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Article history: We prove that the first Dirichlet eigenvalue of a regular N-gon of area 7 has an
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Regular polygons © 2024 The Authors. Published by Elsevier Inc. This is an open access article
Multiple zeta values under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
Asymptotics

1. Introduction

Let © be a bounded connected domain with piecewise smooth boundary in R? and let us denote by
A = 66—;2 + 88—; the standard flat Laplace operator. When one considers suitable spaces of functions on
with Dirichlet boundary conditions (i.e., vanishing on 9Q) it is well known by the spectral theorem that A
possesses a discrete spectrum {A,(Q)}72, of eigenvalues

D<A <A< <...

with corresponding finite-dimensional eigenspaces Eig(\x) of smooth eigenfunctions. In other words each
eigenfunction ¢ € Eig(A;) satisfies the following boundary value PDE:

A¢+Ak¢:03
ploa =0.
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One can consider many aspects regarding the asymptotics of Dirichlet eigenvalues and Dirichlet eigenfunc-
tions, a large portion of which could be regarded as “classical” and being intensely studied: without aiming
at being thorough, we just mention, for example, various forms of Weyl laws prescribing the asymptotics of
large eigenvalues \j in terms of the underlying geometric data; concentration phenomena for eigenfunctions
and level set distribution; behavior of eigenvalues with respect to domain perturbation; etc. For a very
thorough and accessible overview we refer to the treatments in [8], [28].

In this note we are interested in the behavior of the eigenvalues with respect to domain perturbations in
the special case of regular polygons. Let Py be a regular polygon of area m with N > 3 sides. We study
the behavior of A;(Px) as N goes to infinity. More precisely, we are interested in computing the coefficients
C,n of the asymptotic series

Me(Pn) 14 Ck1 n Ck,2 . Crs
A(D) N N2 N3

+o, (1)

where D is the unit disk.

The above problem has been considered in several previous works. As an outcome of the works [17], [11],
[12] the first four coefficients C; ; were computed and, to a certain surprise, expressed as integer multiples
of the Riemann zeta function. Roughly speaking, the corresponding methods (Calculus of Moving Surfaces)
require one to consider an explicit deformation of the polygon into a disk and study the evolution of the
corresponding eigenfunction.

Later on, the next two coefficients C 5,C1 ¢ were also computed and given in a similar form (cf. [4]).
Recently, in [14] an expression for the next two coefficients C; 7,C1 g was proposed as a result of high-
precision numerics and certain linear regression methods.

To summarize the above results, assuming that the polygons under consideration are normalized in
such a way that Area(Py) = 7, the asymptotic expansion (with proposed seventh and eighth terms being
conjectural) is the following

M (P 4¢(3) | (12—=2X1)¢(5) | (84 4M1)C3(3
1(AlN> _ 14 409, 42-20)C0) | @+ ) )
L (86— m}v; 2MIC(T) (48 +8M + ]V28A%)<(3>C(5> O,

Here A1 = A\1(D) is the first Dirichlet eigenvalue of the unit disk. Recall that A\; = jal, where jo 1 is the
smallest positive zero of the Bessel function of the first kind Jy.

Formula (2) might lead one to suspect that all higher coefficients of the asymptotic expansion can be
expressed as polynomials in A; with coefficients that are polynomials in odd zeta values (2m + 1), m > 1.
As we will show below, this is indeed the case for the first 10 coefficients of the expansion, but, assuming
some widely believed algebraic independence results, the 11-th coefficient is no longer of this form.

As further motivation we note a couple of related problems. Drawing inspiration from the Faber-Krahn
inequality and a conjecture of Pdlya and Szegd (which states that among all n-gons with the same area, the
regular n-gon has the smallest first Dirichlet eigenvalue), it was conjectured in [1] that for all N > 3 and
Area(Py) = 7, the first Dirichlet eigenvalues are monotonically decreasing in N, i.e.,

)\1(7)]\[) > )\1(PN+1).

So far the monotonicity has been confirmed by numerical experiments (cf. [1]). Note, however, that since
¢(3) > 0, equation (2) implies this inequality for all sufficiently large N. For further results along the theme
of Faber-Krahn and eigenvalue optimization via regular polygons under the presence of various constraints
(in- and circumradius normalization, etc.) we refer to [19], [21] and the references therein.
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A further intriguing application of the above eigenvalue asymptotics can be found in [20], where the
Casimir energy of a scalar field on Py (and further generalized to Py xR¥) has been studied. For background
we refer to [20] and the accompanying references.

Before describing our main results, we briefly recall the definition of multiple zeta values. Multiple zeta
values (MZVs) are real numbers defined by

1
C(ma,y ... my) = > i

m
0<ni<ne<--<ng, 1 2 "

where my, ..., m, are positive integers and m,. > 1. A multiple zeta value {(mq,...,m,) is said to have
weight n if mq + -+ - + m, = n. We denote the Q-linear span of all multiple zeta values of weight n by 3,.
Our main result is the following theorem.

