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Abstract. We consider an analytic function from R™ to R and provide
some sufficient conditions involving homogeneous polynomials with re-
spect to some family of dilations ensuring that the function presents a
strict local minimum at some point. For a polynomial function, we show
how to use Tarski-Seidenberg theorem or Sturm theorem to investigate
the same issue.
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1 Introduction

Optimization in spaces of finite dimension is a classical part of a course in real
analysis, which is teached because of its importance in many applications, e.g. in
Engineering, Automatic Control, Neural Networks, etc. In Automatic Control,
a Lyapunov function has often to be searched for to ensure that a closed-loop
system is stabilized at the origin (see e.g. [I]). A given function is a Lyapunov
function for the system if and only if it is positive definite and its Lie derivative
is negative definite. Thus, there is a real need for having efficient tests to decide
whether a given nonlinear smooth function is positive definite. We shall restrict
our study to analytic functions, even if analytic Lyapunov functions may fail to
exist for asymptotically stable systems with analytic vector fields (see e.g. [1]).

Most of the attention is usually paid to the first order condition (null gradient
to select critical points) and to the second order condition (positive definite
Hessian matrix for the existence of a strict minimum) (see e.g. [I5)20]). Of course,
those conditions do not cover all the situations, and it could happen that terms
of order greater than 2 play an important role in the positive definiteness of the
function.

The aim of this article is to revisit the classical issue of the search of extrema
for a smooth function of several variables by using high-order conditions based
upon homogeneous polynomials associated with a family of dilations. The use
of weighted homogeneity is now classical in Automatic Control (see e.g. [I]).
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Assuming that all the critical points are known, we want to find sufficient con-
ditions ensuring that a given critical point corresponds to a local extremum or a
saddle point. It is an easy exercise to prove that a function f : R — R which is
analytic in a neighborhood of 0 and vanishes at 0 presents a strict minimum at 0
if and only if it can be expanded as f(z) = agxz?* +- -+ with k € N* and agy, > 0.
The situation is much more delicate in dimension n > 2. If f is a polynomial
function, then using Tarski-Seidenberg theorem (see e.g. [BIBIGITTIT7IIR]), it is
possible to decide whether the function is locally or globally positive definite.
We refer the reader to [2I9/16] and the references therein for a description of the
algorithms used to decide whether the polynomial function f is positive definite.

The paper is outlined as follows. In Section 2, we provide necessary conditions
and sufficient conditions for an analytic function to be positive definite by using
expansions with respect to certain families of dilations. We provide a lot of
examples suggesting that a necessary and sufficient condition is difficult to guess.
In Section 3, we restrict ourselves to polynomial functions and show how Tarski-
Seidenberg theorem can be used to decide whether a polynomial function is
positive definite. Rather than using a general (involved and costly) algorithm
to mimic Tarski-Seidenberg theorem, we describe a method based on Sturm
sequences and apply it on a few examples of functions f € R[xy, z3]. The paper
ends with some concluding remarks.

2 High-order conditions for the positive definiteness of
an analytic function

To fix the framework, using translations if needed, we can assume that the
critical point under investigation is = 0 and that the value of the function at
0 is merely 0. We consider a function f : R™ — R (n € N*) as above which is
analytic in a neighborhood of 0 and is expanded as

fz) = Z acx®  for |z;| < b;, 1 <i<n. (1)
ecNn»

In ([), (b1,....0,) € (0,+00)", z¢ =[], af" for = (x1,...,z,) € R, and
e = (e1,...,en) € N*. From the above assumptions,

ao,...,0) = 4(1,0,...,0) = "~ = Go,...,0,1) = 0.

If M :=max,,|—, | f(x)], then by [I0, Chapter 5, Lemma 1.1},
M n
lae| < * Ve € N™. (2)

We shall say that the function f is (locally) positive definite, if there exists € > 0
such that

Ve R" (0 < ||z]| < & = f(z) > 0). (3)
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We shall denote f > 0 locally, in short. We are mainly concerned with the issue of
providing conditions about the coefficients a, ensuring that f is locally positive
definite; that is, 0 is a strict local minimum of f.

