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The evolution of a Lamb-Oseen vortex is studied in a stratified rotating fluid under the
complete Coriolis force. In a companion paper, it was shown that the non-traditional Coriolis
force generates a vertical velocity field and a vertical vorticity anomaly at a critical radius
when the Froude number is larger than unity. Below a critical non-traditional Rossby number
Ro (based on the horizontal component of background rotation), a two-dimensional shear
instability was next triggered by the vorticity anomaly. Here, we test the robustness of this
two-dimensional evolution against small three-dimensional perturbations. Direct numerical
simulations (DNS) show that the two-dimensional shear instability then develops only in an
intermediate range of non-traditional Rossby numbers for a fixed Reynolds number Re. For
lower Ro, the instability is three-dimensional. Stability analyses of the flows in the DNS
prior to the instability onset fully confirm the existence of these two competing instabilities.
In addition, stability analyses of the local theoretical flows at leading order in the critical
layer demonstrate that the three-dimensional instability is due to the shear of the vertical
velocity. For a given Froude number, its growth rate scales as Re?/3/ Ro, whereas the growth

rate of the two-dimensional instability depends on Re/ 1352, provided that the critical layer
is smoothed by viscous effects. However, the growth rate of the three-dimensional instability
obtained from such local stability analyses agrees quantitatively with those of the DNS flows
only if second order effects due to the traditional Coriolis force and the buoyancy force are
taken into account. These effects tend to damp the three-dimensional instability.

Key words:

MSC Codes (Optional) Please enter your MSC Codes here

1. Introduction

A common approximation in geophysical fluid dynamics is the traditional approximation
that ignores the horizontal component of the planetary rotation when considering a local
Cartesian frame at a given latitude. The Coriolis force then takes into account only the vertical
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component of the planetary rotation. However, as reviewed by Gerkema et al. (2008), several
recent studies examining geophysical flows beyond the traditional approximation suggest
that the complete Coriolis force, i.e. with a background rotation along both vertical and
horizontal axes, plays a non-negligible role for flows where significant vertical motions or
a weak stratification are present. These studies show that the non-traditional Coriolis force
generates horizontal asymmetry for horizontally symmetrical flows (Semenova & Slezkin
2003; Sheremet 2004), modifies and enhances instabilities (Tort et al. 2016; Zeitlin 2018;
Park et al. 2021; Chew et al. 2022), and changes wave dynamics (Gerkema et al. 2008; Zhang
& Yang 2021). In addition, various models taking into account the complete Coriolis force
have been derived (Tort & Dubos 2014; Tort et al. 2014; Lucas et al. 2017).

Toghraei & Billant (2022) have recently studied the evolution of an initially two-
dimensional vortex in a stratified fluid under the complete Coriolis force by means of direct
numerical simulations (DNS). Due to the horizontal background rotation, a critical layer
appears at the radius where the angular velocity of the vortex is equal to the Brunt—Viisila
frequency (i.e. the inverse of the Froude number in non-dimensional form). Such radius
exists only if the Froude number is larger than unity. The critical layer induces a vertical
velocity field that first grows linearly with time while being more and more concentrated
around the critical radius until it finally saturates. Simultaneously, a vertical vorticity anomaly
is generated at the critical radius. In parallel to the DNS, Toghraei & Billant (2022) have
performed a linear asymptotic analysis for large non-traditional Rossby numbers (based on
the horizontal component of the background rotation). It shows that the singularity of the
critical layer is smoothed by both viscosity and unsteadiness, like for the baroclinic critical
layer in a horizontal shear flow studied by Wang & Balmforth (2020, 2021). A non-linear
asymptotic analysis has also been conducted following Wang & Balmforth (2020, 2021) to
obtain the velocity and vorticity fields in the critical layer when their amplitude is large. The
linear and non-linear asymptotic solutions for the vertical velocity and the vertical vorticity
anomaly have been found to be in excellent agreement with the DNS. Finally, it has been
shown that the critical layer generates an inflection point in the vertical vorticity profile
which triggers a two-dimensional shear instability for sufficiently high Reynolds numbers
and low non-traditional Rossby numbers. A theoretical criterion predicting the occurrence
of the two-dimensional instability has been derived from the inflection point condition.

The vortex dynamics described by Toghraei & Billant (2022) is purely two-dimensional
but with three velocity components. It can be indeed shown from the governing equations that
if the initial conditions are two-dimensional, all the velocity fields remain two-dimensional
throughout their evolutions. In the present paper, we will test the robustness of such evolution
with respect to infinitesimal three-dimensional perturbations added at the beginning of the
DNS. We will see that the dynamics remains two-dimensional as in Toghraei & Billant (2022)
for some parameters, while for other parameters, a three-dimensional instability develops.
This newly observed instability resembles the three-dimensional instability reported by
Boulanger ef al. (2007, 2008) in their experimental study of an inclined vortex in a stratified
fluid. To some extent, such configuration is similar to the present one, since in both cases,
there is a tilt with respect to the gravity force. A critical layer develops in the tilted vortex at
the radius where the angular velocity of the vortex is equal to the Brunt—Viiséla frequency
and induces an intense vertical velocity field. For sufficiently large tilt angle and Reynolds
number, a three-dimensional instability leads to the formation of rows of vortices with a
zig-zag structure. In order to determine the origin of the instability, Boulanger et al. (2008)
have performed a local stability analysis of the critical layer using the vertical velocity field
derived theoretically by means of a linear viscous analysis of the critical layer. Considering
only the leading-order terms when the vertical velocity is large, they have shown that the
local stability problem reduces to the two-dimensional stability of the vertical velocity field
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as for the stability of inviscid parallel shear flows. The growth rate predictions obtained by
neglecting the azimuthal dependence of the vertical velocity field, are in good agreement with
the experimentally measured growth rates. Hence, Boulanger et al. (2008) have concluded
that the three-dimensional instability comes from a shear instability of the vertical velocity
field generated in the critical layer. Recently, Wang & Balmforth (2021) have taken a different
point of view in their analysis of the two-dimensional shear instability developing within a
baroclinic critical layer. They have considered that the instability should be triggered during
the initial unsteady regime of the critical layer instead of during the viscous regime as in
Boulanger et al. (2008). By assuming that the instability arises when the gradient of the
vorticity anomaly is of order unity, they have derived an asymptotic model describing the
simultaneous development of the base flow in the critical layer and the shear instability.
Here, we will follow also local approaches in order to determine if the characteristics of the
three-dimensional and two-dimensional instabilities can be predicted.

The paper is organized as follows. The initial conditions, governing equations and
numerical methods are first presented in §2. §3.1 describes qualitatively the two distinct
instabilities observed in DNS when the non-traditional Rossby number is varied while the
other parameters are kept constant. Viscous effects are investigated in §3.2. Linear stability
analyses of the flows in the DNS prior to the onset of the instabilities are carried out in §4.
This is completed in §5 by linear stability analyses of the local theoretical flows in the critical
layer. The results of both types of stability analysis are then compared in §6. Finally, §7
provides a map of the three-dimensional and two-dimensional instabilities in the parameter
space (non-traditional Rossby number, Reynolds number) while §8 studies the effect of the
traditional Rossby number. Conclusions are drawn in §9.

2. Formulation of the problem
2.1. Initial conditions

A single vertical Lamb-Oseen vortex with vorticity

w(x,t=0) = le, = Lze‘rz/“ﬁez, @.1)
nag

where I" is the circulation and ag the radius, is considered as initial conditions accompanied
by small random three-dimensional perturbations. In the following, we will use either
Cartesian (x, y, z) or cylindrical (r, 8, z) coordinates. The associated unit vectors are denoted
(ex,ey,ez) and (e,, eq, e;), respectively. The geometry of the flow is sketched in figure 1.
The vortex is located at the center of a box with dimensions of I X [,, X I,. The background
rotation vector €, is decomposed into vertical and horizontal components: 2, = f. ey+fe;
where f = 2Q; sin (@) and f = 2Qy, cos (@), where ¢ is the angle between the background
rotation vector and the unit vector in the y direction, ey. The fluid is stably stratified with a
constant Brunt—Viisild frequency N = v/—(g/p0)00/0z, where g is the gravity, pg a constant
reference density and 5(z) the mean density profile. The velocity field of the small random
perturbations consists of a divergence-free white noise with amplitude 0.001I"/27ay).

2.2. Governing equations

The initial conditions and governing equations are non-dimensionalized by using 27ra(2) /T
and aq as time and length units:

V. =0, (2.2)
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Figure 1: Sketch of the initial vortex in a stratified rotating fluid with a background
rotation Q, inclined with an angle ¢.

0 1 1 1

a—l;+(u.V)u =-Vp+be, _2(E3z+ﬁey) xu+EV2u, (2.3)
ab 1 |
—~ +uVb+ —u, = Vb, 24
or ¢ quz ReSc 4

where u, b and p are the non-dimensional velocity, buoyancy and pressure, respectively. The
problem is controlled by five non-dimensional numbers: the Reynolds, Froude, Rossby and
Schmidt numbers defined as follows
R r F r r Fr r
€e=—-—, = T 5> o= > 0=—7=
2nv " 27ra(2)N na%f ”a(z)f

se=2. (25
K

where v is the viscosity and « the diffusivity of the stratifying agent. The two Rossby
numbers— traditional Rossby number Ro and non-traditional Rossby number Ro—measure
the two components of the rotation vector. The Schmidt number will always be set to unity.
In the following, all the results will be presented in a non-dimensional form.

2.3. Numerical methods

A pseudo-spectral method with periodic boundary conditions and fourth-order Runge—Kutta
time integration is used as in Toghraei & Billant (2022). The non-dimensional horizontal
sizes of the computational domain have been set to [, = [, = 18, to minimize the effect of the
periodic boundary conditions (see Toghraei & Billant (2022) for details). The vertical size
has been set to /; = 8 in order to accommodate several vertical wavelengths of the dominant
three-dimensional instability. The Reynolds number will be varied between Re = 2000 and
Re = 10000. As shown by Toghraei & Billant (2022), the horizontal resolution required for
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Re = 2000 is ny = n, = 512. Accordingly, the vertical resolution has been set to n, = 256.
The corresponding time step is 6 = 0.01. A number of DNS have been conducted to test the
accuracy of the computations. In particular, these tests have shown that the velocity differs
by less than 0.2% when the vertical resolution is increased from n, = 256 to n, = 512. The
three-dimensional DNS for higher Reynolds numbers have been performed with a resolution
up to ny = n, = 1536, n; = 256. Such resolution is sufficient to detect the onset of the three-
dimensional instability. However, a study of the non-linear evolution of the three-dimensional
instability could require higher resolution. Two-dimensional DNS have been performed in the
range 2000 < Re < 50000 with aresolution ranging fromn, = ny, = 512ton, = n, = 2048.

3. Direct Numerical Simulations

3.1. Typical examples of the vortex dynamic depending on the non-traditional Rossby
number

The objective of this section is to present qualitatively the different vortex evolutions
observed in the DNS when the non-traditional Rossby number is varied for a fixed Reynolds
number. Figure 2 shows the evolution of the vertical velocity at three different times for the
set of parameters Re = 2000, F, = 4, Ro = 23.1, Ro = 40. In this figure, three planes
are displayed: a horizontal cross-section at the middle plane z = [, /2 (first row) and two
vertical cross-sections at the planes y = [, /2 (second row) and x = [,/2 (third row) going
through the initial vortex center. Figure 3 shows the corresponding evolution of the vertical
vorticity. Since the vertical vorticity remains predominantly quasi-asymmetric, only two
planes are displayed: a horizontal cross-section in the plane z = [, /2 (first row) and a vertical
cross-section at the plane y = [,,/2 (second row).

As previously reported by Toghraei & Billant (2022), the presence of the non-traditional
Coriolis force generates a vertical velocity field with azimuthal wavenumber m = 1 (figures
2(a, d, g)). This vertical velocity field concentrates at the critical radius r. where the non-
dimensional angular velocity of the vortex Q equals the inverse of the Froude number
Q(r.) = 1/Fy. A ring of vertical vorticity anomaly also develops at r. (figures 3(a, d)).
The early evolution of these quantities can be seen in Toghraei & Billant (2022). The
vortex appears still two-dimensional at + = 40 (figures 2(d, g) and 3(d)). However, later
on (figures 2(b, e, h) and 3(b, e)), three-dimensional variations become visible in both the
vertical velocity and vertical vorticity fields. At ¢+ = 56 (figures 2(c, f,i) and 3(c, f)), the
amplitude of the deformations along the vertical has grown and the vertical cross-section of
the vertical vorticity (figure 3(f)) exhibits a structure similar to the one observed by Boulanger
et al. (2007, 2008) on a stratified tilted vortex. Although there are some irregularities due
to the randomness of the initial three-dimensional perturbations, we can distinguish five
wavelengths along the vertical, i.e. a dominant wavenumber k =~ 4. We can also see that
the deformations are in opposite phases on the two sides of the vortex (figure 3 (f)). In the
horizontal cross-sections (figures 2(c) and 3(c)), non-axisymmetric deformations can also
be seen, but they are irregular and weak compared to those of the two-dimensional instability
reported by Toghraei & Billant (2022).

