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Abstract

Let A be a finite dimensional vector space and ® be a finite root system in A. To
this data is associated an affine poly-simplicial complex. Motivated by a forthcom-
ing construction of connectified higher buildings, we study “affine weight polytopes”
associated to these data. We prove that these polytopes tesselate A. We also prove a
kind of “mixed” tessellation, involving the affine weight polytopes and the poly-simplical
structure on A.

1 Introduction

Tessellation of A by affine weight polytopes Let A be a finite dimensional
vector space. A finite (reduced) root system in A is a finite set ® of linear forms
on A, called roots, satisfying certain conditions (see | , VI, §1]). The associated
affine (locally finite) hyperplane arrangement is H = {a~'({k}) | (o, k) € ® x Z}. The
elements of H are called affine walls. The hyperplane arrangement H equips A with the
structure of a poly-simplicial complex, whose maximal poly-simplices - the alcoves - are
the connected components of A\ ey H. To each affine wall H is naturally associated
a reflection sy. Let W be the affine Weyl group associated with (A, H), i.e., Wi
is the group generated by the sy, for H € H. This is naturally a Coxeter system and
every closed alcove C is a fundamental domain for the action of W2 on A. Fix a
“fundamental alcove” C'y and pick one element b = be, of Cy. Then for every alcove C,
the set C n W2 b contains exactly one element, that we denote be. Denote by vert(A)
the set of vertices of (A, ), i.e., the set of zero-dimensional faces of the associated
poly-simplicial complex. For F' a face of (A, H), we set

Fr =For = Int, (conv(W& be)),

where ij‘ﬁ is the fixator of F' in W2 (' is any alcove whose closure contains F, conv
denotes the convex hull, and given a subset E c A, Int,(E) denotes the relative interior
of E (that is the interior of F in the affine subspace spanned by E). When F is 0-
dimensional, i.e., when F' = {\} for some A € vert(A), we usually write P()) instead of
Fiap- Our first main result is the following (see Figures 3.6, 3.7, 3.8 and 3.9):
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Theorem 1.1. (see Propositions 3.24, 3.27 and Theorem 3.28)
1. Let A € vert(A). Then the assignment F +— Fp is a bijection between the set of

faces of (A, H) whose closure contains A and the set of faces of P(N).

2. Let F be a face of (A,H). Then we have Fr = ﬂ)\evert(F) (A), where vert(F')
denotes the set of vertices of F.

3. Let & denote the set of faces of (A, H). Then A = | |pc 7 Fr.

Thickened tessellation of A We then study a variant of the tessellation of A
given by Theorem 1.1(3). Let n €]0,1]. Let z € A. Let F = Fp(x) be the face of (A, H)
such that Fr contains x (the existence and uniqueness of such a face is provided by
Theorem 1.1 (3)). Set Fy(x) = (1—n)F +nx = {(1—-n)y+nx |y e F}. For A € vert(A),
we denote by hy, : A — A the homothety of A with center A\ and radius 1. Then

F,(z) is a “copy” of F containing exactly one point of hy,(P(\)), namely hy ,(z), for
each A € vert(F'). This is the convex hull of these points. Then we prove the following
theorem:

Theorem 1.2. Let 1 €]|0,1]. Then A =| | ., Fy(z).

We deduce the following corollary, which is easier to interpret (see Figures 4.4 and
4.5):

Corollary 1.3. Let n €]0,1]. Then we have

A= || hnPOM)u | ] Fy ().

Aevert(A) erAEVert(A) Fr(P(N))

Note that Theorem 1.2 and Corollary 1.3 provide some kinds of tessellations of A
involving homothetic images of the P(\) and homothetic images of the faces of (A, H).
The polytopes P(A) that we study already appear in the litterature, in various

contexts of representation theory. If A € A, then we can write P(\) = X + 7373, where
P = conv{w.b’ | w € WY}, where WY is the finite Weyl group associated with the
root system @y = {a € ® | a()\) € Z} and b’ is a regular element of A (i.e., w.b" # b/,
for every w € WY). The polytope 739 is called the weight polytope and is studied in
[ | and | |. Its intersection with a closed vectorial chamber of A is studied in

[ |-

Motivation from the theory of higher buildings Let K be a field equipped
with a valuation w : K* — Z" for some n € Z>1, where Z" is equipped with the
lexicographic order. For example, let k be a field and set K = k(¢1,...,t,), which is
contained in k((t,))(tn=1)) - .. (t1)), with

w Z ai17---,intzf - tiL” = min{(il, - ,in) ez | iy ,...in F O},

(il,..,,in)EZ"

for Z(il,...Jn)eZ” ail,wintil .. .tfl" € K. Such fields naturally appear as successive comple-
tions of function fields of n-dimensional algebraic varieties.

We would like to study groups of the form G = G(K), for G a split reductive group,
as well as certain arithmetic subgroups of them (for instance their presentations, certain
(co)homological groups or their (co)homological dimension). When n = 1, then G acts
on a classical Bruhat-Tits building which is connected and contractible (see | | and
| |). We would like to use buildings techniques to study G, when n > 2. In this case



Bennett and Parshin independently defined analogues of Bruhat-Tits buildings in the

case where G is SLy, or PGL,,, for m € Zx2 (see | | and | ]), using lattices
of K™. In | |, Bennett develops an axiomatic definition of A-buildings (where
A =w(K*), A =Z" in our case). In | |, the three last named authors prove that G

acts on a Z"-building Z, generalizing (in the quasi-split case) Bruhat-Tits construction
via “parahoric” subgroups.

When n > 2, 7 is a bit like a set of Russian dolls: 7 is a Bruhat-Tits building whose
vertices are Z"~!-buildings. A problem is that Z is not connected since the latter Z"~!-
buildings are connected components of Z. As the connectedness and contractibility of
Bruhat-Tits buildings are important ingredients of the classical theory, we would like
to embed the Z"-building 7 in a “connectified building 7 or In, for n €]0, 1[, on which
G would act and which would have better topological properties. We hope that our
tessellations are a first step in this direction.

Structure of the paper The paper is organized as follows. In section 2, we study
the polytopes P(A) (or more precisely translates of these polytopes) one by one. We
describe the set of faces and study the orthogonal projection on such a polytope.

In section 3, we study the polytopes P(A) and prove that they tessellate A.

In section 4, we prove Theorem 1.2.
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2 Vectorial Weyl polytopes

Let A be a finite dimensional vector space and ® be a finite root system in A. This
equips A with the structure of a poly-simplicial complex. The aim of this paper is
to study tesselations of A by polytopes P(\) associated with vertices A of A. Before
studying the layout of the different polytopes, we begin by studying the polytopes one
by one. L

In this section, we study the vectorial weight polytope PO = 778, associated with a
finite root system W. In the applications, ¥ will be a root system of the form ®, =
{ae ® | a(\) € Z}, for A a vertex of (A, ®) and then P(\) will be a translate of ng.
To define this polytope, we choose a regular point of A and we take the convex hull of
the orbit of this point under the action of the finite Weyl group of V.

In subsection 2.1, we study general facts on polyhedra.

In subsection 2.2, we define the vectorial weight polytope PO.

In subsection 2.3, we describe the faces of PY.

In subsection 2.4, we study the restriction to certain affine subspaces of A of the
orthogonal projection on PO.

2.1 Preliminary results on polyhedra and polytopes

In this section, A is a finite dimensional real vector space. We equip A with a scalar
product (- | -) (for the moment, (- | -) is arbitrary, but in most of the applications, it will
be invariant under the action of the vectorial or affine Weyl groups defined later). If E
is a subset of A, we denote by E its interior. If E is non-empty, its support supp(E) is
the smallest affine subspace of A containing F. Its relative interior, denoted Int,(F),
is then the interior of FE in its support. In particular, if E is convex and closed, we have
E = Int,(F). When F is an affine subspace of A, its direction, denoted dir(E), is the
vector subspace {z — ' | z,2’ € E} of A.

We mainly follow the terminology of | ]. A (closed) polyhedron is the in-
tersection of finitely many closed half-spaces of A. A (closed) polytope is a bounded
polyhedron. Let Q be a polyhedron of A. A support hyperplane of Q is a hyperplane
H such that Q is contained in one of the closed half-spaces delimited by H and such
that 9 n H # . A closed face of Q is either Q or a set of the form H n Q, where H
is a support hyperplane. Contrary to | |, we do not consider (J as a face of Q. A
closed facet of Q is a face of codimension 1 in the support of Q. By | , Theorem
1.10], every proper closed face of Q is an intersection of closed facets. We denote by
Facet(Q) the set of closed facets of Q. An open face or simply a face of Q is the
relative interior of a closed face of Q. Note that in | |, what we call “closed faces”
are simply called “faces” and the “open faces” are the relative interior of faces: we make
this choice in order to be coherent with the usual definition of faces in an apartment
(see subsections 2.2 and 3.2). If Fy, F are open faces of a polyhedron for which F1 n Iy
is non-empty, we set Iy A Iy = Int,.(F1 n Fy). It is a face of Q by | , Proposition
1.8 and Theorem 1.10].

2.1.1 Orthogonal projection on polytopes

If F is a convex closed subset of A, we denote by 7 : A — E the orthogonal projection
on E: for every x € A, mg(z) is the unique point y, of E satisfying |x—y,| = min{|z—z| |
z € E}. Moreover, if y, € E, then we have

(Yo = mE(2) = (&= Yo |y = Y2) < 0,Vy € E), (2.1)

by | , III Theorem 3.1.1].



In this preliminary subsection, we study the projection mg, for Q a polyhedron of
A. In particular, Proposition 2.3 provides a description of its fibers.
For x € A and r € R, we denote by B(x,r) the open ball of center x and radius r.

Lemma 2.1. Let Q be a polyhedron of A with non-empty interior. Let x € Q and let
Facet,(Q) be the set of closed facets of Q containing x. For F € Facet,(Q) with relative
interior F, we denote by Dr the closed half-space of A delimited by F and containing Q.
Let Q = ﬂfeFacetm(Q) Dx. Then there exists v > 0 such that B(z,r) n Q = B(z,7) n Q.

Proof. We have Q c D for every F € Facet,(Q) and thus Q c 0.

For F € Facet(Q)\Facet,(Q), choose rx > 0 such that B(z,rz) n F = . Let
r = min{rz | F € Facet(Q)\Facet,(Q)} (we set r = 1 if Facet(Q) = Facet,(Q)). Let
ye Qn B(z,r). Assume by contradiction that y ¢ Q. Let z € Q n B(z,r). Then [z, ]

meets Fr(Q) in a point 3. By | , Corollary 1.7], we have Fr(Q) = Uzcpacer(0) 7 -

We have 3/ ¢ U?eFacetz(Q) F and thus ¢/ € UfeFacet(Q)\Facetz(Q) F. Consequently v/ ¢
B(z,r): a contradiction. Therefore Q n B(z,r) < Q, and the lemma follows. O

Let Q be a polyhedron. If F € Facet(Q), we denote by §r the (closed) ray of
dir(supp(Q)), which is orthogonal to the direction of the support of F and such that
for all x € F, (x + §7) n Q = {x}. If F € Facet(Q), we denote by Dr the half-space of
A containing Q and delimited by the hyperplane containing F. We have

Dr={zxeA|{x—alz)<0,Vzedr}, (2.2)
for any a € F.

Lemma 2.2. Let Q be a polyhedron with non-empty interior. Let x € A\Q and J =
{F € Facet(Q) | mo(x) € F}. Then mg(x) = m5(x), where Q = (7., Dr-

Proof. By Lemma 2.1, there exists 7 > 0 such that Q n B(mg(z),r) = Qn B(mo(x),7).
We have d(x,y) = d(z, mo(x)) for every y € O n B(mo(x),r) and thus d(z, )lg admits a
local minimum at mg(z). But as d(z,-)|g is a convex function, by | , IV 1.3 (0],
this minimum is actually a global minimum, which proves that Tg(z) = 75(z). O

Proposition 2.3. Let Q be a polyhedron with non-empty interior and let mg be the
orthogonal projection on Q. Let x € Fr(Q) and J = {F € Facet(Q) | x € F}. Then

Fél({l'}) =x + Z?EJ (5]:.

Proof. Let Q = (., Dr. Let y € ¥ + 3% ;67 Then by Eq . (2.2), we have
{y—x|z—x)y>=0forall ze Q> Q and hence by Eq . (2.1), we have mg(y) = =.
Therefore

Wél({:c}) Sz + Z OF.

Fed

Let now y € ﬂél({x}) Then by Lemma 2.2, we have mg(y) = m5(y) = =. For
F € J, choose zr € 67\{0} and respectively define fr : A - R and f : A — R by
fr(z) ==z | zry and f(2) ={z |z —y), for z € A. Let z € A be such that fr(z) >0,
for all F € J. Let 2/ = z + 2. Then we have fz(z’ — z) > 0, for all F € J and
thus by Eq . (2.2), we have 2/ € Q. By Eq. (2.1), we deduce f(z/ —z) = 0 and
thus f(z) > 0. Using Farkas’ Lemma, we deduce f € > =_;R>ofF, or equivalently,
Y —x € Y 7.y Ro027 = X 7. ; 07, which proves the proposition.
[



2.1.2 Extreme points of a polytope

Let Q be a convex subset of A. Recall (see | , Definition 2.3.1|) that a point
M of Q is called an extreme point of Q if for every k € Z>q, My,..., My € Q,
t1,...,t, €]0,1] such that Zle t; = 1, we have

k
DtiM; = M = My = ... = My, = M.
i=1

We denote by Extr(Q) the set of extreme points of Q.

Lemma 2.4. Let H be a finite subgroup of the set of affine automorphisms of A. Let
b € A. Then the set of extreme points of conv(H.b) is H.b.

Proof. Denote by E the set of extreme points of conv(H.b). Then E is contained

in H.b. Then conv(H.b) is compact. By Krein-Milman theorem (| , Theorem
2.3.4]), conv(H.b) is the convex hull of E, and in particular, E is non-empty. As H
stabilizes conv(H.b), E is H-invariant and thus £ = H.b. O

Lemma 2.5. Let Q be a closed polytope of A.
1. Let F be a closed face of Q. Then Extr(F) = Extr(Q) n F.
2. Let (Fj)jer be a family of closed faces of Q. Then Extr([\;c; F;) = ;e Extr(F;).

Proof. 1) By | , Proposition 1.13], the set of closed faces of Q (resp. F) is the set
of extreme sets of @ (resp. F) and thus the set of extreme points of F is the set of
zero-dimensional faces of F. That is the set of zero-dimensional faces of Q, that are
contained in F, according to [ , Proposition 1.8]. Thus Extr(F) = Extr(Q) n F.
2) Since the number of faces of Q is finite (by | , Theorem 1.10]), we may
assume that J is finite. Then by | , Theorem 1.10], ﬂje ; F; is a face of Q. Then,

by statement 1), we have Extr([);c; Fj) = Extr(Q)n( e, Fj) = ﬂjeJ(Extr(Q)mfj) =
ﬂjeJ Extr(}"j). ]

2.2 Vectorial weight polytope
2.2.1 Vectorial root system

Let A be a finite dimensional real vector space and denote by A* := Homg(A,R) its
dual space. Let ¥ < A* be a reduced finite root system in A, in the sense of | ,
VI, §1]. In particular, ¥ is a finite subset of A* generating A*. Elements of ¥ are called
roots and to every a € ¥ is associated a unique coroot a¥. We have a(a¥) = 2 and
the map A* — A* defined by 8 +— 5 — S(a" )« stabilizes ¥. One defines s, : A — A by
Sa(z) = x — a(x)a for x € A. The set ¥V = {a¥ | « € ¥} c A is a root system in A*
and for every a € ¥, a(¥"Y) c Z and s, stabilizes UV.

