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Abstract

In this work, we are interested by the identification in a wave equation of a space
dependent source term multiplied by a known time and space dependent function,
from internal wvelocity or field measurements. The first part of the work consists in
proving stability inequalities associated with this inverse problem from adapted
Carleman estimates. Then, we present a sequential reconstruction strategy which
is proved to be equivalent to the minimization of a cost functional with Tikhonov
regularization. Based on the obtained stability estimates, the reconstruction error
is evaluated with respect to the noise intensity. Finally, the proposed method is
illustrated with numerical simulations, both in the case of regular source terms and
of piecewise constant source terms.
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Inverse problems related to wave equation phenomena are widely used in en-
gineering (structural health monitoring [19, 61]), environmental sciences (seismic
exploration [42]) and life sciences (tomography [31], elastography [30], pulse wave
propagation [60]). In a very general view, these inverse problems can be summarized
into three categories of reconstruction problems that are strongly intertwined. On
one hand, state reconstruction aims to register the wave solution, or equivalently
to reconstruct the initial conditions of the observed wave propagation. On the
other hand, parameter identification takes into account situations where the model
is partially uncertain and attempts to reconstruct the material properties of the
physical domain of propagation. Between these two estimation problems, source
term reconstruction is devoted to the identification of external loading on the system,
whether through volume sources or boundary conditions. In essence, the source
reconstruction problem can be considered as an intermediate problem between state
estimation and parameter identification, since it is fundamentally an identifica-
tion problem, even if it remains a linear inverse problem like in state estimation.
Moreover, many identification problems are solved from a sequence of linearized
subproblems [37] each corresponding to a source term inversion. At the same time,
source reconstruction problems are often analyzed thanks to stability estimates
based themselves on observability inequalities developed for the reconstruction of
initial conditions [59].

The present work naturally falls within this framework by attempting to gener-
alize the strategy proposed in [59] to a more general class of source term. More
precisely, the work [59] deals with the reconstruction from local field measurements
of a space-dependent source term multiplied by a known time-dependent function.
Hence, the theoretical results obtained in that work relied heavily on the variable
separation in the source term. Here, we propose to investigate a more general case
by reconstructing a space-dependent source term multiplied by a known space- and
time-dependent function. Therefore, while in [59] the reconstruction stability was
based on a classical observability estimate in combination with a Volterra inversion,
here the general structure of the source leads us to to prove a general stability
estimate derived from a Carleman estimate |1, 16].

Carleman estimates provide a general tool for proving stability results for
problems with single measurements [5]. Without claiming to be exhaustive, we can
quote the following works for parabolic problems [11, 28, 39, 56], for hyperbolic
problems [11, 17, 19, 22, 23, 24, 25, 26, 27, 56] and in particular for wave equations
[14, 20, 32, 40, 43]. In this paper, we establish two new Carleman estimates
for different semi-norms of the internal measurements. Our first estimate which
involves measurements of the spatial gradient of the field will be well suited to
velocity measurements whereas our second estimate which involves measurements
of the Laplacian of a time primitive function of the field will be well suited to field
measurements. Moreover, the stability estimates derived from the two Carleman
estimates will highlight the degree of ill-posedness of the related inverse problem (in
the sense of Definition 1.1) and as a consequence different regularization strategies
will be used to bridge the gap in regularity.

With regard to the reconstruction strategy, we have further developed the
sequential approach proposed in [35, 59]. Minimizing a least squares criterion [2, 3]
is certainly the most widely used approach to reconstruct source terms from internal
measurements. This has led to the so-called 4D-Var approach to data assimilation
[6, 7, 36] or the full-wave inversion (FWI) strategy [52]. Let us also mention that
other numerical reconstruction methods based on the minimization of a functional
convexified through the use of Carleman weights have been proposed, in [18, 56,
58| and then in [46, 50, 55]. As an alternative, the sequential approaches, also
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known as observer design [4], aim at formulating a reconstruction strategy that uses
the measurements as they become available, thus defining a model that uses the
available measurements through a feedback to converge asymptotically to the target
system and source term. By relying on a dynamic programming principle, we show
that a sequential strategy can be proved to correspond exactly to the minimization
of the least squares criterion [57, 59]. Therefore, the reconstruction is obtained
in only one forward simulation under the assumption that we can compute and
store the underlying Riccati operator involved in the feedback term. Note that in
[50], the authors recovers a zero order potential of a wave propagation problem.
Our approach is not directly applicable to this setting. However, assuming that
the zero order potential is not large, one could use asymptotic series, to reduce the
problem to a sequence of source recovery problem. The question of convergence of
this sequence of inverse problems would be a delicate but interesting question.

This paper is structured as follows. In the first section, we present the inverse
problem we are interested in. Then, in Section 2, we state and prove Carleman
estimates, which are based on the work of [17] and involve non classical internal
measurement terms which are designed for our inverse problem. These Carleman
estimates are applied to establish stability properties of the inverse source prob-
lem. In Section 3, we then propose a minimization strategy based on an adapted
Tikhonov regularization and we derive from the stability inequalities estimates of
the reconstruction error for noisy measurements. We then present a reconstruction
method based on an optimal observer which corresponds to the minimization as
presented in [59]. Finally, Section 4 is dedicated to the presentation of some numer-
ical results. In particular, we consider the case where a piecewise constant source
term has to be reconstructed and present an iterative procedure relying on the use
of adaptive basis.

1 Problem statement
1.1 Model

Let T > 0 and © be a bounded smooth enough, connected open domain in R,
d > 1. We consider the following wave equation

Opu(x,t) — Au(z,t) = o(z,t)0(z), (x,t) € Qx(0,T),

u(z,t) =0, (z,t) € 0 x (0,T), (1)
u(z,0) = ug(z), x € Q,
Opu(z,0) = vo(x), x € Q.

Here, the right hand side is the product of a given function ¢ which is assumed to
belong to H'(0,T; L°(£)) and an unknown function # which is assumed to depend
only on the space variable . Moreover, (ug vo) is an initial condition given in
Z =H}(Q) x L2(Q).

If we introduce the notation z = (u v) " with v = 9;u, we can rewrite (1) as a
first-order system:

z(0) = zo, @

0= (53)  B= (a(x?t)1d> ! ®)

and the operator A is an unbounded skew-adjoint operator from D(A) into Z
defined by

{z:Az+Ba in (0,7),

where

A= (a0 0) )= D) x () ()



M. Boulakia et al. 2024 | Solving inverse source wave problem — from Carleman estimates to observer design | 4of41

with Ag the Laplacian operator with homogeneous Dirichlet boundary conditions.
Since the operator A is maximal dissipative, it is a generator of a CY-semigroup
(etA)tZ[) on Z.

For the sequel, we also introduce the definition of the sensitivity, i.e. the family
(L(t))i>0 of bounded operators, so that, for a given § € L?(Q), the application
t + L(t)0 is solution in C°([0,T], Z) of

{z = Az + B, )

z(0) = 0.

Then, the Duhamel’s formula for the solution of (1) can be written z(t) = etz +
L(t)0 for all t € [0,T].

1.2 Observation operator
In this study, we assume that, to reconstruct the function €, we have access to
velocity or field measurements on the solution of (1). These measurements are
available on a subdomain w that can not be chosen arbitrarily.

First, let us introduce a part of the boundary on which the observation domain
have to lean on. For every zg € R\ Q, we define

Tp:={x €| (z—x) v(z)> 0},

where v is the outward unit normal to 9€2. Then, for every p > 0, we define

Woao = 2N U B(x, p). (6)

x€ly

We refer to Figure 1 for an illustration.

F() Wp, o

N
A
X0
PN
p N

Figure 1. An example of domain w, , defined in (6).

We assume that the observation domain w is an open and nonempty subset of
Q2 such that the boundaries dw and 9(Q2\w) are Lipschitz, and that the multiplier
condition is satisfied: there exists 2o € R%\  and p > 0 such that

wpzxo C w. (7)
We also assume that the observation time 1" satisfies the time condition:
T > Ty = sup |x — xg]. (8)
z€Q
As observation, we consider measurements of u, solution of (1), in the domain
w during the time interval (0,7), or any of its time derivative. In fact, we will
see that measuring uy, or dyu), will introduce major differences in the proposed

inversion method due to the fact that w and d,u play different roles in the first-
order formulation (2). By contrast, when measuring dyu (or any high order time
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derivative), we can, without lost of generality, get back to the case where Jyu, is
observed by simply integrating

t
atu|w(t) = 8tu|w(0) + / attU‘w(T) dr.
0

Therefore, in this article, we will always separate our study between the field
measurements configuration where uy, is measured and the velocity measurements
configuration where d;uy,, is measured. For each configuration, let us define the
observation operator C' usually introduced in control and observation theory — see
for instance [38] and references therein.

