identical contributions,

leading to the expression

res
iM1+···+iMN=k

ZSU(N)(M) = (2π)N−1(−1)NF k

[
N∏
p=1

NF∏
s=N+1

γ(−iMs + iMp)

]
[Zk({1, . . . , N},M)]2

(H.18)

with

Zk({1, . . . , N},M) =
∑

k1+···+kN=k

[
N∏
p=1

1

kp!

N∏
p 6=s

1

(iMp − iMs − kp)ks

N∏
p=1

NF∏
s=N+1

1

(1 + iMs − iMp)kp

]
.

(H.19)

The Seiberg-like duality (7.5) between SU(N) and SU(NF − N) gauge theories on S2 is

satisfied in this limit if

Zk({1, . . . , N},M) = ±Zk({N + 1, . . . , NF},M′) , (H.20)

with the mass matching (7.4).

The case of a zero total vorticity k is elementary: since (x)0 = 1,

Z0({1, . . . , N},M) = 1 . (H.21)

The duality is shown in the case of a total vorticity k = 1 using a one-dimensional con-

tour integral: the sum over partitions (k1, . . . , kN) of k = 1 simply ranges over N terms,

interpreted as the residues at N poles of a complex function with NF poles on the Riemann

sphere. The resulting contour integral is thus equal to the sum over residues of the NF −N
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remaining poles, and this reproduces the desired dual object.

Z1({1, . . . , N},M) =
N∑
p=1

1∏N
s 6=p(iMs − iMp)

∏NF
s=N+1(1 + iMs − iMp)

=

∮
dz

2πi

1∏N
s=1(iMs + z)

∏NF
s=N+1(1 + iMs + z)

=

NF∑
p=N+1

(−1)NF∏N
s=1(1 + iM′s − iM′p)

∏
N+1≤s6=p≤NF (iM′s − iM′p)

= Z1({N + 1, . . . , NF},M′) .

(H.22)

Since the objects in consideration are rather explicit finite sums, it should be possible to

prove (H.20) for arbitrary k ≥ 0. If one can additionally show that the two partition functions

have the same asymptotic behavior at infinity, then the exact Seiberg-like duality between

ZSU(N)(M) and ZSU(NF−N)(M
′) follows, for arbitrary masses and R-charges, by noting that

their difference is a bounded entire function, hence is a constant.

A different approach to studying the SU(N) partition function is to note that integrating

over ξ and ϑ in (4.21) constrains B and a to be traceless, hence reproducing the corresponding

SU(N) partition function in the Coulomb branch representation,

ZSU(N)(M) =

∫
dξdϑZU(N)(M, τ) . (H.23)

Integrating instead the Higgs branch representation of ZU(N)(M, τ) singles out the Fourier

components where the exponents of z and z̄ in (4.27) vanish. The ϑ constraint imposes that

the total vorticity at the north pole be the same as that at the south pole. The ξ constraint

relates the masses to the vorticity k precisely as
∑

s∈E iMs = k for a set E of N flavours. The

residues (H.18) of ZSU(N)(M) at the corresponding poles are reproduced by the coefficient

of (zz̄)−
∑
s∈E iMs+k in the Higgs branch representation of the U(N) partition function, which

explains the appearance of the k-vortex partition functions in the factorization of ZSU(N)(M).

74



References

[1] E. Witten, “Topological quantum field theory,” Commun. Math. Phys. 117 (1988) 353.

[2] E. Witten, “Mirror manifolds and topological field theory,” arXiv:hep-th/9112056

[hep-th].

[3] V. Pestun, “Localization of gauge theory on a four-sphere and supersymmetric Wilson

loops,” Commun. Math. Phys. 313 (2012) 71–129, arXiv:0712.2824 [hep-th].

[4] S. Shadchin, “On F-term contribution to effective action,” JHEP 08 (2007) 052,

arXiv:hep-th/0611278 [hep-th].

[5] S. Pasquetti, “Factorisation of N = 2 theories on the squashed 3-sphere,” JHEP 04

(2012) 120, arXiv:1111.6905 [hep-th].

[6] C. Krattenthaler, V. P. Spiridonov, and G. S. Vartanov, “Superconformal indices of

three-dimensional theories related by mirror symmetry,” JHEP 06 (2011) 008,

arXiv:1103.4075 [hep-th].

