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The present paper aims at assessing an approximate model to evaluate hygrothermoelastic stress in composite lami nated 
plates. The approximate model is based on straight hypotheses (classical lamination theory of plates) and is able to simulate 
the effects of complex hygrothermal conditionings, such as those encountered in the life of real structures. For the purpose 
of the assessment, a 3D analytical solution for hygrothermally stressed plates is employed. The approx imate model for 
plates is also compared to an analytical model for cylinders under transient and cyclical hygrothermal loads [Jacquemin, F., 
Vautrin, A., 2002a. Modelling of the moisture concentration field due to cyclical hygrothermal con ditions in thick 
laminated pipes. European Journal of Mechanics  A/Solids 21, 845 855; Jacquemin, F., Vautrin, A., 2002b. A closed form 
solution for the internal stresses in thick composite cylinders induced by cyclical environmental con ditions. Composite 
Structures 58, 1 9]. This is done in order to assess the capabilities and the limits of a simplified model for plates to represent 
also the behaviour of cylinders.

Keywords: Fick’s law; Transient/cyclical hygrothermal stress; Analytical 3D solution; Simplified CLT solution

1. Introduction

Composite structures are very sensitive to hygrothermoelastic stress: this is due to their intrinsic heteroge-
neity, emerging at the microscopic and at the macroscopic scale and related to the difference in hygrothermo-
elastic properties of adjacent entities; fibres and matrices, adjacent plies aligned with different fibre
orientations with respect to a common reference orientation, etc.

* Corresponding author. Tel.: +39 823 62 3066; fax: +39 823 62 3515.
E mail addresses: m.gigliotti@cira.it (M. Gigliotti), frederic.jacquemin@univ nantes.fr (F. Jacquemin), vautrin@emse.fr (A. Vautrin).
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It is crucial to a good design of composite structures to take into proper account hygrothermoelastic stres-

ses; even within the context of an uncoupled theory, that is, the hygrothermal fields are uncoupled from the
stress ones, this task is quite complex.

Analytical solutions are important as benchmark to validate numerical finite element codes; however sim-
plified tools are always needed, since they allow for designing, in very short times, not only structures but also
experiments and optimisation inverse procedures.

In the present paper an approximate model for plates under transient and cyclical hygrothermal conditions,
based on the hypotheses of the classical lamination theory of plates (CLT), is tested against analytical solu-
tions for plates and cylinders; the aim of the authors is to establish if, and within which limits, the approximate
theory rigorously valid only for slender flat plates is capable to represent the behaviour of real structures,
spanning from 3D anisotropic plates to cylinders.

In polymeric based composite materials the basic constituents, fibres and matrices, exhibit different swelling
strains when exposed to the same amount of moisture (almost all fibres are insensitive to moisture) or temper-
ature differentials. Since they are ‘‘bonded’’ to each other and have to respect displacement/traction continu-
ity, they develop stress. Hygrothermoelastic stresses are active at the microscopic level. When adjacent
composite plies are arranged with different fibre orientations with respect to a common reference direction,
they have a different expansion hygrothermal strain in that direction, thus they again develop internal stress
in order to assure continuity at the ply level.

Usually, structural analyses of composite materials subjected to hygrothermal solicitations are performed
by considering the actual heterogeneous plies (fibres + matrix) as equivalent homogenized anisotropic mate-
rials, thus disregarding the actual microscopic structure.

In most cases the hygrothermal fields are obtained, independently from the stress ones, by employing clas-
sical Fourier (see, for instance, the book by Carslaw and Jaeger, 1959) and Fick’s (Crank, 1975) theories for
heat/moisture conduction/diffusion, the mathematical structure of the two theories is the same. Then, the
obtained fields are used to calculate stress. This approach is uncoupled (or one-way coupled), since the hygro-
thermal fields are not influenced by the mechanical ones.

Full coupling (or two-way coupling) can be important for large strains, when plasticity/viscoplasticity effects
should be taken into account, as shown, for instance, by Allen (1991). For recent development on fully cou-
pled theories the reader also is referred to Chandrasekharaiah (1986) and Weitsman (1987, 1998).

In the present paper, small strains are considered so that un uncoupled approach can be employed.
However, the explicit solution of problems of the uncoupled hygrothermoelasticity theory presents still

some difficulties for anisotropic bodies.
The case of laminated cylinders is relatively ‘‘easy’’ to handle: such structures exhibit many symmetries.

Moreover, a cylinder can be considered with great approximation as a structure ‘‘without edges’’, thus the
usual approach is a generalized plane strain one: since the cylinder is approximately infinite along its axis, only
a ‘‘thin slice’’ of it is studied.

One of the first papers dedicated to the assessment of internal (thermal) stresses in laminated anisotropic
cylinders has been published by Hyer and Rousseau (1987), who used a continuum mechanics approach (gen-
eralized plane strain): they considered uniform temperature differentials. Ootao et al. (1991) considered com-
plex thermal conditions in laminated cylinders composed by isotropic plates.

The approach byHyer andRousseau was extended by Paul and Vautrin (1995) to the case of transient hygro-
thermal fields. Jacquemin and Vautrin described analytically the behaviour of laminated cylinders under cycli-
cal hygrothermal conditions, giving the hygrothermal fields (2002a) and the related internal stresses (2002b).

The case of laminated composite plates subjected to hygrothermal stress is different, mainly due to the
presence of edges. At the edge of a composite plate, the boundary conditions must be satisfied exactly, thus
the stress fields close to the edges can be extremely complicated. These complications increase in the prox-
imity of interfaces between plies, where displacement/traction continuity conditions must be obeyed. Accord-
ing to the Saint-Venant principle, the influence of edges on the state of stress of plates is limited to zones
very close to the edges themselves. For anisotropic bodies, the influence of edges could be also more
pronounced.

The first studies on hygrothermoelastic stresses in composite plates simply neglected the presence of edges
and employed the CLT.
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Significant contributions to the assessment of thermoelastic stresses in plates came from Wu and Tauchert,

who treated the case of symmetric special orthotropic laminates (1980a) and antisymmetric cross-ply and
angle-ply laminates (1980b). They consider plates with simple supported edges and temperature variations
which are uniform or linear along the thickness of the structure.

Reissner Mindlin and higher order shear deformation theories were employed, among others, by Reddy
and Hsu (1980) and Noor and Burton (1989).

Huang and Tauchert (1988) investigated the buckling and postbuckling response of simply supported lam-
inated plates subjected to gradually increasing uniform temperature fields, while Kao and Pao (1976) studied
small amplitude temperature induced vibrations of simply supported symmetric cross-ply laminated plates.

Computational models for high-temperature multi-layered composite plates and shells were extensively
reviewed by Tauchert (1991) and Noor and Burton (1992).

These review papers contain more than 200 references each.
All the cited papers contain models which falls into the set of the single-layer and multi-layer theories. These

theories postulate a mathematical distribution, usually of polynomial form, for the through-the-thickness
strain. Adequate displacement/traction conditions have then to be imposed at the interface of each ply in
order to determine the unknown coefficients of the assumed polynomials. Obviously, multi-layer theories
are more accurate than the single-layer ones, but are also more expensive from a computational point of view.