In the case of velocity measurements, the observation operator is given by

C=(0 L)€Lz, 9)

where ) = L?(w) and I, is the restriction operator in £(L?*(), L?(w)). Notice that
the adjoint associated with C' is given by

cr=(0 1.,)",

where 1, : L?(w) — L%(Q) is the extension operator by 0 in Q \ w.
In the case of field measurements, the observation operator is given by

C=(L, 0)€L(Z)), (10)

where J = L%(w) and I, is the restriction operator in £(H§(2),L?(w)). Let us
remark that, since in practice, the measurements are subject to error, we do not
restrict the observation space to H'(w) which would have been the natural space
associated with the solution of (2). The adjoint associated with C' is given by

c*=(F, 0)'

where F,, € L£(L?(w),H(Q)) is given by: for all ¢ € L?(w), F,¢ is the solution of
—Arp = w i Q?
Y= xwd, in )

P =0, on 0f),

where Yy, is the characteristic function of w.

1.3 Inverse problem setting

We consider an actual trajectory @, modeled as a mild solution Z of (2) associated
with given (ug,vp) and o, and an unknown 6 € H} (). Since the initial data are
known and since the inverse problem that we will address is linear, we can reduce
ourselves to the case where the initial conditions are null. Therefore, we consider
the following system

Oz, t) — Au(x,t) = o(z,t)0(x), (x,t) € Qx (0,T),
)

a(x,t) =0, (z,t) € 9Q x (0,T), (12)
a(x,0) =0, x € Q,
oyu(z,0) = 0, x € €,
and its first-order formulation
i=A2+BA, in (0,7), (13)
2(0) =0,

where B and A are respectively defined by (3) and (4). We want to reconstruct 6
and, to do so, we assume that we have access to measurements modeled by the
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observation operator defined by (9) or (10). We denote by ° € L?(0, T; L?(w)) the
available measurement which is assumed to be perturbed by a measurement error
of amplitude 9, namely

36 > 0 such that ||y’ — Czlliz0r12w) < SVT.
Therefore, recovering 6 from 1 consists in inverting the linear input-output operator

wp L2(Q) — L0, T; L2(w)), (14)
0 — (t— CL(t)0).

We immediately note that W7 is bounded, since, for both definitions (9) and (10),
C is a bounded operator from Z to L?(w).

Inspired by the static inverse problem community, we propose a definition of the
degree of ill-posedness of an inverse problem associated with our evolution problem.

Definition 1.1. Let s, r € N be given. We consider an input-output operator
Ty : HY(Q) — L2(0, T; H (w)).

If there exist n, m € N satisfying n < s and r < m and ¢ > 0 such that, for all
0 € H*(Q?), we have

[O70 2200, 1:5m (0)) = € 10llHn ()5

then we say that the problem of inverting W is ill-posed of degree m —r + s — n.

We will show in Section 2.2 that the problem of inverting the input-output
operator Uy given by (14) corresponds to a mildly ill-posed problem of degree 1 in
the case of velocity measurements and of degree 2 in the case of field measurements
(see [15] for instance). These properties will be related to stability estimates
associated with our inverse problem which are stated in Theorems 2.3 and 2.4.
derived from the Carleman estimates given in Section 2.1. In Section 3, we will
propose a regularization strategy to invert Uz using observer methods.

2 Stability inequalities associated with our inverse source
problem

2.1 Carleman estimates
In this section, we state two different Carleman estimates. These estimates will
be used in Subsection 2.2 to prove stability estimates associated with our inverse
source problem. To do so, we will follow the Bukhgeim-Klibanov method first
presented in [5] and further developed in |11, 56] and apply our Carleman estimates
to the time derivative of the solution of (12). In what follows, we will rely on the
classical techniques used to prove Carleman estimates for the wave equation initialy
proposed by [10] and then modified and used in [13, 20, 22, 24, 40, 47] and also
presented in [56, Theorem 2.7.1].

Before stating our results, let us introduce the adequate Carleman weights. For
B € (0,1) and A > 0, we define, for all (z,t) € Q x (=T1,T)

Y@, t) = o — zo|” — BE* + co and ¢(, 1) = M), (15)

where ¢p > 0 is chosen such that ¢ > 1 in Q x (=7, 7).

The theorem which follows corresponds to our first Carleman inequality. In this
inequality, the right hand side involve the L?((—T, T') xw) weighted norms of the field
w and its spatial gradient Vw. Let us notice that, in this theorem and in the next one,
there is no condition on the final time T that can be arbitrary small. This is due to
the fact that we have the restrictive conditions w(+,0) = w(-, £7) = duw(-, £T) =0
in Q.
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Theorem 2.1. We assume that w satisfies (7). Let ¢ be the weight function defined
by (15). Then, for every B € (0,1), there exist A > 0, so > 0 and a positive constant
¢ such that, for all s > sg, we have,

T
sé/e%¢><0)\atw(0)y2dx+/ /625¢(3\Vw]2+s]8tw\2+33|w\2) dz dt
Q -TJQ

T T
< c/ / e**?| Pw|? dx dt+682/ /625¢(|Vw]2 + s2w|?) dz dt, (16)
T JQ T Jw

for all w € L2(=T,T; HY(Q)) N HY(=T,T; L*(Q)) such that Pw = dyw — Aw €
L2(Q x (=T,T)) and w(-,0) = w(-, £T) = daw(-, £T) = 0 in €.

To prove this result, we adapt the proof of Theorem 2.1 in [47] which states a
Carleman estimate involving boundary measurements. Therefore, we will not give
all the details but mainly focus on the original part of the proof that corresponds
to the derivation of our different observation terms.

In this section, we write a < b if there exists a positive constant ¢ > 0 independent
of s such that a < cb.

Proof. In this proof, all the computations will be done for smooth functions and
lastly a density argument allows to extend the result to the regularity given in the
theorem.

The beginning of the proof closely follows the one of Theorem 2.1 in [47]. More
precisely, we start from equation (2.13) in [47] that we rewrite here with the
difference that we do not highlight the dependence of the inequality with respect to
A: there exists s9 > 0 such that, for all s > sg, any function z in C?(Q2 x [T, T])
such that z(-,0) =0in Q, z(-,£7T) = Oz(-,£T) =0in Q and z = 0 on I x [T, T
satisfies

T T
s/ /(yatz\2+ V22 + 52)22) da dt+/ / P2 da dt
—TJQ -TJQ
T T
5/ /ypconsz dz dt—i—s/ 0,2)? do dt, (17)
-TJQ =T JTg

where

Piz = 0yz — Az + s X20%2(|0p | — V%), (18)

and

Peonjz = e*?P(e=%%2) (19)
= Ouz — 25A$(020p) — Vz - Vip) + " X9 z(|00 ] — |V ?)
— Az — sA2(Ourp — Ap) — sA22(|0p0 % — |V ).

Let w be given in C?(Q x [T, T]) such that w = 0 on 9Q x [T, T], w(-,0) =0
in Q, w(-,£7) = dw(-,£T) = 0 in Q. We define v by the classical change of
variables v = e*%w in Q x (=T, T).

We will apply inequality (17) to z = yv where xy € C®(Q) is a cut-off function
such that 0 < x <1 and

0, ifzxew,
x@)=q o (20)
1, ifzeQ\w

where w1 = wy, 2, and wy = wp, », are defined by (6) with p1 < p2 < p and
illustrated in Figure 2.
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Ny
~Xo
N

Figure 2. Examples of domains w, wy and ws.

We notice that
Orz = X0, Oz = xXOnv, Vz=Vyxv+ xVu,
Az = Axv 4+ 2Vx - Vv + xAuw,
Pz =xPiv—Axv—2Vyx - Vo,
Pronjz = XPeonjv + 25XV - Vipv — Axv — 2V x - V.

Using that v = z on Q \ w2, we obtain

T T
s/ /(yatv|2+ Vol2 + 8%of2) da dt+/ / Prof? da dt
T JQ -T JQ

T T
- s/ / (002 + V22 + 52|22) da dt+/ / P2 d dt
T JQ\w2 T JQ\w2

(21)

T T
+ s/ / (|8tv|2 + |Vv|2 + s2|v\2) dz dt +/ |P1u|2 dr dt.
—T Jws —T Jws

Therefore, applying inequality (17) to z, we get that, for s > sq,

T T
s/ /(|a,5@|2 + |Vo? + s%[v]?) dz dt+/ / |Pyv|? dz dt
T JQ -T JQ

T T
5/ /|ijz|2 dx dt—i—s/ / 10, 2|* do dt
TJQ —T JT'g
T

T
+ s/ / (|00 + | Vol + s%|v]?) dz dt+/ |Pro|? dz dt.
w2

-T —T Jwa

Eventually, since 0,z = 9, xv + x0,v = 0 on I'g and using (21), we get

T T
s/ /(yatvm Vo2 + s2[of?) do dt+/ / Pl dz dt
—TJQ -TJQ

T T
5/ /|Pwm-u|2 dz dt+s/ / (0] + Vo2 + 2o dz dt
—-TJOQ =T Jws

T
+/ |Pyo|? dz dt.