[7] N. Hama, K. Hosomichi, and S. Lee, “SUSY gauge theories on squashed

three-spheres,” JHEP 05 (2011) 014, arXiv:1102.4716 [hep-th].

[8] S. Kim, “The complete superconformal index for N = 6 Chern–Simons theory,” Nucl.

Phys. B821 (2009) 241–284, arXiv:0903.4172 [hep-th]. [Erratum: Nucl.

Phys.B864,884(2012)].

[9] A. Kapustin, B. Willett, and I. Yaakov, “Exact results for Wilson loops in

superconformal Chern–Simons theories with matter,” JHEP 03 (2010) 089,

arXiv:0909.4559 [hep-th].

[10] D. L. Jafferis, “The exact superconformal R-symmetry extremizes Z,” JHEP 05

(2012) 159, arXiv:1012.3210 [hep-th].

[11] N. Hama, K. Hosomichi, and S. Lee, “Notes on SUSY gauge theories on three-sphere,”

JHEP 03 (2011) 127, arXiv:1012.3512 [hep-th].

[12] Y. Imamura and S. Yokoyama, “Index for three dimensional superconformal field

theories with general R-charge assignments,” JHEP 04 (2011) 007, arXiv:1101.0557

[hep-th].

[13] L. F. Alday, D. Gaiotto, and Y. Tachikawa, “Liouville correlation functions from

four-dimensional gauge theories,” Lett. Math. Phys. 91 (2010) 167–197,

arXiv:0906.3219 [hep-th].

[14] L. F. Alday, D. Gaiotto, S. Gukov, Y. Tachikawa, and H. Verlinde, “Loop and surface

operators in N = 2 gauge theory and Liouville modular geometry,” JHEP 01 (2010)

113, arXiv:0909.0945 [hep-th].

75

http://dx.doi.org/10.1007/BF01223371
http://arxiv.org/abs/hep-th/9112056
http://arxiv.org/abs/hep-th/9112056
http://dx.doi.org/10.1007/s00220-012-1485-0
http://arxiv.org/abs/0712.2824
http://dx.doi.org/10.1088/1126-6708/2007/08/052
http://arxiv.org/abs/hep-th/0611278
http://dx.doi.org/10.1007/JHEP04(2012)120
http://dx.doi.org/10.1007/JHEP04(2012)120
http://arxiv.org/abs/1111.6905
http://dx.doi.org/10.1007/JHEP06(2011)008
http://arxiv.org/abs/1103.4075
http://dx.doi.org/10.1007/JHEP05(2011)014
http://arxiv.org/abs/1102.4716
http://dx.doi.org/10.1016/j.nuclphysb.2012.07.015, 10.1016/j.nuclphysb.2009.06.025
http://dx.doi.org/10.1016/j.nuclphysb.2012.07.015, 10.1016/j.nuclphysb.2009.06.025
http://arxiv.org/abs/0903.4172
http://dx.doi.org/10.1007/JHEP03(2010)089
http://arxiv.org/abs/0909.4559
http://dx.doi.org/10.1007/JHEP05(2012)159
http://dx.doi.org/10.1007/JHEP05(2012)159
http://arxiv.org/abs/1012.3210
http://dx.doi.org/10.1007/JHEP03(2011)127
http://arxiv.org/abs/1012.3512
http://dx.doi.org/10.1007/JHEP04(2011)007
http://arxiv.org/abs/1101.0557
http://arxiv.org/abs/1101.0557
http://dx.doi.org/10.1007/s11005-010-0369-5
http://arxiv.org/abs/0906.3219
http://dx.doi.org/10.1007/JHEP01(2010)113
http://dx.doi.org/10.1007/JHEP01(2010)113
http://arxiv.org/abs/0909.0945


[15] E. Witten, “Phases of N = 2 theories in two-dimensions,” Nucl. Phys. B403 (1993)

159–222, arXiv:hep-th/9301042 [hep-th].

[16] P. S. Aspinwall, B. R. Greene, and D. R. Morrison, “Multiple mirror manifolds and

topology change in string theory,” Phys. Lett. B303 (1993) 249–259,

arXiv:hep-th/9301043 [hep-th].

