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Abstract

In this paper, we study a Liouville-type theorem for the stationary fractional quasi-geostrophic equation in
various dimensions. Indeed, our analysis focuses on dimensions n = 2,3,4 and we explore the uniqueness of
weak solutions for this fractional system. We demonstrate here that, under some specific Lebesgue integrability
information, the only admissible solution to the stationary fractional quasi-geostrophic system is the trivial one
and this result provides a comprehensive understanding of how the dimension in connection to the fractional
power of the Laplacian influences the uniqueness properties of weak solutions.

Keywords: quasi-geostrophic equation; Liouville type theorems; uniqueness.
Mathematics Subject Classification: 76D03; 35A02; 35B65.

1 Introduction and presentation of the results

The study of fractional equations has gained significant attention in recent years due to their ability to
model complex physical phenomena involving turbulence and fluid dynamics in various contexts, see
e.g. 6], [18], [21], [22]. One of the fundamental questions in the theory of partial differential equations
(PDEs) is the existence, uniqueness and regularity of solutions to these equations and in this regard,
Liouville-type theorems may play a crucial role by establishing conditions under which a solution to
some equation is trivial (i.e. identically zero).

In particular, this paper focuses on the stationary fractional quasi-geostrophic equation which is
used to describe phenomena in atmospheric and oceanic dynamics (for more details see [7] and [19])
and we will establish some uniqueness results for the following system:

(—A)20+Ap - VO—f=0, with0O<a<2, =z€cR" (1.1)

where 6 : R™ — R is the variable, the fractional operator (—A)% is defined at the Fourier level by the
symbol [¢]* and f : R" — R is a given external force. The vector Af depends on 6 in the following
manner:

A[G] = [Al(e)a A2(0)> T 7An(0)]7
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where the operators A; for 1 < j < n are assumed to be singular integral operators that satisty the
boundedness property
A lze < Call0] Le, (1.2)

forall 1 < p < 400 (aslong as 6 € LP(R")). Moreover, the vector Ay, is assumed to be divergence-free,
i.e. we have

diU(A[g}) = 0. (1.3)

Although the evolution variants of the previous system was considerably studied in [8], [9] and [16]
(see also the references therein), to the best of our knowledge, the study of the stationary system (1.1)
does not seem to have been done (see however [1] for the inviscid 2D problem).

Thus, the main purpose of this article is to establish the uniqueness of the trivial solution for the
system (1.1) under some hypothesis stated in terms of Lebesgue spaces. This research program is
known in the literature as Liouville-type theorems and has been applied mainly for the Navier-Stokes
equations, see [4], [5], [10], [12], [13], [14], [20] and the references therein for more details. See also
[24] for the fractional Navier-Stokes problem.

To start, in our first result we construct weak solutions for the system (1.1) in the space H2 (R"):

Theorem 1 (Existence) Consider n > 2. Fiz 0 < a < 2 and consider f € H™2(R") an external
force. There exists 0 € H2(R™) that satisfies in the weak sense the equation (1.1).

The proof of this theorem is rather standard and it relies in an application of the Leray-Schauder
fixed point argument (see [15, Chapter 16]). Note in particular that the resolution space H 2 (R™)
for the system (1.1) is naturally determined by the structure of the equation when looking for energy
estimates. Indeed, if we (formally) multiply the equation (1.1) by 6 and we integrate, we obtain

/ [(—A)%G + A - Vo — flédz =0,
using the divergence free property of the vector field A, we easily obtain the expression

/ (~A)T60dz = | fodz,

n Rn

from which, by the H 2 _H3 duality and by the Young inequalities for the product, we deduce the
control

16011 gy < O3 o

Although these computations are completely formal (we will provide a rigorous proof in the Appendix
A), they give a good idea why the space H 2 (R™) natural. Remark however that the existence results
are obtained via an approximation procedure and the Leray-Schauder fixed point argument does not
provide any information about the uniqueness of the solutions.

In the following result, which is the main theorem of this article, we will address the problem
of uniqueness of the weak solutions of the system (1.1) when f = 0. As we shall see, the behavior
of this problem will vary with the dimension n = 2,3,4 and with the values of the fractional power
of the Laplacian 0 < a < 2. Let us mention that the key ingredient of our analysis is related to
a suitable decay at infinity of the solutions 6. Indeed, due to the Sobolev embeddings, we have
0 € H2(R") C L%(R”) so we dispose of a “natural” decay at infinity of the solution #, but this
information doesn’t seem enough to deduce that the unique solution of the equation (1.1) when f =0
is the trivial solution # = 0. However, under some suitable additional information, stated below in
terms of Lebesgue spaces, then we can obtain the uniqueness of the trivial solution:



Theorem 2 (Uniqueness) In the setting of the Theorem 1 with n = 2,3,4, consider a solution
0 € H2(R") of the equation (1.1) and assume that f = 0. Assume that is 6 smooth and we have

2n—e
0 € L= (R™) with 0 < € < 1, moreover:

1) If 0 < a< § <2, forn =2,3,4 we will ask the additional condition 6 € L%(R”) for some
real parameter v such that (n —3a) <v <14 (n — 3a),

9) If 2 <a <2 forn =23, we ill assume § € L1 (R"),

then, under these assumptions, the unique solution of the system (1.1) is the trivial solution 6 = 0.

