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Rapid Gas Bubble Growth in Basaltic Magma as a Source of
Deep Long Period Volcanic Earthquakes
Oleg Melnik'

, Vladimir Lyakhovsky? ¢, and Nikolai M. Shapiro’

"[STerre, Université Grenoble Alpes, CNRS, Université Savoie Mont Blanc, IRD, Université Gustave Eiffel, Grenoble,
France, 2Geological Survey of Israel, Jerusalem, Israel

Abstract In this paper, we present numerical modeling aimed to explain Deep Long Period (DLP) events
occurring in middle-to-lower crust beneath volcanoes and often observed in association with volcanic eruptions
or their precursors. We consider a DLP generating mechanism caused by the rapid growth of gas bubbles in
response to the slow decompression of H,O—CO, over-saturated basaltic magma. The nucleation and rapid
growth of gas bubbles lead to rapid pressure change in the magma and elastic rebound of the host rocks,
radiating seismic waves recorded as DLP events. The magma and host rocks are modeled as Maxwell bodies
with different relaxation times and elastic moduli. Simulations of a single sill-shaped intrusion with different
parameters demonstrate that realistic amplitudes and frequencies of P and S seismic waves can be obtained
when considering intrusions with linear sizes of the order of 100 m. We then consider a case of two closely
located sills and model their interaction. We speculate on conditions that can result in consecutive triggering of
the bubble growth in multiple closely located batches of magma, leading to the generation of earthquake swarms
or seismic tremors.

Plain Language Summary Volcano seismology is one of the main geophysical methods used to
study volcanic processes and to forecast the eruptions. It is based on analysis of ground motion recorded by
seismographs installed in the vicinity of volcanoes. Different seismic signals such as impulsive volcanic
earthquakes and nearly continuous volcanic tremors are recorded during periods corresponding to preparation of
eruptions. Some of them originate from depths of a few tens of kilometers, that is, from the roots of the system
that feeds the magma supply to volcanoes and their eruptions. Therefore, such deep seismic sources are
particularly interesting because they may represent early eruption precursors. While we still lack physical
understanding of the processes leading to this deep volcanic seismicity, there are several reasons to consider that
it is not caused by a sudden slip on faults responsible for the majority of “regular tectonic” earthquakes. In this
paper, we use numerical simulations to test another possible mechanism of generation of deep volcanic
earthquakes. Namely, we assume that they can be caused by rapid growth of bubbles from the gas that was
initially dissolved in the magma. We use numerical simulations to demonstrate that this model predicts main
properties of the observed seismic signals.

1. Introduction

Gas exsolution in the magma is one of the main driving forces behind the volcanic activity. The separation of gas
and melt phases leads to the formation of bubbles, whose presence increases the magma buoyancy thereby leading
to its ascent. Degassing is very strong at the very top part of volcanic systems where most of gases, especially
H,O0, no longer remain dissolved due to the pressure decrease (e.g., Wallace et al., 2015). Therefore, dynamics of
gas bubbles in the magma is predominant during the eruptions (e.g., Cassidy et al., 2018; Jaupart & Verg-
niolle, 1988) and other near-surface volcano-related processes. In particular, the gas exsolution and associated
bubble growth can cause significant magma pressure variations. If these pressure perturbations are sufficiently
rapid, they are transmitted into the surrounding elastic media as seismic waves that can be recorded by seis-
mographs as volcanic earthquakes. Such rapid pressure changes can occur when a magma volume first reaches the
saturation level and then achieves the critical supersaturation after which the gas bubbles nucleate and grow
rapidly (Lensky et al., 2006; Lyakhovsky et al., 1996).

In one scenario, a rapid decompression of a shallow intrusion caused by a sudden gas escape via conduit results in
a critical magma supersaturation. This pressure drop is fallowed by a pressure recovery because of the gas bubble
grows (Nishimura, 2004). B. Chouet et al. (2006) modeled such sequence of magma depressurization-
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pressurization and related elastic deformation of the surrounding rocks in order to explain very long period
seismic signals associated with the Vulcanian explosions at Popocatépetl Volcano in Mexico (B. Chouet
et al., 2005). They considered a sill-shaped volume of rhyolitic magma at a depth of 1.5 km. The system response
has been found to depend strongly on various parameters such as volatile diffusivity in the melt, the bubble
number density, the initial bubble radius, and the shape of the intrusion. The model could reasonably explain
observed seismic waveforms within the range of acceptable parameters and predicted pressure variations of the
order of a few MPa with characteristic timescale of tens of seconds.

Another scenario has been recently considered by O. Melnik et al. (2020) to explain the Deep Long Period
(DLP) earthquakes occurring in middle-to-lower crust beneath volcanoes and often associated with eruptions or
their precursors (e.g., Aso & Tsai, 2014; Aso et al., 2013; Greenfield et al., 2022; Hensch et al., 2019; Ikegaya &
Yamamoto, 2021; Kurihara & Obara, 2021; Kurihara et al., 2019; Lu & Bostock, 2022; Nichols et al., 2011; Pitt
& Hill, 1994; Power et al., 2004; Shapiro, Droznin, et al., 2017; Song et al., 2023; Ukawa & Ohtake, 1987; Wech
et al., 2020; White et al., 1996). In some cases, the origin of these DLP earthquakes has been attributed to the
processes occurring within a cooling magma body stalled beneath the crust such thermal stresses (Aso
et al., 2013) or “second boiling,” that is, repeated pressurization by volatiles exsolution during magma crys-
tallization (Wech et al., 2020). However, such cooling-related mechanisms are unlikely for DLP events
occurring beneath active volcanoes in association with eruptions. Previous studies of moment-tensor inversion of
the DLP earthquakes (e.g., Aso & Ide, 2014; Hensch et al., 2019; Ikegaya & Yamamoto, 2021; Nakamichi
et al., 2003) demonstrated a strong volumetric component in the seismic source suggesting a generating process
involving pressure variations in a molten magma. Therefore, O. Melnik et al. (2020) suggested a possible DLP
generating mechanism related to the rapid growth of gas bubbles in response to the slow decompression of over-
saturated magma. In this model, a volume of magma saturated with H,O—CO, volatiles is slowly rising up which
causes its depressurization. This magma first reaches the saturation level and then achieves the critical super-
saturation after which gas bubbles nucleation causes rapid pressure and elastic stress variations resulting in
seismic waves recorded as DLP earthquakes.

