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Main objectives

Improving the robustness and efficiency of waveform inversion for velocity macro-model building from
limited-offset data.

New aspects covered

1. Concise formalism for the integration of localized adaptive waveform inversion (LAWI) and joint
full-waveform inversion (JFWI).

2. Comparison of LAWI and graph-space optimal transport (GSOT) in the framework of both FWI and
JFWI.

3. Synthetic tests suggest that integrating JFWI and LAWI brings about higher-fidelity velocity macro-
model building.

Summary

Robust velocity model building from limited-offset data sets remains a challenging task. Joint full-
waveform inversion (JFWI) uses both early arrivals and reflections to reconstruct shallow and deep
macro-velocities. The recently developed localized adaptive waveform inversion provides an effective
way to capture phase mismatch between observed and predicted data via a local matching filter. We
propose using the phase mismatch estimated by the same local matching filter to define a robust misfit
function in JFWI. Preliminary numerical examples confirm that integrating JFWI and LAWI can signif-
icantly improve the velocity macro-model building.
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Velocity model building by localized adaptive waveform inversion of early arrivals and reflections

Introduction

Successful velocity reconstructions by full-waveform inversion (FWI, Tarantola, 1984) rely on long-
offset and low-frequency data. For limited-offset data, FWI struggles to reconstruct the low wavenumber
components of deep targets, due to the lack of wide illumination angles beyond the depth sampled
by diving waves (Wu and Toksöz, 1987). To address this, Xu et al. (2012) propose a reflection full-
waveform inversion (RWI), which exploits the low-wavenumber contribution from reflection wavepaths
for better velocity macro-model building at depth. Joint full waveform inversion (JFWI, Zhou et al.,
2015) utilizes both reflections and early arrivals to constrain the shallow and deep subsurface velocities.

Enhancing phase information in misfit design can reduce its non-linearity, leading to a more robust
inversion result against inaccurate starting models. The use of graph-space optimal transport (GSOT,
Métivier et al., 2019) misfit function in the framework of JFWI has been shown to significantly improve
velocity macro-model reconstruction (Provenzano et al., 2023). Recently,Yong et al. (2023a,b) proposed
a method to implicitly measure the instantaneous time-shift between compared data through a local
matching filter, called localized adaptive waveform inversion (LAWI). Analysis and numerical studies
suggest that it can further enhance phase information, compared to GSOT. In this work, we investigate
the performance of integrating JFWI and LAWI for velocity model building using limited-offset data
lacking low frequencies.

Joint full-waveform inversion of early arrivals and reflections

The JFWI misfit function is defined with separated early arrivals dobs
0 and reflections δdobs (Zhou et al.,

2015)

JL2 =
1
2
‖Wd0(Ru0−dobs

0 )‖2 +
1
2
‖Wδd(Rδu−δdobs)‖2, (1)

where Wd0 and Wδd are the weight functions aimed at balancing the contributions of the transmission
and scattering wavefield, and R extracts the calculated wavefield at the receivers position. The predicted
transmission and scattering wavefields (u0 and δu) are determined by

A(m0)u0 = s, (2)

A(m0 +δm)(u0 +δu) = s, (3)

where A denotes the wave-modeling operator, while m0 and δm are the background and scattering pa-
rameters. The tomographic gradient for background velocity m0 can be computed via

∂JL2

∂m0
= 〈λ1|

∂A(m0)

∂m0
u0〉T + 〈λ2|

∂A(m0 +δm)

∂m0
(u0 +δu)〉T , (4)

where 〈., .〉T denotes zero-lag cross-correlation over the time interval [0,T ] and λ1,λ2 are the adjoint
wavefields solutions of

A†(m0)λ1 =
∂JL2

∂δu
− ∂JL2

∂u0
, (5)

A†(m0 +δm)λ2 =−
∂JL2

∂δu
. (6)

Equation (4) ensures that the gradient of m0 is composed by tomographic diving and reflection wavepaths
via suppressing the first-order migration isochrones (Zhou et al., 2015). In JFWI, as well as in RWI, the
scattering wavefield δu is generated by the perturbation model δm, whereas the background model m0
needs remaining smooth. Such a scale-separation between a ‘propagator’ and a ‘reflectivity’ benefits
from a [velocity (m0) - impedance (δm)] parameterization, in virtue of non-overlapping virtual-source
radiation patterns (Zhou et al., 2015).

The impedance perturbation δm (reflectivity) can be obtained by a least-squares migration (Nemeth
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et al., 1999), whose convergence can be accelerated by employing a deconvolution imaging condition
(Provenzano et al., 2023). Conventionally, δm and m0 undergo an alternate update process. To reduce
the need for repeated least-squares migrations and enforce consistency between velocity and reflectivity,
JFWI can be reformulated in the pseudotime (vertical-traveltime) domain at no extra-cost, through an
efficient 1D transformation (Plessix, 2013; Brossier et al., 2015; Provenzano et al., 2023).