In order to prove that the emergence of these three-dimensional disturbances are due to an
instability, the vertical vorticity w, has been decomposed as follows

Wz (X, y,2,1) = (Wz)z(x, ¥, 1) + W (x,y,2,1), (3.1)

where (w;), = (1/1;) /0 wdz is the vertically averaged vertical vorticity and w’ three-
dimensional fluctuations. Figure 6(a) shows the evolution of the mean-square of these two
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quantities: Z3 = 1/V /V (w;)2dV (grey dashed line) and Z; =1V fv w?dV (grey solid
line), where V is the volume of the computational domain. We can see that, after an initial
transient decay, Z; increases exponentially, indicating the presence of a three-dimensional
instability. It then saturates when it reaches the same magnitude as Z3.

A similar three-dimensional instability has been observed when the non-traditional Rossby
number is increased to Ro = 60 (green lines in figure 6(a)) or Ro = 80 (red lines) while
keeping the other parameters fixed (see the velocity and vorticity fields in Toghraei (2023)).
Note that the corresponding traditional Rossby number Ro also varies slightly from Ro =
23.1 to Ro = 20.7 when Ro is increased since it is ¢ that is varied whereas Q; = 0.1
is kept constant. As seen in figure 6(a), three-dimensional fluctuations., i.e. Z;, start to
grow exponentially later and with a lower growth rate as Ro increases. Thereby, when the
non-traditional Rossby number is further increased to Ro = 115 (figures 4 and 5), three-
dimensional deformations are no longer visible while two-dimensional non-axisymmetric
disturbances with an azimuthal mode m = 2 can be seen in the horizontal cross-sections
of the vertical vorticity at late times # = 167 and ¢t = 175 (figures 5(b, c¢)) as observed by
Toghraei & Billant (2022). Nevertheless, figure 6(a) shows that Z; still grows exponentially
but it remains several orders of magnitude lower than Zs.

Two-dimensional DNS have also been carried out for the same four set of parameters. In
this case, the vertical vorticity has been decomposed as

wo(r,0,1) = (wz)o(r,t) +w,(r,0,1), (3.2)

where (w;)g = 1/(2n) /02” wd# is the azimuthally averaged vertical vorticity and w’ non-
axisymmetric fluctuations. Figure 6(b) displays the evolution of Z, = 1/S fS(a)Z)édS (grey

dashed line) and Z] = 1/S /S w?2dS (grey solid line), where S is the surface of the domain.
Again, we can see that non-axisymmetric fluctuations, i.e. Z;, grow exponentially for the
four values of Ro owing to the two-dimensional instability studied previously in Toghraei &
Billant (2022). Yet, in the full three-dimensional configuration, it is only for Ro = 115 that
the two-dimensional instability is observed. There is therefore a competition between two
different instabilities and the nature of the dominant instability depends on the parameters.
We can notice that the maximum vertical velocity is larger by 50% for Ro = 40 (figures
2(a,d, g)) than for Ro = 115 (figures 4(a, d, g)). However, the vertical vorticity anomaly is
much stronger for Ro = 40 (figures 3(a, d)) than for Ro = 115 (figures 5(a, d)) so that the
type of the dominant instability cannot be guessed by simply looking at the vertical velocity
and vorticity profiles.

3.2. Viscous and diffusion effects

In order to study viscous and diffusion effects, we have conducted two series of three-
dimensional DNS for different Reynolds numbers between Re = 2000 and Re = 10000.
The first series has been conducted for a constant non-traditional Rossby number Ro = 80
whereas the second series has been performed for constant value of eRe?/3 where &£ = 2/ Ro.
This combination of Ro and Re corresponds to the typical amplitude of the gradient of the
vertical velocity in the critical layer when viscous effects operate (see section 5.1 below and
Toghraei & Billant (2022)). These two series allow us to explore different regions of the
parameter space (Re, Ro). The DNS for Ro = 80 and Re = 2000 belongs to the two series
and is therefore the reference. ~

Figure 7(a) shows that for constant Ro = 80, three-dimensional vertical vorticity
fluctuations, Z}, grow exponentially earlier and with a larger growth rate when the Reynolds
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Figure 2: Vertical velocity field in a horizontal cross-section at z = I /2 (first row) and two

vertical cross sections at y = [, /2 (second row) and x = [, /2 (third row) at three different

times: (a,d, g) t =40, (b,e, h) t =53, (c, f,i) t =56 for Re = 2000, Fj, =4, Ro =23.1
and Ro = 40.

number is increased from Re = 2000 to Re = 4000. However, for higher values of Re, the
growth rate remains almost constant (the growth rate as a function of Re is also shown in
figure 8(c) by blue open circles). As seen in figure 8(a), the observed dominant vertical
wavenumber (blue open circles) first increases with Re and then remains constant. For
constant value of eRe?/ (figure 7(b)), the instability arises later and later as Re increases
but the exponential growth rate of Z} is approximately independent of the Reynolds number
(see also the green open circles in figure 8(c)). In contrast, the dominant vertical wavenumber
(green open circles in figure §(a)) continuously increases with Re. This is also directly visible
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Figure 3: Vertical vorticity field in a horizontal cross-section at z = [; /2 (first row) and a
vertical cross section at y = [y, /2 (second row) at three different times: (a, d) t = 40, (b, )

=53, (c, f) t = 56 for Re = 2000, Fj, = 4, Ro = 23.1 and Ro = 40.

in the vertical cross-sections of the vertical vorticity displayed in figure 9 for eRe?/3 = 3.97.
Figure 8(b) is the same as figure 8(a) except that the x-axis is now Re!/3. Even if the
range of variation is not large, the dominant vertical wavenumber seems to increase linearly
with Re!/? for constant eRe?/? (green dashed line), as observed by Boulanger ez al. (2008).
This observation will be at the basis of one of the assumption of the local asymptotic
three-dimensional stability analysis performed in §5.

Similarly, the effect of the Reynolds number on the two-dimensional instability has been
studied by performing two-dimensional DNS for different Reynolds numbers between Re =
2000 and Re = 50000 for Ro = 80 and for a constant value of £2Re = 1.25. This combination
of Ro and Re corresponds to the magnitude of the vorticity anomaly in the critical layer,
when it is smoothed by viscous effects (see section 5.1 below and Toghraei & Billant (2022)).
When Ro = 80, figure 10(a) shows that non-axisymmetric vertical vorticity fluctuations Z]
start to grow exponentially earlier when Re is increased from Re = 2000 to Re = 6000.
However, for 6000 < Re < 50000, the two-dimensional instability always starts to be
amplified around 7 = 75 and its growth rate becomes approximately independent of Re. In
contrast, when &?Re is kept constant (figure 10(b)), Z} starts to grow exponentially later
and later as Re is increased from Re = 2000 to Re = 50000. The growth rate remains
approximately the same and the instability exhibits always an azimuthal wavenumber m = 2
for all these two-dimensional DNS.
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Figure 4: Same as figure 2 but for Ro =115 and Ro = 20.3: (a,d,g) t =100, (b, e, h)
t =152, (c, f,i) t = 167.

261 4. Linear stability analysis of the flows in the DNS

262 In order to further describe the competition between the two-dimensional and three-
263 dimensional instabilities, we have carried out linear stability analyses of the flows in the
264 DNS at different times before the onset of the instability.

265 4.1. Methods

266 To do so, the velocity and buoyancy fields U = (U, Uy, U;) and B have been frozen at a given
267 timet = tp. These base flows have been extracted from the two-dimensional simulations. This
268 ensures they are not disturbed by any instability since the simulations are two-dimensional
269 and the two-dimensional instability develops later than the time #;, under consideration. They
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Figure 5: Same as figure 3 but for Ro = 115 and Ro = 20.3: (a,d) t =100, (b,e) t =152,
(c, f)t=167.

are next perturbed by infinitesimal perturbations
[u,b](x,1) = [U, Bl(x,y,tp) + [u,b'](x,1), 4.1)

denoted with a prime. The perturbations are governed by the equations (2.2-2.4) linearized
around (U, B):

V' =0, 4.2)
au, ’ ’ ’ ’ 1 1 ’ 1 ’
VA (u .v) U=-Vp +be, -2 (R—Oez + Eey) xu'+ -V, (43)
b’ . 1, 1 ,
— +U.Vb VB+ —u. = 2p 4.4
Y +U +u + Fﬁuz ReSe , 4.4)

Such "freezing" method is expected to give reliable results if the time evolution of the flow
(U, B) is slow compared to the growth rate of the perturbations.

The equations (4.2-4.4) are integrated with [u’, b'] initialized by white noise using the
same numerical code and the same resolution and domain size in the horizontal directions
as for the DNS. Since the base flow (U, B) is uniform along the vertical and the equations
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Figure 6: (a) Evolution of the mean square of the vertically averaged vertical vorticity, Z3
(dashed lines) and of the three-dimensional vertical vorticity fluctuations, Zé (solid lines)
in three-dimensional DNS. (b) Evolution of the mean square of the azimuthally averaged
vertical vorticity, Z, (dashed lines) and of the non-axisymmetric vertical vorticity
fluctuations, Zé (solid lines) in two-dimensional DNS. The parameters are Ro =40 (grey
lines), Ro = 60 (green lines), Ro = 80 (red lines), Ro = 115 (blue lines) for Re = 2000,
Fp =4 and Qp = 0.1 (Ro = 20). The straight solid lines indicate the slopes for each Ro
corresponding to the dominant three-dimensional growth rate in (a) and to the growth rate
at k = 0 in (b) for the last time #; investigated in the linear stability analyses of the DNS
flows (figure 11). In (a), the blue straight dashed line represents the slope corresponding
to the growth rate at k = 0 for Ro = 115.
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Figure 7: Evolution of the mean square of the vertically averaged vertical vorticity, Z3
(dashed lines) and of the three-dimensional vertical vorticity fluctuations, Zé (solid lines)
in three-dimensional DNS for different Reynolds numbers for (a), Ro = 80, (b)
eRe?3 =3.97 for Fj, = 4 and Q;, = 0.1 (Ro ~ 20). The Reynolds numbers are Re = 2000
(green line), Re = 4000 (red line), Re = 6000 (blue line) , Re = 8000 (grey line),

Re = 10000 (black line).The square symbols indicate the time #;, considered in the
stability analyses.
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Figure 8: Most amplified vertical wavenumber k as a function of (a), Re and, (b), Re'/3.
(c¢) Associated maximum growth rate as a function of Re. The blue and green symbols
correspond to Ro = 80 and eRe?/3 = 3.97, respectively, for F, =4 and Q; = 0.1
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of the green circle symbols. The time #;, taken for each local stability analysis of the DNS

flow is: 1, = 75 for (Ro = 80, Re = 2000), 1, = 65 for (Ro = 80, Re = 4000), t;, = 60 for
(Ro = 80, Re = 6000), t;, = 55 for (Ro = 80, Re = 8000) , #;, = 55 for
(Ro = 80, Re = 10000, t;, = 85 for (Ro = 127, Re = 4000), t;, = 90 for
(Ro = 167, Re = 6000), t, = 90 for (Ro = 201, Re = 8000), 1, = 95 for
(Ro = 233.8, Re = 10000).
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Figure 9: Vertical vorticity field in a vertical cross section at y = [y, /2 for eRe?3 =3.97
for (a) (Re = 2000, Ro = 80, t = 102), (b) (Re = 4000, Ro = 127, 1 = 100), (¢)

(Re = 6000, Ro = 167, t = 167) and (d) (Re = 10000, Ro = 223.8, t = 104) for F}, = 4
and Qp, = 0.1 (Ro ~ 20).

(4.2-4.4) are linear, the amplitude [#, b ] of each vertical wavenumber of the perturbation:

max

[W.b= > [k bil(x, y, e (4.5)
k=—kmax

evolve independently of the others. Hence, by integrating (4.2-4.4) for a sufficiently long
time, the perturbations [#y, b ] will be dominated by the most unstable mode for the vertical
wavenumber k. The vertical size and resolution have been set to /, = 32 and n, = 64 in order
to cover the wavenumber band —27 < k < 27 with the resolution Ak = 7/16.
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Figure 10: Evolution of the mean square of the azimuthally averaged vertical vorticity, Z
(dashed lines) and of the non-axisymmetric vertical vorticity fluctuations, Zé (solid lines)

in two-dimensional DNS for different Reynolds numbers for (a), Ro = 80 and (b)
£2Re = 1.25 for Fj, =4 and Qp = 0.1 (Ro = 20). The Reynolds numbers are Re = 2000
(green line), Re = 4000 (red line), Re = 6000 (dark blue line), Re = 8000 (grey line),
Re = 10000 (black line), Re = 20000 (orange line), Re = 30000 (light blue line),

Re = 50000 (dark yellow line). The square symbols indicate the time #;, considered in the
stability analyses.

