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ON THE LONG-TIME BEHAVIOR OF THE CONTINUOUS AND DISCRETE

SOLUTIONS OF A NONLOCAL CAHN-HILLIARD TYPE INPAINTING

MODEL

DANDAN JIANG1, MEJDI AZAIEZ2, ALAIN MIRANVILLE3, CHUANJU XU1,†, HUI YAO2

Abstract. In this paper, we study the analytical and numerical long-time stability of a nonlocal
Cahn-Hilliard model with a fidelity term for image inpainting introduced in our previous work

[1]. First, we establish the uniform boundedness of the continuous problem in both L2 and H1

spaces, which is obtained by using the Gagliardo-Nirenberg inequality and the uniform Grönwall
lemma. Then, for the temporal semi-discrete scheme, the uniform estimates in L2 and H1 spaces

are derived with the aid of the discrete uniform Grönwall lemma under a suitable assumption on

the nonlinear potential. This demonstrates the long-time stability of the proposed scheme in L2

and H1 spaces. Finally, we validate the long-time stability and the applicability of our method

in signal reconstruction and image inpainting. These numerical experiments demonstrate the

high effectiveness of our proposed model.

1. Introduction

There have been a large body of literatures on image inpainting/denoising models, see, e.g.,

[2–11] and their references. The classical Cahn-Hilliard equation was initially proposed as a phe-

nomenological model to describe the process of spinodal decomposition (or phase separation) in

binary alloys by Cahn and Hilliard [12], and it has become a fundamental framework used in

many fields ranging from physics, materials science to finance, as well as image processing. In

image inpainting, Bertozzi et al. [13, 14] originally proposed and analysed a Cahn-Hilliard type

inpainting model with fidelity term for binary images. Subsequently, a large number of generalized

Cahn-Hilliard type models have been developed for image processing; see, e.g., [10, 15–18] and

references therein. However it has been well-known that a drawback of this kind of models is the

over-smoothing effect of the edges that overlap with the inpainting region, see, e.g., [10, 14, 19].

In recent years, the nonlocal and space-fractional Cahn-Hilliard models have been applied in

materials science and image science. Compared with the classical Cahn-Hilliard model, nonlocal

models have more advantages in modeling anomalous diffusion and long-range interactions. Many

works have been dedicated to the development of numerical methods for the nonlocal Cahn-Hilliard

model (see [20–29]). In particular, [20–22] designed and analyzed the numerical schemes for the

periodic nonlocal Cahn-Hilliard model. [26, 27] revealed that the nonlocal Cahn-Hilliard model an-

alytically and computationally supports discontinuous steady-state solutions, and exhibits sharper
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vard Marie et Pierre Curie - Bâtiment H3 - TSA 61125, 86073 Poitiers, France.
†Corresponding author.

Emails: dandanjiang@stu.xmu.edu.cn (D. Jiang); azaiez@u-bordeaux.fr (M. Azaiez); alain.miranville@math.univ-

poitiers.fr (A. Miranville); cjxu@xmu.edu.cn (C. Xu); hui.yao@u-bordeaux.fr (H. Yao).

1



2 D. JIANG ET AL.

interfaces under suitable model parameters than the local Cahn-Hilliard model. In addition, re-

searchers have explored the fractional Cahn-Hilliard equations with different fractional operators

defined in [30–32] for image inpainting (see [33–36] and reference therein). Our recent work [1]

proposed and analyzed a nonlocal Cahn-Hilliard type model for image inpainting and an efficient

numerical scheme was constructed based on the convexity splitting method.

We briefly recall the nonlocal Cahn-Hilliard type inpainting model introducuded in [1]. Let

Ω ∈ Rd (d = 1, 2) be a bounded rectangular domain, D ⊂ Ω be the inpainting region. The final

time T > 0 is arbitrarily fixed. Given a damaged image f ∈ L2, the evolution of the inpainted

image u is governed by the following equations:

∂u

∂t
= ∆µ+ λ (f − u) , in Ω× [0, T ], (1.1a)

µ = εL(u) + 1

ε
W ′(u), in Ω× [0, T ], (1.1b)

subject to suitable boundary condition. λ is the fidelity parameter given by:

λ =

{
λ0, in Ω \D,

0, in D,

where λ0 > 0 is a large enough constant. λ (f − u) is the fidelity term, forcing the inpainted image

u (the stationary solution of (1.1)) be aligned with f in undamaged domain Ω \D. ε > 0 is the

diffused interface thickeness. L : L2
per(Ω) → L2

per(Ω) is the nonlocal operator introduced in [21, 37],

which is self-adjoint, positive semi-definite and mean-zero, defined by

L : v(x) 7→
∫
Ω

J(x− y)(v(x)− v(y))dy, (1.2)

where J ≥ 0 is a radial function with positive integral. W (u) = u2(1− u)2.

Equation (1.1) is associated to the total energy:

E =
ε

2
(Lu, u) +

∫
Ω

1

ε
W (u)dx︸ ︷︷ ︸

E1

+
λ

2

∫
Ω

(f − u)2dx︸ ︷︷ ︸
E2

. (1.3)

In fact, the first term on the right hand of (1.1a) is the gradient of E1 in H−1 space [38], and the

second term is the gradient of E2 in L2. This indicates that rather than being a gradient flow of

(1.3) in a specific space, (1.1) is a superposition of the H−1 gradient flow of E1 and the L2 gradient

flow of E2. The existence and uniqueness of the weak solution of (1.1) have been established in

[39], while the well-posedness of the stationary solution of (1.1) is given in [1].

Most related work have focused on the energy stability and convergence analysis of numerical

methods for nonlocal or space-fractional Cahn-Hilliard models. Several works have been done

on the long time dynamical properties of continuous dynamical systems (see [40–48] and refer-

ence therein). Some studies have explored the long-time behavior of numerical schemes for some

nonlinear evolutional equations, like the Navier-Stokes equations [49–54], magneto-hydrodynamics

equations [55], Cahn-Hilliard and Allen-Cahn equations [56–60], and etc. However, due to the

difficulties arising from the long-range interactions of the nonlocal operator L defined in (1.2),

there are few works on the long-time stability property of numerical methods for nonlocal models

in the existing literature.

The main purpose of this paper is to investigate the long-time dynamics for the continuous

problem (1.1) and its discretization proposed in our recent work [1]. We first prove the long-

time stability of the continuous problem (1.1) in L2 and H1 norms. Then we show that the time

semi-discrete scheme, based on the convexity splitting method, preserves the long-time stability of
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(1.1). To the best of our knowledge, this is the first work investigating the numerical long-time

stability of the nonlocal Cahn-Hilliard equation with fidelity term, especially for image inpainting.

In practice, these theoretical results provide strong guidance in application, guaranteeing that the

final state of the image does not depend on the initial data under suitable conditions.

The rest of the paper is organized as follows. In the next section, we give some notations,

assumptions, and properties of the kernel J , as well as provide some preliminary inequalities and

lemmas used in our analysis. In Section 3, we consider the long-time stability of the continuous

problem (1.1) in L2 and H1 norms. In Section 4, we first present the time discretization of (1.1),

then provide a rigorous analysis that develops conditions sufficient to guarantee long-time stability

in both L2 and H1 norms. In Section 5, we confirm the theoretical results and show the efficiency

of the proposed model on signal reconstruction and image inpainting. Finally, a brief summary is

given in Section 6.