Analytical models follow a different approach. Each ply is considered as a homogenized anisotropic con-
tinuum, the displacements along a single ply are unknown and must be determined by solving the strain com-
patibility equations and the stress balance equations. Interface and boundary conditions give the additional
equations to solve the problem. Solving a full 3D problem for plates subjected to hygrothermal loads is a for-
midable task. The exact form of the 3D hygrothermal fields is cumbersome to determine, the presence of edges
make the solution of the elasticity problem extremely difficult to find. A full 3D analytical solution for hygro-
thermoelastic problems still does not exist.

Tungikar and Rao (1994) were the first to provide an analytical solution for the thermal stresses in rectan-
gular composite plates. However, their solution was limited to special boundary conditions, simply supported
edges, cross-ply laminates and steady thermal conditions.

Savoia and Reddy (1995) enlarged the analysis of Tungikar and Rao by taking into account more complex
thermal fields, approximated by polynomial distributions.

Vel and Batra (2001) proposed an elegant mathematical procedure to handle thermoelastic problems for
anisotropic thick plates. They used a generalized plane strain approach and employed the Eshelby Stroh for-
malism. In this approach, the analytical solution is in terms of an infinite series, the coefficients of the series are
determined by imposing the continuity conditions at the interface and boundary conditions at the bounding
surfaces. Although, in principle, the method is capable of taking into account different mechanical and ther-
mal boundary conditions, without any restriction, only few examples are worked out.

Precisely, results are given for rigidly clamped, simply supported and traction-free edges, while the tempera-
ture distribution along the thickness of the plate is uniform or linear. Predictions of stresses and strains are com-
pared to those of the CLT and the first-order shear deformation theory and boundary layer effects close to the
clamped-free edges are also investigated. The agreement between all three solutions is very good only for plates
with span-to-thickness ratio higher than 20. For span-to-thickness ratio equal to 5, the solutions can differ by
more than 60%. The analysis also reveals the absence of boundary layers for simply supported edges. On the
contrary, near to clamped or free edges of [0/90]S laminates, severe oscillations of the transverse shear stress
can be observed at points on the interface between the 0 and the 90 ply: such oscillations may be due to the pres-
ence of singularities. The existence of a singularity can be confirmed only by performing an asymptotic analysis.

The analytical approach by Vel and Batra is the most refined, insofar: however, it is limited to generalized
plane strain fields and relatively simple thermal distributions.

Recently, Zenkour (2004) proposed a unified shear deformation theory capable of taking into account
complex thermal conditions: by this theory he tested several different plate formulations confirming the trend
found by Vel and Batra.

The cited investigations were for pure thermal problems.
Analysis of plates under hygrothermal loads were performed by Whitney and Ashton (1971) and Hahn and

Kim (1978), within the context of the CLT.
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Benkeddad et al. (1996) extended this classical approach in order to take into account transient hygroscopic

fields.
Williams (2005) proposed a generalized thermo-diffusional-mechanically coupled approach for laminated

plates with delamination, which can be eventually specialised to existing theories. This framework is capable
to handle very general conditions, even in the presence of large strains, plasticity and certain forms of damage.

The aim of the present paper is to test the simple approach by Benkeddad et al. (1996) against analytical
solutions and to check the capability of such approach to represent more complex structures, such as plates or
cylinders. This approach is based on a slight refinement of the CLT to take into account complex hygrother-
mal fields, each ply is divided into subplies and the actual concentration distribution is approximated by a
piecewise linear distribution (within each subply). In turn the free expansion strains are piecewise linear and
the compatibility equations are satisfied within each subply.

The method proposed by Benkeddad et al., although relatively simple and computationally very efficient,
has been used by Gigliotti et al. (2004) to evaluate internal stresses in composite plates subjected to realistic
environments. However, it has never been carefully checked. Especially, it could be argued that the exactness
of the method may depend quite dramatically on the number of subplies and on the form of the hygrothermal
distribution.

Section 2 presents a detailed description of the models: first, the hygrothermal fields due to cyclical conditions
are determined through analytical and finite difference techniques. Classical Fourier/Fick models are employed.

The hygrothermal fields give access to the hygrothermal free strains by which internal stresses are then
determined. Classical elastic laws are employed, in their three-dimensional form. In this way, the stresses in
a 3D plate can be determined. For the cylinder, the assumption of generalized plane strain is made.

It is important to remind that the hygrothermal and the elastic models are uncoupled. On the other hand,
the hygroscopic and the thermal field are coupled through an Arrhenius-like dependency of the diffusion coef-
ficient on the temperature, that is, diffusivity of the material is influenced by temperature and this process is
modelled by the Arrhenius laws.

2. Model description

2.1. Hygrothermal fields

The ideal Fick’s theory of diffusion assumes (Crank, 1975) that the rate of transfer of diffusing substance
through unit area of a section of the solvent is proportional to the solute concentration gradient measured
normal to the section. The diffusivity coefficient depends only on temperature and the diffusive flux is

j ¼ �D � rc ð1Þ

where c is the solute concentration (in many cases and later in the text the composition m c/qs is employed in
place of c, where qs is the density of the dry solvent) D is the diffusivity tensor, D D(T). Assuming that dif-
fusion is taking place along three directions x, y and z, to which a Cartesian reference frame is attached, the
diffusivity tensor can be expressed in that reference frame as

ðDÞ ¼

Dxx Dxy Dxz

Dyx Dyy Dyz

Dzx Dzy Dzz

0

B

@

1

C

A
ð2Þ

In Eq. (2) (D) indicates the matrix attached to the tensor D in the given reference frame. Of course, Eq. (2)
refers to anisotropic media, where the diffusivity depends on the direction of propagation of the solute. For
isotropic media, obviously

D ¼ DI ð3Þ

By taking into account Eq. (1) and by assuming that the total velocity of the solute solvent mixture system is
zero (in fact, it can be neglected), the conservation of mass reads

oc

ot
�D � r � rc ¼ 0 ð4Þ
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provided the medium is homogeneous and there are no solute sources in it. For heterogeneous media, Eq. (4)
should be applied to each component of the medium and adequate interface conditions should be enforced.
Eq. (4), solved with the appropriate initial and boundary conditions, gives the solute concentration as a func-
tion of time and of the three spatial co-ordinates. The transient temperature fields follow analogous equations.

The concentration at the surfaces, c1, may be related to the external relative humidity through a semi-
empirical expression, for instance (Shen and Springer, 1981):

c1 ¼ CðRHÞ
b

ð5Þ

where C and b are material constants and (RH) is the external relative humidity (%). The dependency of the
diffusivity coefficient on temperature follows an Arrhenius-like law:

D ¼ D0e
�DH

RTð Þ ¼ Ae
B
Tð Þ ð6Þ

where D0 is a material constant, DH an activation energy and R is the constant of perfect gases. Finally A and
B represent the two effective parameters to be identified.

Diffusion processes under real environmental conditions are quite complicate to model. Temperature and
moisture variations enter into the field equation (Fick’s law) through the diffusion coefficient (which depends
on temperature, hence on time) and into the boundary conditions via the external relative humidity, which is
time dependent.