In practice, the growth rate for each vertical wavenumber o (k) is retrieved from the total
kinetic energy Ey(t) = f f 1/2 (ﬁi + 12% + ﬁ%) dxdy by means of the formula

1 E(ty)
20y —1) 8 ( Ex(t) ) :

where the two times #; and ¢ are chosen to be large and sufficiently separated in order
to eliminate the oscillations of E; when the instability is oscillating (Typically, #; = 140
and ty = 190). The frequency o;(k) of the instability can be also retrieved by searching
the successive times #,, for which the relative kinetic energy Ej(t)/(Ex(t;)e?=1)) is
maximum. An estimation of the frequency is then given by

(4.6)

or (k) =

n -1
1 max 27_[

_1) ; 2(tn+1_tn),

where 71,4 1S the number of maxima detected. In the following, only positive wavenumber
k will be presented since negative ones are identical owing to the symmetry z — —z.

oi(k) = 4.7)

(Mmax

4.2. Results for variable non-traditional Rossby number

Figure 11 shows the growth rate as a function of the vertical wavenumber & for the four
different values of Ro investigated in §3.1 for Re = 2000 and Fj;, = 4. For each case,
we have computed the stability of the flows at four different times ¢, prior to the time at
which the instabilities become visible in the DNS. We remind that the base flows have
been extracted from two-dimensional simulations in which no three-dimensional instability
occurs. The curves are not smooth and exhibit some small irregularities because there are
several sub-dominant modes with a growth rate close to the one of the dominant modes.
The convergence towards the dominant mode with the present method is therefore slow and
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still not perfect between the integration time #; and 7. It is however sufficiently converged
for the present purpose. Globally, the growth rate levels increase with #;, and decrease with
Ro. For Ro = 40 (figure 11(a)), all the wavenumbers are strongly unstable but there is a
growth rate peak at k ~ 4 — 5 in agreement with the dominant wavenumber k = 4 observed
in the DNS (figures 2 and 3). Figure 12(a) shows the frequency o; corresponding to this
peak (circle symbols) as a function of #;. It is nearly constant o; ~ 0.2 when 7, > 40 and
clearly differs from the frequency of the two-dimensional instability (i.e. for kK = 0) which is
also plotted by square symbols. The vertical velocity and vertical vorticity of the eigenmodes
corresponding to the dominant three-dimensional instability and to the two-dimensional
instability also have a different structure (figure 13) even if they are both concentrated around
the critical radius. The vertical vorticity of the two-dimensional eigenmode (figure 13(c))
exhibits a well-defined azimuthal wavenumber m = 3 which rotates with little shape change.
This wavenumber is less clear in the vertical velocity (figure 13(a)) since the base vertical
velocity is non-axisymmetric. Nevertheless, there are also six extrema along a circular path
even if their amplitude is irregular.

In contrast, the three-dimensional eigenmode (figure 13(b,d)) presents an irregular
azimuthal dependence which is modulated over the oscillation period of the instability.

As the non-traditional Rossby number is increased to Ro = 60 (figure 11(b)) and Ro =80
(figure 11(c)), a peak continues to be observed around k =~ 4 — 5 but it is less pronounced
relative to the growth rate at k = 0. In other words, the three-dimensional instability is
still dominant for these values of Ro as observed in the DNS but its strength weakens
comparatively to the two-dimensional instability. The frequency corresponding to the growth
rate peak is still around oy ~ 0.2 (figure 12(b, c)). However, the frequency of the two-
dimensional instability switches from o; = 0.5 at early times to o; ~ 0.8 at late times.

For Ro = 115 (figure 11(d)), the growth rate is maximum at k = 0 in agreement with
the observation of a two-dimensional instability in the DNS (figures 4 and 5). A local peak
around k = 4 — 5 is however still observed when #, < 80 whereas it is less apparent for
tp = 100. The present linear stability analysis, therefore, confirms that there is a cross-over of
the dominant instability from three-dimensional to two-dimensional as Ro increases. As seen
in figure 12(d), the frequencies of the three-dimensional and two-dimensional instabilities
are now oy ~ 0.2 and o; =~ 0.5, respectively, independently of #,. Interestingly, figure 14(c)
shows that the vertical vorticity of the eigenmode of the two-dimensional instability exhibits
now a m = 2 azimuthal structure, as observed in the DNS (figures 4 and 5), instead of m = 3
for Ro = 40 (figure 13(c)). This change of the dominant azimuthal wavenumber of the
two-dimensional instability explains why the frequency switches from o; =~ 0.8 for Ro =40
to 0y ~ 2/3% 0.8 ~ 0.5 for Ro = 115. The three-dimensional eigenmode for Ro = 115
(figure 14(b)) looks somewhat different from the one for Ro = 40 (figure 13(b)) because
they do not correspond to the same phase of the oscillation cycle.

Although the stability analysis has been performed by freezing a time-evolving flow [U, B],
we can notice in figure 11 that the growth rate curves for the two last times #;, (red and blue
lines) are very close for each plot. This indirectly suggests that the flow [U, B] has little
evolved between these two times. The slow evolution of the base flow [U, B] when the
instability develops will be confirmed in the next section.

Finally, the exponential growth corresponding to the dominant three-dimensional growth
rate obtained in the linear stability analyses at the last time ¢, (figure 11) are indicated by
straight solid lines for each Ro in figure 6(a). We see that the slopes compare very well with
those observed in the DNS, except for Ro = 115. In this case, the slope corresponds more
to the growth rate for k£ = 0 indicated by a blue straight dashed line, consistently with the
observation of a two-dimensional instability. Similarly, figure 6(b) shows that the slopes of
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Figure 11: Growth rate ;- obtained from the stability analysis of the DNS flow as a
function of the vertical wavenumber & for Re = 2000, Fj, =4, Qp = 0.1 (Ro = 20) and
(a) Ro = 40, (b) Ro = 60, (¢) Ro = 80 and (d) Ro = 115. The colored lines corresponds
to different times 7,:

(a) tp, = 35 (black line), t;, = 40 (green line), t;, = 45 (red line), 1, = 50 (blue line),
(b) tp, =40 (black line), t;, = 50 (green line), #;, = 55 (red line), ¢, = 60 (blue line),
(¢) tp, =45 (black line), 1, = 55 (green line), 15, = 65 (red line), t;, = 75 (blue line),
(d) tp, =50 (black line), t;, = 70 (green line), #;, = 90 (red line), ¢, = 100 (blue line).

the exponential growth in the two-dimensional DNS for each Ro are in very good agreement
with the growth rate for k = 0 obtained from the linear stability analyses at the last time ¢,
(figure 11).

4.3. Results for variable Reynolds number in the two-dimensional case

The two-dimensional linear stability of the two-dimensional DNS flows for different Re (§3.2)
have been also investigated. Several Reynolds numbers in the range 2000 < Re < 50000
have been studied both for Ro = 80 and for a constant value of £2Re = 1.25. The time t
considered for each case is indicated by a symbol in figure 10 and given in the caption of figure
15. These analyses reveal that the azimuthal wavenumber m = 2 is not the most unstable one
for large Reynolds numbers even if the corresponding two-dimensional DNS exhibit always
an azimuthal wavenumber m = 2 whatever Re and Ro in the ranges investigated. Indeed,
figure 15(a) shows that the most unstable azimuthal wavenumber for Ro = 80 (blue open
circles) first increases from m = 3 for Re = 2000 to m = 8 for Re = 20000 but tends to
remain constant for higher values of Re. For fixed £2Re, m increases continuously with Re
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Figure 12: Frequency o; obtained from the stability analysis of the DNS flow for k = 0
(squares) and at the most amplified wavenumber in the range k > 4 (circles) as a function
of the time #, for Re = 2000, F;, = 4, Qp, = 0.1 (Ro ~ 20) and (a) Ro = 40, (b) Ro = 60,

(c) Ro =80 and (d) Ro = 115.

Figure 13: Vertical velocity (a, b) and vertical vorticity (c, d) of the eigenmode for (a, ¢)
k=0and (b,d)k = 4.5 for Ro =40 and Re = 2000, Fj, =4, Ro = 23.1 at t;, = 50.

374 uptom = 6 for Re = 50000 (red open circles in figure 15(a)). The red dashed line in figure
375 15(c) shows that the azimuthal wavenumber m in the latter case varies approximately linearly
376 when plotted as a function of Re'/3. The corresponding maximum growth rate first increases
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Figure 15: Most amplified azimuthal wavenumber m as a function of (a), Re and, (b),
Rel/3. (¢) Associated maximum growth rate as a function of Re. The blue and red
symbols correspond to Ro =80 and &2Re = 1.25, respectively, for Fj, =4 and Qp = 0.1
(Ro = 20). The symbols o, X and + represent the results obtained from linear stability
analyses of the DNS flows and from the local two-dimensional stability analyses of the
linear solution (5.1,5.4,5.6) and nonlinear solution (5.1, 5.3), respectively. In (b), the red
dashed line shows a linear fit of the red open circle symbols (o). The time #;, taken for each
stability analysis of the DNS flow and local stability analyses is: #;, = 75 for Ro =80
when Re < 10000, tj, = 73 for (Ro = 80, Re = 20000), #, = 70 for (Ro = 80,

Re = 30000 and Re = 50000, 7, = 110 for (Ro = 138.6, Re = 6000), 1, = 120 for
(Ro = 179, Re = 10000), #;, = 145 for (Ro = 253, Re = 20000), #;, = 145 for
(Ro =310, Re = 30000), #;, = 170 for (Ro = 400, Re = 50000).

with Re for Ro = 80 and then tends to saturate (blue open circles in figure 15(c)) whereas it
remains approximately constant when &?Re = 1.25 is kept fixed (red open circles).

The three-dimensional stability of flows in the DNS for variable Reynolds number has not
been investigated, as knowledge of the maximum growth rate and dominant wavenumber
extracted from the DNS will be sufficient in the remainder of the study.

5. Local stability analysis of the theoretical solutions in the critical layer

In order to shed light on the mechanism and competition between the three-dimensional and
two-dimensional instabilities, we will now turn to a stability analysis of the local solutions
in the critical layer that have been derived analytically for large Reynolds numbers and small
non-traditional Rossby numbers in Toghraei & Billant (2022).

We first briefly recall the asymptotic analyses and the resulting solutions. Then, the stability
of these solutions will be investigated.
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5.1. Local base flow in the critical layer

This section is only a brief summary of the main asymptotic results derived in Toghraei &
Billant (2022) that will be useful in the next sections. Readers interested in the details of
the asymptotic analyses are referred to this previous article. Toghraei & Billant (2022) have
solved (2.2-2.4) by assuming & = 2/17(’“0 < 1 and Re > 1 and by considering the vicinity
of the critical radius r. where Q(r.) = 1/F, by means of the variable 7 = Re'/3(r — r.). A
slow time T = Re~'/3¢ has been also introduced. Both linear and non-linear analyses have
been carried out following Boulanger et al. (2007) and Wang & Balmforth (2020, 2021). The
latter assumes the distinguished scaling Re = Re /€* where Re is of order unity. However,
the non-linear analysis remains valid for any value in the range 0 < Re < 1 and recovers the
linear analysis in the limit Re — 0. The solutions for the vertical velocity, buoyancy, angular
velocity and vertical vorticity then read at leading order in &:

U, =s'PRe0, + ..., (5.1a)

B=¢PRe B+ .., (5.1b)

Q=0p+PRQ + ..., (5.1¢)

l=Clo+Reli + ..., (5.1d)

where U, = U,1e' + c.c. and B = Be'? + c.c.. At the leading order, , and ¢, are the

non-dimensional angular velocity and vertical vorticity corresponding to (2.1). In the vicinity
of r¢, they can be expanded as

Qy=Q +7Q.PRe ., (5.2a)
lo={¢c+T7{.e""Re +..., (5.2b)

where the subscript ¢ denotes the value at r = r... The vertical velocity U,; and angular
velocity correction ; have been found to be governed by the following coupled equations:

U, o n — i 1 1\ 8?0

a;l +IQCFUZ1 +1R€Q]Uzl = Z}’CQC + E (1 + E) 6;7;1 , (53a)
0Q, i~ - o)
ar = 2 U~ Ua) + 5 (>-35)

These equations are also rewritten in terms of unscaled variables in appendix A. The equation
(5.3a) describes the evolution of the vertical velocity U, near r. due to the non-traditional
Coriolis force (first term in the right-hand side) and under the viscous and diffusive effects
(last term in the right-hand side) and the effect of the angular velocity correction €; (last
term of the left-hand side). The viscous effects and the time derivative smooth the solution
U1, which without these terms would be U,; = r.Q./ (49;:’) and would be therefore
singular at r.. The equation (5.35) shows that the vertical velocity U, forces the angular
velocity correction €. This comes from the non-traditional Coriolis force in the horizontal
momentum equation. The corresponding buoyancy and vertical vorticity corrections are
given by B, =iQ.U, and {| = r.0Q,/0F.

