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LONG TIME BEHAVIOR OF KILLED FEYNMAN-KAC SEMIGROUPS
WITH SINGULAR SCHRODINGER POTENTIALS

ARNAUD GUILLINf, DI LU, BORIS NECTOUX', AND LIMING WU

ABSTRACT. In this work, we investigate the compactness and the long time behavior of
killed Feynman-Kac semigroups of various processes arising from statistical physics with
very general singular Schrodinger potentials. The processes we consider cover a large
class of processes used in statistical physics, with strong links with quantum mechanics
and (local or not) Schrodinger operators (including e.g. fractional Laplacians). For
instance we consider solutions to elliptic differential equations, Lévy processes, the kinetic
Langevin process with locally Lipschitz gradient fields, and systems of interacting Lévy
particles. Our analysis relies on a Perron-Frobenius type theorem derived in a previous
work [A. Guillin, B. Nectoux, L. Wu, 2020 J. Eur. Math. Soc.] for Feller kernels and on
the tools introduced in [L. Wu, 2004, Probab. Theory Relat. Fields] to compute bounds
on the essential spectral radius of a bounded nonnegative kernel.

AMS 2010 Subject classifications. 47D08, 60G51, 37A30, 37A60, 60J60.
Key words. Feynman-Kac, singular potentials, Schrodinger, quasi-stationary distribu-
tions, Brownian particle, Lévy processes, kinetic Langevin.

1. SETTING AND RESULTS

1.1. Feynman-Kac semigroups and models.

1.1.1. Setting and purpose of this work. The purpose of this work is to study the basic
properties and above all, the long time behavior of killed Feynman-Kac semigroups of
several models with very general singular Schrédinger potentials (see Section and
more precisely [S1], [S2], and (1.22)). The killing occurs when the process exists a
(position) subdomainﬂ We have no assumption on the regularity of the boundary of this
subdomain which can be bounded or not and whose boundary can intersect the points
where the Schrédinger potential is infinite (which is the case of interest). For the first three
considered processes, the singular potential arises from fixed a point located at 0 whereas
for the fourth one, it is created by n interacting Lévy particles (see the fourth model
below in Section . As explained in Section more general singular potentials
can be considered. This work is also motivated by the strong link between Feynman-
Kac semigroups and solution of evolution equations associated with a Schrodinger type
operator, see (|1.29).

The introduction and the paper are organized as follows. We first introduce the class of
singular Schrodinger potentials we will treat in details in this work and we then give the
notation which will be used throughout this work. Next, we introduce the four models
and we give preliminary results on their behaviors. These are the purposes of Section |1.1}
The main results, which are Theorems , , , and 4| (see also Theorem , are given
in Section [I.2l We provide also extensions of these results in Section [I.3] The related
literature is given in Section [I.4] Section [2]is dedicated to the proofs of the main results.

Date: November 19, 2024.
'A domain is by definition a non-empty, open, and connected set.
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2 A. GUILLIN, D. LU, B. NECTOUX, AND L. WU

In all this work, the set (2, F, (Ft)i>0,P) is a filtered probability space, where the
filtration satisfies the usual condition, (B,,s > 0) is a %#%standard Brownian motion,
and?

d>2.

1.1.2. Singular Schrodinger potential. As already mentioned above, we will consider the
killed Feynman-Kac semigroups of four models used in statistical mechanics (which are
also related to quantum mechanics through their generators) though many other processes
can also be treated with our techniques (see Section [1.3). For the first three models we
will work with a very general singular (at 0) Schrodinger potential Vg. More precisely,
Vs : %%\ {0} — Z is assumed to be continuous, lower bounded (say by —ks, ks > 0)
and satisfies one of the two conditions:

[S1] Vs — +oo if and only if |z| — 0.

[S2] Vg — +oc if (and only if) |z| — 01 or |z| — +o0.
Assumption [S2] differs from [S1] because the potentials satisfying [S2] confine also
at +o0o. Notice that we can consider any kind of singularities at 0, e.g. the Coulomb
potential, the Riesz potential, the Lennard-Jones potential, and the log-potential. Note
that near 0 the potential Vg is repulsive. In the fourth model below, the singularities
in the Schrodinger potentials are created when the interacting (moving) Lévy particles
collide, see more precisely . We also mention that our techniques allow to consider
more general singularities, see Section for examples.

1.1.3. Notation. Let .# be a polish space and denote by B(.¥) the Borel o-algebra over .#.
In the following, bB(.7) (resp. Cy(-)) is the set of bounded measurable (resp. bounded
and continuous) functions f : . — Z. For a measurable function W : . — [1, +00], we
denote by bBw () (resp. Cow () the space of measurable (resp. continuous) functions
f 7 = % such that f/W is bounded over .. These spaces are endowed with the norm
| flleBw () := supy | f/W]. The function 1 denotes the constant function over . which
equals 1. The set P(.¥) is the space of probability measures over . and Pw() :=
{v € P(¥),v(W) < 4+o00}. Note that bB1(.) = bB() and P1() = P(¥). The
space C([0,T],.) denotes the space of continuous .-valued functions over [0,7] and
the (Skorokhod) space of .#-valued functions that are right-continuous and have left-
hand limits (say cadlag) over [0,7] is denoted by D([0,7],.). For a bounded linear
operator T over a Banach space, we denote by ry,(T") its spectral radius, and by res(7)
its essential spectral radius (see e.g. [36, Section 3.1] for a definition). For a stochastic
process (9;,t > 0) and T" > 0, we denote by v = (9.t € [0,7]) the process up to
time 7.

1.1.4. First model, a laboratory Brownian elliptic model. In this section, we introduce the
overdamped Langevin process , which is an elliptic diffusion driven by a Brownian
noise. This is our first model. The analysis of its killed Feynman-Kac semigroup will
turn out to be very instructive, which explains our choice to start with this prototypical
model.

Model 1. For x € %% consider a single Brownian particle (X;, ¢ > 0) solution to the
elliptic stochastic differential equation in %¢

dXt = bc(Xt)dt + dBt, XO = XT. (11)

2Except in Section where, only in this section, d > 1.
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In all this work, b, : Z¢ — % is a locally Lipschitz vector field. We define the following
two assumptions:

[c1] limg|— o0 be() - = —00.

[c2] |bc| has at most linear growth over %

We mention that the case when the potential b, is singular has already been treated
in [37, B5]] and thus will not be considered in this work.

Proposition 1. Assume [cl] or [c2]. For allz € %% there exists a unique strong solution
(Xi(x),t > 0) to (L.1) over #¢ whose sample paths are a.s. continuous. In addition, for
all T > 0, the following Girsanov’s formula holds:

dP, .
dPg Fr = mT(I>7 (12)

where P, (resp. PY) is the law of (X;(z),t > 0) (resp. of (Bs(z) =z + By, s > 0)), and
fort >0, mY(z) = exp Ug be(Bs(x)) - dBs — %fg |be(By(x))[*ds] is the Doléans-Dade
exponential (true) martingale associated with the process (X, t > 0).

Proof. Assume [c2]. Then, there exists a unique pathwise solution to (|1.1)), see e.g. [33,
Theorem 2.2 in Section 5]. The Girsanov formula then follows from [33, Theorem 3.1 in
Section 7] and [33, Theorem 1.1 in Section 7]. Note also that in this case there exists
C > 0 such that for all T > 0, it holds a.s. |X;(z)] < Ce” (|| + T + sup,ecp 1 | Bul) and
therefore

P, [J%L(O’ r) <t} — 0as R — +oo uniformly in z in the compact sets, (1.3)

where U%L(L R is the first exit time from the open ball B(x, R) for the process (X;,t > 0).

Assume now [cl]. For all x € %9, define L(z) = |z| x (1 — x(z)) where x €
C(B(0,1),[0,1]) and x =1 on B(0,1/2), and

W(z) =@ ¢ >0. (1.4)

Denote by #°F = b, -V + %A the infinitesimal generator of the diffusion ((1.1)). We have
for every x € %°,

LW (x) = |ebe(x) - VL(z) + %€2|VL(ZL‘)|2 + %eAL(x)} W(x).

Since VL and AL are bounded over 2%, we have £°YW (x) /W (x) — —oo thanks to [c1].
In particular Z°'W < ¢W over Z¢. Together with the fact that b, is locally Lipschitz
and using well known arguments, this implies the first statement in Proposition (1| and
also that for some ¢ > 0 and all x € #j,

ect

P,loys <t] < RW(.T), (1.5)

where for R > 0, #r = {y € Z%, W(y) < R} is an open bounded subset of #Z¢ and
oy = inf{t > 0, X, ¢ #r}. Using the fact that for all z € %7, a.s. both o3/ () S+
and o, /> (where o), :=inf{t >0, B, ¢ #&}) as R — +00, one proves the Girsanov
formula with the same arguments as those used in the proof of [0, Proposition 2.2] (see
also the proof of [74, Lemma 1.1]). O

3For both elliptic and hypoelliptic processes.
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Define the space
R =2\ {0}. (1.6)
The space % is Polish (it is equipped with a metric generating the original topology and
making % a complete spaceﬂ).

Lemma 1. Assume [c1] or [c2]. Then, for all x € #Z¢ and T > 0, Py[Xjo1 €
C([0,T],23)] = 1, and, if [S1] or [S2] holds, for all t > 0, f(st(Xs(:c))ds is a.s.
finite.

Proof. Since d > 2, it is well known, see e.g. [34, Theorem 4.1 in Section 11] that any
point is nonattainable for a #%-standard Brownian motion (W, s > 0) and therefore it
holds for all y € %4, P[WS =y, for some s > O] = 0. Thanks to the Girsanov formula
([L.2), we have for all T > 0, P[|X,(z)| = 0, for some s € [0,T]] = 0,Vz € %Z. Thus,
P.[Vs > 0, X, € #4] = 1, Vx € ZJ. By continuity of the trajectories of (X,(x),s > 0) in
Z?, for all x € %, we deduce that

P,[ Xy, € C([0,1], %5)] = 1. (1.8)
This ends the proof of the Lemma. 0J

In view of Lemma , ¢ is the natural state space to study the Feynman-Kac semigroup
associated with Vg for the process (1.1 (see also Remark . In all this work, & is a
subdomain of %, and

o%F =inf{t >0, X, ¢ O}
is the first exit time from & for the process (X;,¢ > 0). The killed (outside €') Feynman-
Kac semigroup (Q9L,t > 0) over Z¢ associated with Vg and the process (1.1)) is then
defined by

oLf(z) =E,|f(X,) e—f(st<Xs>dS1t<o_%L}, t>0,2€0,and f €bB(6).  (1.9)

Note that the confinement at +o0o comes from the dynamics itself (i.e. from be) or from
the Schrodinger potential Vg. The confinement at 0 comes from Vg. Note also that there
is no killing when & = #?. The superscript oL in the previous notation stands for the
fact that we consider the overdamped Langevin process .

For t > 0, the transition kernel Q¢ (z,dy) at time ¢t > 0 defines, through a natural
pairing, an (adjoint) operator on the set M;(&) of all o-additive measures v of bounded
variations over O

VQIH(A) = / QM Ayulde) = B, [1a(X) e VSR, ] A€ B(O)
‘%O
The killed renormalized Feynman—Kac semigroup is defined by:

gy Efune i,

vPPH(A) = = (1.10)
! vQeH(0) E, [@f I Vs(Xs)dS]_KgoL}
o
The main result for this model is Theorem [I]
4In our setting, it is the metric
Ao : (2,y) € (%6)° = o —yl + |z~ — |y (1.7)

which makes the boundary of %Z§ (namely {0}) looks like +0o. Note that for # € %Z¢ and a sequence
(r,) C #E, v, — v in Z¢ if and only if z,, — = in the original space £, i.e. in % the topology induced
by dga coincides with the one of R



KILLED FEYNMAN-KAC SEMIGROUPS 5

Remark 1. The first thing to establish was obviously the space to work in.