2. Preliminaries

We begin with giving some notations and recall some preliminary facts on the nonlocal operator.

Throughout this paper, we assume that the kernel J ∈ W 1,1(Ω) always satisfies the following

conditions:

(a) J(x) ≥ 0 for any x ∈ Ω,

(b) J is a radial function and has finite support, i.e. J(x) = j(|x|) for a single-variable function j

with supp(j) ⊂ (0, κ], κ > 0, and there exists κ1 > 0, such that (0, κ1) ⊂ supp(j),

(c) J is Ω-periodic,

(d) 1
2

∫
Ω
J(x)|x|2 dx = 1,

(e) 0 ≤ a := a(x) =
∫
Ω
J(x− y) dy ≤ Cγ :=

∫
Rd J(x− y) dy < ∞,

(f) There exists c1 > 0 such that εa+ 1
εW

′′(u) ≥ c1,∀u ∈ R.
Let Hm := Hm(Ω) and ∥ · ∥m,m = 0,±1, · · · , be the standard Sobolev spaces and their norms,

respectively. Hm
per is the space of all periodic functions in Hm. In particular, the norm and inner

product of L2 := H0 are denoted by ∥ · ∥ and (·, ·) respectively. ⋆ represents the convolution

operation. If not specified, C is a general constant that may vary depending on the situation and

independent of initial value.

Next, we state some elementary inequalities and present some properties of the kernel [1] which

will be used in the following part.

Lemma 2.1. (Young’s inequality for the convolution [61]) Assume f ∈ Lp(Rd), g ∈ Lq(Rd) with

1 ≤ p, q ≤ ∞ and 1
r = 1

p + 1
q − 1 ≥ 0 , then f ⋆ g ∈ Lr(Rd) and

∥f ⋆ g∥Lr(Rd) ≤ ∥f∥Lp(Rd)∥g∥Lq(Rd).

Proposition 2.1. For the kernel J ∈ L1(R2) satisfying (a)-(e), the following properties hold true:

(i) For η > 0, there exists a family of functions Jη : R2 → R+ satisfying (a)-(e), such that

∥∇Jη∥L1(R2) ≤ Cη, ∥J − Jη∥L1(R2) ≤ η, Cη > 0.

(ii) If v ∈ W 1,p(R2), 1 ≤ p ≤ ∞, then

J ⋆ v ∈ W 1,p(R2).

(iii) The sequence Jη ⋆ v → J ⋆ v converges uniformly in W 1,p(Ω) for any v ∈ W 1,p(Ω), and the

limiting function is continuous, i.e.,

J ⋆ v ∈ C(Ω), ∀v ∈ W 1,p(Ω), 1 ≤ p ≤ ∞.
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3. Long-time stability of the continuous problem

In this section, we will study the long-time stability of the continuous model (1.1) in L2 and H1

spaces.

3.1. Long-time stability in L2. The L2 uniform bound of the weak solution of (1.1) has been

strictly proven in our previous work [1]. We state this theorem here without proof.

Theorem 3.1 (Uniform estimate in L2). Let u be the weak solution of the equation (1.1) with

the initial data u0 ∈ L2. If a > c(ελ0+ε2+1)
ε2 with some constant c > 0, then there exist constants

C, θ > 0, such that

∥u∥2 ≤ exp(−θt)∥u0∥2 + C

θ
(1− exp(−θt)).

Moreover, if λ0 > c(ε2+1)
ε , there exists t0(∥u0∥) and a constant M > 0 independent of u0, such

that

∥u∥ ≤ M, ∀t > t0(∥u0∥).

Theorem 3.1 shows the long-time stability of (1.1) in L2 norm.

3.2. Long-time stability in H1. In order to prove the long-time stability in H1 of (1.1), we need

Theorem 3.1 and following lemmas.

Lemma 3.2 (The Gagliardo-Nirenberg inequality in bounded domains [62, 63]). Let Ω be a bounded

Lipschitz domain. Suppose v ∈ L4(Ω) and ∇v ∈ L2(Ω), then

∥v∥L4(Ω) ≤ C ∥∇v∥
1
4 ∥v∥ 3

4 + C∥v∥, (3.1)

where constant C > 0 depends on Ω.

Lemma 3.3 (The uniform Grönwall lemma [44]). Let g, h, y on [t0,+∞) are three positive local

integrable functions, such that y′ on [t0,+∞) is local integrable, which satisfy that for t ≥ t0,

dy

dt
≤ gy + h, and

∫ t+r

t

g(s)ds ≤ a1,

∫ t+r

t

h(s)ds ≤ a2,

∫ t+r

t

y(s)ds ≤ a3,

where a1, a2, a3, r are positive numbers and r is arbitrarily fixed. Then we have

y(t+ r) ≤
(a3
r

+ a2

)
exp (a1) , ∀t ≥ t0. (3.2)

To establish the uniform estimate in H1, we also need the following result on the estimate in

H1 on a finite time interval. The proof follows closely that of [45], therefore we present the result

without proof.

Lemma 3.4 (Estimate on a finite interval [45]). Under the same assumptions as in Theorem 3.1,

for any given T > 0, there exists a constant M0 > 0 depending on u0, such that

∥u∥1 ≤ M0, ∀0 ≤ t ≤ T. (3.3)

Now we derive a uniform estimate in H1.

Theorem 3.2 (Uniform estimate in H1). Assume that ∆J ∈ L1(Ω), ∆a ∈ L∞(Ω), and u0 ∈
H1(Ω). If a > d1(ελ0+ε2+1)

ε2 , λ0 > d1(ε
2+1)
ε with some constant d1 > 0, then there exists t∗(∥u0∥),

and a constant M > 0 independent of u0, such that

∥u∥1 ≤ M, ∀t ≥ t∗(∥u0∥). (3.4)



LONG-TIME BEHAVIOR OF THE NONLOCAL CAHN-HILLIARD TYPE INPAINTING MODEL 5

Proof. Taking the inner product of (1.1) with u, we have

1

2

d

dt

∫
Ω

u2 dx = (εLu,∆u)− 1

ε

∫
Ω

W ′′(u)|∇u|2dx+ λ0

∫
Ω\D

u(f − u) dx

:= T1 + T2 + T3.