—T Jwsa

Next, using the definitions (18) and (19), we observe that
|Prof® S [Peonjvl? + 8°(|0p]* + [VV?] + [u]?),

thus, for s large enough, we can replace the last term in (22) to obtain

T T
s/ /(yatv|2+ Vo2 + s2[uf?) da dt+/ / Pl de dt
—T JQ —-T JQ

T T
S / / | Peopjv|* da dt + 52/ / (|0 | + | Vol + s|v]?) dz dt.
T JQ —T Jws

(22)

(23)



M. Boulakia et al. 2024 | Solving inverse source wave problem — from Carleman estimates to observer design | 9of 41

Let us now add a term in 9;v(0) in the left-hand side. According to the definition
(18) of Py, an integration by parts in space gives:

/ /Pw@,gv dz dt = / /at |0|?) da dt + = / /(% |Vo|?) dz dt

212
g CIVOP) Bu((uf?) de dr,

and since v(-,0) =0 in Q, v(-, —T) = (-, —T) =01in Q,

/ /Plvé?tv dz dt = /8,51)( )|2 dz

2)\2

— VoY) Jvf* da dt.

Rearranging the terms and multiplying by s'/2, we get

g1/2
— ]&ﬂ)( ))? dz —31/2/ /Plv(?tv dz dt

5/2)\2

/ / (62102 — |V|2) Jof? dz dt.

Then, by Cauchy-Schwarz and Young inequalities, we obtain

0
51/2/ |8tv(0)|2dx§/ /]Plv|2 dz dt
Q T JQ
0 0
+ s/ / 0v]? da dt+35/2/ / lv|? da dt.
-TJQ -TJQ
Therefore, extending the integrals between 0 and 7" in the right-hand side, we have
1 T
32/ 10,v(0)? da:,S/ / |Pro|? dz dt
Q T JQ
T T
—I—s/ / 0|2 da dt+s5/2/ / lv> do dt. (24)
-TJQ -TJQ
Injecting this inequality in (22), we obtain that, for s > s,
é/ 10,v(0 |2dx+s/ / (10w ]2 + Vo) + s2[v)?) dz dt+/ / |Pyol? do dt

T
5/ /yPconij dz dt—|—32/ / (|00 + |Vo]? + s|v|?) dz dt.
T JQ =T Jwa

Next, we come back to the initial function w = e~*%v. After classical computations
that we do not detail here (we refer for instance to [47]), we get

T
53 / %50 9,w(0)|? dx—i—s/ /625¢(]8tw\2 + |Vw]? + s%w|?) dz dt
Q -7 Jo

T
5/ /(32‘9¢’|Pw|2 dz dt
-TJQ

T
52/ / e*?(|opw]? + |Vw|? + s?|w[?) dz dt. (25)
N
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To conclude the proof, it remains to remove the term in d;w in the right hand side.
To do so, we define a function p € C*°(€Q) such that

1, if z € wo,
px) = .
0, ifzeQw,

and observe that, from the definition of P, we obviously have
T
/ / %9 p(Bpw — Aw — Pw)w dz dt = 0. (26)
T Jw

Let us consider separately the three integrals coming from this equality. For the
first term we have, thanks to two integrations by parts in time,

T T
/ /628¢p(9ttww dr dt = —/ /&gw 8t(e2s¢pw) dz dt
-T
T
= / /\8 w|?e??p dz dt—s/ /Gt(\w] )e*? O p da dt
/ / e%? p|oyw|* dz dt + 25 / / %% 10,0)? |w|?p da dt

+S/ /€2s¢8tt¢p|w’2 dz dt. (27)
-TJw

For the second term in (26) we have, using Green formula

T
—/ /e2s¢pAww dz dt
-TJw
T
= / / V(e*?pw) - Vw dz dt
T Jw
T T
:/ /«C/’Q‘g(f’p|Vw|2 dz dt + S/ /628¢V(w2) -Vop de dt
T Jw T Jw
1 ! 2s5¢ 2
+/ /6 V(w*)-Vp dz dt
2 -TJw
T T
—/ /e2s¢]Vw|2p dz dt — s/ /erd’Aqﬁplw\Q dz dt
T Jw T Jw
T 1 (T
- 282/ /e2s¢pv¢|2 lw|* dz dt — 2/ /€2S¢ Ap|w|? dz dt
T Jw T Jw

T
- 28/ /62S¢Vp Vo |w|* dz dt. (28)
-TJw

Using (27) and (28) in (26), we thus obtain that

T T
/T/ e p |Opw|? da dt — /T/ e*%p|Vw|? da dt

T
1
= / / ¢ (S O p+ 25°1019|° p — §AP —25Vp-Vo—sApp
T Jw

T
- 232|V¢]2p> lw|? dz dt —/ /625¢’pr w dz dt. (29)
T Jw

From (29) and by definition of p, we deduce the following estimate,

T 1 (T
/ / e**?|0pw|* dzx dt < 2/ /625¢]Pw2 dz dt
—T Jwy st J-rJa

T
+/ /(|Vw]2+s2w|2) dz dt. (30)
T Jw

Using this inequality in the right-hand side of (25), we finally get (16). O
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We now establish a second Carleman estimate. In this inequality, the measure-
ment terms in the right hand side involve the L?((—7T,T) x w) weighted norms of a
time primitive function W of the field and its Laplacian AW.

Theorem 2.2. We assume that w satisfies (7). Let ¢ be the weight function
defined by (15). Then, for every B € (0,1), there exist A > 0, s > 0 and ¢ > 0
such that for all s > so and for all w € L*(=T,T;H}(2)) N HY (=T, T; L*(2))
such that Pw = Oyw — Aw € L2(Q x (=T,T)), W € L?(-T,T;H?(w)) and
w(-,0) =w(-, £T) = Ow(-, £T) = 0 in Q, we have

T
sé/625¢<0>\atw(0)y2dx+/ /625¢(3\Vw]2+s]8tw|2+33|w\2) dz dt
Q T JQ
T T
< c/ /62‘9‘15|Pw|2 dzx dt+052/ /e2s¢(|AW|2—l—s4|W]2) dz dt (31)
—-TJQ T Jw

t
where W is given by W (t) z/ w(T)dr.
0

Proof. In this proof, as in the previous proof, all the computations will be done for
smooth functions and lastly a density argument allows to extend the result to the
regularity given in the theorem. We restart from the equation (29) obtained in the
proof of Theorem 2.1. On one hand, we can deduce from (29) that

T T
1
/ / | Vw|? dz dt < 52/ /625¢]Pw\2 dz dt
—T Jwsy T JQ
T
+/ /(\8tw]2+82w|2) dz dt. (32)
T Jw

Using this inequality in the right-hand side of (25), we get

Sé/ 25¢(0 ‘aw( ’ da:—i—/ / 25¢ ‘vw’2+s’8tw‘2+s3|w‘ )dx de

/ / 29| P2 da dt—l—s/ /M (0w]? + s2wf2) dz dt. (33)

On the other hand, using the fact that w = 9,W (since W is a time primitive of
w), the second term of (26) can also be integrated by parts in time to obtain

T
—/ /e2s¢pAww dx dt
T Jw
T
—/ /e2s¢pA(8tW)w dz dt
=T Jw

T T
= / /8t(628¢pw)AW dz dt — [/ > pw AW dx]
T Jw w -T
T T
= 28/ /625¢p8t¢wAW dx dt —|—/ /625¢p Oyw AW dz dt.
T Jw T Jw

Using this equality and (27) in (26), we get

T
/ /e2s¢p|8tw|2 dz dt
T Jw
T T
= 5/ /623¢8tt¢p\w|2 dz dt + 282/ /62S¢\8t¢|2\w]2p dz dt
T Jw T Jw

T T
+ 23/ / % pd,pwAW dzx dt +/ /625¢p8twAW dx dt
-TJw T Jw

T
—/ /625¢prw dx dt.
=T Jw
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Using Young inequality for the last three terms, we obtain

T
/ /e2s¢p|8tw|2 dz dt
=T Jw
r 2 2 2 2 s*p 2
5/ /6 s¢ <5](9tt<;§|p+25 \8t¢| p+s p|8t¢’ + 2> \w| dz dt
T Jw
T P 1 T
+/ /625¢ (f +pyat¢\) IAW|? dz dt + 2/ /625¢p\Pw\2 dz dt
T Jw 2 2s T Jw
1 [T
+ / /e2s¢p|8tw2 dz dt. (34)
2 T Jw

We absorb the last term on the right side of (34) by the left-hand side. Then, for s
large enough, we get

T 1 (T
/ /625¢|8tw\2 dz dt < 2/ /625¢Pw\2 dz dt
TJw st J-rJa

T
+/ /625¢(]AW]2+3211}]2) dz dt. (35)
T Jw

Let us now compute

T
52/ /625¢|w]2 dz dt
T Jw
T
= 52/ /628¢w8tW dr dt
T
=243 / / e%90,pwW dx dt — s / / e229,wW dz dt
< / / e\ W? dzx dt—i—e/ / 259 (|10yw]? + s*|w[?) da dt,

for any e > 0. Starting from (35), we use the above inequality to obtain

1 T T
< 2/ /628¢\Pw|2 dz dt+/ /625¢(|AW12+521w|2) dz dt
Q w

S
1 [T st
<= e*?|Pw|? dz dt + (AW ? + —|W|?) da dt
2
st J-rJa -TJw €

T
+e /625¢(|8tw]2 + s%wl|?) dx dt. (36)

Taking e small enough, we deduce that

T

T
1
e (|0yw]? + s*w]?) do dt < = X0\ Pw|* dx dt
N2
T Jw S -TJw

T
+/ ¢ (|AW|? + s*|W|?) da dt. (37)
T Jw

To conclude, we use the inequality (33) and apply inequality (37) to replace the
observation terms in the right-hand side. O
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2.2 Stability inequalities associated with the inverse source problem
In what follows, we will state two stability estimates for our inverse source problem.
The first stability estimate stated in Theorem 2.3 will be adapted to wvelocity
measurements whereas the second stability estimate stated in Theorem 2.4 will be
adapted to field measurements. Following the classical Bukhgeim-Klibanov method
introduced in [5, 11, 56], these stability estimates will come as consequences of
the Carleman estimates stated in Section 2.1. Let us also mention that Lipschitz
stability estimates have also been obtained for coefficient inverse problems for
hyperbolic equations in [58], in [56, section 3.6] and in [55].