We denote |z| = 21 + -+ x, and ||z|| = (22 + -+ 22)= for z € R?, and
Py (x) := ZIEIZ  @ex® the homogeneous polynomial of degree k in the expansion
of f, so that f(z) =, Pu(x).

It is well-known that if f(0) = 0, and 0 is a critical point (i.e. ggg: (0) =

2
0 Viell., t which the Hessi tri H:("’f 0) i
i e { n}) at which the Hessian matrix 8%8%( ) . is

positive definite, then f is locally positive definite at 0. In other words,

(Pp=P, =0and P, >0)= f >0 locally. (4)

Of course, the converse is only partially true. If f is locally positive definite, then
Py =P, =0 and Py(z) = %xtHx > 0 for all z € R™, but H is not necessarily
positive definite. For instance the function f(x1,72) = 2% + x5 is (locally or
globally) positive definite, but the matrix H = <(2) 8) is not positive definite.
When the quadratic form Py (z) = %xth is degenerate, we have to look at terms
of higher order (here x3) to decide whether the function f is definite positive
or not. That example shows also that the variables z; should be given different
weights, which amounts to expanding f as a series of polynomials homogeneous
with respect to certain families of dilations (see below).
Let us give first necessary conditions for f to be locally positive definite.

Proposition 1. Assume that f be analytic and locally positive definite. Then
we have the following properties.

1. There exists k € N* such that Py = --- = Poi,_1 =0, Por, > 0 and Py, £ 0.
2. For each i € {1,...,n}, there exists k; € N* such that 9%, f(0) =0 for 0 <1<
2k; and 0% f(0) > 0.

3. Let b := min(by,...,b,). Then there exists py € (0,b) such that for any p €
(0, po) there exists Ny € N* such that for any x with ||z|| = p there is some
E € {2,..,No} with Pi(z) = -+ = Py_1(z) = 0 and Py(x) # 0 (actually
Pk(l’) > 0)

Proof.
1. We need the following lemma.

Lemma 1. Let § € (0,1). Then there exists C > 0 such that

o) k+1
VeeR (jg] <db=VkeN > |Pj(x)|§0(|sbc> ). (5)
J=k+1 =

Proof of Lemma : By , for |z| < db

P <M > ] ('"zl') <My W')j < M(@)j’
| i=1

i bi b

e|=ji=1
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so that
> e sa Yy By = 2B < ol
j=k+1 j=k+1 ~ L- b - -
with C = L. O

Let [ € N* be the first index for which P; # 0. Note that P;(tx) = t'P(z) for
(t,z) € R x R". By Lemmall] for any z € S"~! := {z € R"; ||z|| = 1},

f(tz) =t'P(x) + O(t'*) ast— 0. (6)

If I € 1+2N, P, is odd, so there exists z € S"~! with P;(z) < 0 and f(tz) < 0 for
0 < t < 1, contradicting the fact that f be locally positive definite. We obtain
the same conclusion if [ € 2N* and Pj(x) < 0 for some z € S"1L.

2. Pick any ¢ € {1,...,n}. The function z; — f(0,...,2;,...,0) is analytic and
locally positive definite. Therefore, it may be expanded as f(0,...,z;,...,0) =
czkixzki + -+ with cor, > 0. It follows that

9L f(0) =0 for 0 <1 < 2k; and 02 f(0) > 0.
3. Pick po € (0,b) such that
Ve e R” (0 < ||z|| < po = f(z) > 0).

If the conclusion is false, one may find some number p € (0, po), a sequence (z;)
in pS™~1, and a sequence N; /' 400 such that

Py(x;) =--- = Py, (z;) = 0. (7)

Extracting a subsequence if needed, we can assume that x; — = in pS™1. But
from (7) and the fact that N; / +oo, we infer that P;(z) = 0 for all i > 1, so
that f(z) = 0, which is a contradiction. The fact that Pj(z) > 0 comes from (@]
for | =k and t — 0%. O

Remark 1. 1. The converse of the third item in Lemma [l is not true. Consider
fxy,m0) = 22 + x5 — 4122 = (21 — 222)? — 323,
Then for z = (z1,22) # (0,0), Pi(z) = 0 and Py(z) > 0 if 21 # 0, while
Pi(z) = Py(z) = Ps(z) = 0 and Py(z) > 0 if z; = 0. Thus 3. holds with
No = 4. However f is not locally positive definite, for f(23,29) = —223.
Note also that there does not exist any number § > 0 such that

(0<t<dand |z —(0,1)] <) = Pi(tx) + Pa(tz) + P3(tz) > 0.