(3.5)

Using the same techniques as the proof of Theorem 3.1 in [1], we can obtain the following estimates

for T1, T2 and T3:

T1 ≤ −
∫
Ω

εa|∇u|2 dx+ εβ1∥u∥21, (3.6)

T2 ≤ −β2

ε
∥u|∇u|∥2 + β3

ε
∥∇u∥2, (3.7)

T3 ≤ − λ0

2β4
∥u∥2 + λ0

4β2
4

∥u|∇u|∥2 + C(Ω, λ0, f), (3.8)

where βi > 0, i = 1, 2, 3, 4 and C(Ω, λ0, f) > 0 are constants. Taking (3.6)-(3.8) into (3.5) and

using Young’s inequality, we derive

1

2

d

dt

∫
Ω

u2 dx ≤
∫
Ω

ε(−a+ β1 +
β3

ε2
)|∇u|2 dx

+ (εβ1 −
λ0

2β4
)∥u∥2 + (

λ0

4β2
4

− β2

ε
)∥u|∇u|∥2 + C(Ω, λ0, f)

≤
∫
Ω

ε(−a+ β1 +
λ0

4εβ4
+

β3 − β2β4

ε2
)|∇u|2 dx

+ (εβ1 −
β2β4

ε
− λ0

4β4
)∥u∥2 + C(Ω, λ0, f)

≤
∫
Ω

ε(−a+ β1 +
λ0

4εβ4
+

β5

ε2
)|∇u|2 dx

+ (εβ1 −
β2β4

ε
− λ0

4β4
)∥u∥2 + C(Ω, λ0, f),

in which the second inequality holds for λ0 >
4β2

4β2

ε and the third inequality holds

for β5 ≥ max{0, β3 − β2β4}. Let a > d1(ελ0+ε2+1)
ε2 , λ0 > d1(ε

2+1)
ε with d1 ≥

max{β1, 4β4β5,
1

4β4
, 4β2β4, 4β2β

2
4}, then A := ε(a−β1− λ0

4εβ4
− β5

ε2 ) > 0, B := λ0

4β4
+ β2β4

ε −εβ1 > 0.

We thus deduce
d

dt
∥u∥2 +A∥∇u∥2 ≤ C. (3.9)

By integrating (3.9) on the interval [t, t+ r] for r > 0 fixed, we derive

A

∫ t+r

t

∥∇u(s)∥2ds ≤ Cr + ∥u(t)∥2.

For all t > t0(∥u0∥), using Theorem 3.1, we have∫ t+r

t

∥∇u(s)∥2ds ≤ Cr +M

A
. (3.10)

Taking the inner product of (1.1) with −∆u, and using Young’s inequality, we derive

1

2

d

dt
∥∇u∥2 + (∆(εLu+

1

ε
W ′(u)),∆u) ≤ 2λ0∥∇u∥2 + C. (3.11)
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It remains to estimate (∆(εL(u)+ 1
εW

′(u)),∆u). To simplify the notation, let h := εau+ 1
εW

′(u).

Then, (∆(εL(u)+ 1
εW

′(u)),∆u) = (∆h,∆u)− (ε∆J ⋆u,∆u). Using Young’s inequality, we deduce∫
Ω

∆h∆udx ≥
∫
Ω

(εa+
1

ε
W ′′(u))(∆u)2dx− c(δ0)

∫
Ω

|u∆a|2dx

− δ0

∫
Ω

|∆u|2dx− c(δ0)

∫
Ω

|∇a · ∇u|dx− δ0

∫
Ω

|∆u|2dx

− c(δ0)

∫
Ω

|W (3)(u)|2|∇u|4dx

≥(c1 − 3δ0)

∫
Ω

|∆u|2dx− C − C

∫
Ω

|∇u|4dx,

(3.12)

where constants c(δ0) > 0 and δ0 > 0 are associated with Young’s inequality and constant c1 is

given in condition (f). Now we estimate
∫
Ω
|∇u|4dx. Taking v = ∇u in the Gagliardo-Nirenberg

inequality in bounded domains (3.1), as described in Lemma 3.2, then applying (3.3), yields

∥∇u∥L4(Ω) ≤ C ∥∆u∥
1
4 ∥∇u∥ 3

4 + C∥∇u∥ ≤ CM0 ∥∆u∥
1
4 + C∥∇u∥. (3.13)

By using Young’s inequality, we have

∥∇u∥4L4(Ω) ≤ δ′0∥∆u∥2 + c(δ′0) + C∥∇u∥4, (3.14)

where constants δ′0 > 0 and c(δ′0) > 0 depend on several constants associated with Young’s in-

equality. Inserting (3.14) to (3.12), we get∫
Ω

∆h∆udx ≥ (c1 − 3δ0 − Cδ′0)

∫
Ω

|∆u|2dx− C∥∇u∥4 − C. (3.15)

Since ∆J ∈ L1(Ω), then by using Hölder inequality, Young’s inequality and Lemma 2.1, we derive∫
Ω

ε(∆J ⋆ u)∆udx ≤ ε∥∆J ⋆ u∥∥∆u∥ ≤ c(δ0)∥∆J ⋆ u∥2 + δ0∥∆u∥2

≤ c(δ0)∥∆J∥2L1(Ω)∥u∥
2 + δ0∥∆u∥2 ≤ δ0∥∆u∥2 + C, ∀t > t0(∥u0∥),

(3.16)

in which Lemma 2.1 was used in the third inequality and Theorem 3.1 was utilized in the last

inequality. Combining estimates (3.15) and (3.16), we obtain

(∆(εL(u) + 1

ε
W ′(u)),∆u) ≥ (c1 − 4δ0 − Cδ′0)

∫
Ω

|∆u|2dx− C∥∇u∥4 − C. (3.17)

Taking (3.17) to (3.11), we derive

1

2

d

dt
∥∇u∥2 + (c1 − 4δ0 − Cδ′0)

∫
Ω

|∆u|2dx ≤ 2λ0∥∇u∥2 + C∥∇u∥4 + C.

Choosing δ0 and δ′0 be small enough such that c1 − 4δ0 − Cδ′0 > 0, we have

1

2

d

dt
∥∇u∥2 ≤ (2λ0 + C∥∇u∥2)∥∇u∥2 + C. (3.18)

Applying the uniform Grönwall lemma 3.3 to (3.18) and utilizing inequality (3.10), we derive

∥∇u∥2 ≤ C(r, λ0), ∀t ≥ t∗(∥u0∥) := t0(∥u0∥) + r, (3.19)

where r > 0 is arbitrarily fixed, and C(r, λ0) is independent of u
0. Combining (3.19) with Theorem

3.1, we get (3.4). This completes the proof. □

Theorem 3.2 implies that the problem (1.1) is long time stable in H1.



LONG-TIME BEHAVIOR OF THE NONLOCAL CAHN-HILLIARD TYPE INPAINTING MODEL 7

4. Long-time stability of the discrete-in-time problem

In order to establish the long-time stability for the temporal discretization of the nonlocal Cahn-

Hilliard model, we need to modify the nonlinear potential W (u) by using the truncation technique,

which has been frequently used in the literature; see, e.g, [64]. The idea is to replace W (u) by

W (u) =

 (6L2 − 6L+ 1)u2 + (6L2 − 8L3)u+ 11L4 + 2L3 + 5L2, u > L,
u2(u− 1)2, |u| ≤ L,

(6L2 + 6L+ 1)u2 + (16L3 + 6L2 + 4L)u+ 11L4 + 2L3 + 5L2, u < −L.
(4.1)

It can be proved that W (u) ∈ C2(R), and W ′′(u) satisfies the following condition: there exists a

constant K such that

max
u∈R

|W ′′(u)| ≤ K. (4.2)

We consider the time semi-discrete scheme based on the convexity splitting method, proposed in

[1]. For simplicity, we give a brief introduction of this scheme. E1 and E2 in (1.3) are splitted into

the sum of a convex and a concave part. Specifically, one can split E1 = E11 − E12 with