Lemma suggests indeed to work outside the singularity of Vg, i.e. on Z¢. Anticipating
a little bit, another reason to work on Zg is the following. Compactness properties of the
non-conservative semigroup (Q2F t > 0) is (with our techniques) obtained by constructing
a Lyapunov function W over the chosen space . such that (£°F — Vg)W (z)/W(z) —
—o0 when & — {00} U{0.7} (£°F —Vg being the infinitesimal generator of the Feynman-
Kac semigroup). This definitely suggests to work outside the singularity of Vg since we
have for free that Vg(x) — 400 as |x| — 0F. Apart from that, note that there exist a
large class of singular potentz’al Vs such that ]P’O[fg Vs(Bs)ds = +00] = 1 and in this
case the associated killed Feynman-Kac semigroup of the Brownian motion will not be
topologically irreducible over Z°.

Let us mention that working with Schrodinger potentials in the Kato clas&ﬁ allows,
with different techniques, to work in a state space including the singularity, see e.g. [17,
Section 3.2] and [8, 43| where the spectral analysis of some L*(#?)-symmetric Feynman-
Kac semigroups is carried out in LP(#?) when the Schridinger potential belongs to the
(local) Kato class (which however allows some singular attractive potentials). Note that the
Kato class depends on the underlying process and does not include all kinds of singularities

as it is a subset of L} (#).

1.1.5. Second model: the case of Lévy processes. The second model we consider is the
killed Feynman-Kac semigroup of Lévy processes with a singular Schrodinger potential.

Model 2. Let (L, s > 0) be Lévy process over Z¢ and
ok =inf{t >0,X, ¢ O},
where we recall & is any subdomain of Z¢ (see (1.6)). We make the following assumptions

over the Lévy process (Ls, s > 0):

[L1] For all t > 0, L; admits a density w.r.t. the Lebesgue measure over %°.
[L2] The killed semigroup (L, t € [0, 0%°)) is topologically irreducible over O, i.e.
for all ¢ > 0, all x € @, and all non-empty open subset O of &, P,.(L; € O,t <
okey > 0.

[L3] If Z¢ \ € is nonempty, then P[0k < +00] > 0 for some x € 0.

We give in the appendix below a non exhaustive list of important examples of Lévy
processes over Z% (d > 2) satisfy [L1], and also [L2]-[L3] for any subdomain & of %
For x € %%, we will denote by (L,(z),s > 0) the process (z + Ly, s > 0). We start with
the following lemma.

Lemma 2. Assume [L1]. Then, for all z € %,

P,[vt > 0,L, = 0 or L, = 0] = 0. (1.12)
In addition, for all x € Z§ and t > 0, P,[Lpy € D([0,t],%8)] = 1, and, if [S1] or [S2]
holds, fot Vs(Ls(z))ds is a.s. finite.

"E.g. |#|7% b > 2. Use indeed the L.IL P[limsup, ., |Bs|/(2slogy(1/5))1/% = 1] = 1, see e.g. [63,
Chapter II].
OThis is the class of functions Vg € L}, .(%?) such that (see e.g. [§]),

lim sup E, [/Ot \Vs|(XS)ds} =0. (1.11)

t—=0%F L cgpd
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Proof. Since for all s > 0, L, has a density w.r.t. the Lebesgue measure, (1.12) is a

consequence of [46, Theorem 3] (recall that we assume d > 2). Moreover, (1.12]) implies
that for all z € Z§ and T > 0,

there exists a.s. € > 0 such that |L;(z)| > € for all £ € [0, T7]. (1.13)

Indeed, assume that there exist two sequences €, — 0% and ¢,, € [0, T] such that |L,, (2)| <
en- Up to extracting a subsequence, we assume that ¢, — ¢, € [0,7]. One of the two
sets S* = {n > 1,t, < t,} and ST = {n > 1,t, < {,} has an infinite cardinality. Since
the trajectories of (Ls(x),s > 0) are right-continuous and have left limits everywhere, if
S* has an infinite cardinality, then, L,-(2) = 0 whereas if S} has an infinite cardinality,
L,-(z) = 0, but this occurs with null probability. This proves (L.13). The proof of the
lemma is complete. ]

The killed Feynman-Kac semigroup (QL¢,¢ > 0) over the space & associated with the
potential Vg and the process (Lg, s > 0) is defined by

Fef(x) = By | f(L)e hVstady, ] t>0,2€0,and f € bB(O). (1.14)

Note also that there is no killing when & = %¢ since in this case, due to Lemma ,
for all z € %%, as. inf{t > 0,X; ¢ #}} = +oo. The associated killed renormalized
Feynman-Kac semigroup is then defined by, for v € M,(€) and A € B(0), vPF(A) =
vQF(A)/vQLe(0). The main result for this killed semigroup is Theorem [2}

1.1.6. The third model: a prototypical hypoelliptic process. The third model we consider
is the Feynman-Kac semigroup associated with the kinetic Langevin process ([1.15)) and
with the singular Schrodinger potential Vg.

Model 3. Let v > 0 and (Y; = (x4, v),t > 0) be the solution to the stochastic differential
equation in Z? x Z%:
dfﬂt = Utdt, dvt = —VVC(xt)dt - ’}/Utdt + dBt, (115)
where V. : #? — [1,+0c0) is a differentiable function such that V'V, is locally Lips-
chitz. The kinetic Langevin process (also called the underdamped Langevin process) is a
prototypical kinetic diffusion which is widely used in statistical physics and in molecular
dynamics [55]. The long time behavior of such a process as well as its ergodic properties
are now well known, see for instance [71, 74, 57, [40], 41l 56] [7]. In all this work, we
write y = (z,v) for an element in #¢ x #¢. The Hamiltonian of the process (1.15)) is, for
y = (z,v) € 2%, H(x,v) = V¢(x)+1[v[*. We introduce the process (Y;? = (¥, 0)),t > 0)
solution to the stochastic differential equation in Z¢ x %%
dl't = ’Utdt, d’l}t = dBt (116)

Since V. is lower bounded, we have the following result from [74, Lemma 1.1].

Proposition 2. Then, for ally € %??, there exists a unique strong solution (Yy(y),t > 0)
to (1.15) over Z* whose sample paths are a.s. continuous. Finally, for all T > 0, the
following Girsanov’s formula holds for all T > 0,

d y 0
7y m 1.17
dPS Fr T(y)7 ( )

where Py (resp. PY) is the law of (Yi(y),t > 0) (resp. of (Y(y),t > 0), see (L.16)),
and (m),t > 0) is the Doléans-Dade exponential (true) martingale defined by m) =

exp [— f(f (71}2 + VVC(xS))dBS — % f(f |7v2 —I—VVC(:ES)}QCZS].
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In all this work, when we will deal with the process (1.15]), the state space we will
consider is

H2 = (B\{0}) x B = RL x B (see (1.6)). (1.18)
Consider a metastable set for the dynamics , where we recall that such sets are of
the form 9 = 0 x %? (0 being a subdomain of Z¢), see [36, 54]. Set

obl = inf{t >0,Y, ¢ 2} =inf{t > 0,2, ¢ O}.
We have the following result.

Lemma 3. For ally € %3,
B[Vt > 0, ] > 0] = 1. (1.19)

In particular, for ally € 2% and t > 0, Py[Yjo4 € C([0,¢],%Z3%)] = 1, and, if [S1] or
[S2] holds, fot Vs(x,s(y))ds is a.s. finite.

Lemma shows that the unbounded closed set M = {0} x #¢ is, using the terminology
introduced in [34], nonattainable. The full degeneracy of the noise on the orthogonal of
M as well as the fact that M is not the boundary of a C* bounded domain prevent us
from using directly the results of [34]. We will rather rely on direct arguments as well
as nonattainability results for Gaussian processes. The proof of Lemma |3| is given in

Section 231
The killed (outside 2) Feynman-Kac semigroup (Q%F ¢ > 0) over 2 associated with
Vg and the process (Y, > 0) solution to (1.15)) is defined by:

KLf(y) = E, [ F(vy) et Vs<xs>d51t<gg}, t>0,y€ 2, and f €0B(2).  (1.20)

Its associated killed renormalized Feynman—Kac semigroup is then defined by, for v €
My(2) and A € B(2), vPFF(A) = vQFF(A)/vQFF(2). The main result for this killed
semigroup is Theorem

1.1.7. The last model: interacting Lévy particles. So far, in the three previous models, the
potential is created by a fixed point (located at 0). We now consider the situation when
it is no longer the case. More precisely, we consider the following archetypical model of
interacting particles.

.....

process (L¢, t > 0) satisfying [L1]. Denote by
& ={x=(r1,...,2,) € (BY)" s.t. Vi # j,0; # x;}. (1.21)

The set & is a non-empty open (unbounded) connected subset of %2 (recall that d > 2)
and its boundary is 0& := U;;{x € (Z%)", z; = x;}. Let Ug be the Schrédinger potential
defined by

Us:x=(21,...,2,) €6 Y Vao() + Y vs(lzi — ), (1.22)
i=1 i<j
where and for some kg > 0:
Voo : #* — % is a continuous coercive potential, (1.23)

and for some kg > 0:

Vs i X — A is continuous, vg > —kg, and vg(u) = oo iff u — 07, (1.24)
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By coercive we mean here: V(x) — +00 when |z| — +00. Note that Ug is continuous
and lower bounded over {Ug < 400} = &, and Ug(x) — +oo if and only if [x| — oo
or x — 0&. For t > 0 and x = (z1,...,7,) € (ZY)", consider the process (0;(x),t > 0)
defined by:

Ou(x) :== (z1+ Lj, ...,z + LY). (1.25)

Let % be a subdomain of & and set ¢ := inf{t > 0,0, ¢ % }. The killed (outside %)
Feynman-Kac semigroup (QP,¢ > 0) over % associated with Ug and the Lévy process
(04, t > 0) is defined by:

QP F(x) = B[ f(O) e U@, _o | 1> 0, x€ %, and f €bB(%),  (1.26)

and its killed renormalized semigroup is vPP2(A) = vQ®(A)/vQ® (%), A € B(%) and
veMy(%).

Lemma 4. For allx € & and T > 0, B[O € D([0,T],&)] = 1 and [, Us(O4(x))ds

s a.s. finite.