Let HY = H" = {a71({0}) | « € ¥}. This is a locally finite hyperplane arrangement
of A. The elements of H? are called walls or vectorial walls. For =,y € A, we write
x ~q0 y if for every H € HO, either (z,y € H) or (x and y are strictly on the same
side of H). This is an equivalence relation on A. Its classes are called the faces of
(A, H°) or simply the vectorial faces of A. We denote by .#° = .7 (H) the set of faces
of (A, H°). If By, By are two relatively open (i.e open in their support) convex subsets
of A, we say that F; dominates E if E; D E,. This equips the set of relatively open
convex subsets of A with an order. By restriction, this equips .#? with an order called
the dominance order.

A vectorial chamber (or open vectorial chamber) of (A, H") is a connected
component of A\ (0 H. The chambers are actually the faces which are not contained
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in an element of H or equivalently, the maximal faces for the dominance order. A wall
of a vectorial chamber C? is an element H of H such that H n C? is a closed facet of
Cv.

Let C" be a vectorial chamber of ¥. The associated basis of ¥ is the set Xcw
of a € ¥ such that a~1({0}) is a wall of C¥ and a(C?) > 0. Then by | , VI. 1.5
Théoréme 2|, Xcw is a basis of ¥, which means that (a)aex.. is a basis of A* and
every element of ¥ can be written as >,y , a, where (no) € (eZ=g)*¥c", for some
e€{— +}. Weset Uecv =V N Dyey,., €£z00, for e € {—, +}.

The following proposition follows from | , §V 3.9 Proposition 5].

Proposition 2.6. Let C° be a vectorial chamber of (A, H°). Let Xcv be the associated
basis of V. Let (Wa)aex v € A¥c be the dual basis of Xcv. Then

1. C’U = @aEZC’U R>Owa.
2. The faces of C* are exactly the @ .y Rsowa such that E is a subset of Xcw,
where, by convention, @ae@ R-owa = {0}.

We choose a vectorial chamber C}’ = C;’q, of A, that we call the fundamental
vectorial chamber. Let ¥ = ZC;

The vectorial Weyl group of ¥ is Wy = (s, | @ € ¥) < GL(A). It is a finite
group and (Wg, {sq | a € £}) is a Coxeter system (see | , 1.1] for a definition). By
| , 'V §3], W acts simply transitively on the set of vectorial chambers and CV is
a fundamental domain for the action of Wg on A, for any vectorial chamber C*. By
[ , VI 1.1 Proposition 3|, there exists a W-invariant scalar product (- | -) on A.
We equip A with this scalar product and regard A as a Euclidean space. An element
z of A is regular (with respect to H") if it belongs to an open vectorial chamber of
A. Actually, z is regular if and only if w — w.z is injective on Wyg,. If F¥ e F(H) is
dominated by C%, then its fixator in Wy, is

Woo = (sa | a €3, a(F?) = {0}, (2.3)

according to | , V §3.3].

We sometimes assume that ¥ is irreducible. This means that ¥ cannot be written
as a direct sum of roots systems, see | , VI §1.2]. When V¥ is reducible, we can
write

¢ l
A=@PA, V=] | (2.4)
=1 =1

where ¢ € Z>5 and ¥, is an irreducible root system in A; for i € [1,¢]. We regard V;
as a subset of W by setting a(@Dep g3 Aj) = {0} for a € ¥;. We denote by H? the
hyperplane arrangement of (A;, ¥;), for i € [1,k]. Then every face F¥ of .#° can be
written as F¥ = FV x ... x F}, where F € Z°(HY), for i € [1,].

Cartan matrices Let A = A(¥) = (a(8Y))a,gex. This is the Cartan matrix of U.
Up to permutation of its coefficients, it is well-defined, independently of the choice of
the basis ¥ of U, by | , VI, 1.5]. The Cartan matrix characterizes the root system
up to isomorphism.

A matrix of the form A(®), for some root system ® is called a Cartan matrix.

The Cartan matrix A is called decomposable if there exists a decomposition ¥ =
¥ ¥ with ¥’ and ¥” non-empty, such that «(8Y) = S(a¥) = 0, for every (o, 3) €
¥/ x ¥”. A Cartan matrix which is not decomposable is called indecomposable. Then
U is irreducible if and only if A is indecomposable, and under the notation of Eq. (2.4),
A is the block diagonal matrix whose blocks are the A(V;), for i € [1,k]. One can use
the Cartan matrices to classify finite roots systems, see | , Chapter 4| for example
(where the Cartan matrices are the generalized Cartan matrices of finite type).
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2.2.2 Vectorial weight polytope

Definition 2.7. We choose a point b € C§ and we set PO = Py = 778 = conv(Wy.b).

We also set PO = Int(P0). Then P° (resp. P°) is the open (resp. closed) vectorial
Weyl polytope associated with ¥ and b.

The closed vectorial Weyl polytope is compact. Note that by Lemma 2.8 below, P°
is non-empty. This polytope naturally appears in different contexts. It is called the
weight polytope and it appears for example in [Vin91] and [BJK23]. Its intersection
with OF is studied in [BGH23).

Figure 2.1: Polytope P° for the root system A; x A;

Figure 2.2: Polytope P for the root system A,

Figure 2.3: Polytope P° for the root system Gy

Lemma 2.8. 1. Assume thatV is irreducible. Then for every x € A\{0}, conv(W§.x)
has non-empty interior.



2. PO is non-empty.

Proof. The support of W .z is W{-invariant and thus by | , VI §1.2 Corollaire],

this support is A, which proves 1).
By 1), if ¥ is irreducible, then P is non-empty. Assume now that ¥ is reducible
and keep the notation of Eq . (2.4). Write b = (by,...,by). Then 7387\1, = Pgl,% X
. X Pge’% and thus 7787\1, is non-empty. O

2.3 Description of the faces of the vectorial weight polytope
2.3.1 Faces of P’ meeting C}

The main goal of this subsection is to prove Lemma 2.15, which describes the faces the
of P° meeting C}’.

For J < X, one defines the parabolic subgroup Wj by Wj = Wiy = (sa | a €
J> < W\g Set Qj/r - Qfé,+ - @QEZ R0, Qi+ - ®QEJ Rxopa.

We equip W with the Bruhat order (see | , Chapter 2| for a definition).

Lemma 2.9. Letw e W§ and a € ¥. Then ws, < w for the Bruhat order on (W§, {sq |
a € X}) if and only if w.a e W_.

Proof. This follows from | , VI, §1 Proposition 17 (ii)| and | , Corollary 1.4.4].
U

Lemma 2.10. Let we Wy, and J < 3. The following assertions are equivalent:
(i) we have b —w.be @, ;Ra",
(ii) we have b—w.be QY ,,

(iii) we have w e W5.

Proof. By | Chapitre VI, §1 Proposition 18], if w € Wj, then b —w.be Qy, <
b—wbe@,.;Rav. Hence (iii) implies (ii), which itself implies (i).

It remains to prove that (i) implies (iii). To do so, take w € W and assume that w €
W\W5. Write w = Sq, ... 5q;, With k = ly(w), a1,...,a; € ¥, where £y denotes the
length of the Coxeter system (W§,{sq | @ € £}). Then there exists j € [1, k] such that
a;j ¢ J. Take j minimal with this property. Then s4;.8a,_; - .- Sa;-b = Sa;_; - .- Sa;-b —
a;j(Sa;_, ...sal.b).ajv. As b is regular, Lemma 2.9 implies so;.5a;_; ---5a,;-b € b +
@ ey RaY — R>oa; . By an induction using Lemma 2.9, we deduce

wbeb+ (@ Ra” —Rxoa) @ RepaV.

aeJ aeYl

In particular, w.b —b ¢ @ . ;Ra", which completes the proof of the lemma. O

Lemma 2.11. Let n = ﬁmin{a(b) | a € B}, Then for every (to) €]0,n[>, b —
Y es tat” € PO,

Proof. Let m = min{a(b) | a € ¥}. Let «

€ X. Then b —ma" e [b sa-b] € PY. Let
(ta) €]0,n[>. For a € ¥, set t}, = Lt, €]0, %[

Set tg =1—> cx th €]0,1[. Then
tob + Zt’a(b—mav) =b-— Zt/amav =b— Etaav e PO.
agX aeX aEX

As (aY)aex is a basis of A, the map (R=g)* — A defined by (n4)aex — Daes Nt is
open, and the lemma follows. ]



Let Coy = @, ey Rooa”. By | , Chapitre VI, §1 Proposition 18|, we have:
Lemma 2.12. We have P° < b — Cy.

For § € X, set Wj = Wg\{ R Then Wy is the fixator of the one dimensional face
C'i; N Naes ¢y ker(e), according to (2.3).

Lemma 2.13. Let w e W¢. Then [w.b,b] = Fr(P°) if and only if w e Uges W3-

Proof. Let w € Wg\Uges W§. Since w € Wy, Lemma 2.10 shows that u := w.b —
b € @, exRz0a". By using again Lemma 2.10, since w ¢ gy W4, we get that
u € @,ex Reoar”. By Lemma 2.11, b + tu € PY for ¢ € [0,1] small enough. We have
w.b = b +u. As PY is convex, either ]b,b + u[c Fr(P°) or |b,b + u[c P® and thus
1b, b + u[=]b, w.b[c P°.

Let w € | Jgex W5 Then by Lemma 2.10 and Lemma 2.12, [w.b,b] < A\(b—Cy) =
A\PY, which proves that [w.b,b] < Fr(PY). O

For J < X, set Ay =), ker(a).

acJ
Lemma 2.14. Leti,j € I. Then (w; | af) = 0.
have A = @, .;Ra".

aiv|2. In particular, for J c 3, we

Proof. We have (w; | @) = {($q;. @i | Sa;-0)) = {wi — ) | =), so 2w; | o)) =
lay 2. If j # i, we have (cm; | af) = (Sa;- @i | Sa;.0) = (w; | —a)), and hence
(w; | ozjv> =0. ]

Let B € ¥. Set Fg = Intr(conv(Wg.b)). Denote by Hg the affine hyperplane
orthogonal to (e ) ker(a) and containing b.

Lemma 2.15. 1. The facets of P° are the w.Fg forwe Wy and B € X.
2. For € ¥, the hyperplane containing Fg is Hg = b + @QEE\{B} RaV.

Proof. As P is W¥-invariant, Fr(PY) is Wg-invariant. Let F be a facet of PY. Let E
be the set of extreme points of 7. By Lemma 2.4 and Lemma 2.5, E < Wg b and thus
replacing F by w.F for some w € WY if needed, we may assume b € F.
Let € F. Then by Lemma 2.12, we can write z = b — >, v noa”, where (ny) €
(Rzo)z. Set
supp(z) = {a e X | n, #0} c X.

Then for z,y € F, we have 2(z +y) € F and supp(3(z + y)) = supp(z) U supp(y).

Therefore there exists zg € F which has the largest support, i.e., supp(z) < supp(zo)
for every x € F.

We have [zg,b] = Fr(P"). By Lemma 2.11 we deduce the existence of 8 € X
such that tb + (1 — t)zo € b + @ yex 5y Rev” for t € [0,1] large enough. But then
20 € b + Dyex 5y R Therefore supp(zo) < X\{8} and supp(z) < E\{B} for every
x € F. In particular, for every extreme point Q of F, we have supp(Q) < X\{8}. By
Lemma 2.10, every extreme point of F is contained in Wg .b. By Krein-Milman theorem
we deduce F < conv(w.b | w e Wg) = Fa.

As PO Hg is a Wg—stable set containing b, PO A Hg > Fg. Moreover, PO A Hpg
contains {b} U {b —a(b)a | a € ¥\{5}}. As the affine subspace spanned by this set is
Hp, and as Fz < Fr(P%) (by Lemma 2.13), P9 n Hp is a closed facet of PO. By what
we proved above we deduce that

POnHg = conv(Wj3.b).

Thus, Statement (1) follows. Moreover, Statement (2) follows from Lemma 2.14. [
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2.3.2 Arbitrary faces of P°

Definition 2.16. Let C° be a vectorial chamber of (A, HY,). Since C’i}’ is a fundamental
domain for the action of Wy, on A, there exists w € Wy, be such that C¥ = w.C}’. Then,

we write:
va = 'U}b

Note that bev does not depend on the choose of w, since any other w' as above has the
form w' = wwg, where wo stabilizes C’;.
If F* € Z°, we choose a vectorial chamber C* dominating F*, and we set:

Frv = Int, (conv(Wps.bew)) .

This does not depend on the choice of CV, since Wg., acts transitively on the set of
vectorial chambers dominating F°, according to [ , Chapitre V, §4 Proposition 5/.

The next two lemmas will be given without proof. They can be settled in a very
similar way to their affine counterparts, which will be settled later, in Lemmas 3.17 and
3.18).

Lemma 2.17. Let F" be a face of (A,’H%) and let E be the star of F", i.e., the union
of the faces of (A, HY,) dominating F. Let C® be a chamber of (A, HY,) dominating F”
and Yov be the basis of U associated with CV. Let E' be the union of the faces of C"
dominating F*. Let Spo = {a € Seov | o FY) = {0}}. Fora € Sev, set Dy = a~H(Rsg).
Then

E =W .E = N w.Dy.

wEW}J‘U ,aeX o \EFU

In particular, E is open and convez.

Lemma 2.18. Let FV, F} be faces of (A, HY) such that F} dominates F. Let x € FY
and y = szewg w.x. Then y € FY and y is the orthogonal projection of x on
Fv v

vect(F"Y).

Lemma 2.19. Let FV be a face of (A, HY) which is not a chamber. Then ®pv = {a € P |
a(Fv) = {0}} is a root system in vect(FV)L. Its Weyl group is W, = (sq | € ®pv).

Proof. Up to changing the choice of C}) if needed, we may assume that C’}’ dominates
Fv. Let ¥pv = X n ®po. We have vect(F") < () ez, ker(a). As X is a basis
of A* and using a simple dimension argument based on Proposition 2.6, we deduce
vect(F¥) = (\,ex,, ker(a). By Lemma 2.14, oV € vect(FY)L for every o € Xpo.
Therefore @ po|yeeq(poyr satisfies | , VI §1.1 Définition 1]. O

We equip .Y with the dominance order <: for F}, F¥ € .Z9 we have FY < F¥ if
and only if F < FY.

A less precise version of the following proposition already appears in | , Propo-
sition 3.2].

Proposition 2.20. (see Figure 2.4)

1. The assignment f : F' — Fpv defines an isomorphism of ordered spaces between
(Z°, =) and the set of faces of (PY, ).

2. Let (FY)iepik) be a finite family of faces of (A, HY). Then if Zle FY e 9 (or
equivalently if there exists F* € Z° dominating Zle FY), we have ﬂle Frp =

Fsk po- Otherwise, we have ([, Fro = .

i=1"14
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3. For F* € ZY, the set of extreme points of Fpv is Wi .bev, for any cham-
ber CV dominating FV. The direction of supp(Frv) is (FU)* and in particular,
dim(vect(Fpv)) = codimpy (vect(F"v)).