E11 =
ε

2
(Lu, u) +

∫
Ω

P1

2
|u|2dx, E12 =

∫
Ω

−1

ε
W (u) +

P1

2
|u|2dx, (4.3)

andtomn split E2 = E21 − E22 with

E21 =

∫
Ω

P2

2
|u|2dx, E22 =

∫
Ω

−λ

2
(f − u)2 +

P2

2
|u|2dx. (4.4)

P1 > 1
ε and P2 > λ are chosen to ensure that E11, E12, E21, E22 are strictly convex. Let ∆t =

T
N , tn = n∆t, n ≤ N, n,N ∈ N and un be the numerical solution at tn. Combining (4.3)-(4.4)

and applying the forward Euler finite difference method in time, with the nonlocal term treated

implicitly and the nonlinear term and fidelity term treated explicitly, we derive a first-order scheme

as follows:

un+1 − un

∆t
= ε∆Lun+1 +

1

ε
∆W ′(un) + P1∆(un+1 − un)− P2(u

n+1 − un) + λ(f − un). (4.5)

Next we analyze the long-time stability of scheme (4.5). We give an equality which will be used

frequently:

2(a− b, a) = ∥a∥2 − ∥b∥2 + ∥a− b∥2, a, b ∈ L2. (4.6)

4.1. Uniquness. We first show the uniquness of the solution of scheme (4.5), which can be rewrit-

ten as

(
1

∆t
− ε∆L − P1∆+ P2)u

n+1 =
un

∆t
+

1

ε
∆W ′(un)− P1∆un + P2u

n + λ(f − un). (4.7)

Theorem 4.3. For every given v ∈ H1
per and for any ∆t > 0, there exists a unique weak solution

u of the following equation:

u

∆t
=

v

∆t
+ ε∆Lu+ P1∆u− P2u+

1

ε
∆W ′(v) + λ(f − v)− P1∆v + P2v. (4.8)

Proof. The weak formulation of (4.8) is : ∀ϕ ∈ H1
per,

(
u

∆t
, ϕ) = (

v

∆t
, ϕ) + (ε∆Lu+ P1∆u− P2u, ϕ) + (

1

ε
∆W ′(v) + λ(f − v)− P1∆v + P2v, ϕ).

It can be written as:

A(u, ϕ) = Fv(ϕ),
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with

A(u, ϕ) = (
u

∆t
− ε∆Lu− P1∆u+ P2u, ϕ),

Fv(ϕ) = (
v

∆t
+

1

ε
∆W ′(v) + λ(f − v)− P1∆v + P2v, ϕ).

It is straightforward that the bilinear form A(u, v) is continuous and coercive in H1. Fv is a linear

continuous functional. By using the classical Lax-Milgram theorem, the existence and uniqueness

of the weak solution of (4.8) can be proved. □

4.2. Long-time stability in L2. The long-time L2-stability for the discrete-in-time problem is

proved by giving the time uniform bound in L2 norm under the assumption that u0 ∈ H1.

Theorem 4.4 (Time uniform bound in L2). Assume u0 ∈ H1. If

λ0 > d2(ε∥J∥W 1,1 + 1), a >
d2(K + ε+ ε2)

ε2
, P1 >

d2K

ε
, P2 > d2λ0, (4.9)

with some constant d2 > 0, then for any ∆t > 0, there exists N∗ dependent of ∥u0∥1, and a

constant M > 0 independent of u0, such that for all n ≥ N∗,

∥un∥ ≤ M. (4.10)

Proof. Taking the inner product of (4.5) with un+1, we have

0 =(
1

∆t
+ P2)(u

n+1 − un, un+1)− (λ(f − un), un+1)

− (ε∆Lun+1, un+1)− (
1

ε
∆W ′(un), un+1)− (P1∆(un+1 − un), un+1)

=((
1

∆t
+ P2 − λ)(un+1 − un), un+1)− (λ(f − un+1), un+1)− (ε∆Lun+1, un+1)

+ (
1

ε
W ′′(un)∇un+1,∇un+1) + ((P1 −

1

ε
W ′′(un))∇(un+1 − un),∇un+1)

:=I + II + III + IV + V.

(4.11)

Taking the use of (4.6), I and V can be respectively rewritten as:

I =

∫
Ω

(
1

2∆t
+

P2

2
− λ

2
)(|un+1|2 − |un|2 + |un+1 − un|2)dx, (4.12)

V =

∫
Ω

(
P1

2
− 1

2ε
W ′′(un))(|∇un+1|2 − |∇un|2 + |∇un+1 −∇un|2)dx. (4.13)

By using the Young’s inequality, II can be estimated as:

II ≥
∫
Ω

λ(−|f |2

2
− |un+1|2

2
+ |un+1|)dx ≥

∫
Ω

λ(−|f |2

2
+

|un+1|2

2
)dx. (4.14)

Now, only III remains to be estimated. Since ε(∆Lun+1, un+1) = −ε(∇(aun+1),∇un+1) + ε(J ⋆

un+1,−∆un+1), then using Hölder inequality and Young’s inequality, we have

−(∇(aun+1),∇un+1) = −
∫
Ω

a|∇un+1|2 dx−
∫
Ω

∇(a)un+1∇un+1 dx

≤ −
∫
Ω

a|∇un+1|2 dx+ C1∥J∥W 1,1∥un+1∥2 + δ1
2
∥∇un+1∥2,

(4.15)

where the general Sobolev inequality was applied in the second estimate and constant C1 > 0

depends on constant δ1 > 0 associated with Young’s inequality and a few constant associated with
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the general Sobolev inequality. Since J ⋆u is periodic, then by utilizing Lemma 2.1 and Proposition

2.1, we find

(J ⋆ un+1,−∆un+1) ≤ |
∫
Ω

∇(Jη ⋆ u
n+1)(∇un+1)dx|+ |

∫
Ω

∇((J − Jη) ⋆ u
n+1)∇un+1dx|

≤
∫
Ω

|(∇Jη ⋆ u
n+1)(∇un+1)|dx+

∫
Ω

|((J − Jη) ⋆∇un+1)∇un+1|dx

≤ ∥∇Jη∥L1∥un+1∥∥∇un+1∥+ ∥J − Jη∥L1∥∇un+1∥2

≤ (
Cηδ2
2

+ η)∥∇un+1∥2 + Cη

2δ2
∥un+1∥2

(4.16)

where constant δ2 > 0 is associated with Young’s inequality. Here, Hölder inequality was applied in

the third estimate and Young’s inequality was used in the last estimate. Combining (4.15)-(4.16)

gives

III ≥
∫
Ω

ε(a− Cηδ2
2

− δ1
2

− η)|∇un+1|2 dx− ε(
Cη

2δ2
+ C1∥J∥W 1,1)∥un+1∥2. (4.17)

Inserting (4.12)-(4.17) into (4.11), dropping some unnecessary terms and using the same technique

as the estimation of T3, we obtain

(
1

2∆t
+

P2

2
− ε(C1∥J∥W 1,1 +

Cη

2δ2
))∥un+1∥2

+

∫
Ω

(εa+
P1

2
+

1

2ε
W ′′(un)− ε(

δ1
2

+
Cηδ2
2

+ η))|∇un+1|2dx

≤ (
1

2∆t
+

P2

2
)∥un∥2 +

∫
Ω

(
P1

2
− 1

2ε
W ′′(un))|∇un|2dx− λ0

2

∫
Ω\D

|un|2dx+ C

≤ (
1

2∆t
+

P2

2
+ C2 −

λ0

2C
)∥un∥2 +

∫
Ω

(
P1

2
+ C2 −

1

2ε
W ′′(un))|∇un|2dx+ C,

(4.18)

where constant C2 > 0 depends on a few constants associated with Young’s inequality. Denote

A0 =
P2

2
− ε(C1∥J∥W 1,1 +

Cη

2δ2
), A1 =

P2

2
+ C2 −

λ0

2C
,

B0 = εa+
P1

2
+

1

2ε
W ′′(un)− ε(

δ1
2

+
Cηδ2
2

+ η), B1 =
P1

2
+ C2 −

1

2ε
W ′′(un).

