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Abstract

A robust inverse method for the complex wavenumber space (complex k-space) extraction is essential
for structural vibration and damping analysis of two-dimensional structures. Most existing methods suffer
from extracting the reliable complex k-space of plates in the presence of realistic uncertainties, especially
for plates with low damping properties. To this end, this paper presents a new method for extracting
the dispersion and damping characteristics of two-dimensional periodic structures using only the full-field
displacement fields as input. The proposed method, the Algebraic K-Space Identification 2D technique
(AKSI 2D), is an extension of the Algebraic Wavenumber Identification technique to solve two-dimensional
problems. The optimised formulas are developed within the algebraic identification framework, which allows
the extraction of all the properties of the complex k-space in a comprehensive way. The proposed method
is validated numerically and experimentally, and its performances are compared with other popular k-
space identification methods under different uncertainty conditions. The test cases cover analytically solved
isotropic fields to numerically solve orthotropic fields and finally experimental measurements. The different
cases show promising results and demonstrate that the proposed method is a robust tool to characterise the
wave propagation of two-dimensional structures under stochastic structural and constitution conditions.

Keywords: Inverse method, Complex k-space, Wave propagation, Uncertainty, Periodic plates

1. Introduction

With the rapid development of metastructures and composite structures, there is a growing demand
for a reliable approach to characterise the wave propagation properties of these complex structures. Their
complexity is often increased by the inherent presence of uncertainties. The accurate estimation of wave
propagation will provide significant insight for damage detection [1] or material identification [2].

Metastructures, and in particular periodic metastructures, consist of spatially periodic patterns of as-
semblies of homogeneous or heterogeneous materials. The contrast between the materials and the geometric
periodicity enable such materials to exhibit unusual properties. Indeed, homogeneous or uniform domains do
not present band gaps specific behaviour for wave attenuation [3]. Hence, since these materials and assem-
blies are developed for their wave-propagation and dynamic structural abilities, the complex wavenumber
is an important representative parameter. For two-dimensional structures, especially the anisotropic ones,
wave propagation is direction dependent. The corresponding set of wavenumbers is called k-space. The
real part of the k-space describes the spatial phase variation, whereas the imaginary part of the k-space is
more related to the energy propagation (e.g. damping and transmission loss factor). The Floquet and Bloch
theorems [4, 5, 6] provide a definition of wavenumbers and k-space for periodic metastructures.
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In the literature, there are already a lot of inverse methods to extract k-space from structural responses
in different dimensions. The first class of nonlinear methods is the Fourier-based approach. In particular, the
most classical one is the Fourier transform [7, 8, 9], as the wavenumber is the equivalent of angular frequency
for space. It is an integral transform that maps a time or space function into its reciprocal domain. The
Fast Fourier Transform (FFT) is an algorithm that allows an efficient computation of the Fourier transform.
However, it is not adapted to extract the imaginary part of k-space, which is an important parameter to
reflect the energy propagation in the structures. In addition, the Fourier transform would be ideal for
infinite domains. But in practice, the domains are bounded, and therefore leakage effects occur. A solution
to reduce this effect is to replace the rectangular windowing function with another, such as a Hanning or a
Hamming windowing function [10, 11]. Based on the Fourier transform, some methods have been developed
to improve its k-space computation.

A notable Fourier-based method is the Inhomogeneous Wave Correlation (IWC) method, which was pro-
posed by Berthaut et al. [12] and gained extensive use in a variety of applications [13, 14]. The principle of
this method is to seek the complex wavenumber corresponding to the maximum of the correlation function
between the real displacement field and an inhomogeneous wave field. For two-dimensional structures, the
IWC correlation function is a direction-dependent function, leading to the k-space extraction by repeating
the algorithm in each direction of interest. It is a robust approach with respect to signal noise and struc-
tural perturbations. Tufano et al. [15] have proved its efficiency on metastructures and curved structures.
However, the IWC is a non-exact method that converges with a bias. In addition, its performance is limited
at low frequencies, as many wavelengths are required within the displacement field to provide a precise
estimation. Furthermore, an intricated non-planar wave field will also reduce the accuracy of the method for
extracting the imaginary part of the wavenumber [16]. Over the past few decades, some modified versions
of the IWC have been developed to improve the performance of the IWC in extracting the imaginary part
of k-spaces. In [17], Van Belle et al. propose a modification of the parameterised inhomogeneous wave that
takes into account the position of the point load. The inhomogeneous wave is a function of the distance
to the point load. The improved method is called the Extended Inhomogeneous Wave Correlation (EIWC)
method. Lajili et al. [18, 19] improve the classical IWC by adding a wave in the opposite direction to
the inhomogeneous wave. This method is called the Inhomogeneous Wave Correlation Variant (IWC-V)
method. While this improvement allows better calculation of complex k-spaces, it still suffers from the same
limitations at low frequencies as the classical IWC method. Recently, in his thesis, Tufano [20] replaced the
inhomogeneous wave in the correlation with a Green function of the Kirchhoff-Love equation to improve the
damping estimation. This idea is combined with the image source method [21] by Fazil in his thesis [22] in
the case of a rectangular plate with specific boundary conditions. With enough image sources, the corre-
lation allows a near perfect identification of the damping ratio, even at low frequencies and low damping,
but it is limited to isotropic cases. To extend the advantages of Green functions to anisotropic structures,
Fazail et al. [23] propose the Green Function Correlation (GFC) method. The correlation is done direction
by direction, on one-dimensional parts of the domain, between the Green function and the field. This last
method shows a high precision for the complex k-space or damping estimation of composite structures with
moderate or high damping. However, it still suffers at low frequencies like most of the IWC methods. In
addition, all correlation methods based on the Green function require precise knowledge of the position of
the point load.

The Spatial LAplace Transform for COmplex Wavenumber (SLaTCoW) method by Geslain et al. [24], is
another wavenumber technique. It makes use of the Laplace transform. The idea is to minimise the L2 norm
of the difference, in the Laplace domain, between the measured signal and a plane wave field parameterised
by the complex wavenumbers. This method was developed to find the wavenumbers of one-dimensional
fields. An extension to two-dimensional fields, limited to the case of waves propagating in a single direction,
has been proposed by Cebrecos et al. [25]. SLaTCoW is efficient for the estimation of complex dispersion
characteristics in one-dimensional metamaterial structures [26, 27].

Another class of methods are the Prony-based approaches [28, 29, 30, 31]. Compared to the Fourier-
based inverse methods, this category of inverse methods has a high resolution in noiseless conditions and
has a good performance at low frequencies. In [32], the High Resolution Wavevector Analysis (HRWA)
method was proposed by Margerit et al. to extract the wavenumber space and wavenumber surface of
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composite structures. However, the performance of this method is limited by the accuracy of the model
order estimation and the complicated sampling manipulation to acquire the local displacement field. A
notable Prony-based inverse method is the INverse COnvolution MEthod (INCOME) proposed in [33] by
Boukadia et al. This method allows a precise calculation of the complex k-spaces. The method is based on
the research of a convolution kernel from which the k-spaces are deduced. Compared to the Fourier-based
methods, this method is more accurate and can work at lower frequencies. However, this approach is very
sensitive to noise and structural perturbations due to the inherent shortcomings of the Prony method. It
also requires the periodic samples as input parameters, resulting in the fact that the periodicity has to be
taken into account in the sampling, as explained by Ribeiro et al. in [34]. Moreover, the type of structures
has to be known in order to design the convolution kernel in advance.