4. Let F be a face of P° and let y be the barycenter of the extreme points of F. Then
F = Fpv, where FV is the unique face of (A,HY) containing y, the point y is the
orthogonal projection of F on F¥ and FpvnF" = {y}. Moreover, Fpv is contained
in the star of F.

U v
23 Cig
v
E 3
"
I
v
34 Y
Cse

Figure 2.4: Hlustration of Proposition 2.20 in the case of A,

Proof. Step 1: We first prove that the facets of P* are the Frv, where the FV are the one-
dimensional faces of (A, HY%). To do so, let 8 € ¥. Set Fg = ﬁ_l(R>0)mﬂaez\{5} ker(a).
Then the fixator of Fgin Wy is W§ and thus .Fpg = Fp. If we Wy, then

w.Fry = conv(wW}ég.b) = conv(wW}%gw_l.w.b) = conv(ij).Fgw.b) = Fu.ry

By Lemma 2.15, the facets of PY are the w.Fg such that w € Wy and 8 € X so, by
Proposition 2.6, the facets of PV are the Frv, where the F are the one-dimensional
faces of (A, HY).

Step 2: We now prove the second assertion of 2): if (F})iep,1] is a family of faces of
(A, HY) such that F := ﬂf;l}"ipiv # (O, then Zf;l F? e Y. Indeed, take x € F. Let
FY be the face of (A, HY) containing z. Then by Lemma 2.17, F dominates Ule F}.
Therefore any chamber dominating F} dominates U?:l Ep.

Step 3: We now prove that the map f : F¥ — Fpv is well-defined. To do so, let
F" be a face of (A,’H?I,) and F7,...,F} be the one dimensional faces of F'V. Then
F = ﬂle Fry is a closed face of PV by | , Theorem 1.10 and Proposition 1.8] and
it is non-empty because it contains Frv. In particular, by Step 2, there exists a vectorial

12



chamber C¥ dominating Ule F?, and by Proposition 2.6, we get FV = Zle F’. We
then have:

k
Extr(F) = ﬂ Extr(Fry) by Lemma 2.5
i=1

k
m Wgw. bow by Lemma 2.4
i=1

k
= (ﬂ Wﬁ) .bew since bgv is regular
i=1

- W;}v‘v .bcv .

By Krein-Milman Theorem, we deduce F = Fpv. Hence Fpo = Int,.(Fpv) is a face of
PO,

Step 4: We now prove that the map f : F¥ — Fpv of statement 1) is surjective. In-
deed, let F be a proper face of PY. Then by | , Theorem 1.10], there exist k € Z>1,
one dimensional vectorial faces FY, ..., F of (A, #HY,) such that F = ﬂle Fry and there

exists a vectorial chamber C¥ dominating Ule F?. By the same computations as in

Step 3, we have F = Fpo with F? := Zle FY. Hence F = Int,(F) = Int,(Fpv) = Fpv.

Step 5: We prove that f is non-decreasing. Let FY, Fj € ZY be such that Fy Fizv
Then as Wy, acts by homeomorphisms on A, we have W}{f o W}}; and any chamber

dominating Fy dominates Fy. Therefore Fpv o Fry.

Step 6: We prove that, if F{, FY € F9 are such that ./_'.7}7‘111 ) fiF;; then Fy dominates
F?. Indeed, by Step 2, there exists a vectorial chamber C'¥ dominating F} and Fy.
By Lemma 2.5, we have Extr(Fgy) = Wgy.bov D Extr(Fry) = Wrp.boo. As b is
regular, we deduce W},if - Wlﬁi; This implies F}y < FY by | , V §3.3 Proposition
1], Proposition 2.6 and | , Proposition 2.4.1].

Step 7: We prove assertion 1). We have seen in Steps 4, 5 and 6 that f is surjective
and non-decreasing, and that if f(F}) o f(F3), then Fy dominates Fy. This implies
that f is an isomorphism of ordered sets.

Step 8: We finish the proof of 2). Let (Fy )ik be a family of faces of (A, HY)
such that F? := 2?21 FP e Z0. Exactly the same arguments as in Step 3 show that
’FFU = ﬂ?:1 ’FFZ'U'

Step 9: We prove 3) and 4). Indeed, let now F be a face oiPO and F? € .9 be

such that 7 = Fpvo. Then we proved in Lemma 2.4 that Extr(F) = Wp,.bcw, where
C" is a vectorial chamber dominating F. Let y = w ZwEWIfiv w.bgv. Then y is the

barycenter of Extr(Frv). By Lemma 2.18, it belongs to F.

Let FV be a face of (A,H}) and C? be a chamber dominating F*. Let = be the
orthogonal projection of bgv on vect(FV). Then x € FY by Lemma 2.18. We have
Whebew = x + Wh,.(bev — ). Therefore the direction of supp(conv(Wp,.bew)) is
the vector space spanned by Wp..(bce — x). As bee is regular, |[Wg, .boe| = [Wh,| =
W2, .(bov — x)|. Therefore bow — x is a regular element of (FV)+ (for the root system
®pv defined in Lemma 2.19). Using Lemma 2.8, we deduce that W7,.(bc — x) spans
(Fv)*. Finally, the fact that Fro is contained in the star of F? is a direct consequence
of Lemma 2.17. t
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Corollary 2.21. 1. Let F' € F°. Then Fpo = Fpo\Upyez0 myor FFy-

2. Let x € PO. Then there exists a unique face FY of (A,HY) such that x € Fry.
Moreover, {F' € #° |z € Fpv} = {F’ e ZF° | F’ < F'}.

Proof. 1) Let F¥ € 9. Let F, be a face of Frv. By | , Proposition 1.8], F3 is a
face of PY and thus by Proposition 2.20, there exists Fy € .#° such that F, = F Fy and
F3 dominates FU. We then conclude with | , Corollary 1.7].

2) Let = € PO. By | , Theorem 1.10 d)], there exists a unique face F of P°
containing = and F is the minimal closed face containing x. By Proposition 2.20, we
can write F = Fpy for some face FY of (A, Hy,) and E = {F" € 7" |z € Fpo} = {Fy €
7| F§ < Fy). =

Corollary 2.22. Let F° be a face of (A,HY). Let 7 = 755 and x € Fpo. Then
r1({z}) = + Fv.

Proof. Let G° be a one dimensional face of (A,H}). Then by Proposition 2.20, the
direction of supp(Fgv) is (G¥)*+. Hence we have dgv = +GV, with the notation of
subsection 2.1. By Proposition 2.20, G¥ n Fgv = {z}, for some z € G". Therefore
2z — GV contains 0 and thus it meets P, which proves that dgv = G?.

Now let £ be the dimension of the direction of F¥ and let FY,..., F} be the one-
dimensional faces of F, so that F¥ = Zle FY. Then by Corollary 2.21 2), the set of
closed facets containing z is the set of closed facets Fgo such that G < F': this is
{F? | ie[1,k]}. By Proposition 2.3, 7~ ({z}) =z + Y% | FF = x + F". O

Lemma 2.23. Let FV be a face of (A,HY) and a € ® be such that a(F°) > 0. Then

Proof. Let © € Fpv and FY € Z9 be such that x € FY. Then by Proposition 2.20
4), FY o F'. As FY is a face of (A,H}), we have a(F7) € {Reo, {0}, R>0}, thus

a(FY) € {R<o, {0}, R>0}. As a(FY) = R-g, we have a(F}) = Rx and a(F}) = R-o,

which proves the lemma. O

2.4 Projections restricted to “parabolic” affine subspaces

In this subsection, we study the restriction of the orthogonal projection 755 to certain
affine subspaces parallel to the faces of (A, H%). We prove that under some condi-
tions, subsets of these subspaces are stabilized by the projection (see Proposition 2.33).
The proof is a bit intricate, and one of the main tools consists in introducing a suit-
able auxiliary set P contained in the affine subspaces we want to study and such that
the orthogonal projections on P9 and on P coincide on large subsets of those affine
subspaces.

For F a one dimensional face of (A, HY,), we denote by Hpv the hyperplane of A
containing Fr» and by Dpo the half-space delimited by Hpv and containing PY. We
write 7 instead of 755. By Proposition 2.20 (3), if 2 € Fpv, then we have:

Drv ={yeA|{y—z]|x)<0,Yre F’}. (2.5)

Lemma 2.24. 1. Letz € A and F¥ € F° be such that x € F*. Then n(x) € F* and
for every F € F° such that w(x) € Fp,, we have F* < Fv.

2. Let F¥ € Z°. Then n—Y(FV) c F".
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Proof. 1) Let F}? € .Z° be such that 7(z) € Fry. By Corollary 2.22, x — 7 (x) € F}. Let
FY € 70 be such that 7(z) € Fy. By Proposition 2.20, we have Fy > FY. Therefore
z e FY + Fy < FY + Fy < FY. As the vectorial faces of (A, HY) form a partition of
A, we deduce Fy = FY, which proves that 7(z) € F¥. Moreover, by Corollary 2.21, for
every FV such that 7(z) € Fp,, we have F¥ c FY c Fy = Fv.

2) Let z€ F n PO and y € 7~ !(x). Let FY € .Z° be such that y € FY'. Then by 1),
z € F} and as the faces of (A, ’H%) form a partition of A, we deduce that F} = FY. O

We index the basis ¥ of ¥ associated with C’}’ by a finite set I, i.e., we write
Y = {a; | i € I}, where |I| = |Z|. Let (w;) € AT be the dual basis of (), i.e., a basis
satisfying a;(w;) = d; ; for all ¢,j € I. For i € I, we set

D;={zxeA|{x—b|w) <0}

and
D?={$€A|<m|wi><0}

(we have D; = Dg_,w, for the notation of Eq. (2.5), by Lemma 2.14). For J < I, we
set Vj = @c; Rw;.

Lemma 2.25. Let V' be a finite dimensional vector space, k € Z~qg and f1,..., fre V*
be a free family. Forie [1,k], set E; = f;7*(Rso) and L; = F; N (jep ki fj_l({O}).

Then
k

k
ﬂ E; = ConV(U L;).
i=1

i=1

Proof. Let (f;)iep be a basis of V* where B is a set containing [1,k]. For i € B, let
e; € V be such that fj(e;) = &;;, for j € B. Then ﬂle E; = @le Rsoe; @ V', where
V' = @ieB\[[l,k]] Re;. Let i € [1,k]. Then L; = Rxpe; @ V', which proves the result. [

Lemma 2.26. Let J < I. For any x € (D,c; Ra)), we have:
(aj(x) =0,VjeJ)=x€ @Rzoajv.
jedJ

Proof. For K < J, denote by Ak the Cartan matrix Ax = (a;i(af))ijex. Write

J =Jiu...uJg, with A, indecomposable for every i € [1,k]. Let z € ®;c;Ray .

Write z = Y% | 2, with z; € Dres, Ry, for i € [1,k]. Assume that aj(z) > 0 for all
jeJ. Letie [1,k]. Then aj(x) = oj(x;) for all j € J;. By | , Theorem 4.3 (Fin)|
applied to the transpose of A, we have z; € @ jeJi R>oa;, and the lemma follows. [

For ¢ € I, we set F; = FRr_,w,, With the notation of Definition 2.16. The F;, for
i € I, are the open facets of P° meeting C’;.

Lemma 2.27. Let J < I. Then we have

0 0
Vin ﬂDj c @Rgoai\/ c ﬂDi.
jedJ iel i€l

Proof. 1If J is empty, the result is clear so we assume J non-empty. For j € J, denote
by HJQ the hyperplane delimiting D?. We have:

HY = {zeh|(e|w)=0)
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and by Lemma 2.14, HJQ = @k‘el\{j} Ray/. Set Lj = V;n ﬂkeJ\{j} ng ijQ. As (k) ke
is a free family of A, the family (x — (& | wi))res is a free family of V and thus by

Lemma 2.25,
Vyn (DY) = conv(L; | j € J). (2.6)

jed
Let j e J. Let V] = @ke([\])u{j} Raoy/. As (ei(e)))ivensyogy is a Cartan matrix
(by | , Lemma 4.4] for example), it is invertible and (ax|v’)e(nsyogjy is a free
J

family of (V})*. Therefore there exists x; € V] such that ay(z;) = —d;, for k €
(I\J) v {j}. By Lemma 2.26, we have x; € — @y (p syo(j;3 R0y . By Lemma 2.14,
we deduce (w; | z;> < 0 and z; € HY for all k € J\{j}. Moreover, z; € V; and
thus z; € L;. For dimension reasons, L; = R>ox; and hence by Eq. (2.6), we have

Vi (Njes D? C @;e; Reoeyy. We conclude with Lemma 2.14. O
As in §2.1, we write A;c; F; = Int.((;c; F;), for J < I. By Proposition 2.20, we
have:
/\‘Fj = 'FZJ'EJRMJWJ" (2'7>
jed

Lemma 2.28. Let J < I. Let V; = @
PO A (Z+VJ)CD

iegRwj. Let z€ N\c; Fj. Then for allie I\J,

Proof. We have PO < (,.; Di < [);; Dj. By Corollary 2.21 and Eq. (2.7), we have:

jeJ
{iel|zeF}= (2.8)

By Eq. (2 5) we deduce (;c;Dj = z + (s DQ. Let © € (2 + V) n PO. Then we
can write x = z 4+ v, with v € Vj. We have x € ﬂJEJD and thus v € Vj n ﬂ]eJ

Let i € I\J. By Lemma 2.27, we have v € DY. By Eq. (2.8), z € D; and hence
x—z—l—veD+D0 D;. O

Let J < I be non-empty. Let z € /\;.; F; and P = Pi(z) = (24 Vi) n (jes Dj-
For j € J define f; € (V)* by fj(x) = {x | w;), for x € V;. Then (f;)jes is free.
Let (aj)jes < Vi be a dual set of (fj)jes, ie., a free set such that filaj) = 0;;, for

all i,j € J. Then P = 2 — 3, ;Rxoa;. For J' < J, set Fy = z — Yy Rz0a;.
The closed faces of P are the F. s, for J' < J. In particular, the closed facets of P
are the .FJ, j € J, where ]-" = FJ\{]}, for j € J. Let j € J. The support of ]:] is
Hj ={ze(2+V))[{z—2|w;) =0} = Hj n (2 +Vy), where H; is the frontier of D;.

For x € Fj, we have (z + Rsow;) n Fj = {x} and w; is orthogonal to the direction of

]:], so that Ryow; = 5 _ for the notation of subsection 2.1 applied to the polyhedron
Pcs + V. Therefore by Proposition 2.3, we have:

VJ' < JNYae Fy, = '{a)) =a+ P Rsowj, (2.9)
jeI\(J")

where T2+ V; — P is the orthogonal projection.

Lemma 2.29. Let J < I. Let z€ N\ ;o ; F; 0 C}. Let P = (2 + V) N (jes Dj- Then
ﬁmﬁzﬁm(z—i—vj)m@.
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Proof. We have PO c Micr Di < ey Di, and hence P Ci}’ > PO A (z4+ V) n 07;
Suppose that P~ C% 2 PO (z+Vy) mCi}’. Let z € (Em@)\ﬁ Let v:[0,1] — [z, 2]
be the affine parametrization such that v(0) = z and (1) = z. Let ¢ = min{s € [0,1] |
v(s) € PO}. Then t > 0 and ~(t) € Fr(P°) n Ci}’

Let FV e Z° be such that y(t) € Fpo. By Lemma 2.24, FV < C7. Let J' =
{i € I | @w; € F’}. Then by Proposition 2.6, we have FV = ®D,cy Roow; and by
Proposition 2.20, we have Fpv = A ;¢ Fj = Int, ([ ;). By Lemma 2.28, we have
v(t) ¢ F; for all j € I\J and thus J' < J.