Proof. For alli # j and t > 0, set Y}/ = Ll — Li. Then, (T{?,t > 0) is a Lévy process and
fort > 0, Ti’j has a density w.r.t. the Lebesgue measure. Therefore, from [46, Theorem 3],
we have for all x € & and for all i # j, P,[3t > 0, Tzf = x; — T; Or Ti’j =ux; —xj] =0.
Fixx € &, i # j, and t > 0. Then there exists a.s. € > 0 such that dist (O4(x), &) > e,
for all s € [0,t]. Else there exists ¢, € [0,T] such that either dist (6,-(x),0&) = 0 or
dist (0, (x),0&) = 0, but this event has null probability. O

This fourth model is motivated, when considering e.g. Brownian motions, by its strong
relation with the Schrodinger operator —A + % Y oic ; |z; — x;|~" with Dirichlet boundary
conditions over %/. Given a subdomain % of &, we define the assumptions

[L4] (04(x),t € [0,0%)) is topologically irreducible over %, i.e. for all ¢t > 0, all
x € %, and all non-empty open subset O of %, P«(L; € O, < 09) > 0.
[L5] If & \ % is nonempty, then P,[0, < +00] > 0 for some x € % .
Inter alia, processes satisfying [L4] and [L5] include the cases when (Lt > 0) is: (i)
a standard Brownian motion, (ii) a jump diffusion process, or (iii) rotationally invariant

a-stable processes, see the appendix. The main result for the killed semigroup (Q®,t > 0)
is Theorem [l

1.2. Main results.

1.2.1. Some definitions. Let .# be an open subset of % k > 2, and (X;,t > 0) be
a strong Markov process with cadlag sample paths in .#. Consider a lower bounded
and continuous Schrodinger potential V @ .# — % and a subdomain ¥ of .#. Let
oy = inf{t > 0,X; ¢ ¥} be the first exit time from ¥ for the process (X;,¢t > 0).
Assume that for all 3 € # and t > 0,

t
/ V(X;)ds is a.s. finite. (1.27)
0
The associated killed Feynman-Kac semigroup is then defined by

QFf(3) = By f(Xy) e o Vs, _ ], (1.28)

v
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for 3 € ¥ and f € bB(¥'), and the killed renormalized Feynman-Kac semigroup is:

VPY(A) = M, for A € B(¥) and v € My ().

vQi (V)
Note that the killed Feynman-Kac semigroup is strongly related to the solution of the
evolution equation

og=Lg—Vy, (1.29)

where .2 — V is the so-called Schrodinger operator and . the infinitesimal generator of
the process (X;,t > 0).

We recall the notion of quasi-stationary distribution (q.s.d.) of absorbed Markov chains
introduced in the context of population processes [I8, 58, [10], an object which is also at
the heart of the analysis of metastable processes [29] 311, [30].

Definition 1. A measure i € P(¥') is a q.s.d. for the killed renormalized Feynman—Kac
semigroup (Py,t > 0) over ¥ if uPr(A) = u(A), V¢ > 0 and VA € B(Y).

In order to easily state our result, we introduce the notion of compact-ergodic operator.

Definition 2. Let F : ¥ — [1,+00] be a measurable function. We say that (QF,t > 0)
1s F' compact-ergodic over ¥ if:
1. There exists a unique q.s.d. p for (P*,t > 0) in Pe(V).
2. For allt > 0, QF : bBp(?) — bBp(Y) is compact and there exists X\ > infy V
such that re(QF [bae(r)) = €, YVt > 0. Furthermore, pQFf = e p, for allt > 0,
and p(O) > 0 for all nonempty open subsets O of V. In addition, there is a
unique function @ € Cop(?) such that p(p) = 1 and QFp = e M on ¥Vt > 0.
Moreover, ¢ > 0 everywhere on ¥ .
3. There exist my > 0, and my > 1, s.t. for allt >0 and all v € Pp(¥):

X —m tl/<F)
sup (VP (A) —p(A)| <mge ™ ——.
AEB(Y) ‘ ' | V()

The real number A (resp. the function ¢) in the above definition is usually called the
principal eigenvalue (resp. the principal eigenfunction) of (QF,t > 0) in bBr(?). When
F = WP pc (1,4+00), we write these two quantities Ap and p,. We will simply say that
(QF,t > 0) is compact-ergodic over ¥ when (QF,t > 0) is 1 compact-ergodic over ¥

1.2.2. Main result for the first model. The first main result of this section concerns the
long time behavior of the killed semigroup defined in (1.9). Recall (L.€]), Lemma [l and
that & is a subdomain of Z{.

Theorem 1. Let (Q%F,t > 0) be defined in (1.9). Then:
Case 1. Assume [cl]. Assume also [S1] or [S2]. Consider the function W
defined in (1.4). Then, for all p € (1,+00), (QoF,t > 0) is WP compact-ergodic
over 0. If moreover Z¢\ O is non-empty or if O = %3, then )\, > inf, Vg where
A, is the principal eigenvalue of (Q9¥,t > 0) in bBwim(0).

Actually when [S2] holds we have the following stronger result.
Case 2. Assume [S2]. Assume also [c1] or [c2]. Then, (Q¢",t > 0) is compact-
ergodic over 0. If moreover Z3\ O is non-empty or if O = R¢, then \ > infs Vg
where X\ is the principal eigenvalue of (Q°F,t > 0) in bB(0).
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In both cases the confinement at 0 comes from Vgs. In the first case the confinement at
+00 comes from V. (and also from Vg if [S2] holds). In the second case the confinement
at 400 comes from Vg (and also from V. if [c1] holds).

Note that in the first case above, any deterministic initial conditions x € & belongs
to Pwi/»(€0) and thus, the q.s.d. p, € Pwi»(0) and the principal eigenvalue A, of
(QF t > 0) in bBw1/»(0) are independent of p > 1. We also mention that in the first
case above, Theorem [I| also holds with a smaller Lyapunov function than (1.4)) when V.,
grows sufficiently fast at +o00, see (2.12). Theorem (1] is proved in Section [2.1|

1.2.3. Non singular Schrdodinger potential. Assume in this section (and only in this sec-
tion) that d > 1. Let & be any subdomain of #¢. Here, we consider the much simpler case
when the Schrodinger potential is not singular. Let Jg : ¢ — % be a continuous lower
bounded and coercive potential. The killed Feynman-Kac semigroup over & associated
with Jg and is defined by:

Sl f(z) = E, [f(Xt) e” fJJS<Xs>dS1t<J%L ,t>0,2€ 0, and f € bB(0). (1.30)

Proposition 3. Assume [S2]. Assume also [c1] or [c2]. Then, the semigroup (S t >
0) given by (1.30)) is compact-ergodic over #¢ (see Definition @) Moreover, X > inf 4 Jg
where \ is the principal eigenvalue of (SP¥,t > 0) in bB(#?).

The proof of Proposition (3] is a direct adaptation of Theorem [I| in a much simpler
setting, and is therefore omitted. Note that if Jg is only continuous and lower bounded,
then when b, satisfies [c1] (in this case the confinement at co comes from the dynamics
itself), the semigroup (S, ¢t > 0) given by is W'/ compact-ergodic over Z% (see
and (2.12)), for all p € (1, +00).

1.2.4. Main result for the second model: a killed Lévy particle in a singular potential. The
second main result of this section concerns the killed Feynman-Kac semigroup (QL¢, ¢t > 0)

defined in (1.14]), where we recall (1.6)), (1.12), (1.13), and that & is a subdomain of Z{.

Theorem 2. Assume [L1], [L2], and [S2]. Then, (Q;¢,t > 0) is compact-ergodic over
O (see Definition @ If #3\ O is non-empty (in this case we assume in addition [L3])
or if O = %, then X\ > infy Vg where X is the principal eigenvalue of (QL¢,t > 0) in
bB(0).

The proof of Theorem [2] is made in Section [2.2]

1.2.5. Main result for the third model: a killed kinetic particle in a singular potential.
The third main result concerns the killed Feynman-Kac semigroup of the kinetic
Langevin process with singular potentials, where we recall that 2 = & x Z? and
that & is a subdomain of % (see (L.6))). Recall also Lemma

Theorem 3. Assume that —V' V. satisfies [c1]. Assume also [S1] or [S2]. Let W be
defined in below. Then, for all p € (1,4+00), (QFF,t > 0) is WY/P compact-ergodic
over 9. If in addition Z3\ O is non-empty or if 0 = %<, then \, > inf, Vs where ),
is the principal eigenvalue of (QFF t > 0) in bBw1/»(2).

A new, the q.s.d. p, and the principal eigenvalue A, of (Q¥- ¢ > 0) in Py (2) do
not depend on p > 1. The proof of Theorem |3|is made in Section [2.3]
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1.2.6. Main result for the last model: killed Brownian particles interacting through sin-
gular potential. Let (L}, t > 0)j=1,..n be n > 2 independent F-copies of a Lévy process
satisfying [L1]. Let % be a subdomain of & and assume that the process (|1.25)) satisfies
[L4]. Recall also Lemma [4l We then have the following result.

Theorem 4. Assume ((1.23 f ) and - Then, (Q°,t > 0), see (1.26)), is compact-ergodic
n |4

over % (see Definitio If &\ % is non- empty (in this case we assume [L5]) or if
U = &, then \ > infy, Ug where X is the principal eigenvalue of (QP,t > 0) in bB(%).

The proof of Theorem [4] is made in Section [2.4]

1.3. More general Schrodinger potentials. We chose for the three first models to
deal with a Schrodinger potential Vg with a unique singularity located at 0. As it is
clear from the proofs of the main theorems above, one can easily adapt our techniques
to Schrodinger potential Vg having much more singularities (say a closed set €’) as soon
these singularities are nonattainable for the cadlag process (X;,t > 0) we consider (namely
P9t > 0,X, € €or X;- € €] =0 for all 3 & €), see e.g. [34, 46, 59] for examples of
such sets €.

For instance, consider ¢ = {(0,0,t),t € Z} be the vertical axis in Z* and the potential

(e (2D
Cs: 2 €%\ € vs(dist (z,%)),

where dist (z,%9) = (|71]> + |22]?)Y2, © = (21, 22, 23). When vg(y) = —logy for 0 < y <
1o, Cg is the potential generated by the infinite line 4 with a uniform charge density per
unit length. Let (B{,t > 0),;=1 23 be three independent standard Brownian motions in %
and set B, = (B}, B}, B}). Note that P,[3s > 0, |z; + Bl| + |2 + B?| = 0] = P,[3s >
0, — (B!, B) = (x1,29)] = 0 for all x € #3\ €. Then, if moreover holds, we have
the following result, whose proof is an easy adaptation of the proof of Theorem [T, and is
therefore omitted.

Theorem 5. The (non-killed) semigroup
¢ f(x) :=E, [f(Bt) e fot(CSJrVoo)(Bs)ds], t>0,2€ R \C, and f € bB(%*\ €,
is compact-ergodic over Z#°\ € and X > infys\4(Cs + V).

One can also add a killing (outside some subdomains of 23\ %’) in the previous theorem.
We finally mention that the previous result is just an example and one can also choose
more complicated singular potentials.

1.4. Related results. Feynman-Kac semigroups appear in many fields of science ranging
e.g. from statistical physics, engineering science, nonlinear filtering, and genealogical tree
models, see the classical textbook [23], and the related mathematical literature is very rich.
Such semigroups have also a strong connection with Schrodinger operators and non linear
Fokker—Planck equations [61), 28, 23]. To discuss the related literature, let us consider a po—
tential V,, and a process (Z;,t > 0), we denote by Q.f(z) = E,[f(Z;) exp(— fo

its associated (non-killed) Feynman-Kac semigroup. When (Zs,s > 0) is (Levy) ro-
tationally invariant a-stable process with a € (0,2), the generator of the non-killed
Feynman-Kac semigroup @Q is —(—A)*2 — V, where (—A)*?2 is the fractional Lapla-
cian. When V, is non negative and locally bounded, the spectral properties in L?(%%)
of such a semigroup have been investigated in [42] (see also the references therein) and
the same investigation has been carried out in [50] in the spaces LP(%2?) when (Z,, s > 0)
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is a relativistic stable process (see also [15], 12l 3] [I]). We refer to [43] for a spectral
analysis in LP(%?) of L*(%?)-symmetric Feynman-Kac semigroups associated with some
symmetric Lévy processesﬂ and when the Schrodinger potential belongs to the Kato class
(see (1.11))), see also [21] I8, [38]. We mention that in the papers quoted just above, the
authors are concerned with the precise study of the eigenfunctions and to contractivity-
type properties. In this direction, we also refer to [68] 0, 14] and references therein. When
(Zs,s > 0) is a Brownian motion (this is our second model when o = 2), the generator of
the non-killed Feynman-Kac semigroup is the Schrodinger operator A — 'V, and we refer
to the classical textbooks [45], 20, [60} [69] [76], 17] for the spectral study of this operator.