In mathematical terms the one-dimensional problem (along the z-direction) for a plate structure is as fol-
lows. Given a spatial region plate of thickness e composed by n sub-regions of thickness ei bounded by two
parallel planes 0 < zi < ei (Fig. 1), the field equation reads

ociðzi; tÞ

ot
¼ DiðtÞ

o
2
ciðzi; tÞ

oz2i
8 0 < zi < ei; t > 0 8i; i ¼ 1; . . . ; n ð7Þ

with the following boundary and interface conditions:

ciðzi; 0Þ ¼ 0
ciðei; tÞ ¼ ai;iþ1ciþ1ð0; tÞ 8i; i ¼ 1; . . . ; n� 1

DiðtÞ
ociðei; tÞ

ozi
¼ Diþ1ðtÞ

ociþ1ð0; tÞ

oziþ1

8i; i ¼ 1; . . . ; n� 1

c1ð0; tÞ ¼ caðtÞ
cnðen; tÞ ¼ cbðtÞ

ð8Þ

Di(t) is the diffusion coefficient of the ith sub-region and depends on temperature according to a relation of the
type:

DiðtÞ ¼ Ai exp
Bi

T ðtÞ

� �

ð9Þ

with Ai and Bi constants. ai,i+1 is a constant which indicates the ratio between the saturation level of the ith
sub-region and that of the (i + 1)th one. In fact, equilibrium conditions impose at the interfaces between dif-
ferent materials, equality of the solute chemical potential, not of its concentration.

...
n1

zi

ei

...
DnD1 Di

ca (t)

T (t)

cb (t)

T (t)i

Fig. 1. One dimensional diffusion in a multi layered plate.
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Temperature and surface concentrations are periodic functions of time with period s. Actually, temperature

can be assumed to be uniform through the thickness of the body: this hypothesis is plausible since time for
thermal diffusion is much faster than time for solute diffusion.

Problem (6) (8) can be solved by numerical methods, finite difference methods, for instance. However an
analytical solution can be approached by using average quantities. The methodology was used by Jacquemin
and Vautrin (2002a) for laminated cylinders and here is applied to laminated plates. The method consists in
reducing the original problem to an equivalent problem with constant diffusivity and external concentrations.

By introducing the following change of variables (see also Verchery, 1992):

uiðtÞ ¼

R t

0
DiðqÞdq

R s

0
DiðqÞdq

¼
DiðtÞ

DiðsÞ
) dui ¼

DiðtÞ

DiðsÞ
dt ð10Þ

it follows

oci

ot
¼

oci

oui

oui

ot
¼

oci

oui

DiðtÞ

DiðsÞ
¼ DiðtÞ

o
2
ci

oz2i
ð11Þ

When the activation energies Bi are the same for each sub-region one has

uiðtÞ ¼ uiþ1ðtÞ 8i ð12Þ

and the problem becomes

ociðzi; uÞ

ou
¼ DiðsÞ

o
2
ciðzi; uÞ

oz2i
80 < zi < ei; u > 0 8i; i ¼ 1; . . . ; n ð13Þ

ciðzi; 0Þ ¼ 0

ciðei; uÞ ¼ ai;iþ1ciþ1ð0; uÞ 8i; i ¼ 1; . . . ; n� 1

DiðsÞ
ociðei; uÞ

ozi
¼ Diþ1ðsÞ

ociþ1ð0; uÞ

oziþ1

8i; i ¼ 1; . . . ; n� 1

c1ð0; uÞ ¼ caðuÞ

cnðen; uÞ ¼ cbðuÞ

ð14Þ

where ca(u) and cb(u) are cyclical with period equal to 1. Boundary conditions (14) depend on u and have to be
converted into equivalent quantities independent of time. To this aim the average mobile concentration is
introduced

ĉiðzi; uÞ ¼

Z u

u�1

ciðzi; qÞdq ð15Þ

from which

ĉ1ð0; uÞ ¼

Z u

u�1

caðqÞdq ¼

Z 1

0

caðqÞdq ¼ ĉa

ĉnðen; uÞ ¼

Z u

u�1

cbðqÞdq ¼

Z 1

0

cbðqÞdq ¼ ĉb

ð16Þ

The problem has now the following form:

oĉiðzi; uÞ

ou
¼ DiðsÞ

o
2
ĉiðzi; uÞ

oz2i
80 < zi < ei; u > 0 8i; i ¼ 1; . . . ; n ð17Þ

6



A
c
c
e

p
te

d
 M

a
n

u
s
c
ri
p

t
ĉiðzi; 0Þ ¼ 0

ĉiðei; uÞ ¼ ai;iþ1ĉiþ1ð0; uÞ 8i; i ¼ 1; . . . ; n� 1

DiðsÞ
oĉiðei; uÞ

ozi
¼ Diþ1ðsÞ

oĉiþ1ð0; uÞ

oziþ1

8i; i ¼ 1; . . . ; n� 1

ĉ1ð0; uÞ ¼ ĉaðuÞ ¼

Z 1

0

caðqÞdq

ĉnðen; uÞ ¼ ĉbðuÞ ¼

Z 1

0

cbðqÞdq

ð18Þ

By introducing adimensional variables

ĉi ¼
ĉi

c0
; ĉa ¼

ĉa

c0
; ĉb ¼

ĉb

c0
; zi ¼

zi

e
; ei ¼

ei

e

Di ¼
Di

e2

u ¼
D0u

e2

ð19Þ

the adimensional problem is as follows:

oĉiðzi; uÞ

ou
¼ DiðsÞ

o
2
ĉiðzi; uÞ

oz2i
80 < zi < ei; u > 0 8i; i ¼ 1; . . . ; n ð20Þ

ĉiðzi; 0Þ ¼ 0

ĉiðei; uÞ ¼ ai;iþ1ĉiþ1ð0; uÞ 8i; i ¼ 1; . . . ; n� 1

DiðsÞ
oĉiðei; uÞ

ozi
¼ Diþ1ðsÞ

oĉiþ1ð0; uÞ

oziþ1

8i; i ¼ 1; . . . ; n� 1

ĉ1ð0; uÞ ¼ ĉaðuÞ

ĉnðen; uÞ ¼ ĉbðuÞ

ð21Þ

Now boundary conditions are independent of time (t or u): therefore the problem can be solved in a simple
way by employing the Laplace transform method. In the Laplace domain equations (20) and (21) become

ĉ
Lapl
i ðzi; sÞ ¼ Ai cos q

2
i zi þ Bi sin q

2
i zi ð22Þ

the Laplace transform of the solution being

ĉ
Lapl
i ðzi; sÞ ¼ Laplðĉiðzi; uÞÞ ¼

Z 1

0

ĉiðzi; uÞ expð�suÞdu

q2i ¼
�s

Di

ð23Þ

or also

q2i ¼ x2b2
i ð24Þ

with

x2 ¼ �s

bi ¼
1

DiðsÞ

s

¼
e2

DiðsÞ

s

ð25Þ
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Boundary and interface conditions in the Laplace domain read

ĉ
Lapl
i ðeiÞ ¼ ai;iþ1ĉ

Lapl
iþ1 ð0Þ 8i; i ¼ 1; . . . ; n� 1

DiðsÞ
oĉ

Lapl
iþ1 ðeiÞ

ozi
¼ Diþ1ðsÞ

oĉ
Lapl
i ð0Þ

oziþ1

8i; i ¼ 1; . . . ; n� 1

ĉ
Lapl
1 ð0Þ �

ĉa

s
¼ 0

ĉLapln ðenÞ �
ĉb

s
¼ 0

ð26Þ

By applying the residue theorem for finding the inverse Laplace transform one gets