(4.19)

Dropping the last positive term on the left hand side of (4.18), we get

(
1

2∆t
+A0)∥un+1∥2 +B0∥∇un+1∥2 ≤ (

1

2∆t
+A1)∥un∥2 +B1∥∇un∥2 + C. (4.20)

Multiplying (4.20) with 2∆t, we have

(1 + 2∆tA0)∥un+1∥2 + 2∆tB0∥∇un+1∥2 ≤ (1 + 2∆tA1)∥un∥2 + 2∆tB1∥∇un∥2 + C∆t. (4.21)

Multiplying (4.21) with 1
1+2∆tA0

, we derive

∥un+1∥2 + 2∆tB0

1 + 2∆tA0
∥∇un+1∥2

≤ (
1

1 + 2∆t(A0−A1)
1+2∆tA1

)(∥un∥2 + 2∆tB1

1 + 2∆tA1
∥∇un∥2) + C∆t

1 + 2∆tA0
.

(4.22)
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Denote s := 2∆t(A0−A1)
1+2∆tA1

, c0 = (A0−A1)
1+2∆tA1

. Choosing

P1 >
K

ε
, P2 >

2λ0

C
− 4C2 − ε(C1∥J∥W 1,1 +

Cη

2δ2
),

λ0 > 2εCC1∥J∥W 1,1 +
εCCη

δ2
+ 2CC2,

a >
ε2(δ1 + Cηδ2 + 2η) + ε(P1 + 4C2) + 3K

2ε2
,

(4.23)

such that 2A1 > A0 > A1 > 0 and B0 ≥ 2B1 > 0, then we have 0 < s < 1, ∀∆t > 0 and

B0

1 + 2∆tA0
≥ B1

1 + 2∆tA1
, ∀∆t > 0.

Therefore, we can choose d2 = max{ 2
C , 2CC1,

CCη

δ2
, 2CC2,

δ1+Cηδ2+2η
2 , P1+4C2

2 , 3
2} such that

constraint (4.9) satisfies (4.23). Using the fact that 1
1+s ≤ exp(− s

2 ),∀s ∈ (0, 1) and applying (4.22)

for recursion, we deduce

∥un+1∥2 ≤ 1

1 + s
(∥un∥2 + 2∆tB0

1 + 2∆tA0
∥∇un∥2) + C∆t

1 + 2∆tA0

≤ exp(−c0∆t)(∥un∥2 + C∥∇un∥2) + C exp(−c0∆t)∆t

≤ exp(−c0t
n+1)(∥u0∥2 + C∥∇u0∥2) + C

n∑
i=0

exp(−c0(t
i+1 − ti))∆t

≤ exp(−c0t
n+1)(∥u0∥2 + C∥∇u0∥2) + C

∫ tn+1

0

exp(−c0(t
n+1 − t))dt.

By induction, we have

∥un∥2 ≤ exp(−c0t
n)(∥u0∥2 + C∥∇u0∥2) + C(1− exp(−c0t

n)))

≤ C exp(−c0t
n)R2 + C,

where ∥u0∥1 is bounded by a constant R. This implies that there exist a constant M independent

of u0 and t0(R) = 1
c0

ln C
R2 , such that for all n ≥ N∗ := ⌈ t0(R)

∆t ⌉,

∥un∥ ≤ M,

which completes the proof. □

Theorem 4.4 shows that the time semi-discrete scheme (4.5) can preserve the long-time stability

of (1.1) in L2 norm with u0 ∈ H1.

4.3. Long-time stability in H1. In order to obtain a discrete counterpart to the uniform bound

(3.4), we need the following lemmas.

Lemma 4.5. Let un+1 be the solution of the numerical scheme (4.5). Then there exist a constant

C0 > 0, such that

(1− C0∆t)∥un+1∥21 ≤ ∥un∥21 + C∆t, ∀∆t > 0, (4.24)

where C0∆t < 1,∀∆t > 0, and A0, B0 are defined in (4.19).

Proof. We can infer from (4.20) that

(
1

2∆t
+A0)∥un+1∥2 +B0∥∇un+1∥2 ≤ (

1

2∆t
+A0 +B0)∥un∥21 + C. (4.25)
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Dividing both sides of (4.25) by 1
2∆t +A0 +B0, we get

(1− 2∆tB0

1 + 2∆t(A0 +B0)
)∥un+1∥2 + (1− 1 + 2∆tA0

1 + 2∆t(A0 +B0)
)∥∇un+1∥2

≤ ∥un∥21 +
2∆tC

1 + 2∆t(A0 +B0)
,

≤ ∥un∥21 + C∆t.

Let C0 = max{ 2B0

1+2∆t(A0+B0)
,

1
∆t+2A0

1+2∆t(A0+B0)
}, therefore C0∆t < 1,∀∆t > 0 holds. This completes

the proof of Lemma 4.5. □

Corollary 4.1. For ∥∇un∥, there exists a constant C ′
0 > 0, such that

(1− C ′
0∆t)∥∇un+1∥2 ≤ ∥∇un∥2 + C∆t, ∀∆t > 0, (4.26)

where C ′
0∆t < 1,∀∆t > 0.

Proof. By applying Poincaré inequality to the right-hand side of (4.25) and using the same argu-

ment as in the proof of Theorem 4.4, we can conclude that (4.26) holds. □

Now, we prove that with u0 ∈ H1, ∥un∥1 is bounded for all n ≤ N for some N .

Lemma 4.6 (Estimate on a finite interval). Let T > 0. Under the same conditions as in Theorem

4.4 and assume 0 < ∆t ≤ 1
2C0

with a constant C0 > 0 in (4.24), then for all 1 ≤ n ≤ N := ⌊ T
∆t⌋,

we have

∥un∥21 ≤ CT (∥u0∥21 + C), (4.27)

where constant CT > 0 depends on T.

Proof. According to Lemma 4.5, we have

∥un+1∥21 ≤ 1

ν
∥un∥21 +

1

ν
2C∆t, (4.28)

where ν = 1− C0∆t > 0,∀∆t > 0. Using recursively (4.28), we derive

∥un+1∥21 ≤ (
1

ν
)n+1∥u0∥21 + 2C∆t

n+1∑
i=1

(
1

ν
)i

≤ (
1

ν
)n+1(∥u0∥21 +

2C∆t

1− ν
)

≤ (1− C0∆t)−(n+1)(∥u0∥21 + C).