Theorem 1. There exists a sequence of polynomials C,, € 3,[\], n > 1, where 3, is the space of multiple
zeta values of weight n, such that

A (Pn) — Cr( M)
X NH; o (3)

whenever \i is a radially-symmetric Dirichlet eigenvalue of the unit disk.

Here radially-symmetric eigenvalues are Ag’s for which the corresponding eigenfunction is radially-
symmetric. Explicitly, the theorem applies whenever A\, = j&m, where jo ., is the m-th zero of the Bessel
function Jy(x). In particular, the theorem applies in the case k = 1.

The proof of Theorem 1 is based on an asymptotic version of the “method of particular solutions”
(see, e.g., [10], [18]) and it provides an explicit procedure for producing increasingly better approximations
(at least when N — o00) to both the eigenvalues and the eigenfunctions (as long as they correspond to
the radially symmetric eigenfunctions on the unit disk). We find that not only the eigenvalues, but the
eigenfunctions themselves have asymptotic expansions in powers of 1/N with interesting coefficients (these
coefficients turn out to be multiple polylogarithms, see Table 2).

Our approach gives an explicit symbolic algorithm for computing the polynomials C,,. We have calculated
C,, for n < 12 using an implementation of this algorithm in the computer algebra system SAGE [22] and
for n < 14 using an optimized parallel implementation in Julia [15]. As an immediate corollary we confirm
the 7-th and 8-th terms in the asymptotic expansion (1) that were conjectured in [14]. We collect the results
of our calculations in Table 1. The initial expressions in terms of MZVs that we get by directly applying
our algorithm are rather unwieldy and to obtain the simpler expressions given in the table we have used
the MZV Datamine [3]. In the table we use the notation ¢, := {(n) and

553 = 2(3,5,3) — 2¢(3)¢(3,5) — 10¢(3)%¢(5) ,
%5 = 20(5,3,5) — 22¢(5)¢(3,5) — 120¢(5)%¢(3) — 10¢(5)¢(8)
(375 = 2((3,7,3) — 2¢(3)¢(3,7) — 28¢(3)*¢(7) — 24¢(5)¢(3,5) — 144¢(5)¢(3) — 12¢(5)¢(8)
for the first few nontrivial single-valued MZVs. The space of single-valued multiple zeta values of weight n
is an important subspace of 3,, that was introduced by Brown [6]. Single-valued MZVs appear, for example,

in computation of string amplitudes, and as coefficients of Deligne’s associator (for other examples, see the
references in [6]).

Conjecture 1. The polynomial Cp,(\) belongs to 35V [A] for all n > 1, where 3% denotes the space of single-
valued multiple zeta values of weight n.
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Table 1
Coefficients of the asymptotic expansion for n < 14.
n Cr(N)
1 0
2 0
3 4(s
4 0
5 —2C5A + 12¢5
6 4CI\+8¢2
7 —1¢N? —12¢71 + 36¢7
8 2¢5¢sA% + 8¢5¢3 A + 48(5(s
9 —3CoA% — 13N 4+ (—45¢ + BN+ (3520 + B¢
10 (Crs 4+ C2)N® 4 (39C7¢s — 6C3)A% + (—24¢7Cs — 12¢3) X + (144¢7Cs + 72¢2)
11 —Z A + (=88 Gun + 2¢5% 0) A% + (— 1523 ¢1 + 8085¢5 + 32¢5Y% 5) A% + (—17611 + 176¢5¢35)A +(372¢11 + 96¢5¢3)
12 (5¢o¢s + H¢rGs) A + (195¢o¢s + 4 ¢rCs)A® + (456¢0Cs — 207¢7Cs — 16¢5) A7 + (—288(o(s — 216¢7Cs

+222CHA + (1300¢o¢s + 432¢7¢s + 32¢4)
13 —iCeA’ + (= Fae Cis + (76 — 350 — TG ,s + 56 Calra) A + (- 26 Gis + 34675 + 220G
ggg Cg‘fs,s + %C§T7,3)>‘3 + (= 14144703093 Gz + 1236C7C3 - %Cs (s — 1%329 §V3 5+ 747 3 X3 3)>‘
+(—618¢13 + 33673 + 336¢2¢s) A + (1260¢13 + 288(7¢3 + 288¢2¢s)
14 ({5610 + Gols + A + (13552 CaGs + “§T0oCs + HPCF = £G5T5 5Ca)A" + (355 Cals + 29200 Gs + 432CF
+40¢5¢5 + 28¢5 5¢3) A + (32292¢11 ¢ — T3P0 CoCs — 392TCF + 3984¢5¢5 + 1229¢5Y; 5Ca) A’
+(—664¢11¢3 — 2824 (o(s — 540¢2 + 2T2(5¢H)N + (1488(11¢s + 1360(e (s + 648¢7 + 128(5(3)

The results given in Table 1 confirm this conjecture for n < 14, and in [2] we give strong numerical
evidence in its support also for n = 15 and n = 16. If true, Conjecture 1 would also explain the curious fact
that when Py is normalized to have area 7 (as opposed to, say, normalizing Py to have circumradius 1), the
low order coefficients of the resulting asymptotic expansion do not involve even zeta values (see [4, p. 125]).