ĉiðz; uÞ ¼
1

Ds

ðA0
i þ B0

izÞ þ
X

1

m 1

2 expð�x2
muÞ

xmD
0
uðxmÞ

fA�
i ðxmÞ cosðbixmzÞ þ B�

i ðxmÞ sinðbixmzÞg ð27Þ

where Du and Ds are the determinants of the 2n 2n (a) and (b) matrices (see Eqs. (28) and (29)). A�
i ðxmÞ and

B�
i ðxmÞ are the determinants (calculated at xm) of the aij matrix in which the columns (2i � 1) and 2i are substi-

tuted by the constant vector {g} (see Eq. (30)). xm is the mth positive root of the equation Du(x) 0. A0
i and B0

i

are the determinants of the bij matrix in which the columns (2i � 1) and 2i are substituted by the constant vec-
tor {g}. Finally D0

uðxmÞ is the derivative of Du with respect to x calculated at xm.
The non-zero elements of the two matrices (a) and (b) and of the vector {g} are given by

a11 ¼ 1

a2n2n�1 ¼ cos bnxen; a2n2n ¼ sin bnxen

a2i2i�1 ¼ cos bixei; a2i2i ¼ sin bixei; a2i2iþ1 ¼ �ai;iþ1

a2iþ12i�1 ¼ �Dibi sin bixei; a2iþ12i ¼ Dibi cos bixei; a2iþ12iþ2 ¼ �Diþ1biþ1

ð28Þ

for i 1, . . . , (n � 1)

b11 ¼ 1

b2n2n�1 ¼ 1; b2n2n ¼ en

b2i2i�1 ¼ 1; b2i2i ¼ ei; b2i2iþ1 ¼ �ai;iþ1

b2iþ12i ¼ Di; b2i12iþ2 ¼ �Diþ1

ð29Þ

for i 1, . . . , (n � 1) and

g1 ¼ ĉa; g2n ¼ ĉb ð30Þ

If we consider an homogeneous plate the matrices (a) and (b) become:

ðaÞ ¼
1 0

cos bnxen sin bnxen

!

ð31Þ

ðbÞ ¼
1 0

1 en

 !

ð32Þ

The first term of Eq. (27) represents the permanent concentration, which is attained at saturation. The second
term is the transient one and is time dependent.

The concentration field can be also written as a function of cycles by employing a recursion technique: after
N � k cycles (N is the number of cycles at saturation) is given by

ciðz;N � kÞ ¼
1

Ds

ðA0
i þ B0

izÞ þ
X

1

m 1

2xm

D0
uðxmÞ

X

k�1

j 0

expð�x2
mðN � jÞÞ

" #

fA�
i ðxmÞ cosðbixmzÞ þ B�

i sinðbixmzÞg

ð33Þ
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It should be noted that Eq. (33) is analogous to that given by Jacquemin and Vautrin (2002a,b) for infinite
laminated cylinders, which reads

ciðr;N � kÞ ¼
1

Ds

ðA0
i þ B0

i ln rÞ þ
X

1

m 1

2xm

D0
uðxmÞ

X

k�1

j 0

expð�x2
mðN � jÞÞ

" #

fA�
i ðxmÞJ 0ðbixmrÞ þ B�

i Y 0ðbixmrÞg

ð34Þ

In Eq. (34) the adimensional radial coordinate takes the place of the adimensional z-direction.
The diffusion process is still one-dimensional, along the radial direction. The permanent term in Eq. (34) is

logarithmic in r, while that of Eq. (33) is linear in z. Bessel’s functions of the first kind, J0 and Y0, which
describe the transient behaviour of Eq. (34) are substituted in the transient part of Eq. (33) by sinus and cosi-
nus functions.

Eqs. (34) and (33), as mentioned, employ average boundary conditions and diffusion coefficient, thus they
are not able to reproduce the fluctuating concentration regime close to the external surfaces.

Thin composite plates can be considered as homogeneous with respect to the through-the thickness diffu-
sion process, provided their plies are all made with the same material. In this case, defining average quantities,
such as the average diffusion coefficient and average external concentration

DðsÞ ¼

Z s

0

DðtÞdt; ĉ1 ¼
1

DðsÞ

Z s

0

DðtÞc1ðtÞdt ð35Þ

Eq. (33) can be rewritten in a quite simple form, that is

cðz;N � kÞ ¼ ĉ1 þ
DðsÞp2

2ðe=2Þ
3

X

1

n 0

X

k�1

i 0

ð2nþ 1Þ2 exp
�ð2nþ 1Þ

2
p2DðsÞðN � iÞ

4ðe=2Þ
2

!!

� cos
ð2nþ 1Þpz

e

� �

2ðe=2Þð�1Þ
nþ1

ĉ1

ð2nþ 1Þp
þ

Z e=2

0

ciðz
0Þ

ð2nþ 1Þpz0

2ðe=2Þ

� �

dz0

( )

8 ð�e=2Þ < z < ðe=2Þ ð36Þ

where

b ¼
e2

DðsÞ

s

ð37Þ

When the initial concentration (at s 0) is ci 0, Eq. (36) reads

cðz;N � kÞ

¼ ĉ1 �
4ĉ1p

b2

X

1

n 0

X

k�1

i 0

ð�1Þ
n
ð2nþ 1Þ exp �

ð2nþ 1Þ
2
p2ðN � iÞ

b2

!!

cos
ð2nþ 1Þpz

e

� �

8 ð�e=2Þ < z < ðe=2Þ ð38Þ

Eqs. (33), (34), (36) and (38) have been extensively used for calculating moisture fields under fairly general
hygrothermal conditions, in most cases representative of realistic exposure to the external environment. Some
examples can be found, for instance, in Gigliotti et al. (2004).

2.2. Stress fields: cylinders, 3D plate models

The hygrothermal fields obtained, the hygrothermoelastic stresses can be calculated by applying the usual
principles of continuum mechanics, that is, equilibrium and compatibility equations. Indicating with X the
position of a solid particle in the reference configuration, with x its position in the actual configuration, the
displacement u is defined as

u ¼ x� X ð39Þ

9
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and, within the context of the small strain theory, the strain E is given by

E ¼
1

2
ðruþruTÞ ð40Þ

Strains must respect compatibility conditions

r � EþrðrtrEÞ ¼ rðr � EÞ þ rðr � EÞ
T

ð41Þ

while stresses must satisfy equilibrium conditions:

r � Sþ f ¼ 0 ð42Þ

Constitutive laws, interface and boundary conditions have then to be imposed to solve the problem. Concern-
ing constitutive laws, we may attempt the hypothesis that the stress S is only function of the actual compo-
sition m (m is defined as c/qs, where qs is the density of the solid) and the actual strain E, independently of
the path chosen to reach this state. Therefore we may consider the following paths:

a change of composition from m0 to m at zero stress, producing a strain EHT,
a change of stress from 0 to S at constant m.