(4.29)

Since C0∆t ≤ 1
2 , using the fact that 1− x ≥ 4−x, ∀x ∈ (0, 1

2 ], we get

∥un∥21 ≤ 4C0n∆t(∥u0∥21 + C) ≤ CT (∥u0∥21 + C), ∀1 ≤ n ≤ N, (4.30)

Thus, the lemma is proved. □

To obtain the long-time stability inH1 norm, we present the following discrete uniform Grönwall

lemma; see, e.g., [53].

Lemma 4.7 (The discrete uniform Grönwall lemma). Given ∆t > 0, positive integers n1, n2, n∗
such that n1 + n2 + 1 ≤ n∗, positive sequences ξn, ζn, ηn such that

∆tηn ≤ 1

2
, ∀n1 ≤ n ≤ n∗,

(1−∆tηn) ξn ≤ ξn−1 +∆tζn, ∀n1 ≤ n ≤ n∗.
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If

∆t

n0+n2∑
n=n0

ηn ≤ a1, ∆t

n0+n2∑
n=n0

ζn ≤ a2, ∆t

n0+n2∑
n=n0

ξn ≤ a3, ∀n1 ≤ n0 ≤ n∗ − n2.

Then

ξn ≤
(
a2 +

a3
n2∆t

)
exp (4a1) , ∀n1 + n2 + 1 ≤ n ≤ n∗.

We are now able to prove the long-time H1-stability for the discrete-in-time problem by giving

the time uniform bound in H1 norm.

Theorem 4.5 (Time uniform bound in H1). Let r ≥ r0 be arbitrarily fixed and T0 = N∗∆t, Nr =

⌊ r
∆t⌋, where constant r0 > 0 is given in (4.47) and constant N∗ > 0 is given in Theorem 4.4.

Under the same conditions as Lemma 4.6 and assume 0 < ∆t ≤ 1
2C′

0
with a constant C ′

0 > 0 in

(4.26). Then there exists a constant M1 > 0 independent of u0, such that for all n ≥ N∗ +Nr,

∥un∥1 ≤ M1. (4.31)

Proof. The main ideal to establish the time uniform bound for ∥un∥1, ∀n ≥ N∗+Nr is as follows:

(i) Applying Lemma 4.6 on (0, T0+r), we derive the upper bound for ∥un∥1, ∀1 ≤ n ≤ N∗+Nr.

Applying Lemma 4.7, we show that ∥uN∗+Nr∥21 ≤ M2
∗∗, where constant M∗∗ > 0 is given

in (4.39) and independent of u0.

(ii) Iterating Lemmas 4.6 and 4.7, we derive that ∀i ≥ 2, ∥uN∗+(i−1)Nr∥21 ≤ M2
∗∗ and ∥un∥21 ≤

C(∥uN∗+(i−1)Nr∥21), where constant C > 0 is independent of i and u0. Thus, we conclude

that ∥un∥1 ≤ M1, ∀n ≥ N∗+Nr, where constantM1 > 0 is given in (4.41) and independent

of u0.

Next, we give a rigorous proof through the following three steps.

Step 1: Applying Lemma 4.6 on (0, T0 + r), we derive

∥un∥21 ≤ CT0+r(∥u0∥21 + C). (4.32)

We can infer from (4.21) that

A0∆t(∥un∥2 − ∥un−1∥2) +B0∆t∥∇un∥2 ≤ B1∆t∥∇un−1∥2 + C∆t, (4.33)

where A0, B0, B1 are defined in (4.19). A0 > A1, B0 ≥ 2B1 > 0 hold, as shown in the proof of

Theorem 4.4. Let n1 = N∗+1, n2 = Nr − 2. Summing up (4.33) from n = n0 to n0+n2, we have

A0∆t(∥un0+n2∥2 − ∥un0−1∥2) +B0∆t

n0+n2∑
n=n0

∥∇un∥2

≤ B1

n0+n2∑
n=n0

∆t∥∇un−1∥2 + Cn2∆t, ∀n1 ≤ n0 ≤ N∗ +Nr − n2.

(4.34)

Inferring from (4.34), we derive

A0∆t∥un0+n2∥2 +B1∆t

n0+n2∑
n=n0

∥∇un∥2

≤ B1∆t∥∇un0−1∥2) +A0∆t∥un0−1∥2 + Cn2∆t.

(4.35)

After dropping the first term in (4.35) and dividing by B1, we arrive to

∆t

n0+n2∑
n=n0

∥∇un∥2 ≤ ∆t∥∇un0−1∥2 + A0

B1
∆t∥un0−1∥2 + C

B1
n2∆t. (4.36)



LONG-TIME BEHAVIOR OF THE NONLOCAL CAHN-HILLIARD TYPE INPAINTING MODEL 13

Using estimate (4.32) and Theorem 4.4, we get

∆t

n0+n2∑
n=n0

∥∇un∥2 ≤ ∆tCT0+r(∥u0∥21 + C) +
A1∆tM2

B1
+

Cn2∆t

B1

≤ C(R2 +M2 + n2∆t).

(4.37)

Let r ≥ 2(R2+M2+∆t) be arbitrarily fixed. Since C ′
0∆t ≤ 1

2 , then applying Lemma 4.7 to (4.26),

we have

∥∇uN∗+Nr∥2 ≤ (Cr +
C(M2 +R2 + n2∆t)

n2∆t
) exp(4Cr)

≤ (Cr + C(1 +
M2 +R2

2(M2 +R2)
)) exp(Cr)

≤ C(r +
3

2
) exp(Cr) := M2

∗ ,

(4.38)

where constant M∗ > 0 is independent of u0. Using Theorem 4.4, we arrive at

∥uN∗+Nr∥21 ≤ M2 +M2
∗ := M2

∗∗, (4.39)

where constant M∗∗ > 0 is independent of u0. Taking uN∗+Nr as the initial data and applying

Lemma 4.6 with T = r, we derive

∥un∥21 ≤ Cr(∥uN∗+Nr∥21 + C), ∀N∗ +Nr + 1 ≤ n ≤ N∗ + 2Nr. (4.40)

Combining (4.40) with (4.39), we obtain

∥un∥21 ≤ Cr(M
2
∗∗ + C) := M2

1 , ∀N∗ +Nr + 1 ≤ n ≤ N∗ + 2Nr, (4.41)

where constant M1 > 0 is independent of u0.

Step 2: Let n1 = N∗ +Nr + 1, n2 = Nr − 2. Summing up (4.26) from n = n0 to n0 + n2, using

estimates (4.39)-(4.41) and Theorem 4.4, we obtain

∆t

n0+n2∑
n=n0

∥∇un∥2 ≤ ∆t∥∇un0−1∥2 + A1∆t

B1
∥un0−1∥2 + Cn2∆t

B1

≤ ∆tCr(∥uN∗+Nr∥21 + C) + C(M2 + n2∆t)

≤ C(M2
1 +M2 + n2∆t), ∀n1 ≤ n0 ≤ N∗ +Nr − n2.

(4.42)

Let r ≥ 2(M2
1 +M2 +∆t) be arbitrarily fixed. Using Lemma 4.7 on (4.26), we have

∥∇uN∗+2Nr∥2 ≤ (Cr +
C(M2

1 +M2 + n2∆t)

n2∆t
) exp(4Cr)

≤ (Cr + C(1 +
M2 +M2

1

2(M2 +M2
1 )

)) exp(Cr)

≤ C(r +
3

2
) exp(Cr) := M2

∗ .