In [64], the interacting particle model introduced in [26] is used to approximate, via
Feynman-Kac formulas, the principal eigenvalue of Schrodinger type operators as well
as its associated eigenfunction. The stability of non-killed Feynman Kac semigroups and
their large time behavior have also been investigated in [27, 23] [16] and very recently in
[32, [19] (see also [25]).

In [19], the authors studied in a one-dimensional setting the long time properties of
a non-killed Feynman-Kac semigroup related to linear functionals of branching diffusion
processes when the potential V is non singular. Note that Proposition [3|provides a similar
result as [19, Theorem 2.1] in any dimension and without assumption on the growth of
the Schrodinger potential Jg at infinity.

In [32], the authors give several conditions to obtain the long time convergence of non-
killed Feynman-Kac semigroups and apply them to the solutions to elliptic diffusions with
smooth coefficients and with non singular Schrodinger potential. Among these conditions
is the Lyapunov criterion [32 Assumption 4: Eqs (31) and (32)]. When working on the
set .# where the singular Schrodinger potential is finite, [32, Assumption 4] has now
to be satisfied when 3 — 0.4 U {00}, 3 € 4. It turns out that [32, Equation (32)]
is actually too challenging for 3 — 0.#. For that reason, and inspired by our previous
work [30], [37], we prove using the tools introduced in [75], that is enough to only work with
the Lyapunov condition [32, Equation (31)] adapted to the singular setting, see indeed
Theorems [7| and |8 below. We mention that in [32], the authors are also concerned by the
study of discretized (in time) Feynman-Kac semigroups.

In this context, we mention [11l [3] for other general criteria to study the long-time be-
havior of non-conservative semigroups with applications to quasi-stationary distributions
and growth-fragmentation semigroups, see also [48] [24]. These different techniques can
also be used to study Feynman-Kac semigroups. Finally, we mention [44] for the study of
the quasi-ergodicity in L?(.#) of ultracontractive semigroups on locally compact Polish
space . with various applications to (non killed) Feynman-Kac semigroups with locally
bounded, lower bounded, and confining Schrodinger potential.

2. PROOF OF THE MAIN RESULTS

2.1. Preliminary regularity results on Q?* and proof of Theorem . In this section
we perform the proof of Theorem [I}

In all this section we consider the process (X;,¢ > 0) solution to (1.1)) (see Proposi-
tion . We start this section by giving some regularity and some spectral properties of
the transition kernel Q9~.

2.1.1. Properties of the transition kernel Q%F.

"Satisfying in particular [L1] and other regularity conditions on the Green function.
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Proposition 4. Assume [c1] or [c2]. Then, for all t > 0 and all sequence (z,,), in X°
such that x,, — x € Z* as n — 400, it holds for all € > 0, as n — +oo

P[sup | Xs(z,) — Xs(x)| > €] = 0.

s€[0,t]

Proof. Since the coefficients in | . are locally Lipschitz, using in addition ({ . and .
the proof of the proposition is the same as the one made for Proposition 2.2 in [35].

Let @ be a subdomain of Z{.

Theorem 6. Assume [c1] or [c2] and assume also [S1] or [S2]. Then, Q% is strongly
Feller over O for allt > 0, i.e. Q?L(bB(0)) C Cy(O).

Proof. Let t > 0 and f € bB(&). The goal is to show that
2€ 0 — Q% f(z) =E, [f(Xt) e fOtVS(XS)dslt@%L} is continuous. (2.1)

Step A. The purpose of this step is to prove that the non-killed Feynman-Kac semigroup
(TPE t > 0) is strongly Fellelﬂ over ¢, i.e. for all t > 0 and f € bB(Z%]),

2 € R T f(2) =K, [f(Xt) e o VS(XS)dS] is continuous. (2.2)

Step A.1. In this step we prove that for all sequence (), in 2% such that z,, — =z € %4
as n — +00, it holds for all f € bB(%?),

namely UPL is strongly Feller over %7, where Ut f(z) := E,[f(X;)]. Note that if b, is
smooth, follows from the standard elliptic theory. Since it is not a priori the case, we
argue differently. They are probably many ways to prove in the weak setting where
the drift b, is only locally Lipschitz, and we use the energy splitting method introduced
in [35 Section 2.1] whose starting point is the simple equality

By [f (X)) = Ey[f(X)Togp <o + By [f(X) Loy |, y € 27 (2.4)

R

Let K be a compact subset of Z? containing the x,,’s and 2 and such that K C #} for
all R > R,, for some R, > 0 (where we recall that #x = {y € Z¢, W(y) < R}, see just

after - ). By (L.5] .

Rl sup I, o[ f(Xe)Log <] = 0. (2.5)
Let us now prove that for any fixed R > R,,
v € Wr— Eq[f(X)1150r | is continuous. (2.6)
R

Let us now consider a fixed R > R, and a globally Lipschitz and bounded vector field
a: % — Z such that a = b, on the closure of #%. Consider the solution (Z;,t > 0) to
dZ; = a(Z;)+dB,. Since the laws of the two processes (X;,t > 0) and (Z;,t > 0) coincide
up to their first exit time from #%, we then have for all y € #x,

Ey[f(Xt)lxa‘;,LR] = Ey[f(Zt)lt@—%,R]v (2.7)

where aiR = inf{t > 0,7, ¢ #r}. Note that since a is globally Lipschitz, Proposition
also holds for the process (Z;,t > 0). Moreover, using again that a is globally Lipschitz,
the transition density pj(x,y)dy of the process (Z;,t > 0) satisfies a gaussian upper

8Note that, as the product of two strong Feller kernels, (2.2) implies that T°F is strong Feller in the
strict sense [62].
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bound [2] and hence, the sequence (p}(z,,y)), is uniformly integrable w.r.t. a fixed
probability measure. Using [73, Lemma 3.2], we finally deduce that for all f € bB(%?):

f(Zi(z,)) = f(Zi(x)) in P-probability. (2.8)

In addition, using the same arguments as those used in the proof of [35, Lemma 2.5], it
holds for all § > 0 and all compact subset K of %<,

Ii P, [cZ, » <s] =0
Jim sup Py o7, 5) < 5] =0,
where 0123(1,5) is the first exit time from the open ball B(z,d) for the process (Z;,t > 0).

Together with (2.8)), one therefore finally gets, with the same arguments as those used at
the end of the proof of [35, Theorem 2.6], that the mapping

ye R — ]Ey[f(Zt)ltquR] is continuous.

Thanks to (2.7), we deduce that (2.6) holds. Finally, Equations (2.4), (2.5)), and (2.6)
imply (2.3)).

Step A.2. In this step we prove that for all f € bB(%?), and all sequence (z,,), C %Z¢
such that lim,, x,, = x, it holds:

Y, = f(Xi(z,)) = Y = f(Xi(z)) in P-probability. (2.9)

By the Girsanov formula , for every z € %4, X,(z) admits for every ¢ > 0 a density
pi(z,9) wrt. the Lebesgue measure dy over % Let us now consider an arbitrary
fixed smooth function ¢ : Z* — %7 such that [, ¢ (y)dy = 1. Define the probability
measure p(dy) := ¥ (y)dy and set q,(z,y) = pi(2,y)¢ "' (y) the density of X;(z) w.r.t. the
probability measure p(dy). We have thanks to (2.3)), for all ¢ € L>(p),

lim [ o(y)q(xn, y)p(dy) = [ O(y)a(x, y)p(dy).
noJopd P

Hence, lim,, g;(x,, ) = q(z,-) in o(L*(p), L=(p)). This implies that for all A € B(%#?),

/ 1 9(Tn,y)p(dy) has a finite limit. Consequently the sequence (g¢;(zn,y)), is uniformly

integrable in L'(p) (see [5, Theorem 4.5.6]). Therefore, follows from [73, Lemma

3.2] and the fact that X;(x,) — X,(z) in P-probability (see Proposition [4).

Step A.3. We now conclude the proof of (2.2]). To this end, consider a sequence (z,,), C
Z¢ such that lim, x, = x € Z4, where we recall that 23 = %2\ {0}. Introduce the
following function

Fiyec(oi @~ [ Vstids

where C([0,t],%2?) is endowed with the topology of the uniform convergence. For this
topology, the function F is continuous at any v € C([0,¢],%2%). On the other hand,
recall that by Lemma , P,[ X, € C([0,t], Z)] = 1. Hence, by the continuous mapping
theorem and Proposition [4] it holds F(X,) — F(X) in P-probability (where X,, :=
Xpog(xn) and X := Xjo(z)). Hence as n — 400 and in P-probability,

Zn = exp [— /Ot Vs(Xs(zy))ds| — Z = exp [— /Ot Vs(Xs(x))ds].

In conclusion the bounded sequence of random variables (Z,Y},), converges towards ZY
as n — 400 in P-probability, and hence, also in L'. Note here that bB(%J) C bB(%?) if
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we extend any element of bB(Z¢) by 0 at the point 0. This shows (2.2)) and concludes
the proof of (2.2)).

Step B. We now conclude the proof of (2.1). Let ¢ > 0 and f € bB(&). By the Markov
property we have for 0 < s <t and z € %,

QFf(2) = E. [1s<ao@?ei Jo VS(Xu)duEXs [f(Xt—s) e fO_SVS(X”)dult,KUO@L]] .
Set for 0 < s <t and x € %,
0u(0) = B [f(Xs) e B Vet )

The function ¢, is bounded over % (by HbeB(%g)ekst) and thus, by (2.2), Ty, is
continuous over Z4. We then have for z € 0

[194(2) = Q1) < I gy [Lgp e I Vo060
< ||f|’b8(%g)ek82tPZ[J%L < s].

Arguing as in the proof of [35] Lemma 2.5] (the three ingredients are Equation ((1.5]), the
strong Markov property of the process, and fact that the coefficients in (1.1]) are locally
Lipschitz), we have that for all compact subset K of &, setting ¢ := dist(K,00)/2,

supP.[0%F < 5] <supP, [0%%275) <s]—0,
zeK zeK

as s — 07. This ends the proof of (2.1J). O

Let us mention that there is an alternative proof of (2.3) based on the Girsanov for-
mula (1.2)). Indeed, using e.g. [53, Proposition 5.8], one can show that as x,, — = € Z¢,

m?(z,) — mY(x) in P-probability. (2.10)
Since E[m?(z,)] = E[m(x)] = 1, one then deduces with the Vitali convergence theorem,

that mY(z,) — m?(x) in L'. On the other hand, for any f € bB(%?), f(xn+ B:) — f(x+
B;) in P-probability (one can use for instance |73 Lemma 3.2] to prove it). Using ((1.2)

then proves (12.3)).

Proposition 5. Assume [c1] or [c2] and assume also [S1] or [S2]. Then, for allt > 0,

oL s topologically irreducible on O, i.e. for all x € Z§ and all non-empty open subset

O of %3, QL (x,0) > 0.

