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Abstract: In this study, the evolution of surface water solitary waves under the action of Jeffreys’
wind–wave amplification mechanism in shallow water is analytically investigated. The analytic
approach is essential for numerical investigations due to the scale of energy dissipation near coasts.
Although many works have been conducted based on the Jeffreys’ approach, only some studies have
been carried out on finite depth. We show that nonlinearity, dispersion, and anti-dissipation are the
dominating phenomena, obeying an anti-diffusive and fully nonlinear Serre–Green–Naghdi (SGN)
equation. Applying an appropriate perturbation method, the current research yields a Korteweg–de
Vries–Burger-type equation (KdV-B), combining weak nonlinearity, dispersion, and anti-dissipation.
This derivation is novel. We show that the continuous transfer of energy from wind to water results
in the growth over time of the KdV-B soliton’s amplitude, velocity, acceleration, and energy, while
its effective wavelength decreases. This phenomenon differs from the classical results of Jeffreys’
approach and is due to finite depth. In this study, it is shown that expansion and breaking occur in
finite time. These times are calculated and expressed with respect to soliton- and wind-appropriate
parameters and values. The obtained values are measurable in experimental facilities. A detailed
analysis of the breaking time is conducted with regard to various criteria. By comparing these times
to the experimental results, the validity of these criteria are examined.

Keywords: wind-generated waves; wind-wave growth rates; Jeffreys’ theory; finite depth;
korteweg-de vries-burger equation

1. Introduction

Theoretical studies on the growth rate of linear surface wind–waves in deep or finite
water depths constitute a significant matter of investigation in fluid dynamics (see, for
instance, Li and Shen [1] and Bonfils et al. [2]). Surface wind–wave growth theories in
deep water have been initiated by the pioneering works of Jeffreys [3,4], Phillips [5], and
Miles [6]. Thomas et al. [7] and Montalvo et al. [8,9] have extended the Miles theory to
finite depth. More recent studies on finite depth were conducted by Kadam et al. [10].

In Jeffreys’ and Miles’ approaches, water is considered deep and irrotational, and
the water and air dynamic equations are linearized. Consequently, the wave amplitude
η(x, t, k), where x is the spatial coordinate, t is time, and k is the wave number, grows
exponentially over time, more or less quickly, according to the value of the wave growth
rate β. Namely, η(x, t, k) ∼ exp βt.

Moreover, Jeffreys’ and Miles’ theories were limited to the deep-water domains. For
the first time, Montalvo et al. [8,9] have highlighted the important role that finite depth
plays from a theoretical point of view. The principal purpose of these studies was to
provide solid physical–mathematical models with which to understand coastal processes
of wind–wave generation. The models proposed in these studies are in fair agreement with
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the data and empirical relationships obtained from the Lake George experiment as well as
with the data from the Australian Shallow Water Experiment (Donelan et al. [11,12], Young
[13,14]). Recently, in experimental facilities, Branger et al. [15] studied the effect of finite
depth on wave growth. The results obtained from these studies were in agreement with
the theoretical curves predicted by Montalvo et al. [8].

Beyond the linear and dispersionless approximations made in references [3] to [15],
specific phenomena are due to nonlinearity and dispersion. Nonlinearity implies that both
wave phase velocity and wavelength depend on wave amplitude, and dispersion implies
that the group velocity depends on the wave number (Whitham [16]).

This paper aims to study the simultaneous influence of nonlinearity, dispersion, and
wind anti-dissipative forcing on wave dynamics. More specifically, our study concerns
weak nonlinearity and dispersion under wind action. In this approach, the wave dynamics
are described using the soliton solution of a KdV-B-type equation (Benney [17], Johnson
[18], Grad and Hu [19], Hu [20], Wadati [21], Karahara [22]) with anti-dissipation. The
weakly nonlinear and anti-dispersive KdV-B type equation is derived from a fully nonlinear
Serre–Green–Nagdhi system (Serre [23], Green et al. [24], Green and Naghdi [25], Su and
Gardner [26]) using a reformulated Whitham’s method [16]. In recent years, various novel
analytical techniques have been developed to solve nonlinear equations and find a diversity
of solitary wave solutions (see, for instance, Shah et al. [27,28], Zhang et al. [29], and Shakeel
et al. [30]).