Some remarks are in order there. First note that since we are considering H 2 (R™) solutions we have

at our disposal (via the Sobolev embeddings) the critical Lebesgue information L%(R”). However,
and regardless to the dimension, this information seems not enough when dealing with the fractional
Laplacian: indeed, at some point (see the formula (3.6) below) we need to use the Leibniz fractional
rule to study terms of the form (—A)2 (Gpg) (where 0 is the solution of the equation (1.1) and ¢g
is a cut off function) and this requires some additional information which is given by the hypothesis
RS Lin:; (R™) -which is close to the critical Lebesgue space since the positive parameter ¢ > 0 can
be made very small but not equal to 0. Note next that outside the two cases stated in the theorem
above, it is not necessary to impose hypothesis in order to obtain the uniqueness of the trivial solution.
Remark also that the conditions 1) and 2) asked in the theorem above are essentially technical and
they are related to the algebraic relationships between the indexes of the Sobolev embeddings. Note
that we only considered here the dimensions n = 2,3,4 but the same ideas and techniques can be

extended without problem to higher dimensions. Let us point out finally that the uniqueness of the
- a 2n

trivial solution 6§ = 0 with the sole information § € H2 (R™) C L»-«(R™) remains, to the best of our

knowledge, a difficult open problem.

In the Theorem 2 above we assumed that the solutions are smooth. It is worth to mention here
that the problem of the regularity of the weak solutions for the system (1.1) is naturally related to
the power 0 < « < 2 of the fractional Laplacian. Indeed, if this parameter « is big enough then the
regularity of the solutions is not difficult to obtain (see the Appendix B below), however if « is small
(in particular when 0 < o < 1), then the regularity of the weak solutions obtained via the Theorem 1
is a completely open problem which is not studied here.

The plan of the article is the following. In Section 2 we recall some of the tools that will be used
in this article and in Section 3 we prove the main result (Theorem 2). In the Appendix A we prove
the Theorem 1 and in the Appendix B we establish some regularity results for the system (1.1).

2 Preliminaries
For 1 < p < 400 and for s > 0 we define the homogeneous Sobolev spaces W5 (R™) by the condition

1 ey = 1(=A)3 Flln(ny < +oc.

In the special case when p = 2 we simply write W*2(R") = H*(R"). The non-homogeneous Sobolev
spaces W#*P(R™) are defined by the condition

1 lwswn)y = 1 oo n) + 1(=2)3 fll Lo(eny < 400,

from which we easily deduce the embedding W*?(R") ¢ W*P(R"). Note also that, if s; > s9 > 0
then we have the space inclusion W*P(R™) C W50-P(R™). As the Sobolev spaces will constitute our
main framework, we recall in the following lemmas some classical and useful results.



Lemma 2.1 (Sobolev embeddings)

n

1) For 0 < s < % and 1 < p,q < +00, if we have the relationshi —g =5~ %, then we have the
classical Sobolev inequality

Hf”Lq(R") < C||f||Ws,p(Rn)-

In particular we will use

171, 25 gy < 11y

2) If s = %, then we have the space embedding W5P(R™) C L1(R™) for allp < q¢ < +00, i.e. we have

1A llzon) < Ol ey

3) If 0 < so < s1 and 1 < pg,p1 < 400 are such that sy — p% =31 — p%’ then we have the following
Sobolev space inclusion:
Wstp1 (R") C TWsopo (]R”)

Lemma 2.2 (Fractional Leibniz rule)

1) Consider f,qg two smooth functions. Then we have the estimate
1(=2)2 (f9)llLo@n) < CII(=A)2 fllLro@n) 9]l or @ny + Cllf 2o ll(=2)2 gll Lor (g,

where%:ﬁojt}%l:q%—{—q%, with 0 < s, 1 <p <400 and 1 < po,p1,q0,q1 < +00.

2) For 0 < s,s1,82 <1 with s =51+ sy and 1 < p,p1,p2 < +00 with zl) = p%—i—p%), we have

s s s S1 52
1(=A)2(fg) = (=A)2(f)g — (=2)2(9) fllzr®n) < ClI(=A)2 fllzrr@n) [ (=A) 2 gl Lz mn)-
See [17] and [11] for a proof of these estimates.
In the case of the L?-based Sobolev spaces we also have the following useful estimate:

Lemma 2.3 (Product rule in Sobolev spaces) For 0 < s < 400 and 0 <d < 3,

||f9||Hs+6—%(Rn) <C (HfHHé(Rn)HQHHs(Rn) + HQHHrS(Rn)HfHHs(Rn)> :

See [15, Lemma 7.3] for a proof of this inequality.

3 Uniqueness

We study now the announced uniqueness results for the equation (1.1)_and we will start with some
steps that are independent from the dimension. Indeed, consider § € H2 (R"™) a smooth solution of
the equation (1.1) and for R > 1 let us introduce the cut off function ¢r defined by

er(@) = (5) (3.1)

where ¢ € Cg°(R™), with ¢(z) = 1 for |z| < J and ¢(z) = 0 for [z| > 1. We gather in the next lemma
some properties of the function pg given above:

Lemma 3.1 For the function pr defined in (3.1) we have:
1) the support of pr satisfies supp(pr) C Br = B(0, R),
2) for all 1 < p < 400 we have ||¢R||Lr@rn) < CRv,

4



3) the support of Vg and Appg satisfies
supp(Vor), supp(Apr) C Cr = {x € R" : & <|a| < R},
4) for all 1 < p < +oo we have |Vor|rmey = IVerlircn < CR™'% and we also have
ARl Lern) = [|A@R| Lrcy) < CR™*"»,
5) for alll < p < 400 and for a > 0 we have H(—A)%@RHLp(Rn) <CR "%,

The proof of these facts is straightforward and left to the reader.