Indeed Pj(s%,s) 4 Pa(s2,8) + P3(s?,5) = —3s* <0 for 0 < s < 1.
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Let us recall the classical definition of weighted homogeneity (see e.g. [I]).
For a given sequence r = (ry,...,m,) € (0,+00)", we define the one-parameter
family of dilations (7)o associated with r by

op(x) == (t"xy, s t™ay) Vo= (21,...,2,) € R", ¥Vt > 0.

Note that the set {67 (z); = € S"71, 0 <t < to} U {0} is a neighborhood of
0 for each ty > 0.
A function h : R® — R is said to be d"-homogeneous of degree p € RT if

(o7 (x)) = tPh(z) VYo € R™, Wt > 0.

From now on, we assume that r = (rqy,...,r,) € (N*)". Then, from f(x) =
Y ecnn @ex®, we obtain that

(¢ (x)) = Z Qe H(t”:l:i)ei = th Z acx’.
p=0

ecNn» =1 e € N™
r-e=p

Thus

fla) = Z Z acx” =: ZHp(x) (3)

p=0 e € N™
rT-e=7p

where the polynomial H, is "~ homogeneous of degree p. (Note that H, = 0 if
{e e N"; r-e=p} =0.) We note also that the relation H,(d; (z)) = t*Hp(x) is
valid for all (x,t) € R™HL,

The following lemma extends Lemma [1| to the framework of the weighted
homogeneity.
Lemma 2. Let f be an analytic function expanded as in , letr = (r1,....,mn) €
(N*)", and let the sequence (Hp)p>0 be as in (§).
1. For any p € N, let m, := mingcgn-1 Hy(x) and M, := max,cgn—1 Hy(z).
Then

mpt? < H,(07 (2)) < Mpt? Va € S"7', vt > 0. (9)
2. For any p € N, there ezist tg > 0 and Cp > 0 such that
D [Hy(57 ()] < Cpt?*t Va e S*1VE € (0, 1) (10)
q=>p+1

Proof.
1. From m, < Hy(xz) < M, for z € S"~!, we infer that

mpt? < H, (07 (z)) = tPHy(x) < MytP Vo € S™71) Vt > 0.

2. Note that Hy = 0. Pick any 6 € (0,1) and let C > 0 be as in Lemma [l] Then
for p € N* and = € R™ with |z| < §b, doing the same computations as in the
proof of Lemma [I] we obtain

x
|Hp(x)] < E ) lacz?| < E ) lacz?| < C’% < (4.
e €N e €N
r-oe=p e#0
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Pick ty > 0 such that
Vo e snt |02, ()] < 6b.

Then for 2 € §"! and ¢ € (0,19), noticing that d; = ", o d5, , we obtain for

any p € N ’
t q
> @ = X (5 ) 1Hi (@)
q=p+1 q>p+1 0
£\ t

< - I _1

= 0o <2t0> (1 2t0)

< C’ptp'H
with C), := 206 (2ty) =P+, O

The following result extends Proposition [1| to the framework of the weighted

homogeneity. Its proof, being similar to those of Proposition [I} is omitted.
Proposition 2. Let f be an analytic function expanded as in , let r =
(r1,...,mn) € (N*)", and let the sequence (H,)p>o be as in (8). Then the fol-
lowing properties hold:
1. There exists k € N* such that Hy = -+ = Hop_1 =0, Hop, > 0 and Ho, # 0.
2. There exists pg € (0,b) such that for any p € (0, po) there exists Ny € N* such
that for any x with ||x|| = p there is some k € {2,..., No} with Hy(x) = -+ =
Hy_1(x) =0 and Hy(x) > 0.