The paper is organized as follows: In Section 2.1, dimensionless Serre–Green–Naghdi
(SGN) equations considering wind action with Jeffrey’s mechanism are presented. In
Section 2.2, applying an appropriate perturbative method, the Korteweg–de Vries–Burger
equation is derived from SGN equations. In Section 2.3, a soliton-like solution of the
KdV-B equation is given. Section 2.4 shows that the soliton solution of the KdV-B equation
has a decreasing effective wavelength and a growing amplitude over time and blows up
within a finite time while keeping its symmetric shape. Therefore, it is clear that the wave
breaking that occurs before the blow-up must have other physical reasons. In Section 3,
we apply various wave-breaking criteria to the KdV-B solution and find the breaking time
and various characteristics of the wave at the breaking time in each case. Section 4 presents
calculations of the breaking time for specific values of depth and wind speed at a height of
10 m. Finally, in Section 5, conclusions are drawn and discussed.

2. Materials and Methods
2.1. Dimensionless Green–Naghdi Equations

Green–Naghdi equations under wind action (Green et al. [24], Green and Naghdi
[25], Manna et al. [31]) are as follows:

ut + uux + gηx = − 1
ρw

[Pa(x, η, t]x +
1

3(η + h)
{(η + h)3(uxt + uuxx − u2

x)}x, (1a)

ηt + [u(η + h)]x = 0, (1b)

where u(x, z, t) is a fluid’s horizontal velocity, which we assume to be independent of z, i.e.,
u(x, z, t) = u(x, t); Pa(x, z, t) is the Archimedean air pressure taken at the perturbed water
surface z = η(x, t); η(x, t) is wave amplitude; g is gravitational acceleration; ρw is water
density; and h is water depth. Subscripts x and t denote partial derivatives with respect to
x and t, respectively.

If Pa = P0 = constant, Equations (1a)–(1b) reduce to the usual Green–Naghdi equa-
tions. The Jeffreys’ sheltering mechanism assumes that Pa = Pa(x, z, t). The air pressure
on the windward wave’s face is larger than the seaward wave’s face, which causes a
continuous energy transfer from the wind to the wave.

Jeffreys [3,4] showed that the pressure Pa(x, z, t) evaluated on the surface, i.e., Pa =
Pa(x, z = η, t), can be expressed as follows:

Pa(x, z = η, t) = ρaε(U10 − c)2ηx(x, t), (2)
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where ε is the sheltering coefficient, ρa is the air density, U10 is the wind velocity at a height
of 10 m, and c = (g/k)1/2 tanh1/2(kh). Substituting Equation (2) into Equations (1a) and
(1b) yields

ut + uux + gηx = −εs∆2ηxx +
1

3(η + h)
{(η + h)3(uxt + uuxx − u2

x)}x, (3a)

ηt + [u(η + h)]x = 0, (3b)

where s = ρa
ρw
∼ 10−3 and ∆ = U10 − c.

We introduce dimensionless “primed” variables, x′, t′ and η′, as follows:

x = λ0x′, t =
λ0

c0
t′, η = a0η′, (4)

where c0 = (gh)1/2, a0 and λ0 are initial typical wave amplitude and wavelength, respec-
tively. In addition, we define two fundamental parameters commonly used in classical
water surface studies, namely, ν and δ, as follows:

ν =
a0

h
, δ =

h
λ0

. (5)

Finally, in order to obtain the dimensionless, scaled Green–Naghdi equations of motion,
the following scaling is required (Johnson [18]):

u = νu0. (6)

By introducing Equations (4)–(6) into Equations (3a) and (3b), we obtain the following
dimensionless equations

u0,t + νu0u0,x + ηx = −εs∆2δηxx +
δ2

3(1 + νη)
{(1 + νη)3(u0,xt + νu0u0,xx − νu2

0,x)}x, (7a)

ηt + [u0(1 + νη)]x = 0, (7b)

where, for convenience, the “primes” of dimensionless quantities are omitted.