By analyzing the general recursion for C,,(\) obtained in the proof of Theorem 1 we obtain a formula for
the generating function of the first two coefficients of the polynomials C,, ().

Theorem 2. The coefficients C,,(0) and C! (0) satisfy the generating series identity

/ n T(142)°T(1 -2z A 22)2 ;3
g(cn(o) +CL(0)A)2" = FEI — qugl - 2,2; (1- : ;1 W) ’ @

where (z), =x(x+1)...(x+n—1) denotes the rising Pochhammer symbol.
Using this formula we also prove the following.

Theorem 3. The coefficients Cy,(0) and C/,(0) are polynomials with rational coefficients in odd zeta values
of homogeneous weight n.

The proof is based on a hypergeometric identity (27) of Ramanujan-Dougall type that could be of
independent interest. Theorem 3 confirms Conjecture 1 for the first two coefficients C,,(0) and C?,(0). Note
that the expression for Cy; from Table 1 shows that C7;(0) involves (3Y% 3, and thus the claim of Theorem 3
in general fails for C;)(0), assuming the (widely believed) algebraic independence of (5% 3 and ((2m + 1),
m > 1 (see [6, p. 35]).

As a final remark, we note that the normalizing factor

T(1 + 2)20(1 — 22)
(1 —2)2T'(1 + 22)
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that appears in several of our formulas is a specialization of Virasoro’s closed bosonic string amplitude [24].
We do not know if this is a simple coincidence, or if there is some conceptual explanation for this.

2. Multiple polylogarithms and multiple zeta values

In this section we very briefly recall some basic properties of multiple polylogarithms and multiple zeta
values. For a much more detailed introduction (including the algebraic structure and interpretation of MZVs
as periods of mixed Tate motives) we refer the reader to [25], [7].

Let mq,...,m, be positive integers. The one-variable multiple polylogarithm Li,,, . . (z) is an analytic

.....

function defined by the power series

Ny

. z
lelw,mr(z) = Z i oma |Z| <1. (5)

0<ni<ng<---<n, 1 2 "

For m, > 1 the above series converges absolutely for |z| < 1 and we define

1
C(ma,...,my) = > ey = Ldmgm, (1) - (6)

0<ni<na<---<n, 1 2 r

The numbers ((m;,...,m,) are called multiple zeta values (MZVs). We denote by 3 the Q-linear span
of all multiple zeta values and by 3 the Q-linear span of all multiple zeta values of weight k, i.e., the linear
span of ¢((mq,...,m,) over all r-tuples (my,...,m,) satisfying m; + --- + m,, = k. The Q-vector space 3
forms an algebra (see (9) below), and multiplication respects weight, i.e., 3 - 31 C 3r4;. Zagier [27] has
conjectured that there are no rational linear relations between elements of 3 for different & (that is, that
3 =@~ 3k) and that dim 3, = dj, where dj, are defined by the generating series

1 k
1,1,2,:032265”'
k>0

The upper bound dim 3 < di, has been proved independently by Goncharov and Terasoma, but no nontrivial
lower bounds for dim 3 are presently known.

For our purposes it is more convenient to index multiple polylogarithms by words in two letters X =
{zo,x1}, reflecting their structure as iterated integrals as opposed to the definition as an infinite sum (5).
In our treatment we mainly follow Brown [5] (see also [13]). Let X* be the free noncommutative monoid
generated by X, i.e., the set of all words in z, 21 equipped with the concatenation product. Then {Liy, } e xx
is a family of analytic functions on the cut plane C ~\ ((—o0,0] U [1,00)) defined by the recursive relations

d . _ Liw(2) d . _ Liy(2)
ELlew(z) oz dlewlw(Z) T 1-2z

we X (7)

together with the following initial conditions: Lic(z) = 1, Ligzp(z) = 2 log"(2), and lim._,o Li,(z) = 0 for
all w € X* not of the form z{j. Here e € X* denotes the empty word. These conditions uniquely determine
Li,(z) and for mq,...,m, > 1 one has

Lijmeo1,  omi-1y (2) = Lim,,.m,(2) - (8)

Zg -Tg

We also extend the notation Li,, (z) by linearity to the elements of the monoid ring C(X), i.e., for any formal
combination ) a;w; we set Liy> 4,4, (2) = D_; ailiw,(2). Note that the algebra C(X) is graded by word
length, and we denote by C(X),, the n-the graded piece. We will also write |w| for the length of w € X*
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and we will say that the function Li, (z) has weight |w]|. (Since the functions Li,,(z) are linearly independent

over C(z), see [5], this notion of weight is well-defined.)