Other interesting methods, other than those based on Fourier and Prony, can be cited. The image
source method proposed by Gunda et al. [21] allows a reconstruction of the harmonic field of rectangular
plates excited by a point load with a sum of Hankel functions. This technique was extended to convex
polygonal plates with arbitrary boundary conditions by Cuenca et al. [35]. Roozen et al. [36] propose to
search the wavenumber by fitting the image source field to the measured field. This technique is limited
to convex polygonal plates and the point load must be known exactly, but it allows a precise identification
of the wavenumber. Another idea is proposed by Ablitzer et al. [37] in the case of orthotropic structure.
They estimate the partial derivative of the harmonic field by finite differences to deduce the directions
of orthotropy and then the flexural stiffness properties and the wavenumbers. The previous methods are
frequency-domain, however, Morandi et al. [38] gather time-domain methods to estimate the dispersion
characteristics. The phase wave velocity is estimated from the time of flight which is calculated from the
maximum peak, cross-correlation or kurtosis. The temporal approaches are mostly reserved for the high
frequencies.

Although numerous inverse methods are available in the literature, the identification of complex k-spaces
at low frequencies or with noisy data, in particular for the imaginary part of complex k-spaces, is still a
challenging problem. It is even more problematic in the 2D case. Recently, Li et al. [39] proposed a
new approach, the Algebraic Wavenumber Identification (AWI) technique, for the 1D complex structures.
This algebraic identification method has been developed based on the algebraic parameters estimator for
continuous linear time-invariant systems [40, 41, 42] which has already been applied to vibrating mechanical
systems [43, 44]. This wavenumber identification method shows very interesting performances even under
stochastic conditions and has been tested on periodic beams. To solve the k-space extraction, a further
method has been proposed, namely, the Algebraic K-Space Identification (AKSI) technique [45]. This
method was the first to apply a proposed identification procedure to a series of plates. Although this method
can extract k-space at a certain degree, it still suffers from the limitation of using 1D scanning points as
input. This sampling method can directly lead to difficulties in the accurate extraction of the imaginary part
of k-spaces, especially for the low-damping plates. This is mainly because the 1D scanning displacement
field lacks enough information of the waves from each direction to reflect the energy propagation.

To overcome the current limitations of the AKSI, this paper proposes a different extension of the AWI
method to 2D cases using two-dimensional displacement fields as input parameters, thus renaming it as the
AKSI 2D. For the AKSI, a one-dimensional approach is adapted to two-dimensional cases whereas for AKSI
2D, the formulas are developed for two-dimensional cases. From a mathematical point of view, the proposed
method introduces two wavenumber variables into the formula and extracts them in a defined characteristic
polynomial considering wavenumber components kx and ky. This promising method will contribute to the
development of the current inverse methods by considering the following aspects:

• This proposed method shows its efficiency and robustness in the calculation of the complex k-spaces
under a series of realistic conditions: low frequency, signal noise, and uncertainties from sampling
points.

• This proposed method makes it possible to extract complex k-spaces even for the low damping plates.
These advantages put the forward of the development of inverse methods in the vibroacoustic field.

• The proposed method extends the AKSI efficiently and has a high potential for solving more vibroa-
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coustic inverse problems, such as mechanical parameter estimation.

This paper is structured as follows. Section. 2 presents the formula of the AKSI 2D in detail. Then,
Section. 3 shows the validation of the proposed method on analytical fields of isotropic plates and an example
of numerical fields from a homogenised orthotropic 2D metastructure, a bi-ribbed plate solved by a finite
element method. After that, in Section. 4, the method is applied to experimental displacement fields of
a steel plate. Finally, Section. 5 concludes the paper. Three appendices follow the paper, Appendix. A
presents the implementation of the IWC and the INCOME in more detail. Appendix. B summarises some
of the properties of the Laplace transform used to construct the formulas of the AKSI 2D and Appendix. C
describes the numerical implementation of the proposed method.

2. Algebraic K-Space Identification 2D

In order to later perform the comparison with above-mentioned methods, the Algebraic K-Space Identifi-
cation technique need to be thoroughly presented. This is the purpose of this section with a specific emphasis
on two-dimensional wavenumber calculations. The Subsection. 2.1 provides the basic the AKSI 2D formulas
for an easy implementation, followed by the detailed explanations for each formula in the Subsection. 2.2.
The theory behind them is mostly inspired by the 1D method proposed by Li et al. [39].

2.1. AKSI 2D formulas

Let U be a displacement field on a two-dimensional bounded domain Ω. In particular, Ω ⊂ [0, Lx]×[0, Ly],
Lx, Ly ∈ R∗

+. The field is supposed to be known on some points of a subdomain Ωw of Ω. The simplest
case is when the field is known on a regular rectangular grid on Ωw: (xi, yj) where i ranges from 1 to Nx

and j ranges from 1 to Ny. From this displacement field, the AKSI 2D method provides a calculation of the
wavenumbers in different directions. The first step is to calculate the coefficients γ by solving the system
given by Eqn. (1) for numerous pairs of couples of the grid (x0, y0) and (x, y) such that x0 < x and y0 < y.
The system is solved by a least squares method. The formula of the coefficients ϕik needed in this equation
is presented in Eqn. (2). In these formulas, nw is the number of plane waves in the field Eqn. (4). The
calculation of ϕik needs integration calculations that can be done numerically, such as using the trapezoidal
method. Their numerical implementation is explained in Appendix. C.

nw∑
i=0

nw∑
k=0

γ(i, k)ϕik(x0, y0, x, y) = 0, (1)

ϕik(x0, y0, x, y) =

nw∑
j=0

nw∑
l=0

(−1)j+l(nw + j)!(nw + l)! (x− x0)
nw−j

(y − y0)
nw−l

j!(i+ j)!(nw − j)!l!(k + l)!(nw − l)!

×
∫ y

y0

∫ x

x0

(y − y1)
k+l(x− x1)

i+jU(x1, y1)dx1dy1.

(2)

From the knowledge of the values of the coefficient γ, the wavenumber is calculated as a root of a defined
polynomial equation Eqn. (3). For each direction θ, the wavenumber calculation requires a resolution of
Eqn. (3) but with the same coefficients γ.

Ψ(Kθ) =

2nw∑
l=0

(−iKθ)
l

 min(l,nw)∑
m=max(0,l−nw)

γ(nw − l +m,nw −m) cosl−m θ sinm θ

 . (3)

These formulas are explained in the next subsection and are tested for the wavenumbers estimation in
the following sections 3 and 4 from the perspective of the analytical, numerical, and experimental study.
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2.2. Definition of the formula

First, the field U is approximated by a sum of nw plane waves with wavenumbers (kl)1≤l≤nw
and in

different directions (θl)1≤l≤nw
.

U(x, y) =

nw∑
m=1

Ame−ikm(x cos θm+y sin θm). (4)

The 2D Laplace transform is applied to this field and is written as U .

U(sx, sy) = LyLx [U(x, y)] (sx, sy) =

nw∑
m=1

Am

(sx + ikm cos θm) (sy + ikm sin θm)
. (5)

The aim is to get a partial differential equation in the Laplace domain. For this reason, the characteristic
polynomial with two variables provided in Eqn. (6) is multiplied by U , leading to the Eqn. (7).

Ψ(sx, sy) =

nw∏
m=1

(sx + ikm cos θm) (sy + ikm sin θm) =

nw∑
i=0

nw∑
k=0

γ(i, k)snw−i
x snw−k

y , (6)

UΨ(sx, sy) =

nw∑
m=1

nw∏
l=1
l ̸=m

(sx + ikl cos θl) (sy + ikl sin θl) . (7)

Eqn. (7) is a polynomial with at most nw − 1 terms in the variables sx or sy. Therefore, the following
equality is verified for all sx and sy.

