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Abstract

Run-and-Tumble Particles (RTPs) are a key model of active matter. They are characterized by
alternating phases of linear travel and random direction reshuffling. By this dynamic behavior, they
break time reversibility and energy conservation at the microscopic level. It leads to complex out-
of-equilibrium phenomena such as collective motion, pattern formation, and motility-induced phase
separation (MIPS). In this work, we study two fundamental dynamical models of a pair of RTPs
with jamming interactions and provide a rigorous link between their discrete- and continuous-space
descriptions. We demonstrate that as the lattice spacing vanishes, the discrete models converge
to a continuous RTP model on the torus, described by a Piecewise Deterministic Markov Process
(PDMP). This establishes that the invariant measures of the discrete models converge to that of
the continuous model, which reveals finite mass at jamming configurations and exponential decay
away from them. This indicates effective attraction, which is consistent with MIPS. Furthermore,
we quantitatively explore the convergence towards the invariant measure. Such convergence study is
critical for understanding and characterizing how MIPS emerges over time. Because RTP systems
are non-reversible, usual methods may fail or are limited to qualitative results. Instead, we adopt a
coupling approach to obtain more accurate, non-asymptotic bounds on mixing times. The findings
thus provide deeper theoretical insights into the mixing times of these RTP systems, revealing the
presence of both persistent and diffusive regimes.

Keywords: run-and-tumble particles, piecewise deterministic Markov processes, jamming, mixing time.

1 Introduction, models and main results

1.1 Introduction

Run-and-tumble particles (RTPs), which randomly switch between phases of linear motion (runs) through
localized chaotic motion (tumbles) resulting in reorientation, are a prime example of active matter [Ram10].
Their self-propulsion breaks time reversibility and energy conservation at the microscopic scale, two fun-
damental properties of equilibrium systems. This leads to rich out-of-equilibrium behavior such as col-
lective motion [VZ12], pattern formation [BB95] and motility induced phase separation (MIPS) [CT15].
In particular, accumulation at obstacles and MIPS both result in spatially inhomogeneous particle distri-
butions, that deviate from the homogeneous passive particle ones. Thus they cannot a priori be framed
into the equilibrium description based on an already known stationary distribution and their dynamics
be summarized into a reversible random walk. Coarse-grained analytical approaches allowed to retrieve
some observed mesoscopic behaviors, but are unfitted to trace back an observed behavior to a particular
microscopic origin. More generally, there is still no systematic method for deriving directly from the
microscopic details the exact form of the stationary distribution.
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Some recent results were obtained for particular on-lattice models, consisting of two RTPs interacting
through jamming [SEB16; SEB17]. The continuous-space invariant measure, formally obtained by mak-
ing the lattice spacing go to zero, displays increased mass at jamming configurations. This increased mass
takes the form of Diracs and, in the case of non-zero tumble duration [SEB17], exponentials, indicating
effective attraction in line with MIPS. The same discretization scheme is revisited for models with collision
induced recoil [MEB22; MEB23|, leading to either effective attraction or repulsion depending on model
parameters. A more direct approach based on piecewise deterministic Markov processes (PDMP) [Dav93|
was introduced in [HGM23]. This allows to work directly with a continuous-space process, greatly sim-
plifies computations and makes boundary conditions transparent. Indeed, in continuous space, jamming
interactions between particles result in boundary conditions in the state space. Their thorough under-
standing is necessary in order to compute the invariant measure. Consequently, this PDMP approach
enabled the computation of the explicit invariant measure of the two-RTP system with general tumbling
and jamming behavior, revealing the existence of two universality classes distinguished by either a de-
tailed or global probability flow preservation. While the invariant measures obtained with the PDMP
approach in [HGM23] recover the continuous limit of the discrete processes in [SEB16; SEB17], the proof
of such convergence, as the lattice spacing decreases, is still missing.

The computation of the invariant measures naturally leads to the question of the speed of convergence
towards it. In the context of RTPs, this is linked to the time it takes for MIPS to emerge from an arbitrary
configuration. Indeed, while the invariant measure of Markov processes determines their behavior at time
scales of the order of their mixing time, it becomes irrelevant at smaller time scales. The most commonly
used approach is spectral decomposition: the distance to the invariant measure decays exponentially, with
an asymptotic rate determined by the second eigenvalue of the generator. The full spectral decomposition
of two on-lattice RTPs on the 1D torus with jamming is computed in [MBE19], revealing eigenvalue
crossings and a non-analytic spectral gap. In continuous space with added thermal noise [DDK20], the
generator is a differential operator so the eigenvalue problem takes the form of an ODE. The full spectrum
is again computed and the spectral gap is found to reduce to the spectral gap of the velocity dynamics
as the length of the 1D torus goes to zero. This occurs because the time it takes to explore position
space goes to zero while the time to explore velocity space remains constant. In [AG19], the eigenvalues
are obtained as the poles of the Laplace transform in time of the position distribution and the same
reduction phenomenon is observed. Unfortunately, when the generator is an unbounded operator, the
set of eigenvalues can be a proper subset of the spectrum, complicating the computation of the spectral
gap. Furthermore, because RTP systems are non-reversible, there is an uncontrolled prefactor to the
exponential decay and the convergence results are only true in the asymptotic regime, leaving open the
question in the non-asymptotic case.

In this work, we address these different convergence questions. The first result of this paper is that the
continuous-space limit, where the lattice spacing tends to zero, of the Markov jump processes in [SEB16;
SEB17] is a variant of the PDMP in [HGM23|, rigorously linking the two models. The convergence is
made quantitative by relying on a coupling strategy rather than the usual generator approach [EK86]. A
uniformity result on the mixing times of the discrete-space processes is then used to prove that the on-
lattice invariant measures converge to the continuous invariant measure for the Wasserstein distance, thus
giving further theoretical underpinning to [SEB16; SEB17]. Secondly, regarding the long-time behavior,
we adopt the coupling approach [FGM12] to obtain sharp non-asymptotic bounds. An order preservation
argument, in the general spirit of [LMT96], reduces the coupling approach to hitting time computations
and provides quantitative upper bounds on the mixing time. Matching lower bounds are established by
identifying obstacles to mixing, which are then made quantitative by concentration inequalities. This
shows that the bounds are optimal and fully capture the dependence of the mixing time on model
parameters, incidentally revealing the existence of a persistent and diffusive regime similar to [DDK20;
AG19].

In the remainder of this section, the discrete models from [SEB16; SEB17], as well as their continuous-
space limit, are introduced and the main results are presented. The section ends with a plan of the paper.

1.2 Models and main results
1.2.1 Discrete process

All processes considered in this paper aim to describe the collective ballistic motion of a pairs of RTPs,
that jam when they collide. We define the Markov jump process introduced in [SEB16; SEB17]. The goal
is to show that this discrete model converges in law to particular instances of the general continuous-space
stochastic process considered in [HGM23].



The discrete process of interest corresponds to the setting of two RTPs on a periodic one-dimensional
lattice of L +1 sites, as illustrated in Fig. 1. Each particle is endowed with a velocity and an independent
Poisson clock with rate v. When their clock rings, the particles jump to the neighboring position in the
direction of their velocity except if that position is occupied by the other particle. The particles thus
display the persistent motion characteristic of RTPs as well as jamming interactions.

—_— P—

s AU OIIAN
o ® 0 0@ ¢ 0@ ¢ o o
O o\ O O O O O O
O O O O O O O O

O O
O 45O O 5 O O 5O o

Figure 1: Sequence of random position jumps and velocity flips

In [SEB16], the tumbles are approximated by instantaneous reorientations and the velocities are
independent Markov jump processes taking the values 1 and —1 and following the transition rates of
figure 2a. In [SEB17], the tumbles have a finite nonzero duration so that the velocities can take the
additional value 0 (tumbling and not moving) and follow the transition rates of figure 2b.
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Figure 2: Transition rates of the velocity of a single particle

Because the process is translation invariant, it is enough to consider the inter-particle separation
y* € {1,...,L}, defined as the difference from the first to the second RTP position modulo L + 1, and
the velocities o' and o2 of the two particles. The inter-particle separation y” stays constant until the
clock of, say, the first particle rings at time ¢, and,

o if yL'(t—) —ol(t—) € {1,..., L} then y* jumps to yL(t—) — ol (t—) (travel to free site),
o if yE(t—) —ol(t—) ¢ {1,..., L} then nothing happens (jamming).

If the clock of the second particle rings, y” is updated in the same manner once —a'(t—) is replaced by
+o2(t-).

Therefore the process YZ(t) = (yL(t), (¢} (t),0%(t))) is a Markov jump process and its construction is
laid out in the following definition.

Definition 1 (Discrete process). Let L be a positive integer, y& € {1,...,L} and 0,08 € {—1,1} (resp.
os,08 € {—1,0,1}) . Let o' and o2 be two independent Markov jump processes with the transition rates
of figure 2a (resp. 2b) and respective initial states oy and oa. Further let Ny and No be two independent
Poisson clocks with rate y independent of the o*. Recursively define y*(t) by y(0) = y& and,

e when Ny rings at time t, y*(t) = max(1, min(L, y*(t—) — o*(t—))).
e when Ny rings at time t, y*(t) = max(1, min(L, y* (t—) + o%(t—)))

To emphasize which 0%, N;, yl and L were used, it is sometimes useful to denote the process con-
structed in definition 1 by Y (o', 02, Ny, No,y%, L). The process Y% is referred to as discrete instantaneous
tumble process (DITP) when the velocities follow figure 2a and as discrete finite tumble process (DFTP)
when the velocities follow figure 2b.

1.2.2 Continuous process

We now present the continuous process, that we show is the continuous-space limit of the discrete process
under the appropriate rescaling.