The model of O. Melnik et al. (2020) was particularly aimed to explain the DLP earthquakes occurring beneath
the Klyuchevskoy volcano in Kamchatka, Russia (e.g., Fedotov et al., 2010; Koulakov et al., 2020; Shapiro, Sens-
Schonfelder, et al., 2017) just beneath the crust-mantle boundary (Galina et al., 2020; Journeau et al., 2022; Levin
et al., 2014; Shapiro, Droznin, et al., 2017) at a depth of approximately 30-35 km. A recent study of DLP
earthquakes in this region (Galina & Shapiro, 2024) have shown that source mechanisms with dominating shear
faulting (double couple) are unlikely to explain observations and that the observed signal amplitudes can be better
predicted with mechanisms containing strong volumetric or single force components. In particular, expansion of
sill-shaped magmatic intrusions has been found among the processes reasonably compatible with observations.

Recent studies suggested that primary Klyichevskoy magma may contain more than 4 wt% H,O and 0.35-0.9 wt%
CO, (Mironov & Portnyagin, 2011; Portnyagin et al., 2007, 2019). Single H,O volatile phase would result in a
small saturation depth, but the addition of ~ 0.6 wt% of CO, decreases volatile solubility dramatically (e.g.,
Burgisser etal., 2015b; Papale, 1999) so that magma becomes super-saturated at pressures above 800 MPa (~30 km
depth). This could imply that in the Klyuchevskoi magmas the gas bubbles start to appear at depths of 30—-40 km. O.
Melnik et al. (2020) verified this possibility of the deep gas exsolution with the “D-Compress” software (Burgisser
et al., 2015a) and estimated the volatile solubility at depths close to 30 km in magmas containing 0.6-0.7 wt% and
3-5 wt % H20. More recently developed “VESIcal” model (TIacovino et al., 2021) calibrated on experimental data
sets at pressures up to 1 GPa (Wieser et al., 2022) showed the ranges of volatile content comparable to previously
predicted by “D-Compress.” These computations have shown that the Klyuchevskoy magmas may become su-
persaturated at such large pressures and depths leading to bubble nucleation and rapid growth. The fluid in the
bubble after nucleation contains 60-65 wt% CO2 and 40-35 wt% H20. At 800 MPa pressure and temperature of
1200 C, this fluid is supercritical and has a density of 900 kg/m?>.

O. Melnik et al. (2020) have shown that for realistic magma compositions and values of the gas and bubble
content, the elastic deformation of surrounding rocks forced by the expanding bubbly magma can be fast enough
to generate seismic waves. They approximately estimated a volume of bubbly magma of ~ 10>—10*m? would be
necessary to explain amplitudes of signals recorded from the DLP earthquakes beneath the Klyuchevskoy vol-
cano. Nevertheless, this model contained important approximations. First, an instantaneous bubble nucleation in
the whole batch of magma was assumed, similar to B. Chouet et al. (2006). However, such scenario is unlikely
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within the slowly uplifting magma batch. In this case, we can rather expect that the bubble growth will be first
triggered in a small volume and then the nucleation front will spontaneously propagate through the rest of the
magma body. Second limitation of O. Melnik et al. (2020) was that only a spherical-shape intrusion was modeled.
Also, excitation of seismic waves was not explicitly computed and the amplitudes of seismograms were predicted
based on a simplified approximation.

To overcome the mentioned shortcomings, we developed a more complete and accurate model of generation of
seismic waves by the pressure variations caused by bubbles growth in basaltic magma. The model is based on an
accurate numerical solution of coupled fluid-elastic equations and includes: (a) a bubble nucleation occurring in
the portion of the magma, where the pressure decreases below the saturation by a small threshold value; (b) a sill-
shape magma intrusion, and (c) an exact estimation of the associated seismic potency (moment) tensor in order to
compute the seismograms.

We start with formulating the mechanical model in Section 2. A particular attention is payed to an accurate
description of the compressibility of the bubbly magma and its variations in association with the bubble growth.
We then apply the developed mechanical framework to model the gas bubble growth in an intrusion shaped as a
horizontal sill. The numerical implementation and model settings are described in Section 3. The results of the
modeling are presented in Section 4 and their implications are discussed in Section 5. In particular, after
considering solutions for a single sill-shaped intrusion with different parameters, we introduce a case of two
closely located sills and model their interaction. We then speculate how such interaction can result in consecutive
triggering of the bubble growth in multiple closely located intrusions and lead to generation of earthquake swarms
or seismic tremors.

2. Mechanical Model of a DLP Earthquake Source

All variables and notations are summarized in Table 1.

2.1. Conceptual Model

We consider a scenario illustrated in Figure 1a. Basaltic magmas rising from the mantle are underplated beneath
the Moho forming sill-shaped intrusions. Following O. Melnik et al. (2020), we consider that H,O-CO, rich
basaltic magma becomes oversaturated at these depths leading to a spontaneous nucleation and rapid growth of
gas bubbles within the sill. This results in pressure variations coupled to elastic deformation of the surrounding
rocks and generation of seismic waves that are then recorded by seismographs installed at the surface.

Evolution of the magma pressure in a small volume is schematically illustrated in Figure 1b. The slowly rising
magma at some depth reaches the saturation pressure Pg and then becomes oversaturated. The spontaneous bubble
nucleation does not start immediately at this saturation threshold but at some lower critical pressure P, that is, at a
smaller depth where the sill is located.

In our study we focus on the processes of rapid deformation caused by the bubble growth and do not model the
slow process of magma raising and gas diffusion prior the bubble nucleation. We start our simulation with
considering a sill with initial homogeneous pressure P;, that is slightly above Py:

P,, = Py + 6P (1)

This small “nucleation threshold” 6P is introduced to avoid the simultaneous bubble growth in the whole magma
volume. We then trigger the gas exsolution in an initial small volume (Figure 1c) by decreasing its pressure to P.