The linear solutions derived by Toghraei & Billant (2022) correspond to the case when
the angular velocity correction is small so that its retroaction on the vertical velocity is
negligible. This linear limit can be most simply obtained from (5.3) by neglecting the third
term in the left-hand side of (5.3a). Indeed, the linear solutions are expected to be valid when
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the vertical vorticity correction Rel; in (5.1d) is weak, i.e. when Re < 1, or equivalently
—~2
Re/Ro < 1. In this case, (5.3a) can be integrated to give

. A 3
U, =i— exp (—Z— + iyfz) dz, 5.4)
T 0 3
where
20|
_— e,
A= Y N y——l 7 (5.5)
c 1+— 1+ —
( Sc) ( Sc)
Then, the solution of (5.3b) can be found in the form

A

Q) =-—
! 2y2nr.

-3 —exp (Y323/|Q| - ¥?2%T)
exp | —— +iyrz 2

)dz+c.c.. (5.6)

The theoretical solutions (5.3), (5.4) and (5.6) have been computed numerically and are
compared in figure 16 to the flows observed in the three-dimensional DNS prior to the onset
of the instability for the four values of Ro investigated previously for Re = 2000 and Fj, = 4.
Th1s figure displays the maximum vertical velocity Uz (6, 1) for 6 = 0 (figure 16(a)) and

= /2 (figure 16(b)). The solid lines correspond to the DNS for Ro = 40 (grey), Ro = 60
(green) Ro = 80 (red) and Ro = 115 (blue) whereas the corresponding linear and non-
linear solutions (5.1,5.4) and (5.1,5.3) are plotted with dashed lines and dotted-dashed lines,
respectively, with the same color.

Both the linear (5.1,5.4) and the non-linear (5.1,5.3) solutions predict well the initial
increase of U, (6, t) in the DNS for all values of Ro despite missing the initial oscillations
observed in the DNS. These oscillations are due to inertia-gravity waves excited at ¢ = 0.
However, since their amplitude remains constant whereas the rest of the solution grows
linearly with time, their relative importance becomes negligible for large times. They are

absent in (5.4) and (5.3) because these solutions are valid only for T > O(1), i.e. large time:
> 2R

After the linear increase, there is a saturation of U,,, (6, t) towards a level which is inversely

proportional to Ro since the vertical velocity scales as gl/ 31}7’1/3 = gRe!/3 (see (5.1a)). While
the linear solution (5.1,5.4) saturates to constant values, the non-linear solution (5.1,5.3)
exhibits transient oscillations towards a mean value. The amplitude of these oscillations
increases as Ro decreases. The difference between the linear and non-linear solutions also
increases as Ro decreases for a constant Re since non-linear effects scale like Re = Re / Ro".

Figures 17 and 18 display a detailed comparison between the radial profiles of the vertical
velocity in the DNS and from the asymptotic solutions for Ro = 40 and Ro = 115,
respectively. The comparison has been conducted at 6 = 0 (left column) and 8 = 7/2 (middle
column) and at two different times denoted #5, and #;. The first time ¢, is approximately
when U,,, (6 = 0,t) given by the non-linear equations (5.1,5.3) reaches the saturation level
of U, (6 = 0, 1) given by the linear solution (5.4) (circles in figure 16(a)). The time 7, is
when U,,,(6 = 0, t) given by the non-linear solution (5.1,5.3) reaches its first peak (squares
in figure 16(a)). These two times are sufficiently large for the theoretical solutions to be
valid. For both values of Ro, there is a good agreement between U, (r, 6, ) in the DNS (black
solid lines) and predicted by the linear solutions (green dashed lines) and non-linear solutions
(red dotted-dashed lines). However, the linear solution for Ro = 40 (figure 17(a, b, d, e)) is
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Figure 16: Comparison between the maximum vertical velocity in the DNS (solid line),
predicted by the linear solution (5.1,5.4) (dashed line) and by the non-linear equations
(5.1,5.3) (dotted-dashed line) for (a) 6 =0and (b) 0 = /2 for Re = 2000, F, = 4,
Qp =0.1 (Ro ~ 20) and Ro =40 (grey lines), Ro = 60 (green lines), Ro = 80 (red lines)
and Ro = 115 (blue lines). The circle and square symbols in (a) indicate the times #;,| and
tp7, respectively.

shifted along the radius compared to the DNS whereas the non-linear solution is in better
agreement. This is due to the non-linear effect involving the angular velocity correction £
in (5.3a) that effectively moves the location of the critical radius. For Ro = 115 (figure
18), there is also a slight shift between the linear and non-linear vertical velocity profiles
at tpp = 100 (figure 18(d, e)). It is however smaller since non-linear effects are weaker for
Ro = 115.

The corresponding profiles of vertical vorticity at the same times are compared in figure
17(c, f) (Ro = 40) and figure 18(c, f) (Ro = 115). We see that there is also a good
agreement between the asymptotic solutions and the DNS. The non-linear solution is, again,
more accurate than the linear one for Ro = 40 (figure 17(c, f)).

Similar comparisons are displayed in Toghraei (2023) for Ro = 60 and Ro = 80.

5.2. Critical layer regime when the instabilities develop

Having shown that the asymptotic solutions (5.1) are in good agreement with the flows
observed in the DNS before the onset of the instabilities, we will now study the stability
of these theoretical solutions in order to further understand the competition between the
two-dimensional and three-dimensional instabilities.

As mentioned in the introduction, Boulanger ef al. (2008) have performed a local three-
dimensional stability analysis of the flow in the critical layer by assuming that it is smoothed
by viscous effects. In contrast, Wang & Balmforth (2021) have considered in their two-
dimensional stability analyses that the instability arises as soon as the initial inviscid regime
of the critical layer. As shown in the previous section, the various variables (5.1) of the
base flow scale differently during these two regimes. Indeed, the vertical velocity (5.1a)

. . N —1/3
first grows like £ and then saturates at an amplitude scaling like &'/ Re P eRe'? when

t > Re'/? (when Re < O(1)) (figure 16). Similarly, the vorticity correction Re;, defined in
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Figure 17: Comparison between the vertical velocity at = 0 (a,d) and 8 = /2 (b, e) the
vertical velocity (¢, f) in the DNS (black solid line), predicted by the linear solution
(5.1,5.4,5.6) (green dashed line) and by the non-linear equations (5.1,5.3) (red
dotted-dashed line) at #5,; = 40 (a, b, ¢) and 1,7 = 50 (d, e, f) for Ro =40 and Re = 2000,
Fj =4, Ro =23.1.

(5.1d), first grows like £2¢3 and then saturates towards an amplitude scaling like Re = £Re
for t > Re'/3. The scalings for radial derivatives 8" /dr" of any of these quantities can be
obtained by considering that §/dr ~ t and 3/dr ~ Re'’? in the two regimes, respectively.

It is therefore important to first determine in which regime the instabilities develop before
performing the local asymptotic stability analyses. To this end, figure 19(a) shows the
evolution of the maximum vertical velocity max(U,) predicted by (5.1-5.3) for different
Reynolds numbers for Ro = 80 (solid lines) and for eRe?? = 3.97 (dashed lines) as in figure
7. For each case, the time interval of linear development of the three-dimensional instability,
as observed in the DNS (figure 7), is highlighted by thick lines. For constant Ro, we can see
that the instability occurs in the saturated regime for Re < 4000 but this is no longer the case
for Re > 6000. In contrast, for fixed eRe? 3 the three-dimensional instability continues to
develop always in the second regime as Re is increased.

Slmllarly, figure 19(b) shows the evolution of the maximum of the vorticity anomaly
max(Re§ 1) predicted by (5.1-5.3) for various Reynolds numbers for Ro = 80 (solid lines)
and €2Re = 1.25 (dashed lines) as in figure 10. For Ro = 80, the linear development of the
two-dimensional instability, indicated by thick lines, occurs during the saturated regime for
Re < 4000 and during the unsteady regime for Re > 6000. In contrast, for constant £2Re,
the two-dimensional instability develops always during the saturated regime.

Similar plots (not shown) for the simulations for the constant Reynolds number Re = 2000
and non-traditional Rossby numbers in the range 40 < Ro < 115 show that the two-
dimensional and three-dimensional instabilities develop during the saturated regime or during



518
519
520
521
522
523
524
525
526
527
528
529
530
531
532
533

534
535
536
537
538
539
540

22

0.15 0.05

7/2)

-0.05

-0.1

U.(r,0 = 0)
C(r,0 =m/2)

U.(r,0

-0.15

-0.2

= jf/2)

¢(r,0=m/2)

U.(r,0

Figure 18: Same as figure 17 but for Ro =115and Ro = 20.3 at (a, b, ¢) tp1 =50 and
(d,e, f) tp2 = 100.

the transition between the linear and saturated regimes, indicating that viscous effects are at
play.

In summary, two scenarios are observed in the DNS: the instabilities tend to arise during
the initial inviscid regime for large Re when Ro is kept fixed whereas, they occur during
the saturated regime otherwise, i.e. when gRe?3 or £2Re = 1.25 are kept constant, or for
constant Ro below a critical Reynolds number. It would be therefore necessary to perform two
types of asymptotic stability analyses in order to cover these two cases. Nevertheless, since
our main goal is to describe the region of the parameter space (RT), Re) where occurs the
transition between the two-dimensional and three-dimensional instabilities, we will perform
only asymptotic stability analyses for the scenario in which the instabilities occur in the
saturated regime. Indeed, as we will see in §7, the critical non-traditional Rossby number
between the two-dimensional and three-dimensional instabilities increases with Re so that
the instabilities in DNS for parameters in the vicinity of this threshold are expected to always
develop during the second regime.

5.3. Local three-dimensional stability analysis of the base flow in the critical layer

As discussed before, Wang & Balmforth (2021) have performed a two-dimensional
asymptotic stability analysis of the flow in the critical layer by using inviscid scalings
for the base flow and local radius since they assume that the instability develops during the
first regime when the gradient of the vorticity anomaly becomes of order unity. In contrast,
here, we will not use any a priori stability criterion but we will simply study the stability
of the theoretical flow (5.1) frozen at the same times as in the stability analyses of the DNS
flows. Such hybrid asymptotic approach, partially based on DNS observations, differs from
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Figure 19: Evolution of, (a), the maximum vertical velocity max(U;) and, (b), the
maximum vorticity anomaly max(Rel}) predicted by (5.1,5.3) for different Reynolds
numbers for Ro = 80 (solid lines), eRe?3 =397 (dashed lines in (a)) or e2Re =1.25
(dashed lines in (b)) , for Fj, =4 and Qp = 0.1 (Ro = 20). For each line, the thick portion
indicates the time interval during which the linear development of instabilities occurs, as
observed in DNS (figures 7 and 10). The Reynolds numbers are Re = 2000 (green lines),
Re = 4000 (red line), Re = 6000 (blue line), Re = 8000 (grey line), Re = 10000 (black
line).

the full asymptotic analysis of Wang & Balmforth (2021) that describes the simultaneous
development of the base flow and the unstable disturbances.

A second difference with Wang & Balmforth (2021) is that we will use the viscous scaling
for the local radius d/dr ~ Re'/3 in the local linear stability analyses. Such assumption is
a priori only valid for the DNS presented in §3 for which the instabilities grow during the
second regime or during the transition between the first and second regimes. As mentioned
earlier, this is the case of most of the DNS except those for Ro = 80 with a large Reynolds
number Re > 6000. For the latter DNS, it would be necessary to follow the approach of
Wang & Balmforth (2021) and adopt inviscid scalings for the local radius and base flow
quantities.