An important property of the space of multiple polylogarithms is that it is closed under mutliplication.
More precisely, one has

Liy (2)Liw (2) = Liyuww (2) - (9)

Here w: C(X) x C(X) — C(X) denotes the shuffle product, defined on words by

ai...aWag41...0g4] = E ag(l)...ag(k+l),
o

where o runs over all permutations satisfying c=1(1) < --- <o l(k) and o7 (k+1) < - - <ok +1).

Note that for w € X *x; the function Li,, (z) extends analytically to C \[1,00), and for w € 2o X *x; it is
moreover continuous on . We will call the words w € xoX Xz convergent and we will also call convergent
any formal linear combination of convergent words in C(X) (in other words, all elements of 2:(C (X )z are
called convergent). An important corollary of (9) is that for any w € X *x; there exists a unique collection
of convergent elements wg, wr, ..., w; € Q(X) such that

Liy(2) = Liy, (2) + Liyw, (2)Liy (2) + - - - + Liy, (z)Lllf(z) .

The function Li;(2) is simply — log(1 — z). The above decomposition allows one to extend the definition of
multiple zeta values ((w) = Li, (1) to cases when the series diverges by setting Li, (1) := Liy, (1) for all
w e XX.’I,‘l.

In the proof of our main result we will use several identities involving multiple polylogarithms. First, let
us note the following simple corollaries of the definition of Li,,.

Lemma 1. For all w € X*xz1 and k > 0 we have

z

1 dt —
Li$§+1w(z) =1 /Liw(t) logk(z/t)T, zeD.
0

Proof. This follows trivially from (7) by induction on k. O

Lemma 2. For all w € X *x1 we have
1
/ Li, (e2™)dt = 0.
0

Proof. This follows from Li,, (e*™) = L 41j,  (e*™*). O

Our proof of Theorem 1 is based on the following result.

Proposition 1. Let u,v € X*x1 and let k = |u| + |v|. Then there exist elements a(u,v) and S(u,v) in
@f;é 3, @ Q(X)k—j_121 and Ay € 35 such that

Liu(z)LiU(z_l) =Ayu+ Lia(u’v)(z) + Liﬁ(u’v)(z_l) , z€C\[0,+00). (10)

Moreover, if u and v are convergent, then a(u,v) and B(u,v) are also convergent.
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Proof. We will prove the statement by induction on k for all u,v € X *x; U {e}. For the base of induction,
when either u = e or v = e the identity becomes trivial if we set A, = Aep =0, a(u,e) = u, ale,v) =0,
and S(u,e) =0, f(e,v) = v.
Note that from (7) it follows that for all w € X* we have
d

—Lizow(z_l) = —

dz

d
lL'w -1 el
Wiz, o

z

Lizlw(z_l) = (l + 112)Liw(z_1). (11)

z

Therefore, if we set
Fo(z)= Li, (2)Li, (271),

then for any a,b € X, u,v € X* we have

4
dz
= @a(z)(Au,bv + Lia(u,bv)(z) + LiB(u,bv)(%)) + ¢b(2)(Aau,v + Lia(au,v)('z) + Li,@’(au,’u)(%)) )

Fau,bv<2) = (Pa(Z)Fu,bv(Z) + 1/1b(Z)Fau,v(z)

where @, (2) = 1, @p, (2) = 155, Vo (2) = —1, and ¥, (2) = 1 + £1-. In view of this we recursively define

alau, bv) = aa(u, bv) 4+ baau, v) + (Aupd(a) + Agu 1*125(17) )21

B(au, bv) = aB(u, bv) + bB(au,v) + (Aguvd(b) + Au po 1_‘;(“)):51 ,

(12)

where 7o = —xg, 1 = 9 + x1, and § is defined by §(z1) = 1, 6(x¢) = —1. Then by induction we obtain
that

Liy,(2)Li, (271 — Lig(u,v) (2) — Liﬁ(u’v)(zfl) = const =: Ay, .

If u,v,, and /5 are all convergent, then we may simply take z = 1 to get A,, = Li,(1)Li,(1) —

2mix

Lig(u,v) (1) = Lig(u,)(1). Otherwise we take z = e and take the limit x — 0+, which corresponds to a

regularization of Li, (1) given by
k
Liy (e*270) := > " Liw, (1)(£%)7
3=0

where Li, (z) = Z?:o Liy, (2)Li} (2) with all w; in 2oC(X)x;. Thus A, € 3j and by induction we get also
that a(u,v) and f(u,v) belong to @f;é 3; @ Q(X)k—j—121.

To verify the last claim let us consider u = xgu’, v = zgv’. The recursive definition (12) with a = b = x¢
shows that a(u,v) and B(u,v) would be convergent if we can show that A, ;0 = Agyw . But the
calculation of the derivative of F, , shows that

d - . .
Z'EFu’v(en) = Au/’zoy/ — A:r:ou’,v’ + Liw(e”) + Liw/(e_”)

for some w,w’ € C(X)z; and hence, by Lemma 2, we obtain Ay 500 = Aggu/vr- O

Remark 1. The proof shows that we may take S(u,v) = a(v,u). Note also that if we extend the definition
of a(u,v), f(u,v), and A, , to bilinear functionals on C(X)z1 x C(X)x1, the identity (10) remains true for
all u,v € C(X)zy.