Consider two point particles, each endowed with a velocity following a Markov jump process with the
transition rates of figure 2a (resp. 2b), according to which they move around a 1D torus of length ¢ > 0.
The particles jam when they collide and therefore they can never pass through each other. Similarly to
y® in the discrete case, we consider the inter-particle separation z € [0, /], identifying with the difference
from the first to the second particle position modulo £. Denote o' and o2 the velocities of the particles
and [t1,t2] a time interval on which the velocities are constant.

o If 02(t;)—ot(t1) > 0 then x increases at constant velocity o2(t;) — o (¢1) until it reaches ¢ (jamming
configuration) hence

z(t) = min [€,z(t1) + (0*(t1) — o' (t1))(t — t1)] for t € [t1,ta].

o If 02(t;)—0ol(t1) < 0 then z decreases at constant velocity o2(t1)—o(¢1) until it reaches 0 (jamming
configuration) hence

z(t) = max [0,z(t1) + (0*(t1) — o' (t1))(t — t1)] for t € [t1, ts].

o If 02(t1) — o'(t1) = 0 then z is constant on [t1,t2].

This leads to the following recursive construction for the continuous process (see figure 3 for a real-
ization).

Definition 2. (Continuous process) Let £ > 0, z¢ € [0,€] and o},0% € {—1,1} (resp. 0,08 € {—1,0,1})
be given. Consider two independent Markov jump processes o' and o with the transition rates of figure
2a (resp. 2b) and respective initial states o} and od.

Using the jump times (T})i>0 of the couple (o', 0?), recursively define z(t) by x(0) = z¢ and

z(t) = max [0, min [{,2(T}) + (0*(T}) — o' (T}))(t = T3)]] for t € [Ti, Tija].

The process X (t) = (z(t), (o1 (t),02(t))) is referred to as continuous process.
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Figure 3: Realization of x for the CITP with w =0.5and £ =1

In order to emphasize which o?, zy and £ were used, the process constructed in the previous definition
is sometimes denoted by X(o!,02 z0,¢). When the o' follow the rates of figure 2a, X is called the
continuous instantaneous tumble process (CITP) and when the o follow the rates of figure 2b, X is
called the continuous finite tumble process (CFTP).

Starting from definition 2, the proof of the strong Markov property and the characterization of the
generator requires careful work. Instead, as done in [HGM23], we construct the process using the for-
malism of piecewise deterministic Markov processes (PDMPs) developed in [Dav93] so that the strong
Markov property and the characterization of the generator are immediate. As done in [Bie+23], a bijec-
tion ¢ mapping the state space of the PDMP to a more convenient state space is used to come back to
definition 2. It is the subject of Section 2.

1.2.3 Main results
The following theorem is a summary of the findings obtained in this paper.

Theorem 1. Let v, = (L —1)/¢.



(1) The discrete in space processes DITP (resp. DFTP) converge, with quantitative control, when L
tends to infinity, in Skorohod topology towards the continuous-space piecewise deterministic Markov
process CITP (resp. CFTP).

(2) The processes DITP and DFTP are exponentially ergodic with invariant measures converging as L
tends to infinity to the unique invariant measures of the CITP and CFTP.

(3) The invariant measures of CITP and CFTP have a positive mass at {0} x {—1,0,1} and {£} x
{-1,0,1}.

(4) Let us define for a Markov process with semigroup P; and invariant measure m its mizing time as
tmix(€) = nf {t > 0; sup,||pP; — 7|7y < €}.

(a) The mizing time tmix(€) of CITP is of the order C”(e)%(l + w?1?) for some C'(e).
(b) The mizing time twix(e) of CFTP is of the order C'(e)(L + %)(1 +a?1?) for some C'(e).

The precise statements of points (1)—(3) are given in Theorem 2, Corollary 1 and in the appendix.
It enables to justify the analysis of [SEB16; SEB17] who have calculated the invariant measure of the
DITP and DFTP and have passed to the limit in order to assert that this processes exhibit a MIPS
phenomenon, i.e. only their intrinsic movement allows for agglomerate of particles asserted by a positive
mass at 0 and ¢. This result not only ensures the validity of their analysis but also provides a direct way
to build processes (PDMPs) at the continuous level. Note that the explicit invariant measures obtained
in the Appendix is a particular case of the general study of [HGM23] where universality classes (for the
invariant measures) were derived for general pairs of RTPs depending on the behavior at the jamming
boundary. The coupling strategy used here to derive the discrete to continuous limit is quite general and
is not limited to the DITP/DFTP processes of [SEB16; SEB17].

The mixing times were not studied before, despite the importance of the understanding of the speed
of convergence to stationarity. The precise statements of the results are given in Theorem 3. Most
interestingly, it reveals two regimes controlled by the parameter wf for the CITP

e the persistent regime wf < 1 where the mean time between two stochastic velocity changes is much
greater than the time needed to reach a jammed configuration,

e the diffusive regime wf > 1 where the mean time between two stochastic velocity changes is much
lower than the time needed to reach a jammed configuration.

This allows for a heuristic interpretation of the mixing time in terms of slow observables. In the persistent
regime, the slowest observables are the velocities 0% so the mixing time is of order 1/w. In the diffusive
regime, the position x is the slowest observable and its dynamic is approximately Brownian leading to
the mixing time wf? with the quadratic dependence in ¢ characteristic of diffusions.

For the CFTP, the mixing time is the product of 1 + %, the average time needed to see a velocity
flip of each kind, and 1 + o2¢? which accounts for the possibly diffusive behavior. Notice that the mixing
times in theorem 1 (4) are coherent with the fact that, when 8 — +oo, the CFTP becomes the CITP
with w = a/2.

1.2.4 Plan of the paper

In the following, the stochastic processes CITP and CFTP are constructed in section 2 considering the
PDMP formulation of Davis [Dav93], with a particular emphasis on their generator. The continuous
PDMP description proves helpful to derive the explicit form of the invariant measure, as was generally
done in [HGM23], but also for mixing time evaluation. In section 3, it is shown that, under the right
rescaling, the discrete process converges in law to the continuous process with respect to the Skorokhod
metric. It is also proven that the on-lattice invariant measures converge to the continuous invariant
measure with respect to the Wasserstein distance. Proofs are based on coupling between the discrete
state process and the continuous one. In section 4, the scaling of the mixing time of the continuous
process as a function of model parameters is determined. The arguments leading to such precise controls
on the mixing time relies on sharp controls of expectation of particular hitting times of the continuous-
space processes, as well as concentration of additive functionals of the velocity processes. Finally, for
the sake of completeness, the explicit formula for the invariant measure of the continuous processes is
recalled in the appendix, directly for CITP and CFTP, using a similar but alternative approach to that
in [HGM23].



2 PDMP formulation of the continuous-space processes

Piecewise deterministic Markov processes are characterized by a deterministic dynamic interspersed with
random jumps. Their appeal lies in the wide range of processes that fall into this category and their
straightforward construction. The complete characterization of their generator and its domain is known,
even if sometimes in an intrinsic way. This greatly facilitates the search for their invariant measures.
Furthermore, the formalism conveniently includes a way of explicitly computing the expected value and
the Laplace transform of hitting times by solving systems of differential equations.

In [HGM23], the goal is to derive the invariant measure for the two RTP in a general setting. Therefore
the considered PDMP encodes all the system symmetries (particle indistinguishability, periodicity, space
homogeneity) and thus corresponds to the evolution of the interdistance between the two particles. Here,
we are interested in the limit of the discrete process YX studied in [SEB16; SEB17] and the mixing
behavior for the particular case of the instantaneous and finite tumbles. Therefore we construct following
[Dav93] the PDMP describing the evolution of (z,v) with & € [0,/] the inter-particle separation, as
previously defined, for the 2-RTP system with instantaneous tumbles (resp. finite tumbles) and v € K a
variable ruling the deterministic dynamics. We first describe the state space and deterministic dynamics.
The process takes its values in the state space Ep = UVe x &, which can be divided into a bulk and a
boundary as follows

e the bulk U,cx\ox F\ corresponds to states where

— 0 < z < £ meaning that the particles are at positive distance and the deterministic dynamics

corresponds to the ODE 0;x = 02 — 0! (ex: figure 4a),

— x € {0, £} meaning that the particles are at contact and their velocities push them apart (ex:
figure 4b),

e the boundary U,cox F, corresponds to states where x € {0,¢} meaning that the particles are at
contact and their velocities push them together so they jam (ex: figure 4c¢). In the jammed states
of the boundary, the distance x is constant.

Thus, the variable v encodes both the value of the velocities 0% and whether or not the particles are
jammed.
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Figure 4: Bulk and boundary states of the continuous process

Therefore we set ¥ = {—1,1}2 (resp. ¥ = {-1,0,1}?) as well as
Yy ={(c" o) eX:0?—0o' >0} and X_ = {(¢},0?) € X : 0% — ' <0},

and we define 9K = {x{ : 0 € £, }U{+Y : 0 € £_} and K = S UK. The state space Ep is built from
the family of measurable sets (E9),cx defined by

E%=(0,¢) x {0} for 0 € %, ES ={t} x {«5} for o € ¥y, E% ={0} x {x2} foroc e =_.
We consider the family of vector fields (X,),cx where
e for o0 € ¥ the vector field X, defined on E? corresponds to the ODE d;2 = 02 — 0!,

e for v € OK the vector field X, defined on EY is null.

The sets EY, v € 0K include the sticky points of the dynamics, here corresponding to jamming configu-
rations, and come down to singletons for . Further details on the extension of the formalism of Davis
to include such sets can be found in [Bie+23].

Adding the entry-non-exit points, we get the family of measurable sets (E,),cx defined by



o B, 52y =[0,0) x {(0!,0?)} for (o!,0?) € ¥ such that 02 — o >0,
o B, 52y =(0,0) x {(c},0?)} for (¢},0%) € ¥ such that 02 — 0! =0,
o B, 52y = (0, x {(0!,0?)} for (o!,0?) € ¥ such that 02 — 0! <0,
e E,=EY for v € 0K,

forming up Ep =, cx Ev-

We now define the stochastic jumps. We recall that the states (z, (o', 62)), (0,%(,1 ,2y) and (¢, *fol,ﬁ))
all correspond to the first particle having velocity ¢! and the second particle having velocity ¢2. The
velocities of the particles are independent Markov jump processes with the transition rates of figure 2a
(resp. 2b) and we define Q = (¢y.07)s,07cx as the discrete generator of the couple (o', 0?). For example,
if the o follow figure 2a then

=11 o=(1,-1) o =(-1,1) o =(-1,-1)

oc=(1,1) —2w w w 0
0— o=(1,-1) w —2w 0 w

o= (-1,1) w 0 —2w w

o=(-1,-1) 0 w w —2w

We introduce the following projectors.

