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Abstract

Let A be a finite dimensional vector space and Φ be a finite root system in A. To
this data is associated an affine poly-simplicial complex. Motivated by a forthcom-
ing construction of connectified higher buildings, we study “affine weight polytopes”
associated to these data. We prove that these polytopes tesselate A. We also prove a
kind of “mixed” tessellation, involving the affine weight polytopes and the poly-simplical
structure on A.

1 Introduction
Tessellation of A by affine weight polytopes Let A be a finite dimensional
vector space. A finite (reduced) root system in A is a finite set Φ of linear forms
on A, called roots, satisfying certain conditions (see [Bou81, VI, §1]). The associated
affine (locally finite) hyperplane arrangement is H “ tα´1ptkuq | pα, kq P Φ ˆ Zu. The
elements of H are called affine walls. The hyperplane arrangement H equips A with the
structure of a poly-simplicial complex, whose maximal poly-simplices - the alcoves - are
the connected components of Az

Ť

HPHH. To each affine wall H is naturally associated
a reflection sH . Let W aff be the affine Weyl group associated with pA,Hq, i.e., W aff

is the group generated by the sH , for H P H. This is naturally a Coxeter system and
every closed alcove C is a fundamental domain for the action of W aff on A. Fix a
“fundamental alcove” Cf and pick one element b “ bCf

of Cf . Then for every alcove C,
the set C XW aff .b contains exactly one element, that we denote bC . Denote by vertpAq

the set of vertices of pA,Hq, i.e., the set of zero-dimensional faces of the associated
poly-simplicial complex. For F a face of pA,Hq, we set

FF “ Fb,F “ IntrpconvpW aff
F .bCqq,

where W aff
F is the fixator of F in W aff , C is any alcove whose closure contains F , conv

denotes the convex hull, and given a subset E Ă A, IntrpEq denotes the relative interior
of E (that is the interior of E in the affine subspace spanned by E). When F is 0-
dimensional, i.e., when F “ tλu for some λ P vertpAq, we usually write Ppλq instead of
Ftλu. Our first main result is the following (see Figures 3.6, 3.7, 3.8 and 3.9):
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Theorem 1.1. (see Propositions 3.24, 3.27 and Theorem 3.28)

1. Let λ P vertpAq. Then the assignment F ÞÑ FF is a bijection between the set of
faces of pA,Hq whose closure contains λ and the set of faces of Ppλq.

2. Let F be a face of pA,Hq. Then we have FF “
Ş

λPvertpF q Ppλq, where vertpF q

denotes the set of vertices of F .

3. Let F denote the set of faces of pA,Hq. Then A “
Ů

FPF FF .

Thickened tessellation of A We then study a variant of the tessellation of A
given by Theorem 1.1(3). Let η Ps0, 1s. Let x P A. Let F “ FPpxq be the face of pA,Hq

such that FF contains x (the existence and uniqueness of such a face is provided by
Theorem 1.1 (3)). Set Fηpxq “ p1´ηqF `ηx “ tp1´ηqy`ηx | y P F u. For λ P vertpAq,
we denote by hλ,η : A Ñ A the homothety of A with center λ and radius η. Then
Fηpxq is a “copy” of F containing exactly one point of hλ,ηpPpλqq, namely hλ,ηpxq, for
each λ P vertpF q. This is the convex hull of these points. Then we prove the following
theorem:

Theorem 1.2. Let η Ps0, 1s. Then A “
Ů

xPA Fηpxq.

We deduce the following corollary, which is easier to interpret (see Figures 4.4 and
4.5):

Corollary 1.3. Let η Ps0, 1s. Then we have

A “
ğ

λPvertpAq

hλ,η pP pλqq \
ğ

xP
Ť

λPvertpAq FrpPpλqq

Fηpxq.

Note that Theorem 1.2 and Corollary 1.3 provide some kinds of tessellations of A
involving homothetic images of the Ppλq and homothetic images of the faces of pA,Hq.

The polytopes Ppλq that we study already appear in the litterature, in various
contexts of representation theory. If λ P A, then we can write Ppλq “ λ ` P0

λ, where
P0
λ “ convtw.b1 | w P W v

λ u, where W v
λ is the finite Weyl group associated with the

root system Φλ “ tα P Φ | αpλq P Zu and b1 is a regular element of A (i.e., w.b1 ‰ b1,
for every w P W v

λ ). The polytope P0
λ is called the weight polytope and is studied in

[Vin91] and [BJK23]. Its intersection with a closed vectorial chamber of A is studied in
[BGH23].

Motivation from the theory of higher buildings Let K be a field equipped
with a valuation ω : K˚ ↠ Zn, for some n P Zě1, where Zn is equipped with the
lexicographic order. For example, let k be a field and set K “ kpt1, . . . , tnq, which is
contained in kpptnqqpptn´1qq . . . ppt1qq, with

ω

¨

˝

ÿ

pi1,...,inqPZn

ai1,...,int
i1
1 . . . tinn

˛

‚“ mintpi1, . . . , inq P Zn | ai1,...,in ‰ 0u,

for
ř

pi1,...,inqPZn ai1,...,int
i1
1 . . . tinn P K. Such fields naturally appear as successive comple-

tions of function fields of n-dimensional algebraic varieties.
We would like to study groups of the form G “ GpKq, for G a split reductive group,

as well as certain arithmetic subgroups of them (for instance their presentations, certain
(co)homological groups or their (co)homological dimension). When n “ 1, then G acts
on a classical Bruhat-Tits building which is connected and contractible (see [BT72] and
[BT84]). We would like to use buildings techniques to study G, when n ě 2. In this case
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Bennett and Parshin independently defined analogues of Bruhat-Tits buildings in the
case where G is SLm or PGLm, for m P Zě2 (see [Ben94] and [Par94]), using lattices
of Km. In [Ben94], Bennett develops an axiomatic definition of Λ-buildings (where
Λ “ ωpK˚q, Λ “ Zn in our case). In [HIL20], the three last named authors prove that G
acts on a Zn-building I, generalizing (in the quasi-split case) Bruhat-Tits construction
via “parahoric” subgroups.

When n ě 2, I is a bit like a set of Russian dolls: I is a Bruhat-Tits building whose
vertices are Zn´1-buildings. A problem is that I is not connected since the latter Zn´1-
buildings are connected components of I. As the connectedness and contractibility of
Bruhat-Tits buildings are important ingredients of the classical theory, we would like
to embed the Zn-building I in a “connectified building Î or Îη, for η Ps0, 1r, on which
G would act and which would have better topological properties. We hope that our
tessellations are a first step in this direction.

Structure of the paper The paper is organized as follows. In section 2, we study
the polytopes Ppλq (or more precisely translates of these polytopes) one by one. We
describe the set of faces and study the orthogonal projection on such a polytope.

In section 3, we study the polytopes Ppλq and prove that they tessellate A.
In section 4, we prove Theorem 1.2.
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2 Vectorial Weyl polytopes
Let A be a finite dimensional vector space and Φ be a finite root system in A. This
equips A with the structure of a poly-simplicial complex. The aim of this paper is
to study tesselations of A by polytopes Ppλq associated with vertices λ of A. Before
studying the layout of the different polytopes, we begin by studying the polytopes one
by one.

In this section, we study the vectorial weight polytope P0 “ P0
Ψ associated with a

finite root system Ψ. In the applications, Ψ will be a root system of the form Φλ “

tα P Φ | αpλq P Zu, for λ a vertex of pA,Φq and then Ppλq will be a translate of P0
Φλ

.
To define this polytope, we choose a regular point of A and we take the convex hull of
the orbit of this point under the action of the finite Weyl group of Ψ.

In subsection 2.1, we study general facts on polyhedra.
In subsection 2.2, we define the vectorial weight polytope P0.
In subsection 2.3, we describe the faces of P0.
In subsection 2.4, we study the restriction to certain affine subspaces of A of the

orthogonal projection on P0.

2.1 Preliminary results on polyhedra and polytopes
In this section, A is a finite dimensional real vector space. We equip A with a scalar
product x¨ | ¨y (for the moment, x¨ | ¨y is arbitrary, but in most of the applications, it will
be invariant under the action of the vectorial or affine Weyl groups defined later). If E
is a subset of A, we denote by E̊ its interior. If E is non-empty, its support supppEq is
the smallest affine subspace of A containing E. Its relative interior, denoted IntrpEq,
is then the interior of E in its support. In particular, if E is convex and closed, we have
E “ IntrpEq. When E is an affine subspace of A, its direction, denoted dirpEq, is the
vector subspace tx ´ x1 | x, x1 P Eu of A.

We mainly follow the terminology of [BG09]. A (closed) polyhedron is the in-
tersection of finitely many closed half-spaces of A. A (closed) polytope is a bounded
polyhedron. Let Q be a polyhedron of A. A support hyperplane of Q is a hyperplane
H such that Q is contained in one of the closed half-spaces delimited by H and such
that QXH ‰ H. A closed face of Q is either Q or a set of the form H XQ, where H
is a support hyperplane. Contrary to [BG09], we do not consider H as a face of Q. A
closed facet of Q is a face of codimension 1 in the support of Q. By [BG09, Theorem
1.10], every proper closed face of Q is an intersection of closed facets. We denote by
FacetpQq the set of closed facets of Q. An open face or simply a face of Q is the
relative interior of a closed face of Q. Note that in [BG09], what we call “closed faces”
are simply called “faces” and the “open faces” are the relative interior of faces: we make
this choice in order to be coherent with the usual definition of faces in an apartment
(see subsections 2.2 and 3.2). If F1, F2 are open faces of a polyhedron for which F 1 XF2

is non-empty, we set F1 ^ F2 “ IntrpF 1 X F2q. It is a face of Q by [BG09, Proposition
1.8 and Theorem 1.10].

2.1.1 Orthogonal projection on polytopes

If E is a convex closed subset of A, we denote by πE : A Ñ E the orthogonal projection
on E: for every x P A, πEpxq is the unique point yx of E satisfying |x´yx| “ mint|z´x| |

z P Eu. Moreover, if yx P E, then we have

pyx “ πEpxqq ðñ pxx ´ yx | y ´ yxy ď 0,@y P Eq , (2.1)

by [HUL93, III Theorem 3.1.1].
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In this preliminary subsection, we study the projection πQ, for Q a polyhedron of
A. In particular, Proposition 2.3 provides a description of its fibers.

For x P A and r P Rě0, we denote by Bpx, rq the open ball of center x and radius r.

Lemma 2.1. Let Q be a polyhedron of A with non-empty interior. Let x P Q and let
FacetxpQq be the set of closed facets of Q containing x. For F P FacetxpQq with relative
interior F , we denote by DF the closed half-space of A delimited by F and containing Q.
Let Q̃ “

Ş

FPFacetxpQq
DF . Then there exists r ą 0 such that Bpx, rq XQ “ Bpx, rq X Q̃.

Proof. We have Q Ă DF for every F P FacetxpQq and thus Q Ă Q̃.
For F P FacetpQqzFacetxpQq, choose rF ą 0 such that Bpx, rF q X F “ H. Let

r “ mintrF | F P FacetpQqzFacetxpQqu (we set r “ 1 if FacetpQq “ FacetxpQq). Let
y P Q̃ X Bpx, rq. Assume by contradiction that y R Q. Let z P Q̊ X Bpx, rq. Then rz, ys

meets FrpQq in a point y1. By [BG09, Corollary 1.7], we have FrpQq “
Ť

FPFacetpQq
F .

We have y1 R
Ť

FPFacetxpQq
F and thus y1 P

Ť

FPFacetpQqzFacetxpQq
F . Consequently y1 R

Bpx, rq: a contradiction. Therefore Q̃ X Bpx, rq Ă Q, and the lemma follows.

Let Q be a polyhedron. If F P FacetpQq, we denote by δF the (closed) ray of
dirpsupppQqq, which is orthogonal to the direction of the support of F and such that
for all x P F , px ` δF q X Q “ txu. If F P FacetpQq, we denote by DF the half-space of
A containing Q and delimited by the hyperplane containing F . We have

DF “ tx P A | xx ´ a | zy ď 0,@z P δFu, (2.2)

for any a P F .

Lemma 2.2. Let Q be a polyhedron with non-empty interior. Let x P AzQ and J “

tF P FacetpQq | πQpxq P Fu. Then πQpxq “ πQ̃pxq, where Q̃ “
Ş

FPJ DF .

Proof. By Lemma 2.1, there exists r ą 0 such that QXBpπQpxq, rq “ Q̃XBpπQpxq, rq.
We have dpx, yq ě dpx, πQpxqq for every y P Q̃XBpπQpxq, rq and thus dpx, ¨q|Q̃ admits a
local minimum at πQpxq. But as dpx, ¨q|Q̃ is a convex function, by [HUL93, IV 1.3 (c)],
this minimum is actually a global minimum, which proves that πQpxq “ πQ̃pxq.

Proposition 2.3. Let Q be a polyhedron with non-empty interior and let πQ be the
orthogonal projection on Q. Let x P FrpQq and J “ tF P FacetpQq | x P Fu. Then
π´1
Q ptxuq “ x `

ř

FPJ δF .

Proof. Let Q̃ “
Ş

FPJ DF . Let y P x `
ř

FPJ δF . Then by Eq . (2.2), we have
xy ´ x | z ´ xy ě 0 for all z P Q̃ Ą Q and hence by Eq . (2.1), we have πQpyq “ x.
Therefore

π´1
Q ptxuq Ą x `

ÿ

FPJ

δF .

Let now y P π´1
Q ptxuq. Then by Lemma 2.2, we have πQpyq “ πQ̃pyq “ x. For

F P J , choose zF P δFzt0u and respectively define fF : A Ñ R and f : A Ñ R by
fF pzq “ ´xz | zFy and fpzq “ xz | x ´ yy, for z P A. Let z P A be such that fF pzq ě 0,
for all F P J . Let z1 “ z ` x. Then we have fF pz1 ´ xq ě 0, for all F P J and
thus by Eq . (2.2), we have z1 P Q̃. By Eq. (2.1), we deduce fpz1 ´ xq ě 0 and
thus fpzq ě 0. Using Farkas’ Lemma, we deduce f P

ř

FPJ Rě0fF , or equivalently,
y ´ x P

ř

FPJ Rě0zF “
ř

FPJ δF , which proves the proposition.
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2.1.2 Extreme points of a polytope

Let Q be a convex subset of A. Recall (see [HUL12, Definition 2.3.1]) that a point
M of Q is called an extreme point of Q if for every k P Zě1, M1, . . . ,Mk P Q,
t1, . . . , tk Ps0, 1s such that

řk
i“1 ti “ 1, we have

k
ÿ

i“1

tiMi “ M ñ M1 “ . . . “ Mk “ M.

We denote by ExtrpQq the set of extreme points of Q.

Lemma 2.4. Let H be a finite subgroup of the set of affine automorphisms of A. Let
b P A. Then the set of extreme points of convpH.bq is H.b.

Proof. Denote by E the set of extreme points of convpH.bq. Then E is contained
in H.b. Then convpH.bq is compact. By Krein-Milman theorem ([HUL12, Theorem
2.3.4]), convpH.bq is the convex hull of E, and in particular, E is non-empty. As H
stabilizes convpH.bq, E is H-invariant and thus E “ H.b.

Lemma 2.5. Let Q be a closed polytope of A.

1. Let F be a closed face of Q. Then ExtrpFq “ ExtrpQq X F .

2. Let pFjqjPJ be a family of closed faces of Q. Then Extrp
Ş

jPJ Fjq “
Ş

jPJ ExtrpFjq.

Proof. 1) By [BG09, Proposition 1.13], the set of closed faces of Q (resp. F) is the set
of extreme sets of Q (resp. F) and thus the set of extreme points of F is the set of
zero-dimensional faces of F . That is the set of zero-dimensional faces of Q, that are
contained in F , according to [BG09, Proposition 1.8]. Thus ExtrpFq “ ExtrpQq X F .

2) Since the number of faces of Q is finite (by [BG09, Theorem 1.10]), we may
assume that J is finite. Then by [BG09, Theorem 1.10],

Ş

jPJ Fj is a face of Q. Then,
by statement 1), we have Extrp

Ş

jPJ Fjq “ ExtrpQqX
Ş

jPJ Fjq “
Ş

jPJpExtrpQqXFjq “
Ş

jPJ ExtrpFjq.

2.2 Vectorial weight polytope
2.2.1 Vectorial root system

Let A be a finite dimensional real vector space and denote by A˚ :“ HomRpA,Rq its
dual space. Let Ψ Ă A˚ be a reduced finite root system in A, in the sense of [Bou81,
VI, §1]. In particular, Ψ is a finite subset of A˚ generating A˚. Elements of Ψ are called
roots and to every α P Ψ is associated a unique coroot α_. We have αpα_q “ 2 and
the map A˚ Ñ A˚ defined by β ÞÑ β ´ βpα_qα stabilizes Ψ. One defines sα : A Ñ A by
sαpxq “ x ´ αpxqα_ for x P A. The set Ψ_ “ tα_ | α P Ψu Ă A is a root system in A˚

and for every α P Ψ, αpΨ_q Ă Z and sα stabilizes Ψ_.
Let H0

Ψ “ H0 “ tα´1pt0uq | α P Ψu. This is a locally finite hyperplane arrangement
of A. The elements of H0 are called walls or vectorial walls. For x, y P A, we write
x „H0 y if for every H P H0, either (x, y P H) or (x and y are strictly on the same
side of H). This is an equivalence relation on A. Its classes are called the faces of
pA,H0q or simply the vectorial faces of A. We denote by F 0 “ F pH0q the set of faces
of pA,H0q. If E1, E2 are two relatively open (i.e open in their support) convex subsets
of A, we say that E1 dominates E2 if E1 Ą E2. This equips the set of relatively open
convex subsets of A with an order. By restriction, this equips F 0 with an order called
the dominance order.