8 D. Berghaus et al. / J. Math. Anal. Appl. 538 (2024) 128460

As a corollary of the above proposition we have the following curious fact.

Corollary 1. For all u,v € X *z1 we have

1
/Liu(€2mt)Liv(6_2mt)dt S 3|u\+|v\~
0

Proof. It follows from (10) and Lemma 2 that

1
/Llu 27‘I”Lt e—27rit)dt,
0

and the claim then follows from Proposition 1. O
As a further corollary, note that when w and v are both convergent equation (10) implies
Re Liu(Z)LiU(E) = Auﬂ) + Re Lia(u’v)J’,IB(u’v)(z) R |Z‘ =1.

This formula thus gives a purely algebraic solution of the Dirichlet boundary value problem u(z) = ¢(z) for
|z| =1 where ¢ is of the form ¢(z) = ReLi,(z)Li,(Z) and u is sought to be harmonic in D. It is exactly in
this form that we will use Proposition 1 in the proof of Theorem 1.

3. Proof of Theorem 1

Let us fix the polygon Py C C to be the convex hull of {¢(?}o<j<n, where ¢ is a primitive n-th root
of unity, and ¢ > 0 is chosen so that Area(Py) = w. We will utilize the classical Schwarz-Christoffel map,
f: D — Py, which maps the unit disk D conformally onto Py . It is given by any of the following equivalent
expressions

z

2 1 1 c
e =enzaia (gt i) <o [ g 1)
0

where the constant

~ [T(1—-1/N)2T(1+2/N) (14)
N AT+ 1/N)20(1 - 2/N)

is determined by the condition that Area(Py) = 7. Here o F} is the ordinary Gauss hypergeometric function

a)p(b), 2"
2F1(a,b,C;Z):ZMH, |Z‘<1a

n>0 (©)n

where (z), = z(z +1)...(x +n — 1) denotes the rising Pochhammer symbol.

The first fact that we will need is that the function Fy(z) := 2F1(2/N,1/N,1+1/N;x) can be expanded
as a power series in 1/N (convergent for N > 3) whose coefficients are multiple polylogarithms. Let us recall
the definition of Nielsen polylogarithms (see [16], [9])

1

n+p 1 dt ) )

Snp(z) = -1 e /log t)logP(1 — zt)? = Li1, 1n41(2) = Liga,r(2). (15)
0
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Lemma 3. For all N > 3 and |z| <1 we have

2 1 1 —n
QFl(N’N’1+N’x> *1+7§Sn(x)N ) (16)
where
n—1 ) )
Sp(x) = Z(—l)J_IQ”_JSj,n,j(x).
j=1

Proof. This follows by expanding in powers of 1/N the right hand side of

1

1 1 dt
+N’$> +N/t (1 —tz) )3
0

and using the definition (15). O

We will also need a formula for the asymptotic expansion of the Bessel function Jy(z) around its zero.
Recall that Jo(z) satisfies zJ}/(z) + Jj(z) + xJo(x) = 0 and can be defined by the Taylor series

2

J()(x) = Z (_732)71 .

n>0

Proposition 2. (i) For n > 0 define

where Hy, =37, %, Ho = 0. Then E,(z) = O(z**1), 2 — 0.
(ii) Let o be a zero of Jo(z). Then

Proof. (i) Define W,, by

W (x) = /OOEn(a:t)etdt = z”: - 1 (( :c + Hny = Hj) .
0

j=0]!2(n—j)!2 1—2jz)? 1—2jx

Note that if E,(z) = >, ama™, then W,(z) = 3", mla,,z™, so it suffices to show that W, (z) = O(z?"+1),
z — 0. We claim that
4nx2n+1

S VT

which clearly implies W, (x) = O(2?"*1). Let R, (x) denote the difference between the left hand side and
the right hand side in the above equation. A simple calculation shows that R,(z) — 0 as * — oo, and
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since R, € Q(z), it is enough to show that it has no poles. The only potential singularities are at x = i,
1<k<n. Ifweletx:ﬁ—e,then

_ E)Qn—i—l

|~ (82~

2 1 -2
L ¢ H,.-H
") (% © 4 ook ’“)— e +0(1), e—=0.

n!QRn(JJ) = (k (2ke)? ke H#k( — ﬁ +e)?

N

J
(Here ][, denotes the product over 1 < j < n, j # k.) Then the coefficient in front €72 vanishes since

(2)2 = Hﬁék(% —1)72, and for e7! the vanishing is equivalent to

1= 2k(H,op — Hy) = 2n+1)+ > ——

which is again easy to verify.