∂2nw [UΨ]

∂snw
x ∂snw

y
(sx, sy) = 0. (8)

Now that a linear partial differential equation is known, it should be developed before using the inverse
Laplace transform. First, the following equation is developed by taking Eqn. (6) into Eqn. (8):

∂2nw [UΨ]

∂snw
x ∂snw

y
(sx, sy) =

nw∑
i=0

nw∑
k=0

γ(i, k)
∂2nw

∂snw
x ∂snw

y

[
Usnw−i

x snw−k
y

]
= 0. (9)

Then the Leibniz formula is used two times on the term
∂2nw

∂snw
x ∂snw

y

[
Usnw−i

x snw−k
y

]
. For a given i ∈

J0, nwK, the Leibniz formula gives:

∂nw
[
Usnw−i

x

]
∂snw

x
=

nw∑
j=i

(
nw

j

)(
nw − i

nw − j

)
(nw − j)!sj−i

x

∂jU
∂sjx

. (10)

And so, for i, k ∈ J0, nwK:

∂2nw
[
Usnw−i

x snw−k
y

]
∂snw

x ∂snw
y

=

nw∑
j=i

nw∑
l=k

Ni,jNk,ls
j−i
x sl−k

y

∂j+lU
∂sjx∂sly

, (11)

where Ni,j =
(
nw

j

)(
nw−i
nw−j

)
(nw − j)!. Based on this, Eqn. (9) can be written as follows:

nw∑
i=0

nw∑
k=0

γ(i, k)

nw∑
j=i

nw∑
l=k

Ni,jNk,ls
j−i
x sl−k

y

∂j+lU
∂sjx∂sly

= 0. (12)

Then this equality is divided by snw+1
x snw+1

y before applying the inverse Laplace transform and the
formula Eqn. (B.5) successively in the direction x and y, so that the transform produces integration and no
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derivatives. And by defining the successive integration
∫ (p)

x
f(xp) =

∫ x

0

∫ x1

0
· · ·
∫ xp−1

0
f(xp)dxp . . . dx2dx1 ,

Eqn. (12) becomes, for all (x, y) in Ω:

nw∑
i=0

nw∑
k=0

γ(i, k)ϕik(x, y) = 0, (13)

with

ϕik(x, y) =

nw∑
j=i

nw∑
l=k

Ni,jNk,l

∫ (nw+1+k−l)

y

∫ (nw+1+i−j)

x

(−1)j+lxj
py

l
pU(xp, yp). (14)

Next, these formulas are simplified. To avoid the calculation of successive integrations, the following
relations are introduced.∫ (q)

(xn)
jf(xn) =

j∑
m=0

(−1)m
(
m+ q − 1

q − 1

)(
j

m

)
m!xj−m

∫ (m+q)

f(xn), (15)

∫ (q)

f(xn) =
1

(q − 1)!

∫ x

0

(x− x1)
q−1f(x1)dx1, (16)

where these two formulas are combined to generate Eqn. (17).∫ (q)

(xn)
jf(xn) =

nw∑
r=0

(
j

r

)
xr(−1)j−r

(q − 1)!

∫ x

0

(x− x1)
j−r+q−1f(x1)dx1. (17)

In particular, in Eqn. (17), the sum of r from 0 to j can be replaced by a sum from 0 to nw because
j ≤ nw and

(
j
r

)
= 0 when r > j. Replacing the multiple integrations of Eqn. (14) by Eqn. (17), the following

equation is obtained:

ϕik(x, y) =

nw∑
j=i

nw∑
l=k

nw∑
r=0

nw∑
n=0

Mi,j,rMk,l,nx
ryn

×
∫ y

0

∫ x

0

(y − y1)
nw+k−n(x− x1)

nw+i−rU(x1, y1)dx1dy1,

(18)

where Mi,j,r = Ni,j

(
j
r

) (−1)r

(nw + i− j)!
. The summations can be switched in Eqn. (18), so that

∑nw

j=i Mi,j,r

and
∑nw

l=k Mk,l,n can be simplified by following formulas.

nw∑
j=i

Mi,j,r =

nw∑
j=i

(
nw

j

)(
nw − i

nw − j

)
(nw − j)!

(
j

r

)
(−1)r

(nw + i− j)!

=
(−1)rnw!

r!(nw + i− r)!

nw∑
j=i

(
nw − i

nw − j

)(
nw + i− r

nw + i− j

)
=

(−1)rnw!

r!(nw + i− r)!

(2nw − r)!

(nw − r)!nw!

=
(−1)r(2nw − r)!

r!(nw + i− r)!(nw − r)!
,

(19)

nw∑
j=i

Mi,j,r =
(−1)r(2nw − r)!

r!(nw + i− r)!(nw − r)!
. (20)

6



Based on these simplification operations, the Eqn. (18) becomes:

ϕik(x, y) =

nw∑
r=0

nw∑
n=0

(−1)r+n(2nw − r)!(2nw − n)!xryn

r!(nw + i− r)!(nw − r)!n!(nw + k − n)!(nw − n)!

×
∫ y

0

∫ x

0

(y − y1)
nw+k−n(x− x1)

nw+i−rU(x1, y1)dx1dy1,

(21)

where two last index r and n are replaced by r = nw − j and n = nw − l, leading to the following formula:

ϕik(x, y) =

nw∑
j=0

nw∑
l=0

(−1)j+l(nw + j)!(nw + l)!xnw−jynw−l

j!(i+ j)!(nw − j)!l!(k + l)!(nw − l)!

×
∫ y

0

∫ x

0

(y − y1)
k+l(x− x1)

i+jU(x1, y1)dx1dy1.

(22)

Up to now, the coefficients ϕik are calculated for each point (x, y), these points being the end of each
integration. However, all the previous calculations remain valid with the change of coordinates x̃ = x− x0,
ỹ = y − y0 and the plane wave field Ũ defined as Ũ(x̃, ỹ) = U(x̃+ x0, ỹ + y0). Therefore, a definition of the
terms ϕik that takes into account starting points of the integrations other than (0, 0), can replace Eqn. (22).
For all (x0, y0) and (x, y) in Ω, such that x0 < x and y0 < y, ϕik(x0, y0, x, y) is defined in Eqn. (23).

ϕik(x0, y0, x, y) =

nw∑
j=0

nw∑
l=0

(−1)j+l(nw + j)!(nw + l)! (x− x0)
nw−j

(y − y0)
nw−l

j!(i+ j)!(nw − j)!l!(k + l)!(nw − l)!

×
∫ y

y0

∫ x

x0

(y − y1)
k+l(x− x1)

i+jU(x1, y1)dx1dy1.

(23)

And Eqn. (13) is valid for each pair of couples (x0, y0) and (x, y) when x0 < x and y0 < y:

nw∑
i=0

nw∑
k=0

γ(i, k)ϕik(x0, y0, x, y) = 0. (24)

These two formulas correspond to Eqn. (1) and (2). In this way, the quantity of data for the calculation
of the coefficients γ is greatly increased and the importance of each point of the domain is more balanced.
Then, the coefficients γ are a non-zero solution of a linear system. For each point of the mesh, Eqn. (24) is
evaluated. If the mesh is rectangular, the system is the following one:

HX = 0, (25)

with:

Hp =



ϕ0p(x1, y1, x2, y2) . . . ϕnwp(x1, y1, x2, y2)
ϕ0p(x1, y1, x3, y2) . . . ϕnwp(x1, y1, x3, y2)

...
. . .

...
ϕ0p(x1, y1, xNx

, y2) . . . ϕnwp(x1, y1, xNx
, y2)

ϕ0p(x1, y1, x2, y3) . . . ϕnwp(x1, y1, x2, y3)
...

...
ϕ0p(x1, y1, xNx

, yNy
) . . . ϕnwp(x1, y1, xNx

, yNy
)

ϕ0p(x2, y1, x3, y2) . . . ϕnwp(x2, y1, x3, y2)
...