Hence, the equations (2.2-2.4), written in cylindrical coordinates, are linearized around
the flow (5.1) and are expressed in terms of the local coordinate 7 = Re'3(r —r.) and with

the vertical coordinate rescaled similarly: 7 = £=%/ 31}?1/3z following Boulanger et al. (2008).
This amounts to consider that the disturbances vary in the vertical direction as rapidly as
in the radial direction. This assumption is consistent with the scaling of the most amplified
vertical wavenumber k o Re'/? observed in figure 8(b) for the DNS with constant sRe?/3,
i.e. when the instability always arises during the saturated regime of the critical layer. The
equations read at leading orders in &:

ou ou —2/3 ~
L+ QL + &7 BRTT
o1 + 90 + &£ e z

ou
0z
0%u, 0%u,
o 022)

2 _r3—1/30p

- [2Q+ — =g 23 —
( + Ro) Ug g “"Re o7
(5.7a)

—&euy cos (0) + 82/31}2_1/3 (
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6149 al/tg _ 6149 2 1 ap .
W-’-Q%*_g 1/3R UZF §+E ur:—zﬁ+suzsm(9)
5 (5.7b)
L 2R dug N 0ug
orr 972 )’
uz o 0uz +81/3I'€21/3u_9802 R 6uz w13, 6UZ _
ot 09 re 06 az "oF (5.7¢)
—1/30 — 92 0? '
- 8’2/3Re]/36—1; + b + eu, cos (0) — eug sin (0) + &PRe '3 (ant; + 8;;)
b b 13ug BB _ 235 6b _ 23 OB
92 0% L BR. & 13Re s 13Re _
ot (90 re 60 (91 " oF s 74
Uz + 82/3 (9219 + (9219 (5.7d)
FF% I?élﬂ o2 622
_2/3’R;*1/3a£ i@ue _2/3Ea1/38uz ~0 57
& ¢ 6F+rc 00 0z ’ (5.7¢)
where
=Q. +&PRe [FQ. + ReQ] + ..., 8a
Q=0 +PRe [FQ, + ReQ (5.80)
= o+ Rety +&PRe il 4 .. (5.8b)
R 23R ;
We see that the leading terms in (5.7) involving the base flow (Q,Z,U,, B) scale as

—2/3 . . . . . .
e13Re / provided that 9/07 is of order unity. Hence, in order to study the three-dimensional

. o . - —-2/3
instability, we rescale the time as follows 7 = 77 where 7 = £'/°Re / and the pressure as

p = TRep such that the time derivatives and the pressure gradient are of the same order as
the dominant terms. Then, (5.7) reduces at leading orders to:

ou ou ou 2 op 0%u 0%u
— L+ 1Qe— —7|2Q¢ + — |ug = ——= + T°Re . Z), G
¥ U 3~ +T 30 T( C+R)u9 3r+T (8f2+622) (5.9a)
dug ~ Oug dug — 2 72Re 8p
Az A~ Qc_ c R e r = A
7 + U, oz +7 39 +T({ + e{1+R0)u 90
2 2
+7°Re O ug + 9 uo
orr 972
(5.9b)
ou, ~ Ou, oU, Ou, ,—ug dU, op — (0%u, 0%u,
W-FUZ[)_Z*-M’.W*-TQCW-FT Re; 90 :_8_Z+Tb+TR W-i-a_zz
(5.9¢)
b . 0b oB b  ,—ug 0B u; __3Re (8°b 0%b
— — +u, Q.— Re——=-71 —, .
ot T reE T ar T Tege TN 80 T TR T se \a T o2 (55d)
ou, 7 Ezﬁug 6_u~z _0, (5.9¢)
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whereas the terms of order *3 = O(7*) and higher are neglected. If only the leading order
terms are retained, then all the terms proportional to 7, 72 and 73 can be neglected and (5.9)
reduces simply to

ou, -~ Ou, op
=—— .1
a7 TV T e (5.10a)
ou, -~ Ou, oU, op
— +U,—+u,——=——, 5.10b
o Uiz TR T ez (5.10B)
ou, Guz
=0, 5.10
orF 82 ( )

whereas the equations (5.90) and (5.9d) for uy and b do not need to be considered since
these two quantities do not appear in (5.10).

Hence, as shown previously by Boulanger ef al. (2008), the local stability problem (5.10)
corresponds at leading order to the two-dimensional stability of a parallel non-stratified shear
flow U,. However, a difference with the classical configuration is that the base flow U, does
not depend only on 7 but also on 8. Boulanger et al. (2008) have solved (5.10) by writing the
perturbations in the form (u,, u,, p) = [, i, p] (7, 0)e7*Z 4 ¢ c.. Then, (5.10) recovers
the classical Rayleigh equation

. &0,
kU [dfz } =ik g2 (5.11)

where 6 can be considered as an external parameter. The solution can be seen as a local
eigenmode around the particular value of 6 investigated. The boundary conditions used to
solve (5.11) are that the perturbations vanish as |#| — oco. The eigenmodes obtained from the
stability analyses of the DNS flows are indeed localized around the critical radius and vanish
in the outer regions (see figures 13 and 14).

Such approach considering € as an external parameter can be continued to be used for the
next order terms in 7 of (5.9), only if we neglect the derivatives in the azimuthal direction,
i.e. /060 = 0. Without this assumption, (5.9) would correspond to a full three-dimensional
stability problem of a base flow varying in both 7 and 8 directions. Hence, it would be as
complicated to solve as the stability analysis of the DNS flow performed in section §4.

Hence, we will use the simplifying assumption d/96 = 0 in the following analysis that
consider higher order terms in 7. By writing perturbations in the form (u,,ug,u, p,b) =

[y, dg, 1z, P, b (7,0)e7™k + c.c., (5.9) can be rewritten up to order 7>
op
s+ (24 Re 20, + ) &) |4, = =22, (5.12a)
5 Ro| 3§ OF
..o, v T )
SMZ+Mra—; = _lkp+ﬁ (_Mrﬁ_ F—huz), (512b)
o -
ki, =0, (5.12¢)
oF
where § = & +ikU,, B = B/Q, and
2
¢ = (ZQ + ) (Q ), (5.13)
is the Rayleigh discriminant.

The dependence of U, and B on the parameters 7. and Sc can be further eliminated for a
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large time by the additional rescaling
P
y

where A and y are defined in (5.5). Then, (5.12) can be solved asymptotically by expanding
the growth rate and perturbations with 7 in the form

U,=0,A, B=BA, f==, k=ky, 5=06yA, t=%yA, p=p A, (5.14)

; 1 — 1
o =00+ —&1 + 72| ¢o1 + — 0 + Re [2Q0 + — | 03 | + O(#%), (5.15q)
F F}% Ro
£ 5 1 — 1 4
u=uyg+—u+7° |guy + —=uxn +Re |2Q. + — |uxy |+ O(F), (5.15b)
F Ff% Ro

where u = (i, ,, p )7 . The order 72 has been decomposed into three parts in order to be
able to quantify separately the effects of the different terms at second order in (5.12).
Replacing (5.15) into (5.12) gives for the first three orders in T

ool ug = Louo, (5.16a)

ool uy + 011wy = Lou; + Liug, (5.16b)

ool usy + 621 ug = Lousy + Lojuo, (5.16¢)

ol ump + 01l uy + 0l ug = Lour + Liuy + Lorug, (5.16d)
ool ugs + 030 ug = Louas + Lyzug, (5.16¢)

where the different operators I', Ly, Ly, Ly, Ly, Lys are defined in appendix B. The leading
order problem (5.16a) is identical to (5.11). Considering the most unstable eigenmode u,
the Fredholm solvability condition for the first order (5.16b) gives

_(Lyug-u")

= Farars (5.17)

o1

where u' is the solution of the adjoint problem: o lu® = LguT, where Lg is defined in
appendix B and the scalar product is defined as

+00
(Ug - up) = / Ug.uydr. (5.18)
Similarly, the Fredholm solvability conditions for the three problems at the second order give
A (Lyjug - u')
=" 7 5.19
R (5.19a)
ol -u®™S +(Lius -u™ + (L cu’
oray = (G1luy -u”) </ 1y - u') + (Lyouo - u >, (5.19b)
(Fug - u?)
. (Lysuo - u')
= 5.19
R T (5.19¢)

Figure 20(a) shows the normalized growth rate & = Re(6) as a function of the normalized
wavenumber k given by (5.154) for # = 0 (black line), i.e. corresponding to the Rayleigh
equation (5.11). The linear solution (5.1,5.4) for T = Re~ '3t = o is taken as base flow
for two angles 6 = 0 (solid line) and # = x/2 (dashed line). The maximum growth rate is



664
665
666
667
668
669

670

671
672
673
674
675
676
677
678
679
680
681
682

683

684
685
686
687

688

689
690
691
692
693
694
695
696
697
698
699
700
701
702
703
704
705

27

Frmax = 0.116 for kypax ~ 0.54 when 0 = 0 and Gy pmax ~ 0.107 for kpax ~ 0.59 when
6 = /2. The flow is therefore slightly more unstable for 8 = 0 in agreement with the results
of Boulanger et al. (2008).

Figure 20(b) shows the real part of the coefficients d»; (black lines) and 67, (red lines)
for 6 = 0 (solid lines) and 6 = /2 (dashed lines). The coefficients 6 and &3 are not shown
since they are purely imaginary. This implies that the normalized growth rate reads

&y = Opo+ (¢fml + %fmz) +0(#%). (5.20)
h
Therefore, knowing &2 and 07, the growth rate can be easily predicted for any values of
Fp, Ro and € and Re via ¢ and T provided that 7 is sufficiently small. In particular, since
021 and 02, are both negative around the most amplified wavenumber kmax (figure 20(b)),
second order effects are stabilizing and we can deduce directly that the growth rate will
decrease when Ro decreases (i.e. ¢ increases), when Fj, decreases or when 7 o Ro /Re*3
increases (i.e. Ro increases or Re decreases). As an illustration, the growth rate predicted
by (5.15a) for Fj, = 4 and Ro = 20 is plotted in figure 20(a) for ¥ = 0.207 (red lines) and
7 = 0.413 (green lines) for 6 = 0 (solid lines) and 6 = 7/2 (dashed lines). We see that the
growth rate can be reduced significantly by second order effects compared to the prediction
of the pure Rayleigh equation (5.11) (black lines).
By using (5.14) and the scaling 7 = ¢/, the growth rate (5.20) can be rewritten in unscaled
form oy3p = 7 /T = &y A/ T, giving

A T 1
013D = Lot + —= | 90721 + —0m | +0(), (5.21)
T YA F;

where A and y are given by (5.5) and we recall that 7 = !/ 31’273_2/3. Table 1 gives the values
of these parameters for various Re, Fj, and Ro. Considering the linear solution (5.1,5.4) for
T = Re '3t = oo, for the most amplified wavenumber k= l%ma x at leading order for 6 = 0,
we have

Or3Dmax = 0.116ﬁ + (—1.712¢ - i0.802) +0(1?), (5.22)
T YA F}
for any Re, Fj, and Ro. The growth rate (5.22) depends on Re and Ro only through the
parameter 7 = 1/(e¢Re?/?). This qualitatively agrees with figure 8(c) where the growth rate
of three-dimensional vertical vorticity fluctuations are seen to remain approximately constant
when Re is varied keeping £ Re?/? constant (green open circles). However, figure 20(c) shows
that o3pmax decreases significantly as 7 increases. This is both due to the fact that the growth
rate is inversely proportional to T at the leading order and to the stabilizing second order
effects. Hence, when Re is increased from Re = 2000 to Re = 10000 keeping Ro constant as
in figure 7(a), 03pmax increases significantly since t decreases from 7 = 0.25 to 7 = 0.09.
While an increase of the growth rate of three-dimensional vertical vorticity fluctuations is
indeed observed when Re is increased from Re = 2000 to Re = 6000 (blue open circles
in figure 8(c¢)), this is no longer the case when the Reynolds number is further increased to
Re = 10000. As already mentioned, this indicates that the three-dimensional instability no
longer develops during the saturated regime of the base flow, as assumed above by taking the
linear solution for 7' = oo, but already during the initial inviscid regime.

Finally, it should be kept in mind that if a finite time 7 or the non-linear solution (5.1,5.3)
are considered, the same approach can be used but the coefficients 6o, 0721 and 0, in
(5.21) will depend on (IFQB, Fy, Re) and will have to be computed for each set of parameters.
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Re F, Ro A Y T X

2000 4 40 0976 0.625 0.126 0.06
2000 4 115 0.976 0.625 0.362 0.50
10000 4 40 0.976 0.625 0.043 0.01

2000 2 40 0.799 0.781 0.126 0.12

Table 1: Examples of the values of A, y, T and y for various Re, Fj, and Ro.
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Figure 20: (a)Normalized growth rate & obtained from (5.154) as a function of the
normalized vertical wavenumber & for 6 = 0 (solid line) and 6 = x /2 (dashed line). The
different colored curves correspond to: (a) 7 = 0 (black line), 7 = 0.207 (red line) and
7 =0.413 (green line) for Fj, = 4 and Ro = 20.
(b) Coeflicients 51 (black line) and 9, (red lines) for 8 = 0 (solid lines) and 6 = /2
(dashed lines). The linear solution (5.1,5.4) at T = oo is taken as the base flow. (c)
Asymptotic growth rate 053 pmax given by (5.22) (black line) as a function of 7 for
Fj, =4 and Ro = 20. The red line shows the growth rate at leading order, i.e.

oy = 0.116@. The linear base flow (5.1,5.4) is taken at T = co and 6 = 0.

In supplementary materials, the order O(72) of the growth rate (5.21) is also computed.
This next order comprises the stabilizing effect of the dissipative terms and a destabilizing
effect of the vorticity correction ;. However, its consideration does not significantly improve
the predictions compared to (5.21).

5.4. Local two-dimensional stability analysis

As for the three-dimensional instability, we will only consider the scenario for which the two-
dimensional instability develops during the saturated regime of the base flow (5.1) and not
during the initial inviscid phase as considered by Wang & Balmforth (2021). The following
analysis is therefore expected to apply to all the cases investigated in §4 except those for
Ro = 80 and Re > 6000. In the saturated regime, the vertical vorticity anomaly I?Z{ 1 1s
then of order Re, i.e. of order unity when Re = O(1). This implies that the gradient of the
vertical vorticity anomaly is large, of order O (Res™2/3), instead of order unity as assumed by
Wang & Balmforth (2021). Accordingly, we again use the local viscous radius 7 as in (5.9).