(ii) Let us denote the left hand side of (17) by f(z) and the right hand side by g(x). From the differential
equation xJ{/(z) + Ji(z) + xJo(z) together with Jj(x) = —Jyi(x), we obtain that f”(x) + a2e?*f(x) = 0
and f(0) =0, f/(0) = 1. Thus, it is enough to check that g(x) satisfies the same differential equation and
initial conditions. The conditions g(0) = 0, ¢’(0) = 1 follow from part (i). Using the easily checked identity

e2jxj2(x+Hn+17j _ Hj) + erxj B er:cj2(x +anj+1 - ijl)

_ . 1<j<n+1
P+ 1= )P (G- DB —j+ 1P so=nt

we get that ¢”(z) + a?e**g(z). O

Finally, to prove the asymptotic expansion we will employ the following version of the “method of
particular solutions”.

Proposition 3. Let Q) be a bounded domain in R?, and let f: Q@ — R be a function in C?(2) N C(Q) that
satisfies Af + XN f =0 1in Q, ﬁ Jo If(@)]Pda =1, and sup,cpq | f(x)| < €, where ¢ < 1. Then there exists a
Dirichlet eigenvalue A of Q such that [N — A| < Ae.

Proof. This is a special case of [18, Theorem 1]. O
We are now ready to prove our main result.

Proof of Theorem 1. To simplify notation we set A(N) := A\, (Py) and A := A\ (D). Since the A-eigenfunction
of D is radially-symmetric, we may assume that, for all sufficiently large N, the A(™)-eigenfunction of Py
is dihedrally-symmetric. More precisely, if
Ap(z) + XN p(z) =0,
o(2) o(2) (18)
w(z) =0, z € 0Py,
then we may assume that p(e>™/Nz) = (Z) = ¢(2).
By the general theory developed by Vekua [23, (13.5), p. 58] any function ¢ that satisfies Ap+ AN =0
in Py can be represented as

z

2 (2) = aoJo(VAM2]) + Re/U(t)Jo( AVZ(z 1)), (19)

0
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where ap € R and U: Py — C is some holomorphic function. Since by assumption ¢(z) is dihedrally-
symmetric, we may write U(f(t)) = U(t"V)/t, where U(0) = 0 and the Taylor series of U at 0 has real
coefficients (we recall that f is defined by (13)). Then

P () = a0do (VAW (2)) + Re [ FOUC0)Ia (VAO TR ) - 7(6)de
0

z

~ — dt
— a0 (VA FE)) + ewRe (1= 8¥) 2T (VAOTE ) - £0)) T
0
After replacing z and t by 2/ and t'/V respectively and setting ¥(z) == p(f(2*/V)) and V(z) := (11%
we obtain
r dt
0() = aoo(p 2 =¥ | () + Deme [VIOK( 0T (20)
0

where we set p = c3A\Y) and

K (z,1) = Jo (021 YN\ P (2) (Fw (2) = (12015 Fy (1))
Now we make an ansatz that

pw)\exp(%—k%—&-...)7
(21)
Vi(z) | Va(?)
V() ~ V() + L B

where V;: D — C are holomorphic and V;(0) = 0.

In view of Proposition 2 (ii) it is convenient to set ag = WM We will expand (20) as an asymptotic
series in powers of 1/N and then recursively compute x; and V; using the boundary condition ¢(z) = 0, |z| =
1. Note that by (16) Fy(z) = 1 +O(N~?) and using (16) and the expansion (¢/z)/N = > >0 WN_”
we get

K(z,t) = ix_g)n Fn(2)"(Fy(z) ;!gt/Z)l/NFN(t))n Lo
n=0
= Y L)L ()L (t) log™ (/)N I=wl=m 4 o1,

where vy, 4 w,m are coefficients that depend on «; and the summation is over words u,v, w € xoX >z and
m > 0 satisfying |u| + |v| + |w| +m < r. We get a similar expression (involving only products Li, (z)Li,(Z))
after expanding agJo(p'/?|Fy(2)|) using (17).

We claim that x; and V;(z) can be calculated inductively by comparing the coefficients of the 1/N-
expansion. Indeed, comparing the coefficients of 1/N we see that

[
%—Re/Vo(t)?zo, 2 =1,
0
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Table 2
The functions V,(z) for n < 4.
n  V.(z)
0 0
1 2Lii(2)
2 2 — 2)Lia(2) + 4Li1,1(2)
3 A0 — X+ 2)Lig(2) + (83X — 12)Liy 2(2) + (A — 4)Liz 1 (2) + 2%Liy 1,1 (2)
4 (I*T; — 2 _ 2 _9)Lig(z) + (& — 22X+ 4)Liz1(2) + (3 — 4X\ 4 12)Liz2(2)