[17] N. Seiberg, “Electric - magnetic duality in supersymmetric nonAbelian gauge

theories,” Nucl. Phys. B435 (1995) 129–146, arXiv:hep-th/9411149 [hep-th].

[18] K. Hori and D. Tong, “Aspects of non-Abelian gauge dynamics in two-dimensional

N = (2, 2) theories,” JHEP 05 (2007) 079, arXiv:hep-th/0609032 [hep-th].

[19] F. Benini and S. Cremonesi, “Partition functions of \ = (2, 2) gauge theories on S2

and vortices,” Commun. Math. Phys. 334 no. 3, (2015) 1483–1527, arXiv:1206.2356

[hep-th].

[20] G. Festuccia and N. Seiberg, “Rigid supersymmetric theories in curved superspace,”

JHEP 06 (2011) 114, arXiv:1105.0689 [hep-th].

[21] E. Witten, “The N matrix model and gauged WZW models,” Nucl. Phys. B371

(1992) 191–245.

[22] J. Gomis, T. Okuda, and V. Pestun, “Exact results for ’t Hooft loops in gauge theories

on S4,” JHEP 05 (2012) 141, arXiv:1105.2568 [hep-th].

[23] K. Hori and M. Romo, “Exact results in two-dimensional (2,2) supersymmetric gauge

theories with boundary,” arXiv:1308.2438 [hep-th].

[24] D. Honda and T. Okuda, “Exact results for boundaries and domain walls in 2d

supersymmetric theories,” arXiv:1308.2217 [hep-th].

[25] S. Pasquetti. Private communication.

[26] J. Gomis and B. Le Floch, “M2-brane surface operators and gauge theory dualities in

Toda,” arXiv:1407.1852 [hep-th].

[27] Y. Yoshida, “Localization of vortex partition functions in N = (2, 2) super Yang–Mills

theory,” arXiv:1101.0872 [hep-th].

[28] G. Bonelli, A. Tanzini, and J. Zhao, “Vertices, vortices and interacting surface

operators,” JHEP 06 (2012) 178, arXiv:1102.0184 [hep-th].

[29] A. Miyake, K. Ohta, and N. Sakai, “Volume of moduli space of vortex equations and

localization,” Prog. Theor. Phys. 126 (2011) 637–680, arXiv:1105.2087 [hep-th].

[30] T. Fujimori, T. Kimura, M. Nitta, and K. Ohashi, “Vortex counting from field

theory,” JHEP 06 (2012) 028, arXiv:1204.1968 [hep-th].

[31] H.-C. Kim, J. Kim, S. Kim, and K. Lee, “Vortices and 3 dimensional dualities,”

arXiv:1204.3895 [hep-th].

76

http://dx.doi.org/10.1016/0550-3213(93)90033-L
http://dx.doi.org/10.1016/0550-3213(93)90033-L
http://arxiv.org/abs/hep-th/9301042
http://dx.doi.org/10.1016/0370-2693(93)91428-P
http://arxiv.org/abs/hep-th/9301043
http://dx.doi.org/10.1016/0550-3213(94)00023-8
http://arxiv.org/abs/hep-th/9411149
http://dx.doi.org/10.1088/1126-6708/2007/05/079
http://arxiv.org/abs/hep-th/0609032
http://dx.doi.org/10.1007/s00220-014-2112-z
http://arxiv.org/abs/1206.2356
http://arxiv.org/abs/1206.2356
http://dx.doi.org/10.1007/JHEP06(2011)114
http://arxiv.org/abs/1105.0689
http://dx.doi.org/10.1016/0550-3213(92)90235-4
http://dx.doi.org/10.1016/0550-3213(92)90235-4
http://dx.doi.org/10.1007/JHEP05(2012)141
http://arxiv.org/abs/1105.2568
http://arxiv.org/abs/1308.2438
http://arxiv.org/abs/1308.2217
http://arxiv.org/abs/1407.1852
http://arxiv.org/abs/1101.0872
http://dx.doi.org/10.1007/JHEP06(2012)178
http://arxiv.org/abs/1102.0184
http://dx.doi.org/10.1143/PTP.126.637
http://arxiv.org/abs/1105.2087
http://dx.doi.org/10.1007/JHEP06(2012)028
http://arxiv.org/abs/1204.1968
http://arxiv.org/abs/1204.3895


[32] A. Hanany and D. Tong, “Vortices, instantons and branes,” JHEP 07 (2003) 037,

arXiv:hep-th/0306150 [hep-th].