Proof. Since by is locally Lipschitz and € is a subdomain of 29, with the same arguments
as those used to prove [35, Proposition 2.10], which are based on the knowledge of the
support of the law of the trajectories of the Brownian motion, one shows that for all t > 0,
all z € #Z¢ and all non-empty open subset O of Z{, E:[10(X¢)1;40e] > 0. Note that
this property can also be obtained with the Girsanov formula . The desired result
follows from the fact that for all x € & and t > 0, exp[— fot Vs(Xs(x))ds] > 0 a.s. by
Lemma, [TI O

Recall that the infinitesimal generator of the diffusion (1.1)) is £°f = b, -V + %A.

Proposition 6. Assume [c1] and assume also [S1] or [S2]. Let W be defined by (L.4).
Then, when |x| — 400, L°*W(x)/W(x) — —oo. In particular, for any ¢ > 0, when
x — OB U {oo} and v € Z§ (where ORI = {0}),

LEW ()

W) cVg(x) = —oc. (2.11)
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Assume that [S2] holds and that either [c1] or [c2] holds. Then, (2.11)) is satisfied with
the Lyapunov function 1.

Proof. See the proof of Proposition [I} O

Note that when there exists & > 2 and ¢y, ¢, > 0 such that —b.(z) -z > cy|z|F — ¢; for
all x € #¢, one can choose the smaller Lyapunov function than ((1.4) defined by:

W=£+1,£0=|-]Fx(1-x). (2.12)

We then indeed have for |x| sufficiently large and some ¢ > 0 that Z°F'W (z)/W(z) <
—clzP*D=k & o0 as |z — oo.

2.1.2. Proof of Theorem [1 In this section we prove Theorem [I We will only prove it
when [c1] holds and either [S1] or [S2] holds (the other case is proved with the same
arguments but with the Lyapunov function 1).

To prove Theorem , we will rely on [36, Theorem 4.1] with the Lyapunov function
defined by, for p > 1,

W, = WP, (2.13)
where W is defined in (1.4)). Moreover, we will use the tools developed in [75]. To this
end, we recall the two measures of non compactness 3, and 3, introduced there as well

as the key assumption [75, (A1)]. For a bounded non negative transition kernel @) on a
Polish space .7, set

Bu(Q) == [%nff sup Q(z,. \ K) and $.(Q) := sup lim sup Q(z, A4,), (2.14)
CS pes

(Ap)p "0 ey

where the infimum is taken over all compact subset K of . and supremum is taken over
all the sequences (A,,), of elements of B(.) decreasing towards ). The kernel ) satisfies
[75, (A1)] if by definition, for any compact subset K of .7,

(A1) B,(1xkQ) =0 and §,(1xQ") =0,

for some N > 1 independent of K. Let us finally mention that under this previous
assumption, the last author proves in [75, Theorem 3.5] the following Gelfand-Nussbaum

type formula
1B ((Qlus() ™))™ (2.15)

for the essential spectral radius of the transition kernel Q).
Let @ be a subdomain of Z{.

less (leB(S’)) -

lim
n—-+o0o

Step 1. We start by checking that Q$% satisfies all the conditions of [36, Theorem 4.1]
with the Lyapunov function W, (see ED) on the state space S = €. First of all, the
transition kernel Q%% is Feller over & and Q$*(x,O) > 0 for all z € € and all non-empty
open subset O of & (see Theorem |§| and Proposition . We now prove that Q% has a
spectral gap on bBw, (0).

Step 1.a. In this step we check that the non-killed Feynman-Kac operator T¢% is a

bounded operator on bBw, (%§) and that T7%, (see (2.2) and (2.23)), which is then well
defined, satisfies (see ([2.14)))

Bu(TYw., lusag) = 0. (2.16)
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To this end, we apply Theorem . By (2.11)), there exist two sequences of positive constants
(v,) and (b,) where v, — 400, and an increasing sequence of compact subsets (%) of
¢, such that for all z € ZE,

LFW ()
W(z)
Hence, over %2, it holds (see (2.13))):

— st(ﬂf) < —t, + bnljgfn(l‘)

1
(Z°F — V)W, < ]gwl/p*l(goL —pVe)W < [ - o 1, WP

=[— 2+ 21,]W,.
p P

Note that the first inequality above can be obtained by a direct computations, but it is
actually a consequence of a more general result [36, Proposition 5.1]. On the other hand,
by ([2.11)), there exists my > 0 such that on %,

(ZL°F — Vg)W? = (Z°F — V)W < myW = mgWP2,

Applying Theorem [7} we then have that T¢" is a bounded operator on bBw, (%4 (see
([2-22)), and moreover, we also have that (2.16)) holds and r.(T7%| bBw, () = 0-

Step 1.b. In this step we prove the following spectral gap:

0 = ress (Q 1By, () < Tsp(Q5 bByy, (6))-

Note first that Q% is a bounded kernel over bBw, () (because so is TPL, see (2.22)), and
Q" < T7P"). Then, one can consider the bounded kernel Q{5y, on bB(&) defined by

Y.z, dy) = XVV:EZ;;

which has the same essential spectral radius as Q¢"|ys,, (o). Because Q(l’LW* < Tfﬁ,v* it
follows by Theorem [7| that £,(Q7%y,) = 0.

On the other hand, (1’LW* is strongly Feller as Q¢~. Indeed, to see it, one can argue
as follows. Recall W, is continuous. For all compact set K of O, f € bB(0), we have,
setting f = ((WAn] /W) f € bB(O) (n = 1), sup,e [QFF (W f)(2) = Q7 (W, fu) ()] <
SUp,cre |TPEWP(2)|YP sup,e i [TPEf — fal?(2)|/? which goes to 0 as n — +oo by
and Dini’s theorem. Hence Q¢*(W, f) is continuous over &. This proves that Q7% is

strongly Feller. In particular, the operator Qj’fw* satisfies (A1).
Hence, we have thanks to (2.15)),

Fess ( (1),LVV*) = 0 and consequently reSS(Q€L|bBw*(ﬁ)) =0.

Finally, arguing as in the first step of the proof of [36, Theorem 5.3], the strong Feller
property as well as the topological irreducibility property of Q¢% imply that

rsp(Q7" 18w, (0)) > 0.

The desired spectral gap of Q§L|blgw*(ﬁ) is thus proved.

Q7" (x, dy),

Step 1.c. Thanks to the previous steps, we can apply [36, Theorem 4.1] with the operator
Q9L on bBw, (0). We then deduce, setting

Ap = —log rsp(Qtl)L‘bBw*(ﬁ)) €EZ,
that there is a unique couple (p,, ¢,) such that all the following conditions hold:
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i) The measure p, is a probability measure on &, p,(W,) < 400, ¢, € Cyw,(0),

and p,(p,) = 1.
ii) It holds p,Q¢* = e *rp, and Q¥ p, = e r .
iii) There exist C' > 1 and ¢ > 0, such that for all f € bBw,(€) and n > 1,

e @2 F = oD nlluy, () < O 1 b, -

In addition p,(O) > 0 for all nonempty open subsets O of & and ¢, is positive everywhere
on ¢. In particular, one has:
- If v € Myw, (O) satisfies for some n € R, vQ$* = nv and v(p,) # 0, then n = e~
and v = cp, for some constant c.
- If g € bBw, (0) satisfies for some n € R, QL9 = ng and p,(g) # 0, then n = e~
and g = cyp, for some constant c.

The space Myw, (€) is defined by Myw, (0) = {v € My(0), W, (z)v(dz) € My(0O)}.

Step 2. End of the proof of Theorem [I] Arguing as in the second step of the proof of
[36, Theorem 5.3], one proves all the statements in Theorem [1| except that it remains to
prove:

- The compactness of Q%% : bBw1/»(0) — bBw1/n(0), for t > 0.
- The fact that A, € [ivg,g, +00) (Where we set iy g = infy Vg).
- If moreover Z¢ \ O is non-empty or if & = Zg, then \, > iyg.s.

Note that the second point is obvious (i.e. A, > ivg,¢) since

t
]Epp [6_ fo VS(XS)dS]—t<O’@i| — pp<Qt1) — e_APtpp(]_> — e_Apt_

Step 2.a. Let us prove that for all ¢ > 0, Q¥ : bBw1/»(0) — bByw1/»(0) (or equivalently,
Qi%y, over bB(0)) is compact. By below and Proposition @ Bu(Q¢,) = 0 for
all ¢ > 0. We also have that (see the lines just above (2.24)), 8-(1xQ¢%,) = 0 for all
compact subset K of &, t > 0. For any t > 0, write ¢t = 3s, with s > 0. Then, using [75)],
Proposition 3.2 (f)], we have 8,(Q%%w,) = 0. Consequently, thanks to [75, Proposition

( )] Q3S W, T sW* Q25W is compact.

Step 2.b. Let us prove that )\, > ivg ¢ when %\ € is non-empty or & = Z¢. Assume
that it is not the case, i.e. that )\ = ivg,o- Then, since for all £ > 0, p,(Q7*1) = e "1 =
e Vs:9'1 we get that p,(e Vs ﬁtl °L1) = 0. Since the function e "Vs-¢'1 — Q9L1 is
non negative and continuous over & together with the fact that p, charges all non-empty
open subsets of @, we deduce that e "Vs:¢'1 = QL1 on 0, i.e. for all t > 0 and x € O,

E,[e™hVstXidy, ] = emivsot, (2.17)

Let us first consider the case when 3\ O is non-empty. Then, using (2.17)), we have
e Vs.0t < e7WVs 0P [t < 09F] so that for all t > 0 and x € O, P,[t < 09F] = 1 and thus

P,[0% = 4+oc] = 1,Vr € 0.

However, as Z¢ \ﬁ is open, there exists a non-empty open ball B C %3 \5 Moreover,
there exist o € € and tg > 0 (actually this is true for all zy € & and t; > 0) such that

P, [X, € B] > 0.
Hence, 0 < P, [X;, € B] < Py, [09%F < to]. A contradiction.
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Assume now that & = %4 so that by Lemma , for all z € Z¢ a.s.
J{SZLg (x) = +o0.
Using ([2.17)), we then have for all ¢t > 0,
Byfe o V-(04) =1,

where V., = Vg — iy, 4a > 0. Consequently, for allt > 0 and z € O, Pz[fot V. (X;)ds =
0] = 1. Then, P,[V.(X;) = 0,for almost every s € [0,¢]] = 1. Due to the fact that V,
is continuous over Z¢ and since a.s. the trajectories of the process (X,,s > 0) are also

continuous, for all ¢ > 0 and all x € & (actually cadlag sample paths would be enough),
it holds P, [V.(X;) = 0,for all s € [0,¢)] = 1. In particular, for all s > 0 and all x € O,

P,[V.(Xs) =0] = 1. (2.18)
On the other hand, since Vg # ivgzd and Vg is continuous, there exist ¢ > 0 and a

nonempty ball B C #%¢ such that Vg > lyg,d + ¢ over B. Furthermore, there exist
xg € O and sy > 0 (actually this is true for all xy and sy > 0) such that,

P, [Xs, € B] > 0.
This contradicts (2.18) and shows that A\, > iygs. The proof of Theorem (1] is thus

complete.

2.1.3. On the essential spectral radius of the non killed Feynman-Kac semigroup. Recall
([2.2) for the definition of the non killed Feynman-Kac semigroup (7°%,¢ > 0).