...
ϕ0p(xNx−1, yNy−1, xNx , yNy ) . . . ϕnwp(xNx−1, yNy−1, xNx , yNy )



, (26)

H =
[
H0 H1 . . . Hnw

]
, (27)
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and

X =



γ(0, 0)
γ(1, 0)

...
γ(nw, 0)
γ(0, 1)

...
γ(nw, nw)


. (28)

This system is solved in the least squares sense Eqn. (29).
X = argmin

Y∈Cn2
w

Y∗H∗HY,

∥X∥2 = 1,
(29)

•∗ is the Hermitian transpose. H∗H is a Hermitian matrix, so by the Fischer–Courant min-max principle
[46], the minimum of Y∗H∗HY with ∥Y∥2 = 1 is the smallest eigenvalue of H∗H. Therefore, X is calculated
as a numerical approximation of an eigenvector associated with the smallest eigenvalue of H∗H.

Finally, from the knowledge of the coefficients γ, the characteristic polynomial can be reconstructed. To
get a one-variable polynomial, variable changes are considered, with Kθ the indeterminate and θ a selected
direction of study.

sx = −iKθ cos θ,

sy = −iKθ sin θ.
(30)

Therefore, Eqn. (6) becomes:

Ψ(Kθ) =

nw∑
i=0

nw∑
k=0

γ(i, k) (−iKθ)
2nw−k−i

cosnw−i θ sinnw−k θ

=

2nw∑
l=0

(−iKθ)
l

 min(l,nw)∑
m=max(0,l−nw)

γ(nw − l +m,nw −m) cosl−m θ sinm θ

 .

(31)

This formula corresponds to the Eqn. (3). The complex wavenumber in the direction θ is a root of this
polynomial. To obtain a k-space, a search for roots is performed at each value of the angle θ.

2.3. Specific cases

In practice, in some specific situations, the implementation of the proposed method can be modified to
gain precision or efficiency.

Firstly, k-spaces present some symmetries and some coefficients are not necessarily to be taken into
account. For a given direction θ:

kθ = kπ+θ. (32)

Thus, Eqn. (31) in the direction π + θ can be obtained by the following formula:

Ψ(Kπ+θ) =

nw∑
i=0

nw∑
k=0

γ(i, k) (−iKπ+θ)
2nw−k−i

(−1)2nw−k−i cosnw−i θ sinnw−k θ. (33)

And by adding Eqn. (31) with Eqn. (33) and Eqn. (32), the characteristic polynomial becomes:
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Ψ(Kθ) =

nw∑
i=0

nw∑
k=0

i and k of the same parity

γ(i, k) (−iKθ)
2nw−k−i

cosnw−i θ sinnw−k θ

=

nw∑
l=0

(−K2
θ )

l

 min(2l,nw)∑
m=max(0,2l−nw)

γ(nw − 2l +m,nw −m) cos2l−m θ sinm θ

 .

(34)

This means that γ(i, k) is not considered if i and k are not of the same parity. Then, if the studied field
is supposed orthotropic, other symmetries can be added.

kθ = kπ+θ = k−θ = kπ−θ. (35)

Following the same reasoning as before, it comes that γ(i, k) is not considered if nw − i or nw − k is odd.
The characteristic polynomial Eqn. (3) is replaced by Eqn. (36).

Ψ(Kθ) =

⌊nw

2

⌋
∑
i=0

⌊nw

2

⌋
∑
k=0

γ(nw − 2i, nw − 2k)
(
−K2

θ

)k+i
cos2i θ sin2k θ

=

nw∑
l=0

(−K2
θ )

l


min

(
l,

⌊nw

2

⌋)
∑

m=max

(
0,l−

⌊nw

2

⌋) γ(nw − 2(l −m), nw − 2m) cos2(l−m) θ sin2m θ

 .

(36)

And Eqn. (1) is replaced by Eqn. (37).

⌊nw

2

⌋
∑
i=0

⌊nw

2

⌋
∑
k=0

γ(nw − 2i, nw − 2k)ϕnw−2i,nw−2k(x0, y0, x, y) = 0. (37)

The results obtained with the symmetries taken into account seem to be better and make the method
more robust.

Then, if the field has a singularity in it with a known location, such as a point load, the application of the
method to calculate k-space cannot work well. To solve this problem, the points near the singularity must
not be used in the calculation of the coefficients ϕik. Let ΩM be a subdomain of Ω centred on the singularity.
If this subdomain overlaps with the area of integration between (x0, y0) and (x, y) (so if Eqn. (38) is verified),
then ϕik(x0, y0, x, y) is ignored.

[x0, x]× [y0, y] ∩ Ωm ̸= ∅. (38)

In this way, the singularity does not affect the calculated wavenumbers.
And finally, when dealing with large-scale problems, the computational cost can be high, with all the

multiple measurement points in a large-scale 2D grid as input. However, the AKSI 2D has a flexible
computational cost depending on the number of measurements used. For large-scale plates, three solutions
can be applied to reduce the computational cost:

• Not every possible 4-uplet (x0, x, y0, y) needs to be used, and a reduced 2D grid can be considered as
input. In particular, at low frequencies, with large wavelengths, a rougher grid may be sufficient for
accurate k-space calculations. Conversely, at high frequencies, with small wavelengths, the overall size
can sometimes be reduced.
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• The computation of the Eqn. (2) can be optimised, as explained in Appendix. C by using previous
calculations to simplify the next ones and thus reduce the computational time.

• Using only the points far from the excitation and boundary can also reduce the evanescent wave
influence but also reduce the computational time for the AKSI 2D.

3. Analytical and numerical validations

The method is now tested on fields calculated analytically and numerically. Comparisons with the IWC
[12] and the INCOME [33] are provided. To compare the methods, an example of an isotropic plate and an
example of an orthotropic plate are presented. The robustness to noise and uncertainties is also examined.

3.1. Analytical model of isotropic plate

The first plate is an isotropic plate that follows the Kirchhoff Love plate equation Eqn. (39) [47].

D∆2u− ω2Λu = f. (39)

The mechanical properties of the steel are chosen. In particular, the geometrical properties of this plate
are chosen to match the experimental case presented in Section. 4.

3.1.1. Steel plate

The steel plate has the following properties, Young modulus E = 210GPa, volume mass ρ = 7900 kg/m3

and a Poisson ratio ν = 0.3. A damping of η = 2% is added to the Young Modulus Ẽ = E(1 + iη). The
damping ratio of steel is too low to have a clear measure of the imaginary part of the wavenumbers, that is
why the value chosen in the analytical model is taken higher: at 2%. But it is still a case of low damping.

The plate is rectangular, Lx = 0.95m, Ly = 0.6m with a thickness d = 0.002m. The following quantities

are calculated from the previous: the surface mass Λ = dρ, the flexural inertia modulus I =
d3

12
, the bending

rigidity D =
Ẽ

1− ν2
I and the wavenumber k such that:

k4 = ω2 Λ

D
. (40)

The steel plate has a point load at (xs, ys) and simply supported conditions at the boundaries. The
analytical solution calculated by modal decomposition in this case is the following one Eqn. (41).

uanalytic(x, y) =

+∞∑
n=0

+∞∑
m=0

4 sin

(
nπxs

Lx

)
sin

(
mπys
Ly

)
sin

(
nπx

Lx

)
sin

(
mπy

Ly

)

LxLy

D

((
nπ

Lx

)2

+

(
mπ

Ly

)2
)2

− ω2Λ

 . (41)

d

Lx

Lyw

Lxw

Ly

Figure 1: Schema of the plate.
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3.1.2. Damping loss factor

From the dispersion characteristics of a displacement field, the group velocity cg =
∂ω

∂Re(k)
and the phase

velocity cφ =
ω

Re(k)
can be deduced. Therefore, the damping loss factor can be estimated as a function of

the angular frequency and the direction, [23, 48, 49]:

η(ω, θ) = −2
Im(kθ)

Re(kθ)

cg
cφ

. (42)

Manconi et al. [50] propose an average definition of the damping loss factor using the angular modal
density to take into account the non-isotropic cases. The modal density is given Eqn. (43), where S is the
area of the structure and the average loss factor is given by Eqn. (44).

n(ω, θ) =
S

π2

Re(kθ(ω))

cg(ω, θ)
, (43)

η̄(ω) =

∫ 2π

0

η(ω, θ)n(ω, θ)dθ∫ 2π

0

n(ω, θ)dθ

=

∫ 2π

0

η(ω, θ)
Re(kθ(ω))

cg(ω, θ)
dθ∫ 2π

0

Re(kθ(ω))

cg(ω, θ)
dθ

. (44)

Since the calculation of the group velocity requires an approximation of a derivative, a smoothing is
applied to wavenumbers in the procedure of damping loss factor estimation.