. —~1/3, . .
However, these equations assume that /dz = O(e2/>Re / ), i.e. that the perturbations vary
along the vertical as rapidly as along the radius. In other words, the dimensional vertical
wavenumber k should be large. These equations are therefore not valid when k is small and
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in particular in the two-dimensional limit §/9z = 0. To treat this limit, we introduce different
scalings for the pressure, the azimuthal and time derivatives

5=RePep, (5.23q)
0 _=-13 530
9 _ 9 5.23b
96 ¢ % a9 (5.230)
o 0 P
g_%.0.2, 2
FTAR TR T, (5.230)

where the new time 7 is introduced to simplify the following calculations conveniently.
The scaling for the azimuthal coordinate 6 implies that the azimuthal wavenumber of the
disturbances scales like Re'/? in the azimuthal direction, similarly as the vertical wavenumber
in the previous section. The two-dimensional linear stability analyses of the DNS flows for
different Reynolds numbers for constant Res? have indeed shown that the variation of the
dominant azimuthal wavenumber with the Reynolds number is compatible with this scaling
law (figure 15(b)).
Then, (5.7) reduces at leading order in & to

ou o~ ou, 2 _0p
L+ (rQC +Rte) e (mc + E) o = - (5.24a)
Oug R Oug — 2 _ 1 dp
W*’(’AQC"'Rte) ﬁ-'- (§C+Re§1 +R_0) U, = " EY: (524b)
;o1
Our 1 0ug _ (5.24¢)

OF  re 90
whereas the equations (5.7¢,5.7d) for u, and b do not need to be considered since
they are decoupled from (5.24). By introducing perturbations of the form (u,,uq,p) =

(@, (r), fig(r), p)e”™m¥ a Rayleigh equation is again recovered
Q) 0% m? 0’Q
L rim = v ||| = - 5| 4, = im==ta,, (5.25)
Re Re orr 2 oF?

since {1 = r.0Q;/0F. It is the same as (5.11) with r, (FQ'C/IF?? + Q]) and m/r. replacing

U, and k, respectively. This equation governs the growth rate of azimuthal disturbances
on the local azimuthal velocity profile near the critical layer. We have observed that such
local continuous approach provides more accurate predictions for any parameters than by
approximating the global vorticity profile by piecewise profiles as done in Toghraei & Billant
(2022).

In contrast to the three-dimensional case, the dependence on Re can not be completely
eliminated from (5.25). This is because the angular velocity correction Q; is of the same
order as the term 7Q, /Re coming from the pre-existing angular velocity Q. However,
most of the dependence of Q; on r. can be eliminated by the further rescaling 7 = 7/y,
Qi = O A/ (rey?), = mirey, o = 6'1?23{/7. Then, (5.25) becomes

N S 0 ol .. 0%,
[0'+1m (—r/\(+91)] [ﬁ _mZ] a, =i "L, (5.26)
where the control parameter y is
Q. lyr
_ e (5.27)

ReA
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This parameter depends on the Froude number F}, through the position of the critical layer, the
Reynolds number Re and the non-traditional Rossby number Ro through Re. Some e examples
of values are also listed in table 1. We can already notice that the dependence on Re alone is
consistent with figure 15(c) where the growth rate from two-dimensional stability analyses
of the DNS flows is approximately constant when Re is kept constant (red open circles).
Like for the three-dimensional case, the boundary conditions used to solve (5.26) are that
the perturbations vanish as || — oo. We therefore implicitly assume that no outer solutions
need to be considered away from the critical radius, contrary to the analysis of Wang &
Balmforth (2021) when the gradient of the vorticity anomaly is of order unity. To check this
point, we have also directly determined the two-dimensional stability of the angular velocity
and vorticity profiles (5.1¢-5.1d) in cylindrical coordinates without any local assumption and
in the full domain 0 < 7 < oo by means of Chebyshev polynomials (Antkowiak & Brancher
2004). The results have been found to be very close to those obtained from the local stability
equation (5.26).

Figure 21(a) shows the normalized growth rate & obtained from (5.26) for four values
of y. The angular velocity correction Q, has been taken as the linear solution (5.6) for
Fi = 4, Re = 2000 at two different times T = Re™!/3¢ = 4 (dashed line) and T = 8 (solid
line). Since the angular velocity correction increases with time and saturates only when T
is very large, the growth rates increase significantly when T varies from 7 = 4 to T = 8.
These times correspond to ¢ = 50 and ¢ = 100 for Re = 2000. Figure 21(a) shows also that
the maximum growth rate J,,4x increases whereas the cutoff wavenumber decreases as y
increases from y = 0.06 (black line) to y = 0.5 (blue line). Such variation of y corresponds
to Ro varying from Ro =40 to Ro = 115 for F, = 4 and Re = 2000. These trends with X
are explained in appendix C by considering piecewise profiles for Q. Figure 21(b) displays
the corresponding unscaled growth rate o, = o ReA /v, as a function of the unscaled
wavenumber m = n%l?éms‘z/ 3r.y. The curves are now in reverse order compared to figure
21(a) since o is proportional to Red. Hence, if &, were independent of Re and T, the
maximum growth rate of the two-dimensional instability would simply scale as Re = Reg?.
However, since 0, decreases via y as Re i increases, the dependence of o on Re is slower
than a linear relationship. Furthermore, since the instability appears earlier as Re increases,
the time #5, corresponds to approximately 7 = 8 for Ro =115 (Re = 0.6) and T = 4 for
Ro = 40 (IF?Ve = 5). Therefore, this effect also reduces the linear scaling of - on Re. Itis also
interesting to notice in figure 21(b) that the most unstable azimuthal wavenumber ranges
from m = 2 to m = 4 depending on y (i.e. Re).

Figure 21(c) shows the variation of the normalized growth rate & of the azimuthal mode
m = 2 over a larger range of y for T = 4 and T = 8. This azimuthal wavenumber is of
particular interest since it corresponds to the one always observed in the DNS even when it
is not the most unstable (see §3.2 and §4.3). We can see that the growth rate for this fixed
azimuthal wavenumber m first increases and then decreases with y in agreement with the
trends observed in figure 21(a, b). We have attempted an asymptotic analysis for small y to
predict the growth rate of the instability (See supplementary materials). However, as seen in
figure 21 (c) (dotted-dashed lines), it is valid only for very small y and does not allow us to
fully describe the dependence of & on y. As an alternative, 4th-degree polynomials fit well
the growth rate curves (dashed lines in figure 21(c)). Hence, the normalized growth rate for
m = 2 can be approximated by

~ ~ ~ A 2, A 3, A 4
02D =00t 0l X T 02X +0r3) +0r4)X, (528)

where (00, 571,072, 043,074) = (0.022,0.28,-0.43,0.26,-0.066) for T = 8 and
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Figure 21: (a) Normalized growth rate & obtained from (5.26) as a function of the
normalized azimuthal wavenumber 72t and (b) growth rate o as a function of the
azimuthal wavenumber m. The linear base flow (5.1,5.6) has been taken at T = 4 (dashed
line) and 7 = 8 (solid line) for Re = 2000 and F}, = 4. The different colored curves
correspond to: y = 0.06 (black line), y = 0.13 (green line), y = 0.24 (red line) and
x = 0.5 (blue line). (¢) Growth rate 7 of the azimuthal mode m = 2 as a function of y for
T = 4 (black lines) and T = 8 (blue lines) for Re = 2000 and F, = 4. The solid lines show
the growth rate obtained from (5.26). The dashed-dotted lines show the asymptotic growth
rate derived in supplementary materials. The dashed lines display the fit (5.28) by
4th-degree polynomials.

(~0.01 1,0.29,-0.88,0.93,—-0.39) for T = 4 for Fj, = 4 whereas the dependences on Re and
Ro occur only via y (see 5.27). These fits will enable us to predict the unscaled growth rate
of the two-dimensional instability for m = 2, i.e.

[clre

0r2D = 02D, (5.29)
for any value of Ro and Re for Fj, = 4.

In summary, the unscaled growth rates of the two-dimensional and three-dimensional
. e . . o —~2/3
instabilities have been found to scale at leading order in ¢ like Re = ¢2Re and ¢ '/>Re P

gRe*3, respectively, when they develop during the saturated regime of the base flow in
the critical layer. From these scalings, one would therefore expect that the two-dimensional
instability is dominant at large € (i.e. small Ro) and the three-dimensional instability at small
¢ for a given Reynolds number in contradiction with the results of the DNS for Re = 2000
(section §3.1) and the stability analysis (section §4). However, we will see in the next section
that the additional dependencies of the growth rates on the parameters discussed above can
account for the observations.

6. Comparison between the stability analyses of the DNS flows and the theoretical
solutions in the critical layer

6.1. Comparisons for variable I%for Re =2000

We now compare the predictions of the local stability analyses to the results of the stability
analysis of the DNS flows performed in section §4 for different non-traditional Rossby
numbers for Re = 2000. For each value of 1?5, the comparisons are conducted at the two
different times ¢, and ¢, indicated in figure 16. The local three-dimensional stability analysis
considers that § = 0 since the maximum growth rate is larger than for 6 = 7/2 (figure 20).
We remind also that this analysis is expected to be valid only for large vertical wavenumbers.

Figure 22 compares the growth rate of the DNS flow (black line) for Ro =40 at 1) = 40
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(figure 22(a)) and t, = 50 (figure 22(b)) to the growth rate predicted by the local two-
dimensional (square symbols) and three-dimensional (red and green lines) analyses. The
dashed and solid lines show the prediction of the leading order equation (5.11) and of the
second order equation (5.15a), respectively. The green and red colors correspond to the linear
solution (5.1,5.4,5.6) and to the non-linear solution (5.1,5.3) as base flow, respectively.

The local three-dimensional stability analysis predicts a growth rate peak around k ~ 3 -5
whatever the base flow and the stability equation used, in good agreement with the stability
analysis of the DNS flow at both times. All the various local analyses reasonably predict the
growth rate peak, although there are some variations depending on which stability equation
and which base flow solution are used. However, it is difficult to say that one prediction is
particularly in better agreement with the stability analysis of the DNS flow than the others.
Away from the three-dimensional growth rate peak, the local stability analyses depart from
the stability analysis of the DNS flow since the former neglects any azimuthal variations of
the disturbances and of the base flow. However, at k = 0, the local two-dimensional stability
analysis, which does take into account azimuthal disturbances, predicts a growth rate (square
symbols) in good agreement with the growth rate computed at k = 0 for the DNS flow.

For Ro = 60 (figure 23) and Ro =80 (figure 24), growth rates given by (5.15a) are slightly
in better agreement with the stability analysis of the DNS flow. In addition, the predictions
of the Rayleigh equation (5.11) start to depart from the predictions of (5.154). As shown
in figure 20(a), this is due to the fact that the stabilizing second order effect increases as
# increases from 7 = 0.207 for Ro = 40 to # = 0.413 for Ro = 80. The locations of the
growth rate peak are also in good agreement. We can also notice that there are much fewer
differences between the green and red curves than for Ro = 40 (figure 22) since the linear

and non-linear solutions become closer as Re = 4Re / 1%2 decreases, i.e. as Ro increases for
a fixed Reynolds number Re. The local two-dimensional stability analysis (square symbols)
is also in very good agreement with the stability analysis of the DNS flow at £k = 0 and
t = tpp. For t = tp1, the agreement is less good probably because the vorticity anomaly is
less concentrated around the critical radius at this early time so that the local assumption is
not well verified. .

Finally, figure 25 displays the comparison for Ro = 115. Again, we can see that the local
two-dimensional stability analysis agrees well with the stability analysis of the DNS flow at
t = tpp. The predictions from (5.11) and (5.15a) for the three-dimensional instability are now
clearly different, the latter being in closer agreement with the stability analysis of the DNS
flows even if there exist some departures.

Figure 26 summarizes the figures 22, 23, 24 and 25 by showing the growth rate of the
two-dimensional instability at k = 0 (dashed lines with square symbols) and the maximum
growth rate of the three-dimensional instability (lines with circle symbols) as a function of the
non-traditional Rossby number Ro. The latter growth rate is taken as the maximum growth
rate in the wavenumber range k& > 4. For simplicity, only the results for the time ¢ = 5,
and the results of the local stability analyses of the non-linear flow (5.1,5.3) (red curves) are
plotted. The solid and dashed black curves represent again the growth rate obtained from the
stability analysis of the DNS flows. In addition, the prediction (5.22) of the maximum growth
rate of the three-dimensional instability is also shown (orange solid line without symbols).