In this section, we assume that the known part of the right hand side o satisfies,

o € HY(0,T; L>(Q)) and |o(x,0)| > k> 0 a.e. in Q. (38)

2.2.1 Stability inequality associated with velocity measurements

Theorem 2.3. We assume that w satisfies (7), T satisfies (8) and o satisfies (38).
Let ujg be the solution of (12) associated with 6 € L2(). There exists ¢ > 0 such
that

T
/ 102 do < c/ / (|V8tuw\2 + |8tu‘9|2) dz dt. (39)
Q 0 w

Proof. Since the right-hand side o6 of (12) belongs to H!(0,T;L2(Q2)), a classi-
cal existence result (we refer to [45] or [33]) allows to assert that w belongs to

C2([0,T); L2(2)) N CL([0, T]; HL(2)) N CO([0, T]; H2(£2)), and we have

ulle2(o,m200)) + lwllorqo,rmr @) + lullcoqommz@)) < cllfllie@)-  (40)

Following Bukhgeim-Klibanov method, we introduce v = 0;u that satisfies

Ouv(z,t) — Av(z,t) = dwo(x,t)0(x), (z,t) € Qx(0,7T),

v(x,t) =0, (x,t) € 92 x (0,7), (41)
v(z,0) =0, x €,
O (z,0) = o(z,0)0(z), z €€
We extend the function v on (—T,0) by setting v(-, —t) = —v(-,t). Then, for
d > 0, we introduce the cut-off function n € C2°(R), plotted in Figure 3, such that
0<n<1,
1, if —T+6<t<T—5,
n(t) = . (42)
0, ift<—-Tort>T,

and we set w = nv in Q X (=T, T). The function w satisfies w(-,0) = w(-,+7T) =
Oyw(-,£T) =0 in Q.

Figure 3. Cut-off function 1 defined in (42).
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Therefore, since w satisfies (7), we can apply the Carleman estimate (16) of
Theorem 2.1 to get,

55/62391’(0)\8,510(0)]2 dz
Q

T T
5/ /625”‘1’|Pw|2 dz dt+52/ /e2s¢(\Vw|2+s2|w|2)d$ dt. (43)
—-TJQ =T Jw

For the term in the left-hand side, we have dyw(z,0) = n(0)0;v(x,0) = o(x,0)0(x)
where, by hypothesis, |o(x,0)| > k > 0 for z € 2. Therefore, we have

52 / e25%0)|9,w (0|2 dz > K252 / 2590|912 dz. (44)
Q Q

For the first term in the right-hand side of (43), we notice that
Pw =100 6+ 20 v + Ounv. (45)

On one hand, since o € H'(0, T; L>°(£2)) we directly have

T
/ / ¥ 0yo 0)? dz dt < / 2?92 da. (46)
—-TJQ Q

On the other hand, the time derivatives of n vanish on [-T" + 6, T — d]. Moreover,
since T satisfies the time condition (8), we can take 5 > 0 such that

1
—sup|z —zo] < /B <1 (47)
Txeﬁ

In this case, if we take J sufficiently small, we have, by definition (15) of 1
Vie [-T,-T+6|U[T —6T),Vr e, (z,t) <co<(x,0). (48)

Therefore, using estimate (40), we have

T T
/ / 823¢‘28ﬂ] 8t1) + 8tt77’l)|2 dx dt S.; eZsexp()\co) / /(!Z?ttu|2 + |8tu]2) dz dt
-TJQ -TJQ

§e2sexp()\co)/ |0|2 d$§/628¢(0)|0‘2 dz.
Q Q

Hence, using this inequality, (44) and (46), estimate (43) leads to

T
%285/625¢(0)|H|2 dw§/625¢(0)]9|2 dm+52/ /e2s¢(|6mv|2—|—52|17v|2) dz dt.
Q Q T Jw

Therefore, if s is chosen large enough, we can absorb the first term in the right-hand
side by the term in the left-hand side. Finally we have

T T
32/ /e2s¢(|8mv|2 + s%nu|?) dz dt < 628¢(0)||CO(9)/ / [Vol? +[o]? dz at.
T Jw T Jw

Since v = dyu and v(0) = 0 and since the integrals on (=7, 7T") are twice the integrals
on (0,7), we obtain (39). O

We deduce from the observability inequality (39) that the observations on dyu
must belong to L2(0, T; H!(w)), such that a stable reconstruction of @ is possible
with the L2-norm. As a result, we are dealing with an ill-posed inverse problem of
degree 1 in the sense of Definition 1.1.



M. Boulakia et al. 2024 | Solving inverse source wave problem — from Carleman estimates to observer design | 15 of 41

2.2.2 Stability inequality associated with field measurements
Again, we follow the method introduced by Bukhgeim-Klibanov [5] and apply the
Carleman estimate given by Theorem 2.2 to the time derivative of the solution.

Theorem 2.4. We assume that w satisfies (7), T satisfies (8) and o satisfies (38).
Let upg be the solution of (12) associated with ¢ € L2(Q). There exists ¢ > 0 such

that -
/ 10)? dz < c/ / |AU‘9|2 + |u‘9|2 dz dt. (49)
Q 0 w

Proof. Let v be the solution of (41) and V' its time primitive such that V'(-,0) = 0.
As in the proof of Theorem 2.3, we extend the function v on (—T,0) by setting
v(, —t) = —v(-,t). We set w=nv in Q x (=T, T) where n satisfies (42) and W its
time primitive. Reasoning exactly as in the proof of Theorem 2.3 and using the
Carleman estimate (31) of Theorem 2.2, one can show that

T
H28§/625¢(0)‘9‘2 dx§/625¢(0)\9]2 dx+82/ /625¢(\AW]2+84]W]2) dz dt,
Q Q T Jw

where, if s is chosen sufficiently large, we can absorb the first term in the right-hand
side by the term in the left-hand side. Moreover, we notice that

W(a, 1) = /0 n(P)o(@, ) dr = gV (,1) — /O o () (2, 7) dr.

So, since for all t € (=T, T') and 7 such that |7] < |t|, #(t) < ¢(7), we have

T T
/ /e2S¢|W|2 dz dt g/ /e“’5¢|vy2 dz dt,
T Jw T Jw

T T
/ /625¢\AW\2 dz dt 5/ /eZSﬂAV\? dz dt.
T Jw T Jw

T T
2 [ [ esiampestavP) asa s @1 0eo [ [ avevE aa
T Jw T Jw

and

Therefore,

Since v = Jyu and since the integrals on (=T, T) are twice the integrals on (0,7,
we obtain (49). O

Note that, in this case, we have an estimate of § with the L?-norm if the
observations on u belong to L2(0,T;H?(w)). Therefore, we are dealing with an
ill-posed problem of degree 2.

3 From Tikhonov regularization strategy to observer de-
sign
3.1 Tikhonov regularization and error reconstruction with velocity

measurements

We assume that a target trajectory @ solution of (12) produced by a target source
term parameter 6 has resulted in a set of measurements y° where

T
A 197 () — But) |22, dt < 8°T, (50)
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for a parameter § > 0. We introduce the cost functional to minimize #r : H(Q) —
R defined by

€ 1 (T
Fr(0) = 5100y + 5 [ 190 =0, e

€ 1 /7
10l + 5 | 15760 = Coy s s (51)

where uj, is the solution of (12) associated with the parameter ¢, C' is defined by

(9) and € > 0. Since the functional is quadratic, the application 6 +— 1,(0yuy,) is

continuous and 6 He”%ﬂ(ﬂ) is continuous and coercive in H}(92), we deduce the
0

existence of a unique minimizer in H}(Q) of 1. We denote it by Or = argmin B2
et ()

We want to show a property on the reconstruction by quantifying the approxi-
mation between the target parameter 6 and the minimizer of the cost functional fr
with respect to the noise level §. To do so, we introduce a regularization operator
G that will regularize the L?(w) measurements in H}(w). Namely, for o > 0 small,
we define G € L(L?(w), Hj(w)) satisfying for all y € L?(w), G% = y* where y*

solution of . )

—Ay® o — :
y + Oé2y Oé2 y’ m CL), (52)
o

y* =0, on Jw.