Now we multiply the equation (1.1) by 8pr and we integrate to obtain (recall that we have assumed
here that f = 0 and that the solution 6 is smooth):

[ [=80860+ g - 9] 0o =0

Due to the divergence free property of the vector Ay we have the identity A - Vo = div(Ag0) and
we write

(—A)20) (0pr)dz + | div(Ag)(0pr)dz = 0. (3.2)
L. (o) L

We study now each one of these terms separately.

w|R

e Indeed, for the first term in (3.2) we write, using the properties of the operator (—A)z:

/n ((*A)%O) (Opr) dx /n(A)ZG [(fA)% (GSOR)} dr

_ /n(_A)Ze [(=2)%6) o+ (-2)% (Bpr) - ((-2)

N[}

9) SDR} dz,

and we have

L (eo50) emar = [ i-8)0Ponds
+ [ Cayio[-a)teen - ((-8)%0) o] dr,  33)

where we used the fact that supp(¢r) C Bg in the second integral above.

e For the second term of (3.2) we have by an integration by parts:
/ div(Agf) (Opr)de = — / ) (A[g] : 69) (OpR) dz — /R 0(ag0) - Viords
= — /n div(A0)(Opr)dr — /}Rn 0(Ag)0) - Vrdz,

so we obtain the identity

: 1 =
/ div(hg)0) (Opr)de = —3 /R ) (Ajg0?) - Vordz. (3.4)

Thus, with the identities (3.3) and (3.4), we can thus rewrite the formula (3.2) in the following manner:

IN[o)

/BR (= A) 5 0P prdr = /n(_A)ie [((-A)%a) or— (—A) ((9903;)] dz + ;/RR(A[Q]Q%.WRM.

5



We recall now that since 0 < pg(z) < 1 and pg(z) =1 if |z| < £, we have the estimate

/ (—A)i0]2de < / (—A) 502 ppds,
Bg BR

SO we can write

J

iR < [ )1 [((-8)160) pr - (-2 Opn)] do
(I1)
—}—1/Rn(A[g]92) . 6(,0Rdl', (3'5)

&=

2

(I2)

and we will prove now that we have lim |I;] =0and lim [I3| =0.
R—+o00 R—+o00

3.1 Estimates for the term I;

For the term I of the expression (3.5) we write, by the Cauchy-Schwartz inequality

L] =

/ (=010 [((-2)50) pr — (-2)F (0on)| da

I=2) %Ol || (=2)%0) o = (~2)F (Opr)|

IN

L2(R™)

IN

16118 oy (H A)% (0pr) — ((-2)50) o — ((-2)pn) 0]

L2Rn>'

We apply now the second point of Lemma 2.2 to obtain the estimate

fayiens

- ) . (36)

At this point we use the hypothesis 6 € = (R™) (where 0 < € < 1), thus by the Holder inequalities

: 1 _ 2a—¢
with = 4+ 2 we can write:

20 = 16055 oy (1-8)F ol ol -2) F Ol + [ (-2 o))

2n e’

51 ag a
TR 7 P (u<—A> Fonllier @l (~8) Ol ey + || (~2)F ]| g IO e Rn)) ,
now, by the last point of the Lemma 3.1 we have ||(—A)a7tlgoRHLp1(Rn) < CR™Z*5 as well as

[(—A )4 SDRH dn—2c < (Rm) < CR7%+"(42::266) and thus we obtain

0 < 1803 ey (CFFF 20 Oy 4 R FED ) e Y.

Let us also note that, due to the complex interpolation theory (see [2, Theorem 6.4.5.]) we have

e 2n—e

(B3, L] =W7P  and  [[(=A) 70 1oy = 6]l

< ClO1%, g s 111" e

WF P2 (R 2 (Rn) o (RM)



with the relationships

1
ag = va, p—zzg—l—(l—u);n_e for some 0<v<l, (3.7)
so we can write
4, n v +7’L( <)
< 2 . n—ze n—e .
10 < 10058 ey (O 5100 g g VT, CRTEE ) )

But since we have o = a1 + a2 and % = p% + p%, following the conditions (3.7) above, we obtain that

a1 = (1 —v)a and p% = (1 —v)22=£ and we can write

(] < 0]

HZ(R”|

i oy (ORI

\9||12n . +CREE 2€]||9|| o= >

—a (R2) o (R™)
We remark now that a« —n < 0 since 1 < a < 2 and n > 2, thus we obtain that the powers
(1- V)[%} and [%] of the parameter R in the previous expression are negative. Moreover,

since HHHH%(R”) < 400 and HGHL%(R”) < 400 by hypothesis, we can write

. v 3 (1_’/)[%}
L[] < Clolg gy [Heu PN e L2 <RLH£OOR " )

(a—n)e
6] 20— < lim Rhnze])] =0,
Ln=a (Rn)

R—+00

from which we easily deduce that
lim |I;|=0. (3.8)
R—+o00

Remark 3.1 Note that the study of the term Iy of (3.5) is independent from the dimension n > 2

2n—e
and it is valid for all 0 < a < 2. Note also that the hypothesis 8 € Ln—a (R™) with a small 0 < e < 1
is only useful to apply the Kato-Ponce inequalities in the formula (3.6) above and to obtain some
interpolation estimates that provide the suitable information in order to pass to the limit R — 4o00.