2.2. Korteweg–De Vries–Burger Equation

In this section, we derive the KdV-B equations from SGN Equations (7a) and (7b). To
this aim, we consider a wave moving from left to right (Whitham [16]). At the lowest order,
by neglecting the terms of order ν and δ and any higher orders, Equations (7a) and (7b) are
reduced to

ut + ηx = 0, (8a)

ηt + ux = 0. (8b)

Equations (8a) and (8b) are equivalent to

ηtt + ηxx = 0, or utt + uxx = 0, (9)

and
ux(x, t) = η(x, t), (10)

is a solution of Equations (8a) and (8b).
Now, we look for a perturbed solution with the following form (Whitham [16]):

u = η + νA+ δB+ δ2C+ O(δν, δ2ν, ν2), (11)
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where A, B, and C are functions of η and its derivatives. By inserting Equation (11) into
Equations (7a) and (7b), we obtain

ηt + ηx + ν(At + ηηx) + δ(Bt + εs∆2ηxx) + δ2(Ct −
1
3

ηxxt) + O(δν, δ2ν, ν2) = 0, (12a)

ηt + ηx + ν(Ax + ηηx) + δ(Bx + δ2Cx + O(δν, δ2ν, ν2) = 0, (12b)

where
ηt = −ηx + O(δν, δ2ν, ν2). (13)

Therefore, in Equation (12a), all the t-derivatives may be substituted by −∂x. Hence,
Equations (12a) and (12b) are compatible if

A = −1
4

η2, B =
1
2

sε∆2ηx, C =
1
6

ηxx. (14)

Substituting Equation (14) into Equations (12a) and (12b) yields

ηt + ηx +
3
2

νηηx +
δ2

6
ηxxx + sε

δ

2
∆2ηxx = 0, (15a)

u− η +
ν

4
η2 − sε

δ

2
∆2ηx −

1
6

δ2ηxx = 0. (15b)

Equation (15a) is the KdV-B equation appearing in various physical contexts such as
wave–particle interactions, dust charge fluctuations in dusty plasma, multi-ion streaming,
Landau damping, etc. (f.i., see Adriani et al. [32] and Cheng et al. [33]), while Equation
(15b) is a Riemann invariant.

Notice that an analogous study was carried out by Manna et al. [34], starting from a
weak nonlinear Boussinesq equation.

2.3. Solution of Korteweg–De Vries–Burger Equation

In order to find the solution of Equation (15a), we apply the following change of
variables:

σ = x− t, t1 = δ2t. (16)

Hence, Equation(15a) becomes

ηt1 +
3
2

ηησ +
δ2

6ν
∆2ησσσ +

δ

2ν
∆2sησσ = 0. (17)

It is worth noticing that the limit of Equation (17), as s→ 0 yields to the well known
KdV equation:

ηt1 +
3
2

ηησ +
δ2

6ν
∆2ησσσ = 0. (18)

This result is quite natural since s→ 0 amounts to neglecting the action of the wind.
Therefore, it is possible to assume that the KdV-B solution, Equation (17), has the same
form as the solution of Equation (18), namely

η(σ, t1) =
a

cosh2[P(σ− c′t1)]
. (19)

This is the typical soliton solution of the KdV equation, with one difference, however:
the amplitude a in Equation (19) can be time-dependant, whereas the amplitude of KdV
equation is not.

By inserting Equation (19) into Equation (17), we obtain

P =

√
3ν

4δ2 , c′ =
a
2

. (20)
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Now, the task is to find the time-dependent expression of a(t) in Equation (19). Notic-

ing that the anti-diffusive term
δ

2ν
∆2sησσ in Equation (17) is of the order δ3 and small

enough at t = 0, one can find the solution of Equation (17) via perturbation. For this
purpose, we introduce a slow time t2, as follows

t2 = δ2t1 = δ3t, (21)

and we expand η in terms of δ, as follows

η = η0(σ, t2) + δη1(σ, t2) + O(δ2), (22)

where η0 is the solution given by Equation (19).
By introducing ν0 in the following manner

ν = ν0δ2, (23)

and inserting Equation (22) into Equation (17), we obtain

at order 0 of δ
∂η0

∂t1
+

3
4

ν0η0
∂η0

∂σ
+

1
6

∂3η0

∂σ3 = 0, (24a)

and at order 1 of δ:

∂η1

∂t1
+

3
2

ν0η0
∂η1

∂σ
+

3
2

ν0η0,ση1 +
1
4

ν0
∂3η1

∂σ3 = −η0,t2 −
s0

2
ε∆2

0η0,σσ. (24b)

By introducing operators L̂0 and L̂1 as follows

L̂0 =
∂

∂t1
+

3
4

ν0η0
∂

∂σ
+

1
6

∂3

∂σ3 , (25a)