By Corollary 2.21, the set of facets Frp such that v(t) € Fpp is

(Fro | FY € FV) = {Frogw, |G €T} = {F; |5 e T}

Therefore by Lemma 2.1, there exists » > 0 such that B(y(t),r) n PO = B(y(t),r) N
;e Dj- By assumption, z € (;.;» D; and thus y(¢') € (), Dy, for all ¢’ € [0,1].
This proves that for ¢ € [0,t] close enough to ¢, y(t') € P9, which contradicts our
assumption. O

Lemma 2.30. LeZJ c . Letz e Ciyrw Njes Fi- Lei% = 759(2) = (2+Vy)n(jes Dj-
Let T2+ V; — P be the orthogonal projection on P. Then for all FY e 79 such that

Y < CF, we have m5 (2 + Vi) n FY) < FY.

Proof. Let a e Fr(75), where we regard PY as a subset of z + V. In the notation of Eq.
(2.9), let us write: o
le{jEJ‘(ZEJ:—j}.

We first assume a ¢ C’ijﬁ and we prove 777%1({@}) N Ci}’ = . We have ]a, z] n C’i; = [b, 2],
for some b € C’i}’ If for all ¢ € I such that a;(a) < 0, we had «;(b) > 0, then we would
have b —e(b—a) € C’i}’ for € € R-q small enough. Therefore there exists i € I such that
ai(a) < 0 and «;(b) = 0. We have b € Ci}’ A P and thus b € PO, by Lemma 2.29. Let
jeJi. Thenbe F; c Hj , since z € /\jeJ‘Fj" Therefore be H; n PO = F; = FRoow;-
Using Lemma 2.23, we deduce «j(b) > 0 for all j € J;. In particular, i ¢ J;. By
Eq. (2.9), W%l({a}) = a+ Yy, Reow; and thus Oéi(ﬂ'%l({a})) = {ai(a)} < Rog.
Consequently 7'('%1({0,}) N Ci}’ = . Therefore

715(07}’ N (z+Vy)) <Oy
Let now a € Fr(g) N Ci}’ Then by Lemma 2.29, {j € I | a € F;} > J;. Therefore
by Eq. (2.9) and Corollary 2.22, we have ﬂ%l({a}) = a+ Xjes, Reow; < ﬂ%({a}).
Using Lemma 2.24, we deduce n='({a}) = FV, if F¥ is the face of (A, H}) containing
P

a. Consequently, if = € C’ijﬁ N (z + Vy), then x and 71'5(.%) belong to the same face of

(A, HY). O]

Lemma 2.31. Let z€ A and J < I. Set Vy =@
(z;) e RL. Then:

ey Rewj. Write z = Dies ZiWi, with
if die\J |z <0

1G]
(z+Vy)n C}) = Z ziw; + Z R>ow; otherwise
€el\J jeJ

17



If 2= 0 for all i€ I\J, set F*(z,J) = Xcp jpz,50 R>0@i + 25 R>ow;. Then:

Fv(z,J) o (z+ V)) m?},
(z4+Vy)nF(z,J) = Z ziw; + ZR;()?D]' =(z+Vy)n C'f,

iel\J jeJ
(z+Vy)nFz,J) = Z zlwz+ZR>ow]
€l\J jeJ

Lemma 2.32. Let J < I. Let z € C’i;m Njes Fj- Then for ally € (2 + V) mCi}’, we
have 7(y) € (z + V).

Proof. Set P = (z2+Vy)n(\jes Dj- Let F¥ = F(z, J), with the notation of Lemma 2.31.
Let x € F¥ n (2 + V). By Lemma 2.30, we have W;(a:) € FY. By Lemma 2.31, we can
choose an open neighbourhood U of mz0(x) in z + V; such that U < F*. Then for all
yeUnP,dzy) = d(a:,w;(:c)). Let V7 = @Dien s Ray. Then V7 is orthogonal to V;
by Lemma 2.14 and U —l—lj is an open subset of A.

Let y € (U +V7) A PO Write y = u+ v, with u € U and v € V7. Then (u —b |
wiy={u+v—b|w)) =y —b|w) <0, forall je.Jand thus u e U n P. Moreover,
A, y)? = ly— ol = [u+v—af = fu—of + o> > u— 2 > d(z, m5(x))?.

Therefore the restriction to PO of y — d(z,y) admits a local minimum at 777)7(:6) As

this map is convex (by | , B 1.3 (¢)] for example), this minimum is global and
thus WPT(LL’) = Tpg(2). Thus we proved:

Ve e F'n (24 Vy),n(z) € (z+ V).

Let now x € @m(z—i—Vﬂ. Then, by Lemma 2.31, there exists (z,,) € ((z + Vy) n F*)N
such that z, — x. Then 7(z,) — w(z) (by | , A. (3.1.6)]. As w(zy) € 2+ Vy for
all n € N, we deduce w(z) € z + Vj, which completes the proof of the lemma. ]

Proposition 2.33. Let FV be a face of (A,H}) and z € Fpo. Let FY be a face domi-
nating z. In particular, FY dominates F by Proposition 2.20. Let 7 be the orthogonal
projection on PY. Then:

1. 7 ((z 4 vect(FY)) n FY) < (2 + vect(FY)) n FY.

2. Let y € (2 + vect(EFV)) n FY and let G® € F° be such that w(y) € Fgv. Then
GV c Fv.

Proof. 1) Up to changing the choice of the fundamental chamber C}’, we may assume
Fy < C’“ Let J = {i € I | w; € F'}. Then by Proposition 2.6, F¥ = ®,cs R>ow; and
by Proposmon 2.20, z€ A\, jes Fj- We have V; = @, ; Rw; and the result follows from
Lemma 2.32 and Lemma 2.24.

2) Let y € (2 + vect(FV)) n FY. Let G¥ € ZY be such that 7(y) € Fgv. By
Lemma 2.24, G¥ < FY. In particular, G¥ < C’i;, and hence, by Proposition 2.6, G¥ =
Zjeﬂwje@RN)wj' Let now ¢ € I\J. By 1) and Lemma 2.28, 7(y) ¢ Fr_,w,;- Using
Corollary 2.21 we deduce that R-gz; ¢ GV. This being true for all i € I\.J, we deduce
that G¥ 2 R;o?ﬂj = Fv, L]

jed

jed
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3 Tessellation of A by the affine weight polytopes

Let A be a finite dimensional vector space and let ® be a finite root system in A. In this
section, we study polytopes associated with the affine poly-simplicial complex defined
from ®.

In subsection 3.1, we recall and prove general facts on the affine poly-simplicial
complex associated with .

In subsection 3.2, we define and study the faces of the weight polytopes.

In subsection 3.3, we prove that the weight polytopes tessellate A.

3.1 Affine apartment

The main reference for this section is | , V]. Let ® be a (finite) root system in
A. Let £ : A — R be the constant map equal to 1 and ®f = & + Z¢. Then by
[ , (2.1) Proposition], ®*f is an affine root system in the sense of | , 2]

Let H = Ho = {a ' ({k}) | a € ®, k € Z} which equals {a~1({0}) | a € ®*T}. This is
a locally finite hyperplane arrangement of A, which means that every bounded subset
E of A meets finitely many hyperplanes. An element of H is called a wall or an affine
wall. For z,y € A, we write © ~3 y if for every H € H, either (z,y € H) or (z and y
are strictly on the same side of H). This is an equivalence relation on A. Its classes are
called the faces of (A, #H) or simply the faces of A. A vertex of A is an element = of A
such that {z} is a face of (A, H). If F is a face of (A, H), then:

Vae ®,IneZ | a(F) c|n,n+ 1[ or a(F) = {n}. (3.1)

An alcove (or open alcove) of (A, H) is a connected component of A\|Jycy H.
The alcoves are actually the faces which are not contained in an element of H. A closed
alcove is a set of the form C, for some alcove C of A. If C is a closed alcove of A, its
set of vertices, denoted vert(C), is the set of vertices of A which belong to C.

We denote by % = Z(H) the set of faces of (A,H). If F € #, we denote by
Fr = Fr(H) the set of faces dominating F' (i.e., the set of faces whose closure contains
F). When F' = {\}, for some vertex A, we write .7 (H) instead of Z(,,(#H). We denote
by Alc(H) the set of alcoves of (A, H) and if F € F(H), we denote by Alcp(H) the set
of alcoves of (A, H) dominating F'. The affine poly-simplicial complex associated
with @ is .7 (#H). When @ is irreducible, it is a simplicial complex.

Figure 3.1: Affine appartment of type A; x A;. The alcoves are the squares.
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Figure 3.2: Affine appartment of type Ay. The alcoves are the equilateral triangles.

Figure 3.3: Affine appartment of type By. The alcoves are the right triangles.

3.1.1 Enclosure and closed faces of (A, H)

Definition 3.1. A half-apartment of A is a closed half-space of A delimited by an
element of H. If o € ® and k € Z, one sets Do, = {v € A | a(x) + k = 0}

Let Q < A. Its enclosure cl(2) is the intersection of all the half-apartments con-
taining €.

If Q is a subset of A and X € A, then the germ of Q0 at X is the set germ, () of
subsets of A of the form Q n E such that E is an open neighbourhood of A. A subset
Q' of A is said to contain the germ germ,(Q) if it contains Q N E for some open
neighbourhood E of A. The enclosure of germ, () is the intersection of the enclosures
of the Q n E when E describes all the open neighbourhoods of A.

A closed face of (A, #H) is a set of the form F, for some F € .Z(H).

Lemma 3.2. 1. Let F € .Z. For a € ® set E, = {0} if o(F) = {0}, E, = Rxo
if a(F) > 0 and Eq = Reg if a(F) < 0. Then F = () cqar a YE,) and F =
ﬂge(baff a Y(E,). In particular, F is enclosed.

2. Let Fe Z andx € F. Thencl(z) = F.

Proof. 1) The first equality follows from the definition of faces. As the elements of
®* are continuous maps from A to R, we have F < ﬂg@aﬁr a Y(E,). Let x € F and
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Figure 3.4: Affine appartment of type Gy. The alcoves are the right triangles.

Y € Nuegart @ *(Ea). Then for z €]z, y[ and a € T, we have a(z) € E, + Ey = E,
and hence [z,y[c F, which proves that y € F and concludes the proof of the second
equality. The fact that F is enclosed then follows from the fact that if o € ®*% then
a1 ({0}) = a1 (Rx9) na™ ! (Reo).

We now prove 2). We have cl(x) < cl(F) = F. By definition of the faces, every
half-apartment containing x contains F and thus it contains F. Therefore cl(z) > F,
which completes the proof of the lemma. O

Proposition 3.3. Let E be a non-empty subset of A. Then E is a closed face of (A, H)
if and only if the following two conditions are satisfied:

1. E is enclosed,

2. for every a € ® | we have either a(E) < Rxg or a(FE) < Rey.

Proof. Let F be a face of % (#). Then by Lemma 3.2, F is enclosed. By definition of the
faces, if a € @ we have a(F) c Rxg, a(F) = {0} or a(F) c Reg. As o(F) c o(F)
we deduce that F satisfies 1. and 2.

Let now E be a non-empty subset satisfying 1. and 2. Then E is convex and closed.
Let F = Int,(F). Then we have E = F. Let S be the support of E and z,y € F.
Let o € @ If o is constant on S, then a(z) = ay). Assume now that « is non-
constant on S. Let U,,U, be open subsets of S containing x and y respectively. Then
by assumption a(U,)a(Uy) = 0 and hence a(x)a(y) > 0. Consequently, z ~ y, where
~ is the equivalence relation that we used to define the faces of (A, ). Consequently
there exists Fy € % such that F < .

Using 1., we write F' = (e @ *(Rx0), where & < @, Let 7 € F. Let a € £.
Then a(x) > 0 and as o has constant sign on F;, we have a(F;) > 0. Consequently
Fiy c F and thus F; c F. As F c F;, we deduce F = F; = E, and FE is a closed face
of (A,H). O

Cog)llag 3.4. Let F1, Fy be two closed faces of (A,H). Then either Iy N Fy is empty
or Fy n Fy is a closed face of (A, H).

Let C € Ale(H). A wall of C is a hyperplane H such that supp(C n H) = H. A
panel of C is an element of .% contained in C' and whose support is a wall of C.
One sets

el .— {a e @ | o(C) > 0,a7({0}) is a wall of C}.
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Assume that @ is irreducible. Then ®*F is an irreducible affine root system by
| , (4.7)] and S is a basis of @ in the sense of | , 4.6]. In particular,

ot — Z Zsoa U Z (—Zzo0)a |, (3.2)

by | , (4.6) Proposition|.

Lemma 3.5. 1. Let F € Z(H). Then there exists C € Alc(H) such that F < C. Let
Mp ={ae S| o(F) > 0}. Then

F=Cn (] a'f0h= () a'®z0)n () a'({oh). (33)

aes\Mp aEMp aeSd\Mp

2. Let C € Alc(H). Let a € X8, Then C na=1({0}) is a closed panel of C' and all
the closed panels of C' are of this form.

3. Let C € Alc(H). Then every closed face of (A, H) strictly contained in C can be
written as an intersection of closed panels of C.

Proof. 1) Let € F. Then by | , V §1.4 Proposition 6], there exists C' € Alc(H)
such that z € C. But then by Lemma 3.2, cl(z) = F < C = cl(C). Assume for the
moment that ® is irreducible. With the same notation as in Lemma 3.2, we have

F= () 57\ Ey). (3.4)

Let S € @ Then by Eq. (3.2), we can write B = EZQGE%H neo, with € € {—, +} and
(ng) € (ZZO)E%H. We have Eg = {0} if and only if no = 0, for all @ € Mp. Otherwise

o
Eg = eRx. In particular 871(Ej) o ﬂgez%ﬁ a 1(E,). Therefore Eq. (3.4) becomes

F=()a'B)= (] a'®0)n () a0} (3.5)

aexf aeMp aex2M\ Mp

When F' = C, we have M¢ = Eacff, which proves Eq. (3.3), when & is irreducible.

We now assume that ® is reducible. Using the notation of Eq. (2.4), with ® instead
of ¥, we write A = @le A; and ¢ = |_|f=1 ®;, where for each i € [1,¢], ®; is an
irreducible root system in A;. If i € [1,/] and a € ¥, o : A; — R, we denote by
& the extension of a to A: a((x1,...,24...,2¢)) = a(z;), for (z1,...,2p) € A. Write
C=Cix...xCpand F =Fy x...x F,. Then we have S = | ||_{a | o e 32} and

Mp = |_|f=1{@ | a € Mp,}. For i€ [1,£], we have:

N a (o) =Arx...xBiix [ @ ({0}) x Ajr x ... x Ay,

bid i
geEa_ \MFz gEE%.i \./\/lpl

We thus deduce Eq. (3.3) from the irreducible case. This proves statement 1.

2) By Proposition 3.3, if a € 32, then a~1({0}) n C' = a ' (R50) na ' (Rgo) n C
is a closed face of (A, #). It is a panel by definition of E%ﬁ. By 1. and for dimension
reasons, all the closed panels are of this form, which proves statement 2.

