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The most salient feature of electronic topological states of matter is the existence of exotic elec-
tronic modes localized at the surface or interface of a sample. In this work, in an electronic topolog-
ical systems, we demonstrate the existence of localized phonon modes at the domain wall between
topologically trivial and non-trivial regions, in addition to the localized interfacial electronic states.
In particular, we consider a theoretical model for the Dirac semimetal with a gap opened by external
strains and study the phonon dynamics, which couples to electronic degrees of freedom via strong
electron-phonon interaction. By treating the phonon modes as pseudo-gauge fields, we find that the
axion type of terms for phonon dynamics can emerge in gapped Dirac semimetal model and lead to
interfacial phonon modes localized at the domain wall between trivial and non-trivial regimes that
possess the axion parameters 0 and π, respectively. We also discuss the physical properties and
possible experimental probe of such interfacial phonon modes.

Introduction - At the surface of a topological elec-
tronic material or at the domain wall between two topo-
logically distinct regions, surface or interfacial electronic
modes can emerge and exhibit exotic physical phenom-
ena [1–4]. The existence of these surface/interfacial
electronic modes is a direct consequence on non-trivial
topology of the bulk electronic band structure in topo-
logical materials, a general feature summarized as the
bulk–boundary correspondence [5–11]. The connection
between bulk topological states and the corresponding
boundary modes is not limited to electronic states, but
has also been generalized to other physical systems, in-
cluding photonics [12–15], phononics [16–18], magnonics
[19, 20], electric circuits [21, 22], and mechanical systems
[23–25], in which a variety of boundary modes have been
identified and classified, and many of them have been
experimentally observed.

Our current understanding and classification of topo-
logical states and boundary modes (e.g. electrons,
phonons, magnons, etc,) is mainly limited to systems
with one type of quasi-particles. As the interaction be-
tween different quasi-particles, e.g. electron-phonon in-
teraction, generally exists in realistic materials [26–31],
one may ask if topological states and the boundary modes
of different quasi-particles are connected to each other.
Topological polariton [32–37] provides such an example.
Here we wonder, in a system with strong electron-phonon
interaction, if a boundary phonon mode can exist for a
topologically non-trivial electronic system.

In this work, we give an affirmative answer to this ques-
tion and show that an interfacial phonon mode can exist
at the domain wall between two topologically distinct
regions with different electronic axion parameters. Par-
ticularly, we consider the Dirac semimetal model with
a small gap controlled by external static strain serving
as effective axion fields. Acoustic phonon dynamics is
strongly influenced by the axion term through electron-
acoustic-phonon (or equivalently electron-strain) interac-
tion, which gives rise to interfacial phonon modes local-
ized at the domain wall between topologically trivial and

non-trivial regions of electronic states.
Electron-acoustic-phonon Interaction and Valley Ax-

ion Field in Gapped Dirac Semimetals - We consider
three-dimensional (3D) Dirac semimetal, e.g. Na3Bi
[38, 39], with electron-phonon coupling, described by the
Hamiltonian H = He +He−ph. He is the model Hamil-
tonian for 3D Dirac semimetals [40, 41], and its detailed
form is described in Sec. S1 B of Supplementary Materi-
als (SM) [42]. The crystal symmetry of He is described
by the D6h group that can be generated by six-fold ro-
tation Ĉ6z, inversion Î and two-fold rotation Ĉ2x. The
conduction and valence bands of He have the crossings
located at the momenta Ka = (0, 0, akc) with a = ±
and kc depending on material parameters. Around these
crossing points, the effective Hamiltonians behave as 3D
massless Dirac fermions with nodes protected by Ĉ6z, as
schematically depicted in Fig. 1(a)(i). The index a = ±
in Ka is regarded as two ”valleys” that are related by
time reversal T̂ . For electron-phonon interaction He−ph,
we consider acoustic phonons that can be described by
the strain tensor uij = 1

2 (∂iuj + ∂jui) (i, j = x, y, z)
with the displacement field u [43]. Based on the D6h

group for Na3Bi, we can construct all the terms up to
the linear orders in both the momentum k and strain
tensor uij (Sec. S1 B of SM [42] ).
We next project the total Hamiltonian H into the sub-

space spanned by the massless Dirac fermions at Ka,
and the corresponding effective Hamiltonian is written
as Heff =