Remark 2. Proposition [2| can be used to show that some given function is not
positive definite. For instance, consider
fx1,20) = a2ad + o] + 230

Pick r = (r1,72) = (5,2). Then f(z) = Hyg(x) + Hao(x) with Hig(x) = 2323
and Hao(z) = 2 + 23°. As for 21 # 0 and x5 < 0 we have Hig(z1,22) < 0, the
conclusion of the first item in Proposition [2]fails, so that f is not positive definite.
Note that with the usual dilation r = (r1,79) = (1,1), we have Py(z) = 2 > 0
for all z € R?.

Theorem 1. Let f be analytic around 0 and expanded as in , Pick (r1,...,rn) €
(N*)™ and py € N*, and let (Hp)p,>0 be the sequence of 6" -homogeneous polyno-
mials H,, as in . Then the two following assertions are equivalent:

(1) 3C>0,3t; >0 f(6/(x))>Ctre Vaoe 8" Vte (0,t);
(i) 3C>0,30 >0 > Hy(d;(x) > Ct™ VoeS™', Ve (0,4).
P<po

Proof. We infer from applied with p = po that >_ o . |H,(5;(z))] <
CpotPo 1. The result follows at once, since

FO7() =Y Hy(6] (@) + Y Hp(8(2)).

p<po p>po+1
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Corollary 1. Let f be analytic around 0 and ezpanded as f(x) =) oy Pp(z),
where the polynomial P, is homogeneous of degree p for each p € N. Then the
following assertions are equivalent:

(i) the function f is locally positive definite;

(i) 3pp €N, 3C >0, Je >0 f(z) > C|lz|P> Va € R™ with ||z| < ¢;

(i) Ipo € N, 3C >0, Je >0 > . Pp(x) > C||z[|P° Vo € R™ with ||lz]| <e.

Proof. If f is positive definite, then by Lojasiewicz inequality (see [4USIT2/T3])
there are some strictly positive constants C, e, a such that f(z) > C|z||* for
all z € R™ with [|z|| < e. Picking any pp € N with py > a and changing the
constants C, ¢ if needed, we see that (i) and (ii) are equivalent. The equivalence
of (ii) and (iii) follows from Theorem [1| with 47 (x) = tz. O

Remark 3. 1. In practice, for any given py € N, the condition in (iii) can be
tested by using Tarski-Seidenberg theorem (see below). Indeed, the set E :=
{(C,¢) € R%; Vo € R™, (2,0, ¢) € F} where

F:={(z,C,e) eR" xR XxR; C>0ande>0and
(lzl* = € or 2 =0 or (Y Pp(x))* = C?|l|*)}

p<po

is semi-algebraic, so that we can know if it is empty or not. This yields an
algorithm to check whether the function f is positive definite, even if we
don’t know when to stop (there is no bound for py).

2. The condition in (iii) cannot be relaxed into Jpg,p1 € N, 3C > 0, Je > 0

> Py(x) > Cllz||” Vo € R™ with [|z]| < e. (11)

p<po

Note first that explicit Lojasiewicz exponents for positive definite polynomial
functions may be found in [812]. If P € R[z1, ..., 2,,] is positive definite, then
by [8, Theorem 1.5]

P(z) > Cl|z| e P+ (12)

in a neighborhood of 0 for some constant C' > 0. The example P(z1,x2) :=
2% 4 (21 — 28)? for k € N* from [12] shows that the Lojasiewicz exponent
(deg P — 1)" + 1 is (almost) sharp. Indeed, setting y = 67 (z) := (tFxy, tzs)
for 0 <t <1 and z € S, we have that t2¥ < %22 4+ 222 = ||y||? < t? and

Fly) = F(07 () = 2F°a3% 4 1% (2 — ah)? > O > Oy

The Lojasiewicz exponent is then 2k2. If f(x) = P(x)+ 22", then f(t*,t) =
12k 4 2k+1 < O for ¢t € (—=1,0) and k > 2. Therefore f is not locally positive
definite, and Corollary [1]is not valid if we take in (11)) p; = 2k? > po = 2k.