As argued in O. Melnik et al. (2020) (Methods section), the combined heterogeneous and homogeneous nucle-
ation of bubbles in a small volume takes less than 0.01 s, that is, two orders of magnitude below typical bubble
growth times. Therefore, we approximate the nucleation as an instantaneous process. The initial gas pressure P,
withing the nucleating bubbles is equal to saturation threshold Py (Lyakhovsky et al., 1996) which is above the
pressure in the surrounding melt P,. As a result, the bubbles start to grow rapidly while their pressure initially
decreases. The overall magma pressure P() grows rapidly and reaches some equilibrium level P,,. Rapid pressure
variations withing this initial volume lead to perturbations of the pressure and elastic stresses in its vicinity and, in
particular, to the pressure reduction is some parts of the sill. When this reduction reaches the nucleation threshold
(Py = P,, — 6P), new bubbles nucleate and start to grow. Such “nucleation front” propagates along the whole
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Table 1

Notations and Variables

Notation

Variable description

B
opP

€q

Pg
P
Ass th
m
K,

Time

Time since bubble nucleation

Spatial cartesian coordinates

Displacement

Total strain

Elastic strain

Irreversible strain

Volumetric strain

Stress

Deviatoric stress

Pressure of the melt

Pressure of the gas

Pressure of the bubbly magma

Saturation pressure

Bubble nucleation pressure

Pressure over-saturation

Initial pressure

Initial “threshold” above nucleation pressure
Equilibrium pressure at the end of the bubble growth
Density

Gas density

Melt density

Lame elastic moduli of the solid

Shear modulus of the melt

Bulk modulus of the melt

Viscosity of the melt

Radius of a gas bubble

Radius of an idealized spherical cell containing a single gas bubble
Initial radius of an idealized spherical cell

Volume fraction of bubbles

Bubble number density

Fitting parameters in the approximate pressure evolution (Equation 12)
Mas off the gas stored in a gas bubble and dissolved in a surrounding elementary cell
Gas concentration in the melt

Gas concentration st the saturation pressure Pg

Gas concentration st the nucleation pressure P,
Coefficients in linear approximations for gas concentration and pressure
Seismic potency

Seismic moment

Green's function

Direction cosines

Source station distance

P and S seismic wave velocities
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Figure 1. Schematic representation of the Deep Long Period source model. (a) General geometry with a source (a sill filled
with a rapidly exsolving basaltic magma highlighted with the red color) located at the crust-mantle boundary and the station
recording seismic waves located at the surface. (b) A schematic evolution of pressure in a model element containing magma.
See Section 2.2.4 for details. (c)—(e) Main stages of the rapid bubble nucleation and growth of the magma within a sill.

sill (Figure 1d) causing it expansion (Figure le) and leading to elastic deformation of the surrounding rocks and
generation of seismic waves recorded at the surface.

2.2. Mathematical Formulation for a Coupled Fluid-Solid System With Bubbles

In this study, we do not model microscopic processes of the gas bubble growth within the magma. Instead, we use
the effective macroscopic behavior by approximating the results of model of O. Melnik et al. (2020) to describe
how the magma pressure and effective macroscopic rheology vary in time. This model (briefly described in
Appendix A) follows previous developments (e.g., B. Chouet et al., 2005, 2006; Lyakhovsky et al., 1996;
Nishimura, 2004; Prousevitch et al., 1993; Sparks, 1978) based on an approximation that represents the bubbly
magma as a continuum of overlapping spherical cells of equal volumes, each containing an individual bubble and
expanding because of its growth (e.g., Scriven, 1959) induced by diffusion of volatiles. O. Melnik et al. (2020)
adopted this model for a case of simultaneous diffusion of two volatiles: H,O and CO,.

In all above mentioned models, the time varying pressure was approximated as spatially homogeneous within the
whole considered magma volume. Based on this approximation, the pressure variations could be coupled to
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deformation of the surrounding elastic media (rocks) and consequent generation of seismic waves when
considering simplified geometries of the magma volume such crack or pipe and respective analytical expressions
(Nishimura, 2004; B. Chouet et al., 2005, 2006; O. Melnik et al., 2020).

The main goal of our present work is to go beyond this approximation. Therefore, we develop a formalism in
which the pressure is allowed to be spatially variable within the magmatic intrusion. Its space-time evolution is
coupled with the space-time variations of mechanical stresses in the surrounding elastic media via the governing
equations of the continuous mechanics that are solved numerically with a finite element approach. This solution is
straightforward for elements containing rocks or bubble free magma (approximated as viscous fluid). For ele-
ments with bubbly magma, at each time step, we re-adjust the bubble volume fraction depending on the evolving
volumetric stress (pressure) to satisfy the mass conservation as described in Section 2.2.4. This results in an
effective rheology of the bubbly magma that is based on an approximate linearized functional dependence of gas
concentration and density on pressure.

For simplicity, in the following, we describe application of this new modeling approach to a geometrically simple
case of axially symmetric sill intrusion with initially homogeneous pressure distribution (that becomes spatially
heterogeneous as a result of pressure and stress variations). At the same time, we note that the proposed numerical
modeling can be directly applied to more complex geometries and pressure variations.

2.2.1. Governing Equations

We numerically solve the equations of continuum mechanics in a media consisting of a sill-shaped cavity filled
with a viscous fluid (basaltic magma) embedded in an elastic medium (rocks). In the absence of body forces, the
main dynamical equation is:

0%u;(x,1) _ 00;;(x, 1)
P T oy

@

where p—material density; u;(x, f)—displacement vector; o;;(x, t)—stress tensor. The total strain tensor ej;(x, 7) is
calculated from the displacement field as:

l(aui(x, 1) + duy(x, f)) 3)

!

eyt = 2 ox; 0x;

Different stress—strain constitutive relations (rheology) are adopted for model elements containing the sur-
rounding rocks and the magma. Moreover, the behaviors of the initial bubble-free magma and of the one with
growing bubbles are modeled differently. The surrounding rocks are modeled as linear elastic media. The bubble-
free magma is modeled as a Maxwell visco-elastic body with very low elastic shear modulus. The effective time-
variable rheology of the magma with bubble is approximated based on solution of O. Melnik et al. (2020). Details
of these three different rheologies are described in the following subsections.

2.2.2. Solid Rock Rheology

The model elements containing the host rock are simulated as perfectly elastic isotropic Hookean solid (sﬁj = &,

where upper index e corresponds to elastic deformations). The constitutive stress-strain relation for elastic de-
formations is:

0y = As€y Oy + 2,E]; )
where A; and p, are Lame elastic moduli of the solid.

2.2.3. Rheology of Bubble-Free Magma

In the model elements containing the magma with the pressure that did not yet dropped below the critical value
associated with the super-saturation of the gas dissolved in the melt, the magma remains bubble-free. In this state,
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it is composed of basaltic melt that is approximated by Maxwell visco-elastic media with the total strain, sﬁj, being
a sum of the elastic, ef/. and irreversible (viscous deformation), ef;’, strain components.
eij =&+ £ (5)

i
The stress is separated in a deviatoric (zero-trace) component z;; and volumetric pressure of the melt P,,:

7; = 65 + Py 6 (6)

Py = —0/3 @)

The deviatoric stress is related to the elastic strain via the magma shear modulus 4, and to the irreversible strain
via a Newtonian stress—strain-rate relation with the melt viscosity #

irr
el

Ty =2u,e5 =1 d—l; ®)

i, is set to be very small. As a result, the deviatoric stress in the magma is mainly controlled by the viscous
deformation.