∑
a=± Heff,a with Heff,a given by

Heff,a = Apse
0 I+A0πxΓ3 −A0πyΓ4 − 2M1kcπzΓ5

+ |m| (cosΦaΓ1 − sinΦaΓ2) .
(1)

Here the Γ matrices are Γi = σi ⊗ τ1,Γ4 = I ⊗ τ2,Γ5 =
I⊗τ3,Γij = ϵijkσk⊗I,Γi4 = σi⊗τ3,Γi5 = −σi⊗τ2,Γ45 =
I ⊗ τ1 with i, j = 1, 2, 3. I labels the identity matrix and
σ, τ are two sets of Pauli matrices representing spin and
orbital degrees of freedoms, respectively. π = k − Apse

a

with the pseudo-gauge field [44–47] Apse
0 = C̃({uij})
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FIG. 1. (a) Setup. (i) The spectrum for Na3Bi is gapless at the K± points. (ii) The external strain leads to a gap in the
spectrum where θ0 = π/2 by choosing the static strain u0

xy → 0 and u0
xx − u0

yy ̸= 0. (iii) The variation of the static axion angle
along the y direction which induces a domain wall at the interface. (b) Interface mode dispersion ℏω as a function of in-plane
momenta (kx, kz). (c) Energy difference between the lowest bulk mode and the next lowest mode ℏ∆ω = ℏ(ω2−ω1). The thick
white dashed lines separate Region I where the interface mode merges with the bulk modes, and Region II where the interfacial
mode is below the bulk modes in energy. The thin dashed orange lines show cuts in the kxkz plane for which we have plotted
the energy dispersion in (d), (e), and (f). (d) Band dispersion at kx = 0 where two interface modes (marked in red and green
lines) exist. The bulk modes are highlighted in blue and shaded with a cyan region. Inset: the band crossing between the two
interface modes. (e) Band dispersion at kx = 2.5 nm−1 where one interface mode (red line) merges into the bulk modes for
kz ∼ [−1, 1] nm−1 (Inset),consistent with Region I of (c). (f) Band dispersion at kx = kz where one interface mode (red) exists.
Inset: the interface mode’s velocity is than that of the the bulk modes. The lowest bulk mode is shown with the dotted blue
line in (d)-(f). We use r = .8; s = .713; t = .9 in units of 10−12m4/s2 and a = 6.75, b = 3.17, c = 1.01, d = 1.93, f = 11.02 in
units of 106 m2/s2.

and Apse
a = a

[
−A4kcuxz, A4kcuyz, M̃({uij})

]
(a = ±).

C̃({uij}) = C3uzz+C4(uxx+uyy), M̃({uij}) = M3uzz+

M4(uxx + uyy), |m| = Dkc
√

(2uxy)2 + (uxx − uyy)2,

Φa = aθ, cot θ =
uxx−uyy

2uxy
, with C3,4,M3,4, A0,4, D as

material parameters that are constant over the whole
system [42]. |m| (cosΦaΓ1 − sinΦaΓ2) is a complex val-
ley dependent mass term due to strain that can gap out
the Dirac points, as depicted in Fig. 1(a) (ii). We con-

sider a static strain u
(0)
ij and a dynamical strain field

δuij , uij = u
(0)
ij + δuij , in which the static strain can

be nonuniform and is chosen only to possess non-zero

u
(0)
xx − u

(0)
yy and u

(0)
xy while all other components are zero.

Consequently, u
(0)
ij can produce the Φa field but not

Apse = (Apse
0 ,Apse

a ). We consider acoustic phonons that
create a dynamical strain field δuij , leading to the Apse

field. Apse
0 has the same sign for both valleys, while Apse

a

flips its sign between two valleys, as required by T̂ .