3) Let F € .Z be such that F < C. With the same notation as above, we have

F = Nyesamm, . (C 0 o' ({0})). -
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Let C € Ale(H). Then by Lemma 3.5 (applied with F = C, M¢ = 38 Cis a
finite intersection of half-apartments. Therefore it is a polytope. Moreover the closed
panels of C' are exactly the facets of C, when we regard it as a polytope, in the sense of
| , Definition 1.3|. By | , Theorem 1.10 a),b)|, Lemma 3.5 and Corollary 3.4,
we deduce that the faces of C' regarded as a polytope are exactly the closed faces of
(A,H) which are contained in C' (except the empty set, that we excluded from the set
of faces).

Lemma 3.6. Let C' be an alcove of (A,H). Let E = C be non-empty. Then {F, €
Z | E < F1} admits a minimal element F (for the dominance order). We have F < C,
cl(E) = F and if moreover, E is convex, then E meets F.

Proof. By Proposition 3.3, cl(F) is a closed face of (A, H): there exists F' € .# such
that cl(E) = F. Moreover if F} € % contains E, then Fy > cl(E) = F.

Assume now that F is convex. Let &€ = {F1 € & | F; ¢ F,F; n E # &}. Let
F\,Fhe &, x1€ F) and 20 € Fy. Let 23 = %(ml +x9) € E < F. Let F3 € % be such
that 3 € F3. Then F3 € £ since x3 € F.

Moreover, |z1,z2[nF3 D {z3} # . Let C be an alcove dominating F. By
Eq. (3.3), we have F3 = ﬂgeMFS a 1(Rxg) N ﬂgez‘"gf\/\/tpg a~1({0}), with the nota-
tion of Lemma 3.5. Then if a € ¥\ M p,, we have a(z3) = 0 and a(z1), a(r2) = 0 so
that a(x1) = a(xs) = 0. This proves that [z1,22] = F5. Moreover, Fj is enclosed and
thus by Lemma 3.2, F3 > F; U F,. Hence £ admits a maximal element Fy. for the
dominance order.

Let x € E and F, € % (H) be such that x € F,. Then F, belongs to £ and thus
x € Fy © Frax. Hence E © Fyay. By definition of F, this implies that F < F., and

hence F = Fi .. Therefore F' meets E. O

3.1.2 Properties of the affine Weyl group

There exists a scalar product {- | -) on A which is invariant under the vectorial Weyl
group Wg of ®. We equip A with such a scalar product. If H € H, we denote by sy
the orthogonal reflection of A fixing H. Let C' € Alc(H). A wall of C is an element of
H such that supp(C n H) = H. The affine Weyl group of (A,#) is the group Wi
of affine maps on A generated by sy, for H € H. If F e F(H), we denote by W& the
fixator of F'in W, Gathering the results of | , V §3.2, 3.3|, we have the following
theorem. We write it for the affine Weyl group and the faces of (A, H), but it is also
true for the vectorial Weyl group and the vectorial faces, by the same reference. We
refer to | | for the definition of Coxeter groups.

Theorem 3.7. 1. Let C € Alc(H) and Sc be the set of orthogonal reflections with
respect to the walls of C'. Then (W2, S¢) is a Cozeter group.

2. Let C € Alc(H). Then C is a fundamental domain for the action of W2 on A and
for every alcove C" € Alc(H), there exists a unique w € W such that w.C' = C".

3. Let F e % and C € Alcp(H). Then I/V}a,-,ﬂc is the parabolic subgroup of (W%, Sq)
generated by the reflections with respect to the walls of C' containing F. Moreover,
if we Wt the following statements are equivalent:

a. we Wf#ﬁ,

b. w pointwise fizes F,
c. w.F meets F,

d. w fixes a point of F.

The lemma below also has a vectorial version.
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Lemma 3.8. Let F € % (H) and C € Alcp(H). Then for every F' € F(H) such that
F’ dominates I, there exists w € WI%H such that w.F' < C. In particular, WF acts
transitively on Alcp(H).

Equivalently, if E is the union of the faces dominating F and if E' = E n C, then

E' is a fundamental domain for the action of Wgﬂ on E.

Proof. Let C' be an alcove of (A, ) dominating F. Write C' = w.C, with w e Wi,
Then w™'.F < C,soif x € w™'.F < C, we have w.z € C, which proves that w.x = = by
Theorem 3.7. Therefore w fixes w™!.F, which proves that w fixes F. Now if F] is a face
of (A,H) dominating F' and C is an alcove dominating F}, we can write C; = w;.C,
with w; € W fixing F. Then wy L Fy = C, which proves the lemma. O

Lemma 3.9. Let C € Alc(H) and Fi, Fy € F(H) be such that Fy 0 F, < C. Then
W;{f c W;f (resp. W;ﬁff = W}f if and only if Fo < Fy (resp. Fy = F).

Proof. By Theorem 3.7, if S¢ denotes the set of orthogonal reflections with respect to
the walls of C, then (W2, S) is a Coxeter group. Let i € {1,2}. Set Mg, = {a € X4 |
a(F;) > 0}. We have Wlilff = (34 | @ € 28N\ Mp,), by Theorem 3.7, where s, denotes
the reflection of Wa fixing a=1({0}), for a € ®*F. By | |, if W;}ff c ij}g (resp.
Wit = W) then we have S2\Mp < S8\ Mp, (resp. S8 \Mp = S2\Mp,).
Using Lemma 3.5 we deduce that Fy < Fy (resp. F} = F5).

Conversely, as W2 acts by homeomorphisms on A, we have I/VE’Lff = I/Viff ifie{1,2}

and thus if F, < F; (resp. F} = F), we have W W;}ﬂ (resp. ngf Wlﬁlf) O

3.1.3 Properties of the faces and link between .#(H) and .7 (H))
For x € A, we set &, = {a € ® | a(x) € Z}.
Lemma 3.10. Let x € A. Then x € vert(A) if and only if (),eq, ker(a) = {0}.

Proof. Let E = (g, ker(a). Let y € E. Then for ¢ €]0, 1[ small enough, for every
a € ®,if a(x) ¢ Z, then a(x + ty) €]|a(z)], |a(x)| + 1] and thus = ~4 x + ty. Therefore
if {x} is a face of (A, H), then E = {0}. Conversely, assume E = {0}. Take y € A\{x}.
Then there exists a € @, such that a(y) # a(z). Then y ¢ a '({a(x)}) and as
a '({a(x)}) € H, y g x. Thus the class of = is {x}. O

Let A € vert(A). Then by | , Chapitre VI, §1 Proposition 4] and Lemma 3.10,
®, is a root system in A*, with dual root system ®y := {a" | a € ®5}. For a € ¢ and
z € R*, if za € @), then za € ® and thus z € {—1,1}, since ® is reduced. Therefore
®) is a reduced root system in A*. If & € ®, we denote by s, € WY the associated
reflection.

Let H) = {a'({0}) | @ € ®)}. The connected components of A\ UHe?—Lg H are the
(vectorial) chambers of (A, ®,). If X\ € vert(A), then we denote by .Z,(H) the set of
faces of (A, M) dominating A and we denote by .# (HY) the set of faces of (A, HY).

Lemma 3.11. Let A € vert(A) and F1, F, € Z\(H). We assume that there exists a
neighbourhood £ of \ such that Fy n Q) < Fy. Then F} c F.

Proof. Let x € QnFy. Let a € ® and k € Z be such that D, ;, © F». Then D, D Fysx
and thus D, O cl(z) = Fy. As Fj is enclosed, we deduce that Fy o Fy. O

Proposition 3.12. Let A € vert(A). Equip Z\(H) and Z(HY) with the dominance
order. Then the map © : Z\(H) — F(HY) defined by O(F) = FV(F) := Roo(F — \),
for F' € Z\(H) is an isomorphism of partially ordered sets. Its inverse is the map = :
F(HY) — Fa(H) which associates to an element F¥ of F(HS) the unique face of F(H)
containing germy (A + FV). We have Z(F?) = cl(germy (A + FV)) and Z(FV) < A + F".
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Proof. Set

Q== (] o (o) - LaM +1Dn (] a ' (e [aW]D)-

aedy aed\Py

Then € is a convex open set containing .

Let F € Z)\(H) and 21,29 € Rog(F — A). Write x1 = t1(f1 — A), 22 = ta(fo — N),
with t1,t2 € Rog and fi, fo € F. Let a € ®5. Then the sign of a — «(\) (which can take
the values “< 07, “= 0" or “> 0”) is constant on {f1, f2} and thus a(z;) and a(x2) have
the same sign. As this is true for every a € @, we deduce the existence of FV € .7 (HY)
such that O(F) < F".

Let x1 € FV and fe F. Set xoa = f — XA € O(F) < F". Let t; € Ro¢ be such that
fii=z1/t1 + X € Q. Let a € ®\®@,. By choice of 2, we have a(f1) €]|la(N)], [a(N)][.
By Eq. (3.1), we have a(F) c]la(N)], [a(N)][ and thus o — k has constant sign on
{f1, f}, for every k € Z. Let v € ). We have o(F") € {R<o, {0}, R=0}. If a(F") = {0},
then a(f;) = a(M) and a(xz) = 0, so a(f) = a(X). Therefore o + k has constant
sign on {f1, f}, for every k € Z. Assume now «(F) = R-o. Then «a(f;) > a(\) and
thus a(f1) €la(N), a(N) + 1[. We have a(z2) > 0, thus a(f) > «()\). By Eq . (3.1),
a(f) €]la(N),a(N) + 1[. Therefore o + k has constant sign on {f, f1}, for every k € Z.
With the same reasoning when a(F") = R, we deduce that f and f; belong to the
same face and thus f; € F. Consequently z; = t1(f1 —\) € O(F'). Therefore we proved
O(F) = F € Z(HY}) and thus © is well-defined.

Let now FV € 9(%8) and f1,fo € Qn A+ FY). Let a € ®. Let 1 = f1 — A,
x9 = fo— A€ FU. If a ¢ ®y, then a(f1),a(f2) €]|la(N)], [a(N)][. Therefore o + k has
constant sign on {fi, fo}, for every k € Z. Let now a € ®). If a(F?) = {0}, then
a(fi) = a(f2) = a(A) and thus a + k has constant sign on {fi, fo} for every k € Z.
If a(FY) = R, then a(z1),a(ze) > 0 and thus a(f1),a(f2) €]la(N),a(N) + 1[, by
definition of Q. With the same reasoning when a(F") = R-g, we deduce that f; and
f2 belong the same face F' of .Z)(#H). Then F is the unique face of %) (H) containing
(A+ FY) n Q > germ, (A + FV). Consequently, Z(F") = F is well-defined and we have

QA+ FY) c F =E(F). (3.6)

Moreover, for x € F, we have cl(z) = F and thus cl(germ,(\ + F?)) = F.

Let F e Z\(H) and F = 20 O(F). Then F > Qn]\, f[ for f € F. Therefore F A F
is non-empty and hence F = F, which proves that Zo © = Id.

Let F¥ e Z(HY). Set F¥ = © 0 E(F”). Let f € FV be such that A + f € Q. Then
A+ f e ZE(FY) by Eq. (3.6). Therefore A+ f — X\ = f € F” and hence F* n F¥ # (.
Consequently F¥ = F¥ and © o = = Id, which proves that © is the inverse of 2.

Let Fy, Fy € Z5(H) be such that I, > Fj. Then Rog(Fy — \) = Roo(Fy — \) D
R-o(F1 — A) and thus O is increasing.

Let FY, Fy € Z(HY) be such that F§ > FY. We have

EFEN>AN+E)n QA+ FY)n QD E(F) nQ,
by Eq. (3.6). Using Lemma 3.11, we deduce that Z(F}’) ¢ Z(FY), which proves that =
is increasing. Thus © is an isomorphism.
Using Eq. (3.6) and the assetion following it, we get the last claim of the proposition.
O

Remark 3.13. Note that for dimension reasons, the bijection above sends alcoves on
chambers.
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3.1.4 Star of a face

In the sequel, we write W;‘H = W{af}, for the fixator of z € A in Waff,

Lemma 3.14. Let C be an alcove of (A,H) and J < C be a non-empty set. Let F

be the smallest face of C' dominating J (this face is well-defined by Lemma 3.6). Then
ﬂz‘eJ Wmaff = W%H'

Proof. For every x € J, Wil = W%H fixes z and thus W& < . J Wt Let
w € (Nyey WA, By Lemma 3.6, there exists y € conv(J) n F. Then w fixes y. By
Theorem 3.7, W;H = WI‘?H, which proves that w e Wlﬁiﬁ and completes the proof of the
lemma. O

Lemma 3.15. Assume that ® is irreducible. Let F' be a face of (A,H) and let C be
an alcove dominating F'. Let E%ﬁ be the basis associated with C' and set Mp = {a €
Y4 | o(F) > 0}. Let x € A. Then there exists w e W& such that a(w.x) = 0 for every
o€ E%H\MF.

Proof. If F' is an alcove, E%H\M r is empty and there is nothing to prove. We now
assume that F' is not an alcove. Let A € vert(F'). Let FV = Roo(F — \) and CV =
R-o(C —\). By Proposition 3.12, F” and CV are faces of (A, H}). Let ®pv = {a € ) |
a(FY) = {0}} and let ®pv 1 = {av € Ppv | a(CV) > 0}. By Lemma 2.19, ®pv is a root
system in (vect(F?))t. By | , VI §1.7 Corollaire 1|, there exists a chamber C., of
(vect(F¥))* such that ®pv . = {a € ®pv | (CY,) > 0}.

We can write  — A = u + v, where u € vect(F?) and v € vect(F?)*. Let Wg,., =
(8 | a € ®pv)y = WE be the vectorial Weyl group of ®v. Then (vect(F?))* is the
union of the closed vectorial chambers of ® v and, since Wg.,., acts transitively on the
set of vectorial chambers of ®pv, there exists w € Wy such that a(w.v) > 0, for every
o € ®pv . We then have a(w.(z — A)) = 0, for all @ € ®pv 4, since Wg , pointwise
fixes vect(F").

We have t)\W(gFU t_) = Wj}ﬁ, where ¢, : A — A is the translation by the vector
W, for w e A. Let o € Eacﬁ\./\/lp. Set w = thywt_) € Wf,iﬁ. Write a = o + k, where
k € Z. Then a(\) = 0 and thus k = —a(\). Moreover, a(C) > 0 and thus a € ®pv 4.
Then a(w.z) = a(A+ w.(xr — N)) — a(N) = a(w.(xr — X)) = 0. This being true for every
a € S8\ Mp, the lemma follows. O

Definition 3.16. Let F' be a face of (A,H). The star of F is the union of the faces
of (A,H) dominating F.

Lemma 3.17. Let F be a face of (A,H) and let E be the star of F. Let C' be an alcove
of (A,H) dominating F' and Hy,...,Hy € H be the walls of C. Up to renumbering,
we may assume that Hy,...,Hy D F and Hyyq,...,H do not contain F', for some
k' € [1,k]. For i€ [1,k], denote by D; the open half-space of A delimited by H; and
containing C'. Then F = mwewgﬁ,z’e[[k'ﬂ,k]] w.D;. In particular, E is open and convez.

Proof. Let E' = E n C. Then by Lemma 3.8, E = Wp.E'.