Definition 3. Define p,1 : Ep — {=1,1} (resp. {-1,0,1}) and p,2 : Ep — {—1,1} (resp. {-1,0,1})

by
b )= Y M, W)
(ot,02)ex
Doz (,v) = (Jlgzz)ez 021{(01702)7*?01102)7*501,02)}@).
and p, by

Do (;Z:,V) = (pol (1’71/) y Po? (.CE, V))

For (z,v) € Ep, we define the jump rate A by A(z,v) = (z,v) and the jump kernel by

“lp, (z,v),ps

q o (x,v),po (v
Q((z,v);-) = Z —MlED((ZE,V/))é(EJ,/).

v eEK qPo(wvu):pa(a:vV)

As exactly one of the elements of {(z,0”); (x,%%,); (z,%%,)} is in the state space Ep, Q((z,v);-) is indeed
a probability measure.

It remains to define the boundary jumps: When the deterministic dynamics leads to a state where
the particles are jammed, the process jumps to the corresponding boundary state. On the exit boundary
I'*={(0,0):0eX_ -3} U{({,0):0 € ¥4 —3_}, the jump kernel is given by

Q((0,0);) = 60,40) for o € ¥ =X and Q((£,0);+) = d(gue) for o € B — .

Many important properties of PDMPs,; such as the characterization of their generator, are true under
the set of ‘standard conditions’ (24.8) of [Dav93]. The continuous process clearly satisfies conditions
(1)—(3) and condition (4) follows from proposition (24.6) of [Dav93]. Theorem (26.14) of [Dav93| hence
yields the following characterization of the generator.

Proposition 1 (Generator of the continuous process). Let L be the generator of the continuous process.
Its domain D(L) is the set of bounded measurable functions f : Ep — R such that

e foro € X —X_ the function f(-,0) is absolutely continuous on [0,£) andlim,_ f(x,0) = f (E, *f;),
e foro € X_—% the function f(-, o) is absolutely continuous on (0,€] and lim,_,o f(z,0) = f (0,%2).

For f € D(L) one has that



o in the bulk U,cx E, the generator comprises a transport term and a jump term

Ef(l‘, (01’ 02)) = (02 - O-l)axf(xa (01702))

transport term

T+ A(zv) /E (F@.7) — f(z.(0",0%))) dQ ((z. (o, 02)): (. ).

jump term

e whereas for boundary states (x,v) € Up,cox E, the generator is given only by the jump term

Lf(z,v) =>\(~T7V)/ (f(@,7) = f(z,v)dQ((x, v); (Z,7))

E

To emphasize the difference with definition 2, we denote this process Xp(t) = (z(t),v(t)). Formally,
definition 2 and the PDMP construction model the same process, but differ on the choice of the dynamics
variable. Indeed, the vector fields (X,),cx have to be continuous, hence the consideration of v and its
additional states forming up 0K. Out of completeness, we rigorously establish such link, so as to be able
to use them both.

Definition 4. Define v : Ep — [0,4] x ¥ by

L(xa V) - (:c,pa(x, V)) :
Proposition 2. The mapping ¢ is a bijection.

Proof. This follows from the fact that for all z € [0,£] and all 0 = (0},0%) € ¥ exactly one element
among (x,0), (z,*2), (z, ) is defined and an element of Ep. Indeed,

e if 2 € (0,¢) then (z,0) € Ep and (z,%)) ¢ Ep for 0 € _, (z,%%) & Ep for o0 € X,
o if £ =0 then

— if 62 — 0! > 0 then (0,0) € Ep and (0,%%) ¢ Ep,

— if 02 — 0! <0 then (0,%%) € Ep and {(0,0); (0,+%)} N Ep =0,
o ifx=/(

— if 62 — 0! < 0 then (¢,0) € Ep and (£,+0) € Ep,
— if 02 — o' > 0 then (¢,%%) € Ep and {(¢,0); (¢,+2)} N Ep = 0.

Proposition 3. Let Xp(t) = (x(t),v(t)) be as in Section 2.

(i) The processes o'(t) = ps1(Xp(t)) and o2(t) = pe2(Xp(t)) are two independent Markov jump
processes with the transition rates of figure 2a (resp. 2b).

(i) If one recursively defines
Z(t) = max [0, min [£,2(T,) + (0*(t) — o' () (t = T,))]] for T, <t < Tppq
where 0 = Ty < Ty < --- are the jump times of the couple (o', 0?) then (X p(t)) = (2(t), (o1 (t),02(t))).
Proof. (i) For all fixed (s, s?) € ¥ the function f(z,v) =P(,,) (p-(Xp(t)) = (s*,s%)) can be computed

explicitly using its characterization as the solution of a system of differential equations (see section 3 of
[Dav93]). One gets

P(I,V) (pU(XD(t)) = (81, 82)) = ]P)pgl(a:,u) (Cl(t) = 51) IPPC,Q(JC;V) (gg(t) = 32) for all (81, 82) ey

where the ¢; are Markov jump processes with the transition rates of figure 2a (resp. 2b).
(ii) Follows from the recursive construction in section 23 of [Dav93]. O



3 From discrete to continuous space

3.1 Convergence in law

In this section, it is shown that under the right rescaling the discrete process of [SEB16; SEB17], i.e.
DITP (resp. DFTP), converges to the continuous process CITP (resp. CFTP).

First, the discrete and continuous process have different state spaces. The continuous process X takes
its values in [0,¢] x ¥ and one can think of {1,...L} as a discrete subset of the interval [0, ¢] using the
injection N

-1
ZL(k) —KL_ 1.
This allows one to see the discrete process as taking values in [0,/¢] x ¥ and to consider the process
(ir(y" (1)), (0'(t),0%(t))) instead of (y*(t), (o' (), o*())).

It remains to understand how the parameters w (resp. « and f), v and L should scale. Thinking of
the discrete process as an approximation of the continuous process where the interval [0, £] is replaced by
its discrete counterpart {1,..., L}, the natural scalings

w (resp. a and ) constant
() L — +o0
L= (L-1)/¢

correspond to taking increasingly fine discretisations of the position y”(¢) while preserving the dynamics
of the o and the physical velocity of the particles £y/(L — 1).

The convergence of Markov processes is often shown using approaches based on generators or on mar-
tingale problems (see [EK86]). Here, we take a different approach and instead use a coupling argument.
It requires only basic probabilistic tools and also provides quantitative estimates for the approximation
procedure. The key insight is that, under the scalings described above, the stochastic jumps of y*(¢) be-
come both smaller in size and more frequent in a way that makes them converge to the constant velocity
translations of z(t).

Theorem 2 (Scaling limit). (i) There exists a coupling of the continuous process X and a sequence
of discrete processes (Y1) >o with parameters scaling as in (x) such that for all T >0

P (sup iz (" (1) — (t)] > e> < % (Lfl N 8\/T((77T)2L+_3717T+ 1)4)

t<T

where 1 = 2w (resp. n = 2max(a, 3)) for the instantaneous-tumble transition rates of the o (resp.
the finite-tumble transition rates).

(i) One has
(G @), (@ 0. 0%00) =% (X))

in the Skorokhod space D[0, +00).

As the supremum distance is finer than the Skorokhod distance, assertion (i) implies that for all T > 0
. L 1 2 Law
t t t — | X (¢
(G o). @ o), 25 (X)),

in the sense of random variables taking their values in the Skorokhod space D[0,7T]. Hence assertion
(ii) follows by theorem 16.7 of [Bil99]. Therefore, the rest of this subsection is dedicated to the proof of
assertion (i).

The jamming mechanism at y* = 1 and y* = L makes the control of (ir,(y*(t)) — 2(t)) challenging.
Therefore, we first consider the following simplified model, without any jamming and taking values in Z.
For this model, we derive a uniform bound similar to the one of assertion (i) in theorem 2.

Lemma 1. Let o' and o2 be two independent Markov jump processes with the transition rates of figure 2a
(resp. 2b) and let NlL and NQL be two independent Poisson processes with rate vy, independent of the o*.



If one sets

SH0 =3 2 Tt ieon (Do) and 1) 1= [ (02(5) = o} (s))s

s<t i=1,2
1 2 [T

P <sup —SE(t) I(t)‘ > e> < Sy —.

t<T | VL €\ 7L

The proof is included for the sake of completeness.

then one has

Proof. First, (ST (t), (o1 (t),c%(t))) is a (Z x ¥)-valued Markov jump process and its generator £* is given
by

LEf(z, (0%, 0%) =L (f(z =o', (0},0%) + f(z + 0% (o', 0%)) = 2f(2, (0", 0%))
+ Z Q(al,UQ),(sl,s2)f(Z7(51352))

(s1,s2)ex

where Q = (¢y.07)0.07cx is the generator of the couple (0!, 0?), as defined in the previous Section. Hence
Dynkin’s formula implies that ST (¢) — v, fg (02(s) — o1(s))ds is a martingale and by Doob’s martingale
inequality

1
P <sup —SE(t) - I(t)‘ > e>
t<T |7VL
JE |SE(T) =~y I(T)|
— E’YL )
i T
_ Z¢=1,2E‘ng LynE(sr)£NE(s—)}0 (8) =L fy o'(s)ds
— E’YL b
2
2 T
< B D Y nant - ot(s) = ’YL/ at(s)ds
YL s<T 0

2
It remains to show that E (ngT l{NlL(S+)¢NlL(S_)}01(s) - 9L fOT al(s)ds) < Tri. Let (Th)n>0 be

the jump times of the couple (0!, 02). The process M(t) = _, 1{N1L(S+)75N1L(57)}0'1(8) - 7L fot ol(s)ds
is also a martingale by Dynkin’s formula so that repeated use of the optional stopping theorem yields

N
E[M(T)?] =Y E[(M(Tp AT) = M(Tiy AT))*] + E [(M(T) — M(Ix AT))?].
k=1

Taking N — 400 and using the dominated convergence theorem one gets
E [(M(T) — M(T ATx))?] =0

and E [M(T)?] = S/ E [(M(Te AT) — M(Tp—1 AT))?] so that

+o00
E [M(T)*] = Z E [0"(The1 AT)2(N{ (T AT) — NE(Too1t AT) — (T AT — Ti—1 AT))?]
k=1

+oo
<Y E [(Nf(Tk AT) = NE(Toy AT) = yp(Tu AT — Thy A T))Q}
k=1

=E [(NF(T) = 1T)°| =T
O

Remark 1. It is easy to see that one can also directly obtain an upper bound in the previous lemma such
as 8T/ (€*yL) (in fact even exponential inequality can be derived). This bound worsens with respect to T,
but exhibits improved behavior with respect to ~r,.
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Figure 5: Transition rates of the DITP (resp. DFTP) conditionned on o! = 2 = £1

Formally, for 77, — +4oo, the jumps of S¥ /. have decreasing size 1/ but increasing rate vz, so
that the physical velocity 1 /vy, = 1 remains constant. Lemma 1 rigorously implies that the stochastic
jumps of S* / converge to the constant velocity translations of I(¢) with the supremum norm, thanks
to Doob’s martingale inequality.