Let us look at some properties of this regularization operator. First, we give a
stability property.

Proposition 3.1. The regularization operator GS defined by (52) satisfies,
1
Vy € L2(w)a HG y”H1 (w) < ﬁa‘|y||L2(w)

Proof. We denote by y* = G2y. It satisfies the following variational formulation:

1 1
/ Vy*Vudr + — / yrvdr = — / yv dz, Yo € Hj(w).
Choosing the test function v = y® and using Young inequality, we directly get
1
2 2
IVY*iaw) < 52 1912

O]

This operator G can be viewed as a regularization of the identity operator.
We have the following approximation theorem.

Proposition 3.2. The regularization operator G defined by (52) satisfies, Vy €
H{(w) such that Ay € L?(w),

I(GE = 1)yl ) \[HAy”LQ(w
Proof. We denote y® = G%y. It satisfies the following variational formulation:
/V Vvdx+/ y)vdx:/Ayvdaj, Yo € Hp(w).

Choosing the test function v = y* — y and using Young inequality, we directly get

1 o? 1
IV = y)ll2) + Sl - Yllfaw) < EHAZJHi?(w) + ozl = Yl )
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For further use, let us state a regularity result for the solution of (12).

Proposition 3.3. We assume that o € H2(0,T; W>°(Q)) and 0 € Hy(Q). Let uyg
be the solution of (12) associated with 6. Then ujy € C*([0,T];H*(Q)) and there
exists ¢ > 0 depending on o and T such that

lwjollcr (o, rpm2(@)) < eI 0) 10/l ) (53)

Proof. From classical existence result (we refer to [45] or [33]), one can show that,
o € L2(0,T;1L%(Q))

= Jue C(0,T],L3(Q)) N C°([0, T], H}(Q)) solution of (12). (54)

Furthermore, let us consider the system (12) differentiated in time. Defining v = 0;u,
we have

Ouv(x,t) — Av(x,t) = dwo(x, t)0(z), (z,t) € Qx (0,T),

v(x,t) =0, (x,t) € 02 x (0,7), (55)
v(z,0) =0, x €,
o(z,0) = o(x,0)0(z), x € Q.

Similarly, for this problem, we have
(0(0)8, 0;00) € L?(Q2) x L0, T;L3(Q))
= 3Jve CH0,T],L3(Q)) N Co[0, T], HS(R)) solution of (55). (56)
Let us now differentiate again the system (55) in time. Denoting w = v, we have

Opw(z,t) — Aw(z,t) = Opo(z,t)0(x), (x,t) € Qx(0,T),

w(zx,t) =0, (x,t) € 9Q x (0,T), (57)
w(z,0) = o(x,0)0(x), x € Q,
Ow(z,0) = do(x,0)0(z), x € .

For this system, one has the following existence result,
(0(0)0,0:0(0)0, d00) € HH(Q) x L) x L2(0, T; L3(Q)),
= 3w e CH[0,T],L*(Q)) N C°([0,T], H}(2)) solution of (57). (58)

Gathering (54), (56) and (58) and using elliptic estimates, we deduce that the
solution u of (12) belongs to C([0,T]; H2(Q2)). Moreover, using the estimates
associated with the existence results, we have that (53) holds. O

The following theorem gives an estimate the reconstruction error 67 — 6 with
respect to the noise level in the case of wvelocity measurements. Before stating
this result, let us define a cut-off function which is useful in the proof. Since w
satifies (7), there exists p > 0 such that wj ., C w. We define wy = w4, and
W1 = Wpy 2 for 0 < pg < p1 < p. Then we consider a cut-off function n € C3(w)
which satisfies the following properties :

n(x) =1, if z € wo,
nx) =0, ifzew\w,
0<n(z)<1 foreveryz € w,
Vn-v=0 on duw,

(59)

where v is the outward unit normal to dw. The existence of such a function is
ensured since the domain w is sufficiently regular.
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Theorem 3.4. Let w satisfy (7) and T satisfy (8). We assume that o satisfies
(38), o € H2(0, T; Wh°(Q)) and 6 € HA(2). Moreover, we assume that there exists
M > 0 such that

1012 (0) < M. (60)

Then, there exists ¢ > 0 independent of M and & such that
107 — 0|12y < c VMV, (61)
where O minimizes the cost functional (51) with e = §2M 2.

Proof. In this proof, we write a < b if there exists ¢ > 0 independent of €, M and §
such that a < ¢b.

First, using the prior on the parameter 6 and the estimate on the noise amplitude
(50), we can bound the cost functional as follows

Jr(07) < Jr(0) < %MQ + %T(SQ- (62)

Since wy itself satisfies (7), we can apply to f7 — 0 the stability inequality given by
Theorem 2.3 on wy. We obtain

1
o T 3 T
167 —=0]lL2(0) S </0 1025y s () dt) = </0 105, — Oruig s ) dt)

Therefore, using the cut-off function n € C3(@) which satisfies (59) and thanks to
Poincaré inequality, we have

1
2

=

2

T
100~ Oy % ([ ItOusg, — 0l )
1
2

T
S (/0 In(Orug, — 0tu\é)\|?{5(w) dt)

For a given o > 0, we introduce the regularization operator G$ defined by (52). By
triangle inequality, we obtain

N

T
102 Ol < ([ 166 ~1) (n g, — 0) Iy )

T ) 1
+ </0 1GS (77 (atu\éT - 8tu‘é)) ||H(1)(w) dt) .

Adding and subtracting the noisy observations, we get
o T 3
10~y 5 ([ 1665 -1) (101, ) Iy )
T 3
w ([ ez -1 (n00g) 2y )
T 3
+ </0 1G3 (77 (Orug,. — yé)) [ dt)

: NS
+ ([ 162 (1005 —19) Iy )
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According to Proposition 3.3 and thanks to the regularity assumptions on o,  and
O, we have that g, and uy  belong to CL([0, T]; H2(Q)). So using Proposition 3.1

and Proposition 3.2, we get

5 T 3 T 2 1
107 —0|12(0) < (/ |A (77 3tU|9T> HLQ () > e (/0 |A (77 3tu|g) ||L2(w) dt)
1 T 512 % 1 T - %
+ (/0 10, — ¥° T2 At > + = (/O (X dt) _
(63)

For the first two terms in the right-hand side, we notice that, for all v € H}(Q)
such that Av € L2(f2), using Poincaré inequality and the definition of the cut-off

function,

A () [[L2(w) < [[vAR 4+ 2VoVny + nAv|Le(w).
S vl 1A Lo ) + 20V 0llL2 @) [Vl oo (@) + [1nllLoe | Av]|L2 o)
S IVolliz) + [[AY]l12 @

hence, we get

o T 3
107 = Oll2) S a </0 180w, 72 () + IV, 1720 dt)

T 2
ta ( [ 1800 + 190l dt)

1
+1</T|\8tu R dt>2
a \Jo lor = Y lIL2(w)
1 T 5112 2
2 ([ 1og = o )

Applying (53) for § = 67 and 6 = 0 and using the definition of the cost functional
(51) and error measurements amplitude (50), we obtain

167~ Ol S 0T 1rlhay) + T 10lluyey + ~ (2T (@)} + ~6VT.
Thanks to the prior on the parameter (60), we get
162~ Bllizey S aT(2 Tr(Br)E + aTM + - (277 (Br)% + - 6VT.
Using the bound of the cost-functional (62), we then have
107 — Bllay < aT(M? + € 16°T)E + aTM + (6M2 +82T)h 4+ éaﬁ.

Choosing € = §2M 2 and o = 5%M_%, we finally obtain

||§T—éy|L2(m,§5%M%(T(1+T)% FT+(1+T)2 + \/T)
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3.2 Tikhonov regularization and error reconstruction with field
measurements

In this part, we assume that a target trajectory @ solution of (12) created by a
target source term parameter 6 has resulted in a set of measurements y° where

T
|10 = ) ae < 27, (64)

for a parameter § > 0. The cost functional to minimize #r : H{(Q) — R in this
context is defined by

_ Cypn2 1 4 S 2
Fr0) = 100y +5 [ 190 =, s

€ 1 /7
= S0y + 5 [ 1) = Oy . (69)

where v, is the solution of (12) associated with the parameter ¢, C' is defined by
(10) and € > 0. As in the previous section, one can prove the existence of a unique
minimizer in H}(2) of 1. We denote it by O := argmin_#7.