A vectorial chamber (or open vectorial chamber) of pA,H0q is a connected
component of Az

Ť

HPH0 H. The chambers are actually the faces which are not contained
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in an element of H0 or equivalently, the maximal faces for the dominance order. A wall
of a vectorial chamber Cv is an element H of H such that H X Cv is a closed facet of
Cv.

Let Cv be a vectorial chamber of Ψ. The associated basis of Ψ is the set ΣCv

of α P Ψ such that α´1pt0uq is a wall of Cv and αpCvq ą 0. Then by [Bou81, VI. 1.5
Théorème 2], ΣCv is a basis of Ψ, which means that pαqαPΣCv is a basis of A˚ and
every element of Ψ can be written as

ř

αPΣCv
nαα, where pnαq P pϵZě0qΣCv , for some

ϵ P t´,`u. We set Ψϵ,Cv “ Ψ X
À

αPΣCv
ϵZě0α, for ϵ P t´,`u.

The following proposition follows from [Bou81, §V 3.9 Proposition 5].

Proposition 2.6. Let Cv be a vectorial chamber of pA,H0q. Let ΣCv be the associated
basis of Ψ. Let pϖαqαPΣCv P AΣCv be the dual basis of ΣCv . Then

1. Cv “
À

αPΣCv
Rą0ϖα.

2. The faces of Cv are exactly the
À

αPE Rą0ϖα such that E is a subset of ΣCv ,
where, by convention,

À

αPH Rą0ϖα “ t0u.

We choose a vectorial chamber Cv
f “ Cv

f,Ψ of A, that we call the fundamental
vectorial chamber. Let Σ “ ΣCv

f

The vectorial Weyl group of Ψ is W v
Ψ “ xsα | α P Ψy Ă GLpAq. It is a finite

group and pW v
Ψ, tsα | α P Σuq is a Coxeter system (see [BB05, 1.1] for a definition). By

[Bou81, V §3], W v
Ψ acts simply transitively on the set of vectorial chambers and Cv is

a fundamental domain for the action of W v
Ψ on A, for any vectorial chamber Cv. By

[Bou81, VI 1.1 Proposition 3], there exists a W v
Ψ-invariant scalar product x¨ | ¨y on A.

We equip A with this scalar product and regard A as a Euclidean space. An element
x of A is regular (with respect to H0) if it belongs to an open vectorial chamber of
A. Actually, x is regular if and only if w ÞÑ w.x is injective on W v

Ψ. If F v P F pH0q is
dominated by Cv

f , then its fixator in W v
Ψ is

W v
F v “ xsα | α P Σ, αpF vq “ t0uy, (2.3)

according to [Bou81, V §3.3].
We sometimes assume that Ψ is irreducible. This means that Ψ cannot be written

as a direct sum of roots systems, see [Bou81, VI §1.2]. When Ψ is reducible, we can
write

A “

ℓ
à

i“1

Ai,Ψ “

ℓ
ğ

i“1

Ψi (2.4)

where ℓ P Zě2 and Ψi is an irreducible root system in Ai for i P J1, ℓK. We regard Ψi

as a subset of Ψ by setting αp
À

jPJ1,ℓKztiu Ajq “ t0u for α P Ψi. We denote by H0
i the

hyperplane arrangement of pAi,Ψiq, for i P J1, kK. Then every face F v of F 0 can be
written as F v “ F v

1 ˆ . . . ˆ F v
ℓ , where F v

i P F 0pH0
i q, for i P J1, ℓK.

Cartan matrices Let A “ ApΨq “ pαpβ_qqα,βPΣ. This is the Cartan matrix of Ψ.
Up to permutation of its coefficients, it is well-defined, independently of the choice of
the basis Σ of Ψ, by [Bou81, VI, 1.5]. The Cartan matrix characterizes the root system
up to isomorphism.

A matrix of the form ApΦq, for some root system Φ is called a Cartan matrix.
The Cartan matrix A is called decomposable if there exists a decomposition Σ “

Σ1 \ Σ2, with Σ1 and Σ2 non-empty, such that αpβ_q “ βpα_q “ 0 , for every pα, βq P

Σ1 ˆΣ2. A Cartan matrix which is not decomposable is called indecomposable. Then
Ψ is irreducible if and only if A is indecomposable, and under the notation of Eq. (2.4),
A is the block diagonal matrix whose blocks are the ApΨiq, for i P J1, kK. One can use
the Cartan matrices to classify finite roots systems, see [Kac94, Chapter 4] for example
(where the Cartan matrices are the generalized Cartan matrices of finite type).
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2.2.2 Vectorial weight polytope

Definition 2.7. We choose a point b P Cv
f and we set P0 “ P0

b,Ψ “ P0
b “ convpW v

Ψ.bq.
We also set P0 “ IntpP0q. Then P0 (resp. P0) is the open (resp. closed) vectorial
Weyl polytope associated with Ψ and b.

The closed vectorial Weyl polytope is compact. Note that by Lemma 2.8 below, P0

is non-empty. This polytope naturally appears in different contexts. It is called the
weight polytope and it appears for example in [Vin91] and [BJK23]. Its intersection
with Cv

f is studied in [BGH23].

Figure 2.1: Polytope P0 for the root system A1 ˆ A1

Figure 2.2: Polytope P0 for the root system A2

Figure 2.3: Polytope P0 for the root system G2

Lemma 2.8. 1. Assume that Ψ is irreducible. Then for every x P Azt0u, convpW v
Ψ.xq

has non-empty interior.
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2. P0 is non-empty.

Proof. The support of W v
Ψ.x is W v

Ψ-invariant and thus by [Bou81, VI §1.2 Corollaire],
this support is A, which proves 1).

By 1), if Ψ is irreducible, then P0 is non-empty. Assume now that Ψ is reducible
and keep the notation of Eq . (2.4). Write b “ pb1, . . . ,bℓq. Then P0

b,Ψ “ P0
b1,Ψ1

ˆ

. . . ˆ P0
bℓ,Ψℓ

and thus P0
b,Ψ is non-empty.

2.3 Description of the faces of the vectorial weight polytope
2.3.1 Faces of P0 meeting Cv

f

The main goal of this subsection is to prove Lemma 2.15, which describes the faces the
of P0 meeting Cv

f .
For J Ă Σ, one defines the parabolic subgroup W v

J by W v
J “ W v

J,Ψ “ xsα | α P

Jy Ă W v
Ψ. Set Q_

` “ Q_
R,` “

À

αPΣRě0α
_, Q_

J,` “
À

αPJ Rě0α
_.

We equip W v
Ψ with the Bruhat order (see [BB05, Chapter 2] for a definition).

Lemma 2.9. Let w P W v
Ψ and α P Σ. Then wsα ă w for the Bruhat order on pW v

Ψ, tsα |

α P Σuq if and only if w.α P Ψ´.

Proof. This follows from [Bou81, VI, §1 Proposition 17 (ii)] and [BB05, Corollary 1.4.4].

Lemma 2.10. Let w P W v
Ψ and J Ă Σ. The following assertions are equivalent:

(i) we have b ´ w.b P
À

αPJ Rα_,

(ii) we have b ´ w.b P Q_
J,`,

(iii) we have w P W v
J .

Proof. By [Bou81, Chapitre VI, §1 Proposition 18], if w P W v
J , then b ´ w.b P Q_

J,` Ă

b ´ w.b P
À

αPJ Rα_. Hence (iii) implies (ii), which itself implies (i).
It remains to prove that (i) implies (iii). To do so, take w P W v

Ψ and assume that w P

W v
ΨzW v

J . Write w “ sαk
. . . sα1 , with k “ ℓΨpwq, α1, . . . , αk P Σ, where ℓΨ denotes the

length of the Coxeter system pW v
Ψ, tsα | α P Σuq. Then there exists j P J1, kK such that

αj R J . Take j minimal with this property. Then sαj .sαj´1 . . . sα1 .b “ sαj´1 . . . sα1 .b ´

αjpsαj´1 . . . sα1 .bq.α_
j . As b is regular, Lemma 2.9 implies sαj .sαj´1 . . . sα1 .b P b `

À

αPJ Rα_ ´ Rą0α
_
j . By an induction using Lemma 2.9, we deduce

w.b P b ` p
à

αPJ

Rα_ ´ Rą0α
_
j q ´

à

αPΣ

Rě0α
_.

In particular, w.b ´ b R
À

αPJ Rα_, which completes the proof of the lemma.

Lemma 2.11. Let η “ 1
|Σ|

mintαpbq | α P Σu. Then for every ptαq Ps0, ηrΣ, b ´
ř

αPΣ tαα
_ P P0.

Proof. Let m “ mintαpbq | α P Σu. Let α P Σ. Then b ´ mα_ P rb, sα.bs Ă P0. Let
ptαq Ps0, ηrΣ. For α P Σ, set t1

α “ 1
m tα Ps0, 1

|Σ|
r. Set t1

0 “ 1 ´
ř

αPΣ t1
α Ps0, 1r. Then

t1
0b `

ÿ

αPΣ

t1
αpb ´ mα_q “ b ´

ÿ

αPΣ

t1
αmα_ “ b ´

ÿ

αPΣ

tαα
_ P P0.

As pα_qαPΣ is a basis of A, the map pRą0qΣ Ñ A defined by pnαqαPΣ ÞÑ
ř

αPΣ nαα
_ is

open, and the lemma follows.
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Let CΨ “
À

αPΣRą0α
_. By [Bou81, Chapitre VI, §1 Proposition 18], we have:

Lemma 2.12. We have P0 Ă b ´ CΨ.

For β P Σ, set W v
β “ W v

Σztβu,Ψ. Then W v
β is the fixator of the one dimensional face

Cv
f X

Ş

αPΣztβu kerpαq, according to (2.3).

Lemma 2.13. Let w P W v
Ψ. Then rw.b,bs Ă FrpP0q if and only if w P

Ť

βPΣW v
β .

Proof. Let w P W v
Ψz

Ť

βPΣW v
β . Since w P W v

Ψ, Lemma 2.10 shows that u :“ w.b ´

b P
À

αPΣRě0α
_. By using again Lemma 2.10, since w R

Ť

βPΣW v
β , we get that

u P
À

αPΣRă0α
_. By Lemma 2.11, b ` tu P P0 for t P r0, 1s small enough. We have

w.b “ b ` u. As P0 is convex, either sb,b ` urĂ FrpP0q or sb,b ` urĂ P0 and thus
sb,b ` ur“sb, w.brĂ P0.

Let w P
Ť

βPΣW v
β . Then by Lemma 2.10 and Lemma 2.12, rw.b,bs Ă Azpb´CΨq Ă

AzP0, which proves that rw.b,bs Ă FrpP0q.

For J Ă Σ, set AJ “
Ş

αPJ kerpαq.

Lemma 2.14. Let i, j P I. Then xϖi | α_
j y “ 1

2δi,j |α
_
i |2. In particular, for J Ă Σ, we

have AK
J “

À

αPJ Rα_.

Proof. We have xϖi | α_
i y “ xsαi .ϖi | sαi .α

_
i y “ xϖi ´ α_

i | ´α_
i y, so 2xϖi | α_

i y “

|α_
i |2. If j ‰ i, we have xϖi | α_

j y “ xsαj .ϖi | sαj .α
_
j y “ xϖi | ´α_

j y, and hence
xϖi | α_

j y “ 0.

Let β P Σ. Set Fβ “ IntrpconvpW v
β .bqq. Denote by Hβ the affine hyperplane

orthogonal to
Ş

αPΣztβu kerpαq and containing b.

Lemma 2.15. 1. The facets of P0 are the w.Fβ for w P W v
Ψ and β P Σ.

2. For β P Σ, the hyperplane containing Fβ is Hβ “ b `
À

αPΣztβu Rα_.

Proof. As P0 is W v
Ψ-invariant, FrpP0q is W v

Ψ-invariant. Let F be a facet of P0. Let E
be the set of extreme points of F . By Lemma 2.4 and Lemma 2.5, E Ă W v

Ψ.b and thus
replacing F by w.F for some w P W v

Ψ if needed, we may assume b P F .
Let x P F . Then by Lemma 2.12, we can write x “ b ´

ř

αPΣ nαα
_, where pnαq P

pRě0qΣ. Set
supppxq “ tα P Σ | nα ‰ 0u Ă Σ.

Then for x, y P F , we have 1
2px ` yq P F and suppp12px ` yqq “ supppxq Y supppyq.

Therefore there exists x0 P F which has the largest support, i.e., supppxq Ď supppx0q

for every x P F .
We have rx0,bs Ă FrpP0q. By Lemma 2.11 we deduce the existence of β P Σ

such that tb ` p1 ´ tqx0 P b `
À

αPΣztβu Rα_ for t P r0, 1s large enough. But then
x0 P b `

À

αPΣztβu Rα_. Therefore supppx0q Ă Σztβu and supppxq Ă Σztβu for every
x P F . In particular, for every extreme point Q of F , we have supppQq Ă Σztβu. By
Lemma 2.10, every extreme point of F is contained in W v

β .b. By Krein-Milman theorem
we deduce F Ă convpw.b | w P W v

β q “ Fβ .
As P0 X Hβ is a W v

β -stable set containing b, P0 X Hβ Ą Fβ . Moreover, P0 X Hβ

contains tbu Y tb´αpbqα_ | α P Σztβuu. As the affine subspace spanned by this set is
Hβ , and as Fβ Ă FrpP0q (by Lemma 2.13), P0 X Hβ is a closed facet of P0. By what
we proved above we deduce that

P0 X Hβ “ convpW v
β .bq.

Thus, Statement (1) follows. Moreover, Statement (2) follows from Lemma 2.14.
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2.3.2 Arbitrary faces of P0

Definition 2.16. Let Cv be a vectorial chamber of pA,H0
Ψq. Since Cv

f is a fundamental
domain for the action of W v

Ψ on A, there exists w P W v
Ψ be such that Cv “ w.Cv

f . Then,
we write:

bCv “ w.b.

Note that bCv does not depend on the choose of w, since any other w1 as above has the
form w1 “ ww0, where w0 stabilizes Cv

f .
If F v P F 0, we choose a vectorial chamber Cv dominating F v, and we set:

FF v “ Intr pconvpW v
F v .bCvqq .

This does not depend on the choice of Cv, since W v
F v acts transitively on the set of

vectorial chambers dominating F v, according to [Bou81, Chapitre V, §4 Proposition 5].

The next two lemmas will be given without proof. They can be settled in a very
similar way to their affine counterparts, which will be settled later, in Lemmas 3.17 and
3.18).

Lemma 2.17. Let F v be a face of pA,H0
Ψq and let E be the star of F v, i.e., the union

of the faces of pA,H0
Ψq dominating F v. Let Cv be a chamber of pA,H0

Ψq dominating F v

and ΣCv be the basis of Ψ associated with Cv. Let E1 be the union of the faces of Cv

dominating F v. Let ΣF v “ tα P ΣCv | αpF vq “ t0uu. For α P ΣCv , set D̊α “ α´1pRą0q.
Then

E “ W v
F v .E1 “

č

wPW v
Fv ,αPΣCv zΣFv

w.D̊α.

In particular, E is open and convex.

Lemma 2.18. Let F v, F v
1 be faces of pA,H0

Ψq such that F v
1 dominates F v. Let x P F v

1

and y “ 1
|W v

Fv |

ř

wPW v
Fv

w.x. Then y P F v and y is the orthogonal projection of x on
vectpF vq.

Lemma 2.19. Let F v be a face of pA,H0
Ψq which is not a chamber. Then ΦF v “ tα P Φ |

αpF vq “ t0uu is a root system in vectpF vqK. Its Weyl group is W v
F v “ xsα | α P ΦF vy.

Proof. Up to changing the choice of Cv
f if needed, we may assume that Cv

f dominates
F v. Let ΣF v “ Σ X ΦF v . We have vectpF vq Ă

Ş

αPΣFv
kerpαq. As Σ is a basis

of A˚ and using a simple dimension argument based on Proposition 2.6, we deduce
vectpF vq “

Ş

αPΣFv
kerpαq. By Lemma 2.14, α_ P vectpF vqK for every α P ΣF v .

Therefore ΦF v |vectpF vqK satisfies [Bou81, VI §1.1 Définition 1].

We equip F 0 with the dominance order ĺ: for F v
1 , F

v
2 P F 0, we have F v

1 ĺ F v
2 if

and only if F v
1 Ă F v

2 .
A less precise version of the following proposition already appears in [Vin91, Propo-

sition 3.2].

Proposition 2.20. (see Figure 2.4)

1. The assignment f : F v ÞÑ FF v defines an isomorphism of ordered spaces between
pF 0,ľq and the set of faces of pP0,Ăq.

2. Let pF v
i qiPJ1,kK be a finite family of faces of pA,H0

Ψq. Then if
řk

i“1 F
v
i P F 0 (or

equivalently if there exists F v P F 0 dominating
řk

i“1 F
v
i ), we have

Şk
i“1FF v

i
“

Fřk
i“1 F

v
i
. Otherwise, we have

Şk
i“1FF v

i
“ H.
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3. For F v P F 0, the set of extreme points of FF v is W v
F v .bCv , for any cham-

ber Cv dominating F v. The direction of supppFF vq is pF vqK and in particular,
dimpvectpFF vqq “ codimApvectpF vqq.

4. Let F be a face of P0 and let y be the barycenter of the extreme points of F . Then
F “ FF v , where F v is the unique face of pA,H0

Ψq containing y, the point y is the
orthogonal projection of F on F v and FF v XF v “ tyu. Moreover, FF v is contained
in the star of F v.

Figure 2.4: Illustration of Proposition 2.20 in the case of A2

Proof. Step 1: We first prove that the facets of P0 are the FF v , where the F v are the one-
dimensional faces of pA,H0

Ψq. To do so, let β P Σ. Set F v
β “ β´1pRą0qX

Ş

αPΣztβu kerpαq.
Then the fixator of F v

β in W v
Ψ is W v

β and thus FF v
β

“ Fβ . If w P W v
Ψ, then

w.FF v
β

“ convpwW v
F v
β
.bq “ convpwW v

F v
β
w´1.w.bq “ convpW v

w.F v
β
w.bq “ Fw.F v

β
.