Assuming the behaviour of the solid to be elastic, following the Hooke’s law, we have

S ¼ C : ðE� EHTÞ ð43Þ

C is the usual stiffness tensor, measured at constant composition and dependent on the composition, E is the
measurable strain, EHT is the hygrothermal free strain given by

EHT ¼ aDT þ bDm ð44Þ

where a and b are anisotropic tensors of thermal and hygroscopic expansion, while DT and Dm are temper-
ature and composition variations with respect to a reference condition. Behind the assumptions made, there is
the basic hypothesis of reversible behaviour. Stress development due to hygrothermal fields can be eliminated
at a certain value of moisture composition and/or temperature, stress free condition, which is assumed to exist.

For infinite (along their axes) laminated cylinders subjected to transient/cyclical hygrothermal fields, the
solution has been given by Jacquemin and Vautrin (2002b). The cylinder being infinite along its axis, the axial
deformations can be assumed to be uniform and constant (generalized plane strain condition). Moreover, due
to axisymmetry, the mechanical problem, as the hygrothermal one, can be reduced to a one-dimensional par-
tial differential equation in the radial displacement w. Full details are given in Jacquemin and Vautrin (2002b).
It is important to remark that, since the analytical hygrothermal fields (33) and (34) employ average boundary
conditions, analytical stress calculations, in turn, are not able to reproduce the fluctuating regime close to the
external surfaces. Numerical methods (finite differences, for instance) can be then employed for such purpose.

Laminated plates present more serious difficulties, due to the presence of edges. The problem is, theoreti-
cally, a full three-dimensional one.

As mentioned in Section 1, Tungikar and Rao (1994), then Savoia and Reddy (1995) proposed an analytical
solutions for 3D plates subjected to thermal loads. However, they solved simple cases. In the followings, their
model is shortly reviewed and enlarged to fairly general hygrothermal conditions.

We will discuss only the case of orthotropic layers, anisotropic materials can be treated following analogous
procedures. For an orthotropic material, the constitutive relations read in matrix notation:

Sxx

Syy

Szz

Syz

Sxz

Sxy

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

¼

C11 C12 C13 0 0 0

C12 C22 C23 0 0 0

C13 C23 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

�

Exx � axT � bxm

Eyy � ayT � bym

Ezz � azT � bzm

2Eyz

2Exz

2Exy

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

ð45Þ
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where the Cijs are related to the elastic constants (see, for instance, Herakovitch, 1997) and T T(x,y,z) and
m m(x,y,z) are the temperature and composition fields inside the material. Neglecting the body forces and
applying equilibrium conditions one gets the following coupled system of partial differential equations:

C11

o
2
u

ox2
þ C66

o
2
u

oy2
þ C55

o
2
u

oz2
þ ðC12 þ C66Þ

o
2
v

oxoy
þ ðC13 þ C55Þ

o
2
w

oxoz
¼ A0 oT

ox
þ A00 om

ox
ð46Þ

C66

o
2
v

ox2
þ C22

o
2
v

oy2
þ C44

o
2
v

oz2
þ ðC12 þ C66Þ

o
2
u

oxoy
þ ðC23 þ C44Þ

o
2
w

oyoz
¼ B0 oT

oy
þ B00 om

oy
ð47Þ

C55

o
2
w

ox2
þ C44

o
2
w

oy2
þ C33

o
2
w

oz2
þ ðC13 þ C55Þ

o
2
u

oxoz
þ ðC23 þ C44Þ

o
2
w

oyoz
¼ C0 oT

oz
þ C00 om

oz
ð48Þ

where A 0,A00,B 0, . . . are thermoelastic constants, whose details are given in Appendix A.
The homogeneous system of Eqs. (46) (48) was employed already by Pagano (1969) to solve analytically

the problem of composite plates in bending (one of the first analytical solutions available for composite
structures).

The equations above can be modified and largely simplified under generalized plane conditions, for example
in the case of plates stretched by a uniform axial force. Generalized plane conditions were used by Pipes and
Pagano (1970) to solve (numerically) the state of stress at the free edges of axially strained composite plates.
However, a plate stressed by hygrothermal loads cannot be considered, a priori, as being in generalized plane
conditions: postulating generalized plate strain conditions implicitly assumes one side of the plate being much
bigger than the other (for instance Lx � Ly): in principle, a full 3-D problem should be solved.

A simple method of solution, already employed by Pagano (1969) for plates in bending, consists in assum-
ing part of the displacements field, satisfying some specific boundary conditions (Navier-like approach). For
example:

uðx; y; zÞ ¼ UðzÞ
X

1

n 0

X

1

m 0

cos
npx

Lx

sin
mpy

Ly

vðx; y; zÞ ¼ V ðzÞ
X

1

n 0

X

1

m 0

sin
npx

Lx

cos
mpy

Ly

wðx; y; zÞ ¼ W ðzÞ
X

1

n 0

X

1

m 0

sin
npx

Lx

sin
mpy

Ly

ð49Þ

where now the plate is bounded by the planes x 0, Lx, y 0, Ly, z � e/2, e/2. Accordingly, the temperature
and composition fields have the form:

T ðx; y; zÞ ¼ T ðzÞ
X

1

n 0

X

1

m 0

sin
npx

Lx

sin
mpy

Ly

mðx; y; zÞ ¼ mðzÞ
X

1

n 0

X

1

m 0

sin
npx

Lx

sin
mpy

Ly

ð50Þ

The approach above is analogous to that employed by Vel and Batra (2001) for generalized plane strain ther-
moelastic problems: in that case ‘‘infinite’’ (truncated) series were used to simulate, with a desired level of accu-
racy, several different boundary conditions.

It is not difficult to see that, on the other hand, Eq. (49) satisfies simply supported boundary conditions at
the edges for each term of order n, m, that is

Sxx ¼ v ¼ w ¼ 0 at x ¼ 0; Lx ð51Þ

Syy ¼ u ¼ w ¼ 0 at x ¼ 0; Ly ð52Þ

By substituting expressions (49) and (50) into the equilibrium equations, one gets the following system of par-
tial differential equations in the unknowns U(z), V(z) and W(z). These equations are valid for each layer of the
laminated structure, for all x, y and for each term of order n, m:

C55

o
2
U

oz2
� ðp2nC11 þ p2mC66ÞU � pnpmðC12 þ C66ÞV þ pnðC13 þ C55Þ

oW

oz
¼ pnA

0T ðzÞ þ pnA
00mðzÞ ð53Þ
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C44

o
2
V

oz2
� ðp2nC66 þ p2mC22ÞV � pnpmðC12 þ C66ÞU þ pmðC23 þ C44Þ

oW

oz
¼ pmB

0T ðzÞ þ pmB
00mðzÞ ð54Þ

C33

o
2
W

oz2
� ðp2nC55 þ p2mC44ÞW � pnðC13 þ C55Þ

oU

oz
� pmðC23 þ C44Þ

oV

oz
¼ A0 oT

oz
þ C00 om

oz
ð55Þ

where pn np/Lx and pm mp/Ly. The system of Eqs. (53) (55), although quite cumbersome, can be solved by
applying the standard methods of differential calculus. The solution is split in a homogeneous solution, depen-
dent on the material properties and the geometrical parameters, and a particular solution, which depends on the
hygrothermal fields T(z) and m(z). Of course boundary and interface (in the case of multi-material structures)
conditions must be imposed. By indicating with SE the external surfaces (at z e/2 and z � e/2) and with SI

the interface between adjacent layers these conditions read

Sxz ¼ Syz ¼ Szz ¼ 0 at SE

½Sxz� ¼ ½Syz� ¼ ½Szz� ¼ 0 at SI

½u� ¼ ½v� ¼ ½w� ¼ 0 at SI

ð56Þ

where the symbol [ ] indicated the jump of a given function over the interface. Boundary conditions Eq. (56)
translate the fact that the external surfaces are free from transverse stresses and that, at the interfaces, no
jumps of displacements and transverse stresses occur. Of course, interfaces are supposed to be perfectly
bonded to each other (no cracked or weak interfaces). The system and its boundary conditions have been pro-
grammed and solved in MAPLE�. Further details about the solutions will be discussed in Appendix A.