3.2 Estimates for the term I, of (3.5)

We need to estimate the quantity

|12| < /]R ‘(A[@]QQ) . ﬁng dl’,

and for this we will distinguish some cases following the values of the parameter 0 < o < 2 and the
dimension n > 2. Indeed:

e lf 3 <ax< ”T“ <2, (n=2,3,4), by the Holder inequality with

n—-a nN—oa n—a 3a—n
1= .
on + 2n + 2n + on (3.9)

we can write

|2

IN

A 0 2 n %R
< n 2 n
— CAHGHL%(Rn)HQHLf— )” (R")




where in the last line we used the boundedness property of the operator A in Lebesgue spaces

(i.e.. ”AQ]HL - < CAHQH 22 )). Now, by the point 4) of the Lemma 3.1, we have
HVngH e gy < R~ and we can write
Bl < Call0IP 2w RS
Ln—«a (Rn)
We note now that since o < %‘2 we have —1 + n(3°2‘ 2a=1) < () moreover recalling that by the
Sobolev inequalities we have HHHL?(W C'||19HH7 oy < 100, then we obtain
lim |I3| =0.
R—+o00
If a =% <2, (n=2,3,4), then we proceed as follows: recalling that we have the embedding
H35 (R") ¢ L*(R™) we write by the Holder inequalities with
1 1
l=g+3+5 (3.10)

| 12|

IN

/Rn |A[9}|\9’2|§@R|d$ < HA[G]||L3(R")||9||%3(Rn)||690RHL°°(R”)
CullOl75@nyCR™,

IN

where we used the boundedness property of the operator A in Lebesgue spaces as well as the
properties of the test function ¢r given in the point 4) of the Lemma 3.1. From this estimate,
since we have [|0| sgn) < HHHH%(Rn) < 400, we easily deduce that

lim |I3| =0.
R—4o00

Ifa =22 <2 (n=2,3), then we have H & & (R") C Lot (R™) and recalling that supp(Veg) C
Cr={zeR": g < |z| < R} we write, by the Holder inequalities with

1= + + + -, (3.11)

12|

IN

/ A6, Fonldz < Al 1607 s [¥omlonen
R™ T(R™) (Cr)

CalOl o o IO1% s

IN

since in this case we have ||Veg| r®n) < C. Now, as we have by the Sobolev embeddings the
uniform control |0 sn_ < C|\0|l . n+2 < 400 we obtain that hm ||9|| =0, from
Ln=T(R™) H o (R") (Cr)

which we deduce that
lim |[2‘ =0.
R—+o00

2n
Remark 3.2 Note that in all the previous cases the “natural” Lebesgue information L»—a (R™)

(obtained by the Sobolev embedding H2 (R™) C L%(R”)) provides enough information to obtain

RhI}rl |Is] = 0. In order to deduce this limit outside these cases we will ask some additional
—>

information over the solution 6 € H?2 (R™).



n

e If 0 <a< § <2 (n=23,4), in this case the Lebesgue information given by the Sobolev
embedding H 2 (R") C Lits (R™) is not well suited to use the Holder inequalities as in (3.9)-(3.11)

above, and we will thus ask the additional condition 6 € L%(R”) for some real parameter
v such that (n —3a) < v < 14 (n—3«a). Then we have, by the Holder inequality with

_ n—« n—q 3atv—m.
1= 2n+v + 2n+u + 2n+v + 2n+v

1| < /Rn\A[e]HH!QWw\deHA[eH 2ty H9lligln+u HVwRH

o (R™) L3 +u n (R™)

3at+r—n )

< CAHGH?’M CRflﬂl( Into
L n—« (Rn)

but since n(%) < 1 as we have v < 1+ (n — 3a), we easily obtain
lim |I3| =0.
R—+o00

o If ”TJ“Q < a < 2, (n=2,3), the Sobolev embeddings do not provide enough information and

we will ask 0 € L%(R”), and thus, following the same ideas as in (3.11) above, we obtain
R—+00

Remark 3.3 Note that in this last case, in dimension n = 3, the additional hypotheses asked
here is L2 (R™) which corresponds to the best Lebesgue space known to date when we consider the
Liouville-type theorems for the Navier-Stokes equations, see [10, Theorem X.9.5].

A Weak solutions in H?(R")

In order to solve equation (1.1) we will first consider a function ¢ € C§°(R™) such that 0 < ¢(z) <1
with ¢(z) = 1 if |2] < 1 and ¢(x) = 0 if |#| > 2, then for R > 1 we set ¢r(z) = ¢(%). We also
consider a positive test function ¢ € C5°(R") and we set ¢ (z) = p(%) for € > 0. With these
auxiliary functions and for some 0 < p < 1 we study the following equation

p(=A)0 + (—A)20 — (A(6pr)rpe] * Pe)PR - V(0pr) — f = 0. (A1)

Remark that, at least formally, if we make p,e — 0 and R — +o00, we recover the equation (1.1).

We note now that from the equation (A.1) we can write

0= TR,p,e(e)v (A2)
where
Trpe(0) =L <(A[(9¢R)*%] * 0 )or - V(09R) + f) : (A.3)
and where the operator £, is defined, for a fixed 0 < p < 1 by the expression
1
£,(f) = (f)- (A4)

The operator £, satisfies the following property.

Lemma A.1 Fiz 0 < p < 1 and consider a regularity index 0 < o < 2. Then, for all parameter o
such that o < o < 2 and for any reqular function f : R™ — R, we have the estimate

C
126 oy < 1 ey (A.5)



Indeed, since we are working in the L? space, the proof of this estimate follows from the Plancherel
theorem and the definition of the homogeneous Sobolev space H?. We can thus write

126Dy = [ o)) =[]
[P(=A) + (=8)2] | Lo gy [pl€17 + [€]°] L2(Rm)
We remark now that, since a < o < 2, we have the uniform estimate % < %, and we obtain
Cll~ C
. < = . —— n
125N itoqany < 5 7O oy = 5 M2z

which is the wished estimate.