Theorem [1] also yields a high-order sufficient condition for the function f to
be locally positive definite.
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Corollary 2. Let f be an analytic function in a neighborhood of 0 expanded as
mn and such that f(0) = 0. Assume the existence of a sequence of weights
(r1y...,mn) € (N*)™, of an integer py € N* and of a number p > 0 such that, with
the 0" -homogeneous polynomials H, as in , we have

H, () >0 Vo e S" 1, (13)
Z H,(z) >0 Vz € R™ with ||z] < p. (14)

1<p<po

Then f is locally positive definite. Furthermore, there exist t1 > 0 and C > 0
such that
f(67(x)) > Ctro Vo e S"71 Wt € (0,t). (15)

Let k € N* be as in the first item of Proposition@ (2k < po). Then there exist
C’' >0 and ty € (0,t1) such that

fO7(x)) < C't?F Vo e S Wt € (0, t). (16)

Proof. Let my, := mingegn—1 Hy,(z). Then my, > 0 by (13). Pick ¢, > 0 such
that [|67 (x)]| < p for 0 < t < to and ||z| = 1. We infer from (9) and that

> Hy(67 () > Hpo (07 () = mypt? Y € S™1Vt € (0, 10).

p<po

Then (|15) follows from Theorem On the other hand, follows from Propo-
sition [2| and ([10)). O

Ezample 1. Let
flxy,x0) = 2222 — 5adad + 28 — 2323 — 2522 + 25, (17)
Looking at the monomials x$ and z§, we select r = (ry,r2) = (4,3), so that
f(x) = Hia(x) + Hoy(x) + Hay(x) + Hog(x)
with
Hyy(x) := 2223, Hoy(x) := —badad, Hoy(x) := a8—adad+al, and Hog(x) := —aial.

Pick pg = 24. From |z3xi| < (2§ +28)/2, we infer that Hay(x) > (2§ +28)/2 >0
for  # 0. On the other hand

Hyy(z) + Hoy(x) = 2222(1 — 5xyas) > 0 for ||z < 1.
It follows from Corollary [2[ that f is locally positive definite.

Some remarks are in order.

Remark 4. 1. Corollary [2| provides a high-order extension of the classical test
for the existence of a strict minimum based upon the Hessian matrix.
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2. The conclusion of Corollary 2] is certainly valid with less regularity about
f (assuming merely that f € CP(R™) for some p € N*) by using Taylor
expansion at some order, but we will not provide such a statement.

3. Since H,, cannot be odd by (13)), po has to be taken in 2N*.

4. By Proposition some monomials .T?kl, ..., 27 should appear with positive

coefficients in the expansion of f. A possible choice of the sequence of weights
r=(r1,...,rn) is then r; = p/k; for 1 <1i < n, where p is the lowest common
multiple of k1, ..., k,. However, doing such a choice with the least values of
ki,....,kn and po = 2p may not work. Consider e.g.

fxy,m0) i= 23 — 22120 + 23 + 2 + 25. (18)

The least value of ky (resp. k2) is 1 (resp. 1). Picking r = (1,1) and py = 2,
we see that Ho(wy,12) = Py(x1,72) = (v1 — 22)?, and Hs is not positive
definite. One may nevertheless apply Corollary [2| with » = (1,1) by taking
po = 4.

5. Condition is not a necessary condition for f to be a locally positive
definite function. Consider

1
fxy,xo) = 2222 + (25 — 2212l + éxg) =: Py(z) + Ps(x). (19)

Since f(z1,x2) = 2323(1 — 22%23) + 2% + 2§ and 1 — 22323 > 0 for ||z <
1, f is locally positive definite. If we pick e.g. r = (r1,72) = (1,1), then
Hy(0,22) = P4(0,22) = 0, Hy is not positive definite, while Hg(x1,x1) =
Ps(x1,71) = —2%/2, and hence Hg is not positive definite. More generally,
it is easy to see that for any choice r = (ry,72) € (N*)?2, there is no py € N*

such that (13]) holds. Thus is never satisfied.
(14

6. Condition (|14)) is not a necessary condition for f to be a locally positive
definite function. Consider

f(x1,20) := 2325 — 2125 + 2§ + 2§, (20)