0t} (Q)

We then introduce a regularization operator HZ that will regularize L2(w)
measurements in H?(w). More precisely, for a > 0 small, we define

HE € L(L*(w), Hy(w) N H(w))

satisfying for all y € L?(w), H%y = y® where y® is solution of

1 1
A2 a a :
Y + agy 042 Y, m w, (66)

(67

y* = Ay® =0, on Ow,

Let us look at some properties of this regularization operator. First, we give a
stability property.

Proposition 3.5. The regularization operator HS defined by (66) satisfies,
1
Vy € L2(w), [[AHSYllr2w) < EH?JHL?(@-

Proof. The function y* = HSy satisfies the following variational formulation

1 1
/ Ay*Avdr + — / yrodr = — / yo dz, Yo € Hy(w) NH?(w).
Choosing the test function v = y® and using Young inequality, we deduce that

1
1AY* ([P < ﬁ”y\\i%w

As in the previous section, we can show an approximation theorem.

Proposition 3.6. The regularization operator HS defined by (66) satisfies, for all
y € H(w) N H2(w) with VAy € L2(w)? and Ay =0 on dw,

IAH — Id)yllr2w) < cvVal[VAY[L2(),

where ¢ > 0 is independent of «.
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Proof. We denote y* = HSy. The following variational formulation is satisfied: for
all y as in the statement of the proposition and for all v € Hj(w) N H?(w)

1
/ A(y® —y)Avdr + pe) /(ya —yvdr = —/ AyAv dz.

Choosing the test function v = y*—y and using Green’s formula and Cauchy—Schwarz
inequality, we get

1
IAWYY = Y120 + ally - YlF 2 < IVAYlIL2) IV = 9)llL2w)-
Using an interpolation property, we have

1AW =92+ 218" = YlE2w) < VAU IAG = 1)lIE) 1 = vliEa()-

where ¢ > 0 is a positive interpolation constant. Using Young inequality we obtain

1
(0% 1 (6% Ca§ (6%
A(y* — 3/)”%2(@ + @Hy - ?JH%2(UJ) < 9 HVA?JHL%J)HA(Q - y)”L2(w)
C

+ =1 IVAY[lL2 ) 1y = yllL2(w)-
2a2
The use of Young inequality finally leads to

o 1. 4 ca 1 o
IA@GY = y)llF2) + 2l - Yltew) < THVA?JH%}(UJ) +I1AG" - DT

a 9 1 9
+ THVA?JHL%J) + @”ya — Y2 ()

Eventually, we have

02a

5 IVAY[1E2 (-

3 3
IAGT = D) + sl = vllEa <

As before, we need a regularity result for the solution u of (12).

Proposition 3.7. We assume that o € H2(0,T; W*°(Q)) and § € H}(Q). Let uy,
be the solution of (12) associated with 6. Then ujy € CO([0, T);H*(2)), VAuy €
L>°(0,T;1L2(Q))¢ and there exists ¢ > 0 depending on o and T such that

tS[%PT] IVujgllirz) + Auplliz) + IVAupllLz@) < (T, 0) |0l ) (67)
€10,

Proof. On one hand, following the proof of Proposition 3.3, (54)-(58) hold. Hence,
u solution of (12) belongs to C2([0, T]; H§(Q2)) and, in particular,

S[LSPT] IVugllrz@) + IVOrupllLz) + [0wupliLz@) < cllfllgiq).  (68)
tel0,

for some ¢ > 0. On the other hand, differentiating in space (12) we get, in the sense

of distribution,
VattU|9 - VA’LL|9 =0V + HVO',

which shows — using (68) — that VAug € L>°(0,T;1L2(Q))¢ and (67) O

Let us now present the error reconstruction result in the case where field
measurements are available.
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Theorem 3.8. Let w satisfy (7) and T satisfy (8). We assume that o satisfies
(38), o € H2(0, T; Wh°(Q)) and 6 € HA(2). Moreover, we assume that there exists
M > 0 such that

1012 (0) < M. (69)

Then, there exists ¢ > 0 independent of M and & such that for § small
107 = Blliaq) < M55, (70)
where O minimizes the cost functional (65) with ¢ = 6>M 2.
The proof of this theorem is very similar to that of Theorem 3.4.

Proof. In this proof, we write a < b if there exists a positive constant ¢ > 0

~

independent of €, M and § such that a < cb.
First of all, we can bound the cost functional using the prior on the parameter 6
and the estimate on the noise amplitude (50),

Tr(0r) < Tr(0) < SM? + T8 ()

We introduce wp and w; as in the proof of Theorem 3.4. Using the stability
inequality of Theorem 2.4 applied to 87 — 6 on wq, we get

o T 3 T
167 = 0llL2(0) < </O luig, = wglEag,) dt> + (/0 1Awg, — Auglia,) dt)

We artificially insert the noisy measurements 3 in the first term of the right-hand
member. Since wy C w, we obtain

o T . 3 T 5o 3
10~ oy < ([ Vg, =0y )+ ([ g =12 )

T , 3
+ (/0 [Awg, — Au|éHL2(wo) dt) :

The first term in the right-hand side is bounded by the cost-functional (65), the
second term corresponds to the error measurements amplitude (64). In addition,
using the cut-off function n € C3(w) which satisfies (59), we get

1
2

1
~ 3 N 1 T 2
107 — Oll2() S (270(07))2 + VT + (/O 1A (g, — nwg) 1Tz dt) :

For some « > 0 given, introducing the regularization operator HS defined by (66)
and using (71), we obtain

1
2

. 1 T
107 —0ll12(q) S (eM? + T6%)> +0VT+ (/0 A (Hg(nulgT — nu|é)) 1220 dt>

=

+ </0T 1A ((HG = 1)y, — ) ) o dt)

Adding and subtracting the noisy observations, we get
. 1 T 2
o8y 5 (32 + 73 5T ([ 18 (B, — ) I )

’ 1) 2 %
w ([ 18 (g — ) 1 )

+ </0T 1A ((HG = 1) (g, — ) ) o dt)

1
2
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According to Proposition 3.7, w5, and wg belong to CO([0, T]; H2(€2)), VAug, and
VAu,; belong to the space L*(0, T L2(92))?. Therefore, nug, and nuz belong to
CY%0,T; H} (w) N H?(w)), and the gradient of the laplacian of these functions is in
L>°(0,T;12(Q))?. Moreover by construction A(nug) = Anuyg) = 0 on dw x [0, T].
We can therefore use Propositions 3.5 and 3.6 to obtain

1
~ 3 1 1 T 2
167 = Bllao) S (eM? +T0%)% + VT + — </O g, — 12 dt)

1 T S112 % 4 2 %
+ - (/ lug = 10 1E2 ) dt> +Va (/ IVAMwg )iz dt)
6] 0 0

-+¢a(ATHVAmuww§@0a)é-<m>

Moreover, for all v € H}(Q2) N H2(Q2) with VAv € L?(Q2), using Poincaré inequality
and the definition of the cut-off function, we have

VA (17v) [li2w) S IVUllzz@) + 1Av][220) + [[VAY|| 12(q)- (73)

Using this property, (72) becomes

_ - 1
107 — Ollr2() S (eM? +T6%)2 + ST

1 T 512 % 1 T 512 %
([ g, = 1 ) 2 ([ g = o )

T
+Va </0 IVA u|§THiz(w) + A u|gTH%2(w) +|V u‘gTH%g(w) dt)

_l’_

NI

2

T
+¢E<A|WAmdéM+WAmmém+wvmw§@dQ
(14)

Applying (67) for # = 67 and § = 6, using the bound of the error measurements
(64) and the definition (65) of Jr, we obtain

_ . 1 1 ~ 1 1
107 = Bllao) S (eM? +T6%)* +0VT + — (270(0r))* + —oV'T
+ \/aﬁHéTHH})(Q) + \/aﬁ”éHHg(Q)- (75)

Thanks to (69) and (71), we thus get

1

. 1
107 — 0|20y S (eM? +T6%)* +6VT + é (eM? +T6%)>
1 1
+ VT + VavT (M? +¢7'T6%) +v/avVTM.
Choosing € = §2M ~2, we obtain
~ )
167 = Oll2i) S 6+ = + Val.

Choosing a = 53 M ™3 leads finally to (70). O

Note that, theoretically, in the case of field measurements, the power of the
error measurement amplitude is lower than in the case of velocity measurements.
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3.3 Observer design

To compute the minimizer of the cost functional (51), we use an approach presented
in [59], namely we use a reduced-order Kalman filter where a Riccati operator is
defined on the parameter space. In this section, we recall the main ideas of the
proposed method, while details and general proofs are presented in [59]. The idea is
first to work in the augmented space Z = Z x P where P is the space of parameters.
The dynamics in the augmented space reads

-EE - @

z A(t)z z(0) ¢

The least square minimization (either (51) or (65) depending on the definition of
() rewritten with respect to the augmented variable reads

€ 1 /7
Fr0) = G003y + 5 | 10 = Cz, g at (77)

with C = (C 0) where C is defined by (9) or (10) according the considered case.