L̂1 =
∂

∂t1
+

3
2

ν0

(
η0

∂

∂σ
+ η0,σ

)
+

1
4

ν0
∂3

∂σ3 . (25b)

Equations (25a) and (25b) read

L̂0η0 = 0, (26a)

L̂1η1 = −η0,t2 −
s0

2
ε∆2

0η0,σσ. (26b)

For further progress, we apply Green’s theorem in one dimension. One can find
the application of this theorem to linear differential operators in various works (Dunkel
[35], Svendsen [36], Chiang [37]). In particular, the damping of solitary waves [38,39] has
been shown using this theorem, and an extension to matrix differential operators has been
carried out by Manna and Latifi [40]. Green’s theorem in one dimension (Darboux [41])
provides us with ∫ b

a
[zP(y)− yP̄(z)]dx = [P(y, z)]ba, (27)

where P is a linear differential operator and y and z any two functions of x and P̄(z) and
P(y, z) are the adjoint and the bilinear differential expressions of P(y), respectively.

Applying Green’s theorem to our case by replacing Equations (25a) and (25b) in
Equation (27) yields ∫ +∞

−∞

(
η0 L̂1η1 − η1 L̂0η0

)
dσ = 0. (28)
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Notice that the right-hand side of (28) is null due to the symmetric behavior of η0
and η1 at ±∞. By replacing η0 from Equation (19) with a time-dependent amplitude a(t2),
Equation (28) yields the following:

a(t2) =
1

1− 2
5

sε∆2

δ2 t2
. (29)

Using the approximation O(ν) = O(δ2), Equation (21) can equivalently be written as
t2 = νδt. Hence, Equation (29) becomes

a(t) =
1

1− t
tb

, (30)

where
tb =

5δ

2εs∆2ν
. (31)

In Equation (30), it can be seen that the amplitude a(t)→ ∞ when t→ tb, which we
call the blow-up time. Hence, the solution of (15a) is as follows:

η = a(t) cosh−2(θ), (32)

where

θ(x, t) = αa1/2
[

x− t +
ν

2
tb ln

(
1− t

tb

)]
, α =

(
3
4

a0

h

)1/2 λ0

h
, (33)

2.4. Blow-Up in Finite Time and the Evolution of the Soltion’s Shape

In this section, we shall study the evolution of the soliton’s shape over time, i.e.,
Equation (32), before the blow-up time tb.

Returning to variables with dimensions, Equation (4), that is, the solution of KdV-B,
i.e., Equation (32), is expressed as follows:

η(x, t) =
a0

1− t
tb

cosh−2
{

α

(1− t
tb
)1/2

1
λ0

[
x− c0t +

ν

2
c0tb ln

(
1− t

tb

)]}
. (34)

For t = 0, we have

η(x, 0) = a0 cosh−2
(

α

λ0
x
)

, (35)

where

α2 =
3ν

4δ2 =
3
4

a0λ0
2

h3 . (36)

Using Equation (36), the blow-up time, tb, can also be expressed as follows for further
use:

tb =
5
2

c0h2

εsa0∆2 . (37)

The wave number k and the frequency ω, for a monochromatic progressive wave with
a phase θ(x, t) = kx−ωt, are defined as follows:

k =
∂θ

∂x
, ω = −∂θ

∂t
. (38)

These definitions can be generalized for k and ω depending on x and t:

k(x, t) =
∂θ

∂x
(x, t), ω(x, t) = −∂θ

∂t
(x, t). (39)
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By employing Equations (30), (33), and (39), the wavelength λ(t) and the wave number
k(t) of the soliton solution (32) can be defined as follows:

λ(t) =
λ0

α

(
1− t

tb

)
=

(
4h
3a0

)1/2
h
(

1− t
tb

)1/2
, (40)

k(t) =
(

3a0

4h

)1/2 1
h

(
1− t

tb

)−1/2
= αa1/2(t). (41)

We define the effective wave number, denoted as k̃, as follows:

k̃ =
α

λ0
=

(
3a0

4h

)1/2 1
h

, (42)

and we define the associated effective wavelength, denoted as λ̃, as follows:

λ̃ =
1

k̃
=

(
4h
3a0

)1/2
h. (43)

It is worth noting that for t→ tb, Equations (40), (41), and (30) yield

lim
t→tb

λ(t) = 0, lim
t→tb

k(t) = ∞, lim
t→tb

a(t) = ∞, (44)

respectively. This is the first indication of the narrowing of the soliton’s shape while its
amplitude a(t) grows.