3.1.3. k-space methods comparison

The k-space methods are tested and compared with the analytical solution given by Eqn. (40), in this
case, on a frequency band from 3.125Hz to 2500Hz. Since an isotropic structure is a particular case of
orthotropy, the AKSI 2D method adapted to orthotropic structures, based on the formulas Eqn. (2), (37)
and (36) is used. The dispersion relations are shown in Fig. 2 and k-spaces at the frequencies 250Hz, 1250Hz
and 2500Hz are shown in Fig. 3. Moreover, using Eqns. (42) and (44), the average loss factor is estimated
and compared to the initial value of 0.02%.
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Figure 2: Dispersion relation in the direction 0 rad of the steel plate: (a) real part, (b) imaginary part and (c) average
damping loss factor. Analytical solution (−), the AKSI 2D (•) the INCOME (+) and the IWC (x).

All the three methods, the IWC, the INCOME and the AKSI 2D give a good real part of the wavenumbers
at each frequency and direction Figs. 2a, 3a, 3b and 3c. However, for the imaginary part, the AKSI 2D
seems to be as effective as the INCOME and much better than the IWC in this frequency range Figs. 2b,
3d, 3e and 3f. And for the damping loss factor, Fig. 2c, the values estimated based on the AKSI 2D are
almost as precise as those based on the INCOME, except for a few frequencies. In terms of computational
efficiency, the INCOME is by far the best of the three methods. It is a very fast algorithm based on a
linear Prony principle that only requires solving several sample linear equations. The whole process does
not require the calculation of integrals of the signals. The two other methods, the IWC and the AKSI
2D are more time-consuming. The fact that the IWC is time-consuming has already been discussed in
the literature, in the work of Margerit et al. [51]. It deals with the search of the maximum on a 2D set,
done by evaluation or by an iterative process and each evaluation requires an integral calculation. The
time-consuming computation of the AKSI 2D also results from the calculation of integrations of the signal.
These are given Eqn. (2), where the measurement coordinate pairs (x0, y0) and (x, y) determine the number
of measurement points involved in this integration. Thus, the computational cost of the AKSI 2D depends
on the number of measured points used in the above equation. However, the AKSI 2D has some flexibility
in the number of measured points considered, as explained in Subsection. 2.3.

3.2. Robustness to noise and position uncertainties
The next stage of the comparative evaluation for the AKSI 2D method focuses on their relative robustness.

The test cases remain the same as before, namely the steel plate. Added noise and position uncertainty
cases are considered here.
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Figure 3: Real and imaginary parts of k-spaces of the steel plate at three frequencies. Analytical solution (−), the
AKSI 2D (•) the INCOME (+) and the IWC (x). (a) real part at 250Hz, (b) real part at 1250Hz, (c) real part at
2500Hz, (d) imaginary part at 250Hz, (e) imaginary part at 1250Hz and (f) imaginary part at 2500Hz.

The noise is added to the fields calculated with Eqn. (41) and the noise follows a uniform law.

ũ(xn, ym) = u(xn, ym) + ϵn,m, (45)

with ϵ⇝ U(−a, a), and a chosen such that SNR =
∥u∥L2

∥ϵ∥L2

= 20.

The extracted dispersion curves and complex k-spaces are shown in Figs. 4 and 5. From these figures,
it can be seen that while the real part of the wavenumbers is well calculated by the three methods in most
of the cases, the AKSI 2D method can provide more acceptable results for the imaginary part and the
average damping loss estimation with added noise. Comparing the imaginary part and damping loss factor
calculated by the AKSI 2D from fields with added noise Fig. 4 and with perfect field Fig. 2, it is seen that
the noise has an impact on the calculations. However, the trend is still good. The same can be said for
the imaginary part of the k-spaces, Figs. 3 and 5. The imaginary part of the k-spaces calculated with the
AKSI 2D with added noise has more variability with the direction than without noise, but the values are
still around the analytical ones.

To compare more in detail the effect of noise on the k-space calculation, a study of the variations of the
relative error on the real and imaginary parts of the k-spaces function of the SNR is provided in Fig. 6.
The test field is the analytical solution of the Kirchhoff-Love equation at the frequency 250Hz. Each value
of SNR has been tested 48 times with a different random draw of noise. In this figure, it can be seen
that the IWC is the least accurate method, but is very little affected by the noise. The behaviour of the
measurements made by the AKSI 2D and the INCOME are very different, even for a fixed value of SNR,
the effect on the INCOME is very variable. For the lowest values of noise, so the highest values of SNR
presented, many of the k-spaces calculated by the INCOME have a relative error above 0.1 for the real part
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Figure 4: Dispersion relation in the direction 0 rad of the steel plate with an added noise, SNR = 20: (a) real part,
(b) imaginary part and (c) average damping loss factor. Analytical solution (−), the AKSI 2D (•) the INCOME (+)
and the IWC (x).

and above 1 for the imaginary part. To observe a decrease in the relative error with this method, the SNR
has to be far higher. Conversely, the AKSI 2D appears to be much more robust. The results from this
method show a decrease in the relative error as the SNR increases. The relative error based on the AKSI
2D at very high noise is better than those based on the INCOME and the IWC for the real part. For the
imaginary part, the relative error becomes acceptable well before the other methods. Moreover, a noise of
SNR above 30 has almost no effect on the calculation of the real part of the k-space by the AKSI 2D. For
the imaginary part, this limit is around 100.

The same type of study is conducted with positional uncertainties. The fields are generated so that

ū(xn, ym) = u(xn + δxn,m, ym + δyn,m), (46)

δx and δy follow uniform laws: δx⇝ U
(
−∆x

4
,
∆x

4

)
and δy ⇝ U

(
−∆y

4
,
∆y

4

)
where ∆x and ∆y are the

spatial step of the discretisation in the direction x and y in the perfect case. Eqn. (41) is used to calculate
ū. The resulting dispersion curves and complex k-spaces are shown in Figs. 7 and 8.

The conclusions of Figs. 7 and 8 for wavenumbers extraction on fields with position uncertainties are the
same as with added noise. The real parts calculated by the AKSI 2D are at least as good as those calculated
with other methods and are close to the analytical values. The imaginary part of the wavenumbers calculated
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Figure 5: Real and imaginary parts of k-spaces of the steel plate at three frequencies with an added noise with
SNR = 20. Analytical solution (−), the AKSI 2D (•) the INCOME (+) and the IWC (x). (a) real part at 250Hz,
(b) real part at 1250Hz, (c) real part at 2500Hz, (d) imaginary part at 250Hz, (e) imaginary part at 1250Hz and
(f) imaginary part at 2500Hz.

(a) (b)

Figure 6: Relative error in the identification of the k-space as a function of the SNR. Comparison between the IWC
(−), the INCOME (−) and the AKSI 2D (−): (a) real part, (b) imaginary part. The area is coloured between the
highest and lowest value of relative error at each SNR value. The full line is the median of the relative error at each
SNR value.

by the AKSI 2D is a little perturbed but is still close to the analytical values when the results of the INCOME
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Figure 7: Dispersion relation in the direction 0 rad of the steel plate with position uncertainties: (a) real part, (b)
imaginary part. Analytical solution (−), the AKSI 2D (•) the INCOME (+) and the IWC (x).