One way to find the minimizer of (77) is to compute its Frechet derivative and
using the so called adjoint equation, to find the two-ends optimality system — as
called in [8, 4|. Namely, we find the optimality condition

Cirim (2) — Mg, (0).

where 0 is the minimizer of (77) and g, is associated with the optimal trajectory
Zp = ZiEr through the two-ends system

20(t) = Az, te(0.7)
arlt) + Ay a, = ~C'0 (W) - Cx:(t),  teOT). oo
21(0) = Mo (0),

a:(T) =0

. 0 0
with IIy := <0 —elA_1>'
0

To avoid calculating the two-ends system, which has the disadvantage of contain-
ing one dynamic forward in time and the second backward, we propose to introduce
the so-called Kalman observer (or Kalman estimator in the stochastic community).
Note that the Kalman observer decouples the two ends problem (78).

Theorem 3.9. The Kalman estimator defined by the following dynamics

=AWz + OO (1) - C(H)2(t), te(0,T),

z2(0) =0, (79)
where Il is the solution of the Riccati dynamics
H(t) =AW (t)+I()AQ)* —HO)C)*C(t)I(t), in (0,T), (80)
I1(0) = M,

satisfies the fundamental identity

VEe[0,T), Zo(t) = 2(t) + I()a@,(2). (81)
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In particular, we observe that, taking T' = t, we get that 2(¢) = z(t) for all
t > 0. Therefore, at the final time, the Kalman observer reaches the trajectory
associated with least-square estimator.

It should be noted that in our case of vanishing initial data and with our choice
of Il it is possible to show that II(t) is given by

.n@y:<ﬁgvzwo(Lwﬂ 1d) | (82)

where

(83)

A =—AL*C*CLA, t>0,
A(0) = Ag := —€e1AGT,

and, as a reminder, (L(t)):>0 is the operator such that 24(t) = L(t)0 is the solution
of (5).

Therefore, we obtain the following optimal observer.

Theorem 3.10. The unique minimizer 0; of the cost functional (77) satisfies
0, = 0(t) where 0 is solution of the following dynamics

(i— A4 BO+LO, t>0,

= AL*C*(y® — C%), t>0,

0
A=—-AL*C*CLA, t>0,

where the operator (L(t))i>o0 is such that zg(t) = L(t)0 is the solution of (5).

Note that the present estimator can be used for either velocity or field observa-
tions in L2 with the corresponding definition of the observation operator C' and its
adjoint C*. Since this method is sequential, it has the advantage of not requiring
multiple iterations to obtain the result. In this case, hence it is very efficient for
parameters discretized in reasonable dimension spaces where the Riccati operator
can be efficiently computed.

4 Numerical results

4.1 Discretization scheme

To start with, we will discretize in time and space the wave equation, and then,
following a discretize-then-optimize strategy, we will apply to the discretized system
the Tikhonov regularization method and observer design presented in Section 3.
As in [59], in a classical way, we discretize the wave equation in time thanks to
a mid-point scheme and we introduce a Lagrange finite element space V}, for the
space discretization of the field and velocity. Moreover, we introduce P" a finite-
dimensional space which approximates P and we consider 8" € P*. Let N € N*
be given. We define the time step 7 by 7 = NLH For n < N, at the (n + 1)-th
iteration, (ul’, 1, v, ;) € V), x V) is solution of ufy = 0,v{ = 0 and

h h h h
Upt1 — Up o Un+1 + vy,

T 2 ’

(85)

h h h h

Up4+1 — Up Ahun—‘rl + Uy
— Ay

T 2
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where Ag is the bounded linear operator in V} associated with the finite element
discretization of the unbounded operator Ag of L2(€) into L?(Q2). Here, o corre-
sponds to the projection (or interpolation) of the function o into the finite element
space V.

Let us also introduce the notation 2" = (ul v}) € 2" =V, x V},. Then the
first-order writing of this system is given by

h h,7 _h h, h
Zn+1|( =9 7TZn|C + Bn—Zle s
where .
ohir ( 1, —;Idh> (Idhh gIdh>
and

1
. d, —IId, 0
e ) (o)
+1 —§A8 Id;, ol ((n + %)T)

The time-and-space discretization of the cost functional (51) reads
€ o
h h2 o,h h_h 2
AN(CT) = §HC HH(l)(Q) + 9 ZHyn -C anh”yh, (86)
n=1

associated with measurements yg’h and an observation operator C" € L(ZMYh)
where D" is the finite dimensional space the observations belong to.

We now state the following fundamental theorem which relates the minimizer
of the cost functional to an observer. We refer to [59] for a proof of this result.

Theorem 4.1. The minimizer 0% of the cost functional (36) is equal to éf{[ which
is the last iteration of the recursive dynamics: for (35, 68) = (0,0) and (3!, 0")
defined, for0 <n < N —1, by

QZH* = M7z + BZilé%
éZH = 92 + TAZHLZilC* (92711 - C":’erl—)) (87)
B =El, + Lh 6k, — 6k
where the operator (L) o<n<n is such that zﬁ‘g = L0 is the solution of
ZZ—H\G = @h’Tsz + BZLQ, 0<n<N-1, .
By =0, (88)
and the Riccati dynamics is given by AZ_H = (U,’;”_H)_l where Uf{ satisfies
uh =0l LM CM eI, 0<n< N -1, (89)

with U(’f = —¢ Ag.

4.2 Wave propagation example
In what follows, we will illustrate the results obtained in the previous sections by
testing the numerical reconstruction of a source term using an observer design.
Moreover, we will illustrate the results given by Theorem 3.4 and depict the evolution
of the error with respect to the noise of the available observations.

We consider the following wave equation

Opti(z,t) — Au(x,t) = o(z,t)0(x), (x,t) € Qx (0,T),
a(x,t) =0, (z,t) € 9Q x (0,T),
a(z,0) = tg(z), z €,

dyu(x,0) =0, x € Q,

(90)
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where 1 is solution of

—Au =1 Q
UO(ZL‘) 0, =€, (91)
110(33) =0, x € 011,
and 6 is solution of 3
—A = Q
O(x) =0, T € 01,

with the right hand side f given by

in 2\ Qnoe,
foy =" e
10, in Qpole-

The domain Qyqe is represented Figure 4.

Q

Figure 4. Representation of the domains 2, Qj01e and the subdomain w

The initial condition @y and the target parameter 6 respectively defined by (91)
and (92) are illustrated in Figure 5.

We also set
o(z,t) = 1+ exp(—20(xy — 0.9t + 0.4)?), (93)

where xo represents the vertical component of x. By this way, this choice of o
corresponds to a persistent excitation and allows to mimic the propagation of a
wave moving along the vertical axis from bottom to top. Moreover, we notice that
o is regular and bounded from below by a positive constant so that hypothesis (38)
is satisfied.

0.0e+00 05

1.5e+00 0.0e+00 01 02 3.4e01

Figure 5. Representation of iig(z) (left) and f(z) (right)

In what follows, we will consider a Py finite element discretization with two
different meshes: a mesh with 56193 nodes, that we will call the fine mesh and
a mesh with 14169 nodes that we will call the coarse mesh. The two meshes are
depicted in Figure 6. All the following numerical illustrations are implemented in
Freefem-++ [44].
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Figure 6. Representation of the coarse mesh with 14169 dofs (left) and of the fine mesh
with 56193 dofs (right)

We approximate the target parameter by the finite decomposition,

Nmod

" =" 0l (94)
=0

where (¢?)0§i§ N,,.q are the eigenvectors of Ag associated with the Nyoq + 1 first
eigenvalues. In order to have a relative error between " and 6 smaller than 10%
with the fine mesh, we have set the number of modes to Ny,oq = 27 (see Figure 7).

00e+00 0.1 02 3.4e-01

— ‘

Figure 7. The target parameter 6 and its decomposition 6" given by with Ny,oq = 27
modes

We represent in Figure 8, the time and space discretized known parameter
o"((n+ 3)7) (93) and the right-hand side o’ ((n + 1)7)0 for the fine mesh.

To generate the measurements, we have run the direct problem on the fine mesh
for a time window |0, 3] with a time step of 7 = 0.01. We illustrate an example of
velocity measurements in Figure 9.

4.3 The case of noise-free velocity or field observations
We solve the inverse problem using scheme (87) implemented in Freefem-++ under
a time window of [0, 1] with a time step of 7 = 0.01 and € = 0, using the meshes
shown in Figure 6. Figure 10 shows the relative error norm between the observer
and the target parameter approximation given by (94) over time, namely the above
quantity X

16— 82 /16" 12

In the case of velocity measurements, we can see that the convergence when the
inverse problem is solved on the same mesh as for the measurements is very good,
with less than 10~7% error at the final time, as shown in Figure 10 (right) and
Figure 11 (right). If we compare Figures 7 (right) and 12 (right), we can see that
the reconstructed source term is qualitatively similar to the target source term.

In the case of field measurements, we can see the same kind of results, with less
than 1071% error at the final time, as illustrated in Figure 10 (left) and Figure 11
(left). In the same manner, if you compare Figures 7 (right) and 12 (left), we can
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1 .Oew 1 ‘.4 1 ‘.6 1&.09“)0 0. Oe+00 0.] 0.2 3 4e-01
_———
.