4 (222 — 8\ + 28)Liy 3(2) + (2X — 8)Lis,1,1(2) + (6A — 24)Liy 2,1 ()
+ (14)\ — 56)Li1,1)2(z) + 2 L11)1,171(Z) + 2C3L11(Z)

so that k1 = Vy(2) = 0. In general, assume that x; € 3;[\] and V;_1(z) = Li,,_,(2) for i = 1,..., k, where
v; € 3[A](X)zy is of total weight i (we define the total weight of A®zw, where z € 3j to be k + |w]|). Note
that by Lemma 1

z

/ Liy (2)Liy (2)Liy (t) log™ (2 /t)% = mlLi, (2)Liw (2),

0
where w’ = v w x6"+1w. Thus, when comparing the coefficients of N=#~! we need to ensure an identity of
the form
z
REk+1
2* —Re/Vk nyuUReLlu( JLi,(2) =0,  |z| =1,
0
where the terms in the sum only depend on already computed quantities k1, ...,k and Vp(2), ..., Vi—1(2)

and all have total weight k 4+ 1 (where we define the total weight of 4Li,(2)Li,(Z) for v € 3k[A] to be
|u| + |v| + k). By Proposition 1 this amounts to setting

xovk__Z'Yuv au,v) + B(u,v)),

REk+1
T+ Z 'Vu,vAu,U .

This indeed can be done since by assumption the elements v and v are convergent and hence a(u, v), 5(u,v) €

xoC(X)x1. This gives an explicit algebraic recursion for k, and V,,(z) that shows, in particular, that
Kn € 3n[A]. In Table 2 we list the functions V,(z) for n < 4. We also note that the coefficients k,, vanish
for n < 4.

We still need to verify that the ansatz (21) indeed gives an asymptotic expansion for A(N). To see this,
note that plugging a truncated solution for the boundary condition ¢(z) = 0, |z|] = 1 back into (19) we
obtain a sequence of functions ¢™": Py — R, and numbers AV". The numbers AV'" converge to A, as
N — oo for each fixed r and the functions ™" satisfy

AN T (2) £ ANTNT(2) =0, 2 € Py,

together with [|o¥'"||2 > 1 and ||™"
|)\N,r

oo < N7"7L. Therefore, applying Proposition 3 shows that

— Me(Pn)| < N7"71, so that A" indeed give an asymptotic expansion for Ay (P ).
Finally, the coefficients C,,(\) are related to k() by the generating series identity

T'(1—2)20(1 + 22)

exp(m()\)z—i—/ig()\)zz—i—...):F(1+ T (1 = 22) (l—l—ZC )
n>1
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and using

21+ 2)0(1—22) 4(4% — 1)22k+1
T2(1—2)T(1+2z) F (kzzlq% R T ) (22)

we obtain that C), € 3,[A]. O
4. Explicit formulas for C,,(0) and C’, (0)
Proof of Theorem 2. We follow the algebraic recursion for x; and Vj(z) given in the proof of Theorem 1

ignoring all the terms involving A* for k > 2 (in other words we work modulo the ideal generated by A\?).
For this we write

V(z) = VO () £ AW (2) + O(N\?)

and

Note that (17) implies that

Jo(\1/2e) A ) )
A - - 1 —1)e%*
N2 (072 x+4(x—|- + (z —1)e”®) + O(\7),

so that
aOJO()\l/QeR/Q-Hog|FN(Z)‘) = CN( — 5/2 — ]0g|FN(z)‘ + %(5/2 —|—]0g|FN(z)‘ +1
(/2 + log | Fy(2)| — e | F(2) %)) + O(\?).

Similarly, we calculate the kernel K(z,t) to order O()\?) as
A
K(z,t) = 1= 7e"Fn(2)(Fn(2) — (t/2) "N Fn(t) + O(N) .

If we first look at the boundary condition modulo O(}), it reads

z

dt
160 +log |Fy(z)| = N‘lRe/V(O)(t)?, 2] =1.
0

This clearly implies N ! foz V() (t)% = log Fiv(2) and x(®) = 0. Using this we can rewrite the boundary
condition for the linear term in A as

1) = (og [Py (2)] + 1+ (log | F(2)| - DI (2)) = N Re [ V()

- —iN_lRe/V(O)(t)FN(E)(FN(Z) - (/) N En)) . lel =
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Since N~ [ VO ()4 = log Fiy(z), we have V(O (t) = Nt?"gz and thus

dt 1 -
850 Lo | Fx(2)] ~ N Re/v V()% = (1= IFx()” + Re Fx(3)Fx (2))
where we denote Fy(z) = f (t/2)"/N F{ (t)dt. Integrating over |z| = 1 leads to
1
2,1 — / 1— |F 2#1;8)‘2 + FN(e—Qwix)ﬁN(€2wix))dx ) (23)
0

Our goal is to rewrite the right hand side of (23) as a hypergeometric series. For this we will make use of
the integral representation for Fiy(z)

1

1 dt

Fy(z) = Ly g} /N —2/N _ &
v [ 5
0
First, we plug this representation into the definition of ﬁN(z) to obtain
1
ﬁN(Z) _ 2 / 1/N /tl/N —2/N= 1dt)dx
0