We now introduce the following coupling to prove the convergence of the discrete process to the
continuous process, i.e. assertion (i) of the theorem 2, by drawing on the lines of the proof of lemma 1.

Definition 5 (Discrete-continuous coupling). Let X (t) = (x(t), (o1(t),0%(t))) be a continuous process as
defined in definition 2, with fized parameters w (resp. a and 3) and £, and o' (t) and o%(t) two independent
Markov jump processes with the transition rates of figure 2a (resp. 2b). Denote by 0 =Ty < Ty < --- the
jump times of the couple (o',02). For L > 2, let N& and N¥ be two independent Poisson processes with
parameter vy, = (L — 1) /¢ independent of the o'.

Recursively define y© by setting

¥ (0) = [(L = D)z(0)/¢] + 1 and 2"(t) == y*(Th) + > _ (=1)'0"(T) [NF(t) = NF(Th)] |
i=1,2

o if (¢! (Ti),0%(Tk)) # £(1,1)
y"(t) = max [1,min [L, zL(t)H fort € [Tk, Tk1],
o if (c1(Tk),0%(Tx)) = £(1,1)
y () = pr (z(t)) fort € [Ti, Teti]
where pr, : Z — {1,...,L} is given by

_ k formeZ and1 <k <L,
pL(k+2mL)_{ 9L 41—k formeZ andL+1<Fk<2L.

Finally, set YL (t) = (y*(t), (a1 (t),02(t))).

The construction in definition 5 of Y'* using py, differs from definition 1. The goal of this coupling is
to map the transitions of the DITP (resp. DFTP) to the jamming-free random walk 2z, that was already
studied in the toy model of lemma 2. The difference lies in the case 0! = 62 = £1. A definition through
the max(min(-)) definition is not correct at jamming, as the y* is evaluated and fixed at its ¢ = T}, value.
However, the definition through p” ensures a correct mapping by exploiting the indistinguishability of
the particles (i.e. the Poisson process N (resp. N4) does not correspond to the Poisson clock linked to
particle 1 (resp. 2)). In more details, in such case, the process y* comes down to a symmetric random
walk (see figure 5), that is mapped to the symmetric random walk z” in this manner:

e Case pr(2Y) = y* ¢ {1,L}; If 2¥ jumps left (resp. right) with rate ~yr, then p; maps this to the
left (resp. right) jump of y*.

e Case pr(21) =y € {1, L}, say 2 = y* = L; If 2¥ jumps to L — 1 with rate vz, then p;, maps this
to the jump of y* to L — 1. If 2z jumps to L + 1, the value of pr(2%) stalls at L and y* does not
jump.

While the actual proof of the mapping is required, such mapping enables a direct derivation of the
convergence bound. Indeed, it now appears possible to bound sup,p |ir(y*(t)) — z(t)| in terms of
sup, <7 | NF(t) — yrt|. Hence, because (N (t) — vzt) is a martingale, a uniform bound similar to lemma
1 is attainable.

Lemma 2. Let X and the sequence of stochastic processes (YL)p>o be as in definition 5.

11



(i) Each YT is a DITP (resp. DFTP).

(ZZ) Let 0 =Ty < Ty <

- be the jump times of the couple (o',a?). For all t > 0 one has

lip(y™(8) — z(8)] < |ir(¥* (0

where n(t) =1+ ZI;’? Lr,<ty and

n(t)

]+—Z|Dk

Di(t) = 3 (~1)'0*(Thn) [NiL(Tk At) = NE(Thoy At) =y (Th At — Ty A1) ]

1=

Proof. (i) First prove that the definition 5

(or DFTP).

1,2

indeed provides a coupling, i.e. Y* alone is indeed a DITP

Let L > 2 be arbitrary but fixed. Let YL be as in definition 5 and let o* and N} be the corresponding
velocities and Poisson processes. Set Y'©

To show that YZ and Y% have the same law, it suffices to show that y~
distributed conditional on the velocities (o}, o
function. In the remainder of the proof of (i ) take the conditional probability Q = P(-](ct,0%) =

= V(o' 0%, NE,NE L),

%), Let s:

and g are identically
[0,+00) — X be an arbitrary but fixed cadlag

)to

be the reference probability so that functionals of the ¢* such as jump times are deterministic. Under the

probability Q both y” and ¢

so that it suffices to prove that their transition probabilities are the same.

Recall that 0 =Ty < T <

are time-inhomogeneous Markov processes with the same initial distribution

- are the jump times of the couple (0!, 02). For t € [Tk, Tjy1],

o if (01(T}),0%(Tk)) # +(1,1) then
yr(t) = max 0,min | L,y"(T}) + Z (=1)'o " (TR) (N () = N (T) | | -
i (t) = max [0,min | L, §%(T}) + Z (=1)'o*(Ti)(NE(t) = NE(T) | |,

so that the transition rates are the same on the time interval [Ty, Tg11],

o if (01(T},),0%(Tx)) = £(1,1) then 2 () is a symmetric random walk on Z with rate -z, the transition
rates of which are denoted #. Further denote % the rates of the DITP (resp. DFTP) conditionned
on ot = 0? = +1 (see figure 5). For all y1,y2 € {1,..., L} one has

b

z2€p; ' (y2)

R(z1 — 2z2) = R(y1 — y2) for all z; € pzl(yl)

so [BY93, Theorem 2.4] implies that y~(¢) = pr(2%(t)) is indeed a Markov jump process and [BY93,
Theorem 2.3 (i)] implies that its rates identfies with &.

(ii) The velocities 0" are constant on the time interval [T}, ), t].

o If 0! (T 4)) # 0*(Th(r)) one has
i1 (0) = (0] = | max | 0,min | i1 (Tuo) + == 3 (~1)'o" (o) (N0 = NE (L)
i=1,2
— max [O, min [@, x(Tn(t)) + (Uz(Tn(t)) - Ul(Tn(t)))(t - Tn(t))” )
< |iL (yL (Tn(t))) - :L'(Tn(t))|
" % _Z: (=1)'0" (Ta(y) (N (t) = N (Tagey) = vt = Tur) |-
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o If Ul(Tn(t)) = 02(T7L(t)) = 0 one has |iL(yL(t)) — l’(t)| = |iL(yL(Tn(t))) — x(Tn(t))’
o If 0! (T, t)) = 0*(Th(r)) = £1, because py, is 1-Lipschitz and iy, is ~; '-Lipschitz, one has

= lie(" (Tu)) — 2(Tue)|

1

o e y* (To)) + Z (=10 (Toe)) (N (1) = NE(Tou)) | —pr (" (Tow) |
< Jir (Y™ (Taw)) — 2(Tawy)|
+7iL Z (=1)0" (Tneey) (NF (1) = NF(Toe)) = 72t = Trw)) |-

So in any case
. L . L 1
i (y" (1)) — 2(t)] < [ir(y" (Tuw)) — 2(Tag))| + o | Doy (1))

and iterating the same argument yields the desired bound. O

The proof of theorem 2 (i) is now possible. The fact that the upper bound (ii) of lemma 2 contains
the term > |Dy| instead of |> Dyl leads to a slightly worse bound compared to the toy problem. In
particular, unlike for the toy problem, the bound of theorem 2 (i) depends on w (resp. « and ).

Theorem 2 (i). Let X and (Y1)1>2 be as in definition 5. Keeping the same notation as in lemma 2 one
has for t < T

Dk = | 3 (~1)'o" (Th) [NiL(Tk At) = NE(Thoy At) =y (Ti At — Ty A t)] ,

i=1,2
< Z (’]\TZL(T]C /\t) — ’YL(TI@ /\t)! + |NiL(Tk,1 /\t) — P)/L(kal A\ t) ) s
i=1,2
<2 Z Sup|NL ’yL0|.
—12

So claim (ii) of lemma 2 implies

sup i (y* (1) = (1)| < |in(y"(0)) = 2(0)| + 2”? > suplvé0) =

Using Markov’s inequality first and then the Cauchy-Schwarz inequality one gets

P <sup i) — o(t)] > ) <! (E s 0) — (0] + [nm sup | NE (1) - m\]) |

t<T (L +\/7\/ Sup — 1t D

A

<

It follows from Doob’s maximal inequality that

E {fgg (N (1) - ’YLt)Q} <AE [(NJ(T) —4.T)?] = 4y, T.

Finally, a coupling argument shows that one has the stochastic domination
P(n(T) >q) <P(1+7>q) forall ¢ >0,
where 7 is a Poisson random variable with parameter n7T". Hence
E [n(T)?] <E [(1 + ﬁ)Q] =E[i2] + 2E[i] + 1 = (nT)> + 35T + 1

and the desired result follows. O
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3.2 Convergence of the discrete invariant measures
Let X and (YL )r>2 be as in definition 5. Because YL is irreducible and has finite state space, it has a

unique invariant measure 7y, and there exist C, pr, > 0 such that

sup ||MLPtL - 7TLHTV < Cre Prtforallt >0
1227

where (PF) is the semigroup associated to Y'. Similarly, the continuous process satisfies the Doeblin
property ensuring the existence of a unique invariant measure 7w as well as exponential convergence
towards that measure. However, the bounds on the speed of convergence towards the invariant measure
are quantitatively poor.