(4.43)

Using Theorem 4.4, we have

∥uN∗+2Nr∥21 ≤ M2 +M2
∗ := M2

∗∗. (4.44)

As before, taking uN∗+2Nr as initial data and using Lemma 4.6 with T = r, we have

∥un∥21 ≤ Cr(∥uN∗+Nr∥21 + C), ∀N∗ + 2Nr + 1 ≤ n ≤ N∗ + 3Nr. (4.45)

Then we derive

∥un∥21 ≤ M2
1 , ∀N∗ + 2Nr + 1 ≤ n ≤ N∗ + 3Nr. (4.46)
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Step 3: Let

r0 = max{2(M2
1 +M2 +∆t), 2(M2

1 +R2 +∆t)}. (4.47)

Taking r ≥ r0, repeating the same procedure as Step 1 and Step 2, for all n = N∗ + (i− 1)Nr +

1, · · · , N∗ + iNr, ∀i ≥ 2, we derive that

∥uN∗+iNr∥21 ≤ M2
∗∗, (4.48)

and

∥un∥21 ≤ Cr(∥uN∗+iNr∥21 + C), ∀N∗ + (i− 1)Nr + 1 ≤ n ≤ N∗ + iNr. (4.49)

Note that constants Cr > 0 and C > 0 are independent of i and u0, then we conclude that

∥un∥21 ≤ M2
1 , ∀N∗ + (i− 1)Nr + 1 ≤ n ≤ N∗ + iNr. (4.50)

This ends the proof of Theorem 4.5. □

According to Theorem 4.5, the time uniform estimates for ∥un∥1 is independent of u0 ∈ H1. It

reveals that the discrete problem (4.5) preserves the long-time stability of the continuous problem

in H1 norm.

Remark 4.1. For the traditional Cahn-Hilliard equation, there exist the H2 and higher order

estimates for certain numerical schemes [65, 66]. However, as far as we know there does not exist

such estimates in the literature for the nonlocal Cahn-Hilliard model considered here. By following

the work [29], some kind of estimates in fractional Sobolev norm Hγ for γ between 1 and 2 may be

considered. However, it is notable that the nonlocal operator used in the current paper differs from

the one studied in [29].

Remark 4.2. Higher order schemes can also be constructed and analyzed, and uniform-in-time

estimates could be obtained in a way similar to the first order scheme. Note that there exist several

second order schemes for the non-local Cahn-Hilliard equation, see, e.g., [21, 67, 68], in which

the energy stability and local-in-time estimates have been established. However, we would like to

emphasize that the accuracy in time of the proposed numerical scheme is not our main concern

since we are only interested at the steady-state solution of the model, i.e., the inpainted image.

5. Numerical experiments

In this section, we test the numerical long-time stability and validate the efficiency of the

proposed model in signal reconstruction and image inpainting. We choose the Gaussian kernel

function for the nonlocal operator, which satisfies the assumptions in this paper, as follows

Jδ(x) :=
α

(2π)d/2δd
e−

|x|2

2δ2 , x ∈ Rd, δ > 0, (5.1)

where δ and α govern the spatial reach and the magnitude of Jδ, respectively. The kernel satisfies

the following conditions: ∫
Rd

Jδ(x)dx = α,

∫
Rd

Jδ(x)|x|2 dx = αδ2d.

The degraded image f of a clean image u is generated by a mask function χ of damaged domain

D, and a uniformly randomly distributed noise σ:

f = χu+ (1− χ)σ. (5.2)

We denote Ratio = |D|
|Ω| as the damage ratio.
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5.1. Example 1: Validation of long time stability. To verify that the time uniform estimates

are independent of the initial data, we provide a set of initial values for one-dimensional examples

as follows:

• Initial value I: u(x, 0) = 10 sin(πx);

• Initial value II: u(x, 0) = cos(πx) + sin(πx);

• Initial value III: u(x, 0) = x(x− π) sin(x);

• Initial value IV: u(x, 0) = sin(πx)cos(πx);

• Initial value V: u(x, 0) = cos(πx).

Parameters are set as: Ω = [0, 2], ε = 0.1, λ0 = 109, α = 4 × 105, δ = 6.25 × 10−2, P1 = 10
ε , P2 =

1.25λ0,∆t = 1. 1024 Fourier modes are used. We observe the long-time behaviors with different

initial data in Example 1A and give an application in signal reconstruction in Example 1B.

Example 1A: Long-time effect of damage severity. Let u(x) = sin(πx). The degraded

function f(x) is generated by (5.2). Let ui, i = 1, 2, · · · , 5 be the numerical solution with initial

values I-V.

We performed with Ratio = 1
16 ,

1
32 ,

1
64 ,

1
128 to investigate the influence. As shown in Figures 1-4,

after a long enough time, ui, i = 1, 2, · · · , 5 tends to nearly the same final state under L2 and H1

norms, respectively. Additionally, it is worth noting that as the damaged area decreases, the time

required to reach a stable solution also decreases.

To have clear observations of the discrepancy of numerical solutions with different initial values,

we calculate the discrepancies in L2 and H1 norms, respectively. We define the discrepancies as:

|e|i = |∥ui∥0 − ∥u1∥0|, |E|i = |∥ui∥1 − ∥u1∥1|, i = 2, · · · , 5.
In Table 1-2, we present the discrepancy in L2 and H1 norms, with the Ratio ranging from 1

128

to 1
16 . We can see all the values are below 10−6, and the value decreases as the Ratio reduces.

Precisely, the difference in the L2 norm is O(10−8) for Ratio = 1
16 , and O(10−12) for smaller Ratio.

Meanwhile, the difference in H1 norm is O(10−8) for Ratio = 1
16 , and O(10−9) for the others.

These numerical results strongly support the long-time L2 and H1 stability of scheme (4.7), as

analysed in the previous section.

Also, we plot the degraded functions with Ratio = 1
16 ,

1
128 in Figure 5, representing the maxi-

mum and minimum ratio of damage, respectively. The corresponding inpainted results are shown

in Figure 6. Every solution of different initial values converges well to the exact solution. In

conclusion, regardless of the initial damage ratio, a sufficiently prolonged inpainting process leads

to consistent outcomes.

Ratio 1/16 1/32 1/64 1/128
|e|2 4.29E-8 1.15E-12 1.37E-12 1.04E-12
|e|3 7.49E-8 1.23E-12 1.63E-12 1.03E-12
|e|4 1.45E-9 1.17E-12 1.17E-12 1.16E-12
|e|5 4.30E-8 1.27E-12 1.49E-12 1.16E-12

Table 1. (Example 1A.) The discrepancy between ∥ui∥ and ∥u1∥ .

Ratio 1/16 1/32 1/64 1/128
|E|2 2.09E-8 3.80E-9 3.92E-9 2.60E-10
|E|3 1.56E-7 3.43E-9 3.89E-9 2.58E-10
|E|4 1.37E-8 4.38E-9 4.35E-9 2.89E-10
|E|5 1.87E-8 4.24E-9 4.35E-9 2.89E-10

Table 2. (Example 1A.) The discrepancy between ∥ui∥1 and ∥u1∥1.
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Figure 1. (Example 1A.) ∥u∥(left) and ∥u∥1(right) for different initial data with
Ratio = 1

16 .