By Lemma 2.15, the facets of P0 are the w.Fβ such that w P W v
Ψ and β P Σ so, by

Proposition 2.6, the facets of P0 are the FF v , where the F v are the one-dimensional
faces of pA,H0

Ψq.

Step 2: We now prove the second assertion of 2): if pF v
i qiPJ1,kK is a family of faces of

pA,H0
Ψq such that F :“

Şk
i“1FF v

i
‰ H, then

řk
i“1 F

v
i P F 0. Indeed, take x P F . Let

F v
x be the face of pA,H0

Ψq containing x. Then by Lemma 2.17, F v
x dominates

Ťk
i“1 F

v
i .

Therefore any chamber dominating F v
x dominates

Ťk
i“1 F

v
i .

Step 3: We now prove that the map f : F v ÞÑ FF v is well-defined. To do so, let
F v be a face of pA,H0

Ψq and F v
1 , . . . , F

v
k be the one dimensional faces of F v. Then

F :“
Şk

i“1FF v
i

is a closed face of P0 by [BG09, Theorem 1.10 and Proposition 1.8] and
it is non-empty because it contains FF v . In particular, by Step 2, there exists a vectorial
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chamber Cv dominating
Ťk

i“1 F
v
i , and by Proposition 2.6, we get F v “

řk
i“1 F

v
i . We

then have:

ExtrpFq “

k
č

i“1

ExtrpFF v
i

q by Lemma 2.5

“

k
č

i“1

W v
F v
i
.bCv by Lemma 2.4

“

˜

k
č

i“1

W v
F v
i

¸

.bCv since bCv is regular

“ W v
F v .bCv .

By Krein-Milman Theorem, we deduce F “ FF v . Hence FF v “ IntrpFF vq is a face of
P0.

Step 4: We now prove that the map f : F v ÞÑ FF v of statement 1) is surjective. In-
deed, let F be a proper face of P0. Then by [BG09, Theorem 1.10], there exist k P Zě1,
one dimensional vectorial faces F v

1 , . . . , F
v
k of pA,H0

Ψq such that F “
Şk

i“1FF v
i

and there
exists a vectorial chamber Cv dominating

Ťk
i“1 F

v
i . By the same computations as in

Step 3, we have F “ FF v with F v :“
řk

i“1 F
v
i . Hence F “ IntrpFq “ IntrpFF vq “ FF v .

Step 5: We prove that f is non-decreasing. Let F v
1 , F

v
2 P F 0 be such that F v

1 Ă F v
2 .

Then as W v
Ψ acts by homeomorphisms on A, we have W v

F v
1

Ą W v
F v
2

and any chamber
dominating F v

2 dominates F v
1 . Therefore FF v

1
Ą FF v

2
.

Step 6: We prove that, if F v
1 , F

v
2 P F 0 are such that FF v

1
Ą FF v

2
, then F v

2 dominates
F v
1 . Indeed, by Step 2, there exists a vectorial chamber Cv dominating F v

1 and F v
2 .

By Lemma 2.5, we have ExtrpFF v
1

q “ WF v
1
.bCv Ą ExtrpFF v

2
q “ WF v

2
.bCv . As bCv is

regular, we deduce W v
F v
1

Ą W v
F v
2
. This implies F v

1 Ă F v
2 by [Bou81, V §3.3 Proposition

1], Proposition 2.6 and [BB05, Proposition 2.4.1].

Step 7: We prove assertion 1). We have seen in Steps 4, 5 and 6 that f is surjective
and non-decreasing, and that if fpF v

1 q Ą fpF v
2 q, then F v

2 dominates F v
1 . This implies

that f is an isomorphism of ordered sets.

Step 8: We finish the proof of 2). Let pF v
i qiPJ1,kK be a family of faces of pA,H0

Ψq

such that F v :“
řk

i“1 F
v
i P F 0. Exactly the same arguments as in Step 3 show that

FF v “
Şk

i“1FF v
i
.

Step 9: We prove 3) and 4). Indeed, let now F be a face of P0 and F v P F 0 be
such that F “ FF v . Then we proved in Lemma 2.4 that ExtrpFq “ W v

F v .bCv , where
Cv is a vectorial chamber dominating F v. Let y “ 1

|W v
Fv |

ř

wPW v
Fv

w.bCv . Then y is the

barycenter of ExtrpFF vq. By Lemma 2.18, it belongs to F v.
Let F v be a face of pA,H0

Ψq and Cv be a chamber dominating F v. Let x be the
orthogonal projection of bCv on vectpF vq. Then x P F v by Lemma 2.18. We have
W v

F v .bCv “ x ` W v
F v .pbCv ´ xq. Therefore the direction of supppconvpW v

F v .bCvqq is
the vector space spanned by W v

F v .pbCv ´ xq. As bCv is regular, |W v
F v .bCv | “ |W v

F v | “

|W v
F v .pbCv ´ xq|. Therefore bCv ´ x is a regular element of pF vqK (for the root system

ΦF v defined in Lemma 2.19). Using Lemma 2.8, we deduce that W v
F v .pbC ´ xq spans

pF vqK. Finally, the fact that FF v is contained in the star of F v is a direct consequence
of Lemma 2.17.
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Corollary 2.21. 1. Let F v P F 0. Then FF v “ FF vz
Ť

F v
2 PF0,F v

2 ĽF v FF v
2
.

2. Let x P P0. Then there exists a unique face F v
1 of pA,H0

Ψq such that x P FF v
1
.

Moreover, tF v P F 0 | x P FF vu “ tF v P F 0 | F v Ă F v
1 u.

Proof. 1) Let F v P F 0. Let F2 be a face of FF v . By [BG09, Proposition 1.8], F2 is a
face of P0 and thus by Proposition 2.20, there exists F v

2 P F 0 such that F2 “ FF v
2

and
F v
2 dominates F v. We then conclude with [BG09, Corollary 1.7].

2) Let x P P0. By [BG09, Theorem 1.10 d)], there exists a unique face F of P0

containing x and F is the minimal closed face containing x. By Proposition 2.20, we
can write F “ FF v

1
for some face F v

1 of pA,H0
Ψq and E “ tF v P F 0 | x P FF vu “ tF v

2 P

F 0 | F v
2 Ă F v

1 u.

Corollary 2.22. Let F v be a face of pA,H0
Ψq. Let π “ πP0 and x P FF v . Then

π´1ptxuq “ x ` F v.

Proof. Let Gv be a one dimensional face of pA,H0
Ψq. Then by Proposition 2.20, the

direction of supppFGvq is pGvqK. Hence we have δGv “ ˘Gv, with the notation of
subsection 2.1. By Proposition 2.20, Gv X FGv “ tzu, for some z P Gv. Therefore
z ´ Gv contains 0 and thus it meets P0, which proves that δGv “ Gv.

Now let k be the dimension of the direction of F v and let F v
1 , . . . , F

v
k be the one-

dimensional faces of F v, so that F v “
řk

i“1 F
v
i . Then by Corollary 2.21 2), the set of

closed facets containing x is the set of closed facets FGv such that G
v

Ă F
v: this is

tF v
i | i P J1, kKu. By Proposition 2.3, π´1ptxuq “ x `

řk
i“1 F

v
i “ x ` F v.

Lemma 2.23. Let F v be a face of pA,H0
Ψq and α P Φ be such that αpF vq ą 0. Then

αpFF vq ą 0.

Proof. Let x P FF v and F v
1 P F 0 be such that x P F v

1 . Then by Proposition 2.20
4), F v

1 Ą F v. As F v
1 is a face of pA,H0

Ψq, we have αpF v
1 q P tRă0, t0u,Rą0u, thus

αpF v
1 q P tRď0, t0u,Rě0u. As αpF vq “ Rą0, we have αpF v

1 q “ Rě0 and αpF v
1 q “ Rą0,

which proves the lemma.

2.4 Projections restricted to “parabolic” affine subspaces
In this subsection, we study the restriction of the orthogonal projection πP0 to certain
affine subspaces parallel to the faces of pA,H0

Ψq. We prove that under some condi-
tions, subsets of these subspaces are stabilized by the projection (see Proposition 2.33).
The proof is a bit intricate, and one of the main tools consists in introducing a suit-
able auxiliary set P̃ contained in the affine subspaces we want to study and such that
the orthogonal projections on P0 and on P̃ coincide on large subsets of those affine
subspaces.

For F v a one dimensional face of pA,H0
Ψq, we denote by HF v the hyperplane of A

containing FF v and by DF v the half-space delimited by HF v and containing P0. We
write π instead of πP0 . By Proposition 2.20 (3), if z P FF v , then we have:

DF v “ ty P A | xy ´ z | xy ď 0,@x P F vu. (2.5)

Lemma 2.24. 1. Let x P A and F v P F 0 be such that x P F v. Then πpxq P F v and
for every F̃ v P F 0 such that πpxq P FF̃ v , we have F̃ v Ă F v.

2. Let F v P F 0. Then π´1pF vq Ă F v.
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Proof. 1) Let F v
1 P F 0 be such that πpxq P FF v

1
. By Corollary 2.22, x´πpxq P F v

1 . Let
F v
2 P F 0 be such that πpxq P F v

2 . By Proposition 2.20, we have F v
2 Ą F v

1 . Therefore
x P F v

1 ` F v
2 Ă F v

2 ` F v
2 Ă F v

2 . As the vectorial faces of pA,H0
Ψq form a partition of

A, we deduce F v
2 “ F v, which proves that πpxq P F v. Moreover, by Corollary 2.21, for

every F̃ v such that πpxq P FF̃ v , we have F̃ v Ă F v
1 Ă F v

2 “ F v.
2) Let x P F v X P0 and y P π´1pxq. Let F v

1 P F 0 be such that y P F v
1 . Then by 1),

x P F v
1 and as the faces of pA,H0

Ψq form a partition of A, we deduce that F v
1 “ F v.

We index the basis Σ of Ψ associated with Cv
f by a finite set I, i.e., we write

Σ “ tαi | i P Iu, where |I| “ |Σ|. Let pϖiq P AI be the dual basis of pαiqiPI , i.e., a basis
satisfying αipϖjq “ δi,j for all i, j P I. For i P I, we set

Di “ tx P A | xx ´ b | ϖiy ď 0u

and
D0

i “ tx P A | xx | ϖiy ď 0u

(we have Di “ DRą0ϖi for the notation of Eq. (2.5), by Lemma 2.14). For J Ă I, we
set VJ “

À

jPJ Rϖj .

Lemma 2.25. Let V be a finite dimensional vector space, k P Zą0 and f1, . . . , fk P V ˚

be a free family. For i P J1, kK, set Ei “ f´1
i pRě0q and Li “ Ei X

Ş

jPJ1,kKztiu f
´1
j pt0uq.

Then
k

č

i“1

Ei “ convp

k
ď

i“1

Liq.

Proof. Let pfiqiPB be a basis of V ˚, where B is a set containing J1, kK. For i P B, let
ei P V be such that fjpeiq “ δi,j , for j P B. Then

Şk
i“1Ei “

Àk
i“1Rě0ei ‘ V 1, where

V 1 “
À

iPBzJ1,kK Rei. Let i P J1, kK. Then Li “ Rě0ei ‘ V 1, which proves the result.

Lemma 2.26. Let J Ă I. For any x P p
À

jPJ Rα_
j q, we have:

pαjpxq ě 0,@j P Jq ñ x P
à

jPJ

Rě0α
_
j .

Proof. For K Ă J , denote by AK the Cartan matrix AK “ pαipα
_
j qqi,jPK . Write

J “ J1 \ . . . \ Jk, with AJi indecomposable for every i P J1, kK. Let x P
À

jPJ Rα_
j .

Write x “
řk

i“1 xi, with xi P
À

ℓPJi
Rα_

ℓ , for i P J1, kK. Assume that αjpxq ě 0 for all
j P J . Let i P J1, kK. Then αjpxq “ αjpxiq for all j P Ji. By [Kac94, Theorem 4.3 (Fin)]
applied to the transpose of AJi , we have xi P

À

jPJi
Rě0α

_
j , and the lemma follows.

For i P I, we set Fi “ FRą0ϖi , with the notation of Definition 2.16. The Fi, for
i P I, are the open facets of P0 meeting Cv

f .

Lemma 2.27. Let J Ă I. Then we have

VJ X
č

jPJ

D0
j Ă

à

iPI

Rď0α
_
i Ă

č

iPI

D0
i .

Proof. If J is empty, the result is clear so we assume J non-empty. For j P J , denote
by H0

j the hyperplane delimiting D0
j . We have:

H0
j “ tx P A | xx | ϖjy “ 0u
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and by Lemma 2.14, H0
j “

À

kPIztju Rα_
k . Set Lj “ VJ X

Ş

kPJztju H
0
k XD0

j . As pϖkqkPJ

is a free family of A, the family px ÞÑ xx | ϖkyqkPJ is a free family of V ˚
J and thus by

Lemma 2.25,
VJ X

č

jPJ

D0
j “ convpLj | j P Jq. (2.6)

Let j P J . Let V 1
j “

À

kPpIzJqYtju Rα_
k . As pαipα

_
i1 qqi,i1PpIzJqYtju is a Cartan matrix

(by [Kac94, Lemma 4.4] for example), it is invertible and pαk|V 1
j
qkPpIzJqYtju is a free

family of pV 1
j q˚. Therefore there exists xj P V 1

j such that αkpxjq “ ´δj,k, for k P

pIzJq Y tju. By Lemma 2.26, we have xj P ´
À

kPpIzJqYtju Rě0α
_
k . By Lemma 2.14,

we deduce xϖj | xjy ď 0 and xj P H0
k for all k P Jztju. Moreover, xj P VJ and

thus xj P Lj . For dimension reasons, Lj “ Rě0xj and hence by Eq. (2.6), we have
VJ X

Ş

jPJ D0
j Ă

À

iPI Rď0α
_
i . We conclude with Lemma 2.14.

As in §2.1, we write
Ź

jPJ Fj “ Intrp
Ş

jPJ F jq, for J Ă I. By Proposition 2.20, we
have:

ľ

jPJ

Fj “ Fř

jPJ Rą0ϖj
. (2.7)

Lemma 2.28. Let J Ă I. Let VJ “
À

jPJ Rϖj. Let z P
Ź

jPJ Fj. Then for all i P IzJ ,
P0 X pz ` VJq Ă D̊i.

Proof. We have P0 Ă
Ş

iPI Di Ă
Ş

jPJ Dj . By Corollary 2.21 and Eq. (2.7), we have:

ti P I | z P Fiu “ J. (2.8)

By Eq. (2.5) we deduce
Ş

jPJ Dj “ z `
Ş

jPJ D0
j . Let x P pz ` VJq X P0. Then we

can write x “ z ` v, with v P VJ . We have x P
Ş

jPJ Dj and thus v P VJ X
Ş

jPJ D0
j .

Let i P IzJ . By Lemma 2.27, we have v P D0
i . By Eq. (2.8), z P D̊i and hence

x “ z ` v P D̊i ` D0
i “ D̊i.

Let J Ă I be non-empty. Let z P
Ź

jPJ Fj and P̃ “ P̃Jpzq “ pz ` VJq X
Ş

jPJ Dj .
For j P J define fj P pVJq˚ by fjpxq “ xx | ϖjy, for x P VJ . Then pfjqjPJ is free.
Let pajqjPJ Ă VJ be a dual set of pfjqjPJ , i.e., a free set such that fipajq “ δi,j , for
all i, j P J . Then P̃ “ z ´

ř

jPJ Rě0aj . For J 1 Ă J , set F̃J 1 “ z ´
ř

jPJ 1 Rě0aj .

The closed faces of P̃ are the F̃J 1 , for J 1 Ă J . In particular, the closed facets of P̃
are the F̃j , j P J , where F̃j “ F̃Jztju, for j P J . Let j P J . The support of F̃j is
H̃j “ tx P pz ` VJq | xx ´ z | ϖjy “ 0u “ Hj X pz ` VJq, where Hj is the frontier of Dj .
For x P F̃j , we have px ` Rě0ϖjq X F̃j “ txu and ϖj is orthogonal to the direction of
F̃j , so that Rě0ϖj “ δF̃j

for the notation of subsection 2.1 applied to the polyhedron

P̃ Ă z ` VJ . Therefore by Proposition 2.3, we have:

@J 1 Ă J,@a P F̃J 1 , π´1

P̃
ptauq “ a `

à

jPJzpJ 1q

Rě0ϖj , (2.9)

where πP̃ : z ` VJ Ñ P̃ is the orthogonal projection.

Lemma 2.29. Let J Ă I. Let z P
Ź

jPJ Fj X Cv
f . Let P̃ “ pz ` VJq X

Ş

jPJ Dj. Then

P̃ X Cv
f “ P0 X pz ` VJq X Cv

f .
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Proof. We have P0 Ă
Ş

iPI Di Ă
Ş

iPJ Di, and hence P̃ X Cv
f Ą P0 X pz ` VJq X Cv

f .

Suppose that P̃ XCv
f Ľ P0 X pz`VJq XCv

f . Let x P pP̃ XCv
f qzP0. Let γ : r0, 1s Ñ rx, zs

be the affine parametrization such that γp0q “ x and γp1q “ z. Let t “ mints P r0, 1s |

γpsq P P0u. Then t ą 0 and γptq P FrpP0q X Cv
f .

Let F v P F 0 be such that γptq P FF v . By Lemma 2.24, F v Ă Cv
f . Let J 1 “

ti P I | ϖi P F vu. Then by Proposition 2.6, we have F v “
À

jPJ 1 Rą0ϖj and by
Proposition 2.20, we have FF v “

Ź

jPJ 1 Fj “ Intrp
Ş

jPJ 1 F jq. By Lemma 2.28, we have
γptq R Fj for all j P IzJ and thus J 1 Ă J .

By Corollary 2.21, the set of facets FF v
1

such that γptq P FF v
1

is

tFF v
1

| F v
1 Ă F vu “ tFRą0ϖj | j P J 1u “ tFj | j P J 1u.