0

30

60

90

120

150

180

210

240

270

300

330

0

10

20

30

(a)

0

30

60

90

120

150

180

210

240

270

300

330

0

20

40

60

(b)

0

30

60

90

120

150

180

210

240

270

300

330

0

50

100

(c)

0

30

60

90

120

150

180

210

240

270

300

330

0

0.05

0.1

0.15

(d)

0

30

60

90

120

150

180

210

240

270

300

330

0

0.1

0.2

0.3

(e)

0

30

60

90

120

150

180

210

240

270

300

330

0

0.2

0.4

(f)

Figure 8: Real and imaginary parts of k-spaces of the steel plate at three frequencies with position uncertainties.
Analytical solution (−), the AKSI 2D (•) the INCOME (+) and the IWC (x). (a) real part at 250Hz, (b) real part
at 1250Hz, (c) real part at 2500Hz, (d) imaginary part at 250Hz, (e) imaginary part at 1250Hz and (f) imaginary
part at 2500Hz.

and the IWC are not accurate.
Now that the advantage of the AKSI 2D method has been demonstrated on an isotropic case with and

without noise or uncertainties, a case of an orthotropic structure is presented.
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3.3. Numerical model of a bidirectional ribbed plate

A bidirectional ribbed plate is a periodic structure, illustrated in Fig. 9, made of a plate to which two
perpendicular rows of stiffeners have been added. Since the beam grid of the stiffeners is supposed to be
stiffer than the plates put between them, the dynamics of the stiffeners is dominant in the structure. That
is why this metastructure presents a multiscale dynamic. The AKSI 2D method is tested on this type of
structure to verify its efficiency on complex structures. Boutin et al. [52] have provided an analytical model
of the flexural behaviour of this type of structure that will serve as a reference. It is a model of an equivalent
orthotropic plate obtained from an asymptotic homogenisation process.

Internal plate

beam grid

lx

hx

bx

Figure 9: Example of a bidirectional ribbed plate of 5 by 5 cells.

This model is a 4th-order partial differential equation which result from the enrichment of an orthotropic
plate equivalent to a beam grid, as the stiffeners are dominant compared to the plates in the global dynamics.

Let hj and bj be respectively the height and the width of the stiffeners of the direction j. j being x
or y. lj is the contact length of the stiffeners with an inner plate. About the mechanical properties of the
stiffeners: Ej , νj and ρj are respectively the Young Modulus, the Poisson ratio and the volume mass. A

damping is added as an imaginary part of the Young modulus. η is the damping ratio and Ẽj = Ej(1+ iη).

From these parameters, some important quantities can be deduced: the bending inertia Ij =
bjh

3
j

12
, the

torsional modulus Gj =
Ẽj

2(1 + νj)
, the torsional inertia Ij =

bj
2

(
hj

2

)3
(
16

3
− 3.36

hj

bj

(
1−

h4
j

12b4j

))
, the

linear mass Λj = ρjbjhj and the torsional constant, ρjJj = ρjhjbj
b2j + h2

j

12
. The torsional inertia of a beam

of rectangular section comes from [53]. In addition to these parameters, the properties of the internal plates
must be defined. All the plates have the same properties and are clamped to the beam grid. lx, ly are the
side lengths and d is the width. Ep is the Young modulus, νp the Poisson ratio and ρp the volume mass.
From these parameters, the following ones are calculated: the surface mass Λ′

p = ρpd, the bending inertia

Ip =
d3

12
and the modified Young modulus E′

p =
Ep(1 + iη)

1− ν2p
.

With these parameters, the equation of the model of an orthotropic plate equivalent to a bi-ribbed plate
proposed is Eqn. (47).

ẼxIx
ly

∂4u

∂x4
+

ẼyIy
lx

∂4u

∂y4
+

(
GxIx
ly

+
GyIy
lx

)
∂4u

∂x2∂y2

+ω2

(
ρyJy
lx

∂2u

∂x2
+

ρxJx
ly

∂2u

∂y2

)
+

(
Kbc

ωx

∂u

∂x
+Kbc

ωy

∂u

∂y

)
= ω2

(
Λx

ly
+

Λy

lx
+ Λ′

p

〈
ϕbc
ω

〉)
u.

(47)

The different terms of this equation can be interpreted. The model of a beam grid contains the flex-

ural rigidity of the stiffeners in the two directions
ẼxIx
ly

∂4u

∂x4
and

ẼyIy
lx

∂4u

∂y4
, a torsional rigidity term
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(
GxIx
ly

+
GyIy
lx

)
∂4u

∂x2∂y2
, a rotational inertia term ω2

(
ρyJy
lx

∂2u

∂x2
+

ρxJx
ly

∂2u

∂y2

)
. There is an unconven-

tional torque term

(
Kbc

ωx

∂u

∂x
+Kbc

ωy

∂u

∂y

)
but it does not appear here as the plates are clamped on the beam

grid. And finally, there is an inertia term ω2

(
Λx

ly
+

Λy

lx
+ Λ′

p

〈
ϕbc
ω

〉)
u. This last term adds to the mass

of the beam grid, an added mass term Λ′
p

〈
ϕbc
ω

〉
that takes into account the effect of the dynamics of the

internal plates. The non-conventional term
〈
ϕbc
ω

〉
is the mean of the out-of-plane displacement on an internal

plate with a unitary displacement at its boundaries. It is a frequency dependent term that depends on the
boundary conditions of the internal plates. In the case of square plates (lx = ly), which are clamped on
all sides, there is no analytical formula. Therefore the square plate is approximated by a circular plate of
radius r to be determined. With this approximation:

〈
ϕCCCC
ω

〉
=

4

δr

I1(δr)J1(δr)

I1(δr)J0(δr) + I0(δr)J1(δr)
, (48)

where δ4 =
ω2Λp

E′
pIp

= (2πf)2
Λp(1− ν2p)

Ep (1 + iη) Ip
, J0, J1 are the Bessel functions of the first kind, I0, I1 are modified

Bessel functions of the first kind and r = 0.532 l. From Eqn. (47) the analytical dispersion relation is defined
by replacing the solution u by a plane wave in the direction θ, U(x, y) = eikθ(x cos θ+y sin θ):

k4θ

(
ẼxIx
ly

cos4 θ +
ẼyIy
lx

sin4 θ +

(
GxIx
ly

+
GyIy
lx

)
cos2 θ sin2 θ

)

−k2θω
2

(
ρyJy
lx

cos2 θ +
ρxJx
ly

sin2 θ

)
= ω2

(
Λx

ly
+

Λy

lx
+ Λ′

p

〈
ϕbc
ω

〉)
u.

(49)

The stiffeners are supposed to be the same in the x and the y directions and made of aluminium and
the plates are made of plexiglass. In addition, a damping of η = 5% is added to the Young modulus as an
imaginary part. Table. 1 contains the properties of the stiffener and Table. 2 contains those of the internal
plate.

Parameter: hx, hy bx, by Ex, Ey νx, νy, ρx, ρy
Value: 0.01m 0.01m 69GPa 0.3 2700 kg/m3

Table 1: Geometrical and mechanical properties values of the beam grid.

Parameter: lx, ly d Ep νp ρp
Value: 0.1m 0.001m 3GPa 0.3 1200 kg/m3

Table 2: Geometrical and mechanical properties values of the internal plates.

A structure of 20 by 20 cells is considered, with a total side length of L = 2.21m. The extremities are
clamped, and a point load is applied at the centre of the structure. The displacement fields are calculated
by solving the analytical equation of the homogenised equivalent orthotropic plate model Eqn. (47) by finite
element software. The fields are known on a grid of 91 by 91 regularly spaced points located on a window
of side length Lw = 1.808m centred on the entire domain. The frequencies range from 5Hz to 500Hz. The
AKSI 2D method is applied to these fields and the extracted wavenumbers are compared with the analytical
model. The results extracted by the AKSI 2D are shown in Figs. 10 and 11.
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Figure 10: Dispersion relation in the direction 0 rad of the bi-ribbed plate: (a) real part, (b) imaginary part. Analytical
model (−) and wavenumber calculated with the AKSI 2D (•).
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Figure 11: Real and imaginary parts of k-spaces of the bi-ribbed plate at three frequencies. Analytical model (−)
and wavenumbers calculated with the AKSI 2D (•). (a) real part at 50Hz, (b) real part at 250Hz, (c) real part at
450Hz, (d) imaginary part at 50Hz, (e) imaginary part at 250Hz and (f) imaginary part at 450Hz.