Proposition 4 (Doeblin). Let X (t) be the CITP (resp. CFTP) of definition 2 and (P;) its semigroup.

(i) One has

inf P X(1+4/2) = 1,-1 .
B Pl (XA40/2) = (0,0,-1)) ) > 0

(i) The process X (t) admits a unique invariant probability = and there exist C,p > 0 such that

sup ||uP; — ||y < Ce™ P for all t >0,
m

where the supremum is taken over all probability measures p.

Proof. (i) Let (zo,00) € [0,£] x X be arbitrary but fixed. The Markov property yields
Bag o0 (X (14 €/2) = (0, (1,=1)) ) = Plag,oy (1) = (1,=1) and X (1+£/2) = (0, (1,-1))),

> [ inf Pl (0(1) - (1,—1))] X { inf ]P’(y,(ly,l))(X(éﬂ) - (0,(1,—1)))} .

(z,0)€[0,£]x y€[0,£]
Because the velocity process o(t) is an irreducible Markov jump process, one has

@ a)iel[lgé]xE]P(x’a) (0(1) = (1a _1)) > 0.

For all y € [0, 4], starting from the intial state (y, (1, —1)) at time ¢ = 0, one has
there is no jump before time t =¢/2 =  X({/2) = (0,(1,-1)),

so that
inf Py, 1) (X(/2) = (0,(1,-1)) = e >0,
y€[0,£]
where A\ = w for the CITP (resp. A = « for the CFTP).
(ii) In light of the discussion above, the discrete-time Markov kernel @ = Pj,/, satisfies the mi-

norization condition
5(33,0)@(') > 5() for all (I7O—) € [O,E] X Ea

with £ = 6(5(0)(,1’1)) and € = inf(myg)e[o’g]xz ]P’(I’U) (X(l + f/2) = (0, (1, —1))) > 0.
Hence [BH22, Th. 8.7] implies that @@ admits a unique invariant probability measure m and

11@Q" = 7llry < (1 = €)" | = 7|1y,

for all probability measures pu.

The proccess X (t) admits at least one invariant probability by [BH22, Prop. 4.56]. Because all
invariant probabilities of X (¢) are invariant probabilities of @, one has that 7 is invariant for X (¢) and
that it is unique. Finally

1 tog (2 )

|uP =l < luPyyrir —wllrv < (1= G)WTJ [p = mllrv < 11— 66_ T | — 7l
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The convergence, under an appropriate rescaling, of Y~ towards X thus invites the question: does 7,
converge to w 7 This amounts to interchanging the L — +o00 and the t — 400 limits and was a crucial
implicit assumptions in [SEB16; SEB17]. This kind of limit interchange requires some sort of uniformity
result, which in this case takes the form of proposition 5.

Proposition 5. There exists C,p > 0 such that

supsup ||pur PE — 7| tv < Ce™Pt for all t > 0.
L pr

The following proposition is a direct consequence of proposition 5.

Corollary 1. Define 17 : {1,...,L} x X —[0,4] X ¥ as

i7(y, (o', 0%) = (i(y), (o', 07)) .
One has
W1 (i #rp, ) — 0.

Proof. Theorem 2 together with the boundedness of E = [0, /] x ¥ implies that for all ¢ > 0
Lgrfoo Wi(i§# ((sp#m) Pl nP) =0
where sp, : E — {1,...,L} x X is given by
sp(z, (0',0%) = ([(L - Dz/t] +1,(c",0%)).

Since || X — X'|| < V42 + 424+ 02 =: A for all X, X' € [0,¢] x X, one has W1 (u,v) < A||jp — v||pv for all
measure g, v on [0,£] x 3. One gets for all t >0
Wy (iF #rp, ) < Wi #mr,iG # ((su#m) PF)) + Wi(ig# ((sp#w) PE) 7Ry,
< Al #mp — i7# ((sp#m) PE) |ov + Wi(i9# ((su#m) PP) 7Py,
< Allrr, = (sp#n) P lvv + Wi(ig # ((se#m) PF) ,wP),
< ACe ™" + Wi (i # ((sp#m) PF) ,nPy).
Hence limsupy,_, , W1 (i§#np,m) < ACe™*t. The result follows since ¢ > 0 is arbitrary. O
Remark 2. The set E = [0,£] x X is compact so P(E) is compact w.r.t. convergence in law. Furthermore,
convergence in the Wasserstein metric is equivalent to convergence in law and convergence of the first

moment hence the sequence (tl) lives in a compact set. Thus, it suffices to prove that the invariant
measure T s its unique accumulation point to show

W1 (i #rp,m) — 0.

Let ’i%k#’erk ? 7> then the proof of Theorem 2 shows i%k#(ka PtL’“) — TP, so that

.. L ..
TP, = hmz‘zk#(ﬂ'L"Pt e hmz‘zk#ﬂL’“ = 7.
Hence m°° = 7 is the unique invariant measure of the continuous process.

The remainder of this section is dedicated to the proof of proposition 5 using a coupling argument.
Coupling two discrete processes Y2 = (y%, (¢',62)) and Y = (3, (6',52)) comes down to coupling
their velocities and their Poisson clocks. The latter are taken to be identical and the velocities are
independent until they meet for the first time and are then set identical. Let us formalize this in the
following definition.

Definition 6 (Discrete-discrete coupling). Let Yi = (y&, (04,02)) and Y& = (3%, (64,63)) in {1,...,L}x
Y be given. Now turn to constructing a coupling between two discrete processes Y= and Y'X with respective
initial states Yi& and YOL, Let s', 52,5, 5% be four independent Markov jump processes with the transition
rates of figure 2a (resp. 2b) and respective initial states o},03,5%,6%. Define 7, = inf{t > 0: o'(t) =
ai(t)} and set

o' (t) = s'(t) for all t >0, G'(t) = §'(t) for t < 1 and G'(t) = s'(t) fort > ;.
Let Nt and NI be two independent Poisson clocks with parameter v, = (L — 1)/{ independent of
the o', Finally, set YX = Y(o', 0% NL NE yE L) and YE = V(6,62 NE, NE g8, L).

15



Remark 3. With this coupling,
oi(t) = &' (tg) = o'(t) = &' (t) for all t > to, YE(te) =YE(ty) = YL(t) = YL(t) for all t > to.

In the rest of this section, the notations S¥(¢) and I(¢) of lemma 1 are used. First, recall the coupling
characterization of the total variation distance

sup Py pr (YL(t) # }N/L(t)> .

Y.LY.E

sup||pr P} — mpllrv <
129 Yy

Therefore, it is left to determine the stopping time inf{t > 0 : Y2 (¢) = Y(¢)}. Understanding the first
time where both velocities are identical 7, = max; 7; is straightforward because it does not depend on L.
Thus the main obstacle is to determine the time that elapses between 7, and 7, = inf{t > 7, : yZ(¢) =
g (t)}. The following deterministic lemma enables this by linking 7, — 7, to the variations of SZ(t).

Lemma 3. Let Y and Y be as in definition 6 and assume that o = 5} and o3 = 3. For any fived

realization, one has
ISHT)| > L -1 = inf{t>0:y"(t)=g"1)} < T.

Proof. Assume without loss of generality that y©(0) < §%(0) and SE(T) > L — 1. Because o' = 5! and
0? = 52 one has that y*(0) < §7(0) implies that y*(t) < g=(¢) for all ¢ > 0.

Assume by contradiction that yZ(t) # §*(t) for all t < T. If y*(¢t) = L for some t < T then
L = yE(t) < % (t) < L which would contradict y~(¢) # §%(¢) for all t+ < T. Hence y*(t) < L for all
t<T.

It can be shown by induction that y~(¢) < L for all t < T implies y=(¢) > y=(0) + SE(¢t) for all t < T.
Hence y*(T) > y*(0) + SL(T) > L which is a contradiction. O

The following lemma establishes a crude quantitative result on the variations of I(¢) and then uses
the convergence of %LSL(t) to I(t) to deduce a result on the variations of S%(t) for large L.

Lemma 4. (i) For all 6 > 0, one has liminf, ,, o inf, P, (|I(¢)| > ) > 1/3.
(ii) There existT >0 and Lo € N such that, for all L > Ly, one has infoes P, (|SH(T)| > L —1) > 1/9.

Proof. (i) For the sake of conciseness, only consider the case of the DITP. The same arguments apply up
to some slight modifications to the DFTP.
Set I (t) = f(f o%(s)ds for k = 1,2. By Feynman-Kac formulae,

E_l [eglk(t)] __HQHCY) 1 . Y w o -1 0
(El[eak(t)] =e 1 with 9 = o —w and V = 0 1)

Hence one gets

(w = ¢) sinh (t\/@ + w2)
T

For k = 1,2 and of € {—1,1}, differentiating w.r.t.  at ¢ = 0 and taking t — +oo yields

Eiy {eu’“(t)} =t + cosh (t ¢+ w2>

E,x [Tx(t E,x [I;(t)? 1
i Bt 000] o Ea 00?1
t—+oo $1/2 t—+oo t w
Eqx [In(t)’] 0 i Eqe [In(t)*] 3
t—+oo +3/2 - tobo 12 T2

Using I(t) = Iz(t) — I;(t) and the independence of I (t) and I5(t) one sees that for all o € &
E [I(t)2]2 1
. 21 . 4 _
tilgrnoo E, [I(t)*] = 400 and t~13+moo B O0] 3

Finally, when ¢ is large enough ﬁi)"‘] € (0,1) so by the Paley-Zygmund inequality

2

) 52 ) 52 \’E, [I(t)?
P (11012 0) = o (100* 2 gz [107]) = (1 g7 ) Ea[[f(@))j]
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and the result follows.
(i) Assertion (i) implies that there exists 7 > 0 such that inf,exPo ([I(T)] > £+41) > 2 and by
proposition 1 there exists Ly € N such that for all L > L

sup P, (’SL I(T)’ 21) gl.
oEY 9
Hence for L > Lo and 0 €
7 I 2 1
B (|S5(0)] 2 L~ 1) 2 By (1(T)| 2 0+ 1) = By (| == 8HT) ~1(T)| 21) > S~ .