Therefore by Lemma 2.1, there exists r ą 0 such that Bpγptq, rq X P0 “ Bpγptq, rq X
Ş

jPJ 1 Dj . By assumption, z P
Ş

jPJ 1 Dj and thus γpt1q P
Ş

jPJ 1 Dj , for all t1 P r0, 1s.
This proves that for t1 P r0, ts close enough to t, γpt1q P P0, which contradicts our
assumption.

Lemma 2.30. Let J Ă I. Let z P Cv
f X

Ź

jPJ Fj. Let P̃ “ P̃0
Jpzq “ pz `VJq X

Ş

jPJ Dj.

Let πP̃ : z `VJ Ñ P̃ be the orthogonal projection on P̃. Then for all F v
1 P F 0 such that

F v
1 Ă Cv

f , we have πP̃ ppz ` VJq X F v
1 q Ă F v

1 .

Proof. Let a P FrpP̃q, where we regard P̃0 as a subset of z ` VJ . In the notation of Eq.
(2.9), let us write:

J1 “ tj P J | a P F̃ju.

We first assume a R Cv
f and we prove π´1

P̃
ptauq XCv

f “ H. We have sa, zs XCv
f “ rb, zs,

for some b P Cv
f . If for all i P I such that αipaq ă 0, we had αipbq ą 0, then we would

have b ´ ϵpb ´ aq P Cv
f for ϵ P Rą0 small enough. Therefore there exists i P I such that

αipaq ă 0 and αipbq “ 0. We have b P Cv
f X P̃ and thus b P P0, by Lemma 2.29. Let

j P J1. Then b P F̃j Ă Hj , since z P
Ź

jPJ Fj .. Therefore b P Hj X P0 “ Fj “ FRą0ϖj .
Using Lemma 2.23, we deduce αjpbq ą 0 for all j P J1. In particular, i R J1. By
Eq. (2.9), π´1

P̃
ptauq “ a `

ř

jPJ1
Rě0ϖj and thus αipπ

´1

P̃
ptauqq “ tαipaqu Ă Ră0.

Consequently π´1

P̃
ptauq X Cv

f “ H. Therefore

πP̃pCv
f X pz ` VJqq Ă Cv

f .

Let now a P FrpP̃q X Cv
f . Then by Lemma 2.29, tj P I | a P Fju Ą J1. Therefore

by Eq. (2.9) and Corollary 2.22, we have π´1

P̃
ptauq “ a `

ř

jPJ1
Rě0ϖj Ă π´1

P0
ptauq.

Using Lemma 2.24, we deduce π´1

P̃
ptauq Ă F v, if F v is the face of pA,H0

Ψq containing

a. Consequently, if x P Cv
f X pz ` VJq, then x and πP̃pxq belong to the same face of

pA,H0
Ψq.

Lemma 2.31. Let z P A and J Ă I. Set VJ “
À

jPJ Rϖj. Write z “
ř

iPI ziϖi, with
pziq P RI . Then:

pz ` VJq X Cv
f “

$

’

&

’

%

H if Di P IzJ | zi ă 0
ÿ

iPIzJ

ziϖi `
ÿ

jPJ

Rě0ϖj otherwise
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If zi ě 0 for all i P IzJ , set F vpz, Jq “
ř

iPIzJ |zią0Rą0ϖi `
ř

jPJ Rą0ϖj. Then:

F vpz, Jq Ą pz ` VJq X Cv
f ,

pz ` VJq X F vpz, Jq “
ÿ

iPIzJ

ziϖi `
ÿ

jPJ

Rě0ϖj “ pz ` VJq X Cv
f ,

pz ` VJq X F vpz, Jq “
ÿ

iPIzJ

ziϖi `
ÿ

jPJ

Rą0ϖj .

Lemma 2.32. Let J Ă I. Let z P Cv
f X

Ź

jPJ Fj. Then for all y P pz ` VJq X Cv
f , we

have πpyq P pz ` VJq.

Proof. Set P̃ “ pz`VJqX
Ş

jPJ Dj . Let F v “ F vpz, Jq, with the notation of Lemma 2.31.
Let x P F v X pz ` VJq. By Lemma 2.30, we have πP̃pxq P F v. By Lemma 2.31, we can
choose an open neighbourhood U of πP̃0pxq in z ` VJ such that U Ă F v. Then for all
y P U X P̃, dpx, yq ě dpx, πP̃pxqq. Let V J “

À

iPIzJ Rα_
i . Then V J is orthogonal to VJ

by Lemma 2.14 and U ` V J is an open subset of A.
Let y P pU ` V Jq X P0. Write y “ u ` v, with u P U and v P V J . Then xu ´ b |

ϖjy “ xu` v ´b | ϖjy “ xy ´b | ϖjy ď 0, for all j P J and thus u P U X P̃. Moreover,

dpx, yq2 “ |y ´ x|2 “ |u ` v ´ x|2 “ |u ´ x|2 ` |v|2 ě |u ´ x|2 ě dpx, πP̃pxqq2.

Therefore the restriction to P0 of y ÞÑ dpx, yq admits a local minimum at πP̃pxq. As
this map is convex (by [HUL12, B 1.3 (c)] for example), this minimum is global and
thus πP̃pxq “ πP0pxq. Thus we proved:

@x P F v X pz ` VJq, πpxq P pz ` VJq.

Let now x P Cv
fXpz`VJq. Then, by Lemma 2.31, there exists pxnq P ppz ` VJq X F vq

N

such that xn Ñ x. Then πpxnq Ñ πpxq (by [HUL12, A. (3.1.6)]. As πpxnq P z ` VJ for
all n P N, we deduce πpxq P z ` VJ , which completes the proof of the lemma.

Proposition 2.33. Let F v be a face of pA,H0
Ψq and z P FF v . Let F v

1 be a face domi-
nating z. In particular, F v

1 dominates F v by Proposition 2.20. Let π be the orthogonal
projection on P0. Then:

1. π
`

pz ` vectpF vqq X F v
1

˘

Ă pz ` vectpF vqq X F v
1 .

2. Let y P pz ` vectpF vqq X F v
1 and let Gv P F 0 be such that πpyq P FGv . Then

Gv Ă F v.

Proof. 1) Up to changing the choice of the fundamental chamber Cv
f , we may assume

F v
1 Ă Cv

f . Let J “ ti P I | ϖi P F vu. Then by Proposition 2.6, F v “
À

jPJ Rą0ϖj and
by Proposition 2.20, z P

Ź

jPJ Fj . We have VJ “
À

jPJ Rϖj and the result follows from
Lemma 2.32 and Lemma 2.24.

2) Let y P pz ` vectpF vqq X F v
1 . Let Gv P F 0 be such that πpyq P FGv . By

Lemma 2.24, Gv Ă F v
1 . In particular, Gv Ă Cv

f , and hence, by Proposition 2.6, Gv “
ř

jPI|ϖjPGv Rą0ϖj . Let now i P IzJ . By 1) and Lemma 2.28, πpyq R FRą0ϖi . Using
Corollary 2.21 we deduce that Rą0ϖi Ć Gv. This being true for all i P IzJ , we deduce
that Gv Ă

ř

jPJ Rě0ϖj “ F v.
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3 Tessellation of A by the affine weight polytopes
Let A be a finite dimensional vector space and let Φ be a finite root system in A. In this
section, we study polytopes associated with the affine poly-simplicial complex defined
from Φ.

In subsection 3.1, we recall and prove general facts on the affine poly-simplicial
complex associated with Φ.

In subsection 3.2, we define and study the faces of the weight polytopes.
In subsection 3.3, we prove that the weight polytopes tessellate A.

3.1 Affine apartment
The main reference for this section is [Bou81, V]. Let Φ be a (finite) root system in
A. Let ξ : A Ñ R be the constant map equal to 1 and Φaff “ Φ ` Zξ. Then by
[Mac72, (2.1) Proposition], Φaff is an affine root system in the sense of [Mac72, 2].
Let H “ HΦ “ tα´1ptkuq | α P Φ, k P Zu which equals tα´1pt0uq | α P Φaffu. This is
a locally finite hyperplane arrangement of A, which means that every bounded subset
E of A meets finitely many hyperplanes. An element of H is called a wall or an affine
wall. For x, y P A, we write x „H y if for every H P H, either (x, y P H) or (x and y
are strictly on the same side of H). This is an equivalence relation on A. Its classes are
called the faces of pA,Hq or simply the faces of A. A vertex of A is an element x of A
such that txu is a face of pA,Hq. If F is a face of pA,Hq, then:

@α P Φ, Dn P Z | αpF q Ăsn, n ` 1r or αpF q “ tnu. (3.1)

An alcove (or open alcove) of pA,Hq is a connected component of Az
Ť

HPHH.
The alcoves are actually the faces which are not contained in an element of H. A closed
alcove is a set of the form C, for some alcove C of A. If C is a closed alcove of A, its
set of vertices, denoted vertpCq, is the set of vertices of A which belong to C.

We denote by F “ F pHq the set of faces of pA,Hq. If F P F , we denote by
FF “ FF pHq the set of faces dominating F (i.e., the set of faces whose closure contains
F ). When F “ tλu, for some vertex λ, we write FλpHq instead of FtλupHq. We denote
by AlcpHq the set of alcoves of pA,Hq and if F P F pHq, we denote by AlcF pHq the set
of alcoves of pA,Hq dominating F . The affine poly-simplicial complex associated
with Φ is F pHq. When Φ is irreducible, it is a simplicial complex.

Figure 3.1: Affine appartment of type A1 ˆ A1. The alcoves are the squares.
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Figure 3.2: Affine appartment of type A2. The alcoves are the equilateral triangles.

Figure 3.3: Affine appartment of type B2. The alcoves are the right triangles.

3.1.1 Enclosure and closed faces of pA,Hq

Definition 3.1. A half-apartment of A is a closed half-space of A delimited by an
element of H. If α P Φ and k P Z, one sets Dα,k “ tx P A | αpxq ` k ě 0u

Let Ω Ă A. Its enclosure clpΩq is the intersection of all the half-apartments con-
taining Ω.

If Ω is a subset of A and λ P A, then the germ of Ω at λ is the set germλpΩq of
subsets of A of the form Ω X E such that E is an open neighbourhood of λ. A subset
Ω1 of A is said to contain the germ germλpΩq if it contains Ω X E for some open
neighbourhood E of λ. The enclosure of germλpΩq is the intersection of the enclosures
of the Ω X E when E describes all the open neighbourhoods of λ.

A closed face of pA,Hq is a set of the form F , for some F P F pHq.

Lemma 3.2. 1. Let F P F . For α P Φaff , set Eα “ t0u if αpF q “ t0u, Eα “ Rą0

if αpF q ą 0 and Eα “ Ră0 if αpF q ă 0. Then F “
Ş

αPΦaff α´1pEαq and F “
Ş

αPΦaff α´1pEαq. In particular, F is enclosed.

2. Let F P F and x P F . Then clpxq “ F .

Proof. 1) The first equality follows from the definition of faces. As the elements of
Φaff are continuous maps from A to R, we have F Ă

Ş

αPΦaff α´1pEαq. Let x P F and
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Figure 3.4: Affine appartment of type G2. The alcoves are the right triangles.

y P
Ş

αPΦaff α´1pEαq. Then for z Psx, yr and α P Φaff , we have αpzq P Eα ` Eα “ Eα

and hence rx, yrĂ F , which proves that y P F and concludes the proof of the second
equality. The fact that F is enclosed then follows from the fact that if α P Φaff , then
α´1pt0uq “ α´1pRě0q X α´1pRď0q.

We now prove 2). We have clpxq Ă clpF q “ F . By definition of the faces, every
half-apartment containing x contains F and thus it contains F . Therefore clpxq Ą F ,
which completes the proof of the lemma.

Proposition 3.3. Let E be a non-empty subset of A. Then E is a closed face of pA,Hq

if and only if the following two conditions are satisfied:

1. E is enclosed,

2. for every α P Φaff , we have either αpEq Ă Rě0 or αpEq Ă Rď0.

Proof. Let F be a face of F pHq. Then by Lemma 3.2, F is enclosed. By definition of the
faces, if α P Φaff , we have αpF q Ă Rą0, αpF q “ t0u or αpF q Ă Ră0. As αpF q Ă αpF q

we deduce that F satisfies 1. and 2.
Let now E be a non-empty subset satisfying 1. and 2. Then E is convex and closed.

Let F “ IntrpEq. Then we have E “ F . Let S be the support of E and x, y P F .
Let α P Φaff . If α is constant on S, then αpxq “ αpyq. Assume now that α is non-
constant on S. Let Ux, Uy be open subsets of S containing x and y respectively. Then
by assumption αpUxqαpUyq ě 0 and hence αpxqαpyq ą 0. Consequently, x „ y, where
„ is the equivalence relation that we used to define the faces of pA,Hq. Consequently
there exists F1 P F such that F Ă F1.

Using 1., we write F “
Ş

αPE α
´1pRě0q, where E Ă Φaff . Let x P F . Let α P E .

Then αpxq ě 0 and as α has constant sign on F1, we have αpF1q ě 0. Consequently
F1 Ă F and thus F1 Ă F . As F Ă F1, we deduce F “ F1 “ E, and E is a closed face
of pA,Hq.

Corollary 3.4. Let F1, F2 be two closed faces of pA,Hq. Then either F1 X F2 is empty
or F1 X F2 is a closed face of pA,Hq.

Let C P AlcpHq. A wall of C is a hyperplane H such that supppC X Hq “ H. A
panel of C is an element of F contained in C and whose support is a wall of C.

One sets
Σaff
C :“ tα P Φaff | αpCq ą 0, α´1pt0uq is a wall of Cu.
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Assume that Φ is irreducible. Then Φaff is an irreducible affine root system by
[Mac72, (4.7)] and Σaff

C is a basis of Φaff in the sense of [Mac72, 4.6]. In particular,

Φaff Ă

¨

˝

ÿ

αPΣaff
C

Zě0α Y
ÿ

αPΣaff
C

p´Zě0qα

˛

‚, (3.2)

by [Mac72, (4.6) Proposition].

Lemma 3.5. 1. Let F P F pHq. Then there exists C P AlcpHq such that F Ă C. Let
MF “ tα P Σaff

C | αpF q ą 0u. Then

F “ C X
č

αPΣaff
C zMF

α´1pt0uq “
č

αPMF

α´1pRě0q X
č

αPΣaff
C zMF

α´1pt0uq. (3.3)

2. Let C P AlcpHq. Let α P Σaff
C . Then C X α´1pt0uq is a closed panel of C and all

the closed panels of C are of this form.

3. Let C P AlcpHq. Then every closed face of pA,Hq strictly contained in C can be
written as an intersection of closed panels of C.

Proof. 1) Let x P F . Then by [Bou81, V §1.4 Proposition 6], there exists C P AlcpHq

such that x P C. But then by Lemma 3.2, clpxq “ F Ă C “ clpCq. Assume for the
moment that Φ is irreducible. With the same notation as in Lemma 3.2, we have

F “
č

βPΦaff

β´1pEβq. (3.4)

Let β P Φaff . Then by Eq. (3.2), we can write β “ ϵ
ř

αPΣaff
C

nαα, with ϵ P t´,`u and

pnαq P pZě0qΣ
aff
C . We have Eβ “ t0u if and only if nα “ 0, for all α P MF . Otherwise

Eβ “ ϵRě0. In particular β´1pEβq Ą
Ş

αPΣaff
C

α´1pEαq. Therefore Eq. (3.4) becomes

F “
č

αPΣaff
C

α´1pEαq “
č

αPMF

α´1pRě0q X
č

αPΣaff
C zMF

α´1pt0uq. (3.5)

When F “ C, we have MC “ Σaff
C , which proves Eq. (3.3), when Φ is irreducible.

We now assume that Φ is reducible. Using the notation of Eq. (2.4), with Φ instead
of Ψ, we write A “

Àℓ
i“1Ai and Φ “

Ůℓ
i“1Φi, where for each i P J1, ℓK, Φi is an

irreducible root system in Ai. If i P J1, ℓK and α P Φaff
i , α : Ai Ñ R, we denote by

α̃ the extension of α to A: α̃ppx1, . . . , xi, . . . , xℓqq “ αpxiq, for px1, . . . , xℓq P A. Write
C “ C1 ˆ . . . ˆ Cℓ and F “ F1 ˆ . . . ˆ Fℓ. Then we have Σaff

C “
Ůℓ

i“1tα̃ | α P Σaff
Ci

u and
MF “

Ůℓ
i“1tα̃ | α P MFiu. For i P J1, ℓK, we have:

č

αPΣaff
Ci

zMFi

α̃´1pt0uq “ A1 ˆ . . . ˆ Ai´1 ˆ
č

αPΣaff
Ci

zMFi

α´1pt0uq ˆ Ai`1 ˆ . . . ˆ Aℓ.

We thus deduce Eq. (3.3) from the irreducible case. This proves statement 1.
2) By Proposition 3.3, if α P Σaff

C , then α´1pt0uq X C “ α´1pRě0q X α´1pRď0q X C
is a closed face of pA,Hq. It is a panel by definition of Σaff

C . By 1. and for dimension
reasons, all the closed panels are of this form, which proves statement 2.

3) Let F P F be such that F Ă C. With the same notation as above, we have
F “

Ş

αPΣaff
C zMF

pC X α´1pt0uqq.
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Let C P AlcpHq. Then by Lemma 3.5 (applied with F “ C, MC “ Σaff
C ), C is a

finite intersection of half-apartments. Therefore it is a polytope. Moreover the closed
panels of C are exactly the facets of C, when we regard it as a polytope, in the sense of
[BG09, Definition 1.3]. By [BG09, Theorem 1.10 a),b)], Lemma 3.5 and Corollary 3.4,
we deduce that the faces of C regarded as a polytope are exactly the closed faces of
pA,Hq which are contained in C (except the empty set, that we excluded from the set
of faces).