Now, in order to obtain a solution for the problem # = Tg ,(#) we will apply the Schaefer fixed
point theorem (see [15, Theorem 16.1]):

Theorem 3 (Schaefer) For 1 < a < 2, consider the following functional space:
E,={0:R" —R:0c H(R")NH>R")}, (A.6)
endowed with the norm
16112, = V181 i1 ey + 1615 - (A7)
If we have the following points:

1) the operator Tg . defined in (A.3) is continuous and compact in the space E,,,
2) if 0 = AT pe(0) for any X € [0,1], then we have ||0||g, < M,

then the equation (A.2) admits at least one solution 6 € E,,.

As we can see, to obtain a solution of the modified problem (A.1), it is enough to verify the two points
of the previous theorem. We decompose our study in some propositions and corollaries that will be
helpful in the sequel.

Proposition A.1 (Continuity) The application Tg . is continuous in the space E,.

Proof. We start writing

IThpe @)z, = VAITRpOllirany + 1Tl 5
= V5|20 (Aonp * 0I0r - Y (065) + £ |
(1)
+ 120 (Aionna * edor - Vi0m) + 1),

-~

(2)

H1(R")

A.
oy (43)

and we will study each term above separately.

e We will bound the term (1) above by the quantity ||0 g, and the information available over the
external force f. We thus write

(1) < HSP ((A[9¢R] * ) PR - 6(%}%)) HHl g T 1€o ()l g1 ey »

(

10



and by the definition of the operator £, given in (A.4), we write

1 - 1
m<| (oo w0 F00m) | | 20
P(—A) + (—A)5] (roenrs. ) e pA) + (A5 g gy
now for some parameter o > 0 such that 0 < 2_T°‘ <o <land a <140 < 2 and by the

definition of the Sobolev space H'(R™), we have

(—A) =2 1 -
1 a = | (A vo.] ¥ e -V(0
W 2| ot Ca s (Alosnee = edon: V(6m) .
8=
i EESEESHIESR T

We can thus apply the Lemma A.1 (since we have o < 1+ 0 <2 and a < 1+ § < 2) to obtain
the estimate

1) < H

(f)

- C
Al0pp)rpd * Pe)OR - V(%R)) H - !

+ 2 l——
L2rny P A)a
C

—o(R) + ; HfHH*%(Rn) )

)2 L2(R")

= 5 H(A[(%R)*we] # 9 )on - V(00R) HH

where in the last control we used the definition of the Sobolev space H?(R™). At this point we

apply the Hardy-Littlewood-Sobolev embedding L%(R”) C H=7(R™) (recall that 0 < o < 1)
and we have

C C
(1) < P H(A[(%R)*soe] *¢c)or - V(0R) HL‘T(R” P HfHH_%(Rn) 7

and by the Hélder inequalities with

nt+20 __ o 1 :
5 = 5 T 2 we can thus write

c
L2(R7) + ; HfHH*%(Rn)

(1)

IN

i’ H [(0dR)*pe] * Pe ¢>RHLU(Rn

C - - C
;||¢R”L°°(Rn) | Af0pm) o] * SOeHLg(Rn) (”(VQWRHL?(R”) + H(V¢R)9||L2) + o ||f||Hf%(Rn) -

Vi(on)|

IA

We apply now the Young inequalities with 1 + 2 = % + "+g_1 and the Holder inequalities with

1 _ n—o o :
5 = 5.0 + 5, to obtain

(1) — HA [(BdR)+oc]

st 19l et oy (19 190030y + 1905 o 01,

Che C
< S 80m) * el (rvenmn 18] 2 n)>+p|f\|H§(Rn),

where we used the fact that the operator A is bounded in the Lebesgue spaces.

Now, by the Young inequalities we have

CR,e C
0 < ol Doeloneny (1900mmy + 160, 2, )+ 1505
CR,e C
N P (PR P B I PRy
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where we used the Holder inequalities with 1 = + "*0‘ (recall that 0 < a < 2 and that
n > 2). Now, by the Sobolev embedding H%(R”) C Ln a (]R”), we can write

1 < S0l gy (1001 + 1005 ) + 2 175 -
We remark that we have || - || ;¢ $ (&n) <|-lg, and || - ||H1 &) < %H ‘||z, (see formula (A.7)), so
we can write
0 < ol (1ol + 101, ) + 5 165 o
< C;j (122 ) 100l + 2 115 (A.9)

and this estimate ends the study of the first term of (A.8).
For the term (2) in (A.8) we write

) < |8 ((Asonypd = £I0m TOm)) | g 00+ 180 D8 oy

Using the definition of the Sobolev spaces H 2 (R™) and the definition of the operator £, given in

(A.4), for some § < s <1 (we thus have § < S—ZE < 2), we can write

(—A) 2 1 ~
2 < @ s A R)*Qe * Qe (;5 -V 9¢
@ = s oyt (B wdén: T06m) .
(-A)?2 1
+ 5 = (f ;
e ERENHIENERL .
and since § < 8+% < 2 we can apply the Lemma A.1 to obain
C 1

2 S — B A R)*Pe € ¢ 6¢ — H o f
(2) H 5 \(Biesmned * 9)0n- V(09n)) Y vy () .

< C

" H(A[(de)we] *Pe)bR - V(%R)Hms(w) o Wl ey

By the Hardy-Littlewood-Sobolev embedding L%(}R”) C H*(R™) (recall that §<s<1<3
for n > 2), we obtain