2.3. Approximate methods for transient and cyclical hygrothermoelastic problems in composite laminates

Thin plates under load can be considered in a plane stress state, with constitutive equation (including
hygrothermoelastic free strains):

S ¼ Q : ðE� EHTÞ ð57Þ

Q is the stiffness tensor of a ply under plane stress conditions.
The CLT can be completed by the Kirchhoff hypothesis for strains, which postulates (see, for instance,

Timoshenko and Woinowsky-Krieger, 1954)

Exx ¼
ou

ox
� z

o
2
w

ox2
Eyy ¼

ov

oy
� z

o
2
w

oy2
Exy ¼

1

2

ou

oy
þ

ov

ox

� �

� z
o
2
w

oxoy
ð58Þ

where u, v and w are displacements of the mid-surface. By integrating Eq. (57) through the thickness, one gets
the laminate constitutive equations:

N

M

� �

¼
A B

B D

� �

�
E0

K

 !

�
NHT

MHT

 !

ð59Þ

where

N xx ¼

Z e=2

�e=2

Sxx dz N yy ¼

Z e=2

�e=2

Syy dz N xy ¼

Z e=2

�e=2

Sxy dz

M xx ¼

Z e=2

�e=2

Sxxzdz M yy ¼

Z e=2

�e=2

Sxxzdz M xy ¼

Z e=2

�e=2

Sxyzdz

ð60Þ

A ¼

Z e=2

�e=2

Qdz

B ¼

Z e=2

�e=2

Q zdz

D ¼

Z e=2

�e=2

Qz2 dz

ð61Þ
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and

NHT ¼

Z e=2

�e=2

ðQ : aT þQ : bmÞdz

MHT ¼

Z e=2

�e=2

ðQ : aT þQ : bmÞzdz

ð62Þ

Solving a hygrothermal problem within the framework of the CLT implies generally the following steps:

calculation of the appropriate homogenized quantities, A;B;D tensors (Eq. (61)) and hygrothermal force
and moment resultants, Eq. (62),
calculation of the total strains E0 and curvatures K through inversion of Eq. (59),
calculation of ply residual stresses through application, for each ply, of Eq. (57).

When the hygrothermal fields are given by transient equations, such those presented in Section 2.1, the cal-
culation process is not only complex but also wrong.

In fact, the free strains related to transient hygrothermal fields are not compatible with the kinematics
imposed by the Kirchhoff hypothesis, which postulates linear variation of strains over the thickness of the
plate.

In principle, displacements should not be assigned a priori and should be derived by equilibrium and com-
patibility conditions. Alternatively, one should modify the Kirchhoff kinematics by means of corrective terms.

Another way to circumvent the problem has been proposed by Benkeddad et al. (1996). The actual hygro-
thermal fields can be approximated by piecewise linear functions:

cðzÞ ¼ akzþ bk ð63Þ

where

ak ¼
ck � ck�1

ek
bk ¼ ck�1 �

ck � ck�1

ek
zk�1 ð64Þ

The actual hygrothermal fields are discretized over spatial regions called sub-plies, with thickness ek (see
Fig. 2). One sub-ply may be representative of a true physical ply, or of parts of it. In this last case, sub-plies

Fig. 2. Piecewise linear discretization of the true hygrothermal field over sub plies.
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do not have an immediate physical sense, but are introduced for discretization purpose only. Of course,
according to the discretized hygrothermal fields in Eq. (63), resultant hygrothermal forces and moments
(Eq. (62)) reduce to simple summations over M sub-plies.

The employment of sub-plies has some clear shortcomings. As the number of sub-plies is finite, the concen-
tration and the stress fields are approximate: the accuracy increases as the number of sub-plies increases but
the maximum number of sub-plies is limited due to some physical considerations. In the present paper a mac-
roscopic approach is proposed: thus, physically, a sub-ply must be able to represent the homogenised behav-
iour of the material (fibres + matrix), this imposes a limitation on its minimum dimensions. In the following
examples the thickness of a sub-ply is fixed to 0.1 mm, which, a priori, seems to be a good compromise
between accuracy of the method and physical significance of a sub-ply. Obviously, the total number M of
sub-plies is then determined by the total thickness of the laminated plate. The pertinence of the approximate
method (modified CLT) will be checked in the following sections.

3. Assessment of the approximate method: comparison with analytical solutions

The approximate method (modified CLT) is tested via the available analytical solutions.
Not only solutions for the 3D plate but also simulations coming from the analytical solution for cylinders

given by Jacquemin and Vautrin (2002b) are employed for assessment.
Actually the reasons for discrepancies between an approximate model and a 3D model of plate under

hygrothermal stress are different from those which occur between an approximate model of plate and a model
for cylinders. Moreover it as to be specified where (at which location) the comparison should be carried out.
One could, for instance, investigate the distribution of stress at the centre of the plate and try to establish when
stresses at this point start to be well described by models that employ plane stress conditions.

In the first case discrepancies are related to boundary conditions. As long as the boundary conditions are
close to the centre of the plate, this point is far from being in plane stress conditions. In fact, 3D effects (trans-
verse shear and out-of-plane normal stresses) are felt close to the external boundaries. This consideration may
seem trivial, but it is less trivial to establish when (that is, for which dimensions) this phenomenon occurs.

In cylinders, 3D effects are due to the slenderness of the structure but also to the curvature (the radius) of
the cylinder: we will try to establish when a cylinder, also, may be considered as a flat plate.

In the literature it is often found that plates become thin for a value of the ratio (Lx,Ly)/e approximately
equal or bigger than 10. Also for cylinders a value of 10 for the ratio Rint/e is usually retained as representative
of a slender structure, Rint being the internal radius of the cylinder.

Material properties used for the simulations are representative of a high modulus IM7/977-2 carbon epoxy
material. Its hygroscopic and mechanical properties are summarised in Tables 1 and 2.

For testing the models, three particular conditions which give rise to some extreme anisotropic effects are
taken into account as examples.