Lemma 3.6. Let C be an alcove of pA,Hq. Let E Ă C be non-empty. Then tF1 P

F | E Ă F1u admits a minimal element F (for the dominance order). We have F Ă C,
clpEq “ F and if moreover, E is convex, then E meets F .

Proof. By Proposition 3.3, clpEq is a closed face of pA,Hq: there exists F P F such
that clpEq “ F . Moreover if F1 P F contains E, then F1 Ą clpEq “ F .

Assume now that E is convex. Let E “ tF1 P F | F1 Ă F , F1 X E ‰ Hu. Let
F1, F2 P E , x1 P F1 and x2 P F2. Let x3 “ 1

2px1 ` x2q P E Ă F . Let F3 P F be such
that x3 P F3. Then F3 P E since x3 P F .

Moreover, sx1, x2rXF3 Ą tx3u ‰ H. Let C be an alcove dominating F . By
Eq. (3.3), we have F3 “

Ş

αPMF3
α´1pRě0q X

Ş

αPΣaff
C zMF3

α´1pt0uq, with the nota-
tion of Lemma 3.5. Then if α P Σaff

C zMF3 , we have αpx3q “ 0 and αpx1q, αpx2q ě 0 so
that αpx1q “ αpx2q “ 0. This proves that rx1, x2s Ă F3. Moreover, F3 is enclosed and
thus by Lemma 3.2, F3 Ą F1 Y F2. Hence E admits a maximal element Fmax for the
dominance order.

Let x P E and Fx P F pHq be such that x P Fx. Then Fx belongs to E and thus
x P Fx Ă Fmax. Hence E Ă Fmax. By definition of F , this implies that F Ă Fmax and
hence F “ Fmax. Therefore F meets E.

3.1.2 Properties of the affine Weyl group

There exists a scalar product x¨ | ¨y on A which is invariant under the vectorial Weyl
group W v

Φ of Φ. We equip A with such a scalar product. If H P H, we denote by sH
the orthogonal reflection of A fixing H. Let C P AlcpHq. A wall of C is an element of
H such that supppC X Hq “ H. The affine Weyl group of pA,Hq is the group W aff

of affine maps on A generated by sH , for H P H. If F P F pHq, we denote by W aff
F the

fixator of F in W aff . Gathering the results of [Bou81, V §3.2, 3.3], we have the following
theorem. We write it for the affine Weyl group and the faces of pA,Hq, but it is also
true for the vectorial Weyl group and the vectorial faces, by the same reference. We
refer to [BB05] for the definition of Coxeter groups.

Theorem 3.7. 1. Let C P AlcpHq and SC be the set of orthogonal reflections with
respect to the walls of C. Then pW aff , SCq is a Coxeter group.

2. Let C P AlcpHq. Then C is a fundamental domain for the action of W aff on A and
for every alcove C 1 P AlcpHq, there exists a unique w P W aff such that w.C “ C 1.

3. Let F P F and C P AlcF pHq. Then W aff
F is the parabolic subgroup of pW aff , SCq

generated by the reflections with respect to the walls of C containing F . Moreover,
if w P W aff , the following statements are equivalent:

a. w P W aff
F ,

b. w pointwise fixes F ,
c. w.F meets F ,
d. w fixes a point of F .

The lemma below also has a vectorial version.
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Lemma 3.8. Let F P F pHq and C P AlcF pHq. Then for every F 1 P F pHq such that
F 1 dominates F , there exists w P W aff

F such that w.F 1 Ă C. In particular, W aff
F acts

transitively on AlcF pHq.
Equivalently, if E is the union of the faces dominating F and if E1 “ E X C, then

E1 is a fundamental domain for the action of W aff
F on E.

Proof. Let C 1 be an alcove of pA,Hq dominating F . Write C 1 “ w.C, with w P W aff .
Then w´1.F Ă C, so if x P w´1.F Ă C, we have w.x P C, which proves that w.x “ x by
Theorem 3.7. Therefore w fixes w´1.F , which proves that w fixes F . Now if F1 is a face
of pA,Hq dominating F and C1 is an alcove dominating F1, we can write C1 “ w1.C,
with w1 P W aff fixing F . Then w´1

1 .F1 Ă C, which proves the lemma.

Lemma 3.9. Let C P AlcpHq and F1, F2 P F pHq be such that F1 Y F2 Ă C. Then
W aff

F1
Ă W aff

F2
(resp. W aff

F1
“ W aff

F2
) if and only if F2 Ă F1 (resp. F1 “ F2).

Proof. By Theorem 3.7, if SC denotes the set of orthogonal reflections with respect to
the walls of C, then pW aff , SCq is a Coxeter group. Let i P t1, 2u. Set MFi “ tα P Σaff

C |

αpFiq ą 0u. We have W aff
Fi

“ xsα | α P Σaff
C zMFiy, by Theorem 3.7, where sα denotes

the reflection of W aff fixing α´1pt0uq, for α P Φaff . By [BB05], if W aff
F1

Ă W aff
F2

(resp.
W aff

F1
“ W aff

F2
), then we have Σaff

C zMF1 Ă Σaff
C zMF2 (resp. Σaff

C zMF1 “ Σaff
C zMF2).

Using Lemma 3.5 we deduce that F2 Ă F1 (resp. F1 “ F2).
Conversely, as W aff acts by homeomorphisms on A, we have W aff

Fi
“ W aff

Fi
if i P t1, 2u

and thus if F2 Ă F1 (resp. F1 “ F2), we have W aff
F2

Ą W aff
F1

(resp. W aff
F1

“ W aff
F2

).

3.1.3 Properties of the faces and link between F pHq and F pH0
λq

For x P A, we set Φx “ tα P Φ | αpxq P Zu.

Lemma 3.10. Let x P A. Then x P vertpAq if and only if
Ş

αPΦx
kerpαq “ t0u.

Proof. Let E “
Ş

αPΦx
kerpαq. Let y P E. Then for t Ps0, 1r small enough, for every

α P Φ, if αpxq R Z, then αpx` tyq Pstαpxqu, tαpxqu ` 1r and thus x „H x` ty. Therefore
if txu is a face of pA,Hq, then E “ t0u. Conversely, assume E “ t0u. Take y P Aztxu.
Then there exists α P Φx such that αpyq ‰ αpxq. Then y R α´1ptαpxquq and as
α´1ptαpxquq P H, y ȷH x. Thus the class of x is txu.

Let λ P vertpAq. Then by [Bou81, Chapitre VI, §1 Proposition 4] and Lemma 3.10,
Φλ is a root system in A˚, with dual root system Φ_

λ :“ tα_ | α P Φλu. For α P Φλ and
x P R˚, if xα P Φλ, then xα P Φ and thus x P t´1, 1u, since Φ is reduced. Therefore
Φλ is a reduced root system in A˚. If α P Φ, we denote by sα P W v the associated
reflection.

Let H0
λ “ tα´1pt0uq | α P Φλu. The connected components of Az

Ť

HPH0
λ
H are the

(vectorial) chambers of pA,Φλq. If λ P vertpAq, then we denote by FλpHq the set of
faces of pA,Hq dominating λ and we denote by F pH0

λq the set of faces of pA,H0
λq.

Lemma 3.11. Let λ P vertpAq and F1, F2 P FλpHq. We assume that there exists a
neighbourhood Ω of λ such that F1 X Ω Ă F2. Then F1 Ă F2.

Proof. Let x P ΩXF1. Let α P Φ and k P Z be such that Dα,k Ą F2. Then Dα,k Ą F2 Q x
and thus Dα,k Ą clpxq “ F1. As F2 is enclosed, we deduce that F2 Ą F1.

Proposition 3.12. Let λ P vertpAq. Equip FλpHq and F pH0
λq with the dominance

order. Then the map Θ : FλpHq Ñ F pH0
λq defined by ΘpF q “ F vpF q :“ Rą0pF ´ λq,

for F P FλpHq is an isomorphism of partially ordered sets. Its inverse is the map Ξ :
F pH0

λq Ñ FλpHq which associates to an element F v of F pH0
λq the unique face of F pHq

containing germλpλ ` F vq. We have ΞpF vq “ clpgermλpλ ` F vqq and ΞpF vq Ă λ ` F v.
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Proof. Set

Ω “ Ωλ :“
č

αPΦλ

α´1 psαpλq ´ 1, αpλq ` 1rq X
č

αPΦzΦλ

α´1 pstαpλqu, rαpλqsrq .

Then Ω is a convex open set containing λ.
Let F P FλpHq and x1, x2 P Rą0pF ´ λq. Write x1 “ t1pf1 ´ λq, x2 “ t2pf2 ´ λq,

with t1, t2 P Rą0 and f1, f2 P F . Let α P Φλ. Then the sign of α´αpλq (which can take
the values “ă 0”, ““ 0” or “ą 0”) is constant on tf1, f2u and thus αpx1q and αpx2q have
the same sign. As this is true for every α P Φλ, we deduce the existence of F v P F pH0

λq

such that ΘpF q Ă F v.
Let x1 P F v and f P F . Set x2 “ f ´ λ P ΘpF q Ă F v. Let t1 P Rą0 be such that

f1 :“ x1{t1 ` λ P Ω. Let α P ΦzΦλ. By choice of Ω, we have αpf1q Pstαpλqu, rαpλqsr.
By Eq. (3.1), we have αpF q Ăstαpλqu, rαpλqsr and thus α ´ k has constant sign on
tf1, fu, for every k P Z. Let α P Φλ. We have αpF vq P tRă0, t0u,Rą0u. If αpF vq “ t0u,
then αpf1q “ αpλq and αpx2q “ 0, so αpfq “ αpλq. Therefore α ` k has constant
sign on tf1, fu, for every k P Z. Assume now αpF q “ Rą0. Then αpf1q ą αpλq and
thus αpf1q Psαpλq, αpλq ` 1r. We have αpx2q ą 0, thus αpfq ą αpλq. By Eq . (3.1),
αpfq Psαpλq, αpλq ` 1r. Therefore α ` k has constant sign on tf, f1u, for every k P Z.
With the same reasoning when αpF vq “ Ră0, we deduce that f and f1 belong to the
same face and thus f1 P F . Consequently x1 “ t1pf1 ´ λq P ΘpF q. Therefore we proved
ΘpF q “ F v P F pH0

λq and thus Θ is well-defined.
Let now F v P F pH0

λq and f1, f2 P Ω X pλ ` F vq. Let α P Φ. Let x1 “ f1 ´ λ,
x2 “ f2 ´ λ P F v. If α R Φλ, then αpf1q, αpf2q Pstαpλqu, rαpλqsr. Therefore α ` k has
constant sign on tf1, f2u, for every k P Z. Let now α P Φλ. If αpF vq “ t0u, then
αpf1q “ αpf2q “ αpλq and thus α ` k has constant sign on tf1, f2u for every k P Z.
If αpF vq “ Rą0, then αpx1q, αpx2q ą 0 and thus αpf1q, αpf2q Psαpλq, αpλq ` 1r, by
definition of Ω. With the same reasoning when αpF vq “ Ră0, we deduce that f1 and
f2 belong the same face F of FλpHq. Then F is the unique face of FλpHq containing
pλ ` F vq X Ω Ą germλpλ ` F vq. Consequently, ΞpF vq “ F is well-defined and we have

Ω X pλ ` F vq Ă F “ ΞpF vq. (3.6)

Moreover, for x P F , we have clpxq “ F and thus clpgermλpλ ` F vqq “ F .
Let F P FλpHq and F̃ “ Ξ ˝ΘpF q. Then F̃ Ą ΩXsλ, f r for f P F . Therefore F̃ XF

is non-empty and hence F “ F̃ , which proves that Ξ ˝ Θ “ Id.
Let F v P F pH0

λq. Set F̃ v “ Θ ˝ ΞpF vq. Let f P F v be such that λ ` f P Ω. Then
λ ` f P ΞpF vq by Eq. (3.6). Therefore λ ` f ´ λ “ f P F̃ v and hence F̃ v X F v ‰ H.
Consequently F̃ v “ F v and Θ ˝ Ξ “ Id, which proves that Θ is the inverse of Ξ.

Let F1, F2 P FλpHq be such that F2 Ą F1. Then Rą0pF2 ´ λq “ Rě0pF2 ´ λq Ą

Rą0pF1 ´ λq and thus Θ is increasing.
Let F v

1 , F
v
2 P F pH0

λq be such that F v
2 Ą F v

1 . We have

ΞpF v
2 q Ą pλ ` F v

2 q X Ω Ą pλ ` F v
1 q X Ω Ą ΞpF v

1 q X Ω,

by Eq. (3.6). Using Lemma 3.11, we deduce that ΞpF v
1 q Ă ΞpF v

2 q, which proves that Ξ
is increasing. Thus Θ is an isomorphism.

Using Eq. (3.6) and the assetion following it, we get the last claim of the proposition.

Remark 3.13. Note that for dimension reasons, the bijection above sends alcoves on
chambers.
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3.1.4 Star of a face

In the sequel, we write W aff
x “ W aff

txu
, for the fixator of x P A in W aff .

Lemma 3.14. Let C be an alcove of pA,Hq and J Ă C be a non-empty set. Let F
be the smallest face of C dominating J (this face is well-defined by Lemma 3.6). Then
Ş

xPJ W
aff
x “ W aff

F .

Proof. For every x P J , W aff
F “ W aff

F
fixes x and thus W aff

F Ă
Ş

xPJ W
aff
x . Let

w P
Ş

xPJ W
aff
x . By Lemma 3.6, there exists y P convpJq X F . Then w fixes y. By

Theorem 3.7, W aff
y “ W aff

F , which proves that w P W aff
F and completes the proof of the

lemma.

Lemma 3.15. Assume that Φ is irreducible. Let F be a face of pA,Hq and let C be
an alcove dominating F . Let Σaff

C be the basis associated with C and set MF “ tα P

Σaff
C | αpF q ą 0u. Let x P A. Then there exists w P W aff

F such that αpw.xq ě 0 for every
α P Σaff

C zMF .

Proof. If F is an alcove, Σaff
C zMF is empty and there is nothing to prove. We now

assume that F is not an alcove. Let λ P vertpF q. Let F v “ Rą0pF ´ λq and Cv “

Rą0pC ´λq. By Proposition 3.12, F v and Cv are faces of pA,H0
λq. Let ΦF v “ tα P Φλ |

αpF vq “ t0uu and let ΦF v ,` “ tα P ΦF v | αpCvq ą 0u. By Lemma 2.19, ΦF v is a root
system in pvectpF vqqK. By [Bou81, VI §1.7 Corollaire 1], there exists a chamber Cv

F v of
pvectpF vqqK such that ΦF v ,` “ tα P ΦF v | αpCv

F vq ą 0u.
We can write x ´ λ “ u ` v, where u P vectpF vq and v P vectpF vqK. Let W v

ΦFv
“

xsα | α P ΦF vy Ă W v
Φ be the vectorial Weyl group of ΦF v . Then pvectpF vqqK is the

union of the closed vectorial chambers of ΦF v and, since W v
ΦFv

acts transitively on the
set of vectorial chambers of ΦF v , there exists w P W v

ΦFv
such that αpw.vq ě 0, for every

α P ΦF v ,`. We then have αpw.px ´ λqq ě 0, for all α P ΦF v ,`, since W v
ΦFv

pointwise
fixes vectpF vq.

We have tλW
v
ΦFv

t´λ “ W aff
F , where tµ : A Ñ A is the translation by the vector

µ, for µ P A. Let α P Σaff
C zMF . Set w “ tλwt´λ P W aff

F . Write α “ α ` k, where
k P Z. Then αpλq “ 0 and thus k “ ´αpλq. Moreover, αpCq ą 0 and thus α P ΦF v ,`.
Then αpw.xq “ αpλ ` w.px ´ λqq ´ αpλq “ αpw.px ´ λqq ě 0. This being true for every
α P Σaff

C zMF , the lemma follows.

Definition 3.16. Let F be a face of pA,Hq. The star of F is the union of the faces
of pA,Hq dominating F .

Lemma 3.17. Let F be a face of pA,Hq and let E be the star of F . Let C be an alcove
of pA,Hq dominating F and H1, . . . ,Hk P H be the walls of C. Up to renumbering,
we may assume that H1, . . . ,Hk1 Ą F and Hk1`1, . . . ,Hk do not contain F , for some
k1 P J1, kK. For i P J1, kK, denote by D̊i the open half-space of A delimited by Hi and
containing C. Then E “

Ş

wPW aff
F ,iPJk1`1,kK w.D̊i. In particular, E is open and convex.

Proof. Let E1 “ E X C. Then by Lemma 3.8, E “ WF .E
1.

We first assume that Φ is irreducible. Let Σaff
C be the basis of Φaff defined by C,

i.e., Σaff
C is the set of affine roots α such that α´1pt0uq is a wall of C and αpCq ą 0. By

Lemma 3.5, we have C “ tx P A | αpxq ą 0,@α P Σaff
C u. Let MF “ tα P Σaff

C | αpF q ą

0u. If F 1 is a face of C, then by Lemma 3.5, we can write F 1 “ tx P A | αpxq Rα 0,@α P

Σaff
C u, where pRαq P tą,“uΣ

aff
C . Then F 1 “ tx P A | αpxq Rα 0,@α P Σaff

C u, where Rα is
equal to “ě” if Rα is equal to “ą” and equal to ““” if Rα is equal to ““”. Therefore if
F 1 Ą F , the symbol Rα is equal to “ą” for every α P Σaff

C zMF . Therefore:

E1 “ tx P A | αpxq ě 0,@α P Σaff
C zMF , αpxq ą 0,@α P MF u. (3.7)
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Let us prove that

E “
č

αPW aff
F .MF

α´1pRą0q :“ E1. (3.8)

If sα denotes the orthogonal reflection with respect to α´1pt0uq for α P Φaff , then
pW aff , tsα | α P Σaff

C uq is a Coxeter group and W aff
F “ xsα | α P Σaff

C zMF y, according to
Theorem 3.7 (3). Thus by [BB05, Corollaries 1.4.8 and 1.4.6] if w P W aff

F and α P MF ,
we have ℓaffpwsαq “ ℓaffpwq ` 1, where ℓaff denotes the length on pW aff , tsα | α P Σaff

C uq.
By [Mac03, (2.2.8)], we deduce w.α P Φaff

` , where Φaff
` “ tγ P Φaff | γpCq ě 0u. Since

w P xsβ | β P Σaff
C zMF , we can write w.α “ α `

ř

βPΣaff
C zMF

nββ, where the nβ are
non-negative integers (by [Mac72, (1.4) and 4.6 Proposition]). Therefore w.αpE1q ą 0.
Consequently E1 Ă E1 and since E1 is is W aff

F -invariant, we deduce that E Ă E1.
Let x P E1. Then by Lemma 3.15, there exists w P W aff

F such that αpw.xq ě 0 for
all α P Σaff

C zMF . By definition of E1, we then have w.x P E1, by Eq. (3.7) and thus
x P E, which proves Eq. (3.8), when Φ is irreducible.