C C
e S RN P Py

now, by the Hélder inequality with %7125 =2+ %, we write

C
(2) < — H A[ (0 R)*pc] * @6 Rn) ”V(QQSR)HLQ (R™) + — ||f”H77 (R™)
C C
< ;HcfﬁRHLoo(Rn)HA[(%R)*%]||Ln(Rn)||sOeHL#(Rn)HV(9¢R)||L2(RTL) + " A1 -4 (my
< C. - C

—1868) * @ell iy IV O8R) 2y + 2 171155 o

12



where we used the Young inequalities with 1+ £ = 1 4 24521 (yecall that 0 < s < 1) and the

fact that the operator A is bounded in Lebesgue spaces. Using again the Young inequalities we

have
C. - -
(2) < ?”9¢RHL1(R“)”SOGHL"(R") ¢RI [IVOllL2(en) + IVORI 2 ||9HLn - &)
C
C’RE C
< n — L Q
< o (190t 1012, )+ 5 188y
where we apphed the Holder inequalities with 1 = "¢ + ”+°‘ Now, by the Sobolev embedding

Hz(R") C Lu=a (R™) we obtain

CRE C
() < =000 5 oy (190N 2y + 16055 gy ) + 5 15 ey
Recalling that || - HH%(Rn) < lle, and || [| gra ey < %H -||E,, we obtain
Cr C
@ < S (1 2 ) Wl I8, + 15 - (A10)

Now, gathering the estimates (A.9) and (A.10) and coming back to (A.8), we have proven the control

Cr 1 C
Il < (122 ) Wl 815, + = 175

which gives the continuity of the operator Tg . in the space E, (recall that by hypothesis we have
f € H 2(R")) and Proposition A.l is now proven. [

Proposition A.2 (Compactness) The application T ¢ is compact in the space E,.

Proof. We consider now a bounded sequence (6, )nen in E, (i.e. we have ||0,]/g, < +oo uniformly)
and we shall prove that there exists a subsequence Tg , ¢(0n, )ken Which converges strongly in E,.

We first remark that for some fixed R > 0, the sequence (6,¢r)nen is also bounded in the space
E,. Indeed, we have

1026R| 5, = VPlOrOR g1 (gny + 1020R 17 gy = VoIV 0ndr) || 2@n) + [1(—A) 2 (0,08) || L2 @n),

and by usual Leibniz rule and the Holder inequalities with % = 5% + 5, we have

10ndrllE, < \f<||¢RHLoo(Rn IV0all 2@y + IV SRl L2 gy lnll  2n; Rn)> + (=) (016R)l| 2 &r):
and by the Sobolev embedding H?2 (R") C L%(R”) we can write
16,6815, < /5 (Rl oy + Crllnll 5 g ) + (-0 Gl 2gen.
and since |- 15 gy < -1, and |- [l gs gy < 511 15, we have

1626115, < Cr (10all5, + vPI0ullE,) + 1(=2)% (02dr) | L2n).

13



For the second term of the right-hand side above we will use the fractional Leibniz rule and we obtain

L7 (Rn)

16udrlls, < cR<1+ﬁ>||enuE,,+(n(—A)%‘en\|Lz(Rn>||¢R|rmRn>+ue PN TENT P %(Rn)

IN

O (14 v Il + o (1(-8) 0l + 10, 2, )

using again the embedding H 2 (R") C Lits (R™) and the definition of the Sobolev space H?2 (R"), we
obtain

N

16ndrlE, <
<

Cr (1 +Vp) 10nllE, + CrlOnll 5 @ny
Cr(1+/p)l10nllE, + CrlOnl B, < +o0,

and we conclude that the sequence (0,¢Rr)nen is also bounded in E,,.

Now, with this remark at hand and for a fixed R > 0, we can assume without loss of generality
that, for all n € N, we have supp(6,¢r) C B(0,4R). Since we are working in the space H?2 (R") with
0 < a < 2, by the Rellich-Kondrashov lemma (see Theorem 9 16 of [3]), there exists a subsequence
(0n,@R)ken that converges strongly in L} (R™) for 1 < p < 2. This argument will lead us to the
wished compactness of the application TR%E as long as we can. estlmate ITRp,c(0n)]|E, in terms of
suitable L = norms.

Then, from (A.8) we can write

TR pe(On)llE, = \fH’Q (A[(97L¢R)*<Pe] * )R - ( nOR) +f>H

+ HS ( (Aaur)gd * P)OR - V(Ondr) + f>H

H(R")

03 (Rn)

IN

VB %5 (Ausnnen * 0I0m - V(0u0r) )| @) +P1L0 (Ml 1(gmy (A1)

()

+H£ (A[( non)spd ¥ PIOR - M%))H Q(Rn)JrHsp(f)HH%(Rn), (A.12)

(8)

since the terms that contain the external force do not intervene in the study of the compactness and
since we have already proven that the quantities || £, (f)I| 1 (rm) and 1€, (f) are bounded by the

and

£, (f)HH%(Rn) < QHfHH_%(Rn)), we will focus our study in the terms («) and (3) of the expression

”H%(Rn)

information available over f (indeed, we just proved the controls ||£, (f)l| iRy < gifl % &n)

above.

e For the term (a) in (A.11), using the divergence free condition for the quantity Ajgg,)sp.] * Pe
we remark that we have the following identity

(A0usr)spe ¥ POR - V(0ndR) = div (Ayg,sp)xp.) * PedROn) (A.13)
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SO we can write

25 ((Aaonys * 28R F(am) ) | 125 (a0 (b0, 001000 * 96500 iy
(a1)
+ Hﬂp (A[(enm)ws] * e - (ﬁch)(HnébR)) H