For further exploration, we examine the speed of the phase planes on either side of
the soliton’s crest. Using Equation (41), it is useful to write Equation (33) as a function of
k(t), as follows

θ(x, t) = k(t)(x− t) + νtbk(t)[ln(x)− ln(k(t))]. (45)

Using Equation (41), we obtain

∂k(t)
∂t

=
k3(t)
2α2tb

. (46)

Employing Equations (39) and (46) together yields ω as a function of k(t):

ω(x, t) = − k3(t)
2α2tb

(x− t) + k(t)− νtb
k3(t)
2α2tb

[
ln
(

α

k(t)
− 1
)]

. (47)

The dimensionless phase velocity c(x, t) of the soliton solution is

c(x, t) =
ω(x, t)

k(t)
= 1 +

ν

2α2 k2(t)− k(t)θ(x, t)
2α2tb

, (48)

which, by using Equation (41), can be equivalently written as a function of a(t), as follows

c(x, t) = 1 +
ν

2
a(t)− a1/2(t)

2αtb
θ(x, t). (49)

The position of the soliton’s crest can be found by solving

θ(x, t) = 0, (50)
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at any time t. The dimensionless phase θ is provided by the first of the equations in
Equation (33), while the phase velocity c is given by Equation (49). Therefore, the position
of the soliton’s crest and the velocity of the soliton at its crest are

xcrest(t) = t +
νtb
2

ln[a(t)], (51)

c(xcrest, t) = 1 +
ν

2
a(t), (52)

respectively.

By incorporating Equations (49) and (33), the phase speed becomes

c = ccrest −
α

2
a(t)
tb

[
(x− t)− ν

2
tb ln[a(t)]

]
= ccrest −

α

2
a(t)
tb

[x− xcrest]. (53)

Therefore, the speeds of the phase planes at (xcrest − ∆x) and (xcrest + ∆x) are

ccrest−∆x = ccrest +
α

2
a(t)
tb

∆x, (54a)

ccrest+∆x = ccrest −
α

2
a(t)
tb

∆x, (54b)

respectively. Hence,
ccrest−∆x > ccrest > ccrest+∆x. (55)

This means that the phase planes on the left side of xcrest have a greater speed than the
phase planes on the right side of xcrest, resulting in a narrowing of the soliton’s shape while
its amplitude a(t) grows (Figure 1).

Moreover, there is no symmetry breaking in the soliton’s shape since, according to
Equations (54a) and (54b), the symmetric phase planes on either side of xcrest have equal

speeds when moving toward the phase plane at xcrest, namely,
α

2
a(t)
tb

∆x. This speed grows

over time with the amplitude a(t). Therefore, wave breaking does not result directly from
the soliton solution of the KdV-B equation. Hence, one should consider other criteria to
explain wind–wave breaking before the blow-up time. These criteria shall be considered in
the next section.

It should also be noticed that the propagation speed of the soliton is the speed of its
crest, namely, ccrest.

Figure 1. On the left, the soliton is plotted at t = 0. The amplitude at crest is a0, and its effective
wavelength is λ̃. The origins of the coordinates are placed at their crest positions. On the left side, at
t > 0, the soliton has moved to the right, its shape has sharpened (λ(t) < λ̃), and its amplitude has
grown (a(t) > a0). For convenience, scales are not respected.
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3. Wave-Breaking Criteria

As noted in the previous section, wave breaking does not result from the evolution
of the wave as the soliton solution of the KdV-B equation. Therefore, we must consider
other reasons for wave breaking. The most well-known criteria of wave breaking for linear
monochromatic waves are the McCowan criterion [42], the Miche criterion [43], and the
horizontal velocity criterion (Shemer [44]). However, as we shall see, these latest criteria
cannot be applied to our case. Therefore, we propose an alternative criterion that we shall
call the “alternative velocity criterion”. For further use, we denote td,Mc, td,Mi, and td,alv
as the wave-breaking times within the McCowan criterion, the Miche criterion, and the
alternative velocity criterion, respectively.

In what follows, we will compute the breaking time td, as well as the amplitude,
the wavelength, and the phase velocity, of a solitary wave at t = td within each of the
mentioned criteria.