If we pick r = (r1,72) € (N*)? with r; # 7o, then it is easy to see that
there is no py € N* such that holds. Take now r = (r1,r2) = (1,1) and
po = 6. Then Hg(x1,x0) = 28 + 2§ is positive definite so that holds.
From |z175] < (2222 + 25)/2, we infer that

1 1
f(21,22) > 51‘%:53 + 29 + §xg > 0 for x # 0,

i.e. f is (globally) positive definite. However

1 5
ZHn(asl,:vf) =22 —27<0 for 0<my < 1.
n<6

The above remarks show that the converse of Corollary [2| namely

“f locally positive definite = 3(r1, ..., 7, p0) € (N*)"T! such that and hold”
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is not true. It appears that anpo H,, can be locally positive definite by com-
bining the strict positivity of H,, at some points, and the strict positivity of
> n<p, Hn at the other points.

The following result provides sufficient conditions for the existence of a high-
order saddle point.

Proposition 3. Let f be an analytic function around O expanded as in with
f(0) = 0. Assume the existence of a sequence of weights (r1,...,my) € (N*)" and
of an integer pg € N* such that

Jz1,20 € S Hp(21) > 0 and Hp, (z2) < 0. (22)

Then there exists tyg > 0 such that

f(of(z1)) >0 WVt e (0,tg), (23)
f(é‘:(xg)) <0 Vte (O,t()). (24)

In particular, 0 is neither a local minimum nor a local mazimum of f around
xz=0.

Proof. This is a direct consequence of

F(67 (27)) = 87 Hpg () + Y Ha(67 (27)) = 17 Hpy () + O(t7 ™) as t = 0

n>po

for j =1,2. O

3 Positive definiteness of a polynomial function

3.1 Tarski-Seidenberg theorem

In this section, we assume that f € R[z1,...,x,], n > 1 and that f(0) = 0. We
can expand f as

f(z) = Z acx® for x € R™,

eeN™,0<]e|<d

where d denotes the degree of f. The polynomial function f is (locally) positive
definite around the origin if and only if

Je>0 {zeR™ 0<|z|> <e?and f(z) <0} = 0.

It turns out that the set {x € R"; 0 < |z|? < €? and f(x) < 0} is semi-
algebraic, so that the classical results in real algebraic geometry can be used to
decide whether it is empty for some € > 0.

Let us give first a few definitions and results. (We follow closely [11].)
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A set in R™ is said to be semi-algebraic if it is a finite union of finite inter-
sections of sets defined by a polynomial equation (i.e. {x € R"; P(z) = 0}) or
inequality (i.e. {x € R™; P(z) > 0} or {z € R™; P(z) > 0}).

It is easy to see that a finite union (resp. a finite intersection) of semi-algebraic
sets is also semi-algebraic, and that the complement of a semi-algebraic set
is also semi-algebraic. For n,m € N*, the linear map 7 : (z,y) € R"™™ =
R™ x R™ — y € R™ is a projection. It turns out that projections of semi-
algebraic sets are also semi-algebraic, according to Tarski-Seidenberg theorem
(see e.g. [BIGITTITTIIR]):

Theorem 2. (Tarski-Seidenberg) If E is a semi-algebraic set in R"™™ and if
7 denotes the projection 7 : (x,y) € R"t™ — y € R™, then n(E) is a semi-
algebraic set in R™.

We notice that the above result can be stated as follows: the set
{y eR™; Iz €eR”, (z,y) € B}

is semi-algebraic. Furthermore, we can replace 3 by V, for the complement of
a semi-algebraic set is semi-algebraic. Thus eliminating finitely many symbols
among 3,V at the beginning of any formula involving a semi-algebraic set yields
a semi-algebraic set.

For our problem, we infer from Tarski-Seidenberg theorem that the set

F:={eR; Yz € R", (z,¢) € E}
is semi-algebraic, where we take
E:={(z,6) eR" xR; ¢ >0 and (||z||* > e* or 2 =0 or f(x) >0)}.

Using algorithms as those in [7J9T4I16], one can obtain the polynomial functions
of the variable € € R defining the set F. Note that, F' being a semi-algebraic
set in R, it is a finite union of intervals. It remains to determine those intervals
using for instance Sturm theorem (see below) to localize roughly the roots of
the polynomial functions involved in the definition of F', and Newton’s method
to find the roots with more accuracy. This allows us to answer the question of
whether F' is nonempty (i.e. the function f is locally positive definite).