Assume now that Φ is reducible. Using the notation of Eq. (2.4), with Φ instead
of Ψ, we write A “ A1 ˆ . . . ˆ Aℓ and Φ “ Φ1 \ . . . \ Φℓ, where ℓ P Zě2 and Φi is an
irreducible root system in Ai for i P J1, ℓK. Write C “ C1ˆ. . .ˆCℓ and F “ F1ˆ. . .ˆFℓ.
Then with obvious notations, we have:

E “ pW aff
F1

ˆ . . . ˆ W aff
Fℓ

q.pE1
1 ˆ . . . ˆ E1

ℓq

“ pW aff
F1

.E1
1 ˆ . . . ˆ W aff

Fℓ
.E1

ℓq

“

ℓ
č

i“1

č

αPW aff
Fi

.MFi

α´1pRą0q,

which proves the lemma.

Lemma 3.18. Let F, F 1 be faces of pA,Hq such that F 1 dominates F . Let x P F 1 and
y “ 1

|W aff
F |

ř

wPW aff
F

w.x. Then y P F and y is the orthogonal projection of x on the
support of F .

Proof. By Lemma 3.17, y belongs to a face F 2 dominating F . We thus have W aff
F 2 “

W aff
F 2

Ă W aff
F . Moreover, W aff

F fixes y and thus by Theorem 3.7, W aff
F fixes F 2. Conse-

quently W aff
F “ W aff

F 2 and hence F “ F 2, by Lemma 3.9. In other words, y P F .
Let z P F and set t “ xx ´ y | y ´ zy. Then for w P W affF , we have t “ xx ´ y |

w´1.py ´ zqy “ xw.x ´ w.y | y ´ zy “ xw.x ´ y | y ´ zy. Therefore

|W aff
F |t “

ÿ

wPW aff
F

xw.x | y´zy´|W aff
F |xy | y´zy “ |W aff

F |xy | y´zy´|W aff
F |xy | y´zy “ 0,

which proves the lemma.

Lemma 3.19. Let F be a face of pA,Hq, λ P vertpF q and E be the star of λ. Then
F “ E X pλ ` Rą0pF ´ λqq.

Proof. The inclusion F Ă E X pλ`Rą0pF ´λqq is clear. Let x P E X pλ`Rą0pF ´λqq

and let F1 be the face of pA,Hq containing x. Then F1 dominates λ and x ´ λ P

Rą0pF1 ´ λq X Rą0pF ´ λq. As the faces of pA,H0
λq form a partition of A, we deduce

Rą0pF1 ´ λq “ Rą0pF ´ λq and thus F1 “ F , by Proposition 3.12. Therefore E X pλ `

Rą0pF ´ λqq Ă F and the lemma follows.
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3.2 Affine weight polytopes
3.2.1 Definition of affine weight polytopes

Let C0 be the fundamental alcove of A, i.e., the alcove of A based at 0 and contained in
Cv
f . Let us fix b P C0. Let C P AlcpHq. Then there exists w P W aff such that C “ w.C0.

We then set bC “ w.b P C. The element w is uniquely determined by C, since W aff

acts simply transitively on the set of alcoves of pA,Hq. Thus bC is well-defined.

Definition 3.20. For λ P vertpAq, we set Ppλq “ Pb,Φpλq “ convptbC | C P AlcλpHquq.
Then we call Ppλq the closed affine Weyl polytope associated with λ (and b).
The (open) affine Weyl polytope associated with λ is the interior of Ppλq. By
Lemma 3.8,

Ppλq “ convpW aff
λ .bCq (3.9)

for any C P AlcλpHq.

Note that in order to avoid confusions we use roman letters to denote the faces of
pA,Hq and curly letters for the faces of the Ppλq.

3.2.2 Description of the faces of the affine weight polytopes

Let λ P vertpAq. We have W v
Φλ

“ xsα | α P Φλy Ă W v
Φ. We denote by tλ the translation

on A by the vector λ (this is a not a element of W aff in general).

Lemma 3.21. Let λ P vertpAq. Then W aff
λ “ tλW

v
Φλ

t´1
λ .

Proof. Let α P Φλ. Then tλsαt
´1
λ is the orthogonal reflection fixing λ ` α´1pt0uq “

α´1pαpλqq. Therefore it belongs to W aff
λ . By Theorem 3.7, W aff

λ is generated by the
reflections fixing the walls containing λ, which proves the lemma.

Let λ P vertpAq. Then Ppλq “ convptλW
v
Φλ

.t´1.bCq “ λ ` convpW v
Φλ

.p´λ ` bCqq

for C P AlcλpHq. Moreover, αpbCq R Z, for all α P Φ and thus αp´λ ` bCq ‰ 0 for all
α P Φλ. Therefore, with the notation of subsection 2.2, we have:

Ppλq “ λ ` P0
´λ`bC ,Φλ

. (3.10)

Definition 3.22. Let λ P vertpAq and F be a face of pA,Hq dominating λ. We choose
an alcove C dominating F and we set FF “ IntrpconvpW aff

F .bCqq. This is well-defined
by Lemma 3.8.

Note that for λ P vertpAq, we have Fλ “ Ppλq.

Lemma 3.23. 1. Let F be a face of pA,Hq. Then FF is contained in the star of F .
In particular, if λ P vertpAq, then Ppλq “ Ftλu is contained in the star of λ.

2. Let B be a bounded subset of A. Then tλ P vertpAq | Ppλq X B ‰ Hu is finite.

Proof. 1. Let E be the star of F . We have FF “ convpW aff
F .bCq, for any alcove C

dominating F . As bC P E and as E is stabilized by W aff
F , we deduce W aff

F .bC Ă E. By
Lemma 3.17, E is convex and thus FF Ă E.

2. As B is bounded, there exists a finite set of closed alcoves F such that B Ă
Ť

CPF C. Let F 1 be the set of closed alcoves containing a vertex of an element of
F . Then by statement (1), if λ P vertpAq is such that B X Ppλq is non-empty, then
λ P

Ť

CPF 1 C X vertpAq, which is finite. This proves statement (2).

28



For a polytope Q of A, we denote by FacepQq its set of faces. We equip FacepQq

with the dominance order ĺ. Recall that, if E is an affine subspace of A, its direction
dirpEq, is the vector subspace tx ´ x1 | x, x1 P Eu of A. (I prefer to recall the definition
since it is far.)

Proposition 3.24. (see Figure 3.5) Let λ P vertpAq. Let P0 “ Ppλq ´ λ.

1. The map FacepPpλqq Ñ FacepP0q given by F ÞÑ F ´ λ is an isomorphism of
partially ordered sets.

2. Let C P AlcλpHq and Cv “ Rą0pC´λq. Set b0
Cv “ bC´λ. For each chamber Cv

1 of
pA,H0

λq, set b0
Cv

1
“ w.b0

Cv , where w P W v
Φλ

satisfies Cv
1 “ w.Cv. For F v P F pH0

λq,
set F0

F v “ IntrpconvpW v
F v ,Φλ

.bCv
1

qq, where Cv
1 is a chamber of pA,H0

λq dominating
F v. Then for every F v P F pH0

λq, we have F0
F v ` λ “ FF , where F P FλpHq

satisfies F v “ Rą0pF ´ λq.

3. The map F1 ÞÑ FF1 is an isomorphism between pFλpHq,ĺq and pFacepPpλqq,ľq.
Moreover, dirpsupppFF1qq “ pdirpsupppF1qqqK and dimpsupppFF1qq “ codimApF1q

for every F1 P FλpHq.

Figure 3.5: Illustration of Proposition 3.24: the case of B2.

Proof. Statement (1) is clear.
Now, we prove statement (2). By Proposition 3.12, Cv is a chamber of pA,H0

λq. By
Eq. (3.10), we have Ppλq ´ λ “ P0 “ P0

b0
Cv ,Φλ

“ convpW v
Φλ

.b0
Cvq. Let F v

1 P F pH0
λq and

let Cv
1 be a chamber of pA,H0

λq dominating F v
1 . Let F “ F0

F v
1

` λ. Let F1, C1 P FλpAq

be such that F v
1 “ Rą0pF1 ´ λq and Cv

1 “ Rą0pC1 ´ λq.
Using Lemma 3.8, we get C1 “ w1.C, with w1 P W aff

λ . Then we have:

w1.C ´ λ “ C1 ´ λ “ w1.C ´ w1.λ “ w⃗1.pC ´ λq,

where w⃗1 is the linear part of w1. By Lemma 3.21, w⃗1 P W v
Φλ

. Moreover we have:

Rą0w⃗1.pC ´ λq “ w⃗1.C
v “ Rą0pC1 ´ λq “ Cv

1 .

29



Hence:

F “ tλ.F0
F v
1

“ convptλ.W
v
F v
1 ,Φλ

.b0
Cvq “ conv

´

W aff
tλ.F

v
1
.pλ ` b0

Cv
1

q

¯

“ convpW aff
F1

.pλ`b0
Cv

1
qq,

where W v
F v
1 ,Φλ

is the fixator of F v
1 in W v

Φλ
. Moreover, bC1 “ w1.bC “ w1.pλ ` b0

Cvq “

w1.λ ` w⃗1.b
0
Cv “ λ ` b0

Cv
1
, which proves that F “ convpW aff

F1
.bC1q “ FF1 . Therefore

F “ IntrpFF1q “ FF1 , which proves (2).
Finally, we prove statement (3). Indeed, by statements (1), (2) and by Proposi-

tions 3.12 and 2.20, the map F1 ÞÑ FF1 can be decomposed as

F1 ÞÑ Rą0pF1 ´ λq ÞÑ F0
Rą0pF1´λq ÞÑ F0

Rą0pF1´λq ` λ “ FF1

and then it is an isomorphism between pFλpHq,ĺq and pFacepPpλqq,ľq. The last
assertion follows from Proposition 2.20 and statement (2).

3.2.3 Faces and intersection of affine weight polytopes

Recall that, for any pair pλ, µq P A2, we write rλ, µs “ ttλ ` p1 ´ tqµ | t P r0, 1su and
sλ, µr“ Intrprλ, µsq “ ttλ ` p1 ´ tqµ | t Ps0, 1ru.

Lemma 3.25. Let λ, µ P vertpAq be adjacent. Then Ppλq X Ppµq is a closed facet of
both Ppλq and Ppµq. More precisely,

Ppλq X Ppµq “ convpW aff
rλ,µs.bCq,

where C is any alcove dominating sλ, µr.

Proof. As λ and µ are adjacent, sλ, µr is a face of some alcove C. By Proposition 3.24,
F :“ convpW aff

rλ,µs
.bCq is a closed facet of both Ppλq and Ppµq. It remains to prove that

λ and µ are on opposite sides of F . By Lemma 3.18, λ “ 1
|W aff

λ |

ř

wPW aff
λ

w.λ P Ppλq and

similarly, µ P Ppµq. By Lemma 3.18 applied with F “sλ, µr, the orthogonal projection
x of bC on the line containing sλ, µr belongs to sλ, µrXF . The support of F is the
hyperplane H “ x ` pRpµ ´ λqqK by Proposition 3.24(3). Then Ppλq (resp. Ppµq)
is contained in the half-space of A delimited by H and containing λ (resp. µ), which
proves the lemma.

Lemma 3.26. Let λ, µ P vertpAq and assume that there exists an alcove dominating both
λ and µ. Then PpλqXPpµq is a face of Ppλq. Moreover, if C is an alcove dominating λ
and µ, then Ppλq X Ppµq “ convpW aff

rλ,µs
.bCq “ convpW aff

F .bCq, where F is the smallest
face dominating tλ, µu (whose existence is provided by Lemma 3.6).

Proof. If Φ is irreducible, then this is Lemma 3.25, so we assume that Φ is reducible.
We use the same notation as in Eq. (2.4), with Φ instead of Ψ. Write A “ A1 ‘ . . .‘Aℓ

and Φ “
Ůℓ

i“1Φi. We have W aff “ W aff
Φ1

ˆ . . . ˆ W aff
Φℓ

, where W aff
Φi

is the affine Weyl
group of pAi,Φiq, for i P J1, ℓK. Write bC “ pb1, . . . ,bℓq. We have vertpAq “ vertpA1q ˆ

. . . ˆ vertpAℓq and if pτ1, . . . , τℓq P vertpAq, we have Pb,Φppτ1, . . . , τℓqq “ Pb1,Φ1pτ1q ˆ

. . . ˆ Pbℓ,Φℓ
pτℓq. Write λ “ pλ1, . . . , λℓq and µ “ pµ1, . . . , µℓq. Then for all i P J1, ℓK,

either λi “ µi, or λi and µi are adjacent. By Lemma 3.25, we get that:

Pbi,Φi
pλiq X Pbi,Φi

pµiq “ convpW aff
Φi,rλi,µis

.biq

and that this intersection is a facet of both Pbi,Φi
pλiq and Pbi,Φi

pµiq. We deduce that:

Ppλq X Ppµq “

ℓ
ź

i“1

pPbi,Φi
pλiq X Pbi,Φi

pµiqq “

ℓ
ź

i“1

convpW aff
Φi,rλi,µis

.biq
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is a face of both Ppλq and Ppµq. The equalities

Ppλq X Ppµq “ convpW aff
rλ,µs.bCq “ convpW aff

F .bCq

immediately follow from the facts that:

Ppλq X Ppµq “

ℓ
ź

i“1

convpW aff
Φi,rλi,µis

.biq “ conv
´

W aff
śℓ

i“1rλi,µis
.bC

¯

,

that F “
śℓ

i“1rλi, µis and that W aff
rλ,µs

“ W aff
F .

Proposition 3.27. 1. Let J be a non-empty subset of vertpAq. Then
Ş

λPJ Ppλq is
non-empty if and only if there exists an alcove of pA,Hq dominating J . More-
over, if F is the smallest face dominating J (which exists by Lemma 3.6), then
Ş

λPJ Ppλq “ convpW aff
F .bCq “ FF “

Ş

λPvertpF q Ppλq, for any alcove C dominat-
ing F .

2. If F is a face of pA,Hq, then the set of extreme points of FF is W aff
F .bC , for any

alcove C dominating F . Moreover FF XF “ txu, where x is the barycenter of the
extreme points of FF .

3. Let F be a face of pA,Hq and x P FF . Then tµ P vertpAq | x P Ppµqu “ vertpF q.

Proof. 1) Let J Ă vertpAq be non-empty. Assume that
Ş

λPJ Ppλq is non-empty. Let
x P

Ş

λPJ Ppλq and let F be the face of pA,Hq containing x. Then by Lemma 3.23, F
dominates J and, in particular, J is dominated by any alcove dominating F . Conversely,
if J is dominated by a face F of pA,Hq, then W aff

F .bC Ă
Ş

λPJ Ppλq, for any alcove C
dominating F .

Let C be an alcove of pA,Hq and J be a subset of vertpCq with cardinality at least
2. Let F be the smallest face of C dominating J , which exists by Lemma 3.6. Let λ P J .
Then

Fj :“
č

µPJ

Ppµq “
č

µPJztλu

pPpλq X Ppµqq.

By Lemma 3.26 and [BG09, Theorem 1.10], FJ is a face of Ppλq.

We have:

ExtrpFJq “
č

µPJztλu

ExtrpPpλq X Ppµqq by Lemma 2.5,

“
č

µPJztλu

W aff
rλ,µs.bC by Lemma 2.4,

“ p
č

µPJztλu

W aff
rλ,µsq.bC since bC is regular,

“ W aff
F .bC by Lemma 3.14.

Thus by Krein-Milman theorem, FJ “ convpW aff
F .bCq, which proves statement (1).

2) Let F P F pHq and C P AlcpHq, dominating F . By 1) and by Lemma 2.4, the
set of extreme points of FF is W aff

F .bC . Let now x “ 1
|W aff

F |

ř

wPW aff
F

w.bC . Then x P F

according to Lemma 3.18. By Proposition 3.24, the direction of the support of F X FF

is a singleton, which proves that FF X F “ txu and completes the proof of statement
(2).

3) Let F P F pHq and x P FF . Let µ P vertpAqzvertpF q. If vertpF q Y tµu is not
dominated by any alcove, then FF X Ppµq “ H according to statement (1) and thus
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x R Ppµq. Assume that µ Y vertpF q is dominated by an alcove C. Then it follows from
(1) that FF X Ppµq “ FF 1 , where F 1 is the smallest face dominating F Y tµu, and by
(2) that FF 1 ‰ FF . Therefore FF 1 is a proper face of FF and by [BG09, Corollary 1.7],
x R FF 1 , which proves that x R Ppµq. Therefore tµ P vertpAq | x P Ppµqu Ă vertpF q,
and this is actually an equality by 1), which proves statement (3).

3.3 Tessellation of A by the affine weight polytopes
We now prove that A is tessellated by the Ppλq, for λ P vertpAq, as stated in the
introduction in Theorem 1.1.