The pressure is related to the volumetric strain component €, = —e&f,/3 via the melt bulk modulus K,

P, =Ky, )

2.2.4. Rheology of Bubbly Magma

In the model elements containing the magma where the nucleation condition is reached, bubbles nucleate and start
to expand. In this case, the magma needs to be considered as mixture of melt and gas, although the bubble volume
fraction remains small (less than 0.1%, O. Melnik et al. (2020)). As a consequence, Equation 9 must be modified
to account for the added volume of gas. Also, we cannot consider the melt pressure P,, as main macroscopic
variable. Instead we need to use the pressure of bubbly magma P, that is not simply controlled by volumetric
strain alone but also varies in time with bubble growth.

The dynamics of bubble growth under various conditions have been widely discussed in the literature (see reviews
by Sparks (1978) and Gardner et al. (2023) and references therein). According to the bubble growth model
(Lyakhovsky et al., 1996; Prousevitch et al., 1993) the gas diffusion into the small bubble is very efficient at the
initial stage of growth following the nucleation. The initial pressure difference or nucleation pressure is partly
compensated by the surface tension term, which decreases as inverse of the bubble radius, 1/R. The surface
tension steeply decreases with the bubble growth and the pressure driving the bubble expansion practically re-
mains constant. At this stage, the exponential increase of the bubble radius is controlled by the viscosity of the
surrounding melt and the over-pressure, AP, or the difference, AP = P; — P,, between the saturation pressure,
P, and the nucleation pressure in the surrounding melt, P,. With the increase of the bubble radius, the efficiently
of the diffusion decreases, and the rate of the bubble growth is controlled by the diffusive gas flux from the
surrounding melt cell with a radius S. Finally, the bubble size and gas pressure approach their equilibrium values
depending on the initial values of pressure, gas concentration, and cell size, as well as melt properties.

The initial cell size, S, or the melt volume surrounding every bubble may be calculated assuming certain number
of bubbles nucleated from the unit melt volume, or bubble number density, N,:

4 1

—nSy=— 10

377 0 N, (10)
The details of a single bubble growth model developed by (O. Melnik et al., 2020) consists of Raleigh-Lamb
equation coupled with diffusion equations for two main dissolved volatile, H,O and CO,, and is briefly dis-
cussed in Appendix A. We apply this model to each magma-containing model element where the pressure
dropped below the nucleation threshold Py. The gas pressure inside the bubbles P, just after nucleation is equal to
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104 the saturation pressure P (Lyakhovsky et al., 1996). It is several tens of MPa

......... higher than the initial pressure in the surrounding melt P,,. At final stage of the
bubble growth both gas and melt P,, pressures approaches to the equilibrium
o 081 pressure, P,,. We can define the pressure in the bubbly magma P, as:
£ oo P, = Pa+P,(1—a), )
[
3
E 041 where a is the volume fraction of bubbles, o = f—f
§ Ng =103 ’
- 2 b= -28 Figure 2 shows the overpressure, (P, — Py)/(P,, — Py), evolution in the

0.2 — 2’1 =_1(1’:7 bubbly magma pocket simulated by the model from O. Melnik et al. (2020).

— Ny =10 Similar to this study, we consider compositions inferred for primary basaltic

0.0 o™ b= —1355 magma beneath Klyichevskoy volcano in Kamchatka with 4 wt% H,O and

00 o1 03 04 05 CO, content estimated for a 828 MPa isobar (Mironov & Portnyagin, 2011;
time (s) Portnyagin et al., 2007, 2019) and three different values of the bubble number

Figure 2. Normalized overpressure of the bubbly magma
(P, — Py)/(Poy — Py) predicted by the model of O. Melnik et al. (2020) for
different values of number density of bubbles.

densities, N; = 10'3/m?® (gray line), N; = 10'%/m® (red line),
Ny = 10/m3 (blue line). Here we use the initial over-pressure  of
AP = P, — P, = 40 MPa (Shea, 2017). This pressure increase leads to a
deformation of the surrounding rock mass and serves as a source pressure for
the sill opening.

In our simulation, the gas bubbles are not triggered instantaneously in the whole volume. Therefore, the pressure
increase is recalculated separately in every bubbly magma containing model element depending on the respective
triggering time. For this goal, recomputing at every time step the solution of O. Melnik et al. (2020) is not
practical. Therefore, we approximate these S-shaped pressure curves with a simple analytical function (shown
with dotted lines in Figure 2):

(Py — Py)/(Poy — Py) =1 — exp(b 1) (12)

where t, is time since the bubble nucleation and § = 2.4 is the first fitting coefficient. The second fitting coef-
ficient b significantly depends on the assumed bubble number density. The fitted values are: b = —28 for
N, = 1083/m3, b = —187 for N; = 10'%/m?, and b = —1355 for N; = 10"°/m?>. Figure 2 shows the com-
parison between calculated and fitted pressure variations for different number density of bubbles.

To account for the effect of deformable elastic medium on the gas bubble growth, the equilibrium pressure P,, in
the every magma-containing model element is not set as a constant but is recomputed at every iteration depending
on the deformation of the surrounding rock and volume change of the considered bubbly melt pocket. In this
approximation, it varies with varying magma pressure P,,. This dependence P,,(P,) is calculated using the

conservation the mass n1, of the gas stored in the bubble and dissolved in the surrounding elementary cell:

_4

4 4 4 4
my = 37:(S3 - R3) Cp,, + —ﬂ'R3pg = _x1S3Cp,, + —7rR3/)g =183 Cyppn (13)

3 3 3 3

where C; is the gas concentration at the super-saturation needed for the bubble nucleation, p,, is the melt density
that is assumed constant (we neglect its variations in comparison to the gas density changes). We use linear
approximations, valid for small changes in pressure, for gas density, p,:

Py =ar(Pb_PO)+br (14)
and dissolved gas concentration C:
C=ac(Pb—P0)+C0 (]5)
MELNIK ET AL. 8 of 23
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with the following values taken from O. Melnik et al. (2020): a. = 1.44 x 10 MPa~!,
a, = 0.586 kg/m3/MPa, b, = 902.5 kg/m?>. The value of C, defines the volatile concentration at pressure P,.