[33] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi, and N. Sakai, “Moduli space of non-Abelian

vortices,” Phys. Rev. Lett. 96 (2006) 161601, arXiv:hep-th/0511088 [hep-th].

[34] T. Dimofte, S. Gukov, and L. Hollands, “Vortex counting and Lagrangian

3-manifolds,” Lett. Math. Phys. 98 (2011) 225–287, arXiv:1006.0977 [hep-th].

[35] T. Okuda and V. Pestun, “On the instantons and the hypermultiplet mass of N = 2∗
super Yang–Mills on S4,” JHEP 03 (2012) 017, arXiv:1004.1222 [hep-th].

[36] N. Wyllard, “A(N-1) conformal toda field theory correlation functions from conformal

N = 2 SU(N) quiver gauge theories,” JHEP 11 (2009) 002, arXiv:0907.2189

[hep-th].

[37] G. Bonelli, A. Tanzini, and J. Zhao, “The Liouville side of the vortex,” JHEP 09

(2011) 096, arXiv:1107.2787 [hep-th].

[38] V. A. Fateev and A. V. Litvinov, “Correlation functions in conformal Toda field

theory. I.,” JHEP 11 (2007) 002, arXiv:0709.3806 [hep-th].

[39] J. Gomis and B. Le Floch, “’t Hooft operators in gauge theory from Toda CFT,”

JHEP 11 (2011) 114, arXiv:1008.4139 [hep-th].

[40] S. Gukov and E. Witten, “Gauge theory, ramification, and the geometric Langlands

program,” arXiv:hep-th/0612073 [hep-th].

[41] K. Hori, “Duality in two-dimensional (2, 2) supersymmetric non-abelian gauge

theories,” JHEP 10 (2013) 121, arXiv:1104.2853 [hep-th].

[42] N. Drukker, D. Gaiotto, and J. Gomis, “The virtue of defects in 4d gauge theories and

2d CFTs,” JHEP 06 (2011) 025, arXiv:1003.1112 [hep-th].

[43] G. W. Moore, N. Nekrasov, and S. Shatashvili, “Integrating over Higgs branches,”

Commun. Math. Phys. 209 (2000) 97–121, arXiv:hep-th/9712241 [hep-th].

[44] N. A. Nekrasov, “Seiberg–Witten prepotential from instanton counting,” Adv. Theor.

Math. Phys. 7 no. 5, (2003) 831–864, arXiv:hep-th/0206161 [hep-th].

[45] N. Drukker, J. Gomis, T. Okuda, and J. Teschner, “Gauge theory loop operators and

Liouville theory,” JHEP 02 (2010) 057, arXiv:0909.1105 [hep-th].

[46] F. Passerini, “Gauge theory Wilson loops and conformal Toda field theory,” JHEP 03

(2010) 125, arXiv:1003.1151 [hep-th].

[47] D. Gaiotto, “N = 2 dualities,” JHEP 08 (2012) 034, arXiv:0904.2715 [hep-th].

[48] D. R. Morrison and M. R. Plesser, “Summing the instantons: Quantum cohomology

and mirror symmetry in toric varieties,” Nucl. Phys. B440 (1995) 279–354,

arXiv:hep-th/9412236 [hep-th].