Theorem 3.28. (see Figures 3.6, 3.7, 3.8 and 3.9)
Let A be a finite dimensional vector space and Φ be a finite root system in A. Let

H “ tα´1ptkuq | α P Φ, k P Zu, let F be the set of faces of pA,Hq and let vertpAq be
the set of vertices of pA,Hq. We choose a fundamental alcove C0 of pA,Hq and choose
b “ bC0 P C0. If λ is a vertex of pA,Hq, we choose an alcove Cλ dominating λ and
we set bCλ

“ w.b where w is the element of the affine Weyl group W aff of pA,Hq

sending C0 to C. If F is a face of pA,Hq, we write W aff
F :“ FixW aff pF q and we set

FF “ IntrpconvpW aff
F .bCqq, for any alcove C dominating F . Then

Ů

FPF FF “ A. In
particular, if we set Ppλq “ Ftλu, for λ P vertpAq, then A “

Ť

λPvertpAq Ppλq.

Proof. Let E “
Ť

λPvertpAq Ppλq. We prove that E “ A by proving that E is closed
and dense in A. Take pznq P EN a converging sequence. Then pznq is bounded and
by Lemma 3.23 (2), there exists a finite subset F Ă vertpAq such that tzn | n P Nu Ă
Ť

µPF Ppµq. Then as the Ppµq are closed, lim zn P
Ť

µPF Ppµq Ă E. Therefore E is
closed.

Suppose that E ‰ A and fix x P AzE. Let λ P vertpAq and y P Ppλq. Let
γ : r0, 1s Ñ rx, ys be the affine parametrization of rx, ys such that γp0q “ y and γp1q “ x.
Let

t “ inftt1 P r0, 1s | γpt1q R Eu.

As E is closed, γptq P E. Let ν P vertpAq be such that γptq P Ppνq. Then γptq P

FrpPpνqq and thus there exists a facet F of Ppνq containing γptq. By Propositions 3.24
and 3.27, there exists ν 1 P vertpAq, adjacent to ν and such that Ppνq X Ppν 1q “ F . If
γptq P F , then by Lemma 2.1, there exists r P Rą0 such that

Bpγptq, rq X Ppνq “ D X Bpγptq, rq and Bpγptq, rq X Ppν 1q “ D1 X Bpγptq, rq,

where D and D1 are the two closed half-spaces delimited by supppFq. But then
Bpγptq, rq Ă Ppνq Y Ppν 1q, which is impossible by definition of t. Therefore

γptq P FzF .

The facet F is a polytope of supppFq and thus its frontier is contained in a union
Ť

V PF pν,ν1q V , where F pν, ν1q is a finite set of affine subspaces of dimension at most
dimA ´ 2. For ν, ν1 P vertpAq, set F pν, ν1q “ H if ν and ν 1 are not adjacent. Then we
proved:

AzE Ă
ď

ν,ν1PvertpAq

ď

V PF pν,ν1q

supppV Y txuq.

As the right hand side of this formula is a countable union of proper affine subspaces
of A, it has Lebesgue measure 0. In particular, E is dense in A. But as E is closed,
E “ A. Thus we proved

A “
ď

λPvertpAq

Ppλq.

32



As for λ P vertpAq, Ppλq is the union of the FF , where F runs over the faces of pA,Hq

dominating λ (see Proposition 3.24), we deduce that A “
Ť

FPF FF . Let F1, F2 P F be
such that FF1 XFF2 is non-empty. Then FF1 XFF2 ‰ H and thus by Proposition 3.27,
there exists an alcove C dominating vertpF1qYvertpF2q, and FF1 ,FF2 are faces of Ppλq,
for any λ P vertpCq, by Proposition 3.24 3). As the faces of Ppλq form a partition Ppλq

(by [BG09, Theorem 1.10]), we deduce that F1 “ F2, which concludes the proof of the
theorem.

Figure 3.6: Illustration of Theorem 3.28: the case of A2 when b is not the barycenter of the
fundamental alcove.

Figure 3.7: Illustration of Theorem 3.28: the case of A2 when b is the barycenter of the
fundamental alcove.

4 Thickened tessellation of A
The aim of this section is as follows. Take η Ps0, 1r. For λ P vertpAq, denote by
hλ,η : A Ñ A, hλ,ηpxq “ λ ` ηpx ´ λq the homothety centered at λ with ratio η. Let
x P hλ,ηpPpλqq. Write x “ hλ,ηpx1q, with x1 P Ppλq. Let F be the face of pA,Hq

such that x1 P FF . Let F̃ηpxq “ x ` p1 ´ ηqpF ´ λq. This is a copy of F which
contains exactly one point of hµ,ηpPpµqq, for each vertex µ of F (and which is the convex
hull of these points). The main goal of this section is to prove Theorem 4.19, which
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Figure 3.8: Illustration of Theorem 3.28: the case of B2.

Figure 3.9: Illustration of Theorem 3.28: the case of G2.

states that A “
Ť

λPvertpAq,xPhλ,ηpPpλqq
F̃ηpxq (see Figures 4.1, 4.4 and 4.5). Since for all

µ P vertpF q, we have F̃ηphµ,ηpx1qq “ F̃ηpxq, in order to describe A as a disjoint union,
we will introduce a new notation by replacing F̃ηpxq by Fηpx1q (see Definition 4.13) We
will then have A “

Ů

x1PA Fηpx1q.
We divide this section in two parts. Firstly, in subsection 4.1, we prove that if λ and

µ are two adjacent vertices of A, then the projection of Ppµq on Ppλq is contained in
Ppλq X Ppµq (see Proposition 4.8). Then, in subsection 4.2, we prove Theorem 4.19.

4.1 Projection of a polytope on a neighbour polytope
If F is a face of pA,Hq and λ P vertpF q, we denote by vertλpF q the set of vertices of F
which are adjacent to λ (and different from λ). If λ P vertpAq, we denote by πλ instead
of πPpλq

the orthogonal projection on Ppλq.
In this subsubsection, we prove that if λ and µ are two vertices of A contained in a

common closed alcove, then πλpPpµqq Ă Ppλq X Ppµq (see Proposition 4.8).

Lemma 4.1. 1. Let F be a face of pA,Hq and λ P vertpF q. Then:

Rą0pF ´ λq “
ÿ

µPvertλpF q

Rą0pµ ´ λq “
ÿ

µPvertpF q

Rą0pµ ´ λq.
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Figure 4.1: Illustration of Theorem 4.19 in the case of A2. The represented alcove C is
the equilateral triangle delimited by the black segments. The hexagons P1{2pλq,P1{2pµq and
P1{2pνq are represented in red. The edges of C are the segments F1, F2 and F3 and the
vertices of C are λ, µ and ν. The blue rectangle is the union of the F̃1{2pxq for x P hλ,1{2pFF1q

(or equivalently x P hµ,1{2pFF1q). Similarly, the green and pink rectangles correspond to the
F̃1{2pxq for x in hµ,1{2pFF2q and hν,1{2pFF2q respectively. The face FC is the (non represented)
vertex Ppλq X Ppµq X Ppνq. The central white triangle is F̃1{2pzq, for z P hλ,1{2pFCq (or
equivalently, z P hµ,1{2pFCq or z P hν,1{2pFCq).

2. Let λ P vertpAq and F, F 1 be faces of pA,Hq dominating λ. Then vertλpF q Ă

vertλpF 1q if and only if F is dominated by F 1.

Proof. 1) The map µ ÞÑsλ, µr is a bijection from vertλpF q to the set of one dimensional
faces of F dominating λ. By Proposition 2.6 and Proposition 3.12, Rą0pF ´ λq is the
sum of its one-dimensional faces and thus we have Rą0pF ´λq “

ř

µPvertλpF q Rą0pµ´λq.
Using the notation of Eq. (2.4) (with ℓ “ 1 if Φ is irreducible), we write F “ F1 ˆ

. . . ˆ Fℓ and λ “ pλ1, . . . , λℓq. We have vertλpF q “
Ůℓ

i“1tpλ1, . . . , λi´1qu ˆ vertλi
pFiq ˆ

tpλi`1, . . . , λℓqu and vertpF q “ vertpF1q ˆ . . . ˆ vertpFℓq and the second equality of 1)
follows.

2) If F is dominated by F 1, then vertpF q Ă vertpF 1q and thus vertλpF q Ă vertλpF 1q.
Conversely, if vertλpF q Ă vertλpF 1q, then Rą0pF ´ λq “

ř

µPvertλpF q Rě0pµ ´ λq Ă
ř

µPvertλpF 1q Rě0pµ ´ λq “ Rą0pF 1 ´ λq, whence the result follows.

Lemma 4.2. Let F be a face of pA,Hq and λ P vertpF q. Let x P FF . Then π´1
λ ptxuq “

x ` Rě0pF ´ λq.

Proof. By Proposition 3.24, the facets of Ppλq are the FF1 for F1 P FλpF q of dimension
1. If F1 “sλ, µr is such a face, with µ P vertpAq , then by Proposition 3.24, we have
δFF1

“ Rě0pµ´λq, with the notation of subsection 2.1. Using Proposition 2.3, we deduce
π´1
λ ptxuq “ x `

ř

µPvertλpF q Rě0pµ ´ λq. Then, the result follows from Lemma 4.1.
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Lemma 4.3. Let C be an alcove of pA,Hq and F be a proper subface of C which
is not a vertex. Let x P FF . Let λ, µ P vertpF q and ν P vertpCqzvertpF q. Then
π´1
λ ptxuq X Ppµq X Ppνq “ H.

Proof. Let F pµ, νq be the smallest face of pA,Hq dominating both µ and ν. Such face
exists according to Lemma 3.6. By Proposition 3.27, we have:

Ppµq X Ppνq “
č

ν1PvertµpF pµ,νqq

Ppµq X Ppν 1q.

We have F pµ, νq Ę F and thus Lemma 4.1 implies the existence of ν 1 belonging to
vertµpF pµ, νqqzvertpF q. Up to replacing ν by ν 1, we may assume that µ and ν are
adjacent.

Let Dpµ, νq be the closed half-space delimited by Ppµq XPpνq and containing Ppµq.
Let V “ x `

ř

τPvertµpF q Rpτ ´ µq “ x ` vectpF ´ µq. By Lemma 4.2, we have

π´1
λ ptxuq “ x ` Rě0pF ´ λq Ă V.

Let Cv “ Rą0pC´µq and F v “ Rą0pF ´µq. Then Cv (resp. F v) is a chamber (resp.
face) of pA,H0

µq by Proposition 3.12. Let Σ be the basis of Φµ associated with Cv. Write
Σ “ tαi, i P Iu for some indexing set I satisfying |I| “ |Σ|. Let pϖiq P pA˚qI be the
dual basis of pαiqiPI . Let J “ ti P I | ϖi P F vu. Then Rą0pν ´ µq is a one dimensional
face of Cv and thus ν ´µ P Rą0ϖi, for some i P IzJ . Then Dpµ, νq ´µ is the half-space
of A containing P0

Φµ,bC´µ and delimited by the support of W v
Rą0ϖi

.pbC ´ µq, where
W v

Rą0ϖi
is the fixator of Rą0ϖi in W v

Φµ
. This half-space is denoted Di in Lemma 2.28.

Therefore by Lemma 2.28, we have D̊pµ, νq ´ µ Ą pV ´ µq X pPpµq ´ µq and hence
D̊pµ, νq Ą V X Ppµq Ą π´1

λ ptxuq X Ppµq, which proves the lemma, since D̊pµ, νq X Ppνq

is empty.

Lemma 4.4. Let λ P vertpAq and F be a face of pA,Hq dominating λ. Let x P F . Then
πλpxq P F .

Proof. We have x´λ P Rą0pF ´λq. Using Lemma 2.24, Eq. (3.10) and Proposition 3.12
we deduce πPpλq´λ

px´λq “ πλpxq´λ P Rą0pF ´λq. Consequently, πλpxq P λ`Rą0pF ´

λq.
Let F 1 be the face of pA,Hq containing πλpxq. By Lemma 3.23, F 1 dominates λ.

Therefore πλpxq P F 1 Ă λ ` Rą0pF 1 ´ λq. We deduce Rą0pF ´ λq X Rą0pF 1 ´ λq ‰ H.
As the faces of pA,H0

λq partition A, we deduce Rą0pF ´λq “ λ`Rą0pF 1 ´λq and thus
F “ F 1, by Proposition 3.12.

Lemma 4.5. Let λ P vertpAq, C be an alcove of A dominating λ and µ P vertpCqztλu.
Then πλpPpµq X Cq Ă Ppλq X Ppµq.

Proof. Let x P FrpPpλqq X C. Let F “ F pxq be the face dominating λ and such
that x P FF . Then by Proposition 3.27, tν P vertpAq | x P Ppνqu “ vertpF q. By
contradiction, we make the following assumption:

Dµ1 P vertpCqzvertpF q | pπλq´1ptxuq X Ppµ1q X C ‰ H. (4.1)

Let µ1 P vertpCqzvertpF q be such that there exists y P π´1
λ ptxuq X Ppµ1q X C. By

Proposition 3.27, x R Ppµ1q and thus x ‰ y. Let γ : r0, 1s Ñ rx, ys be the affine
parametrization such that γp0q “ x and γp1q “ y. For t Ps0, 1s, we have |y ´ γptq| ă

|y ´ x| “ |y ´ πλpyq| and thus γptq R Ppλq for t Ps0, 1s.
Let E “ tt P r0, 1s | Dµ2 P vertpCqzvertpF q, γptq P Ppµ2qu. Then E is non-empty by

Eq. (4.1). Let t0 “ inf E. Then γpt0q P Ppµ2q for some µ2 P vertpCqzvertpF q, since the
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Ppτq are closed, for τ P vertpAq. Therefore t0 “ minE and t0 ą 0. By Theorem 3.28
and Lemma 3.23, we have γpr0, t0rq Ă

Ť

νPvertpF q Ppνq. Let ν P vertpF q be such that for
some ϵ ą 0, we have:

γptq P Ppνq, @t Pst0 ´ ϵ, t0r.

Then γpt0q P Ppνq X Ppµ1q. By Lemma 4.2, π´1
λ ptxuq is convex and contains γpt0q.

This contradicts Lemma 4.3. Therefore, Eq. (4.1) is wrong. In other words,

@x P C X Ppλq, pπλq´1ptxuq X C Ă Cz
ď

µ1PvertpCqzvertpF pxqq

Ppµ1q. (4.2)

Let now y P Ppµq X C. Then by Lemma 4.4, x :“ πλpyq P C. Let F P Fλ be such
that x P FF . Then by Eq. (4.2), y P Cz

Ť

µ1PvertpCqzvertpF q Ppµ1q and thus µ P vertpF q.
Therefore Ppµq Ą FF , which completes the proof of the lemma.

Lemma 4.6. Let C1 P AlcpHq and λ, µ P vertpC1q. Then:
ď

CPAlcµpHq

C Ă
ď

CPAlcλ,µpHq

λ ` Rě0pC ´ λq,

where Alcλ,µpHq is the set of alcoves of pA,Hq dominating λ and µ.

Proof. Let E “
Ť

FPFλ,µ
Rą0pF ´λq, where Fλ,µ is the set of faces dominating λ and µ.

Then λ`E Ă λ`
Ť

CPAlcλ,µpHq Rě0pC´λq. By Proposition 3.12 and Lemma 2.17, there
exists X Ă Φλ such that E “

Ş

αPX α´1pRą0q. As E is a cone containing s0, µ ´ λr, it
contains µ ´ λ. Therefore λ ` E is open and contains µ. Consequently, λ ` E contains
a point of each alcove dominating µ. Moreover λ ` E “

Ş

αPX α´1pRěαpλqq and thus it
is enclosed, which proves that it contains

Ť

CPAlcµpHq C.

Lemma 4.7. Let C P AlcpHq and λ P vertpCq. Let E1 be the union of the faces of
C dominating λ and x P E1. Let y P λ ` Rě0pC ´ λq. Then rx, ys X E1 contains a
neighbourhood of x in rx, ys.

Proof. Let E be the union of the faces of pA,Hq dominating λ. Then E is open by
Lemma 3.17. Therefore there exists a face F dominating λ and ϵ ą 0 such that F Ą

sx, x ` ϵpy ´ xqr. We also have λ ` Rą0pF ´ λq Ą F . Moreover x, y P λ ` Rě0pC ´ λq

and thus it contains sx, x ` ϵpy ´ xqr. The closed chamber Cv :“ Rě0pC ´ λq is the
union of the faces of pA,H0

λq dominated by Cv. Thus by Proposition 3.12, we have

Cv “
ğ

F1PFλpCq

Rą0pF1 ´ λq,

where FλpCq is the set of subfaces of C dominating λ. Therefore there exists F1 P FλpCq

such that Rą0pF ´λq XRą0pF1 ´λq is non-empty, and as the faces of pA,H0
λq partition

A, we deduce that F “ F1. But F1 Ă E1 and the lemma follows.

Proposition 4.8. Let λ, µ P vertpAq be such that there exists an alcove of pA,Hq

dominating λ and µ. Then πλpPpµqq Ă Ppλq X Ppµq.

Proof. Let y P Ppµq. By Lemma 3.23 and Lemma 4.6, there exists an alcove C of pA,Hq

dominating λ and µ and such that y P λ`Rě0pC ´ λq. Let Q “ C XPpλq XPpµq. Let
x “ πQpyq P Q. By Lemmas 3.23 and 4.7, there exists z Psx, ys X C. By Eq. (2.1), we
have πQpzq “ πQpyq “ x.

By Lemmas 4.4 and 4.5, we have πλpzq P Q and by definition |a ´ z| ě |a ´ πλpzq|

for all a P Ppλq. As Q Ă Ppλq, we deduce πλpzq “ πQpzq. By Eq. (2.1), we have
πλpzq “ πλpyq. Therefore πλpyq P Ppλq X Ppµq, which proves the proposition.
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4.2 Tessellation of apartments by thickened polytopes
Recall that, for η P r0, 1s and λ P vertpAq, we have the homothety hλ,η : A Ñ A given
by hλ,ηpxq “ λ`ηpx´λq, for x P A. We write πλ,η instead of the orthogonal projection
π
hλ,ηpPpλqq

on hλ,ηpPpλqq.