With substituting these linear approximation into the gas mass balance Equation 13 and considering P, = P,, and
P, = P, in its left and right sides, respectively, we obtain:

S?)pm(ac(Peq - PO) + CO) + RS(ar(Peq - P(J) + br) = Sgpm(ac(Ps - PO) + CO) (16)
and dividing by S?) leads to:
pm(ac(Peq - PO) + CO) + a(ar(Peq - PO) + br) = pm(ac(Ps - PO) + CO) (17)

By solving Equation 17 against P,, we obtain the relation that adjusts equilibrium pressure in Equation 12

— pmacPs + a(arPO - br)
aa, + acp,

(18)

eq

Equation 12 together with 18 govern the evolution of the source pressure in the bubbly magma. As soon as the
nucleation condition is reached in particular cell instead of using Equation 9 to calculate the pressure from
volumetric strain, we assume that the pressure is specified by Equation 12 and the volume fraction of bubbles is
calculated as a difference between the total volume change and the elastic melt expansion:

a=8v_Pb/Km (19)

Equation 18 together with 19 links the equilibrium pressure with the volumetric sill expansion. At the first time
step of gas bubble growth, their volume fraction a is equal to zero and from Equation 18 we obtain P,, = P;.
Then, at every time step, we re-calculate the volumetric strain and estimate new values of a and equilibrium
pressure P, from Equations 18 and 19. Finally, the new value of P, is estimated from 12 and is used in the new
step of the time marching.

2.3. Generation of Seismic Waves

The deformation of the sill and surrounding media caused by the bubble growth generates a far reaching elastic
field. If this deformation is sufficiently rapid, it will result in seismic waves transmitted into the surrounding
elastic media and recorded by seismographs as volcanic earthquakes. To avoid excessive computations when
calculating associated synthetic seismograms, we apply a standard separation of scales used in seismology. The
details of the spatially heterogeneous source processes are computed within a small volume. The results of this
computation are then coupled to a wave propagation in a simpler elastic media that can be described with
associated Green's function. The seismic source associated with the magmatic sill and the deformation of the
surrounding rocks can be seen as an ensemble of time variable equivalent mechanical forces arising from the
inelastic deformation in the source region. Considering the small size of this source region (~ 100 m) relative to
distance along which the seismic waves propagate (tens of kilometers) and to the typical wavelength of the
seismic waves withing the crust (kilometers), these equivalent forces can be condensed into a point-source
described by a nine-component tensor. This source description is not based on some particular geometry of
the magmatic intrusion but is derived from the full results of the coupled fluid-elastic numerical simulation by
integrating the irreversible strain over the source volume (e.g., Backus & Mulcahy, 1976; Ben-Menahem &
Singh, 2012; Eshelby, 1957):

() = f (0 (20)
174

This tensor IT;(7) is called potency or geometrical moment. Indexes i and j represent the cartesian coordinates (X,
Y, Z). The integration volume in 20 is restricted to the sill because the irreversible strain vanishes outside it. The
potency tensor is related to the more broadly known moment tensor M;;() via the Hook stress-strain relation of the
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host rock (e.g., Ben-Zion, 2003). This latter is modeled as an isotropic elastic media described with Lame pa-
rameters A, and p, resulting in:

My(1) = Ay (DS + 2p,11;(1) (21)

Synthetic displacement seismograms are then computed as a convolution of the time-dependent seismic moment
with the spatial derivatives of the Green's function (tensor) G:

u,(t) = My, ,(t) % G, , (22)

where u,(¢) is the displacement in the cartesian direction n. For simplicity, we use the Green's function expression
fot a homogeneous and isotropic elastic media (Aki & Richards, 2002, Chapter 4, Equation 4.29) and only keep
the far-field P- and S-wave terms. The near- and intermediate-field terms of the Green's function are ignored
because the source-receiver distance is significantly larger than the wavelengths at dominant frequencies (above
1 Hz). The resulting displacement is then computed as:

yn}’p]’q 1. r }/n}/p - anp 1. r
0= (- D)= (2= 0w, T (- 2 23
1) 4ﬂpVI3, r P v, ArnpV3 Yoy "pa Vi (23)

where 7 is the source-receiver distance, p is the media density, and V,, and V, are P- and S- wave velocities,

respectively. y; are direction cosines (in notations of Aki and Richards (2002)). The resulting displacement
seismograms are composed of P and S arrivals with waveforms proportional to the first derivative of the time-
dependent moment (potency) function and amplitudes controlled by combinations of source radiation patterns
with geometrical spreading (%) . The velocity waveforms (typically recorded by seismic instruments) are then
proportional to the second time derivative of the potency function.

3. Numerical Method and Model Settings

The 3D numerical modeling was performed using Explicit Finite Difference Lagrangian method, based on the
FLAC (Fast Lagrangian Analyze of Continua) algorithm originally developed by Cundall (1988) for elasto-
plastic rheology and implemented in the ITASCA software. The FLAC algorithm was modified for visco-
elastic media (Poliakov et al., 1993). A modified version of this code incorporating heat transport is known as
PAROVOZ and is widely used by many researchers. Lyakhovsky et al. (2001) developed their own 3-D code for
quasi-static visco-elastic damage rheology modeling, which was used in many geodynamic applications. Later on
the code was modified for dynamic processes, by reducing force damping to realistic values corresponding to
wave attenuation. The numerical time-step was defined according to the Courant—Friedrichs—Lewy stability
condition for explicit time-marching simulations. Technical details of the numerical approach for dynamic
modeling of seismic wave propagation were discussed by Lyakhovsky et al. (2016).

We considered several cases of the model geometry. Most of simulations were performed for the model volume
200 x 200 x 100 m with a 50 m radius and 3 m thick cylindrical sill located in the center (Figure 3a). In a few cases
the model size have been doubled (both model dimensions and sill radius) keeping the same thickness. In the last
series of the model runs two cylindrical sills with 40 m radius located in the same plain with three different
distances, 40, 45, 50 m., between their edges (Figure 3b). The model was sampled with an adaptive grid with
tetrahedral elements shown in Figure 4a. The smallest 0.5 m size elements are placed within the sill and their size
gradually increases in vertical direction (Figure 4b).

Equation 2 is solved with fixed zero displacement boundaries with attached narrow layer of highly damping
material that prohibits the reflection of waves traveling inside the host rock. The initial stress is equal to P;, with
zero deviatoric components.