The key uniformity result can now be proven.

Proposition 5. For all L > 2 there exist Cp, pr, > 0 such that sup,,, ||uLPtL — 71'L||TV < Cre—rrt so it

is enough to show that there exists Lo € N such that sup,, sup,, HuLPtL — 7TL||TV < Ce~ "t for some
C,p>0.
Lemma 4 guarantees that there exist T' > 0 and Ly € N such that for all L > L

. L
inf P, (|S*(M)|>L-1)>

Nefio

Recall 7; = inf{t > 0: 0(t) = 6'()}, 7o = max;—127; and 7, = inf{t > 7, : yL(t) = §=(¢)}. Set

p* = inf Py o) (0'(1) = 61(1)).

1 =1
UO’UO

Forall ke Nand L > L
o= S s By g (YT 1K) £ VE(T+ D)
Yy, Yy

< sup Pyr oo (7 > (T'+ 1)F),
YEVE

S sup [PYOL’?UL (’Ty — Ty > kT) —+ PYOL’{/(JL (’7'1 > k) + ]P)Y(JL7Y/0L (T2 > k):| ;
Y Y

IN

(8/9)" + (1 — p*)* + (1 — p*)*,

where lemma 3 and 4 are iterated to bound P (7, — 7, > kT) by (8/9)*.
This concludes the proof since ¢ — sup~, sup,,, Hu Pl — 7TLHTV is decreasing. O

4 Mixing times

In this section, the dependence of the mixing time
tmix(€) = inf {t >0:sup ||uP — 7|y < e}
o

of the continuous process on the model parameters w (resp. « and ) and ¢ is determined up to a
multiplicative constant. Denote by t! . (¢) (vesp. ¢! (€)) the mixing time of the CITP (resp. CFTP).

Theorem 3 (Mixing time). (i) For all € € (0,1) there exists C(e),C'(e) > 0 such that
1
C(e ) (14 w??) <t le) < C'(e)— (14 w??).
w w

(ii) For all e € (0,1) there exists C(e),C'(e) > 0 such that

c (1+5) 1+ <t <0 (2 +5) 1rae).

« «@ B
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By standard arguments, e.g. [LPWO09], one has that C’(e) ~ log(1/e). However the expression for
C(e) is more involved. Notice that matching lower and upper bounds are obtained meaning that the
dependence on the model parameters is optimal. The remainder of this section is dedicated to the proof
of theorem 3. The lower and upper bound of assertions (i) and (ii) are proven separately.

The exact forms of the invariant measure of the CITP and the CFTP are used during the proofs of
the theorems, noticeably the fact that they exhibit Dirac masses at 0 and ¢. While derived in the discrete
case in [SEB16; SEB17|, universality classes have been obtained in [HGM23| characterizing the exact
form of the invariant measure in the continuous case in a general setting. For the sake of completeness,
the invariant measure for the inter-particle separation for the CITP is explicited in Proposition 7 and for
the CFTP in Proposition 8.

4.1 Lower bound

The lower bounds in assertions (i) and (ii) of theorem 3 can be shown using identical arguments based on
the identification of the slow observables. For the sake of conciseness, only the lower bound of assertion
(ii) is proven. In the following lemma, a first lower bound is deduced by looking at the velocities.

Lemma 5. For all e € (0,1) one has

| log(€)| £
Zmin (a, §) < tnix (€)-

Proof. If t > 0 is such that sup,, ||uP; — 7||vv < €, then, for any Xo = (z, (05, 03)) €]0,{[x%,
Px, (X(t) = Xo) —7(Xo) = Px, (X(t) = Xo) <¢,

as there is no mass in any such state Xy in the explicit formula for 7 (see Proposition 8). In particular,
for o} = o3,

e > supPy, (X(t) = Xo) > supPyx, (¢'(s) = o*(s) for all s < t) > e 2min(e.f)t,
1 1

90 90
Thus,

£ |log(e)|
mix (€) > Ymin(a, f)

and the result follows.
O

Exploring a positive fraction of the state space requires a change in position of order ¢. The two
following lemmas confirm that, in the diffusive regime, this takes order ¢? time leading to a lower bound
with quadratic dependence on £.

Lemma 6. Let 0! and o2 be two independent Markov processes with the transition rates of figure 2b.
For all € > 0 there exists u(e), A(e) > 0 such that for all § > 0, choosing t* = u(e) (1 + %) ad?,

5 5) <e
/O "o (s)ds

so that it suffices to prove that for all e € (0, 1) there exist u(e), A(€) > 0 such that for t* = u(e) (1 + %) as?

/Otal(s)ds > 5) <e

Define 7_1 = 0 as well as 7, = inf{t > 7,_1 : 0'(t) = 0} and 7, = inf{t > 7,, : o!(t) # 0} for n > 0.
Denote D; = [7* o' (s)ds and observe that
70
/ o'(s)ds
0

/Ot ol(s)ds /OTk ol(s)ds
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ad > A(e) = maxP, < sup
e AIM) 0<t<t*

/ (0%(s) — o ())ds
0

Proof. One has

P, < sup /0 "(02(s) — o (s))ds > 5/2)

0<t<t

>5> < 2P, < sup

0<t<t

ad > A(e) = max P, | sup
od=-1,0,1 % \o<t<t

k

ZDi .
=1

< + max

su
P 1<k<n

t€[0,75]

= max
0<k<n




Set n = [2ua?§?] and t* = u (1 + %) ad?. One has

/ L(s)ds >§><]P>1<’/ s)ds
<t (|[ s

(1) (10

+ Py (t" > 7).
—_——
(I11)

>0/2 or max

ZD

> 6/2) + Py ( max

1<k<n

P2 ( sup

0<t<t

>d/2 or t* >Tn)

E:I% >(W2>
i=1

1=

It remains to show that there exist u = wu(e) > 0 and A = A(e) > 0 such that each of the terms
(I)~(I11) is bounded by €/3 if ad > A.
Bounding (I). If o = 0 then (I) is zero. If o} = £1 then Markov’s inequality yields
®ol(s)ds| 2

(‘/ | >672) < - |f0;/2 T

so choosing A > 6/e leads to the desired bound.
Bounding (IT). Notice that (D;) are i.i.d. random variables so that by Kolmogorov’s inequality

ZD

=1

Eoy (X1 Do)’ 4nBgy [DF]  [2u026?]
> 9/2 62/4 - 52 =8 252

01 max
0\ 1<k<n

If 2ua?6? > 1 one has [2ua?6?] < 4ua®§? so that

ZD

i=1

P, < max > 5/2) < 32u
0\ 1<k<n

and the desired bound holds if u < €/96 and A > 1/v/2u.
Bounding (III). Notice that the random variables (7; — 7;_1);>1 are i.i.d. and have mean 1/a + 2/

and variance 1/a? + 4/32. Chebyshev’s inequality gives us

Poi (t">7,) <P (t > Z Ti — Ti—1 ) =P <t* -n(l/a+2/8) > zn:(n — Ti—1) —n(l/a+2/ﬁ)> ,

i=1
nVar (7'1 —70) [2ua?6?] 402 + 2
—(tr—n(l/a+2/8))2 T atu2dt (a+p)?2°

If 2ua?6? > 1 one has [2ua?6?] < 4ua®§? so that

ua2d?  ua?o?

Py (" (u) > 1) < ( sup

40 + B2 4 16
a,5>0 (a+ B3)?

hence the desired bound for (III) holds if A > max (1/\/ 2u, 4/ %). O

Lemma 7. For all e € (0,1) there exist A(e), @(e) > 0 such that
al > A(e) = th () >ale)(1/a+1/B)a¢2.

Proof. Set M = ((1 —a)?¢/2,(1 + a)¢/2) x ¥ where a € (0,1) is fixed later. The explicit formula for the
invariant measure 7 implies w(M¢) > 1 — a. It is clear from definition 2 that
al )
> -
2

0
Ps2,1,1) (X(t) e M°) < Py ( sup /0 (02(5) -0 ( ))ds

0<6<t
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By lemma 6, with t* = u (1) (1+ )a52,
1—e€ ¢ 1—ce¢
ad > A ( ) = Pu ( sup / (02(s) — o' (s))ds| > 6) <
4 " No<t<t* |Jo 4
Taking § = al/2 one gets with t* = %fu () a+ %)a£2,
2 [(l—c¢ ! 0\ _1—¢
al > —-A = P su o?(s) — a'(s))ds >)
220 (F51) = o (o | [ @0 -otena] = 5 ) <15

Set a = 43¢, A(e) = 24 (%), ale) = Yu(*5e) and ¢ = a(e)(1 +
t* >t . (€) then

1—e¢ 1-—¢ al
1— — <l-a-P sup |1(0)] > —
T o (e 110> 5
S F(MC) — ]P)(@/Q,l,l)(X(t*) S MC) S Sup||uPt* — 7T||TV S €
“w
which is a contradiction because € € (0,1). Hence af > A(e) implies t . (e) > @(e)(1 + %)CMQ. O

Assertion (ii) of theorem 3 now follows from lemma 5 and lemma 7.

4.2 Upper bound for the instantaneous tumble process

We show the upper bound of theorem 3 by coupling techniques, first for assertion (i) in this section and
for assertion (ii) in the next. We start by defining the continuous analog of the discrete coupling of

definition 6.
Definition 7 (Continuous-continuous coupling). Let (zq, (03,03)), (Zo, (64,53)) € [0,£4] x = be given.
Let s',5%,51,3% be four independent Markov jump processes with the transition rates of figure 2a (resp.

figure 2b) and respective initial states o§,08,54,63. Set ; = inf{t > 0: s;(t) = 5;(t)} and define
ol(t) = s'(t) fort >0, FH(t) = 5'(t) for t <7 and &' (t) = s'(t) fort > .
Finally set X = X(o',02,30,¢) and X = X (51,62, %0, 0).
The goal for the construction of this coupling is that
ol(te) = ' (tg) = o'(t) = &'(t) for all t > to,
X(to) = X(to) = X(t) = X(¢) for all t > to.