(a2)

H1(R")

HY(R)

Now for the term (aq) in the right-hand side above, by the definition of the operator £, given in
(A.4) and by the properties of the Sobolev spaces, we write

1
o = —div (A o] ¥ QRO
S o (A OndR)*pe *Soegbi‘gen)
H A) 2] [( R)*Pe] L&)
S ; HA[( n¢R)*S¢76] * Pe Re HL2 (Rn)? (A14)

where we used the Lemma A.1 to deduce the last estimate. Since we have 2 < ff”a, thus by the
Holder inequalities, the Young inequalities and by the boundedness properties of the operator A,
we can write

¢ 2 ¢ 2
o < ; HA[(GWR)*%] * ‘pﬁHLoo(Rn) HgbRenHm(Rn) < ; HA[(GWR)*%] L2(R") [ @ell 2 @) quRGnHL%R”)
CRoa.c CRoAe
< RN Bubr)  wellizn ndnlraceny < = NOndn]aen) |6l 2y
CR,A,E
< —0ndr 2(B0,4R) 10nPR I L2(B(0,4R))5 (A.15)

where we used the support properties of the function ¢r. Since the sequence (0,¢R)nen is
bounded in the space H?2 (R™) and since 2 < =, we can extract a subsequence (6., r)ren that
converges strongly in the space L?(B (0,4R)) and this will provide us the wished compactness
property associated to the term (o).

For the term (a2) we proceed as follows: for some 0 < s < 1 such that o < 14 s < 2 we write

(=A)> 1 B
Qg = a s A O, xpc] * Pe - (V¢R)(9n¢R)
[p(—A) + (=A)2] (-A)2 ( [(Ondr)weee] ) .
=, HA[ bnsr)sed * e (VOR) (0ndr) H s (R™)
< ; HA[(Gn@%)*tpe} * Qe - (VQSR)(enQSR)‘ Ln2+7§s ,

where we applied the Lemma A.1 and we used the definition of the Sobolev space H~ 5(R™) as
2n .
well as the embedding L7+ (R") C H~*(R"). Now, by the Holder inequalities with %128 = 14

Sl
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and with the Young inequalities with 1+ 7 = % + ”;35, we have

c
- HAK%R)*%] * 0|,

ay < 2 &) ’ ¢RHL°®(R") 16n @R L2 )
< CRHA[ onsepllian 190, 2y g 00l e
< %wa) < pulianlOndalle < 100 o Onrl e
< CrAe

100R 12 (B(0,4R) 10nPR L2 (B(0,4R))

where we used the boundedness of the operator A and the support properties of the function ¢g.
With this control we can deduce as before the wished compactness property associated to the
term (o).

With these compactness properties for the terms () and (a2), we can easily deduce the com-
pactness of the quantity («) given in (A.11).

For the term (/) in (A.12) we have, using the decomposition (A.13):

|25 ((Agousmwpa = 0 (n¢R)HH%(R < (125 (div (Ao, 60150 * 20R0n)) || 15 @ny

3)
+ HSP (A[(enm)we] * Pe (6@)(9”@)) HH%(R")’
(B2)

and we will study these terms separately.

For the quantity () above we write, by the definition of the operator £, given in (A.4) and by
the properties of the Sobolev spaces:

b =

1
= div (A OndRr)*pe *soedﬁﬁn) ‘
p(—A) + (-a)z] T Onemed e

IN

(A0 pr)spd] * PORON) :
L2(R™)

[p(=A) + (=A)?]

: a
simce 5

C
p1 < ; HA[(GTL¢R)*¢€] * (Pﬁqb%%enH[?(Rn) )

at this point, following the same arguments as above (see (A.14)-(A.15)), we obtain the control

R,Ae
p1 < P 10n0R | 22(B(0,4R) 100 PRI L2(B(0,.4R))

from which we deduce the compactness property associated to the term (53).

16



For the term (f2), we have as before:

_ (—A)z 1 A (T 0

62 [P(—A) + (—A)%] (—A)% ( (O R)*pc] TP ( ¢R)( ngbR)) L)
< — H [(0ndr)*pe] * Pe - (V¢R) On9r) HH‘? ®")
<

; HA[(QTL@%)*%} * Qe (V(bR)(enQSR)‘ L%(R") )

where we used the Lemma A.1 and the Hardy-Littlewood-Sobolev inequality. Now, by the Holder
inequality with n“‘ = % + 5., we can write

C N
B <l AGuomrgd * Pell 3 oy [ F0m) g 1008220
C -
< = Al o 196] 2o oy \wRHLm(Rn) 1065 L2 gen) -

where we used the Young inequalities with 1 + 5~ = % + ";r—na Since the operator A is bounded,
and by the properties of the function ¢r, we have

CR,e

p

CRAG
< p —=10n8R L2(B0,.4R) 10nPRl L2(B(0,4R))>

CR,A,E

B2 <

| Af(0ndm)ee] 2@y 10n@R L2 @n) < [(On@R) * el L2rny (0P Rl 2R

from which we deduce the compactness property associated to the term (533).

We have obtained the compactness property for the terms (1) and (82) defined above and we
deduce then the compactness property for the term (8) given in (A.12).

From this separated study of the quantities («) and (/3), we finally obtain the compactness of the
operator Tg , . in the space E, and this ends the proof of the Proposition A.2. |

Proposition A.3 (A priori estimates) In the setting of the space E,, if 0 = ATg,(0) for any
A € [0,1], then we have the control ||0||g, < M.