1 1
2
m//tltg 1/N Z 1—2t1t2) Q/N_ldtldtg
0 0
1

2
= 2/tl/N —2/N=1)og tdt .
0

From this, by changing the order of integration, we calculate

(t1ta) YN =GN (tity) — 1)dt1dty

ke

1
/1 — |Fn(e*™®)2de = —
0

(t1te) /N " 1ty Gl (t1ts) log tydtydisy

s
S O~
o O

1
/FN(e2ﬂ'im)ﬁN(e—2ﬂ'im)dx _
0

where

Gn(x) =9F1(2/N,2/N,1;z) = Z (27/1]'\£)nxn

Next, using the easily verified identity

1 1
v dy 1 oy dt
Yogha 2 =~ loght1
//fxyogw ” k+1/f(t)0g t—
0 0
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we can rewrite the above double integrals as single integrals. Plugging the resulting expressions back into (23)
we get

1
2k = / (Gn(t) —1)logt + Gy (t) log t)tl/Nfo
0

Finally, expanding Gy (t) as a power series in ¢ and integrating the above identity term-by-term we obtain

(2/N)
) = N3 Z 2 1//N+n) J (24)

which immediately implies (4). O

Finally, let us prove Theorem 3. For this we will need the following lemma to evaluate the right hand
side of (24) in terms of gamma function and its derivatives.

Lemma 4. For all z & %Z we have

(2222 (L+m)n(=m)n
Z n2(z+n)3 (1422 +m),(2z2 —m),

_ (14 22)(l—2)5 (1+ijg_;? _ij(._jwz))
j=1

=0 (25)

(1 =22)m(1+42)2,

Proof. We will prove this identity by induction on m, the case m = 0 being trivial. First, we divide both
sides by the product of the Pochhammer symbols on the right to get an equivalent identity

;Tn,m = (1 + Z i ij((j::;)) :

j=1

(j—2)
where we denote

(1-22)m(l+2)5  (22)7 (1 +m)n(=m)n
(1422)m(1 = 2)2, n2(z+n)? (14+22+m),(22 —m),

Tom =
Then it is enough to show that

B 4(m+1)
(m+1-=2)2(m+1+2)?

First, an elementary calculation shows that for 0 < n < m + 1 we have

S22 (1-2)mn(42% (1t m)(m— 1),
n2(z+n) (1—2)2, (14 22)m (1 +224+m)pq1(22 —m — 1)py1

Tn,m+1 - Tn,m =

Therefore, it suffices to show that for m > 1 we have

m

Z Dn,m =1 )
n=0
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where

b Am =228 (1=22)m(1+2)5 (m)a(=m)n
o n2(z+n)m (14 22)man(l —2)2, (22 —m)ps1

The last identity can be easily proved using the Wilf-Zeilberger method [26]. Explicitly, using the identities

Dypmy1  (m+1+2)*(m—n—2z)(m+n)(m+1)
Dpm — (m—22(m+n+1+22)m(m—n+1)
Dpi1m (n+ 2)(n +22)2(m — n)(m +n)

Dpm (n+14+2)(m—n—1-22)(m+n+1+22)(n+1)2
one can verify that
Dypomt+1 — Drnm = Gng1,m — Goym n=0,....m+1, (26)
where Gy, = Dy mR(n,m) and

R ~n2@2m+1)(z+n)(m—n—22)2m?z + (m + 2)*> — (n+ 2)> + m +n + 22)
(n,m) = Am2(m +1)2(n —m — 1)(m — 2)22 ’

(We regularize G, ,,, for n = m+ 1 by canceling the factor (n —m — 1) in the denominator of R(n, m) with
the factor (n — 1 —m) coming from the Pochhammer symbol (—m),, in the definition of D, ,,.) Finally, the
identity ., Dy m = 1 then follows by induction on m from (26) together with Go,m = Grio2m =0. O

Corollary 2. For all z € C with |z| < 1 we have

22)2 23 I2(1+2)I(1 -2z 2 (1 9 (1
T;)n!g(z)Jr n)3 = FQEl Z;FEIJFQZ; (1+Z (14 2) - 21 —Z>), (27)

where ¥ (2) = d"l;;rll logT'(2) is the k-th polygamma function.

Proof. For Rez < 1 and z ¢ %Z simply take the limit m — 400 in (25) using the fact that (x), = F(;(:),L) N
F(FTZZ)L -, m — oo, together with

Zj(j £22) 2 £ )+ 2O (1 4mk 2).

Noting that both sides of (27) are non-singular also for z = 0, £1/2 we obtain the claim for all |z| < 1. O

Proof of Theorem 3. The claim for C,,(0) immediately follows from (4) and (22). Differentiating the classical
identity

logT'(1 — 2) = vz + Zé(n)%

n>2

twice shows that

2O (1 2) = 20 (14 2) = Y dkC(2k + 1)1
E>1

and thus (1), (22) and (27) together imply the claim for CJ (0). O
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