3.1. McCowan Criterion

The McCowan criterion is established for linear solitary waves and concerns the
maximum height that such waves might attain without breaking. McCowan has shown
that breaking occurs at a given rate between the maximum wave amplitude amax and the
water depth h, namely

amax

h
≈ 0.78. (56)

Applying this criterion to the soliton solution Equation (34), where a(t) = a0(1− t
tb
)−1,

Equation (56) yields ( a0

h

) 1

1− td,Mc
tb

≈ 0.78. (57)

Equation (57) gives the breaking time according to McCowan criterion, which is

td,Mc ≈ tb(1− 1.28ν). (58)

Using Equation (34), it is easy to calculate the maximum height reached at t = td,Mc:

ηmax = amax ≈
a0

1.28ν
≈ 0.78h. (59)

In addition, by employing Equation (40), one obtains the soliton’s wavelength at the
moment of wave breaking, namely, λ(td,Mc):

λ(td,Mc) ≈ 1.28
(

4
3

a0h
)1/2

. (60)

3.2. Miche Criterion

The Miche criterion is based on empirical observations of linear waves’ dispersion
relations at a finite depth h with a wave length of λ. The Miche criterion fixes the maximum
height amax reached by a wave before it breaks, as follows( a

λ

)
max

=
1
7

tanh
(

2πh
λ

)
. (61)

In our case, by replacing a with a(t) = a0(1− t
tb
)−1 and λ with Equation (40), on the

right side of Equation (61), we obtain

( a
λ

)
max

=
ν

2
(3ν)1/2

(
1−

td,Mi

tb

)3/2
. (62)
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Now, by replacing λ with Equation (40) on the left side of Equation (61), employing

ν = a0/h, assuming t = td,Mi, and expanding the hyperbolic tangent of
( a

λ

)
max

up to the

order (3ν)3/2, we obtain

1
7

tanh
(

2πh
λ

)
=

1
7

π(3ν)1/2

(1− td,Mi
tb

)1/2
− 1

21
π3(3ν)3/2

(1− td,Mi
tb

)3/2
+ O(ν5/2). (63)

Using Equations (61)–(63) and neglecting terms of a higher order than ν, we obtain

td,Mi = tb

(
1− 7ν

2π
− π2ν

)
. (64)

The maximum height reached by the wave at t = td,Mi is

ηmax = amax ≈
0.09a0

ν
≈ 0.09h. (65)

Using Equations (62) and (64), the soliton’s wavelength can be calculated at t = td,Mi:

λmax ≈ 4.7× 10−3
(

h
a0

)5/2
h. (66)

3.3. Alternative Horizontal Velocity Criterion

The horizontal velocity criterion assumes that wave breaking occurs when the group
velocity of a water plane wave exceeds the speed of the phase plane at the crest. In our
case, this criterion cannot be applied because, at the first approach, the group velocity does
not have a significant impact on a solitary wave. Therefore, we replace this criterion with
an alternative approach, assuming that wave breaking occurs when the fluid horizontal
velocity exceeds the phase plane velocity at the crest. At this moment, matter starts to be
ejected from a wave.

The phase plane velocity is expressed as shown in Equation (49). The phase velocity
at the crest, i.e., for θ(x, t) = 0, is given in Equation (52). The horizontal water velocity
is given in Equation (15b). Using Equations (6) and (22), as well as (21) or, equivalently,
t2 = νδt, the water velocity can be expanded as follows

u0 = η − ν

4
η2 + O(δ, δ2). (67)

It can be seen from Equation (32) that at the crest, η(θ = 0) = a(t). Hence, the
alternative velocity criterion is as follows:

1 +
ν

2
a ≥ a− ν

4
a2 (68)

The above inequality yields the following quadratic equation

a2 +

(
2− 4

ν

)
a +

4
ν
≥ 0 (69)

Considering the fact that ν is a small parameter, the solution of Equation (69) is a / 1
2

and a ' 4
ν −

5
2 . The first part of the solution is not acceptable since it corresponds to

negative times, while the latter, using Equation (30) and neglecting the terms of order ν2,
yields the breaking time td,alv, as follows

td,alv ≈ tb

(
1− ν

4

)
. (70)
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By incorporating Equation (34), the maximum height reached at t = td,alv is expressed
as

amax(td,alv) ≈ 4h. (71)

The wave length at t = td,a is obtained from Equation (40), and it is expressed as
follows:

λ(t = td,alv) =

(
1
3

)1/2
h. (72)

4. Results

In order to calculate the specific values of breaking time, wave amplitude, wave length,
wave speed, and the distance traveled by a solitary wave at the breaking time in accordance
with each of the criteria studied in the previous section, we must calculate the blow-up
time for different values of depth and wind speed at a height of 10 meters. This calculation
can be performed using Equation (37). Specific values of the breaking time td are shown
in (Table 1) for a depth ranging from 20 cm to 100 cm, covering shallow and intermediate
water depths (Young [14]), and a wind speed at 10 m, denoted as U10, ranging from 10 m/s
to 30 m/s.

Table 1. In this table, blow-up times tb (s) are calculated for different values of depth h (cm) and wind
speed at 10 m height U10 (m/s).

U10

h 20 30 40 50 60 70 80 90 100

10 247 556 998 1543 2222 3025 3951 5000 6173
15 102 230 408 638 918 1250 1633 2066 2551
20 55 125 222 346 499 679 886 1122 1385
30 24 54 95 149 214 291 381 482 595

Using the values in Table 1, it is easy to calculate the breaking time td and various
characteristics of a wave at td. In (Table 2), we chose a typical wind speed at 10 m U10 = 15
m/s and a typical depth h = 60 cm. Using Equations (58) and (59), we calculated td,Mc and
amax for the McCowan criterion; we derived Equations (64) and (65), yielding td,Mi, and
amax for the Miche criterion; and, finally, we derived Equations (70) and (71), yielding td,Mi,
and amax for the alternative velocity criterion.

Table 2. The breaking time td and the maximum height amax reached by the soliton before breaking
were calculated in accordance with the McCowan, Miche, and alternative velocity criteria for U10 = 15
m/s and h = 60 cm, representing a typical wind speed at 10 m and a typical depth, respectively.

Criterion McCowan Miche Alternative Velocity

td 879 582 910
amax 47 5 240

5. Conclusions

In the context of wind–wave interaction under the action of Jeffrey’s mechanism,
using the SGN equation as a basis, we derived—through an appropriate perturbation
method—the KdV-B equation. To our knowledge, this derivation method is novel.

The soliton-like solution of the KdV-B equation was analytically obtained, and it was
shown that the wavelength of this solitary wave decreases in time while its amplitude
grows and expands in finite time. The blow-up time was analytically calculated, and its
numerical values were obtained for various wind speeds at 10 m and for various depths.

The evolution over time of the soliton solution’s shape was rigorously studied, and it
was proved that the symmetry of this soliton never breaks. Therefore, one must consider
other physical reasons for a wave breaking before a blow-up. For this reason, we calculated



Fluids 2023, 8, 231 12 of 13

the breaking time for the most well-known criteria, namely, the McCowan and Miche
criteria. We also pointed out that a third well-known criterion for wave breaking, namely,
“the velocity criterion”, cannot be applied in the case of solitary waves. Hence, we have
proposed an alternative to the latter criterion.

The values we have obtained are all measurable in experimental facilities and in situ.
Indeed, the range of wind speeds at 10 m, as well as the rage of depths, are typical values.
Moreover, the breaking times and the maximum amplitudes reached by the wave are also
observable and measurable values. Notice that the Miche criterion, which was conceived
for plane waves, yields hardly acceptable values. Although the McCowan criterion was
also conceived for plane waves, it considers "solitary waves" as individual waves in a train
of finite waves and compares the surface pressures near the crest and the mean level. The
third criterion, namely, the alternative velocity criterion, was a obtained using simulated
considerations for our specific solution. However, it is clear that these results must be
compared to in situ observations or experimental values.

Ultimately, it is important to emphasize the importance of the analytic approach to
wind–wave interaction. In the past, deep or finite-depth coastlines were used for naval and
commercial purposes. More recently, other human activities, such as recreation, habitat
construction, tourism, or wind farms, have increased considerably. Therefore, predicting
the evolution of waves near coasts is of practical importance.

Notice that the pure numerical modelling of this problem without recourse to theo-
retical developments has no chance of succeeding in the near or distant future because
of the scale of energy dissipation, which is on the order of a micrometer, meaning that it
would take 1025 mesh nodes to produce correct predictions on 100 km scales (Branger [45]).
Therefore, the theoretical studies carried out in this research are essential.
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