Theorem 7. Assume [c1] or [c2] and assume also [S1] or [S2]. Moreover, assume that
there exist constants mg, v, by > 0, a compact subset 4y of ¢ = %\ {0}, and a C?
function W, : Z¢ — [1,4+00) such that

ZOLW*
T — Vs < —to].f@g\% + bol% on %g, (219)
and for some p > 1,
(L8 — Vg)W?P < mgW? on . (2.20)

Then, for all t >0, TPL is a bounded operator on bBw, (%3). In addition (see (2.14)) and
[2.23) for the definitions of B, and T{xy, ),

Bu( TP, o) < e and reo(TP sy, o)) < €

Proof. In all this proof, ks > 0 is such that Vg > —kg.

tot

Step 1. In this step we prove that TP is a bounded operator on bBw, (#4). The proof
is rather standard, we make it for sake of completeness. Differentiating the function
t € B e ™TPEWE(z) for x € Z§ and using (2.20)) yields:

d

S (eTTYWE) = eI (= mo W+ (270 = V)W) < 0.
Therefore, for all £ > 0,

TPEWP < e™"W? on %, (2.21)

In addition, by Holder’s inequality, we have on %<,

TPEW, < [TPR1]Y9[TeE WP,
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where ¢ = p/(p—1). On the other hand, it holds for all x € Z, T?*1(x) = E,[e” Jo Vs(Xs)ds] <
ekst. Consequently, on ¢,

TtOLW* < e(kS/qumO/p)tW*. (222)

Hence, T : bBw, (%3) — bBw, (%) is well defined and is a bounded operator. We can
then define the operator T2, on bB(Z§) by

W, (y)
W, (x)

which is similar to EOL|bBW*(‘%3)' In particular, ﬂf%vjblg(%g) and TY" |5, (#¢) have the
same essential spectral radius.

Tiw, (@, dy) = T7" (2, dy), (2.23)

Step 2. We now prove that ﬂ%v*|b3(%g) satisfies the assumption (A1). Since TPl is

strongly Feller for all ¢ > 0, see Theorem [6] T2 satisfies (A1) with N = 1 (see [36,
Remark 3.3]). Let K; be a compact subset of Z¢. Applying Holder’s inequality, we have
that since S, (1x, TPY) = 0,

Bu(Li, Tiw,) = inf = sup Ty, (z, % \ K)

KC%Od reKq

W, (4)T¢ (. dy) < ™7[8,(1x, TPH)] = 0.

nf 1
= 1l sup
KCc#¢ zek, W*(ZU) RINK

With the same arguments,

BT(lKthi’%V*) =sup lim sup Ttoév* (z,A,) < e™VP[B(1g, TPH) Y = 0.

(An) n—-+4oo €K

Hence T}, | vB(d) satisfies (A1). This allows us to use ([2.15)) to get that:

r688<ﬂ?€V*|bB(%5)) = lim [ﬁw([ﬂ%\f*]n)]l/n (2.24)

n—-+4o0o

Let us now prove that
Bul(Th,) < . (2.25)

Note that (2.25) implies that ress(ﬂoﬂbgw*(%g)) < e "' Indeed, by [75, Proposition
3.2.(e)], we have B, ([T7w,]") < Bu(Tiw,)"

Step 3. Let us now prove (2.25)). We have by definition that

(T4 )= inf  su —JEI[W*X 1 (X,) e Jo Vs(Xadds]. 2.26
g ( t,W*) Kemd meﬁj% W*(.T) ( t) J,’é’l\K( t) ( )

Denote by 74, the first hitting time of the compact %, for the process (where J is the
compact set such that (2.19) holds), that is to say 7, := inf{s > 0, X, € J4}. We have
for all z € #¢ and all compact subset K of Z:

1 - y
W, (x) E, [W*(Xt)lﬂg\K<Xt) o= I Vs(Xo)d ]
1

— WE’” [W*(Xt)lTxogtlgg\K(Xt) oI VS(XS)dS]

L WX Liry L () € o VK], (2.27)
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Step 3a. In this step, we deal with the first term in the r.h.s. of (2.27). Let K be a
compact subset of Z¢. Using the strong Markov property of the process (X;, ¢ > 0), for
all z € Z-:

1 - s
W*(x) Ex [W*(Xt)lTxogtlﬂg\K(Xt) e fo Vs(Xs)d :|

E, [Wf(Xt)e‘ Jo VS(Xs)dS] 1/p
<
N W*(SL’)
m y
< e(ks/tﬁ- o/p)t E, [17%0351%75\[(()(75)} q

1
= s/ g, [1,, < Px, , [Xiry, € %5 \ K] "

E. [17% Stlﬁg\K(Xt)e* Jo Vs(Xs)dS} 1/q

In addition, we have for all z € ¢,
Eo[1r,, <t Px,, [Xi-r € A\ K| <E.[1,, < Px., [Fs €[0,t], X, € %\ K]
< sup P, [Els € [0,t], X, € Z\ K].
EIS A
Let us now prove that

inf sup P, [3s € [0,], X, € Z5 \ K] = 0. (2.28)
Kc#8 zexy

First of all, note that by and Proposition , the mapping
2 € Ry P.[Xpy €] € P(C(0,1], %))
is continuous for the weak topology. Note indeed that and Proposition |4 imply that
P[sup dga(Xs(zn), Xs(z)) = €] =0,

s€[0,t]

as T, — x € Z¢ and for all € > 0 (see (1.7)). Hence, the family of probability measures
{z € ,P.[Xjoy € ]} over C([0,t], #%) is relatively compact for the weak convergence
topology and thus, is tight. Consequently, for all € > 0, there exists a compact set A, of
C([0,t], Z3) such that sup, 4 P.[ X0 ¢ A < €. Then, introduce K, = {7,,s € [0,t],7 €
A} which is a compact subset of %J. Therefore, we have
inf sup P.[3s € [0,t], X, € Z5\ K] < sup P.[Is € [0,1], Xs, € Z5\ K.
KC#¢ zety 2€45

< sup P.[Xpy ¢ A <e.
zZEX)

This ends the proof of (2.28)) and shows that the first term in the r.h.s. of (2.27)) vanishes.

Step 3b. In this step, we deal with the second term in the r.h.s. of (2.27). We have that
By [ W (X0 Licreg Ly (X0) € VS8 ] S B [WL (X)) 07 0 VO],

Let (ms,t > 0) be defined by:
mos WX ZOW,
W..(Xo) o W,
This is a local martingale (m;, ¢ > 0), which turns out to be actually a supermartingale.
Hence, it holds:

(X,)ds).

for all z € Z¢, E,[m;] < 1.
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Thus, using (2.19), we have for = € %,
1

W, ()

Consequently, the second term in the r.h.s. of (2.27) is upper bounded by e~™! In

conclusion, coming back to (2.26) and (2.27), we have proved (2.25). This achieves the
proof of Theorem [7] O

Ez |:W*(Xt)]-t<7')g0 e f(f VS(XS)dS:| S eirDtEx[1t<T;g0 mt] S eitOt-

2.2. A general result and proof of Theorem [2]

2.2.1. A general result. In view of the proof of Theorem [} we have the following result,
where we use the notation and the assumptions of Section m (recall in particular (1.27))
and (1.28)). Assume that the process (X;,t > 0) satisfies the following conditions (below
(U*,t > 0) denotes the semigroulﬂ of the process (X:,t > 0)):
[SF;] For all t > 0 and f € bB(#), the mapping 3 € 4 — TFf(3) =
E,[f (%) e~ Jo VX)d5] i continuous.
[SF5] For all t > 0 and f € bB(¥), 3 € ¥ + QF f(3) is continuous.
[Ti] For all t > 0, 3 € ¥ and all nonempty open subset O of ¥, Q¥(3,0) > 0.
[Lyap] There exists a continuous function W : .#Z — [1,+00) in the extended
domain D, (.Z) of the generatoﬂ & of (U¥,t > 0) such that for all p > 1, there
exist positive constants (t,) and (b,) where t,, — 400, and an increasing sequence
of compact subsets () of .#, such that for all 3 € .#,

LW (3)
W)
[Piaj] For all t > 0, the mapping 3 € A4 — P[Xp4(3) € -] € P(D(0,t], #)) is
continuous for the weak topology.

Note also that thanks to (L.27), [Ti] is equivalent to the fact that (¥t € [0,07)) is
topologically irreducible over #". Then, under the five assumptions above, we have the
following result whose proof is left to the reader since it is a direct generalization of the
proof of Theorem [I]

Theorem 8. Assume [SF], [SFs], [Ti], [Lyapl, and [Piw]. Then, for all p > 1, the
killed Feynman-Kac semigroup (QF,t > 0) is WP compact-ergodic over ¥ . In addition,

if:

—pV(3) < =t + 6,14 ().

e [O1] Py:[03 < c0] > 0 for some 3* € ¥, or,
o [O2] if ¥ = .# and V is a non constant function over A,
then X\, > infy V where \ is the principal eigenvalue of (QF,t > 0) in bBywm(Y).

Let us just give some indications and remarks on the proof of Theorem [I} On the one
hand, for p > 1, W'/? € D,(.%), and hence

WP(x,) t PW1/p
t— Mt = WT(%()) exp ( — . W(%s)dé’)
is a local martingale, which is a supermartingale by Fatou’s lemma. This is a key argument
in the proof of Theorem . Note also that [Ly,p] implies that ZWYP /WP -V <m =

bo/p. Hence, using (My, ¢t > 0), TXWP(3) = E,[WP(X,) e Jo VX)) < emiywi/e(3),

9Defined by UF f(3) = E,[f(X:)], 5 € A4 and f € bB(A).
108ce [63, Chapter VII], [22], or [36] and references therein for a definition.
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which proves (2.22)) in this general setting. Moreover, let us recall that [Py,;] was indeed
used in the third step of the proof of Theorem [7]
In view of Theorem [6] one way to check [SF;] and [SF5] is the following.

Theorem 9. Assume that:
[SFo] For everyt >0 and f € bB(M), 3 € M — U} f(3) is continuous.
[Pi—s] The mapping 3 € A +— X,(3) is continuous in P-probability.
ol For allt >0 an € , Xt as a density w.r.t. the Lebesgue measure.
[De] For allt >0 and 3 € 4, X:(3) h density he Lebesg
[IVs] For allt > 0 and all 3, — 3 € A, [} V(X,(Ga))ds — [ V(X,(3))ds in
P-probability.
Then, [SF1] is satisfied. Assume in addition that
[B] For all compact subset I of ¥, lim,_,o+ sup,c g Ps[oy < s] = 0.
Then [SF5] holds.

Proof. Using [SF] together with [P,—] and [D,], we deduce as in Step A.2 in the proof
of Theorem [0 that for every f € bB(.#), and for all 3, — 3 € .4, it holds as n — +oo:

f(Xs(3n)) = f(X:(3)) in P-probability.

Using [/ Vs] and the fact that V is lower bounded, we deduce as in Step A.3 in the proof
of Theorem [f] that for every f € bB(.#), and for all 3, — 3 € .#, one has:

By, [f (%) e~ Jo VEIL] 5 By[f(%,) e o VEIs),

which proves [SF;]. We then conclude the proof of [SFs] using [B] and the same argu-
ments as those used in Step B in the proof of Theorem [0} U

2.2.2. Proof of Theorem . Let (L;,t > 0) be a Lévy process over Z¢ satisfying [L1] and
recall Lemmal[2] Let & be a subdomain of % (see (1.6)). Assume that (L;,t > 0) satisfies
[L2], and assume also [S2]. To prove Theorem [ we apply Theorems [ and [9] to the Lévy
process (Lt > 0) over Z¢. Let us denote by £ the generator of the Lévy process
(Ls,s > 0), see [67, Theorem 6.8]. The non-killed Feynman-Kac semigroup (7}2¢,¢ > 0)
over the space Z¢ associated with the potential Vg and the process (L, s > 0) is defined
by

T f(2) = By | f(Le) e fo Vs<Ls>ds], >0,z €% and f € bB(ZY). (2.29)

Let us first check Assumptions [SF;] and [SF5] using Theorem [J|for the process (L, ¢ > 0)
over A = A& and with V = Vg. By assumption, for all z € %9, L,(z) has a density
w.r.t. the Lebesgue measure dy (and more precisely, E,[f(Ls)] = [ ps(z — y) f(y)dy, for
every z € #% and f € bB(#?)). In particular it is well-known that this implies that the
semigroup of (Lg, s > 0) is strongly Feller (see e.g. [67, Lemma 4.9]). Moreover, for all
Y,z € A,

sup 1Ls(y) — Ls(2)] = |y — =]. (2.30)
Thus, for all ¢ > 0 and all (x,), C %2 such that z, — = € %I, we have that almost
surely:

/Ot Vs(Ly(x,))ds — /Ot V(L (2))ds.