The growth rates of the two instabilities obtained from the stability analyses of the DNS
flows clearly decrease differently as the non-traditional Rossby number increases. Hence,
the two-dimensional instability is expected to become dominant for Ro 2 100. The growth
rate trends are clearly well predicted by the local stability analyses (5.15a) and (5.25) even
though there exist some shifts so that the cross-over between the two-dimensional and three-
dimensional instabilities occurs for a larger non-traditional Rossby number: Ro = 120. Figure
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Figure 22: Growth rate o of the DNS flow (black solid line) and predicted by the local
stability analyses (colored curves) as a function of the vertical wavenumber & for Ro =40
and Re = 2000, Fj, =4, Ro = 23.1 at (a) tp = 40 and (b) tpr = 50. The dashed and solid
lines have been obtained from (5.11) and (5.15a), respectively. The square symbols show

the maximum growth rate obtained from the two-dimensional Rayleigh equation (5.25).

Green and red colors correspond to the linear solution (5.1,5.4,5.6) and the non-linear
solution (5.1,5.3), respectively.
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Figure 23: Same as figure 22 but for Ro =60 and Ro = 21.2 at (a) tp; =40 and (b)
tpo = 60.

26 also shows clearly that the growth rate predicted by the pure three-dimensional Rayleigh
equation (5.11) (red dashed line with circles) decays slower than observed in the stability
analyses of the DNS flows as Ro increases and always remains well above the growth rate of
the two-dimensional instability in the range of Ro investigated: Ro < 115. The difference
between the growth rate predicted by (5.15a) and (5.22) is due to three reasons. In the first
case, the base flow is taken as the non-linear solution at different times (indicated by square
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Figure 24: Same as figure 22 but for Ro = 80 and Ro = 20.7 at (a) tp1 =45 and (b)
tpo =75.
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Figure 25: Same as figure 22 but for Ro = 115 and Ro = 20.3 at (a) 1 = 50 and (b)
tpo = 100.

symbols in figure 16) and the wavenumber is the most amplified wavenumber computed
for each case. In the second case, the base flow is the linear solution at 7 = oo and the
wavenumber is fixed to the most unstable wavenumber at leading order, i.e. predicted by
(5.11).

6.2. Comparisons for different Reynolds numbers

The dominant vertical wavenumber and maximum growth rate predicted by local three-
dimensional stability analyses have been also computed by means of (5.154) for different
Reynolds numbers keeping constant either Ro or eRe?/ as for the three-dimensional DNS
presented in §3.2. For each set of parameters, the linear solution (5.1,5.4,5.6) and the non-
linear solution (5.1,5.3) have been taken as base flow at the time ¢, at which the instability
grows linearly in the DNS (indicated by square symbols in figure 7 and given in the caption of
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Figure 26: Maximum growth rates of the two-dimensional instability (lines with square
symbols) and of the three-dimensional instability (lines with circle symbols) at r = 13, as
a function of Ro for Re = 2000, Fp, =4 and Q5 = 0.1 (Ro = 20). The different colors
correspond to the stability analyses of the DNS flow (black) and the non-linear local
solution (5.1,5.3) (red). Dashed and solid lines with circles symbols have been obtained
from (5.11) and (5.15a), respectively. The dashed red line with square symbols has been
obtained from (5.25). The expressions (5.22) for the three-dimensional instability (orange
line without symbols) and (5.28) at T = 8 for the two-dimensional instability (blue line
without symbols) are also represented.

figure 8). The results are indicated in figure 8§ by the symbols X (linear) and + (nonlinear) with
the same color as for the corresponding DNS (open circles). There is a good agreement with
the DNS for both the dominant vertical wavenumber k (figure 8a, b) and maximum growth
rate o (figure 8(c)) for the two sets of DNS for Ro = 80 and £Re*? = 3.97. In particular,
for constant sRe?/ 3 the vertical wavenumber increases like Re!'/? whereas the maximum
growth rate is approximately independent of Re as expected. It is also noteworthy that the
vertical wavenumber and the maximum growth rate tend to become constant for Ro = 80
and large Reynolds number Re > 4000 as in the DNS. This agreement is unexpected, as the
assumption of a viscous local radius in the local asymptotic stability equations is a priori no
longer valid for these parameters, since the three-dimensional instability develops during the
initial inviscid regime of the base flow (5.1).

Similarly, the predictions of the local two-dimensional stability equation (5.25) have been
computed for different Reynolds numbers, keeping Ro or £2Re constant. As seen in figure
15, the predicted most amplified azimuthal wavenumber and maximum growth rate (X and +
symbols) agree quite well with those obtained from the linear stability analyses of the DNS
flows (open circles) for all the parameters investigated in the range 2000 < Re < 50000. For
Ro = 80 and Re > 20000, the asymptotic stability analyses of the linear (X symbols) and
nonlinear solutions (+ symbols) differ since Re becomes large. In this case, the latter agrees
better with the stability analysis of the DNS flows. In contrast, for e2Re = 1.25, there is little
differences between the predictions based on the linear and nonlinear solutions.

7. Map of the parameter space (Ro, Re)
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We now investigate the effect of the Reynolds number on the critical non-traditional Rossby
number between the three-dimensional and two-dimensional instabilities.

Figure 27 displays the DNS in the parameter space (Re, Ro) where the two-dimensional
instability (light blue circles), the three-dimensional instability (dark blue circles) or no
instability (yellow circle) have been observed. As before, the Froude number and background
rotation rate are fixed to Fy, = 4 and Q; = 0.1 (i.e. Ro = 20). Figure 27 is therefore similar
to figure 8 in Toghraei & Billant (2022) except that the Froude number was lower Fj, = 2 in
the latter figure. Figure 27 shows that the two-dimensional instability is the most dangerous
instability in an intermediate range of Ro for each Re investigated. The three-dimensional
instability is dominant only for lower Ro. The grey dashed line shows the theoretical critical
non-traditional Rossby number for the existence of the two-dimensional instability derived
in Toghraei & Billant (2022) (equation (6.14) for F, =4, a = co and ¢ = 0.4).

The transition between the two-dimensional and three-dimensional instabilities occurs
when Ro is well above the lines e2Re = 1.25 (red dashed line) and eRe?/? = 3.97 (green
dashed line). Hence, the instabilities in this region are expected to develop during the saturated
regime of the critical layer. We can therefore legitimately use the results of the local stability
analyses performed in §5 to predict a critical non-traditional Rossby number (black dashed
line) by comparing the maximum growth rate of the three-dimensional instability predicted
by (5.22) and of the two-dimensional instability for m = 2 given by the fit (5.28) at T = 8. In
other words, the black dashed line indicates the parameters (135, Re) for which

Or2D = 0y3D- (71)

Because of the complicated dependencies of (5.22) and (5.28) with Ro and Re via T and
X, it is however not possible to obtain an explicit expression for the critical non-traditional
Rossby number. As seen in figure 27, it reasonably agrees with the observations from the
DNS.

8. Effect of the traditional Rossby number

The effect of the traditional Rossby number Ro has been investigated for the parameters
Re = 2000, Fj, = 4 and for a constant non-traditional Rossby number Ro = 40 by means
of DNS. When Ro is decreased from Ro = 23.1 (figures 2 and 3) to Ro = 5 (not shown),
the three-dimensional instability continues to be observed but becomes weaker. However,
when Ro is further decreased down to Ro = 2.5 (figures 28 and 29), the three-dimensional
instability is no longer observed. The two-dimensional instability then develops at a later
time (figures 28(c, f) and 29(c, f)).

The local stability analysis of the non-linear solution (5.1,5.3) has been investigated for
the same parameters. Figure 30 shows the maximum growth rates of the three-dimensional
instability given by (5.15a) (red circles) and of the two-dimensional instability given by
(5.25) (red squares) as a function of the traditional Rossby number for Ro = 40, Re = 2000
and Fj, = 4. When the traditional Rossby number is reduced from Ro = 23.1 to Ro = 1.5,
the growth rate of the three-dimensional instability drops and becomes lower than the growth
rate of the two-dimensional instability that is independent of Ro.

This decay of the growth rate of the three-dimensional instability can be directly understood
from the formula (5.22) for the growth rate of the most amplified wavenumber at the leading
order. Indeed, the effect of the traditional Rossby number appears explicitly through ¢. Hence,
when Ro decreases from 23 to 2.5, ¢ increases from ¢ = 0.067 to ¢ = 1.07 leading to a
reduction in growth rate Ac- = —1.7A¢7/(yA) = —0.35.
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Figure 27: Map of the dominant instability in the parameter space (Re, ITo) for F, =4
and Q = 0.1 (Ro =~ 20). Two-dimensional and three-dimensional instabilities are
represented by light and dark blue circles, respectively. The two-dimensional instability
has not been observed at the yellow circle. The dashed grey line represents the criterion
(6.14) of Toghraei & Billant (2022) for Fj, =4, a = oo and ¢ = 0.4. The black dashed line
represents the prediction of the critical non-traditional Rossby number between the
two-dimensional and three-dimensional instabilities obtained by comparing the
asymptotic growth rate of the three-dimensional instability (5.22) and the fit (5.28) for
T = 8 of the growth rate of the two-dimensional instability. The dark blue circles

connected by dashed lines represent the three series of DNS for Ro = 80 (blue dashed
line), e2Re = 1.25 (red dashed line) and eRe23 =397 (green dashed line).

9. Conclusion

We have studied the three-dimensional evolution of a stratified vortex under the complete
Coriolis force by means of DNS when the Froude number is larger than unity. When the
initial conditions are purely two-dimensional, Toghraei & Billant (2022) have reported that
the dynamics remains strictly two-dimensional but with three-velocity components. Due to
the non-traditional Coriolis force, a vertical velocity field and vertical vorticity anomaly are
generated at the critical radius r. where the angular velocity of the vortex is equal to the
inverse of the Froude number (the Brunt—Viisild frequency in dimensional form). After an
inviscid growth, the vertical velocity field and vertical vorticity anomaly saturates towards an

amplitude proportional to Re'/3/ Ro and Re / 1352, respectively. They are concentrated around
the critical radius .. over the viscous length scale 7 = Re'/3(r —r.). A two-dimensional shear
instability develops below a critical non-traditional Rossby number Ro due to the inflection
point created by the vorticity anomaly. This evolution resembles the one reported by Wang
& Balmforth (2020, 2021) for a forced baroclinic critical layer in a horizontal shear flow.
To test the robustness of this dynamics with respect to small three-dimensional pertur-
bations, we have performed DNS of the vortex with its velocity field disturbed initially by
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Figure 28: Vertical velocity field in a horizontal croos-section at z = I, /2 (first row) and a
vertical cross-section at y = I, /2 (second row) at three different times: (a, d) t = 40,

(b,e) t =56, (c, f)t =85 for Re =2000, Fj, =4, Ro =2.5 and Ro = 40.

980 a small three-dimensional white noise for four different non-traditional Rossby numbers
981 ranging from Ro =40 to Ro = 115 while keeping the other parameters fixed to Re = 2000,
982 Fp = 4 and Ro =~ 20. In the presence of such perturbations, the initial evolution of the
983 vortex remains identical to the one described in Toghraei & Billant (2022). For all the
984 investigated parameters, the vortices eventually become unstable. For Ro < 80, a three-
985 dimensional instability with a dominant vertical wavenumber k ~ 4 develops. It resembles
986 the instability reported by Boulanger er al. (2007, 2008) on a stratified tilted vortex. For
987 Ro = 115, the instability is two-dimensional, as observed by Toghraei & Billant (2022).
988 Hence, the dominant instability can be two-dimensional or three-dimensional, depending on
989 the parameters.

990 The effect of the Reynolds number on the three-dimensional instability has been also
991 investigated by means of DNS. In order to explore different regions of the parameter space
992 (Re, Ro) two cases have been considered: the non-traditional Rossby number Ro has been
993 either kept constant when the Reynolds number is increased, or it has been increased along
994 with Re so as to keep constant £Re?/?. The latter quantity is the typical amplitude of the
995 gradient of the vertical velocity when the critical layer is smoothed by viscous effects. When
96 Ro = const, the dominant wavenumber first increases and then saturates as Re is increased.
997 In contrast, if eRe?/3 = const, the dominant wavenumber k continuously increases with Re
998 in a consistent manner with the scaling k o« Re!/3.

999 In order to understand the competition between the two instabilities when Ro is varied for
1000 Re = 2000, we have performed a linear stability analysis of the DNS flows by freezing them



Figure 29: Same as figure 3 but for Ro = 2.5 and Ro = 40: (a,d) t =40, (b,e) t =56,
(c, f) t =85.
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Figure 30: Maximum growth rates of the two-dimensional instability (red dashed line with
square symbols) and of the three-dimensional instability (red solid line with circle
symbols) obtained from local stability analyses of the non-linear solution (5.1,5.3) as a
function of Ro for Ro = 40, Re = 2000 and Fy =4 attpy =50.
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at a given time 5, before the onset of the instabilities. The results are fully consistent with
the DNS. They show that the growth rate peak near the vertical wavenumber k& = 4 gradually
decays as Ro increases and becomes lower than the growth rate in the two-dimensional limit
(k = 0) for Ro = 115,

To gain a deeper understanding of the instabilities, we have next conducted stability
analyses of the local linear and non-linear solutions in the vicinity of the critical radius
provided by Toghraei & Billant (2022). We have first shown that these local solutions are
in good agreement with the flows in the DNS. However, two scenarii for the instabilities
development have been encountered in the DNS: they can arise during the initial unsteady
inviscid regime of the critical layer for sufficiently large Reynolds numbers when Rois kept
constant, whereas they develop during the viscous regime or during the transition between the
inviscid and viscous regimes for the other parameters, i.e. for eRe?3 =3.97 fore?Re = 1.25,
or below a critical Reynolds number for Ro = 80. In the present asymptotic analyses, we
have only considered the second scenario for which the use of a local viscous scale in the
critical layer seems legitimate. For the other scenario, it would be necessary to follow the
inviscid approach of Wang & Balmforth (2021).