A —

Figure 8. Representation of o/ ((n + 1)) (left) and of 0" ((n + 3)7)0 (right) at different
times t"

see that the reconstructed source term is qualitatively similar to the target source
term.
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-1.0e+00 06 04 0.0e+00

— D —

Figure 9. Solution ¥ of the direct problem (left) and its corresponding measurements
L,(9%) (right) at time t" = 0.1

10l
10-1 |-
1073
1073 |-
-5 [
10-7 10
10-7 |-
10-11 LI | | | ! ! ‘ ‘ ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1
time time

Figure 10. Evolution of the relative error of the parameter reconstruction. The
parameter, the field measurements (left) and the velocity measurements (right) are
discretized on the fine mesh.

-1.0e-11  -5e-12 0 5e-12 1.0e-11 -1.0e-08 -5e9 0 529 1.0e08

! R — ‘ —

Figure 11. Error between " decomposed on the basis of A% and the observer " on the
fine mesh with field measurements (left) and velocity measurements (right)

00e+00 0.1 02 3.4e01

Figure 12. Observer 6" on the fine mesh in the case of field measurements (left) and
velocity measurements (right)

We now choose a coarser mesh for the space discretization of the parameters.
Despite an increase of the error norm of the reconstruction close to the initial time,
the relative error actually decreases from t” = 0.2. As can be seen in Figure 13 and
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visually in Figure 14 the error at t" = 1 is about 5% both in the case of velocity
measurements and in the case of field measurements. A visual comparaison of
Figures 7 (right) and 15 shows minimal qualitative differences between the observer
at the final time and the target source term.

102

10t

100

101

o

0.2 0.4 0.6 0.8 1

o

0.2 0.4 0.6 0.8 1

time time

Figure 13. Evolution of the relative error of the parameter reconstruction. The
parameter is discretized on the coarse mesh whereas the field measurements (left) and the
velocity measurements (right) are discretized on the fine mesh.

-1.0e-02 0.005 o} 0005 1.0e02

Figure 14. Difference between 6" and the observer éﬁ on the coarse mesh with field
measurements (left) and velocity measurements (right)

0.0e+00 0.1 02 34e-01

Figure 15. Observer 67 on the coarse mesh in the case of field measurements (left) and
velocity measurements (right)

Although classical, hypothesis (38) is restrictive. Therefore another interesting
experience is to see what happens when d (38) is fullfilled with inf,cq |o(x,0)|
very low compared to 1. To this end, using velocity measurements, we test the
convergence of the method on the fine mesh and in the absence of noise for o given
by

o(z,t) = exp(—20(zz — 0.9t + 0.4)?). (95)
Taking into account that xo varies from 0 to 2 in the domain, the infimum of |o(x, 0)|

is of the order of 107'%, i.e., below machine precision when a 64 bits floating point
representation is used. The corresponding source term is illustrated Figure 16.
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As can be seen in Figure 17, even if condition (38) is not satisfied, we can

reconstruct the parameter we are looking for, with a relative error approaching
1077,

4.4 Noisy welocity observations

We now perturb the synthetic data (¢)o<p<n of sampling rate T/N with a random
artificial noise x! such that || XZH%Q(O’T;LQ(M)) < 62T. To do so, we simulate an
additive white Gaussian noise such that the magnitude of the error is a fixed
percentage of the L2-norm of the observations. Therefore, we define at each time n,
the discretized noise data function as

N,

h h
X = ;”%‘” Z( Dl (96)

where (¢;)o<i<n,,,, are the Ny,q + 1 modes of Ag and ¢ are independent and
identically distributed Gaussian variables in A/(0, 1). Figure 18 shows an example
of added noise.

109—02 0005 0 0005 109—02
|

f’\‘ 'f\
A o
‘~'

Figure 18. Representation of x for § = 0.01 at t” = 0.1

We solve the inverse problem using (87) on the fine mesh with time step 7 = 0.01.
We use noisy data and take different values of €. Figure 19 illustrates that the
reconstruction deteriorates as the noise increases. Figure 20 shows the relative
error norm at time 7' =1 as a function of noise. We can see that the smaller the
regularization, the better the reconstruction. In particular, for € = 1075, we obtain
a slope of 1, which is better than the expected theoretical result (Theorem 3.4).
This may be due to the fact that the observation domain is large, encompassing
the entire boundary of the domain.
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00ew0 01 02 34001 10002 0005 0 0005 10802
§=10"2
§=10"°
§=10"*
§=10"°

Figure 19. Representation of 67 (left) and the error §" — 67 (right) at " = 1 with
different values of §

4.5 Towards the reconstruction of piecewise constant parameters
For the time being, we have proposed a method that suits well when the source term
to reconstruct is smooth, i.e. it belongs to Hj(€2). In the last section, we present
possible alternatives to our method for less regular source terms by considering
piecewise-constant source terms. In particular, we numerically assess how adaptive
bases [41, 54| can be used in this framework. Adaptive bases have been used for
inverse scattering problems [48, 51, 53]. For example, we can look for a property
(e.g. shape) of the scatterer that can be related to a bounded inclusion. This is
why, considering a piecewise constant source term, our inverse problem typically
fits into this kind of method.

Until now, we have assumed that § € H}(Q) to obtain precise reconstruction
estimates. However, as the L2-norm of the source term appears in the obtained
observability inequality, it seems appropriate to consider a classical Tikhonov
regularization. Compared to (51) or to (65), we therefore introduce in the cost
functional a L2-Tikhonov regularization term by defining #r : L?(Q) — R by: for
all § € L?(Q),

€ 1 /T
Fr0) = 510 =00l + 5 [ 15760 =00, e

€ 1 (T
= S0l + 5 [ 1970 = O3yt 07
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Therefore, the associated observer system (84) is slightly modified into

6= AL*C*(y® — C2), t>0,
A =—AL*C*CLA, >0,
— A2+ BO+LO, t>0,

N>

6(0) = o 59
3(0) = 0,
A(0) = €T

where 6y is a prior on the value of 6, I is the identity operator in L?(Q), the operator
(L(t))t>0 is such that zjp(t) = L(t)0 is the solution of (5) and C'is defined by (9).
We discretize this observer in time and space in the same way as in section 4.1. To
take into account that the source term to be reconstructed may be discontinuous, we
propose to use the adaptive basis proposed by [41] and often used in the literature
[48, 53, 54]. The idea is to modify the basis of eigenfunctions on which we decompose
6 by considering

éh = Z ék¢k7 (99)
k=1

where the family (¢ )ren is the set of eigenfunctions which satisfies the following
elliptic eigenvalue problem

1
V| eV | = e, in
< SRR ¢k> @k, In (100)

¢ =0, on 0f),

for some given prior 6y and where v > 0 is a small constant which ensures that
the denominator is not null and puj are the eigenvalues. This decomposition — used
with an iterative reconstruction method — has proven to be remarkably effective to
approximate piecewise constant functions.

Let us now explain how this adaptive basis can be used in our context. The
inverse problem is solved iteratively: at a current step, the approximation of 9"
— which has been reconstructed at the previous step — is taken as a prior in the
functionnal (97). Problem (98) with the basis for the parameter being the basis
obtained by solving (100) with the prior given by the previous step (only 10 modes
are used). At the end of this step, we project the reconstructed parameter into a
new adaptive basis (constructed using the prior just obtained) using again only 10
modes. Finally, the mesh is adapted to this projection.

In our numerical experiments, we have considered the following source term:

A {17 in QhOlEH (101)

0(x) = 5
0, in 2 \ Qhole7
as illustrated in Figure 21.

As in Section 4.2, the noise-free measurements are created in a first step by
solving the direct problem on the fine mesh over a time window [0, 1] with a time
step of 7 = 0.01. To solve the inverse problem we used as final time ¢ = 1 for each
iteration with a time step of 7 = 0.01. In the first step, we used the coarse mesh
and the source term is decomposed on the basis of the eigenvectors of the Laplace
operator according to formula (94) with 30 modes. For the other iterations, only
10 modes are used, which ensures lower computational costs. Figure 22 depicts the
observer éﬁ obtained at the final time ¢" = 1 and the adapted mesh. We note that
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during the first iteration we do not succeed in reconstructing the source term very
accurately. In particular, the boundaries of the parameter are not captured. For
the second iteration, we used the adaptive basis defined by (100). We observe that
the mesh has fewer dofs (only 1834) and that the dofs are concentrated where the
source term has large variations. The source term is already better reconstructed,
especially at the boundary. In the last iteration, the mesh has even fewer dofs
(1282). There are still differences with the target parameter, but the result is
improved using the adaptive basis.

Let us conclude this section with a final remark. The L2-norm is not the most
appropriate norm for the source term 6. One perspective would be to use a norm
that takes into account the total variation. Indeed, this kind of norm is often
used in image segmentation problems [9]. For instance, we can refer to the total
variation—based image denoising model of [12] and its numerous extensions |21, 29,
34].
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