We first assume that & is irreducible. Let E%ﬁ be the basis of ®* defined by C,
i.e., X4 is the set of affine roots a such that a~1({0}) is a wall of C' and (C) > 0. By
Lemma 3.5, we have C = {z € A | a(x) > 0,Va € T4}, Let Mp = {a e T4 | o(F) >
0}. If F’ is a face of C, then by Lemma 3.5, we can write F' = {x € A | a(z) Ry 0,Va €
| where (Ry) € {>, :}Zgﬁ. Then F” = {z € A | a(z) Ry 0,Ya € 28}, where R, is
equal to “>" if R, is equal to “>" and equal to “="if R, is equal to “=". Therefore if
F’ 5 F, the symbol R, is equal to “>" for every a € Z"gf\./\/l r. Therefore:

E' ={zeA|alz)>0,VYae L\ Mg, a(z) > 0,Ya e Mp}. (3.7)
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Let us prove that

E= (] a!(Rs):=E. (3.8)
aeWa Mp

If s, denotes the orthogonal reflection with respect to a~1({0}) for a € ®* then
(Wt {s, | a € B4} is a Coxeter group and W = (s, | a € S8\ Mp), according to
Theorem 3.7 (3). Thus by | , Corollaries 1.4.8 and 1.4.6] if w e W and a € Mp,
we have (2 (ws,) = ¢2%(w) + 1, where ¢* denotes the length on (W2, {s, | a € X2}).
By | , (2.2.8)], we deduce w.ac € 3, where @3 = {y € T | 4(C) > 0}. Since
w e (sg | B eI\ Mp, we can write w.a = a + ZBEE%H\MF ngf, where the ng are
non-negative integers (by | , (1.4) and 4.6 Proposition|). Therefore w.a(E’) > 0.
Consequently E' < Fp and since Ej is is W}H—invariant, we deduce that £ < Fj.

Let x € Ey. Then by Lemma 3.15, there exists w € W2 such that a(w.x) > 0 for
all a € 28\ Mp. By definition of Ey, we then have w.x € E', by Eq. (3.7) and thus
x € E, which proves Eq. (3.8), when @ is irreducible.

Assume now that @ is reducible. Using the notation of Eq. (2.4), with ® instead
of ¥, we write A = A; x...xApand & = &, 1 ... u Py, where £ € Z>5 and P, is an
irreducible root system in A, for i € [1,¢]. Write C = C1 x...xCpand F = Fy x...x F}.
Then with obvious notations, we have:

E= (Wi x . x WihH.(B] x ... x E})
= (WLEl x ... x Wi E))

which proves the lemma.
O

Lemma 3.18. Let F, F’ be faces of (A, H) such that F' dominates F. Let x € F' and
Yy = szewfﬁ w.x. Then y € F and y is the orthogonal projection of x on the

support of F.

Proof. By Lemma 3.17, y belongs to a face F” dominating F. We thus have Waf —
W;—% c ijlﬂ. Moreover, Wﬁ:ﬂ fixes y and thus by Theorem 3.7, WZ?H fixes F”. Conse-
quently W& = W2l and hence F' = F”, by Lemma 3.9. In other words, y € F.

Let z€ Fandset t = (x —y | y — 2). Then for w e W F, we have t = (x — y |

wl(y—2)=(wr—wy|y—2z)={wxr—y|y— z). Therefore

Wit = > wa [y—2)— Wiy | y—2) = [WETKy | y—2)— WKy | y—2) = 0,

aff
weWg

which proves the lemma. ]

Lemma 3.19. Let F be a face of (A,H), X € vert(F) and E be the star of \. Then
F=FEnO+Reg(F—\).

Proof. The inclusion FF < En (A +Rxo(F —\)) is clear. Let z € En (A+Rso(F —\))
and let F} be the face of (A,H) containing x. Then F; dominates A\ and z — \ €
Roo(Fi — A) nRog(F — A). As the faces of (A, HS) form a partition of A, we deduce
Roo(F1 — A) = Roo(F — A) and thus F} = F', by Proposition 3.12. Therefore £ n (A +
R-o(F — X)) € F and the lemma follows. O
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3.2 Affine weight polytopes
3.2.1 Definition of affine weight polytopes

Let Cy be the fundamental alcove of A, i.e., the alcove of A based at 0 and contained in
C}. Let us fix b € Cy. Let C' € Ale(H). Then there exists w € W such that C' = w.Cy.
We then set be = w.b € C. The element w is uniquely determined by C, since W2
acts simply transitively on the set of alcoves of (A, H). Thus b¢ is well-defined.

Definition 3.20. For A € vert(A), we set P(A) = Pp a(A) = conv({bc | C € Alcy(H)}).
Then we call P(\) the closed affine Weyl polytope associated with \ (and b).
The (open) affine Weyl polytope associated with ) is the interior of P()\). By

Lemma 3.8,

P(N) = conv(W be) (3.9)
for any C € Alcy(H).

Note that in order to avoid confusions we use roman letters to denote the faces of
(A,H) and curly letters for the faces of the P(A).

3.2.2 Description of the faces of the affine weight polytopes
Let A € vert(A). We have Wg = (sq | @ € @) = Wg. We denote by t) the translation

on A by the vector A (this is a not a element of W2 in general).

Lemma 3.21. Let A € vert(A). Then Wi = t,\WgAtgl,

Proof. Let a € ®). Then tysoty ' is the orthogonal reflection fixing A + a~({0}) =
a~Y(a(N)). Therefore it belongs to Wi, By Theorem 3.7, Wi is generated by the
reflections fixing the walls containing A\, which proves the lemma. O

Let A € vert(A). Then P(\) = conv(tAng.t_l.bc) = A+ conv(Wg, .(=A + be))
for C' € Alcy(H). Moreover, a(b¢) ¢ Z, for all @ € ® and thus a(—X + be) # 0 for all
o € ®). Therefore, with the notation of subsection 2.2, we have:

,P(A) = )\+P9>\+bc,<1>/\‘ (310)

Definition 3.22. Let A € vert(A) and F be a face of (A,H) dominating A\. We choose
an alcove C dominating F and we set Fr = Int,(conv(W.be)). This is well-defined
by Lemma 3.8.

Note that for A € vert(A), we have F) = P()\).

Lemma 3.23. 1. Let F be a face of (A,H). Then Fr is contained in the star of F.
In particular, if X € vert(A), then P(X\) = Fyyy is contained in the star of \.

2. Let B be a bounded subset of A. Then {\ € vert(A) | P(\) n B # &} is finite.

Proof. 1. Let E be the star of F. We have Fr = conv(W&T.be), for any alcove C
dominating F. As bg € E and as E is stabilized by W;ﬁ, we deduce W}”ﬁ.bc c E. By
Lemma 3.17, E is convex and thus Fr < E.

2. As B is bounded, there exists a finite set of closed alcoves F' such that B —
UgerC. Let F' be the set of closed alcoves containing a vertex of an element of

F. Then by statement (1), if A € vert(A) is such that B n P(\) is non-empty, then
A € Ugep € n vert(A), which is finite. This proves statement (2). O
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For a polytope Q of A, we denote by Face(Q) its set of faces. We equip Face(Q)
with the dominance order <. Recall that, if F is an affine subspace of A, its direction
dir(E), is the vector subspace {z — 2’ | z,2’ € E} of A. (I prefer to recall the definition
since it is far.)

Proposition 3.24. (see Figure 3.5) Let A € vert(A). Let P® = P()\) — \.

1. The map Face(P(\)) — Face(PO) given by F — F — X is an isomorphism of
partially ordered sets.

2. Let C € Alcy(H) and C? = Roo(C—\). Setbl, = be—A\. For each chamber C¥ of
(A, HY), set bOf = w.bQ,, where w € W3, satisfies Cf = w.C®. For F’ € F(HY),
set Fo, = Int, (conv(Wge ¢, -bey)), where CY is a chamber of (A, HY) dominating
FV. Then for every F' € F(HY), we have Fo, + X = Fp, where F € Z\(H)
satisfies F¥ = Roo(F — \).

3. The map Fy — Fp, is an isomorphism between (F\(H), <) and (Face(P(N)), >).
Moreover, dir(supp(Fr,)) = (dir(supp(F1)))* and dim(supp(Fr,)) = codimy (Fy)
for every Fy € Fy\(H).

Figure 3.5: Hlustration of Proposition 3.24: the case of Bs.

Proof. Statement (1) is clear.
Now, we prove statement (2). By Proposition 3.12, C? is a chamber of (A, H3). By

Eq. (3.10), we have P(A) — A = PO = 77800” &, = conv(Wq’;A.bocv). Let F} € #(HY) and
let C} be a chamber of (A, H}) dominating F}. Let F = Folv + A Let F1,Cy € ZA(A)

be such that F = Roo(F1 — A) and C7 = R-o(C1 — A).
Using Lemma 3.8, we get C7 = w1.C, with wy € Wjﬁ Then we have:

wl.C’ —A= Cl — A= wl.C - U)l.)\ = 1171(6' - )\),
where w] is the linear part of w;. By Lemma 3.21, w} € Wg, . Moreover we have:

R ouiy.(C' — \) = w61.C" = Rog(Ch — \) = C?.
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Hence:
F= t>\.]-'0f, = conv(tA.W}f@A.b%U) = conv (WffF{J.(/\ + b%f)> = conv(Wj}ff.()\—i-bolv))’

where ngf7<b/\ is the fixator of F} in Wg, - MOEover, be, = wi.be = wi.(A + bocv) =
wi A + Wb, = A+ bOCi), which proves that F = conV(Wf;ff.bcl) = Fr,. Therefore

F = Int,(Fr ) = Fr,, which proves (2).
Finally, we prove statement (3). Indeed, by statements (1), (2) and by Proposi-
tions 3.12 and 2.20, the map F; — Fp, can be decomposed as

F]_ —> R>0(F1 - )\) > f§>Q(F1—>\) land ‘FH%>0(F1—)\) + A= fFl

and then it is an isomorphism between (F\(H),<) and (Face(P()\)),>). The last
assertion follows from Proposition 2.20 and statement (2). O

3.2.3 Faces and intersection of affine weight polytopes

Recall that, for any pair (A, u) € A2, we write [\, ] = {t\ + (1 —t)u | t € [0,1]} and
1A pl= Tt ([A, p]) = {EA + (L= ) [ £ €]0, 1]}

Lemma 3.25. Let A\, u € vert(A) be adjacent. Then P(X) n P(u) is a closed facet of
both P(N) and P(u). More precisely,

PA) nP(p) = conV(Ws\ffu].bc),
where C' is any alcove dominating |\, ul.

Proof. As X and p are adjacent, |\, p[ is a face of some alcove C. By Proposition 3.24,

F = conv(WaHH].bc) is a closed facet of both P(A) and P(u). It remains to prove that

A and p are on opposite sides of F. By Lemma 3.18, A = W ZweW;ﬁ w.\ € P(A) and

similarly, u € P(u). By Lemma 3.18 applied with I =], u[, the orthogonal projection
z of be on the line containing |\, u[ belongs to |\, u[nF. The support of F is the

hyperplane H = x + (R(u — A))* by Proposition 3.24(3). Then P(\) (resp. P(u))
is contained in the half-space of A delimited by H and containing A (resp. p), which
proves the lemma. O

Lemma 3.26. Let A, u € vert(A) and assume that there exists an alcove dominating both

A and p. Then P(X) nP(p) is a face of P(N). Moreover, if C is an alcove dominating A

and p, then P(A) nP(u) = conv(WﬁHM].bc) = conv(W.be), where F is the smallest

face dominating {\, u} (whose existence is provided by Lemma 3.6).

Proof. If ® is irreducible, then this is Lemma 3.25, so we assume that & is reducible.
We use the same notation as in Eq. (2.4), with ® instead of U. Write A = A1 ®...®A,
and ¢ = |_|f:1 ®;. We have Wt — Wgﬁf X ... X Waf, where W&f is the affine Weyl
group of (A;, ®;), for i € [1,¢]. Write be = (b1,...,by). We have vert(A) = vert(A;) x
. x vert(Ay) and if (7q,...,7) € vert(A), we have Py o((11,...,70)) = Pby,a, (71) X
. X Pp,a,(m0). Write A = (A1,..., ) and p = (p1,...,p¢). Then for all i € [1,/],
either \; = u;, or A\; and u; are adjacent. By Lemma 3.25, we get that:

Poc.@: (M) 0 Po, o, (15) = conv(Wglh, b))
and that this intersection is a facet of both Py, ¢, (i) and Py, o, (1i). We deduce that:

l y4
PO 0 P() = [ [Poras ) 0 Py, (1) = [ [conv(WaT,, . bi)

i=1 =1

30



is a face of both P(A) and P(u). The equalities
PA) nP(p) = CODV(W[a)ifu].bc) = conv(W be)
immediately follow from the facts that:

i
= T N T
PA) nP(p) = ECOHV(ng,[Ai,ui]‘b’) = conv (Wae [/\i’m]-bc) )

1=1

Enl 14
that F = [;_;[A\i, 1ts] and that ijffu] = Wal, O
Proposition 3.27. 1. Let J be a non-empty subset of vert(A). Then () o; P(A) is
non-empty if and only if there exists an alcove of (A,H) dominating J. More-
over, if F is the smallest face dominating J (which exists by Lemma 3.6), then
Mies PN = conv(Wilbe) = Fr = Maevert(r) P(A), for any alcove C' dominat-
g F.
2. If F is a face of (A,H), then the set of extreme points of Fp is Wgﬁ.bc, for any

alcove C' dominating F. Moreover Fp n F = {x}, where x is the barycenter of the
extreme points of Fp.

3. Let F be a face of (A,H) and x € Fr. Then {u € vert(A) | x € P(u)} = vert(F).

Proof. 1) Let J < vert(A) be non-empty. Assume that (),.; P()) is non-empty. Let
z € My P(A) and let F be the face of (A, H) containing x. Then by Lemma 3.23, F
dominates J and, in particular, J is dominated by any alcove dominating F'. Conversely,
if J is dominated by a face F' of (A, H), then Wal.be = M,o; P(A), for any alcove C
dominating F'.

Let C be an alcove of (A, ) and J be a subset of vert(C) with cardinality at least
2. Let F be the smallest face of C dominating J, which exists by Lemma 3.6. Let A € J.

Then

F=Pw= (] PO nP).

peJ peJ\{A}
By Lemma 3.26 and | , Theorem 1.10|, F is a face of P(\).
We have:

Extr(Fy) = ﬂ Extr(P(A) nP(u)) by Lemma 2.5,

peJ\{A}
= ﬂ W[afu].bc by Lemma 2.4,

peJ\{A}
= ( ﬂ W[afu]).bc since b is regular,

peJ\{A}
= W be by Lemma 3.14.

Thus by Krein-Milman theorem, F; = conv(W&T.be), which proves statement (1).

2) Let F € #(H) and C € Alc(H), dominating F. By 1) and by Lemma 2.4, the
set of extreme points of Fp is Wgﬁ.bc. Let now x = W Zwewgﬂ w.be. Then x € F
according to Lemma 3.18. By Proposition 3.24, the direction of the support of F' n Fr
is a singleton, which proves that Fp n F = {z} and completes the proof of statement
(2).

3) Let FF e Z#(H) and x € Fp. Let p € vert(A)\vert(F). If vert(F) u {u} is not
dominated by any alcove, then Fr n P(u) = J according to statement (1) and thus
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x ¢ P(p). Assume that p U vert(F) is dominated by an alcove C. Then it follows from
(1) that Fr N P(u) = Fpr, where F' is the smallest face dominating F' U {u}, and by
(2) that Fpr # Fp. Therefore Fp is a proper face of Fr and by | , Corollary 1.7],
x ¢ Fpr, which proves that x ¢ P(u). Therefore {u € vert(A) | x € P(u)} < vert(F),
and this is actually an equality by 1), which proves statement (3).