With the Fermi energy within the energy gap of the ef-
fective Hamiltonian Eq.1, we can integrate out the Dirac
fermions and obtain the effective action for Apse as[48]

Sax =
∑

a=± Seff,a,

Seff,a = 1
32π2

∫
dtd3rΦaϵ

µνρδFµν,aFρδ,a, (2)

where Fµν,a = ∂µApse
ν,a − ∂νApse

µ,a and µ, ν = 0, 1, 2, 3.
Seff,a has a similar form as the axion electrodynamics
[49–51], but it is for the Apse field connected to the strain
field. Thus, Seff,a is expected to influence phonon dy-

namics. Due to T̂ , the Φa field has opposite signs for two
valleys, and thus we dub Φa as the ”valley axion field”.
The derivation for the explicit form of Sax can be found
in Sec. S1 C of SM [42]. Sax is invariant under Ĉ6z,

Ĉ2x, T̂ and Î. We can re-write the effective action in a
compact form

Sax = −
∫

dtd3r (∇θ · h) , (3)
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FIG. 2. (a) The spatial distribution of the real and imaginary parts of the displacement field of the interface phonon mode
at point X where (kx, kz) = (2.5, 3)nm−1. The uy component (both real and imaginary) is even across the axion domain
wall whereas the x and z components are odd. (b) The inverse decay length (Λ) of the dominant uy component of the
displacement as a function of (kx, kz) (c) The out of plane (y direction) phonon angular momentum of the interface mode at
kx = 0 (red) , kx = 2.5nm−1 (blue) and kx = kz (dark green). We use r = .8; s = .713; t = .9 in units of 10−12m4/s2 and
a = 6.75, b = 3.17, c = 1.01, d = 1.93, f = 11.02 in units of 106m2/s2.

where hx = −C̃
(
A0A4M0∂zuyz +A2

0∂yM̃
)
,

hy = C̃
(
A0A4M0∂zuxz +A2

0∂xM̃
)

and hz =

A0A4M0C̃ (∂xuyz − ∂yuxz). Sax vanishes when θ is
a constant and is non-zero at the θ domain wall.
Interficial Phonon Modes at Axion Domain Wall-

From the functional derivative δ(S0+Sax)/δu = 0, where
S0 is the bulk elastic action for the D6h group with 5 in-
dependent elastic modulii a, b, c, d, f [52, 53] and Sax is
the axion term in Eq. (2), one can derive the equation
of motion for the phonon displacement field u as

Hphu = ρω2u, (4)

where ρ is mass density, ω is phonon frequency and Hph

is the effective phonon Hamiltonian given by Hph =

Hbulk +Hax (Sec. S1 F and Sec. S2 A of SM [42]). Here
we assume the translation symmetry along the x and z
directions, so that the in-plane momentum k∥ = (kx, kz)
a good quantum number. Along the y direction, we con-
sider a domain wall configuration for the axion field,
Φa = aθ(y) = aπΘ(L/2 − y), where Θ(y) is the step
function, a = ± and L is the system size as depicted in
In Fig. 1(a) (iii). This Φ configuration can be achieved

by applying a nonuniform static strain u
(0)
xx − u

(0)
yy < 0

for y < L/2 and u
(0)
xx − u

(0)
yy > 0 for y > L/2 in the limit

u
(0)
xy → 0. Since ∆Φ = π, the interface is an electronic ax-

ion domain wall. By choosing the wave-function ansatz
u(r, t) = f(y)eik∥·r∥ with r∥ = (x, z) and k∥ = (kx, kz),
the form of the Hamiltonian Hax is given by (Sec. S2 A
of SM [42] )

Hax =

 0 s
2k

2
z{∂y, ∂θ

∂y} i ∂θ∂yα(kx, kz)

− s
2k

2
z{∂y, ∂θ

∂y} 0 − 1
2 (s+ t)kxkz{∂y, ∂θ

∂y}
−i ∂θ∂yα(kx, kz) + 1

2 (s+ t)kxkz{∂y, ∂θ
∂y} 0

 , (5)

where α(kx, kz) = rk3z − (s + t)k2xkz,
θ0

2π2Z
J
2C3 ≡ r,

θ0
2π2Z

J
2C4 ≡ s and θ0

2π2ZA2
0(C3M4 − C4M3) ≡ t with

J = −2A0A4M0 and Z = 2A2
0M1kc. Hax contains ∂θ

∂y ,

which is only non-zero at the axion domain wall.