Similarly to the coupling of the discrete process, the challenge lies in the determination of the time
between the velocity coupling 7, = max; 7; and the one of the positions. The key ingredient here is that,
once the velocities are identical, the interdistance |z(t) — Z(¢)| is nonincreasing and the order between the
positions is preserved, as,

< < Z(t) for all t > 7,,
2(16) > #(1,) = x(t) > Z(t) for all t > 7,.

Furthermore, the position coupling happens with o'o? = —1 either in 0 with ¢! = 1 or [ with ¢! = —1.
Therefore, we deduce,

inf{t >0:X(t)=X(t)} =inf{t > 7, : x(t) VZ(t) = 0} Adnf {t > 7, : 2(t) A Z(t) = I} = Teoupling-

Thus upper bounding the mixing times reduces to upper bounding a hitting time. Section 2 and propo-
sition 3 allows us to explicitly compute hitting times by solving systems of differential equations using
the theory laid out in section 3 of [Dav93].

Lemma 8. Let 7 = inf {t >0:Xp(t) = (0, (1) } There exists C > 0 such that

sup Ex,[r]<C

(1 + w2fz) .
Xo€EpD

€=



Proof. The mean hitting time f(z,0) = E(, ) [7] satisfies the differential-algebraic system of equations

72wf(x,1,1)+wf( 1 )+wf( 1a1)+1*0
—20,f(x,1,—-1) — 2wf(x, 1, 1)+wf(x,1, ) +wf(x, -1)+1=0
20, f(z, -1, 1)—2wf(x —1,1)+wf(x,1, )+ wflz—1.—1)+1=0 ( orallze(.0)
_QWf( T, 1)+Wf(.’13,1, )+0Jf< 151>+1_0
with boundary conditions f(0, 1, 71) =0and f(¢,—-1,1) = f(¢,1,—1) 4+ 2/w yielding

200+ 2)w + (20 — 2*)w? + 3 dx + (20r — 22w

E@,auplrl = o » Ega-npll= 5 )

Mw + (26 — 2%)w? + 4 200+ 2)w + (26x — 2*)w? + 3
E@ -1l = 50 ) E@,(-1,-ylr] = o :
The result follows by optimizing over x. O

An upper bound for the mixing time of the continuous instantaneous tumble process can now be
given.

Upper bound of theorem 3 (i). Let (xo,(04,03)), (Zo, (65,05)) € [0,£] x ¥ be arbitrary but fixed. Let
X, X and 71,7 be as in definition 7.
Set 79 = inf{t > 7, : x(t) = 0} and 7p = inf{t > 7, :

Z(t) = 0}. Using lemma 8 one gets

Ey, %, [Tcoupiing] < Ey, %, [max (70,79) — max (11, 72)] + Ey ¢, [max (71, 72)]

<Ey, %, [0 —max (71, 72)] + Ey ¢ [fo—max(r1,72)]+Ey ¢ [n]+Ex, x, []
1 1 1 1

<C—(1 202 (op= w2e? — + —

T w ( tw ) + w ( ) + 2w + 2w

1
=20+ 1)~ (1+w??).
Let € > 0 be arbitrary but fixed and set t* = (2C + 1)(1 + w?¢?)/(ew). One has

]EX X, [Tcoupling]
bup”,uPt* - 7T||TV < sup ]P)X Xo (Tcouphng > t* ) < SHP % <e
Xo, XO Xo0,X0

4.3 Upper bound for the finite tumble process

We now derive an upper bound for the mixing time of the continuous finite tumble process using the
same coupling. We start by controlling 7, = max; 7;.

Lemma 9. Let 0 = (0},02),6 = (6%,6%) and 71,72 be as in definition 7. One has

3

sup Eoy 5, [max (71, 7m2)] < o

00,60€X

Proof. One has sup,, 5, Eo, 5, [max (7'1,7'2)] < SUpg, 5, Elr1 + 72] < 2supgi 51 Egp 51[m1]. Hence, it is
enough to show sup,1 ;1 E¢,1 55)[ ) < 2 5

Set ko1 51 = E(51 51y [T1]. By first step analysis,

Z 4(ot,58), 51751)]{5(51,51) +1=0if O'é 75 5’6,
(st,5t

k =0if o) = &3,

1 =1
0'0,0'0

where ¢ is the discrete generator of the couple (o!,5'). Solving this system yields

E1,—1)[11] = Eq,0) [T1] = E(1,1) [11] =0,

14r+1
Eo,—1) [71] = Eqo,1) [71] = E(—1,0) [11] = E(1,0) [11] = alriy
13r+1
E(—l,l) [Tl] = E(l,—l) [7_1] = ama
so that the result follows from optimizing over r > 0. O
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We now evaluate the elapsed time between the couplings of velocity and position. Adopting a similar
strategy to that used in the discrete case, we focus on variations of the integral process I(t) = fot (0%(s) —
ol(s))ds. As a first step, we establish an improved continuous form of the deterministic lemma 3 that
links the coupling time to the variations of I(¢).

Lemma 10. Let x(t) and Z(t) be as in definition 7 and assume (0§, 08) = (6§,58).
Then for all T > 0 and all fived realization of (o', 0?) one has

/t2 (02(s) — o (s))ds| > £ —> inf{t > 0: () = #(t)} < T.

sup =
ty

t1<t2<T

Proof. Assume without loss of generality that there exists t; < to < T such that fttf (0%(s) —ol(s))ds > ¢
and that x(0) < #(0), hence z(t) < Z(¢) for all t > 0.

Assume by contradiction that x(t) < &(t) < £ for all ¢ < T. A recursion shows that this leads to
a(t) > x(t1) + [} (0%(s) — o' (s))ds for all ¢ € [ty, T]. Thus z(t2) > x(t1) + [,* (0*(s) — o’ (s))ds > £ which
is impossible. O

The previous deterministic result is completed by showing that variation of order ¢ are reached after
a time of order (1/a + 1/8)(1 + «?¢?). Rather than considering fttf (0%(s) — a*(s)),ds, let us instead
examine f:o (0%(s)—0o'(s)), ds, where the 7; represent return times of (o', 02) to a set that will be defined
later. This allows us to express

/Tr"(ch(S) —o'(s))ds = i/:l(g2(s) — o (s))ds = ZDi

0 i=1
enabling us to leverage the fact that the D; are i.i.d., making them more amenable to computation.

Lemma 11. If o' and 0? are independent Markov jump processes with the transition rates 2b then

[ - tenas| = 0) = o

ty

inf P,, ( sup

t1<to<t*

* 1 1
where t* = 288 (E + 5) (1+a?6?).
Proof. Define 7, = inf{t > 7,1 : o(t) # 02(t)} and 7,, = inf{t > 7, : o1 (t) = 0%(¢)} for n > 0 with the
convention that 7_; = 0.
Step 1. Solving the adequate system of linear equations, as for Lemma 8, yields

1 1\ 2r2+5r+1
E(0,0)[70] = (a + )

B) 4r2+67r4+2°
1 1 4r4+1
E1,0) [10] = E(~1,0) [70] = E(0,1) [T0] = E(0,-1) [170] = <a + 5) 71 6r 72
1 1 3r+1
IE(1,1) [T0] = IE(71,71) [T0] = IE(71,1) [T0] = E(1,71) [T0] = (a + 5) m7

so that optimizing over r > 0 leads to sup, E, [79] < 1/a+1/5.
Step 2. First step analysis yields that for n =0 and o € &

B
C2a+p

P, (o(19) = (0,0)) = jS 3 and P, (o(79) = (1,1)) =P, (o(70) = (-1, -1))

and a simple iteration yields the same result for n > 1 and o € ¥. Hence the sequence (7; — Ti—1)i>1 s
identically distributed and for all o € X,

n 2 ) 2
Eo [t — 0] = Z]EU[TZ' —Ti—1]=n Z Py (o(10) = (8,5)) E(s,s) [T0] = n%.

i=1 s=—1,0,1

Step 3. Define D; = [T (0°(s) — o' (s))ds for i > 1 as well as S, = Y1) D; = [["(0%(s) — o' (5))ds
for n > 1. Start by computing E, [e)‘fgo(az(s)_al(s))ds} forall o € A ={(c!,0?) € X: 0! =02}
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Let 7o = inf{t > 0: o' (t) = 0%(¢)} be the first hitting time of A and notice that 7q is the first return
time of A so that 79 = 7y whenever the initial state of (¢!,0?) is outside A. Furthermore, if one sets

ke = [ GO 1(5))‘15} then, by first step analysis, the vector (k,)y,cx satisfies the system of linear
equations
Z Q(01702),(81752)k(81752) + )\(0'2 - Ul)k(olﬁz) = 0 for (0’1,0'2) ¢ A
(st,s2)ex
k(gl’o-Q) =1 for (0‘1,0'2) eA

where (¢s,0/)o,0'ex is the generator of the couple (ol 0?).
Solving this system and using E, [ R CRORY (S))ds} = ZU,#, —q‘::’ ko for all o € A yields

q

4 3 232 _ 2 2\ \2
E, [eworowz(s)_al(s))ds} _ 4ot +4a’B 40’ 2(2a%+3aB8+ 5%)A — () for all 0 € A
dat+4a38+a2B2+42 —4(2a2 +3af + B2))\2

so that for all o = (0§,03) € &,
E, {622‘:1 A,-D,L} _E, {62;;1 NDIE L) ) [ekforo(az(s)—al(s))dsn —E, {627’1 )\iDl} S(An),

which can be iterated to obtain E, [e>i=1 A Di] = [T, ¢(\).

The D; are thus independent and identically distributed and differentiating ¢ gives us
4(a+pB) 96 (o +4ap +25%)
2a8 4+ a2’ 4a8+4adB 4 atp?

E, D] =E, [D} =0, E,[D?] = E, [Df] =
Step 4. Set n = [a?¢?]. For all o = (0§,03) € K one has

4(a+p) 5,0 4(a+p) 24r+4 2
— > ol =/ > 207,
208 +a?8 =" " 2034028 2r41°

1 2a6r+3\ 1 P2r6r+3\ 1
S (PRSI (P S L A S
3( + n(r+1)2 > 3( + (r+1)2 ) =

Eo [S2] = nE, [D}] = W@Q]
Hence, by the Paley-Zygmund inequality

B, (S2>2) > P, (53

l\.’)\»—\

Making use of step 3 one gets

E, [52]" n’E, [D2]?
E; [St]  nE, [DY] + 3n(n — 1)E, [D2]?