This follows from a dominated convergence theorem together with (2.30)). Indeed, recall
that by (1.13)), infscpoq|Ls(x)| > 0 almost surely. Then, for € € (0,inf.cpq|Ls(x)|/2),
there exists n. > 1 such that for all n > n. and all s € [0,¢], |Ls(z,)| > |Ls(x)| — € >
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infsejoq | Ls(2)]/2 > 0. Hence there exists ¢ > 0 such that for all n > n. and all s € [0, 1],
|Vs(Ls(x,))| < c. This proves [I'Vg]. Moreover, [SF;]. By Theorem [0} T/¢ is strongly
Feller for ¢t > 0. On the other hand, for all compact subset K of 2% and § > 0 it holds

lim supIP’ [O'B(I 5 <8 =0,

s—=0Tt 4

where O’é?m’(s)(l') = 1inf{t > 0, L(x) gé B(z,8)}. Note indeed that as s — 0"
Pa[050s) < 8] = Plogos < s] =0

since a.s. L; = Lo = 0 when ¢ — 0*. This proves [B] and then, [SF»] by Theorem [J

We now check the other assumptions in Theorem [§] First the fact that [Ti] is satisfied
(i.e. for all ¢t > 0, all z € €, and all non- empty open subset O of &, QF¢(x,0) > 0)
follows from [L2] together with the fact that fo Vs(Ls(z))ds is a.s. finite for all x # 0
(see Lemma [2)). In addition, the following Lyapunov condition is satisfied thanks to [S2].
When x — 0%Z§ U {oco} (v € #¢), where we recall that 025 = {0},

Lre1(x)
1(z)
Finally, the mapping z € %Z§ — P[Lj4(z) € -] € P(D([0,t], %)) is continuous for the
weak topology (this is [Ptya;]). This function is well-defined and continuous because we
first have for all z € Z§ and t > 0, P,[Lyy € D([0,t],Z)] = 1 and we also have, thanks
to (2.30), that when z,, — z € Z3 (see (1.7)):
P[sup dya(Ls(zn), Ls(x)) > €] — 0.

s€[0,t]

It thus remains to check [O1] and [02]. First assume that %¢ \ € is non-empty. Then,
we assume [L3] which is precisely [O1]. Moreover when & = Z¢, [02] is clearly satisfied
since, by [S2], Vs is non constant over Z.

—pVs(z) = —pVs(z) = —o0, ¥p > 1.

2.3. Proofs of Lemma [3] and of Theorem [3| In this section, we prove Lemma [3] and
Theorem [

2.3.1. Proof of Lemma @ Recall that because V. is lower bounded over %2¢, thanks to
Propositionwe have a unique strong solution (Y; = (z;,v;),t > 0) to (1.15]) over 2% x %4

which satisfies the Girsanov formula (1.17). Let us prove (1.19) for all y € %#2¢ where we
recall that 237 = (%% \ {0}) x %9, see (1.18)). Note that (1.19) is equivalent to the fact
that for all T > 0 and y € %29,

P, [Vt € [0,T7], |z¢| > 0] = 1. (2.31)
By the Girsanov formula (see Proposition [2), (2.31) is equivalent to: for all 7 > 0 and
y € %",

P,[Vt € [0,T], |2?] > 0] =1, @3@

where (V! = (x?,vt) t > 0) is the solution to the stochastic differential equation
Let us prove . Introduce to this end

7'?0} = inf{t > 0,2Y = 0}.
Let us show that P,[rg, < 7] = 0 (this is exactly (2.32)).

Step 1. Let T > 0 (otherwise the result is obvious). First of all we claim that for all
€ (0,17,
P, [Vt € [, T],|x}] > 0] = 1. (2.33)
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To prove (2.33)), we use [70, Theorem 1] with I = [, 7] and N = 1 there and for the
Gaussian process z4(y) = x + vt + fot Budu, y = (z,v) € #*!. To this end we check
that Conditions 1 and 2 in [70] are satisfied for the process (z;(y),t > 0) on I. These

assumptions are easy to check and we check them for sake of completeness. On the one
hand, we have for all 0 < s <'t,

t t
) = )] < [ollt =l + | [ Budul < Jolle = sf + ft = o[ ([ |BulPdu)'”
so that for some C' > 0,
E[Jo1(y) — 2 0)P] < Cle— .

This is Condition 1 in [70]. Adopting the terminology of [0, p. 845], this implies
that H; = 1 and the parameter @ is equal to 1. Introduce now e = (ey,...,eq) € %
such that )7 e? = 1. Write z = (21,...,%4), v = (v1,...,v4), and B, = (B,,...,B})
where the B’’s are independent standard real Brownian motions. Then, one has for all
tel=nT:

d t A 2 2 d t ) 2
(s 4 v j _ (s 4 v . j
E[(;e](x]+v]t+/o Budu> } —’ ej(xj+vjt)‘ +E[<;e]/0 Budu> ]

d t
= le- (e +ot)P + 31, PE]] / Bldu[’]
j=1 0

=le-(z+ot)*+12/3 >n*/3.

This proves Condition 2 in [70] when [ = [, T]. Since @ = 1 < d, by [70, Theorem
1] and since the Hausdorff measure dimg_;({0}) of the set {0} in dimension d — 1 (also
called the d — 1-Hausdorff measure of the set {0}. See for instance [59, Definition 4.7] for
a definition) is 0, we have that for all n € (0,77,

P[Es € [, T], zs(y) € {0}] = 0.
This achieves the proof of ([2.33]). Note that we have not used yet that the initial condition
satisfies x # 0.
Step 2. We now conclude the proof of the fact that P, [7’,?0} <T]=0. Fixy € #3? and
T > 0. Let € > 0. Consider M, > 0 large enough such that

P[ sup |B,|> M) <e.
u€[0,T]

Then, one has for all n € (0,7}, using (2.33), Py[r(y, € [n,T]] <Py[3s € [, T, 5] = 0] =
0. Hence, for all n € (0, 7],

IP’y[T?o} <T]<P, [7{00} € (0,7n), s%pT] |B,| < Me} +e
ue|0,

d

7j=1

Note that when g, € (0,7) and sup,eo 7y [Bul < M., we have, since Too (y) =0,

0 {0y
0 < |z] < |v|rgey + | Bu|du < n(|v| + M.).
0
Choose 7. € (0, 7] such that n.(|v| + M,) < |x|. For such a n. > 0, one has
P, [7?0} € (0,7me), sup |B,| < ME] =0

u€[0,T]
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and thus Py[r}, < T] < e. This proves that P,[r, < T] = 0. The proof of (2.32),
and hence also the one of ([1.19), are complete. The last statements in Lemma (3| are
consequences of (|1.19)).

2.3.2. Proof of Theorem @ Recall that we work here on the space %2¢, see . Assume
that —V'V,. (resp. Vg) satisfies [c1] (resp. [S1] or [S2]). Let (Y;,¢ > 0) be the strong
solution to (|1.15]) (see Proposition . Let us denote by £+ = %Av +v-V, —VV,:
V., — v - V, the infinitesimal generator of the diffusion (Y, ¢ > 0). Since Z*'H < cH
over #2?, it holds for all y € % and t > 0,

ct

P, [0t <1 < ZH(), (2:34)

where for R > 0, 5% = {y € #°),H(y) < R} is an open bounded subset of Z¢ and
ohl =inf{t > 0,Y; ¢ Hr}.

To prove Theorem [3| and in view of Theorem [§ and Theorem [9] it is enough to check
the conditions [SFy], [Pi=s], [De], [{Vs], [B], [Ti],[Lyap], and [Pi.,;] that we rewrite for
the kinetic Langevin process :

[SFo] The semigroup (UFL,t > 0) of the process (Y;,¢ > 0) is strongly Feller.
[P;—] For all ¢ > 0, the mapping y € #?? — Y;(y) is continuous in probability.
[D] For all t > 0 and y € #%, Y;(y) has density w.r.t. the Lebesgue measure dy
over %24,

[IVs] Asy, —y € %3, for all t >0, [ Vg(w,(yn))ds RN I3 Vs(ay(y))ds.

[B] For all § > 0 and any compact subset K of 2°¢, lim,_o+ SUp,_(, e x Py [JZL(M) <
s] = 0, where Ug%x’é)(y) = 1inf{t > 0,2,(y) ¢ B(x,9)}.

[Ti] The semigroup (QFL,t > 0) is topologically irreducible over 2 = & x %*.
[Lyap] There exists a Ct? function W : 224 — [1,4+00) (which thus belongs to the
extended domain of the generator of (UFF, ¢ > 0)) such that for ally = (x,v) € Z3¢
satisfying either |y| — 400 or y — 0%2% = {0} x #¢ (i.e. when z — 0),

LMW (y)/W(y) — pVs(x) = —o0, Vp > 1.

[Piraj] The mapping y € Zg* — P[Yo.4(y) € -] € P(C([0,],%3)) is continuous for
the weak topology.

We check these conditions. First of all, using the same arguments as those used in the
proof of Theorem [6] (see more precisely Step A.1 there), one proves [SFy] for the kinetic
Langevin process ((1.15). Note that an alternative proof consists in using the Girsanov
formula (|1.17)) as we did for the overdamped Langevin process, see (2.10) and the lines
below.

Condition [Py,,j] is a consequence of the fact that for ally € %37, P, [Yjo,q € C([0, ], Z3%)] =
1 (see Lemma , together with the fact that for all + > 0 and all sequence (y,,), in %Z*
such that y, —y € %?? as n — +o0, for all € > 0,

P[sup |Yi(yn) — Ys(y)| > €] = 0 asn — +oc. (2.35)

s€[0,¢]

Equation ([2.35]) is a consequence of ([2.34]) together with the fact that the coefficients of the
stochastic differential equation ([1.15)) are locally Lipschitz (this is proved e.g. by adapting

the proof of [35, Proposition 2.2]). Note that (2.35) implies [P;—s]. Condition [D,] is a
consequence of the Girsanov formula stated in Proposition 2| (see (1.17))). Condition [/ Vg]
is proved as in Step A.3 in the proof of Theorem @ using that Py [V} ) € C([0,T], 23%)] = 1,
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([2-35), and the continuous mapping theorem. Condition [B] is proved as in Lemma 2.4 in
[35]. Condition [Ti] is a consequence of the fact that the killed semigroup of the process
(Y, s € [0,05)) is topologically irreducible over 2 (to see this, use the Girsanov formula
and the fact that the killed semigroup (Y2, s € [0,0Y")) is topologically irreducible over
9, see e.g. [30]) together with the fact that fot Vs(zs(y))ds < +oo as. for all y € %3¢

(see Lemma [3)). Let us now check condition [Ly,p]. We choose the Lyapunov function
constructed in [74]. Define F(x,v) = aH(z,v) + bv - G(z) (a,b > 0), where G is the C!

function .
where x is defined just before ([1.4). Note that both G and its gradient are bounded over
Z#?. In particular F is lower bounded. For all y = (z,v) € #??, we then define as in [74]:

W (z,v) = exp [F(z,v) — ;Zgg Fl. (2.36)

€ R G(r) =

We then have for all y € Z%,
— LMW (y)/W(y)

1
= —ZMF(y) - §!VUF(V)\2

= —C%d +ayv]* —bv-VG(z)v+byv-G(x) +bG(x) - VV(z) — % lav + bG(z)]?.