We numerically solve Hph (Sec. S3 in SM [42]). Fig.
1(b) illustrates the anisotropic dispersion of the lowest
frequency phonon mode in the k∥ plane. Fig. 1(d) and
(e) show the phonon dispersion along the kz direction
for kx = 0 and kx = 2.5nm−1, respectively, while Fig.
1(f) is for phonon dispersion along the kx = kz direction.
The cyan shaded areas in Fig. 1(d)-(f) represent the dis-
persion of bulk phonons that can be obtained from the

eigen-frequency of Hbulk. In the insets of Fig. 1(d)-(f),
additional phonon modes emerge with their frequency
below the bulk phonon frequency. We find one mode
(red) in Fig. 1(e) and (f), and two modes (red and
green) in Fig. 1(d). Fig. 1(c) depicts the frequency dif-
ference between the lowest bulk phonon frequency and
the lowest phonon modes in the domain wall configu-
ration in the k∥ space, which can be divided into two
regions. This frequency difference is zero in Region I,
while it becomes positive in Region II, implying the ex-
istence of the modes with their frequencies below bulk
phonon frequency. To further demonstrate their origin
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from the axion domain wall, the wave function f(y) for
the y-directional distribution of the displacement field at
X = (kx, kz) = (2.5, 3)nm−1 is depicted in Fig. 2(a).
All components of displacement field u decay exponen-
tially away form the the axion domain wall located at
y = L/2, thus unambiguously demonstrating the inter-
facial nature of these phonon modes. The interfacial
phonon wave functions f(y) for different momenta are
further discussed in Fig. S3 of SM [42]. We can use the
exponential function ∼ e−λy|y−L/2| to fit to the solution
fy(y) that exhibits the largest amplitude for different k∥,
and the λy parameter that represents the inverse of local-
ization length is shown as a function of k∥ in Fig. 2(b).
λy = 0 in Region I and nonzero λy appears in Region II
and III, which means the interfacial modes only exist in
Regions II and III, consistent with Fig. 1(c). Region II
has one interfacial mode while Region III contains two
interfacial modes. More information on these two inter-
facial modes can be found in Fig. S7 of SM [42]. With
increasing |k∥|, λy increases, and the localization length
decreases. Thus, the interfacial phonon modes become
more localized for a large momentum. The existence of
the interfacial phonon modes can be understood by ana-
lytically solving the eigen-equation (4) with the domain
wall configuration under certain approximations. Two
analytically solvable cases are considered in Sec. S2 B,D
of SM [42], and Case I shows the presence of interfacial
modes with non-zero angular momentum, whereas Case
II shows the presence of two interface modes, similar to
the case in Fig. 1(d). Below we will only focus on Case
I while Case II is discussed in Sec. S2 D of SM [42].

For Case I, we choose r ̸= 0 and s = t = 0, such that
only α = rk3z ̸= 0 and take the isotropic approximation
forHbulk with a = c2l −c2t , b = d = c2t , c = c2l −2c2t , f = c2l .
We further assume ct = cl = c0 (the exact form of the
Hamiltonian is discussed in Eqs(58,59) of Sec. S2 B of
SM [42]). Due to the δ(y)-function, we look for expo-
nentially localized phonon modes around y = 0 with
the ansatz u =

∑3
τ=1 Aτe

−λτyuτ
0(y, λτ ) for y > 0 and

u =
∑3

τ=1 Bτe
ξτyvτ

0(y, λτ ) for y < 0, where λτ and ξτ
are the inverse localization lengths of mode τ for y > 0
and y < 0 respectively. u0 and v0 are the eigenmodes
for y > 0 and y < 0, respectively. By matching the wave
functions at the boundary y = 0, we obtain 6 linear equa-
tions for the variables A1,2,3 and B1,2,3. By solving for
the characteristic equation, we find bulk modes with ω =
c0k (k =

√
k2x + k2z) and an interfacial mode with ω =[

(c0k)
2 − (α(kx, kz)/c0)