The elastic material surrounding the sill has the properties close to those of the mantle: the density
p, = 3000 kg/m?, bulk modulus K, = 80 GPa, and rigidity (shear modulus) g, = 50 GPa. With these prop-
erties the seismic wave velocities in the host rock are: V, = 7 km/s, V; = 4.1 km/s. We considered physical

properties of the melt inside the sill typical for basaltic compositions (e.g., Lesher & Spera, 2015). It is
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Figure 3. Geometries used in numerical simulations (dimensions are shown in meters). (a) A cylindrical sill of 50 m radius and 3 m thickness. Red color show the volume
in which the bubble growth is triggered. (b) Two cylindrical sills of 40 m radius and 3 m thickness. The bubble growth is triggered in the center one of the sills (red
color).
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Figure 4. Adaptive grid with tetrahedral elements used for the numerical solution. (a) Cross-section the model shown in
Figure 3a through the center of the sill in X direction. (b) Zoomed view of the grid surrounding the triggering region.
Elements containing solid rocks and magma are shown with green and light green colors, respectively. The initial bubble
growth is simultaneously triggered in the volume composed of elements indicated with the red color.
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Table 2
Main Parameters of the Tested Models

Run# Model ID Sill size (m) Nd (1/m3) Nucleation threshold 6P (kPa) Melt viscosity (Pa s) Potency (m3)

1 NI-A 50 10" 10 100 2233
2 NI-B 50 10" 30 100 21.69
3 NI-C 50 10" 50 100 20.24
4 N2-A 50 10" 10 100 22.29
5 N2-B 50 10" 30 100 22.13
6 N2-C 50 10" 50 100 21.90
7 N3-A 50 10 10 100 22.12
8 N3-B 50 10" 30 100 21.88
9 N3-C 50 10 50 100 21.65
10 NI1-B VOI 50 10" 30 10 22.30
11 N1-B V10 50 10" 30 1,000 22.36
12 N1-B L100 100 103 30 100 100.41
13 N4-1 2 x 40 Dist. 120 3 x 10" 20 100 28.69
14 N4-2 2 x40Dist. 125 3 x 10" 20 100 28.17
15 N4-3 2 x 40 Dist. 130 3 x 10" 20 100 14.39

characterized by a density of p,, = 2800 kg/cm?, a bulk modulus of 10 GPa, and a very low rigidity (5 orders of
magnitude below the host rock rigidity). Melt viscosity () varied between 10 and 103 Pa-s between different
model runs. These values provide numerical stability of the Maxwellian visco-elastic solution with negligibly
small elastic shear strain components in the melt. The shear stress in the melt is controlled by the product of the
strain rate and melt viscosity, like in the Newtonian fluid. For the small volume fraction of bubbles the magma
viscosity variations due to bubble content might be neglected. During the simulation the event potency is
calculated by integrating the inelastic strain over the volume of the sill (Equation 20).

After estimating the potency tensor, we compute the propagation of seismic waves through the isotropic crust
with average density of 2,900 kg/m> and P- and S-wave velocities of 6,062 and 3,500 m/s, respectively. We
consider a source-receiver distance of 30 km and a take-off angle at the source of 15°. This approximates the
geometry with a curved seismic ray reaching a station located nearly above the source.

4. Results

During the study we considered 15 different models (see Table 2), 12 of them for a single sill (Figure 3a) and the
last three for two discs (Figure 3b). All the simulations start with a spontaneous bubble nucleation in the 5-m
circle area located in the center of the sill (red zone in Figure 3). In the case of a non-deformable surrounding
material and adopted melt parameters, the maximal over-pressure may grow up to about 40 MPa in respect of the
initial pressure Py. However, its final value is significantly reduced because of the elastic deformation of the
surrounding rock and the increase of the sill volume (see Equation 18).

4.1. Single Sill Configuration

Figure 5 shows four horizontal and vertical cross sections for sequential snapshots of pressure (Equation 7)
evolution for model N1-B (see Table 2 for parameters). Dashed lines on each cross section indicate the boundaries
of the magmatic sill, where the bubble nucleation is expected.

The initial growth of the magma pressure in the nucleated zone (reddish colors) slightly increases the sill thickness
in this area. This local “opening” is elastically transmitted toward to the surrounding region where it results in the
local magma pressure decrease (bluish colors) leading to a new nucleation and bubble growth. The location of the
narrow yellow ring between these zones corresponds to the radially propagating bubble nucleation front marked
by transition from reduced to increased pressure. Therefore, the bubble nucleation front propagates as a pressure
wave whose nature is different from a simple acoustic wave. The magma-filled sill acts as a wave guide in which
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Figure 5. Snapshots of pressure (Equation 7) evolution in time in a model N1-B. Left and right frames show horizontal and
vertical cross-sections at Z = 0 and Y = 0, respectively. Time is indicated above the frames.
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Figure 6. Seismic signature of model N1-B. (a) Components of potency (thick gray lines) and seismic moment (thin black
lines) tensors as function of time. For comparison, cyan line shows normalized magma pressure computed for a case of
instantaneous triggering of bubble growth (curve for 4 wt% H,O from Figure 3 of O. Melnik et al. (2020)). (b) Second
derivative of the ZZ potency function. For comparison, cyan line shows normalized second derivative of the O. Melnik
et al. (2020) solution. (c) Comparison of synthetic and observed seismograms shown with black and gray lines, respectively.
East-component seismogram of a Deep Long Period earthquake occurred on 26 June 2012 recorded at station LGN located
on the slope of the Klyuchevskoy volcano (available at the repository: https://zenodo.org/records/10409299 (https://doi.org/
10.5281/zenodo.10409299) (Lyakhovsky et al., 2024)) is shown as “data” (signal was high-passed at 0.5 Hz to remove the
low-frequency ocean-generated microseismic noise). (d) Normalized Fourier amplitudes of signals shown in (c) smoothed in
a 1 Hz wide moving window. For comparison, cyan line shows normalized Fourier amplitude of the O. Melnik et al. (2020)
solution.

the elastic-acoustic coupling results in emergence of relatively slow “crack waves” propagating along the sill
(e.g., B. Chouet, 1986, 1996; Maeda & Kumagai, 2017). The exact cylindrical symmetry is preserved during the
sill expansion since the melt and surrounding rocks are homogeneous. The size of the area with the elevated
pressure where the bubble are nucleated is about 20 m for the first snapshot and the nucleation front reaches the
sill edge (50 m) during 0.1 s. This means that the nucleation front propagates at the rate of about 0.5 km/s.