Figs. 10 and 11 show that the wavenumbers are well calculated and match, those of the equivalent
orthotropic plate model for most frequencies and directions. The inner resonance at 275Hz is even very well
retrieved for both the real and imaginary parts.
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4. Experimental validation

This section is devoted to the experimental application of the AKSI 2D on a large-scale steel plate. The
plate has dimensions of 0.95m × 0.6m, with a thickness of 2mm. This steel plate has the same geometric
properties as the analytical model of Section. 3. The experimental test is conducted by the Scanning Laser
Doppler Vibrometer (SLDV). Fig. 12 shows the experimental setup where the plate was suspended at the
fixed frame using Polylactic Acid filaments to approximate free-free boundary conditions. An electrodynamic
shaker (Brüel & kJær, 4810) was used to generate a point mechanical force at the red point shown in Fig. 12.
The shaker was attached to the structure using an impedance head and driven by a white noise signal over the
frequency range from 0Hz to 2500Hz. A Polytec Scanning Vibrometer (PSV-400), placed approximately
1.2m from the plate, was used to measure the full vibration field on a 48 × 55 mesh (sampling interval
∆x = 1.59 cm and ∆y = 0.99 cm). The scanning area of 0.747m by 0.535m is shown in the blue dotted
rectangular box of Fig. 12. Finally, the displacement fields were acquired by a Fourier analyser installed in
the measurement equipment. The vibrometer had the following setting parameters: the frequency resolution
was 3.125Hz, a Hanning window was applied to the time signals, a bandpass filter that includes the frequency
range from 3.125Hz to 2500Hz was used, the overlap percentagewas 75% and 30 averages were taken by
exponential averaging. The reference k-spaces are calculated with the usual mechanical parameter values of
steel, so E = 210GPa, ν = 0.3, and ρ = 7900 kg/m3.

Shaker

Scanning Laser 

Vibrometer

x-axis

y-axis

Power Amplifier 

Freely suspended

Scanning area

Excitation point

Figure 12: Experimental setup.

The comparison of complex wavenumber extracted by the AKSI 2D, the INCOME, and the IWC is
shown in Fig. 13. From Fig. 13a which shows the extracted real part of the wavenumbers, it is clear to see
that the AKSI 2D can provide a more accurate dispersion curve over the whole frequency range. However,
it is worth noting that the imaginary parts of the wavenumbers extracted by these three methods are not
acceptable for this experimental test. This is mainly because this plate with thin thickness has very low
damping, resulting in the complexity of the displacement field influenced by multiple propagating waves and
reflected waves. As a result, the local signal of the displacement field in this plate cannot be represented by
a sum of exponential functions, which is contrary to the assumed model for these three methods. This leads
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to the difficulty in extracting the imaginary part of wavenumbers. Finally, Fig. 14 compares the k-space
extracted by the AKSI 2D, the IWC, and the INCOME, at two arbitrary frequencies, namely, 621 Hz and
1653 Hz. It can be seen that the AKSI 2D can provide more accurate results.
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Figure 13: Dispersion relation in the direction 0 rad of the experimental steel plate: (a) real part, (b) imaginary part.
Analytical model (−) and wavenumber calculated with the AKSI 2D (•) the INCOME (+) and the IWC (x).
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Figure 14: Real parts of k-spaces of the experimental steel plate at 621Hz (a) and 1653Hz (b), extracted by analytical
solution (−), the AKSI 2D (•), the INCOME (+) and, the IWC (x).

5. Conclusions

In this paper, a new inverse method, the Algebraic K-Space Identification 2D technique (AKSI 2D),
is proposed for the extraction of the complex k-space elements from two-dimensional displacement fields.
As compared to other popular 2D k-space techniques, like the IWC and the INCOME, the here-proposed
method exhibits interesting performances in terms of efficiency and robustness when computing the complex
k-spaces at relatively low frequencies. This is even more noticeable when handling noisy signals and position
uncertainties.

In order to reach these conclusions, the formulations of the AKSI 2D are first presented thoroughly.
Then, the proposed method is validated by by comparison with other inverse methods, including analytical,
numerical, and experimental aspects. Therefore, for analytical validation purpose, the supporting test case
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is a simply supported steel plate (Kirchhoff-Love plate). The results are derived from both exact and
stochastic conditions. Among these uncertain conditions, a specific attention is addressed to signal noise
and to position perturbations. The results are compared with those extracted by the IWC and the INCOME,
which proves the ability of the method to extract complex k-spaces and damping loss factors under realistic
conditions with better robustness than the other popular methods. The numerical validation is based on
displacement fields that are extracted from the finite elements solution of a homogenised model. This study
validates the effectiveness of the AKSI 2D for the complex k-space extraction for orthotropic structures. The
experimental validation is performed on a steel plate with the same dimensions as those of the analytical
case. This case illustrates that the AKSI 2D can extract complex k-spaces from real potentially noisy data.

This new method can provide interesting results for the k-space calculations in conditions beyond the
operating area of previous methods. It overcomes some of their limitations and it appears to be efficient
and robust for the calculation of complex k-spaces. However, the aftermath is that the AKSI 2D is more
time-consuming compared to the INCOME when considering many measurements as input.

The proposed method has the potential to solve other vibroacoustic inverse problems, such as material
characterisation, especially for the damping estimation using extracted complex k-spaces, and structural
health monitoring.
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Appendix A. 2D k-space techniques

This appendix details the k-space methods for two-dimensional domains presented in the introduction
and used as comparisons for the AKSI 2D in Section. 3.

Appendix A.1. Inhomogeneous Wave Correlation method

The Inhomogeneous Wave Correlation method, IWC, [12, 13] is an approach to calculate the k-space
based on the maximisation of a correlation function between a displacement field û and an inhomogeneous
wave ô. In two dimensions the inhomogeneous wave has the following definition, function of the direction,
θ and the wavenumber given by k and γ, k being the real part of the wavenumber and γ the spatial decay,
link with the imaginary part of the wavenumber.

ôk,γ,θ(x, y) = e−ik(θ)(1+iγ(θ))(x cos θ+y sin θ). (A.1)

For each direction, θ, the correlation function to maximise with k and γ is the following one.

IWC(k, γ, θ) =

∣∣∣∫∫S û.ô∗k,γ,θdx dy
∣∣∣√∫∫

S
|û|2dx dy.

∫∫
S
|ôk,γ,θ|2dx dy

. (A.2)

22



Numerical methods such as the trapezoidal method are used to calculate the integrals, since the field is
only known at a discrete set of points. Moreover, the term

∫∫
S
û2dx dy can be omitted as it is independent

of θ, k and γ. The maximisation is done by evaluation. In the end, the method gives for each θ a value k(θ)
and a value for γ(θ) and the complex wavenumber is k(1 + iγ). By noting N the number of points in the
discretisation and Nθ the number of directions. If the maximum search is done by evaluation, with NRe the
number of values tested for the real part and NIm for the imaginary part, then the complexity of the IWC
is around O(NNθNReNIm).