2
]1/2

. The eigen-vector of the in-

terfacial phonon mode is u = Ne−λ|y|(sgn(α), 0,−i)T

with the normalization factor N and the inverse local-
ization length λ = |α(kx, kz)|/c20. The existence of the
localized interfacial phonon mode can also be understood
from the Jackiw-Rebbi-like mechanism [54, 55]. In con-
trast to Ref. [55], where the localized mode is a zero
energy mode resulting from the spatially varying coeffi-
cient of the kinetic energy term, which contains the do-
main wall structure, for a scalar field, the localized in-

terfacial phonon mode in our work has a finite frequency
and is obtained from higher-order-momentum term in the
effective action of phonons, which is a consequence of
electron-phonon interactions (see Sec. S2 C of SM [42]
for details. This interfacial phonon mode is circularly po-
larized and the corresponding phonon angular momen-

tum, defined by li = ℏu†
0Miu0 where i = x, y, z and

(Mi)jk = (−i)ϵijk [56, 57], has non-zero y-component,
ly = ℏsgn(α) = ℏsgn(kz). The quantized angular mo-
mentum ly is a consequence of the isotropic approxima-
tion. For a more realistic situation, we numerically eval-
uate the angular momentum of the interfacial phonon
modes in Fig. 2(c), in which ly strongly depends on
kz and increases rapidly for a large kz. ly changes its
sign for opposite momentum kz and thus reveals a heli-
cal nature as required by T̂ [58, 59]. More information
of phonon angular momentum is provided in Fig. S5,
and discussed in Sec. S5 of SM [42]. This phonon he-
licity can be probed via temperature gradient induced
phonon angular momentum [57–60]. Our numerical and
symmetry analysis suggests that the z-directional tem-
perature gradient can induce the y-directional angular
momentum ly via the axion term, and this response is
absent if there is no axion term, as discussed in Sec.
S5 B,C of SM (Fig. S11b) [42]. With increasing |k∥|,
the dispersion of the interfacial phonon mode generally
exhibits a maximum at a certain momentum and then
its frequency drops down. With further increasing |k∥|,
the phonon frequency can drop to zero and then become
imaginary, implying a lattice instability. Nevertheless,
our effective action of acoustic phonon dynamics is only
valid for the momentum within the first Brillouin zone
and breaks down closer to the Brillouin zone boundary
(roughly at ∼ 10nm−1), so we restrict our in-plane mo-
menta to be 5nm−1. Within this momentum range, we
find the axion term Hax is not strong enough for a lattice
instability. A surface acoustic wave can generally exist
at the surface of an elastic material (described by the
phonon Hamiltonian Hbulk with a stress-free boundary
condition), even in the absence of the valley axion term
[43]. The presence of axion term will also strongly modify
the surface acoustic wave (Sec. S4 of SM [42]).

Conclusion - In this work, we demonstrate the ex-
istence of the interfacial phonon modes localized at the
domain wall between two regions with different valley ax-
ion parameters due to the electron-phonon interaction in
the gapped Dirac semimetal model. Although our model
is derived for Na3Bi, this mechanism can be generalized
to other Dirac materials. The key requirement is that
the low-energy Dirac Hamiltonian should be located at
generic momenta that are not T̂ -invariant, as the complex
mass and the pseudo-gauge field terms in Eq. (1) gener-

ally break T̂ . Given this requirement, the existing Dirac
materials, Na3Bi and Cd3As2 [40, 41], may host inter-
facial phonon modes from our mechanism, which may
be probed via different experimental methods. We no-
tice that the interfacial phonon modes have been previ-
ously observed in epitaxial Si-Ge interface via a combi-
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nation of Raman spectroscopy and high-energy- resolu-
tion electron energy-loss spectroscopy (EELS) in a scan-
ning transmission electron microscope [61], and in epi-
taxial cubic boron nitride/diamond heterointerface using
4D EELS [62]. The unique phonon angular momentum
distribution in the momentum space [57–60] may help to
distinguish this mechanism of interfacial phonon modes
from other origins [61, 62]. Furthermore, phonon an-
gular momentum may couple to external magnetic fields
via Dirac electrons and potentially lead to a phonon ther-
mal Hall effect [63–65]. Our mechanism can also be ap-
plied to magnetic topological materials, e.g. MnBi2Te4,
even though the Dirac Hamiltonian is located at a high-

symmetry momenta [66–68] but T̂ is already broken by
its intrinsic magnetism. One may also expect interfa-
cial magnon mode in these magnetic topological materi-
als due to electron-magnon interaction. Multiple inter-
facial modes of different quasiparticles (e.g. electrons,
phonons, magnons, etc) may coexist at the same domain
wall due to strong interactions.
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