Let C be an alcove of pA,Hq dominating λ. Then by (3.10), we have Ppλq “

λ ` P0
´λ`bC ,Φλ

. Therefore

hλ,ηpPpλqq “ hλ,ηpλq ` ηconvpW v
Φλ

.p´λ ` bCqq “ λ ` P0
ηp´λ`bCq,Φλ

. (4.3)

Remark 4.9. Let F P F and a P FF . Then similarly as in Lemma 4.2, we have

pπλ,ηq´1phλ,ηpaqq “ hλ,ηpaq ` Rě0pF ´ λq.

Lemma 4.10. Let F be a face of pA,Hq, λ P vertpF q and η Ps0, 1s. Then πλ,ηpF q Ă F
and πλ,ηpF q Ă F .

Proof. Let x P F . Then x P λ ` Rą0pF ´ λq. By Lemma 2.24 and Eq. (4.3), πλ,ηpxq P

λ`Rą0pF ´λq. Let E be the star of λ. By Lemma 3.23, since hλ,η stabilizes E, we have
hλ,ηpPpλqq Ă E. Therefore by Lemma 3.19, we have πλ,ηpxq P EXpλ`Rą0pF ´λqq “ F .
As πλ,η is continuous (by [HUL12, A. (3.1.6)]), we deduce the result.

Proposition 4.11. Let F be a face of pA,Hq. Then

F “
č

λPvertpF q

pλ ` Rą0pF ´ λqq .

Proof. Let J “ vertpF q. Set E “
Ş

λPJ pλ ` Rą0pF ´ λqq. As F Ă λ ` Rą0pF ´ λq for
λ P J , we have F Ă E.

We now prove the converse inclusion. By Lemma 4.1, we have:

E “
č

λPJ

˜

λ `
à

µPJ

Rą0pµ ´ λq

¸

.

We first assume that Φ is irreducible. Then by [Bou81, V 3.9 Proposition 8], C is
a simplex and thus for every λ P vertpCq, pµ ´ λqµPvertpCqztλu is a basis of A. Fix
λ P J . Up to changing the 0 of the affine space A, we may assume λ “ 0. Let x P E.
Then we can write x “

ř

µPJzt0u tµµ, where ptµq P pRą0qJzt0u. Let ν P J . Then x P

ν`Rą0p´νq`
À

µPJzt0u Rą0pµ´νq, so we can write x “ ν`t1
0p´νq`

ř

µPJzt0,νu t
1
µpµ´νq

for some t1
0 P R and pt1

µq P pRą0qJztνu. Thus we have

p1 ´ t1
0 ´

ÿ

µPJzt0,νu

t1
µqν `

ÿ

µPJzt0,νu

t1
µµ “

ÿ

µPJzt0u

tµµ.

Therefore t1
µ “ tµ for µ P Jzt0, νu, tν ă 1 and

ř

µPJzt0u tµ “ p1 ´ t1
0 ´

ř

µPJzt0,νu t
1
µq `

ř

µPJzt0,νu t
1
µ ă 1. This proves that E Ă IntrpconvpJqq “ F and thus when Φ is

irreducible, we have E “ F .
We no longer assume the irreducibility of Φ. In the notation of Eq. (2.4), with Φ

instead of Ψ, we write A “ A1 ˆ . . .ˆAℓ. Let x “ pxiqiPJ1,ℓK P A and i P J1, ℓK. We have
F “ F1 ˆ . . . ˆ Fℓ, where Fi P F pAi,Hiq for i P J1, ℓK.

We decompose J as J “ J1 ˆ . . . ˆ Jℓ, where Ji “ vertpFiq for i P J1, ℓK. Let x P E.
Then:

x P
č

λPJi

¨

˝

i´1
ź

j“1

Aj ˆ pλ `
ÿ

µPJiztλu

Rą0pµ ´ λqq ˆ

ℓ
ź

j“i`1

Aj

˛

‚

“

i´1
ź

j“1

Aj ˆ
č

µPJiztλu

˜

λ `
ÿ

µPJi

Rą0pµ ´ λq

¸

ˆ

ℓ
ź

j“i`1

Aj
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By the first case we deduce xi P IntrpconvpJiqq. Consequently x P
śℓ

i“1 IntrpconvpJiqq “

IntrpconvpJqq, which completes the proof of the proposition.

Lemma 4.12. Let µ P vertpAq, η P r0, 1s and x P A. Let F P F pHq be such that
πµpxq P FF . Let λ P vertpF q. Then πµ,ηphλ,ηpxqq “ hµ,ηpπµpxqq.

Proof. Let a “ πµpxq. By Lemma 4.2, we have x ´ a P Rě0pF ´ µq. We have:

hλ,ηpxq “ hµ,ηpaq ` p1 ´ ηqpλ ´ µq ` ηpx ´ aq P hµ,ηpaq ` Rě0pF ´ µq,

and we conclude with Remark 4.9.

Definition 4.13. For x P A, we denote by FPpxq the face of pA,Hq such that x P FFP pxq,
which is well-defined by Theorem 3.28. For η P r0, 1s, we set Fηpxq “ Intrpconvpthλ,ηpxq |

λ P vertpFPpxqquqq and Fηpxq “ convpthλ,ηpxq | λ P vertpFPpxqquq (see Figures 4.2 and
4.3). We have:

Fηpxq “ ηx ` p1 ´ ηqconv pvert pFP pxqqq “ ηx ` p1 ´ ηqFPpxq. (4.4)

Figure 4.2: Pictures of Fη in the case of A2.

Lemma 4.14. Let C be an alcove of pA,Hq and x P C. Then:

1. for all y P Fηpxq, for all µ P vertpCq, we have πµ,ηpyq “ hµ,ηpπµpxqq,

2. for all µ P vertpCq, for all y P Fηpxq, we have vertpFPpxqq Ă tν P vertpCq |

πµ,ηpyq P hµ,ηpPpνqqu and this is an equality if and only if µ P vertpFPpxqq.

Proof. By Lemma 3.23, we have vertpFPpxqq Ă vertpCq. Let µ P vertpCq. By Proposi-
tions 3.27 and 4.8, we have

πµpxq P
č

νPvertpFP pxqqYtµu

Ppνq. (4.5)

Let λ P vertpFPpxqq. By Proposition 3.27, we have πµpxq P FFP pxq. Hence, if F 1 is the
face such that πµpxq P FF 1 , we deduce that vertpFPpxqq Ă F 1. By Lemma 4.12, we
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Figure 4.3: Pictures of Fη in the case of A1 ˆ A1.

get πµ,ηphλ,ηpxqq “ hµ,ηpπµpxqq. By Eq. (2.1), π´1
µ,η phµ,η pπµ pxqqq is convex. Therefore

πµ,ηpFηpxqq “ thµ,ηpπµpxqqu.
Let µ P vertpCq. Then

tν P vertpCq | πµ,ηpyq P hµ,ηpPpνqqu “ tν P vertpCq | hµ,ηpπµpxqq P hµ,ηpPpνqqu

“ tν P vertpCq | πµpxq P Ppνqu.

We conclude with Eq . (4.5), since πµpxq “ x, for µ P vertpFPpxqq.

Lemma 4.15. Let F P F pHq. Let f P FF and C be an alcove dominating f . Let
λ P vertpF q and x P phλ,ηpfq ` vectpF ´ λqq X C. Then

πλ,ηpxq P hλ,ηpfq ` vectpF ´ λq

and
tµ P vertpAq | πλ,ηpxq P hλ,ηpPpµqqu Ă vertpF q.

Proof. We have

hλ,ηpfq ` vectpF ´ λq X C

Ă phλ,ηpfq ` vectpF ´ λqq X

´

λ ` Rě0pC ´ λq

¯

“ hλ,η pf ` vectpF ´ λqq X hλ,η
`

λ ` Rě0pC ´ λq
˘

“ hλ,η
`

pf ` vectpF ´ λqq X
`

λ ` Rě0pC ´ λq
˘˘

.

By Lemma 4.12 applied to µ “ λ, we have πλ,η ˝ hλ,η “ hλ,η ˝ πλ. Therefore if
x P phλ,ηpfq ` vectpF ´ λqq X C, we have

πλ,ηpxq “ hλ,ηpπλpyqq,

for some y P pf ` vectpF ´ λqq X
`

λ ` Rě0pC ´ λq
˘

. Using Proposition 2.33, we have
πλpyq P f ` vectpF ´ λq and we deduce πλ,ηpxq P hλ,ηpfq ` vectpF ´ λq.
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Now we have πλpyq “ πPpλq
pyq “ πPpλq´λ

py´λq`λ. By Eq. (3.10), we have Ppλq´

λ “ P0
bC´λ. By Proposition 3.24 and Proposition 3.12, the map FF1 ÞÑ F0

Rą0pF1´λq
is a

bijection between the faces of Ppλq and those of Ppλq ´λ. Hence we have F0
Rą0pF1´λq

“

FF1 ´ λ, for F1 P FλpHq. By Proposition 2.33 (2), πPpλq´λ
py ´ λq P F0

Rą0pF1´λq
, for

some subface F1 of F dominating λ. Therefore πλpyq P FF1 , and we get:

tµ P vertpAq | πλ,ηpxq P hλ,ηpPpµqqu “ tµ P vertpAq | πλpyq P Ppµqu “ vertpF1q,

which proves the lemma.

Lemma 4.16. Let η Ps0, 1s. Let C P AlcpHq and x P C. For λ P vertpCq, set Jλ :“
Jλ,ηpxq :“ tν P vertpCq | πλ,ηpxq P hλ,ηpPpνqqu. Let NCpxq “ NC :“ mint|Jµ| | µ P

vertpCqu and:
J “ tλ P vertpCq | |Jλ| “ NCu.

Then:

1. There exists a face F of pA,Hq such that J “ vertpF q. There exists fx P C X FF

such that πλ,ηpxq “ hλ,ηpfxq for all λ P J . More generally, for every µ P vertpCq,
we have πµ,ηpxq “ hµ,ηpπµpfxqq.

2. For every µ P vertpCq, we have Jµ Ą J ; in the particular case when µ P J , there
is an equality Jµ “ J .

3. We have x P Fηpfxq.

Proof. Let λ0 P J . Let F be the face of pA,Hq dominating λ0 and such that πλ0,ηpxq P

hλ0,ηpFF q. By Lemma 4.10, we have πλ0,ηpxq P C. Let F1 be the face of C containing
πλ0,ηpxq. By Lemma 3.23, we have that FF is contained in the star E of F . As
λ0 P vertpF q and η Ps0, 1s, the set E is stabilized by hλ0,η and hence hλ0,ηpFF q Ă E.
Therefore F1 dominates F .

Write πλ0,ηpxq “ hλ0,ηpfxq, with fx P FF X C. We have:

Jλ0 “ tν P vertpCq | πλ0,ηpxq P hλ0,ηpPpνqqu

“ tν P vertpCq | hλ0,ηpfxq P hλ0,ηpPpνqqu

“ tν P vertpCq | fx P Ppνqu “ vertpF q,

by Proposition 3.27. By Remark 4.9, we have

x P hλ0,ηpfxq ` vectpF ´ λ0q.

Let µ P vertpF q. Then

x P hµ,ηpfxq ` p1 ´ ηqpλ0 ´ µq ` vectpF ´ λ0q “ hµ,ηpfxq ` vectpF ´ µq.

By Lemma 4.15, we have πµ,ηpxq P hµ,ηpfxq ` vectpF ´ µq and

Jµ “ tν P vertpAq | πµ,ηpxq P hµ,ηpPpνqqu Ă vertpF q “ Jλ0 .

By minimality of Jλ0 , we deduce

Jµ “ Jλ0 “ vertpF q Ă J. (4.6)

By the previous computations and by Proposition 3.27, we have hµ,ηpfxq, πµ,ηpxq P

hµ,ηpFF qXpx`vectpF´µqq. It follows from Proposition 3.24 that dirpsuppphµ,ηpFF qqq “
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dirpsupppFF qq “ dirpsupppF qqK and thus hµ,ηpFF q X px ` vectpF ´ µqq is either empty
or a singleton. Therefore

hµ,ηpfxq “ πµ,ηpxq.

Let λ P vertpF q. By Lemma 4.2, we have

x P πλ,ηpxq ` Rě0pF ´ λq “ hλ,ηpfxq ` Rě0pF ´ λq.

Using Proposition 4.11, we deduce that x belongs to:
č

λPvertpF q

`

hλ,ηpfxq ` Rě0pF ´ λq
˘

“ ηfx ` p1 ´ ηq
č

λPvertpF q

pλ ` Rě0pF ´ λqq

“ ηfx ` p1 ´ ηqF .

Using (4.4) we deduce statement 3):

x P convpthλ,ηpfxq | λ P vertpF quq. (4.7)

Let µ P vertpCq. By Propositions 3.27 and 4.8, we have

πµpfxq P
č

νPvertpF qYtµu

Ppνq. (4.8)

Let F2 be the face of pA,Hq such that πµpfxq P FF2 . Then by Proposition 3.27, we
have vertpF2q Ą vertpF q. Let λ P vertpF q. By Lemma 4.12, we have πµ,ηphλ,ηpfxqq “

hµ,ηpπµpfxqq. By Eq. (2.1), pπµ,ηq´1 phµ,η pπµ pfxqqq is convex. Using Eq. (4.7) we deduce

πµ,ηpxq “ hµ,η pπµ pfxqq .

Using Eq. (4.8) we deduce that Jµ Ą vertpF q Y tµu “ Jλ0 Y tµu. Consequently for
µ P vertpCqzJλ0 , we have |Jµ| ě |Jλ0 | ` 1 “ NC ` 1 and µ R J . Therefore J Ă Jλ0 and
hence by (4.6), we have

J “ Jλ0 “ vertpF q,

which completes the proof of the lemma.

Lemma 4.17. Let C P AlcpHq and x, x1 P C. Then x “ x1 if and only if (for all
λ P vertpCq, πλpxq “ πλpx1q).

Proof. Assume that πλpxq “ πλpx1q for every λ P vertpCq. For λ P vertpCq, set

Jλ “ tµ P vertpCq | πλpxq P Ppλq X Ppµqu.

Let J “ tλ P vertpCq | |Jλ| “ NCpxqu. By Lemma 4.16 applied with η “ 1, we have
tx, x1u Ă

Ş

λPJ Ppλq. Take λ P J . Then πλpxq “ x “ πλpx1q “ x1.

Lemma 4.18. Let x P A, η Ps0, 1s and F be the face of pA,Hq containing x. Then
Fηpxq Ă F .

Proof. Let F1 P F pHq be such that x P FF1 . Then by Lemma 3.23, we have F1 Ă F .
For λ P vertpF1q, we thus have sλ, xs Ă F and hλ,ηpxq P F . Consequently Fηpxq “

convpthλ,ηpxq | λ P vertpF1uq Ă F .
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Theorem 4.19. Let A be a finite dimensional vector space and Φ be a finite root system
in A. Let H “ tα´1ptkuq | α P Φ, k P Zu. We choose a fundamental alcove C0

of pA,Hq and choose b0 P C0. If λ is a vertex of pA,Hq, we choose an alcove Cλ

dominating λ and we set bCλ
“ w.b0 if w is the element of the affine Weyl group

W aff of pA,Hq sending C0 to C. We set Ppλq “ convpW aff
λ .bCλ

q, where W aff
λ is the

fixator of λ in W aff . If x P A, we define FPpxq as the unique face of pA,Hq such that
x P FFP pxq :“ IntrpconvpW aff

FP pxq
.bCqq, where bC is an alcove dominating FPpxq and

W aff
FP pxq

is the fixator of FPpxq in W aff . If η Ps0, 1s, we set Fηpxq “ ηx ` p1 ´ ηqFPpxq.
Then we have:

@η Ps0, 1s, A “
ğ

xPA
Fηpxq.

Proof. Let C be an alcove of pA,Hq and y P C. For λ P vertpCq, set Jλ,ηpyq “ tµ P

vertpCq | πλ,ηpyq P hλ,ηpPpµqqu. Let NC,η “ mint|Jµ,ηpyq| | µ P vertpCqu, and

J̃ “ tλ P vertpCq | |Jλ,ηpyq| “ NC,ηu.

By Lemma 4.16, there exists fy P Intr

´

Ş

νPJ̃ Ppνq

¯

such that y P Fηpfyq. Therefore
Ť

xPC Fηpxq “ C.
Let x, x1 P A be such that Fηpxq X Fηpx1q ‰ H and let y P Fηpxq X Fηpx1q. Let F

and F 1 be the faces of pA,Hq containing x and x1 respectively. Then by Lemma 4.18,
y P F X F 1, which proves that F “ F 1. Let C be an alcove dominating F . By
Lemma 4.14, we have πµ,ηpyq “ hµ,ηpπµpxqq “ hµ,ηpπµpx1qq for every µ P vertpCq.
Therefore πµpxq “ πµpx1q for every µ P vertpCq and x “ x1 by Lemma 4.17.

Corollary 4.20. Let η Ps0, 1s. We have:

A “
ğ

λPvertpAq

hλ,ηpPpλqq \
ğ

xP
Ť

λPvertpAq FrpPpλqq

Fηpxq.

Remark 4.21. 1. Note that when η “ 0, we have F0pbCq “ C for each alcove C.
Therefore we still have A “

Ť

xPA F0pxq, but this is no longer a disjoint union
according to Lemma 3.25.

2. Let F be a face of pA,Hq. Let x P FF and η Ps0, 1r. Then for every vertex λ of
F , we have Fηpxq “ ηx ` p1 ´ ηqF “ hλ,ηpxq ` p1 ´ ηqpF ´ λq. Indeed, we have
hλ,ηpxq “ λ ` ηpx ´ λq “ p1 ´ ηqλ ` ηx.
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Figure 4.4: Illustration of Theorem 4.19 in the case of A2 and η “ 1{2.

Figure 4.5: Illustration of Theorem 4.19 in the case of G2 and η “ 1{2.
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