Appendix A.2. INverse COnvolution MEthod

The INverse COnvolution MEthod (INCOME), [33] deals with another approach to calculate k-spaces.
This method is inspired by the Prony method [29, 30, 31]. This method is more accurate and works at a
lower frequency than the IWC method. However, it is not robust to noises or uncertainties, and it needs a
regular grid of points. There are two steps in this method, first the calculation of a convolution kernel and
then the deduction of the k-space. Let u be the discrete displacement field at a given frequency. The first
step is to find a convolution kernel S such that:

u ∗ S = 0, (A.3)

or that at least minimise ∥u∗S∥2. The form of S must be chosen a priori from the dimension of the problem,
the complexity of the structure and the number of types of wave in the field. For example, the kernel
Eqn. (A.4) can be used for an orthotropic field with one type of wave.

f
d c d

e b a b e
d c d

f

. (A.4)

For periodic structures, as explained in [34] for the case of the Prony method, the points put in relation
together in the kernel have to be at the same position in the periodic cells. From the coefficient of S, the
k-space will be deduced. The wavenumber in the θ direction is calculated by minimising of the module of a
polynomial equation. For the example of an orthotropic plate, with a grid of spatial step ∆Lx ∆Ly defining
λx(k, θ) = eik cos θLx and λy(k, θ) = eik sin θLy , the quantity to be minimised is the following:

I(θ, k) =

∣∣∣∣a+ b

(
λx +

1

λx

)
+ c

(
λy +

1

λy

)
+ d

(
λxλy +

1

λxλy
+

λy

λx
+

λx

λy

)

+e

(
λ2
x +

1

λ2
x

)
+ f

(
λ2
y +

1

λ2
y

)∣∣∣∣.
(A.5)

If N is the total number of points in the grid, then the complexity of the INCOME is of the order of
O(N).

Appendix B. 2D Laplace transform

In the formulations Section. 2, the successive Laplace transforms are used:

LxLy [f(x, y)] (sx, sy) =

∫ +∞

0

e−xsx

∫ +∞

0

f(x, y)e−ysydy dx, (B.1)

or

LyLx [f(x, y)] (sx, sy) =

∫ +∞

0

e−ysy

∫ +∞

0

f(x, y)e−xsxdx dy. (B.2)
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In this appendix, some properties of the Laplace transform are presented. Let D be the derivative
operator when the exponent is positive and the antiderivative operator when the exponent is negative.

L [Dαf(t)] (s) = sαL [f(t)] (s). (B.3)

Here −α ∈ N.

L
[
(−t)βf(t)

]
(s) =

dβ

dsβ
L [f(t)] (s), (B.4)

for β ∈ N. By combining the two previous properties, Eqn. (B.5) is deduced.

L
[
Dα
(
(−t)βf(t)

)]
(s) = sα

dβ

dsβ
L [f(t)] (s). (B.5)

This property is used in Section. 2.

Appendix C. Numerical implementation

The implementation of the AKSI 2D method consists of three main steps.

• Calculation of the quantities ϕik(x0, y0, x, y) using Eqn. (2).

• Deduction of the γ coefficients using Eqn. (1) by least squares resolution.

• Calculation of the k-spaces by polynomial resolution of Eqn. (3).

The first step is by far the most time-consuming but can be optimised a bit. For all the wanted pair of
couples of point (x0, y0), (x, y) and for i and k from 0 to nw, ϕik(x0, y0, x, y) has to be calculated. Eqn. (1)
is reminded just below.

ϕik(x0, y0, x, y) =

nw∑
j=0

nw∑
l=0

(−1)j+l(nw + j)!(nw + l)! (x− x0)
nw−j

(y − y0)
nw−l

j!(i+ j)!(nw − j)!l!(k + l)!(nw − l)!

×
∫ y

y0

∫ x

x0

(y − y1)
k+l(x− x1)

i+jU(x1, y1)dx1dy1

If done directly, the calculation of all ϕik(x0, y0, x, y) has a complexity of about O(n6
wN

3), where N the
total number of points in the discretisation. However, some integrals are calculated more than once and
some can be easily deduced from others. This appendix explains how the calculations have been done when
the displacement field is known on a grid of N = Nx ×Ny points. First, some intermediate quantities are
defined:

Jn(x0, x, y) =

∫ x

x0

(x− x1)
nU(x1, y)dx1, (C.1)

Inm(x0, x, y0, y) =

∫ y

y0

∫ x

x0

(y − y1)
m(x− x1)

nU(x1, y1)dx1dy1 =

∫ y

y0

(y − y1)
mJn(x0, x, y1)dy1, (C.2)

Aij =
(−1)j(nw + j)!

j!(i+ j)!(nw − j)!
. (C.3)

Therefore, ϕik(x0, y0, x, y) =
∑nw

j=0

∑nw

l=0 AijAkl (x− x0)
nw−j

(y − y0)
nw−l

Ii+j k+l(x0, x, y0, y). The quan-
tities are calculated step by step. First, all the quantities Aijkl and integrals Jn needed are calculated, and
then all the integrals Inm are deduced. And finally the ϕik(x0, y0, x, y) are calculated.
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Appendix C.1. Calculations of Jn
First, all the integrations Jn are calculated. The approximation of the integrations uses the trapezoidal

method. Let x0 and x be abscissas of the grid of points such that x0 < x. And ∆x is the distance to
the next abscissa of the grid. y is an ordinate of the grid and n goes from 0 to 2nw. The calculation of
Jn(x0, x+∆x, y) can be reduced by using the knowledge of the Jm(x0, x, y) at the previous position (with
m ≤ n).

J0(x0, x+∆x, y) =

∫ x

x0

U(x1, y)dx1 +

∫ x+∆x

x

U(x1, y)dx1

≈ J0(x0, x, y) + ∆x
U(x, y) + U(x+∆x, y)

2
,

(C.4)

Jn(x0, x+∆x, y) =

∫ x

x0

(x+∆x− x1)
nU(x1, y)dx1 +

∫ x+∆x

x

(x+∆x− x1)
nU(x1, y)dx1

≈
n∑

l=0

(
n

l

)
∆xn−lJl(x0, x, y) + ∆xn+1U(x, y)

2
.

(C.5)

Using Eqn. (C.4) and (C.5), all integrations Jn are computed. In practice, the quantities are stored in a
3 dimension matrix. The first dimension is for all the pairs (x0, x), the second for all the ordinates y and
the third for all the values of n.

Appendix C.2. Calculations of Inm
The next step is to deduce the quantities Inm from the quantities Jn. Let y0 and y be ordinates of the

grid of points such that y0 < y. And ∆y is the distance to the next ordinate of the grid.

In0(x0, x, y0, y +∆y) =

∫ y

y0

Jn(x0, x, y1)dy1 +

∫ y+∆y

y

Jn(x0, x, y1)dy1

≈ In0(x0, x, y0, y) + ∆y
Jn(x0, x, y) + Jn(x0, x, y +∆y)

2
,

(C.6)

Inm(x0, x, y0, y +∆y) =

∫ y

y0

(y +∆y − y1)
mJn(x0, x, y1)dy1 +

∫ y+∆y

y

(y +∆y − y1)
mJn(x0, x, y1)dy1

≈
m∑
l=0

(
m

l

)
∆ym−lInl(x0, x, y0, y) + ∆ym+1 Jn(x0, x, y)

2
.

(C.7)

Using Eqn. (C.6) and (C.7), the quantities Inm are calculated and stored. In practice, the quantities are
stored in a 4 dimension matrix. The first dimension for all the couples of abscissa (x0, x), the second for all
the couples of ordinate (y0, y), the third for all the values of n and the fourth for all the values of m.

Appendix C.3. Calculations of Aij

The coefficients Ail are independent of the spatial coordinates, so they should be calculated once, stored
in a matrix and then reused.

Appendix C.4. Calculation of ϕik

Finally, the quantities ϕik(x0, y0, x, y) are calculated using all the previous steps. With the proposed
implementation, the complexity is approximately O(n5

wN
2).

ϕik(x0, y0, x, y) =

nw∑
j=0

nw∑
l=0

Aijkl (x− x0)
nw−j

(y − y0)
nw−l

Ii+j k+l(x0, x, y0, y). (C.8)
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