Looking at laminates built from a given UD ply for instance, it is obvious that UD coupons achieve the
maximum anisotropic effects. Furthermore, looking now at angle ply laminates, one key feature is that since
the mechanical and thermoelastic ply mismatch is maximum between 0 and 90 plies cross-ply symmetric lam-
inates should be selected to optimize the effects of the internal stresses at the ply level. Finally, since the joint
effect of temperature differential and moisture changes should also be investigated, the previous cross-ply

Table 1

Hygroscopic properties of the IM7/977 2 carbon epoxy material

A (mm2/h) B (K 1) C (%) b

7.18 2910.2 0.0007 1.6036

Table 2

Mechanical properties of the IM7/977 2 carbon epoxy material

E1 (GPa) E2 (GPa) G12 (GPa) m12 a1 (�C
1) a2 (�C

1) b1 b2

152 8.4 4.2 0.35 0.09 · 10 6 28.8 · 10 6 0 0.6
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laminates subjected to transient hygroscopic state at various uniform temperatures are considered. It is clear
indeed that effects of concentration gradients would be amplified for that type of laminates due to the ply
orientations. Therefore, interesting conditions, based on previous experience of anisotropic effects in laminates
and leading to reasonable bounds of the anisotropic behaviour under temperature and moisture changes are
the following:

1. transient hygroscopic state in homogeneous materials (hygroscopic stress only),
2. uniform temperature differential in a [0/90]S multi-layered structure (thermal stress only),

Fig. 3. Plate and cylinder hygroscopic fields after 3 months conditioning at T = 23 �C and RH% = 50%.

Fig. 4. Hygroscopic stress Sxx induced in UD plates by the moisture field (labelled ‘‘Plate’’) in Fig. 3.
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3. uniform temperature differential + transient hygroscopic state in a [0/90]S multi-layered structure (full

hygrothermal stress).

Fig. 3 presents through the thickness plate and cylinder hygroscopic fields in transient state after a 3 month
conditioning at T 23 �C and RH% 50% (note: m (%) c/qs (%) where qs 1500 kg/m3, which is a typical
value for epoxy resins). The thickness of the structure is taken equal to 4 mm, the two external surfaces have
the same concentration.

Fig. 5. Hygroscopic stress Syy induced in UD plates by the moisture field (labelled ‘‘Plate’’) in Fig. 3.

Fig. 6. Hygroscopic stress Szz induced in UD plates by the moisture field (labelled ‘‘Plate’’) in Fig. 3.

16



A
c
c
e

p
te

d
 M

a
n

u
s
c
ri
p

t
Fig. 3 allows one to estimate the difference between the transient terms of Eqs. (33) and (34). It can be noted

that the curves practically overlap even for small values of Rint/e. The transient hygroscopic field is almost the
same in all the structures under consideration.

Figs. 4 6 show the hygroscopic stresses Sxx, Syy and Szz calculated, at the centre of a unidirectional 0� plate
(i.e. at Lx Ly 0), by the analytical solution and by the modified CLT as a function of the thickness for
several values of (Lx,Ly)/e.

Discrepancies among the different curves are not very marked. From Figs. 4 and 5 it is noted that stresses
Sxx and Syy are compressive close to external surfaces and tensile for internal zones of the plate: however they

Fig. 7. Hygroscopic stress Sxx induced in UD plates and cylinders by the moisture field in Fig. 3.

Fig. 8. Hygroscopic stress Syy induced in UD plates and cylinders by the moisture field in Fig. 3.
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are self-equilibrated as no external mechanical solicitations are applied in the x, y directions. The 3D analyt-
ical model starts to converge to the modified CLT one from (Lx,Ly)/e around 8. However, quite perfect over-
lap is achieved only for (Lx,Ly)/e equal to 20. In fact, from Fig. 6 it can be seen that the normal stress, Szz,
is negligible, approaching plane stress conditions (for the modified CLT Szz 0), for (Lx,Ly)/e equal to
about 20, even though its magnitude is quite small also for the other two cases. From the figures above, it
can be deduced that assuming an internally stressed plate as being ‘‘thin’’ for (Lx,Ly)/e > 10 is a quite good
approximation. In turn, the modified approximate CLT, which is based on a discretization procedure, works
correctly and is well representative of a thin plate.

Fig. 9. Hygroscopic stress Szz induced in UD plates and cylinders by the moisture field in Fig. 3.

Fig. 10. Plate and cylinder hygroscopic fields after one day conditioning at T = 23 �C and HR% = 50%.
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Figs. 7 9 present the hygroscopic stresses Sxx, Syy and Szz calculated by the modified CLT and compared to

those evaluated analytically for a plate with (Lx,Ly)/e 20 and for cylinders withRint/e 6.25 and Rint/e 25.
The behaviour of internally stressed unidirectional cylinders is distinctly different from that of 3D plates.

The solution converges to that of the modified CLT model, but the convergence is almost not influenced
by the ratio Rint/e.

This is due to the fact that the average value of transverse stress Szz close to zero whatever the value of
Rint/e (see Fig. 9). Szz stresses are, for this application, almost self-equilibrated. Also, Szz in cylinders reaches
magnitudes that are always almost negligible compared to Sxx and Syy.

Fig. 11. Hygroscopic stress Sxx induced in UD plates and cylinders by the moisture field in Fig. 10.

Fig. 12. Hygroscopic stress Syy induced in UD plates and cylinders by the moisture field in Fig. 10.
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An important conclusion can be drawn: transient internal stresses in homogeneous or unidirectional com-

posite cylinders, whatever their geometrical arrangement (i.e. the ratio Rint/e), can be simulated accurately by
the modified CLT model, which is simpler and computationally less expensive than the analytical one.

In order to check the full pertinence of the modified CLT model, ‘‘rougher’’ transient conditions are con-
sidered. In Fig. 10 the transient hygroscopic state is simulated after one day conditioning at the same environ-
mental conditions used for the previous transient state.

Fig. 13. Hygroscopic stress Szz induced in UD plates and cylinders by the moisture field in Fig. 10.

Fig. 14. Thermal stress Sxx induced in a [0/90]S plate by a uniform temperature differential DT = 187 �C.
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These conditions are ‘‘rougher’’ since they induce a less regular moisture distribution through the thickness

of the plate/cylinder.
The moisture gradient close to the external surfaces is pronounced because the concentration drops from

relatively high values (at the surface) to zero in a quite small distance. Moreover, analytical moisture profiles
and stresses are given by series that converge very slowly for short conditioning times and therefore need to be
checked. On the other hand, it is felt that for such ‘‘rough’’ distributions, the modified CLT model could not
work well within insufficiently discretized domains.

Fig. 15. Thermal stress Syy induced in a [0/90]S plate by a uniform temperature differential DT = 187 �C.

Fig. 16. Thermal stress Szz induced in a [0/90]S plate by a uniform temperature differential DT = 187 �C.
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From Figs. 11 13 it can be noted that again the approximate CLT model (with the chosen discretization)

works very well capturing the plate stress fields. Again, the behaviour of orthotropic cylinders is almost inde-
pendent of the ratio Rint/e.

The effect of uniform thermal fields, a uniform temperature differential DT �187 �C, on 4 mm [0/90]S
plates is presented in Figs. 14 16 for several values of (Lx,Ly)/e. Sxx stresses are compressive in the 0� layers
and tensile in the 90� layers. The inverse is true for Syy stresses. Obviously, Sxx and Syy are such that their

Fig. 17. Thermal stress Sxx induced in a [0/90]S plates and cylinders by a uniform temperature differential DT = 187 �C.

Fig. 18. Thermal stress Syy induced in a [0/90]S plates and cylinders by a uniform temperature differential DT = 187 �C.
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resultant and the moments resulting from them are zero as no external loads are applied. Again analytical
solutions converge to the modified CLT model for (Lx,Ly)/e around 20. Compared to the purely hygroscopic
case bigger discrepancies of the Syy stresses are noted for (Lx,Ly)/e equal to 4 and 8. This is true despite the
fact that Szz stresses are very small compared to the corresponding in-plane stresses.