Seismic source properties, synthetic seismograms, and their Fourier amplitude spectra for model N1-B are shown
in Figure 6. As expected for vertically expanding horizontal sill, the potency tensor is dominated by the ZZ
component. Its conversion into seismic moment with Equation 21 results in a diagonal tensor with ZZ component
approximately three times larger than YY and XX (e.g., pure horizontal tensile crack). All three non-zero moment
tensor components are proportional to the ZZ potency function whose time dependence defines the source time
function. The body wave displacement and velocity is proportional to its first and second time derivatives,
respectively. For comparison, the curves of magma pressure growth in a case of instantaneous triggering of
bubble nucleation in a spherical batch of magma, that is, the solution of O. Melnik et al. (2020), are shown with
cyan lines in Figures 6a and 6b. This comparison indicates that the effect of adding a pressure-dependant
nucleation is relatively weak. The duration of the “source function” only slightly increases and it remains
dominated by a low-frequency pulse corresponding to the kinetics of the bubble growth (Figure 6b). Similarly, the
dominating frequency of the signal remains very low (1-2 Hz in Figure 6d) and is still controlled by the exsolution
kinetics. At the same time, the non-instantaneous bubble nucleation results in small-scale heterogeneities of
pressure within the magma. As a consequence, the guided “crack waves” (mentioned in the previous paragraph)
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Figure 7. Influence of nucleation threshold 6P on seismic source time functions. Three considered models differ by the value
of this parameter: N1-A 10 kPa, N1-B 30 kPa, N1-C 50 kPa. (a) ZZ components of the seismic potency tensors as function of
time. (b) Normalized Fourier amplitude of second derivatives of the ZZ potency function.

are exited and propagate within the sill and reflects on its edges. This leads to appearance of relatively weak high
frequencies in the signal. Resulting synthetic seismograms (Figure 6c) contain both P and S waves with am-
plitudes close to the observations at station LGN whose location approximately corresponds to the modeling
geometry described in the previous section. The frequency contents of observations and synthetics are also similar
to each other (Figure 6d). However, the relatively long coda seen in the observed signal is not reproduced in the
synthetic seismograms. One possible mechanism suggested for explaining long duration signals of volcanic LP
earthquakes involves resonances of fluid filled cracks (e.g., B. A. Chouet, 1996; Maeda & Kumagai, 2017). Such
resonance would arise from interference of “crack waves” reflected at the sill edges. However, our calculation
show that, with the considered magma properties and the intrusion geometry, this effect is weak and is associated
with frequencies much higher than the dominating observed peak (>8 Hz in Figure 6d).

According to the fluid filled crack model, basaltic sills with large aspect ratios (narrower width and/or increased
radius) would produce resonances at lower frequencies and with increased coda duration. Investigation of such
large-aspect-ratio and regular-shape intrusions is out of scope of our study. We note that existence of such
“homogeneous” features within very heterogeneous plumbing systems might be questionable where we could
rather expect multiple intrusions with variable sizes and irregular shapes (e.g., O. E. Melnik et al., 2021).
Therefore, we favor a hypotheses when the observed long coda mostly arises from the strong scattering of seismic
waves within very heterogeneous volcanic media (e.g., Bracale et al., 2024; Kumagai et al., 2020; Wegler &
Liihr, 2001). Explanation of such propagation effect would require using a more realistic Green's function.

For other cases with higher N; values, the nucleation front propagates two (N2 series) and even more than three
(N3 series) times faster. The bubble nucleation in the whole sill occurs relatively fast (0.1 s), while the overall
duration of the sill expansion vary between 0.2 and 0.8 s for the series of nine model setting (lines 1-9 in Table 2).
Therefore, the overall duration is mainly controlled by the kinetics of the bubble growth. The nucleation of new
bubbles under appropriate conditions occurs extremely fast and the nucleation time scale is well below the time
scale of the front propagation (for the discussed sill size) and future sill pressurization.

The bubbles nucleate when the over-saturation pressure is exceeded (e.g., Hirth et al., 1970). The level of the
super-saturation depends on the temperature and a number of melt properties including surface tension, volume,
and concentration of water molecules in the melt, as well as distance between them, diffusion coefficient of
volatiles at the bubble-melt interface, probability that a nucleus at the top of the barrier will go on to form the new
phase, rather than dissolve (Zeldovich factor), and others. With a huge uncertainty of these parameters and
difficulties in their experimental constrain, we used three different values of the bubble number density
(N; = 103, 10", and 10" 1/m?) (Sable et al., 2006) and nucleation thresholds (6P = 10, 30, and 50 kPa),
assuming instantaneous nucleation when the target super-saturation is reached. Comparison of time-dependent
potency for different simulations demonstrate that the pressurization rate weakly depends on the nucleation
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Figure 8. Influence of bubble number density N, on seismic source time functions. Three considered models differ by the
value of this parameter: N1-B 10'3, N2-B 104, N3-B 10"°. (a) ZZ components of the seismic potency tensors as function of
time. (b) Normalized Fourier amplitude of second derivatives of the ZZ potency function.

threshold, 6P (Figure 7), and it is strongly affected by the bubble number density,N, (Figure 8). The general
pattern of the evolving pressure is very similar to the one shown in Figure 6, but differs only by the rate of
pressurization. The sill expands significantly faster in the case with elevated N, values.

Two additional simulations (10, 11 in Table 2) were performed to study a possible impact the melt viscosity,
which was increased and decreases by an order of magnitude covering the realistic range of the basaltic melt
properties (e.g., Lesher & Spera, 2015; Shaw, 1972). The difference in the pressurization rate (potency increase,
not shown here) between these two cases and the model N1-B is negligibly small. The rate of the magma flow
becomes important only at high viscosities (above 103 Pa s) typical for rhyolitic magmas (Hess & Dingwell, 1996)
and controls the rate of sill pressurization.

Similarly to the classical seismological scaling relations we expect stronger event with larger potency (area times
opening) proportional to the sill size. For the same pressure inside the sill with radius increased by a factor of two,

we expect the sill opening to increase by a factor \/5, since penny-shaped (cylindrical) crack opening is scaled as
square root of the disc radius (Smith et al., 1967). Together with four times area increase (size in a power two), the
potency should increase by a factor 2>° ~ 5.66. However, opening of the sill leads to the reduction of the
equilibrium pressure of the bubbly magma inside the sill. The results of the model N1-B-L100 show that the
potency for the 100 m sill, instead of 50 m, is about 100 m® meaning the increase by a factor 5 instead 5.66. The
coupling between opening and pressure in the sill leads to a potency-area scaling with slightly deviates from the
predictions of the linear elasticity ignoring the pressure-size dependency.