O]

3.3 Tessellation of A by the affine weight polytopes

We now prove that A is tessellated by the P(\), for A € vert(A), as stated in the
introduction in Theorem 1.1.

Theorem 3.28. (see Figures 3.6, 3.7, 3.8 and 3.9)

Let A be a finite dimensional vector space and ® be a finite root system in A. Let
H={a"t{k}) | ae® keZ}, let F be the set of faces of (A, H) and let vert(A) be
the set of vertices of (A,H). We choose a fundamental alcove Cy of (A, H) and choose
b = bg, € Co. If X is a vertex of (A, H), we choose an alcove Cy dominating A and
we set bc, = w.b where w is the element of the affine Weyl group Wt of (A, H)
sending Cy to C. If F is a face of (A,H), we write Wi := Fixyas(F) and we set
Fr = Int,(conv(W¥.be)), for any alcove C dominating F. Then | |pez Fr = A. In
particular, if we set P(X) = Fyyy, for A € vert(A), then A = Usevert(a) P(A)-

Proof. Let E = UAevert(A) (A). We prove that E = A by proving that F is closed

and dense in A. Take (2,) € EY a converging sequence. Then (z,) is bounded and
by Lemma 3.23 (2), there exists a finite subset F' < vert(A) such that {z, | n € N} ¢
Uper P(1). Then as the P(u) are closed, limz, € (J,cp P(n) = E. Therefore E is
closed.

Suppose that £ # A and fix z € A\E. Let A € vert(A) and y € P(\). Let
v :[0,1] — [z, y] be the affine parametrization of [z, y] such that v(0) = y and y(1) = z.
Let

t =inf{t' € [0,1] | v(¥') ¢ E}.
As F is closed, v(t) € E. Let v € vert(A) be such that «(t) € P(v). Then «(t) €
Fr(P(v)) and thus there exists a facet F of P(v) containing v(t). By Propositions 3.24

and 3.27, there exists v/ € vert(A), adjacent to v and such that P(v) n P(v/) = F. If
~(t) € F, then by Lemma 2.1, there exists € R~ such that

B(y(t),r) nP(v) = D n B(y(t),r) and B(y(t),r) nP(v') = D' n B(y(t),r),

where D and D’ are the two closed half-spaces delimited by supp(F). But then
B(y(t),r) < P(v) u P(v'), which is impossible by definition of ¢. Therefore

y(t) e F\F.

The facet F is a polytope of supp(F) and thus its frontier is contained in a union
UVGF(VW/) V', where F(v,v') is a finite set of affine subspaces of dimension at most
dim A — 2. For v,/ € vert(A), set F(v,v) = & if v and v/ are not adjacent. Then we
proved:

A\FE c U U supp(V v {z}).

v,v'evert(A) VeF (v,v/)

As the right hand side of this formula is a countable union of proper affine subspaces
of A, it has Lebesgue measure 0. In particular, F is dense in A. But as F is closed,

E = A. Thus we proved
A= ] PO.
Aevert(A)
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As for X\ € vert(A), P(A) is the union of the Fp, where F' runs over the faces of (A, H)
dominating X (see Proposition 3.24), we deduce that A = | Jp. 5 Fr. Let F1, Fy € Z be
such that Fp, N Fr, is non-empty. Then Fr, N Fr, # & and thus by Proposition 3.27,

there exists an alcove C' dominating vert(F;) uvert(Fy), and Fr,, Fp, are faces of P(A),
for any A € vert(C'), by Proposition 3.24 3). As the faces of P(\) form a partition P(\)
(by [BGO9, Theorem 1.10]), we deduce that Fy = Fy, which concludes the proof of the

theorem. O

Figure 3.6: Ilustration of Theorem 3.28: the case of Ay when b is not the barycenter of the
fundamental alcove.

<

Figure 3.7: Hlustration of Theorem 3.28: the case of Ay when b is the barycenter of the
fundamental alcove.

4 Thickened tessellation of A

The aim of this section is as follows. Take n €]0,1[. For A € vert(A), denote by
hyg : A — A hy,(x) = XA+ n(x — A) the homothety centered at A with ratio 7. Let

x € hyy(P(N). Write z = hy,(2'), with 2/ € P(X). Let F be the face of (A, H)

such that 2/ € Fp. Let Fy(z) = 2 + (1 —n)(F — A\). This is a copy of F which
contains exactly one point of hy, ,(P(u)), for each vertex p of F' (and which is the convex
hull of these points). The main goal of this section is to prove Theorem 4.19, which
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Figure 3.8: Illustration of Theorem 3.28: the case of Bs.

Figure 3.9: Illustration of Theorem 3.28: the case of Gs.

states that A = U)\evert(A)’zehm(m) Fy(z) (see Figures 4.1, 4.4 and 4.5). Since for all

p € vert(F), we have Fy(h,,(z')) = F,(z), in order to describe A as a disjoint union,

we will introduce a new notation by replacing £, (x) by F,(2/) (see Definition 4.13) We
will then have A = | |, F(2).
We divide this section in two parts. Firstly, in subsection 4.1, we prove that if A and

w are two adjacent vertices of A, then the projection of P(u) on P(A) is contained in
P(N) nP(un) (see Proposition 4.8). Then, in subsection 4.2, we prove Theorem 4.19.

4.1 Projection of a polytope on a neighbour polytope

If F is a face of (A, H) and A € vert(F'), we denote by verty(F) the set of vertices of F
which are adjacent to A (and different from \). If A € vert(A), we denote by 7y instead
of TH0Y the orthogonal projection on P(\).

In this subsubsection, we prove that if A and p are two vertices of A contained in a
common closed alcove, then m)(P(r)) < P(A) nP(n) (see Proposition 4.8).

Lemma 4.1. 1. Let F be a face of (A, H) and X € vert(F'). Then:

Roo(F = A) = Z Roo(p—A) = Z Reo(p = A).
pueverty (F) puevert(F)
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b p2(Fe)

by j2(Fr,)

Figure 4.1: Ilustration of Theorem 4.19 in the case of A;. The represented alcove C' is
the equilateral triangle delimited by the black segments. The hexagons Py /() Pi/2(p) and
P1/2(v) are represented in red. The edges of C' are the segments F, F5 and F3 and the

vertices of C' are A, u and v. The blue rectangle is the union of the Fl/Q(x) for x € hy1/2(Fr,)
(or equivalently x € hy,1/2(Fp,)). Similarly, the green and pink rectangles correspond to the

F j2(z) for z in hy,1/9(Fr,) and h,, 1 o(Fr,) respectively. The face F¢ is the (non represented)

vertex P(A) n P(u) n P(v). The central white triangle is E(Z), for z € hyq12(Fc) (or
equivalently, z € hy, 1/2(F¢) or z € hy1/2(Fe)).

2. Let \ € vert(A) and F,F" be faces of (A,H) dominating \. Then verty(F) c
verty(F') if and only if F is dominated by F'.

Proof. 1) The map p — ]\, p[ is a bijection from verty(F) to the set of one dimensional
faces of F' dominating A. By Proposition 2.6 and Proposition 3.12, R-o(F — A) is the
sum of its one-dimensional faces and thus we have Roo(F —A) = X cvert, (7) R>0(1—A).
Using the notation of Eq. (2.4) (with ¢ = 1 if ® is irreducible), we write F' = F; x
... X Fpand A = (A1,...,\¢). We have verty(F) = |_|f:1{()\1, sy A1)} x verty, (F;) x
{(Nix1,---,A0)} and vert(F) = vert(F;) x ... x vert(Fy) and the second equality of 1)
follows.

2) If F' is dominated by F”, then vert(F) < vert(F’) and thus verty(F) < verty(F").
Conversely, if verty(F) < verty(F"), then Roo(F —A) = 3 o, () Roo(p — A) <

Dipeverty (F) R=0(1 — A) = Rxo(F” — A), whence the result follows. O
Lemma 4.2. Let F' be a face of (A, H) and X € vert(F'). Let x € Fp. Then ™ ({z}) =
&+ Rao(F — A).

Proof. By Proposition 3.24, the facets of P(\) are the Fp, for F} € .Z)(F) of dimension
1. If Fy =]\, [ is such a face, with pu € vert(A) , then by Proposition 3.24, we have
5_7:F1 = R>o(pu—A), with the notation of subsection 2.1. Using Proposition 2.3, we deduce

i ({z}) =7+ Deverty (F) R=0( — A). Then, the result follows from Lemma 4.1. 0
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Lemma 4.3. Let C be an alcove of (A,H) and F be a proper subface of C which
is not a vertex. Let x € Fp. Let \,u € vert(F) and v € vert(C)\vert(F). Then

m ({z}) " P(u) 0 P(v) = 2.

Proof. Let F(u,v) be the smallest face of (A, ) dominating both p and v. Such face
exists according to Lemma 3.6. By Proposition 3.27, we have:

P nPw)y= () PPl

v'evert, (F(p,v))

We have F(u,v) € F and thus Lemma 4.1 implies the existence of v/ belonging to
vert, (F'(u,v))\vert(F). Up to replacing v by v/, we may assume that p and v are
adjacent.

Let D(u, v) be the closed half-space delimited by P(u) n P () and containing P ().
Let V=2 + > coert, (7) R(T — 1) = @ + vect(F — p). By Lemma 4.2, we have

i {2}) =2+ Ro(F = \) = V.

Let C" = Roo(C—p) and F¥ = Rog(F —p). Then CV (resp. FV) is a chamber (resp.
face) of (A, ;) by Proposition 3.12. Let X be the basis of ®,, associated with C*. Write
Y = {a;,i € I} for some indexing set I satisfying |I| = |X|. Let (w;) € (A*)! be the
dual basis of (a;)ies. Let J = {i eI | w; € F}. Then R.g(v — p) is a one dimensional
face of C¥ and thus v — p € Rogw;, for some i € I\J. Then D(u,v) — u is the half-space
of A containing P‘%u,bc— . and delimited by the support of WR_yw;-(bc — 1), where
WE_ o, 18 the fixator of R<gw; in W&;u. This half-space is denoted D; in Lemma 2.28.
Therefore by Lemma 2.28, we have D(p,v) —p > (V — p) n (P(p) — p) and hence

D(p,v) >V A P(p) o 7 '({z}) n P(u), which proves the lemma, since D(y,v) n P(v)
is empty. ]

Lemma 4.4. Let \ € vert(A) and F be a face of (A, H) dominating \. Let x € F. Then
m\(z) € F.

Proof. We have x—\ € Roo(F —\). Using Lemma 2.24, Eq. (3.10) and Proposition 3.12
we deduce Wmi)\(iv—)\) =my(z)— X € Rog(F—\). Consequently, my(z) € \+Rso(F—
A).

Let F’ be the face of (A,H) containing my(z). By Lemma 3.23, F’ dominates .
Therefore m)(x) € F' < A+ Roo(F' — X). We deduce R-o(F — ) nRoo(F' — ) # .
As the faces of (A, HY) partition A, we deduce Rso(F — ) = A +R-o(F’ — \) and thus
F = F’, by Proposition 3.12. O

Lemma 4.5. Let A € vert(A), C be an alcove of A dominating A and p € vert(C)\{\}.
Then m\(P(u) n C) < P(A) n P(u).

Proof. Let z € Fr(P(\)) n C. Let F = F(x) be the face dominating A and such
that * € Fp. Then by Proposition 3.27, {v € vert(A) | x € P(v)} = vert(F). By
contradiction, we make the following assumption:

I € vert(C)\vert(F) | (my) ' ({z}) nP(i') n C # &. (4.1)

Let 1/ € vert(C)\vert(F) be such that there exists y € 7, ' ({x}) n P(1/) n C. By
Proposition 3.27, = ¢ P(y/) and thus x # y. Let v : [0,1] — [z,y] be the affine
parametrization such that (0) = xz and v(1) = y. For ¢ €]0, 1], we have |y — y(t)| <
ly — z| = |y — ma(y)| and thus y(¢) ¢ P(A) for t €]0,1].

Let E = {t € [0,1] | 3u” € vert(C)\vert(F),v(t) € P(u”)}. Then E is non-empty by
Eq. (4.1). Let top = inf E. Then ~(ty) € P(n”) for some p” € vert(C')\vert(F'), since the
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P(7) are closed, for 7 € vert(A). Therefore ty) = min £ and ty > 0. By Theorem 3.28
and Lemma 3.23, we have ([0, to[) © U, evers(r) P(¥)- Let v € vert(F) be such that for
some € > (), we have:

’)/(t) € 73(1/), A G]to — €, to[.

Then ~(to) € P(v) n P(i). By Lemma 4.2, y '({z}) is convex and contains (o).
This contradicts Lemma 4.3. Therefore, Eq. (4.1) is wrong. In other words,

Ve e C n P, (my) t({z}) nC c C\ U P(u)). (4.2)
w'evert(C)\vert(F(z))

Let now y € P(u) n C. Then by Lemma 4.4, v := m\(y) € C. Let F € %) be such
that x € Fr. Then by Eq. (4.2), y € C\ Uevert(@pvert(ry P(1') and thus p € vert(F).

Therefore P(u) > Fr, which completes the proof of the lemma. O
Lemma 4.6. Let C; € Alc(H) and A, p € vert(C1). Then:

Ce  |J A+Ru0(C—N),
CeAlc,(H) CeAlcy (M)

where Alcy ,(H) is the set of alcoves of (A, H) dominating X and p.

Proof. Let £ = UFeﬁA . R.o(F—A), where .7, , is the set of faces dominating A and .
Then A+ FE < A+Uceale, L) R>0(C —\). By Proposition 3.12 and Lemma 2.17, there
exists X < @) such that E =[x @ 1(R=0). As E is a cone containing 0, u — A[, it

contains pu — A. Therefore A + E is open and contains p. Consequently, A + E contains
a point of each alcove dominating p. Moreover A + E =[x a‘l(Rga(,\)) and thus it

is enclosed, which proves that it contains | Ale, (H) C. ]

Lemma 4.7. Let C € Alc(H) and X € vert(C). Let E' be the union of the faces of
C dominating A and v € E'. Let y € A + Rso(C — \). Then [z,y] n E' contains a
neighbourhood of x in [x,y].

Proof. Let E be the union of the faces of (A,H) dominating A\. Then E is open by
Lemma 3.17. Therefore there exists a face F' dominating A and € > 0 such that F' o
]z, + e(y — x)[. We also have A\ + R~o(F — \) © F. Moreover x,y € A + Rxo(C — \)
and thus it contains ]z,2 + ¢(y — z)[. The closed chamber C? := R>¢(C — )) is the
union of the faces of (A, 7—[3) dominated by C¥. Thus by Proposition 3.12, we have

Cv= || ReoFi-N),
Fi1e75(C)

where .7 (C) is the set of subfaces of C' dominating A. Therefore there exists F} € .%(C)
such that Roo(F —X) nRoo(Fy — \) is non-empty, and as the faces of (A, H3) partition
A, we deduce that F' = Fy. But F; ¢ E’' and the lemma follows. O

Proposition 4.8. Let \,u € vert(A) be such that there exists an alcove of (A, H)
dominating X and p. Then mx(P(pn)) < P(A) N P(u).

Proof. Let y € P(u). By Lemma 3.23 and Lemma 4.6, there exists an alcove C' of (A, H)
dominating A and p and such that y € A + R5o(C — \). Let @ = C nP(X\) nP(u). Let
r = mgo(y) € Q. By Lemmas 3.23 and 4.7, there exists z €]z,y] n C. By Eq. (2.1), we
have mg(z) = mo(y) = «.