The behaviour of cylinders (with several geometrical arrangements) subjected to the same temperature dif-
ferential is presented in Figs. 17 19. The trend is very different from that of the purely hygroscopic case. Stres-
ses (in particular Syy, see Fig. 18) converge very slowly to the modified CLT solution and curves tend to

Fig. 19. Thermal stress Szz induced in a [0/90]S plates and cylinders by a uniform temperature differential DT = 187 �C.

Fig. 20. Hygrothermal stress Sxx induced in [0/90]S plates and cylinders by DT = 187 �C and the moisture fields in Fig. 3.
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overlap only for values of Rint/e higher than around 40. A steep gradient of the Syy stress can be appreciated in
the internal transverse (90�) layers of the cylinder for Rint/e 1 and Rint/e 6.25.

For small values of Rint/e the Szz stress is largely far from being self-equilibrated. In Fig. 19, for low Rint/e
ratios, curves cross the abscissa axis quite far from the mid-thickness.

Analogous considerations hold for a cylinder subjected to mixed hygrothermal conditions, that is, a uni-
form temperature differential DT �187 �C and a 3 month moisture conditioning at 23 �C and
RH% 50% (case 1 + case 2), see Figs. 20 22.

Fig. 21. Hygrothermal stress Syy induced in [0/90]S plates and cylinders by DT = 187 �C and the moisture fields in Fig. 3.

Fig. 22. Hygrothermal stress Szz induced in [0/90]S plates and cylinders by DT = 187 �C and the moisture fields in Fig. 3.
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Moisture conditioning induces stresses that tend to counteract the purely thermal induced ones. Analogous

conclusions to those done for plate and cylinder structures subjected to pure thermal loads can be done.

4. Conclusions

The present paper presents a comparison between models of hygrothermoelastic stress in elastic 3D plates,
cylinders and an approximate model of plate in plane stress. The approximations reside not only in postulating
plane stress conditions, that is, neglecting out-of-plane normal and transverse stresses, by using the Kirchhoff
hypothesis but also by approximating the quite complex hygrothermal fields related to transient and cyclical
environmental conditions.

Comparisons indicate that the response of a hygrothermally stressed 3D plate tends towards that of slender
2D (plane stress) plates for a ratio (Lx,Ly)/e > 10, that is, when the influence of boundary conditions coming
from the edges on internal zones of the plate become negligible. This effect is independent of the type of con-

ditioning and of the level of anisotropy of the structure under consideration and it is true even under quite rough
hygrothermal conditions, where moisture or thermal gradients are important. On the contrary this result
depends possibly on the type of boundary conditions at the edges. In the present paper only one kind of
edge boundaries is considered (simply supported): further analyses should be conducted by employing, for
assessment purposes, analytical solutions for more complex edge boundary conditions. These analytical solu-
tions are still not available, due to great complexity of the equations to be solved. Up to date, the most refined
analytical solution seems to be that by Vel and Batra (2001), which is still for generalized plane strain
conditions.

Solutions from the approximate plate model are compared to solutions for cylinders. Quite surprisingly, the
model works very well whatever the ratio Rint/e of the cylinder. However this is true only for certain special
conditions, comparisons agree only for homogeneous or unidirectional composite (orthotropic-like) cylinders.
As soon as the level of anisotropy of the structure is increased, for example when considering [0/90]S laminated
cylinders, the trend is very different and the two solutions converge only for Rint/e approximately equal to 40.

The approximate CLT model has been used to simulate cyclical hygrothermoelastic stresses in composite
plates subject to supersonic hygrothermal environments, in which external temperature and relative humidity
vary in a complex cyclical manner (Gigliotti et al., 2004), to design experiments and to perform optimization
of structures subject to hygrothermoelastic stress.

The easiness of the method makes it an ideal tool for design purposes.

Appendix A

Solving Eqs. (53) (55) in Section 2.2 give the unknowns U(z), V(z) and W(z). These equations are valid for
each layer of the laminated structure, for all x, y and for each term of order n, m:

C55

o
2
U

oz2
� ðp2nC11 þ p2mC66ÞU � pnpmðC12 þ C66ÞV þ pnðC13 þ C55Þ

oW

oz
¼ pnA

0T ðzÞ þ pnA
00mðzÞ ðA:1Þ

C44

o
2
V

oz2
� ðp2nC66 þ p2mC22ÞV � pnpmðC12 þ C66ÞU þ pmðC23 þ C44Þ

oW

oz
¼ pmB

0T ðzÞ þ pmB
00mðzÞ ðA:2Þ

C33

o
2
W

oz2
� ðp2nC55 þ p2mC44ÞW � pnðC13 þ C55Þ

oU

oz
� pmðC23 þ C44Þ

oV

oz
¼ A0 oT

oz
þ C00 om

oz
ðA:3Þ

where

A0 ¼ ðC11axx þ C12ayy þ C13azzÞ; A00 ¼ ðC11bxx þ C12byy þ C13bzzÞ

B0 ¼ ðC12axx þ C22ayy þ C23azzÞ; B00 ¼ ðC12bxx þ C22byy þ C23bzzÞ

C0 ¼ ðC13axx þ C23ayy þ C33azzÞ; C00 ¼ ðC13bxx þ C23byy þ C33bzzÞ

ðA:4Þ
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The homogeneous system can be rewritten as

a1U zz þ b1W z � c1U � d1V ¼ 0

a2V zz þ b2W z � c2U � d2V ¼ 0

a3W zz � b3W z � c3U z � d3V z ¼ 0

ðA:5Þ

where the subscript (z) indicates derivative of a function with respect to z: U, V,W are unknown functions of z.
A solution of Eq. (A.5) is given by

U ¼ Aexpkz

V ¼ Bexpkz

W ¼ Cexpkz

ðA:6Þ

By substituting Eq. (A.5) in (A.4):

Aða1k
2 � c1Þ � Bd1 þ Cb1k ¼ 0

� Ac2 þ Bða2k
2 � d2Þ þ Cb2k ¼ 0

� Ac3kþ Bd3kþ Cða3k
2 � b3Þ ¼ 0

ðA:7Þ

Eq. (A.7) have solutions if

det

ða1k
2 � c1Þ �d1 b1k

�c2 ða2k
2 � d2Þ þ b2k b2k

�c3k �d3k ða3k
2 � b3Þ

0

B

@

1

C

A
¼ 0 ðA:8Þ

Solving Eq. (A.8) gives six values of k, from which the corresponding (six) values of (A,B,C) can be calculated.
The superposition of solutions of the type Uk Ake

kkz, k 1, . . . , 6 gives the searched homogeneous solution of
U, the same for V and W.

The particular solutions of U, V and W can be found by employing, for instance, the method of undeter-
mined coefficients. This method consists in taking as particular solutions the same functions multiplied by
unknown coefficients as those in the left hand side of Eqs. (A.1) (A.3). Substituting these functions in the
non-homogeneous system (A.1) (A.3) gives rise to a conceptually simple but quite lengthy system of algebraic
equations, which is not detailed here.
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