Misfit function defined by localized adaptive waveform inversion

Given observed data d(t) and predicted data p(t) representing either early arrivals or reflections, the local
matching filter used in LAWI is defined by a non-stationary convolution model in the time-frequency
domain (Yong et al., 2023a):

ŵ(t,ω)d̂(t,ω) = p̂(t,ω), (7)

where d̂(t,ω) and p̂(t,ω) are the time-frequency spectra of observed and predicted data. The local
matching filter can be computed with a delta-type regularization for Gabor deconvolution (Yong et al.,
2023b). Applying inverse Fourier transform in τ domain, we obtain the local matching filter w(t,τ):

w(t,τ) = F−1
τ [ŵ(t,ω)] . (8)

The centroid time of the matching filter, representing instantaneous time shift between observed and
predicted data, can be estimated by

T (t) =
∫
R |τ|w2(t,τ)dτ∫
R w2(t,τ)dτ

. (9)

Integrating instantaneous time shift gives the objective function of LAWI. In the framework of JFWI,
two independent local matching filters are designed for pre-separated early arrivals and reflections, and
the objective function reads:

JJLAWI =
1
2

∫
R

T 2
d0
(t)dt +

1
2

∫
R

T 2
δd(t)dt. (10)

Embedding LAWI into JFWI only requires modifying the adjoint sources in equations (5) and (6) to
account for the misfit function change. It is noteworthy that LAWI prioritizes phase mismatch over am-
plitude mismatch, removing the need for non-trivial weight tuning between early arrivals and reflections.

2D Valhall example with limited-offset data

We test the performance of L2-norm, GSOT and LAWI in the framework of both FWI and JFWI. A
reflection streamer survey, consisting of 64 shots spaced 240 m apart and 228 receivers at 25 m spacing,
is simulated on a 2D model inspired by a shallow-water exploration target (Fig. 1a). The model is
defined on a 141×645 grid, with a spatial interval of 25 m. A 4 Hz Ricker wavelet, with energy below
1.5 Hz removed, is used to generate a 4.8 s observed data set. Notably, the limited-offset (< 6 km) poses
significant challenges to waveform-based velocity reconstruction at the target depths, while the simple
1D starting velocity model exposes FWI to cycle-skipping (Fig. 1b). The true and initial density models
are obtained via a Gardner’s law. While the observed data is generated with a free-surface boundary
condition, it is important pointing out that no de-ghosting or de-multiple are applied prior to inversion.

Figs 2 (a,c,e) display reconstructed velocity models using FWI. With the challenging setup, all the
reconstructed models fail to obtain the true velocity trend, regardless of the misfit function employed.
Quantitatively, this can be seen in the model misfit evolution of Fig. 3 (a), all reaching a high-valued
plateau. L2-norm FWI encounters line-search failure, stopping at the 22nd iteration. LAWI (Fig. 2e)
seems to outperform the other misfit functions in delineating the low-velocity layers, while its velocity
decrease is under-estimated due to the lack of deeply-reaching diving waves. This shows at the same
time its potential, and the interest of combining it with JFWI. Thanks to its phase-driven nature, LAWI
can balance the gradient contribution from early arrivals of large amplitude and deep reflections of weak
amplitude, thus simultaneously updating both shallow and deep model. On the contrary, L2 norm (Fig.
2a) and GSOT (Fig. 2c), more affected by amplitude discrepancies, privileged shallow model updates.
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Figure 1 True synthetic model: (a) P-wave velocity model, (b) 1D initial model. A surface streamer
acquisition with maximum offset of 5960 m is used in the inversion.
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Figure 2 Comparison of reconstructed velocity models by FWI (left-hand side) and JFWI (right-hand
side) with different misfit functions: (a-b) L2 norm, (c-d) GSOT, and (e-f) LAWI.

Different from FWI that is capable of generating high-resolution velocity models, Figs 2 (b,d,f) show
that JFWI primarily emphasizes background velocity updates. Comparison of these figures suggests that
the misfit function plays a significant role in the framework of JFWI: The L2-norm inversion (Fig. 2b)
is trapped in an apparent local minimum, resulting in non-physical shallow updates. Although GSOT
provides a more accurate velocity macro-model, it exhibits similar downward-bending low-velocity arti-
facts. The phase-driven LAWI can reduce the non-linearity of velocity inversion, and yields the most ac-
curate velocity macro-model (Fig. 3b). It is worth noting that, while lacking high-wavenumber updates,
the JFWI macro-models all exhibit a lower model misfit than the FWI ones. For a further comparison, we
conducted subsequent GSOT-FWI and LAWI runs, initiating from their respective JFWI macro-models:
The final results (Fig. 4) show that LAWI outperforms GSOT in dealing with cycle-skipping and in
reconstructing broadband velocity models from limited-offset data that lacks low frequencies.

Conclusions

Conventional full-waveform inversion struggles to reconstruct background velocities beyond the pene-
tration depth of diving waves. The JFWI framework jointly uses early arrivals and reflections to mitigate
this limitation. The phase-driven LAWI misfit function can balance the contributions of early arrivals
and reflections to the JFWI gradient, benefitting the simultaneous reconstruction of shallow and deep ve-
locity trends. A 2D numerical study illustrates that combining JFWI and LAWI improves the reliability
of velocity macro-model building in heavily cycle-skipped scenarios.
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Figure 3 Comparison of L1-norm model error evolution with iterations: (a) FWI and (b) JFWI.
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Figure 4 Reconstructed velocity models by FWI starting from the JFWI results using the misfit functions
of (a) GSOT and (b) LAWI.
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