Figure 2. (Example 1A.) ∥u∥(left) and ∥u∥1(right) for different initial data with
Ratio = 1

32 .

Example 1B: Signal reconstruction. We apply our model to deal with the signal reconstruc-

tion problem [69]. A piece-wise constant function is taken as the original signal, its corresponding

degraded function is with a damage ratio of 1
16 , as shown in Figure 7. We inpaint the damaged

signal with the same initial values as in Example 1A, results are shown in the right of Figure 7,

each inpainted signal fits well with the original signal. In Figure 8, we can see that after long

enough time T > 103, each solution coincides under the L2 and H1 norms, respectively. And the

solutions keep stable till T = 4 × 104. This demonstrates that the nonlocal model can effectively

capture discontinuous stationary solutions, which is consistent with the conclusions in [26, 70, 71].

5.2. Example 2: Application of image inpainting. We apply our nonlocal Cahn-Hilliard

inpainting model in two-dimensional image inpainting. The size of an image consists of the rows

and columns of pixels and the number of channels, denoted by M1 ×M2 ×Q. More precisely, for

grayscale images, Q = 1, and for color images, Q = 3.
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Figure 3. (Example 1A.) ∥u∥ (left) and ∥u∥1 (right) for different initial data
with Ratio = 1

64 .

Figure 4. (Example 1A.) ∥u∥ (left) and ∥u∥1 (right) for different initial data
with Ratio = 1

128 .

We measure the inpainting quality by comparing the degraded image f and the clean image u

under the following two metrics [72]:

PSNR(f, u) = 10log10(
M1M2∑M1

i=1

∑M2

j=1(fij − uij)2
),

SSIM(f, u) =
(2µfµu +B1)(2σfσu +B2)(σfu +B3)

(µ2
f + µ2

u +B1)(σ2
f + σ2

u +B2)(σfσu +B3)
,

where µf is the pixel sample mean of the image f , σf is the variance of f , σfu are the covariance

of f and u. Constants B1, B2 and B3 are introduced to avoid divisions by zero. Normally,

B1 = (D1L)
2, B2 = (D2L)

2, B3 = B2

2 . By default, D1 = 0.01, D2 = 0.03. The pixel-values have a

dynamic range of L = 1. For colored images, SSIM is calculated by the average of three channels.

Taking a given clean image as the conference, we compare the initial and final values of PSNR

and SSIM to assess the inpainting quality, which corresponds to the damaged and the inpainting

image. Higher values indicate better image quality.
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Figure 5. (Example 1A.) The degraded functions f(x) with Ratio = 1
128 (left)

and 1
16 (right).

Figure 6. (Example 1A.) The inpainted functions u(x) with Ratio = 1
128 (left)

and Ratio = 1
16 (right).

We adopt a two-stage strategy during the inpainting process as proposed in [14], where the

image is firstly repaired with a larger ε = ε1 in the first stage until the tolerance is reached, and

then improved with a smaller ε = ε2 to sharpen the edge in the second stage. The time step size

is set by ∆t = 1. The number of Fourier modes N is taken to be equivalent to the image size. The

total time for all the experiments is T = 4×103, with the first stage lasting 3×103 and the second

stage lasting 103. We compare the solutions at T = 4× 103, 5× 103 with the damaged and clean

image to validate the reliability and stability of our method under long-time evolution.

Example 2A: Binary image inpainting. We inpaint three binary images with different

shapes and sizes of damaged areas, as shown in Figure 9. We set λ0 = 5 × 105, ε1 = 0.2, ε2 =

8× 10−3, δ = 200, α = 1.5× 105, P1 = 300, P2 = 3λ0.

Table 3 lists the initial and final values of PSNR and SSIM for three images, respectively. It is

seen that the values increase after the inpainting process, which indicates that all the images are

well-restored.

It is evident from Figure 9 that all the binary images are effectively and well-restored in terms

of preserving sharper edges. They also restore the topological transitions well. Particularly, the



LONG-TIME BEHAVIOR OF THE NONLOCAL CAHN-HILLIARD TYPE INPAINTING MODEL 19

Figure 7. (Example 1B.) The damaged signal (left) and the inpainted signals
(right) for different initial data with Ratio = 1

16 .

Figure 8. (Example 1B.) ∥u∥ (left) and ∥u∥1 (right) for different initial data.

Image
PSNR SSIM

Initial Final Initial Final
Single stripe 13.1681 65.7440 0.7335 0.9996

Jet 20.4123 30.7827 0.9512 0.9927
Eastern cottontail 16.3031 25.3937 0.7710 0.9829

Table 3. (Example 2A.) Numerical results for binary images.

Single stripe image has the highest value than the other images due to its simplest structure. We

can see from Figure 9(a) that Single stripe is effectively restored in terms of topological transitions,

while the other two binary images slightly lose information, as shown in the corner of Jet in Figure

9(b) and the Eastern cottontail’s forefoot in Figure 9(c), respectively. The last two columns of

Figure 9 imply that the images have already been restored at T = 4× 103, and maintain this state

till T = 5× 103, this observation confirms that our method is stable over a long duration.

Example 2B: Grayscale and colored image inpainting. Finally, we present the inpainting

results of grayscale and colored images, as shown in Figure 10. We solve the complex Ginzburg-

Landau equation and only take the real component of the solution as the inpainted image. The
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(a) Comparison results of Single stripe

(b) Comparison results of Jet

(c) Comparison results of Eastern cottontail

Figure 9. (Example 2A.) Comparison results of binary images. From left to
right: degraded image, clean image, and inpainted image at T = 4× 103, 5× 103

respectively.

Image
PSNR SSIM

Initial Final Initial Final
Study 21.9767 40.9819 0.9466 0.9951

Cameramen 18.8829 35.3876 0.8088 0.9806
Peppers 19.6356 34.3402 0.8816 0.9608
Building 17.2335 28.0597 0.8693 0.9451

Table 4. (Example 2B.) Numerical results for grayscale and colored images.

parameters are given by: λ0 = 109, ε1 = 5× 10−2, ε2 = 8× 10−3, δ = 0.02, α = 105, P1 = 3
ε2
, P2 =

3λ0.

We observe from Table 4 that all the inpainted images have high PSNR and SSIM. The Study

image has the highest value, and the Building image has the lowest. That is due to the same reason

as in Example 2A: the complexity of the damage structure. Illustrated by Figure 10, at T = 4×103,

all the images are already well-restored in terms of topological connection, and maintain this state

till T = 5× 103.
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(a) Comparison results of Study

(b) Comparison results of Cameramen man

(c) Comparison results of Peppers

(d) Comparison results of Building

Figure 10. (Example 2B.) Comparison results of grayscale and colored images.
From left to right: degraded image, clean image and inpainted image at T =
4× 103, 5× 103 respectively.

6. Concluding remarks

In this paper, we have investigated the long time behavior of the nonlocal Cahn-Hilliard in-

painting model introduced in [1]. Precisely, we have established the long time stability of the

both continuous problem and its discrete counterpart. This was done by proving the time uniform

bounds of the continuous and discrete solutions in L2 and H1 norms. Several numerical examples

were provided to verify the stability of the proposed model and the efficiency of the numerical

method constructed for the model.
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