77

http://dx.doi.org/10.1088/1126-6708/2003/07/037
http://arxiv.org/abs/hep-th/0306150
http://dx.doi.org/10.1103/PhysRevLett.96.161601
http://arxiv.org/abs/hep-th/0511088
http://dx.doi.org/10.1007/s11005-011-0531-8
http://arxiv.org/abs/1006.0977
http://dx.doi.org/10.1007/JHEP03(2012)017
http://arxiv.org/abs/1004.1222
http://dx.doi.org/10.1088/1126-6708/2009/11/002
http://arxiv.org/abs/0907.2189
http://arxiv.org/abs/0907.2189
http://dx.doi.org/10.1007/JHEP09(2011)096
http://dx.doi.org/10.1007/JHEP09(2011)096
http://arxiv.org/abs/1107.2787
http://dx.doi.org/10.1088/1126-6708/2007/11/002
http://arxiv.org/abs/0709.3806
http://dx.doi.org/10.1007/JHEP11(2011)114
http://arxiv.org/abs/1008.4139
http://arxiv.org/abs/hep-th/0612073
http://dx.doi.org/10.1007/JHEP10(2013)121
http://arxiv.org/abs/1104.2853
http://dx.doi.org/10.1007/JHEP06(2011)025
http://arxiv.org/abs/1003.1112
http://dx.doi.org/10.1007/PL00005525
http://arxiv.org/abs/hep-th/9712241
http://dx.doi.org/10.4310/ATMP.2003.v7.n5.a4
http://dx.doi.org/10.4310/ATMP.2003.v7.n5.a4
http://arxiv.org/abs/hep-th/0206161
http://dx.doi.org/10.1007/JHEP02(2010)057
http://arxiv.org/abs/0909.1105
http://dx.doi.org/10.1007/JHEP03(2010)125
http://dx.doi.org/10.1007/JHEP03(2010)125
http://arxiv.org/abs/1003.1151
http://dx.doi.org/10.1007/JHEP08(2012)034
http://arxiv.org/abs/0904.2715
http://dx.doi.org/10.1016/0550-3213(95)00061-V
http://arxiv.org/abs/hep-th/9412236


[49] H. Jockers, V. Kumar, J. M. Lapan, D. R. Morrison, and M. Romo, “Nonabelian 2d

gauge theories for determinantal Calabi–Yau varieties,” JHEP 11 (2012) 166,

arXiv:1205.3192 [hep-th].

[50] K. Hosomichi, S. Lee, and J. Park, “AGT on the S-duality wall,” JHEP 12 (2010)

079, arXiv:1009.0340 [hep-th].

[51] T. Dimofte, D. Gaiotto, and S. Gukov, “Gauge theories labelled by three-manifolds,”

Commun. Math. Phys. 325 (2014) 367–419, arXiv:1108.4389 [hep-th].

[52] T. Dimofte, D. Gaiotto, and S. Gukov, “3-manifolds and 3d indices,” Adv. Theor.

Math. Phys. 17 no. 5, (2013) 975–1076, arXiv:1112.5179 [hep-th].

[53] M. Yamazaki, “Quivers, YBE and 3-manifolds,” JHEP 05 (2012) 147,

arXiv:1203.5784 [hep-th].

[54] J. Wess and J. Bagger, Supersymmetry and supergravity. 1992.

[55] E. J. Weinberg, “Monopole vector spherical harmonics,” Phys. Rev. D49 (1994)

1086–1092, arXiv:hep-th/9308054 [hep-th].

78

http://dx.doi.org/10.1007/JHEP11(2012)166
http://arxiv.org/abs/1205.3192
http://dx.doi.org/10.1007/JHEP12(2010)079
http://dx.doi.org/10.1007/JHEP12(2010)079
http://arxiv.org/abs/1009.0340
http://dx.doi.org/10.1007/s00220-013-1863-2
http://arxiv.org/abs/1108.4389
http://dx.doi.org/10.4310/ATMP.2013.v17.n5.a3
http://dx.doi.org/10.4310/ATMP.2013.v17.n5.a3
http://arxiv.org/abs/1112.5179
http://dx.doi.org/10.1007/JHEP05(2012)147
http://arxiv.org/abs/1203.5784
http://dx.doi.org/10.1103/PhysRevD.49.1086
http://dx.doi.org/10.1103/PhysRevD.49.1086
http://arxiv.org/abs/hep-th/9308054

	1 Introduction
	2 Two Dimensional N=(2,2) Gauge Theories on S²
	3 Localization of the Path Integral
	4 Coulomb Branch
	5 Higgs Branch Representation
	6 Gauge Theory/Toda Correspondence
	7 Seiberg Duality
	8 Discussion
	A Notations and Conventions
	B Supersymmetry Transformations on S²
	C Supersymmetric Configurations
	D One-Loop Determinants
	E One-Loop Running of FI Parameter
	F Factorization for any N=(2,2) Gauge Theory
	G Vortex Partition Function
	H SU(N) Partition Function in Various Limits