Alternatively, one can avoid determining precisely the set F' by replacing a
numerical coefficient in the expansion of f, say a., with 0 < |eg] < d, by a
variable denoted by y € R. Let fy(z) := Z(K‘e'gd’e#() ae.x® 4+ yx® and

G :={(z,6,y) ER" xRxR; e >0and (|z||* >&® or x =0 or f,(z) > 0)}.
The set G is clearly semi-algebraic. It follows that the set
H:={yeR; IR, Ve eR", (z,e,y) € G}

is also semi-algebraic. After having determined the polynomial functions involved
in the definition of H, it remains to test whether a., € H or not (which is easy).
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Example 2. Let us consider the quadratic function f(x) = ||x||?. Let us denote
r = (2/,2,), where ' € R"~! and x,, € R. Pick eg = (0, ....,2). Then one readily
sees that

E={(z,e) €R"xR; e>0and (|Jz||* >e*or z =0 or ||z]|* > 0)}
={(z,e) e R" x R; £ > 0},
F =(0,400),
G={(2,6,9) ER" xR xR; ¢ >0and (|z]|> >&? or x =0 or ||2’||* + y2? > 0)},
H = (0, +00).

We stress that the sets F' and H are expected to be derived by using algorithms
inspired by Tarski-Seidenberg theorem, but here they can be obtained directly.
We notice that F' is nonempty, and that 1 € H, so that both approaches give
that f is locally positive definite.

3.2 Sturm theorem

The proofs of Tarski-Seidenberg theorem in [5I6III] rest on the analysis of the
changes of signs of sequences of polynomial functions of one variable, which is
inspired by Sturm theorem. It turns out that we can use directly Sturm theo-
rem to test whether the polynomial function is positive definite, without using
algorithms to describe the projections of semi-algebraic sets.

The Sturm sequence associated with a polynomial function P € Rlx] is de-
fined inductively as follows. First, we take Py := P and P, := P’. If P,_5 and
P;_1 are defined with P;_; # 0, we pick P; := —R, where R is obtained by doing
the Euclidean division of P;_5 by P;_1, namely

Py =P 1Q+ R, Q,REeR[z], deg(R) < deg(Pi—1).

Thus the Sturm sequence reads (P, ..., P) with Py = P, deg(Py) > deg(Py) >
e > deg(Pk), P 75 0, and Pk|P]€,1.

For a € R with P(a) # 0 we denote by N(a) the number of changes of signs
in the sequence (Py(a), ..., Px(a)), i.e.

N(a)=#{i € [[0,k —1]];35 € [[i + 1, k]], P;(a)Pj(a) < 0 and
Viel[i+1,j— 1] P(x) = 0}.

Then Sturm theorem (see e.g. [5]) can be stated as follows.

Theorem 3. (Sturm) Let P € R[x] with no multiple root and let a,b € R with
P(a)P(b) # 0. Then the number of real roots of P in [a,b] is N(a) — N(b).

Remark 5. 1. Saying that P has no multiple root is equivalent to saying that
P and P’ are relatively prime, or that Py € R*.

2. If P has multiple roots, then P, & R* is (up to the sign) the greatest common
divisor of P and P’. It is then sufficient to apply Sturm theorem to P :=
P/ Py. Indeed, the roots of P are simple and are the same as those of P.
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The main advantage of that result is that, after computing formally the
Sturm sequence, one can compute easily the number of roots in some interval
[a, b] without having to compute the roots (which may be a hard task).

In our problem, one roughly has to check that there is no root in some interval
[a,b]. More precisely, for given ¢ > 0, we set C. := [—¢,&]". We want to test
whether

Ve e C.\ {0} f(z)>0. (25)

If f(z) > 0 for all 2 € C., then is equivalent to

va' € (—e,e)" Y, #{an € [—e,cl; f@,an) = 0} = {? REE0 (o)

The condition in can be checked by using Sturm theorem for the variable
Ty, € [—¢,€l.