Proof. If we have for all 0 < A < 1 the identity
0 = ATg,.(0),
by the definition of the operator Tg ,. we can write

1 —
0= ar s Caye] (Aesneed + wdor - V(O0m) + £ ﬂ |

we then obtain the expression

(=) + (=831 = A (Apppyup * 2)0r - V(O6R)) + Af,

and we have

p/n[(—A)G]de n /n[(—A)‘Sawdx - )\/n <(A[(9¢R)*%] * )R - 6(9@%)) Odu -+ | foda.
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Since div(A((ppy)ep.] * Pe) = 0, we obtain by an integration by parts that

/Rn ((A[(%R)we} * Pc)PR - 6(9¢>R)> Odr = — /Rn ((A[(GqﬁR)*cpe} * Pe)OR - 6(9@3)) fdzx,

from which we deduce that

/n <(A[(9¢R)*¢E] * Pe) R - 6(9@%)) fdz =0,
so we obtain the identity
PO gy + 10055 gy = /Rn fodz.
Now, by the H2z —H % duality we can write
02 gy 1005y < AL e 1005 oy

and by the Young inequalities we have

001 gy + 16125 gy < 5115 gy + 5 1005

which can be rewritten as

Oy + (15 ) 105 gy < 3171y
Finally, since 0 < A <1 and since f € H _%(Rn) by hypothesis, we can write
sy + 1012 5 gy < 112 gy (A.16)

since f € H 7%(]1%”) by hypothesis, we deduce the wished estimate,
10llg, < M < 400,

and the proof of the Proposition A.3 is complete. |

Remark A.1 Note that the estimate (A.16) gives a uniform control (in 0 < p,e <1 and in R > 1)
of the quantity \|0HH7(Rn

End of the proof of the Theorem 1.

Gathering Propositions A.1, A.2 and A.3, we can apply the Theorem 3 to obtain a solution 6 = 0, r
of the equation (A.1). Now, in order to recover a solution of the original equation (1.1) we need to
take the limits p,e — 0 and R — +00. To do so, we will exploit the uniform estimate (A.16), indeed,
since 6 is uniformly bounded by (A.16) in the space H?2 (R™), by the Banach-Alaoglu theorem there
exists a limit 6, ¢ r p:>0 fr in the weak-* sense. Furthermore we have (—A)%0p7673 p:>0 (—A)%HR

in the sense of tempered distributions. For the non linear term (A(gg,)xp.] * Pe)PR - V(0¢r), we
will need some local strong convergence in a suitable Lebesgue space, which can be obtained by the
Rellich-Kondrashov theorem since we have the uniform control (A.16). _We can thus obtain, in a weak

sense the limit (A, . nor)xpd] * Pe)OR - V(o pe ROR) — 0 (AfgrgrPR) - V(0rdr). These arguments are

classical for studying nonlinear terms. Now we must consider the limit when R — +o00 and for this we
can proceed in the same manner as before since the control (A.16) is also uniform in R. Thus, with
this arguments, we obtain a solution § € H 2 (R™) which is a weak solution of the equation

(—A)20 — Ay - VO — f =0,

and now the proof of the Theorem 1 is complete. |
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B Regularity

The problem of the regularity of weak solutions to the system (1.1) is of course related to the power
of the fractional Laplacian 0 < o < 2. Our starting point is a function 0 € H %(R”) that satisfies in
the weak sense the equation (1.1) where, for the sake of simplicity we will assume from now on that
the external force f is null.

We start with the case ”TH < a < 2 and we rewrite the equation (1.1) as follows:

1 - 1
o A[g] -Vo = = diU(A[Q]Q),
(—A)z (-A)z
where we used the divergence free property of A. Now, for some index o > 0 that will be defined later,
we write

0:

1(=2)50] 2geny = [[(-2)"3" div(apg0)

L2(R™) = CHA[G]QHH"‘&“(R”)'
At this point we apply the product law given in the Lemma 2.3 to obtain (since 0 € H %(Rn) and
since the operator A is bounded in Sobolev spaces):

1A 081 o—ees gy < CHAGI 35 o 1018 oy < Cl6 15 oy 1618 oy < +00, (B.1)

as long as 0 —a+1 = a— 3, from which we deduce that o = 2 — § — 1. This is a gain of regularity

with respect to the information 6 € H%(R") as long as we have 0 = 2a — 5 —1 > g, i.e. if we have
o > ”T” which is the case studied here. Once we obtain this first gain of regularity, by iterating this
process we easily obtain that the solutions of the equation (1.1) are smooth.

We consider now the case 1 < a < ”TH Here the general framework 6 € H %(]R") seems to be not
enough to obtain a gain of regularity when applying the Lemma 2.3 in the estimate (B.1) above. For
simplicity we will use here an additional hypothesis given by § € L>°(R") and instead of Lemma 2.3
we use the Leibniz fractional inequality given in Lemma 2.2. Thus, instead of (B.1) we write:

1A10)0]] fro—a+1(rny < CUIAgl] ro—asr ey 101 Lo @y + 1Al oo @) 10]] pro—a+1 () )-
We will assume moreover that the operator A is also bounded in the space L>°(R"™), so we can write

”A[Q]GHHPQH(W) < C”HHH"*C’“H(R”)HHHLOO(]R")u

5, which gives o = %a — 1. But since 1 < o we

have o0 > § and we have obtained a gain of regularity as we have proved that 6 € HC (R™). Again, by
iteration we obtain that the solutions of the equation (1.1) are smooth.

which is a finite quantity as long as 0 —a+ 1 =

The case 0 < o < 1 is much harder to study and, to the best of our knowledge, it is still an open
problem.
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