Another difference with the asymptotic analyses of Wang & Balmforth (2021) is that the
local asymptotic stability analyses have been conducted by freezing the theoretical flows at
the times where the instabilities are observed to grow linearly in the DNS. When the two-
dimensional instability occurs during the saturated regime of the critical layer, this implies
in particular that the gradient of the vorticity anomaly is large since the vorticity anomaly
is of order unity for Re = O(1) at that times. In contrast, the asymptotic analysis of Wang
& Balmforth (2021) describes the simultaneous development of the base flow and the two-
dimensional shear instability by assuming that the instability is triggered when the gradient of
the vorticity anomaly is of order unity. The method and scalings used by Wang & Balmforth
(2021) are therefore distinct from those considered herein but they apply to different regions
of the parameter space (Re, 135).

The local three-dimensional stability analysis assumes also that the vertical variations
are of the same order as the radial variations since the dominant vertical wavenumber has
been observed to scale as Re!/? in the DNS when sRe?/? is fixed. In addition, it neglects
any azimuthal variations following Boulanger et al. (2008). At leading order, the problem
reduces to a Rayleigh equation governing the two-dimensional stability of the vertical velocity
field for a given angle 6 as if it were non-stratified and non-rotating. The growth rate then
scales as 1/7 = Re?/3/ Ro. Next order effects have been taken into account by means of an
asymptotic analysis. The resulting growth rate formula (5.21) shows that the buoyancy force
and the traditional Coriolis force lead to a reduction in growth rate proportional to 7/F 1%
and 7¢, respectively. Thereby, the maximum growth rate drops significantly compared to
the Rayleigh equation as the non-traditional Rossby number increases for a given Reynolds
number. Results have also shown that the vertical velocity profile at § = 0 is more unstable
than at 6 = n/2 in agreement with Boulanger ef al. (2008). Such local three-dimensional
stability analysis is not valid at small vertical wavenumbers, especially at k = 0. Therefore,
we have also conducted a local two-dimensional stability analysis in the horizontal plane that
takes into account radial and azimuthal dependencies. The azimuthal wavenumber has been
assumed to scale like Re'/3 as for the vertical wavenumber in the three-dimensional stability
analyses. This scaling law is compatible with the results of the linear stability analyses of the
DNS flows that show an increase of m with Re keeping &2 Re fixed, i.e. when the instability
arise during the saturated regime of the critical layer. The perturbations are governed by
Rayleigh’s stability equation with the angular velocity near the critical point as base shear
flow. The dependence of the growth rate on Re and Ro has been found to be of the form
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oy = F(x)/x (see 5.29) where y « Re/]??yz (see 5.27) and ¥ is a function that can be fitted
by a 4the-degree polynomial (see 5.28). For the values Re = 2000 and 40 < Ro < 115, the

dependence of the growth rate of the two-dimensional instability on Re/ 1?52 is therefore not
a simple scaling relationship.

In the second step, we have compared the results of these local stability analyses to
the stability analysis of the DNS flows for various Ro for Re = 2000. The local three-
dimensional stability analysis predicts well the growth rate decay observed in the stability
analysis of the DNS flows when Ro increases keeping Re fixed. The local two-dimensional
Rayleigh equation also correctly predicts the growth rate at k£ = 0 of the DNS flows. Its decay
as Ro increases for a constant Re is much slower than for the three-dimensional instability.
Thereby, the stability analyses of the local theoretical solutions in the critical layer predict
that the two-dimensional instability should dominate the three-dimensional instability for
Ro 2 120 in fair agreement with the DNS.

The effect of the Reynolds number on the characteristics of the three-dimensional instability
extracted from the DNS is also well predicted by the local three-dimensional stability analyses
for all the parameters investigated, even for Ro =80 and large Reynolds numbers, i.e. when
the instability arises as soon as the first inviscid regime of the critical layer. However, the
asymptotic approach followed by Wang & Balmforth (2021) would be needed to properly
describe the latter cases. The results of the two-dimensional stability analyses of the DNS
flows for variable Reynolds number have been also recovered by the local two-dimensional
stability analyses for Reynolds numbers up to Re = 50000. The predictions of the latter
analyses turn out to be much more accurate than those of the stability analyses of broken
line profiles performed by Toghraei & Billant (2022). In particular, the results show that the
dominant azimuthal wavenumber scales as Re'/3 when &%Re is fixed. In contrast, for constant
Ro = 80, the azimuthal wavenumber tends to saturate to a constant value for Re > 20000
similarly as the vertical wavenumber in the three-dimensional stability analyses.

While there is a good agreement between the two-dimensional stability analyses of the DNS
flows and theoretical flows, these linear stability results disagree with the two-dimensional
DNS since the azimuthal wavenumber is always observed to be m = 2 for all the parameters
investigated. As discussed by Toghraei & Billant (2022), this difference could be due to
the fact that the non-traditional Coriolis force generates not only an axisymmetric vorticity
anomaly but also a subdominant vorticity field with an azimuthal wavenumber m = 2 that
could favor perturbations with this wavenumber. In addition, the azimuthal wavenumber
m = 2 could be selected at early times when the critical layer is smoother and is still evolving
with time as shown by Wang & Balmforth (2021).

We have determined the dominant instability in the parameter space (Re, Ro) for larger
values of Re up to Re = 10000 by means of DNS. The two-dimensional instability is
dominant in an intermediate range of Ro for each Reynolds number investigated. The three-
dimensional instability is dominant only for lower Ro. An implicit threshold for the cross-
over between the two-dimensional and three-dimensional instabilities derived from the local
stability analyses reasonably agrees with these observations. We have also investigated the
effect of the traditional Rossby number Ro by means of DNS. As Ro decreases while keeping
the other parameters fixed, the strength of the three-dimensional instability weakens so that the
two-dimensional instability becomes dominant for the lowest value of Ro investigated. The
local stability analyses are in full agreement with this behavior. As the traditional Rossby
number Ro decreases, the second order terms increase and damp the three-dimensional
instability, whereas the two-dimensional instability is independent of Ro.

In summary, when small three-dimensional perturbations are introduced initially, the
evolution of a vortex under the complete Coriolis force becomes three-dimensional for



1099
1100
1101
1102
1103

1104
1105
1106
1107
1108
1109
1110
1111
1112
1113
1114
1115
1116

1117
1118
1119

1120

1121
1122

1123
1124

1125
1126

1127

1128

1129

1130
1131
1132

42

certain parameters while for others, it remains purely two-dimensional as in Toghraei &
Billant (2022). The three-dimensional and two-dimensional instabilities are due to different
mechanisms and components of the flow generated in the critical layer. The two-dimensional
instability comes from the shear of the angular velocity profile, whereas the three-dimensional
instability comes from the shear of the vertical velocity field. For a given Froude and

Rossby numbers, Fj,, Ro, their growth rate depends on Re/ I}vo2 and Re?/3/ Ro, respectively,
when they develop during the saturated regime of the critical layer. In addition, the three-
dimensional shear instability is sensitive to the damping effects due to the traditional Coriolis
force and the buoyancy force opposing three-dimensional variations.

These instabilities are expected to alter significantly vortices only when the Froude number
is in the range 1 < Fj, < O(10), i.e. when the critical radius exists and is not too far from
the vortex core. Interestingly, common atmospheric vortices are reported to be either very
large, such as tropical cyclones, or much smaller, such as tornadoes (Schecter & Montgomery
2006). The corresponding Froude number is much lower than unity or much greater than
unity, respectively. It could be hypothesized that atmospheric vortices of intermediate size,
i.e. with a Froude number of order O(1 — 10), can not exist or persist because they are
rapidly destroyed by the instabilities triggered by the non-traditional Coriolis force. Testing
this hypothesis in configurations close to real atmospheric conditions would be interesting.
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Appendix A. Unscaled equations for the local base flow in the critical layer
Here, the governing equations (5.3) for the local base flow in the critical layer are rewritten

. . A ~1/3~ A —2/3
in terms of the unscaled variables U,| = g'PRe / U,1, Q1 = e*3Re / Q, ¢t = Re'’T and
r=re+7Re '3,

ol . . A i 1 1) 0°0,

6; +IQC(V—FC)U21+191Uz1=187’c9c+m(1+§) 8r2z , (Ala)
0Q, i s 1 9%Q
WZ_SE (UZI—UZI)-FEW. (Alb)

Appendix B. Definition of the operators of the local three-dimensional stability
analysis
The different operators defined in (5.16) are

1 00 -ikU, 0 -8/oF
=0 1 of, Ly=|-00./0¢ —ikU, —ik |, (B la,b)
0 0 1 d/oF ik 0
0 00 -
L =|22B10r o o L= |00 8 8 (B2a,b)
Go+ikU, ’ ? ’
0 00 0 00
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0 0 0 ~<i_ 0 0
Lo, = 610B /67 -1 Lon = Go+ikU, B3ab
22 =\ 60rik0.)?  GorikD, ’ 3= 0 00 (B3a,b)
0 0 0 0

Appendix C. Effect of y

The effect of y in the non-dimensional stability equation (5.26) can be qualitatively
understood by modeling €21 by a triangular piecewise profile

0 for 7 < —a,
—Q(1+#/a) for-a<# <0,
-Q(1-7#/a) forO0<?7<a,
0 fora < 7,

Q= ChH

where a and Q are the size and amplitude of the angular velocity anomaly. The total flow
therefore corresponds to the sum of a triangular jet Q; and the linear shear flow —y#. By
solving (5.26) in each domain and applying continuity and jump conditions at the three
interfaces (Drazin 2002), the following dispersion relation is obtained

p° = p*(3-2ma) + p(4y* —y* —4B*m>a®) —y* (2ha + 1) - 4B*m*a* (2ha —3) = 0, (C2)

where p = 2i5/Q + 1, B = ya/Q and y = exp(—ia). When B = 0, the dispersion relation
of a triangular jet is recovered (Drazin 2002). Figure 31(a) shows that the maximum growth
rate increases and the most amplified wavenumber decreases as 8 increases as observed in
figure 21(a) for the continuous profiles.

This can be understood by considering the vorticity waves that propagate at the three
different interfaces following Carpenter et al. (2011). Their frequencies can be obtained by
considering the dispersion relation in the limit y = O amounts to neglecting the interactions
between the different waves. The dispersion relation (C 2) then factorizes into

(p =3+ 2iha) (p? — 4B%m*a*) = 0, (C3)

showing that there are three neutral solutions: &y = —iQ(1 —riia) and 6, = 1Q(1/2 + Bria)
corresponding to the vorticity waves at # = 0 and 7 = +a, respectively.

As reviewed by Carpenter et al. (2011), the instability for a triangular jet (i.e. 8 = 0) can
be understood as a resonant interaction between the vorticity waves at # = 0 and those at
7 = +a around the wavenumber 7i1;a = 3 /2 for which their frequencies are equal: 6+, = 9.
When g is non-zero and positive, only the frequency of the wave at 7 = —a (i.e. on the side
of the jet where the shear is higher) can cross the frequency of the wave at 7 = 0 for any
B. This occurs for the wavenumber 7i;a = 3/(2 + 23). Since the instability is expected to
be maximum around this wavenumber, this explains why the most amplified wavenumber
decreases when f3 (i.e. y) increases. Furthermore, the interaction between the vorticity waves
will be enhanced when the wavenumber decreases since it is proportional to y. Hence, an
increase of the growth rate is also expected as 8 increases.

The same phenomenon occurs for the simpler configuration of a shear layer (figure 31 (b)),
i.e. when the base flow (C I) for # > 0 is replaced by a uniform flow Q = —Q. In this case,
the dispersion relation is

o

L PN (T Ty S ) 4

and the frequency of the wave at 7 = 0 now becomes 6y = —iQ(1/2 — riia). The two wave
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Figure 31: Growth rate 6/Q given by (a), (C2) and (b), (C4) as a function of ria for
various values of 8. The open circles indicate the growth rate of the wavenumber 7i;a for
each case.

frequencies Jy and _, are then equal for the wavenumber 7i;a = 1/(1 + 8). We directly
see in (C 4) that the growth rate for such wavenumber is then & /Q = exp(—;a) /2. Hence,
& /Q increases from exp(—1)/2 to 1/2 as B increases from zero to infinity.
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