In practice, we check that f(x) > 0 for any extremal point z € {—¢,e}™, next
for x in the segment between two extremal points by using Sturm theorem, etc.
until proving that f(z) > 0 for all z € C., or merely for z € [—¢,]" ! x{—¢,e}.
The last step is the verification of .

Let us consider two examples.

Ezxample 3. Consider first the polynomial function
fzy,m2) =z + x123 + 22
Pick € = 1, so that C. = [~1,1]2. Then
FL1) =3, fF(1,-1) =1, f(-1,1) =1, f(—1,-1)=3.

Let us compute the values of f on 9C.. We find

flxy, ) =2t +(1+2) >0 Vo, € [-1,1],
f(ELzy) =(1+a3)+23>0 Vay € [-1,1].

Thus f(x) > 0 for all x € IC-..

Let us compute the Sturm sequence for the variable z1. We pick Py(z1) =
of + 2123 + 23 and Py (z1) = 0Py/0z1 = 423 + 23. The Euclidean division of Py
by P; reads

ri+ i+ od = (o +a)(gon) + mad +ad
We obtain R(z1) = 32123 + 23. We have two cases to consider.
(i) if z2 = 0, then R = 0, so that P;|Py. We notice that the map 7 — f(x1,0) =
x$ has one root in [—1,1].
(ii) if z3 # 0, then R # 0 and Py(z1) = —2z123 — 23. The Euclidean division of
P; by P» reads

3 1622 64z, 256 1 256
A b B — (2 g2y (=0T b 290 1 3 _ 200
7+ 2k = (mymry - 23)(- 202 o7 xg) P27 97,3

4
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Note that x3 — 227‘?3 < 0 for all z5 € [-1,1].
2

Therefore Py(x) = —a3 + 2275;63 € R* and we do not have to compute P;. We
2
find

( 3
Py(—1)=1—a3+22>0, P(—1)=—4+a3 <0, Po(~1) = Zzg —23 <0

and Ps(—1) = —a3 + 225 > 0, so that N(—1) = 2. On the other hand,
2

3
Po(1) = 1+a3+a5 >0, Pi(1) = 4+23 > 0, Py(1) = =25 a5 <0, Py(1) >0,

so that N(1) = 2. Since N(—1) — N(1) = 0, the function x; — f(z1,22) has no
root in [—1,1] for zo € [—1,1] \ {0}. This shows that the function f is locally
positive definite.

Example 4. Consider again the polynomial function f(z1,xs) = 2?7 — 42123 + 25
from Remark 1. If 0 < ¢ < 1 and 21 = +e, we have that 2§ — 42123 < Ce3
and f(+e,x3) > 0 for 29 € [—¢,¢]. Pick Py(x1) = 23 — dw12% + 23, Pi(21) =
0Py /0z1 = 2x1 — 422. The Euclidean division of Py by P; reads

1
2?2 — A2 + 2h = (20, — 4x§)(§x1 — 22) — 3x3,

and hence Py(71) = 323 € R* if 25 # 0.
If 25 = 0, the map x1 — f(21,0) = 2% has one root in [—¢,¢]. If 25 €
[—€, €]\ {0}, we have that

Py(—e) =2 +4ex2 + 25 >0, Pi(—) = —2c — 422 < 0, Py(—¢) = 323 > 0
so that N(—¢) = 2, and that for ¢ < 1,
Py(e) = e? —dex2 4+ 23 >0, Pi(e) =2 — 422 > 0, Py(e) = 323 > 0

so that N(g) = 0. It follows that the map 1 — f(x1,z2) has two roots in [—e, ],
and hence the function f is not positive definite.

4 Conclusion

In this paper, we provided high-order conditions for an analytic function to
be locally positive definite at the origin. We provided necessary conditions and
sufficient conditions for the local positive definiteness, but a necessary and suf-
ficient condition seems hard to find. Nevertheless, in the subclass of polynomial
functions, the theorem of Tarski-Seidenberg and those of Sturm can be used to
decide whether a given polynomial function is locally positive definite. However,
the corresponding computations using iterative projections on subspaces are in-
volved and they do not use the structure of the function. Furthermore, they do
not provide any bound from below of the function.
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