Putting it all together, one gets

1

Step 5. From step 2, one gets

Bofra = o) = [02) L2 < (L DY o) T < (D4 D) e ae),

So, if one sets t* =288 (1/a+ 1/8) (1 + ¢?) then

>€>>41fora11062

@ - ot sas

0

P, ( sup /tz((ﬂ(s) —ol(s))ds| > z) > P, ( /T” (02(s) — ol (s))ds| > e) _P, (m > 144 (1 n 1>>
t1<t2<t* |Jt, 7o a f
- P, (m — 79 > 144 (1 1) (1+ a2€2)>
a B
1 1 1 1
“48 144 144 144
using Markov’s inequality for the last step. O
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The upper bound for the mixing time of the continuous finite tumble process can now be proven.

Upper bound of theorem 3 (ii). Let € € (0,1) be given and let X, X and 71,7 be as in definition 7. Set
t* = a3 + 288k (1/a+1/B) (14 a*¢?) for a > 0 and k € N to be fixed later and define 7, = inf{t >
max (11, 72) : 2(t) = Z(t)}.

One has, for all t > t*,

sup||uP; — w|lrv < sup P (X(t) # X’(t)) < sup P(r; >1t7)
o

Xo0,Xo Xo0,Xo
11 ) 3
< sup {IP’ T —max (11,72) > 288k | — + = | (1 + a*¢7) | + P max (71, 72) > a— }
Xo,Xo a B @

_ (143 F L1

— \ 144 a’
where, in the last step, lemma 10 and lemma 11 were combined and iterated for the first term and lemma
9 and Markov’s inequality were used for the second term. O
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A Invariant probability measure of the continuous process

In [HGM23], the general form of the invariant measures, as well as universality classes, were derived
for general velocity processes. For the sake of completeness, the explicit invariant measure 7 of the
continuous process is derived in details for the particular cases considered here. Note that it was already
computed in [SEB16; SEB17] as the limit of the discrete invariant measures, an approach made rigorous
by proposition 1.

The key in the search for its invariant measure is the construction of the continuous process as a
PDMP in Section 2. This allows us to use the characterization of the invariant measure in terms of its
generator

7 is invariant <= /ﬁfdﬂ' =0 for all f € D(FE).

following from (34.7) and (34.11) of [Dav93|.

A.1 Symmetries of the invariant measure
The mappings
pr=1"o[(z,0" 0%~ (L—z,0%0")] 0y,
pp=1"to [(a:,al,a2) = (0 —x,—0o!, —02)] ot,
ps=1""o[(z,0"0%) — (z,—0% —c")] o1
are such that f — f o p; is a one-to-one mapping of D(L) onto itself and satisfy the relations
pi = ps = idg and p; 0 py = py 0 p1 = ps.

The goal of this section is to show the following proposition, which proves useful in the search for the
explicit form of the invariant probability.

Proposition 6. Fori=1,2,3 one has m = p;#m.

The proof of the previous proposition rests on the following lemma, the proof of which is omitted for
the sake of brevity.

Lemma 12. Fori=1,2,3 one has (Lf) op; = L(f o p;) for all f € D(L).
Proposition 6. Because f — f o p; is a one-to-one mapping of D(L) onto itself, one has that [ Lfdr =0
for all f € D(L) implies

0= [ 2(ropan= [(£5)opdn = [ Liatpitm) toral 1 € D)
so that p;#m is also an invariant probability measure. The uniqueness of 7w implies m = p;#m. O

One has shown that the action of the group G = {idg, p1, p2,p3} = (Z/2Z)? commutes with the
generator. Denoting pe : F — E/G the projection operator, this is a strong indication that pe(Xp(t))
is also a Markov process which can be identified as the process in [HGM23].

A.2 Invariant measure of the continuous process

Introduce the following notation for convenience

k=V(+p8)2a+p)/2, r=a/f, F=r/B=\/(+1)2r+1)/2

as well as

K 1
)\a = —= 1- ~ Y 5
4r 2r + 2 4 27 tanh (%)

Ao = 4(r + 1) cosh (£) (27 + (2r 4+ 1) tanh (%))’
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o do a,, d’ o D 1d ] a, bS b
(1,1) 4(2iw4) 4(2+w£) 4(2J1rw6) LY =11 A 2T+1 I 0
(L= | s 4(2+w2) 0 (L) | T]0 |20 | (4r52)% 27y
(7171) 0 VTGEWRY] ﬁ (1’_1) Ada | 0O Aa (2T+ 1))\5 =27\
AT B T | T 01 | 0] 1| 20N | @Wre2h | -2\

) 4(2+wb) 4(2+w£) 4(24+wb) (0,0) ol or [ 42, | 420 + 1) 0
(0,—=1) | 1] 0 | 2rAg | (4r+2)X, | 27N
Table 1: Instantaneous tumble (—1,1) 0 | Aa Aa —@2r+1N | 27N
(=1,0) | 0 | 1 | 2r), (4r+2)Xy | =27\
(_la _1) ﬁ ﬁ Aa @)\b 0

Table 2: Finite tumble

Proposition 7. The invariant probability © of the continuous instantaneous tumble process is given by
=, (Z (250 + apdz + di6;) @ 5g>
cEX
with the coefficients summarized in table 1.

Proposition 8. The unnormalized invariant measure w of the continuous finite tumble process is given
by

=114 (UEX; (dgéo +d 60+ (ag + b5 sinh (H (a: - 5)) + bS cosh <I€ (J: - 5))) da:) ® 50>

with the coefficients summarized in table 2.

Let first establish and solve a system ODEs for the density of the invariant measure in the bulk.
First no boundary conditions are taken into account when solving the system so the solution depends
on constants that remain to be fixed. One then looks at the boundary conditions to determine these
constants. The proof of proposition 7 is very similar to the proof of proposition 8 so is not included here.

Proposition 8. System of ODEs in the bulk. For o € ¥ let 7, be the restriction of 7 to (0,¢) x {c} seen
as measure on (0,¢). For arbitrary but fixed f, € C2°((0,¢)) one has that f: Ep — R defined by

f(z,0) = fo(x) for (xz,0) € (0,£) x & and f(z,v) = 0 otherwise

is in the domain D(L) of the generator. Rewriting [ £fdr = 0 in terms of f, and 7, and using the fact
that the f, are arbitrary, one gets —VEF’ + Q'F = 0 where

T(1,1) —ga o g o 0 0 0 0 0

71'(170) 5 —Q — B B 0 (0% 0 0 0 0
T(1,-1) 0 o —2« 0 a 0 0 0

T(0,1) s 0 0 -a-8 a 0 5 0 0

= 7(0,0) ; Q= 0 g 0 g _25 g 0 g 0 )

T(0,1) 0 0 g 0 a —a-f 0 0 g
T(—1,1) 0 0 0 « 0 0 —2« «Q 0
T(-1,0) 0 0 0 0 a 0 £ —a-p £
T(-1,-1) 0 0 0 0 0 a 0 a  —2a

and V = Diagonal (0,—1,-2,1,0,—1,2,1,0). Note that differentiation is used in distributional sense
here.
This implies

1

T+ = 7 (Ta0 + Ty F T F 7o) oo = 5 (Tao + T + (10 F T0-1)

N3
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and G’ = AG in the distributional sense where

T(-1,1) —a z 0 0
T(=1,0) + T(0,1 200 —a_38 o, B 0
G=|"-=10 O | gand A = 274 274
T(1,0) + 7(0,—1) 0 -5~ 7 3 + o —2a
T(1,-1) 0 0 —g o
Hence
—2r 427 —1 —2r—2r—1 1 -2/« 1
- 8r — 47 4+ 4 e 8r+47 + 4 —kw 4r —4/p 4r
G=q S 4 A7 1+ 4 e™dr+co Sr— 47 4 4 e "dr+cs Ay dr+cy 4/8 +x Ay dzx.
—2r— 27— 1 —2r +2F — 1 1 2/a 1

The symmetry m = pi#n implies m(_1,0) + mo,1) = (=L —x)# (71'(1,0) +7r(0’,1)) which forces
¢y = e"c; and ¢y = 0. Furthermore, the symmetry m = ps#m implies

T-10) = T = 5 (T-10) F 7o)

1
T(1,0) = T(0,-1) = 5 (71,00 + T(0,-1)) »

2
1
T =T = g (10 + 7o + 700 + 7o)

so that F' = clE;e’”dx + clE;e““*@dm + c3 B dx where

2r+1 2r+1 1

A+ 27 42 Ar — 27 42 2
—2r—2r—1 —2r+2r—1 1

dr — 27+ 2 4r + 27 4+ 2 2r

Ef=| 4r(2r+1) ES =| 4r(2r+1) E, 4r?
dr + 274+ 2 4r — 21 4+ 2 2r
—2r+2r—1 —2r—2r—1 1

4r — 27+ 2 4r 427 4 2 2r

2r+l 2r41 1

Boundary conditions. Because the measure is unique, it is ergodic and hence

.1t
.y = lim */ Lix(s)=(0,0,1)3ds =0
0

t—+oco t

since the set {s > 0: X (s) = (0,0,1)} is almost surely discrete. Similarly d?ﬁ1 )= d((ll 0 =0
Let z, € R be arbitrary but fixed for o € X. It is easy to check that

{—x
_— 0]
7 o L

is in D(L). Injecting the formula for m into [ £fdr and using the fact that the x, are arbitrary, one gets

f=u1o {(x,a) — <xa

Q'D° — e\ VE, — c1e"™VE, —c3VE, =0 (%)

where

t
D = (dy) ,ex = (d?l,lwd?l,owd?lflwovd?o,owd?o,flw()’o’d?fl,fl)) :

The system of linear equations () uniquely determines c;, c3 and DY if one imposes d?LO) = 1. Finally,
the symmetry 7 = p;#m implies dfal’ag) = d(()0'2,0'1) for all (o!,0%) € X. O
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