Hence, for some constants ¢, ¢, > 0, such that —Z*'W /W is lower bounded by
o] [a [y — g} - b|vc|oo} —eb(a+1) o] + bG(z) - VVe(z) — ca.

Choose a > 0 such that a < 2+ and then b > 0 such that a[’y — %] — b > 0. Then, when
ly| = 400, —Z*W(y)/W(y) — +oo. Hence, for y = (z,v) € #2¢, when |y| — +oc or
y — 0% = {0} x #? (i.e. when |z| — 0), L*W(y)/W(y) — pVs(z) — —oo0, for all
p> 1.

Theorem [3]is a consequence of Theorems [ and [0} Note that [O1] is a consequence of
the fact that when %4 \ € is non-empty, there exist a non empty open ball B C %3\ 0,
Yo € 2 = 0 x %%, and ty > 0 (actually this is true for all yy € 2 and ¢, > 0) such that

P,,[Yi, € B x Z%] > 0.
Indeed, this implies that 0 < P, [V}, € B x #9] < P, [0kl < tg].

2.4. Proof of Theorem [ Recall the deﬁnltlon of the state Space & and the Lévy
process (©;,t > 0) over 5’ see ([L.21)) and ([1.25)). Recall also and Lemma {4} To
prove Theorem [i] we use Theorems 8| and 9] Recall that Ug( ) — +oco if and only if
x| = 400 or x = 0& (x € &). By Assumption [L1], for any ¢ > 0, ©, has density w.r.t.
the Lebesgue measure over 29" (this is [D,]) and its semigroup is thus strong Feller (this
is [SFy]). Let t > 0. Moreover, as x, — x € &, it holds in probability (and actually a.s.)

/Us s(Xn) ds—>/ Us(0O4(x))ds (this is [[Vs]).

Indeed, on the one hand, it holds a.s. sup,5q[0s(x,) — O4(x)| = [x, — x|. On the other
hand, recall (see the proof of Lemma , that there exist a.s. € > 0 and M > 0 such that
|Os(x)| < M and dist (O4(x),08) > ¢, for all s € [0,¢]. Hence, there exists a.s. nyg > 1,
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for all n > ng and s > 0, [O(x,)| < 2M and dist (O4(x,),0&) > €/2. The result follows
from the dominated convergence theorem. Note also that the previous analysis implies
[Piraj]. Consequently, using Theorem @, the non killed semigroup is strongly Feller, i.e.
for all ¢ > 0 and f € bB(&), the function

x €& TPf(x) =E, [f(@t) e o US(QS)ds} is continuous (this is [SF]).

On the other hand, for all compact subset K of & and all 6 > 0, we have that (recalling
that B(x,d) is the open ball in 2% of radius § > 0 and centered at x):

I Pylopes) < 5] = lim Pylogs < 5] =0

Jlim, sup Pulopig < 8] = lim Polopg) < 5] =0,
which implies [B]. We thus deduce [SF5] using Theorem [9] Furthermore [Lya,] is satisfied
with the constant function 1. Condition [Ti] is a consequence of [L4] together with the
fact that for all x € &, f(f Us(04(x))ds is finite almost surely (see Lemma. Finally, note
that [O1] is precisely [L5] and that Ug is non constant over &. The proof of Theorem
is complete using Theorem [§|

Appendix: on Assumptions [L1]—[L5]

In this section we give examples of Lévy processes satisfying [L1], [L2], and [L3] (see
the second model). We also give examples of such processes such that the process © (see
(1.25])) satisfies [L4] and [L5] (see the fourth model).

On Assumptions [L1]. In the mathematical literature, several conditions exist ensuring
[L1] for a Lévy process, see e.g. [39] [72], [66, 47, 49] and references therein. For instance,
the following simple well-known conditions imply that the Lévy process has a density
w.r.t. the Lebesgue measure for all t > 0:

- Its Gaussian covariance matrix has full rank, or if its Lévy measure v is absolutely
continuous w.r.t. the Lebesgue measure and v(#? \ {0}) = +oo, see e.g. [66]
Theorem 27.7].

- An isotropic Lévy process in 2% (d > 2) which is not a compound Poisson process,
see [77, Eq. (4.6)].

- A Lévy process without Gaussian component such that lim¢_ 4 % = 400,
where W is the characteristic exponent and R(z) the real part of a complex number

z, see [39, [47].
- A subordinate Brownian motion (By,,t > 0) where (¢;,t > 0) is a subordinator
with infinite lifetime (independent from (B, t > 0)), see [52, Lemma 3.1].

On Assumptions [L2] and [L3]. The following proposition is a way to check [L2] and
[L3] for a Lévy process.

Proposition 7. Let (L;,t > 0) be a purely jump Lévy process over % such that its Lévy
measure v has full topological support over %S, i.e. for ally € X3 and all r € (0,|y|),
v(B(y,r)) > 0, and such that for some [ > 0, f\u\<1 lu|’v(du) < +oo. Let O be a

subdomain of Z. Let T >0 and x,z € 0. Then, for all € > 0,
P.|Lr — z| < e,T < 0] >0, (2.37)

where g = inf{t > 0,L, ¢ O}. In addition, if #°\ O is nonempty, for all x € O,
P.log < +00] > 0.
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Proof. We will use [51, Theorem 2.1] and for this reason, we adopt the notation of [51],
Sections 2.1 and 2.2]. Note that Assumptions H; and Hy there are satisfied here for the
process (L, t > 0) withr=0,b=0,0 =1, and ¢(x,u) =u. Fixe,T >0 and z,z € 0.
In view of [5I, Theorem 2.1], we aim at constructing ¢ € S§o such that Ran ¢ C & with
¢o =, |¢pr — z| < €/2. By [51] Theorem 2.1], one then has in particular that:

P,ldr(L,¢) < €] >0, Ve >0, (2.38)

where dr is the Skorokhod metric of D([0,T], #%), see e.g. [4, Section 12]. First note that
for any ro > 0 and a # b € #¢, J(a, B(b,ro)) = v(B(b— a,ry)) € (0,+00) if 7o < |b— al.
Therefore b # a = b € supp(J(a,-)) (i.e. the jump from a to b is admissible). In our
setting, we have b = —b is a constant where b = f|u‘<1 urv(du) and where wuy, is the
orthogonal projection of u on the integrability subvector space

L= {EG%d,/ lu- llv(du) < +o0}.
lul<1

It is then not difﬁcul to construct a curve ¢ € S§%% such that Ran¢ C O, ¢y = «,

and |¢pr — z| < €/2 (¢ is usually called a control curve). Assume now that ¢ > 0 is small

enough (say € € (0,¢€4), €5 € (0,¢)) such that dr(f,¢) < ¢ /2 implies that Ran f C

(in particular |fr —z| < |fr—ér|+|ér— 2| < dr(f, ¢)+€/2 < €). Then, using with

such a small € > 0, P,[{|Ly — 2| < e} N {Ran L7 C O}] > 0. Therefore, holds.

The second statement in Proposition [7]is easy to obtain with the same arguments. O

Examples. As a conclusion, due to their importance both in theory and in applications,
one can easily check with the discussion above that the following examples of (isotropic)
Lévy processes over Z¢ (d > 2) satisfy [L1], and also [L2]-[L3] for any subdomain & of
R
- The standard Brownian motion.
- The rotationally invariant a-stable processes, o € (0,2). If a € (0,2), these are
purely jump Lévy processes with characteristic exponent ¥ (u) = |u|®, see [65, 1], 16].
- The rotationally invariant relativistic a-stable processes, a € (0, 2), see [65] 1], [6].
For m > 0, these are purely jump Lévy processes with characteristic exponent
U(u) = (Jul® +m¥*)/2 —m,
- The rotationally invariant geometric a-stable processes, o € (0,2). These are
purely jump Lévy processes with characteristic exponent W(u) = log(1 + |u|%),
see [68, [6].
- The rotationally symmetric geometric 2-stable process (also called the wvariance
gamma process in some finance literature). Its characteristic exponent is W(u) =
log(1 + |ul?), see [43, Example 4.7].
- The jump-diffusion processes. These are Lévy processes with characteristic expo-
nent W(u) = |ul? + |u|®, a € (0,2), see [14].

HThere are many ways to do it, choosing e.g. f; = 0 in [51, Eq. (7)].
2Indeed, use the distance d(A, B) = sup,c 4 d(a, B) = d(A, B), A,B C #%. Since dr(f,¢) < € /2,
there exists a strictly increasing and continuous curve A from [0, 7] onto itself such that

sup |fu — éx,| < €/2.
u€[0,T]

Thus, we have d(Ran f, Ran ¢) = sup,c(o ) infscio, 1) [ft — &s| < supiepo 1y | fr — da, < €/2.
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Note that the first five processes above are subordinate Brownian motions. This list is

clearly a non exhaustive list and there are many other Lévy processes satisfying Assump-
tions [L1], [L2], and [L3].

On Assumptions [L4]-[L5]. We consider here the fourth model (see and The-
orem . Conditions [L4]- [L5] hold when (L}, > 0)’s are independent copies of a
standard Brownian motion since in this case ©(0) is also a standard Brownian motion
(see (L.25)). Let us mention that when (L}, > 0)’s are independent copies of one of the
examples given just above in the appendix, [L4]- [L5] are satisfied (one can use e.g. [5]1]
and explicit constructions of controls). Let us for instance prove that [L4]- [L5] hold
when (L},t > 0)’s are independent copies of a jump-diffusion process. More precisely,
let (B*,...,B", Z* ..., Z") be 2n (n > 2) independent %Z?-processes such that each B’
is a Z%standard Brownian motion and each Z' is a %#%rotationally invariant a-stable
processes (a € (0,2)). Then © = (B*+2*,...,B"+2Z") = B+ 3 where B = (B*, ..., B")
is a Z%-standard Brownian motion and 3 = (Z*,...,Z"). Let % be a subdomain of &
(see (1.21))), T > 0, and x,z € %. Pick a smooth curve ® : [0,7] — % joining x to z.
Note that for any € > 0,
P[ sup |x+ B, — O < €] > 0.
te[0,T]

Let now ¢y € (0,1) be such that: for any € € (0,¢) and for any cadlag curve f :
[0, T] = Z™, supyepory | ft — @] < e = Ran f € %. On the other hand, for any e > 0,
Plsup,c(o.7) [Z}]* < €] > 0. Thus, one has:

0< }P’[ sup |x+ B, — &, < 60/2] I, P[ sup |Zg|2 < 6(2)/(1671)]

te[0,7] t€[0,7]
=P[Vi, sup |Z})* < ¢5/(16n), sup [x + B, — Py| < €0/2]
t€[0,7) t€[0,7]
S Po[ sup |X -+ %t + 315 —(I)t| S 360/4]
te[0,7) T

In conclusion this shows that [L4] is satisfied. A similar argument proves that [L5] is
also satisfied for this process.
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