By Lemmas 4.4 and 4.5, we have m)(z) € Q and by definition |a — z| = |a — mx(2)|
for all a € P(N). As Q < P(N), we deduce m)(z) = mgo(z). By Eq. (2.1), we have
m(2) = mA(y). Therefore mx(y) € P(A) n P(u), which proves the proposition. O
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4.2 Tessellation of apartments by thickened polytopes

Recall that, for n € [0,1] and A € vert(A), we have the homothety hy, : A — A given
by hyn(x) = X +n(x—A), for x € A. We write 7 ,, instead of the orthogonal projection
i 7 O Ira(POV).

Let C be an alcove of (A,#H) dominating A\. Then by (3.10), we have P(\) =
A+ P9A+bc,<1>x Therefore

han(P(X)) = hyyn(X) + UCOHV(WCE},/\.(—)\ +be)) =X+ 772(7)#]@0),%. (4.3)
Remark 4.9. Let F € F and a € Fr. Then similarly as in Lemma 4.2, we have
()~ (hag(a)) = hay(a) + Reo(F — A).
Lemma 4.10. Let F be a face of (A, H), X € vert(F) and n €]0,1]. Then my,(F) < F
and T ,(F) < F.

Proof. Let x € F'. Then z € A + Roo(F — A). By Lemma 2.24 and Eq. (4.3), my () €
A+Roo(F —). Let E be the star of \. By Lemma 3.23, since hy , stabilizes E, we have
hyn(P(A)) € E. Therefore by Lemma 3.19, we have 7y () € En(A+Rso(F =) = F.
As 7y, is continuous (by | , A. (3.1.6)]), we deduce the result. O

Proposition 4.11. Let F be a face of (A, H). Then
F= (] (A +RsoF-N).

Aevert(F)
Proof. Let J = vert(F). Set E = () ey A+ Rso(F —X)). As F < A+ Ro(F — A) for
A€ J, we have FF c E.
We now prove the converse inclusion. By Lemma 4.1, we have:

E=) <A+@R>o(u—/\)> .
AeJ ped

We first assume that & is irreducible. Then by | , V 3.9 Proposition 8|, C' is
a simplex and thus for every A € vert(C), (1 — A)jevert(o)\gn} 18 @ basis of A. Fix
A e J. Up to changing the 0 of the affine space A, we may assume A = 0. Let z € E.
Then we can write © = 3 . 1\ o) tut, Where (t,) € (Rso)’MO. Let v € J. Then z €
V+Rs0(—v) +D e 0y R>0(p—1), so we can write @ = v+5(—1) + 3 e p (0,03 (=)
for some t; € R and (t),) € (R=0)”\}. Thus we have

L—th— >, v+ >, tu= > tuu
pe\{0,v} ne\{0,v} pue\{0}
Therefore ¢}, = ¢, for pe J\{0,v}, t, < 1and 3 cpoytn = (1 =10 — X enow tn) +
2uenfopyty < 1. This proves that E < Int,(conv(J)) = F and thus when @ is
irreducible, we have £ = F.

We no longer assume the irreducibility of ®. In the notation of Eq. (2.4), with ®
instead of ¥, we write A = Ay x ... x Ay. Let x = (2i)iep1,q € A and i € [1,£]. We have
F =Fy x...x Fy, where F; € % (A;,H;) for i € [1,7].

We decompose J as J = J; x ... x Jy, where J; = vert(F;) for i € [1,£]. Let z € E.
Then:

L

xeﬂ ﬁij()\—i— Z Roo(p — A)) x HAj

Aed; \j=1 peJi\{A} Jj=i+1

i—1 ¢
=1Ta < <)\+ZR>0(M—)\)>>< [T A

J=1 neJi\{A} ped; j=i+1
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By the first case we deduce x; € Int,.(conv(J;)). Consequently x € l—[le Int,(conv(J;)) =
Int, (conv(J)), which completes the proof of the proposition. O

Lemma 4.12. Let p € vert(A), n € [0,1] and z € A. Let F' € F(H) be such that
mu(x) € Fp. Let X € vert(F'). Then myn(hay(2)) = hyp(mu(z)).

Proof. Let a = m,(z). By Lemma 4.2, we have z — a € Rxo(F — u). We have:

hon(®) = hyyla) + (1 =n)(A = p) + n(z —a) € hyyla) + Reo(F — p),

and we conclude with Remark 4.9.
O

Definition 4.13. Forx € A, we denote by Fp(z) the face of (A, H) such that x € Fpp(y),
which is well-defined by Theorem 3.28. Forn € [0, 1], we set Fyy(z) = Int,(conv({hy,(z) |

A e vert(Fp(x))})) and Fy(x) = conv({hy,(x) | A € vert(Fp(x))}) (see Figures 4.2 and
4.3). We have:

Fy(xz) = nz + (1 — n)conv (vert (Fp (x))) = nz + (1 — n)Fp(x). (4.4)

Figure 4.2: Pictures of F,, in the case of A,.

Lemma 4.14. Let C be an alcove of (A,H) and x € C. Then:
1. for ally € Fy(x), for all p € vert(C), we have m,n(y) = hyy(mu(z)),
2. for all p € vert(C), for all y € Fy(x), we have vert(Fp(x)) < {v € vert(C) |

Tun(y) € hun(P(v))} and this is an equality if and only if p € vert(Fp(x)).

Proof. By Lemma 3.23, we have vert(Fp(z)) < vert(C). Let u € vert(C). By Proposi-
tions 3.27 and 4.8, we have

mu(x) € N P). (4.5)
vevert(Fp(z))u{p}

Let A € vert(Fp(x)). By Proposition 3.27, we have 7,(z) € Fp, (). Hence, if F” is the
face such that m,(z) € Fp, we deduce that vert(Fp(z)) < F'. By Lemma 4.12, we
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_F\ ‘_‘.“g(z‘)

Fyjo()

Figure 4.3: Pictures of F,, in the case of A; x A;.

get mypn(hay(x)) = hyy(mu(z)). By Eq. (2.1), W;}] (huy (7, (2))) is convex. Therefore

T (Fy(@)) = {hyp(mu(2))}.
Let p € vert(C). Then

{v e vert(C) | mun(y) € hyuy(P(W)} = {v € vert(C) | by (mu(@)) € hyy(P(1))}
= {vevert(C) | mu(x) € P(v)}.

We conclude with Eq . (4.5), since 7, (z) = x, for pu € vert(Fp(x)). O

Lemma 4.15. Let F € #(H). Let f € Fr and C be an alcove dominating f. Let
A e vert(F) and x € (hy,(f) + vect(F — X)) n C. Then

T () € hyy(f) + vect(F — A)

and
{1 vert(A) | (@) € hay (P())} < vert(F).

Proof. We have
By (f) + vect(F =) n C
< (hay(f) + vect(F — A)) n ()\ +Rso(C — )\))
= hy (f + vect(F — X)) N hyy,y (A +Rso(C = X))
= h)\ﬁl ((f + VeCt(F — )\)) N (/\ + R;o(é — /\))) .

By Lemma 4.12 applied to p = A, we have my, 0 hy, = hy, o m\. Therefore if
z € (hy,(f) + vect(F — X)) n C, we have

(@) = han(ma(y)),

for some y € (f + vect(F — X)) n (A + Rxo(C — X)). Using Proposition 2.33, we have
mA(y) € f + vect(F — A) and we deduce my ,(x) € hy,(f) + vect(F — X).
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Now we have 7y (y) = wm(y) = B0y L (W—A)+A. By Eq. (3.10), we have PN —
A= 77b - By Proposition 3.24 and Proposition 3.12, the map Fp, +— .7-" —o(Fi—2) is a
bijection between the faces of P(\) and those of P(A) — . Hence we have .FR>U(F1_)\) =
Fr, — A, for Fi € #\(H). By Proposition 2.33 (2) ﬂ'mi)\(y —A) e Fp

for
so(F1—X\)’
some subface F} of F' dominating \. Therefore 7y (y) € Fr,, and we get:

i e vert(A) | myy (@) € by (P(2)} = {u € vert(h) | may) € P(a)} = vert(FY),
which proves the lemma. ]

Lemma 4.16. Let 1 €]0,1]. Let C € Alc(H) and x € C. For X € vert(C), set Jy :=

Ian(x) = {v € vert(C) | mrpn(x) € hyy(P(v))}. Let No(v) = N¢ := min{|J,| | p €
vert(C)} and:

= {Aevert(C) | |JA] = Nc}.
Then:

1. There exists a face F of (A,H) such that J = vert(F). There exists f, € C n Fr
such that my n(x) = hyn(fz) for all X € J. More generally, for every p € vert(C),
we have . (z) = hyy (7. (f2))-

2. For every p € vert(C), we have J, D J; in the particular case when p € J, there
is an equality J,, = J.

3. We have x € Fy(fz).

Proof. Let A\g € J. Let F be the face of (A, ) dominating A\g and such that 7y, ,(z) €
hxon(Fr). By Lemma 4.10, we have my, ,(x) € C. Let Fy be the face of C' containing
Txom(x). By Lemma 3.23, we have that Fr is contained in the star E of F. As
Ao € vert(F) and n €]0,1], the set E is stabilized by hy,, and hence hy,,(Fr) c E.
Therefore F} dominates F'.

Write 7, () = hagn(fz), with fz € Fp n C. We have:

Jry = {v e vert(C) | mag n(x) € hrg n(P(v))}

= {v e vert(C) | hagy(fa) € hag n(P(¥))}
= {vevert(C) | fo € P(v)} = vert(F),

by Proposition 3.27. By Remark 4.9, we have
x € hyyy(fe) + vect(F — o).
Let p1 € vert(F). Then
T € hyup(fa) + (1 =n)(Ao — p) + vect(F — Xo) = hyup(fa) + vect(F — p).
By Lemma 4.15, we have 7, () € hyy(fz) + vect(F — p) and
Ty = (v € vert(8) | Ty (@) € hun (PO} < vert(F) = Jy,.
By minimality of J),, we deduce
Ju = Jy, = vert(F) c J. (4.6)

By the previous computations and by Proposition 3.27, we have hy,(fz), Tu,(x) €
hyy(Fr)(x+vect(F—p)). It follows from Proposition 3.24 that dir(supp(hy,(Fr))) =
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dir(supp(Fr)) = dir(supp(F))* and thus h,,(Fr) N (z + vect(F — 1)) is either empty
or a singleton. Therefore

h#ﬂ?<f$) = Tr}“vn(l‘)'
Let A € vert(F'). By Lemma 4.2, we have

x € 7T)\777({L') + R;o(? — )\) = h)\,n(f;r) + R)[)(F — )\)
Using Proposition 4.11, we deduce that = belongs to:

(1 (an(fe) +Roo(F = X)) =nfe+ Q=1 [ (A +Rso(F—1)
Aevert(F) Aevert(F)

=nfs+ (1 - 77)?
Using (4.4) we deduce statement 3):
x € conv({hy,(fz) | A€ vert(F)}). (4.7)

Let p € vert(C). By Propositions 3.27 and 4.8, we have

m(f)e () PW). (4.8)

vevert(F)u{u}

Let Fy be the face of (A,H) such that 7,(f;) € Fr,. Then by Proposition 3.27, we
have vert(Fy) o vert(F). Let A € vert(F). By Lemma 4.12, we have m,,,(hx,(fz)) =
B (mu(f2)). By Eq. (2.1), ()"t (R (7 (f2))) is convex. Using Eq. (4.7) we deduce

Wu,n(x) = h,u,n (Wu (fz)) -

Using Eq. (4.8) we deduce that J, o vert(F) u {u} = Jy, u {u}. Consequently for
€ vert(C)\Jy,, we have |J,| = |Jy,| + 1= Nc + 1 and p ¢ J. Therefore J < J), and
hence by (4.6), we have

J = Jy, = vert(F),

which completes the proof of the lemma.
O

Lemma 4.17. Let C € Alc(H) and x,2' € C. Then x = 2 if and only if (for all
A € vert(C), my(z) = ma(2)).

Proof. Assume that m)(z) = my(2’) for every A € vert(C'). For X € vert(C), set

In = {pevert(C) | ma(z) € P(A) n P(u)}-

Let J = {\ € vert(C) | |Jx| = N¢(x)}. By Lemma 4.16 applied with n = 1, we have
{z,2'} < (\ey P(A). Take A € J. Then my(z) = x = my(z') = &’ O

Lemma 4.18. Let z € A, n €]0,1] and F be the face of (A, H) containing x. Then
Fy(x) c F.

Proof. Let Fy € % (H) be such that x € Fr,. Then by Lemma 3.23, we have F} < F.
For X € vert(F), we thus have |\, z] < F' and hy,(z) € F. Consequently Fy(x) =
conv({hy,(x) | A € vert(F1})  F. O
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Theorem 4.19. Let A be a finite dimensional vector space and ® be a finite root system
in A. Let H = {a'({k}) | « € ®, k € Z}. We choose a fundamental alcove Cy
of (A,H) and choose by € Cy. If X is a vertex of (A,H), we choose an alcove C
dominating X and we set bo, = w.bg if w is the element of the affine Weyl group
Wail of (A,H) sending Co to C. We set P(A) = conv(Wll.be, ), where W is the
fizator of X\ in W2, If x € A, we define Fp(x) as the unique face of (A, H) such that
T € Fppz) = Intr(conv(W;g(z).bc)), where be is an alcove dominating Fp(x) and
W?’ff(m) is the fizator of Fp(x) in Wa. Ifn €]0,1], we set F)(x) = nz + (1 — n)Fp(z).
Then we have:

vn €l0,1], A = um.
TEA

Proof. Let C be an alcove of (A,H) and y € C. For X € vert(C), set Jy,(y) = {u €

vert(C) | man(y) € han(P (1)} Let Ny = min{|Jyy(y)] | 1€ vert(C)}, and

J = {xevert(C) | [Iny(y)] = New)-

By Lemma 4.16, there exists f, € Int, (ﬂyej 73(1/)) such that y € F,(f,). Therefore

Uzeé F77($) =C. o o

Let z,2" € A be such that F,(z) n F,(2') # & and let y € F(x) n F,(a2'). Let F
and F’ be the faces of (A, H) containing x and 2’ respectively. Then by Lemma 4.18,
y € F n F', which proves that I = F’. Let C be an alcove dominating F. By
Lemma 4.14, we have 7, ,(y) = hun(mu(x)) = hyy(mu(2)) for every p e vert(C).
Therefore 7, (x) = m, (') for every p € vert(C') and = = 2’ by Lemma 4.17. O

Corollary 4.20. Let n €]0,1]. We have:

A= || haaPO) o | ] Fy(x).

Aevert(A) er)\evert(A) Fr(P(\))

Remark 4.21. 1. Note that when n = 0, we have Fy(bc) = C for each alcove C.
Therefore we still have A = |J,cp Fo(x), but this is no longer a disjoint union
according to Lemma 3.25.

2. Let F be a face of (A,H). Let x € Fp and n €]0,1[. Then for every vertex \ of
F, we have Fy(x) = nx + (1 —n)F = hy,(x) + (1 —n)(F — X). Indeed, we have
han(z) = X+n(xz—X) = (1 —n)A+nz.
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Figure 4.4: Ilustration of Theorem 4.19 in the case of Ay and n = 1/2.

*—|

Figure 4.5: Ilustration of Theorem 4.19 in the case of Gy and n = 1/2.
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