4.2. Configuration With Two Sills

Expansion of the sill due to the bubble growth and pressurization leads to the deformation of the surrounding
elastic media and formation of a relatively wide zone with a reduced pressure clearly seen in the last snapshots of
Figure 5. This pressure reduction can initiate bubble nucleation in another sill or magma pocket located at a
certain distance within the area of the negative pressure change (blue zone). Three last simulations demonstrate
the sensitivity of the secondary nucleation to the distance between two discs (Figure 3b). In order to improve the
numerical resolution without significantly increasing the computation time, we slightly decreased the disc radius
to 40 m and placed the second disc at three different distances between their centers 130, 120, and 125 m (Table 2)
or 50, 40, and 45 m between disc edges. Figure 9 shows the snapshots for the case N4-1. Slightly before 0.3 s the
nucleation threshold (20 KPa) is achieved in the disc on the left and the nucleation starts on the right edge of this
disc mostly affected by the pressurization of the first disc (snapshot 1 in Figure 9).

Seismic response of a two-sill system is illustrated in Figure 10 for model N4-2 (separation of 125 m). Nucleation
of the first sill results in the initial rise of potency/moment values occurring between 0 and 0.3 s. This initial pulse
is shorter that for model N1-B (Figure 6) and the dominant frequency higher mainly because of the smaller sill
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Figure 9. Snapshots of pressure (Equation 7) evolution in time in a model with two interacting sills (distance 120 m, model
N4-1). Left and right frames show horizontal and vertical cross-sections at Z= 0 and Y = 0, respectively. Times are indicated
above the frames. Dashed lines indicate the boundaries of the magmatic sill.
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Figure 10. Similar to Figure 6 but model N4-2.

size. The bouncing of “crack waves” expressed in high frequencies seems to be more prominent in such smaller
sill. The second sill nucleation starts at 0.6 s. The overall potency increases corresponding to two sills are nearly
identical. At the same time, the second derivative of the potency function shows that the second impulse is
relatively depleted in high frequencies. The reason for this is that the nucleation of the second sill starts not at the
center but at the edge. As a result, the bouncing of “crack waves” is much less efficient.

The time delay for the second sill nucleation strongly depends on the distance between discs as shown in
Figure 11. It increases from 0.3 to 0.6 s between separations of 120 ans 125 m. For the 130 m distance between
disc centers, the nucleation threshold is never achieved. After the nucleation occurred, the nucleation front
propagates toward the opposite edge of the disc with the rate controlled by the bubble growth parameters as
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Figure 11. Comparison of seismic source time functions for models with two sills. (a) ZZ components of the seismic potency
tensors as function of time. (b) Second derivatives of the ZZ potency function.
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discussed above. With pressure growth increase in both discs, the size of zone with a reduced pressure (blue
colors) increases and may provoke nucleation in additional magma pockets, not necessarily aligned in the same
plane. Vertical cross sections clearly demonstrate significant increase of the negative pressure zone in the Z-
direction. Comparison between three cases of the N4 series shows that there exist certain critical distance for the
secondary nucleation and the delay time strongly depends on this distance.

5. Discussion and Conclusions

We developed an accurate model of generation of seismic waves by the pressure variations caused by bubble
growth in the basaltic magma. This model is based on a numerical solution of a fluid-elastic coupled equations and
includes a bubble nucleation front propagating from initial trigger point in a sill-shaped magma intrusion.

The results of our simulations confirm the hypotheses of O. Melnik et al. (2020) that the rapid growth of gas
bubbles within magmatic intrusions can generate seismic waves with amplitudes and spectral content similar to
those observed from DLP earthquakes. In particular, we show that with modeling realistic shapes of the intrusions
such as sills, a mostly volumetric expansion results in generation of stronger S waves than P waves. Our sim-
ulations show that realistic amplitudes can be predicted with modeling sills of ~50 m of radius and ~1 m of
thickness. The object of such dimensions can correspond either to an individual small sill or to a pocket of
oversaturated magma within larger intrusions.

Additionally, our modeling shows that bubble nucleation front propagation is controlled by the coupled elasto-
acoustic waves. For the selected sill dimensions, this propagation is rapid comparing to the kinetics of the
bubble growth and the bubble growth dominates the source time function and the spectral content of the emitted
signals. This kinetics is controlled by the bubble number density N, and the gas content in the magma (O. Melnik
et al., 2020). Explaining the observed DLP signal properties with the effect of bouncing of “crack waves”
eventually leading to resonances of fluid filled cracks (e.g., B. Chouet, 1986; B. A. Chouet, 1996; Maeda &
Kumagai, 2017) would require to consider very thin and extended regular-shaped sills whose existence within a
heterogeneous plumbing system might be questionable.

The large uncertainty in the model parameters can lead to large differences in the duration, amplitude, and fre-
quency content of synthetic earthquake signals. A full statistical study of the influence of governing parameters on
earthquake characteristics is outside the scope of the paper because of large computational costs of a single
scenario. All qualitative dependencies on such parameters as the volatiles content, the bubble number density, the
melt viscocity etc., investigated in (O. Melnik et al., 2020) remain valid. Additional uncertainties rise from
possible different sizes and shapes of the magma pockets and more prolonged duration of the signal due to
unsynchronized bubble nucleation in different parts of the intrusion.

The results of our modeling presented in Section 4.2 highlight a possibility of “interaction” between closely
located intrusions when the elastic deformation caused by the gas exsolution leading to expansion of the first sill
can trigger the bubble nucleation in the next closely located magma pocket. We presented simulations for two
“interacting” sills. This results can be extrapolated to a case of many closely located magma pockets acting in a
cascade. Such behavior can explain the observation of DLP earthquakes often occurring as swarms of many
events closely located in time (e.g., Shapiro, Droznin, et al., 2017; Song et al., 2023; White et al., 1996) eventually
leading to emergence of deep volcanic tremors (e.g., Aki & Koyanagi, 1981; Journeau et al., 2022; Soubestre
et al., 2019).

The emergence of tremors would become favorable in a configuration where many “interacting” pockets of
oversaturated magma are closely located. The results shown in Figure 11 demonstrate that with the selected model
parameters and in approximation of in-plane circular sills, the interaction becomes possible when inter-sill dis-
tance approaches the sill radius. The “interaction” distance would then increase with decreasing the nucleation
threshold. The time delay between two “interacting events” would increase with increasing the inter-sill distance
and also with decreasing the bubble number density.

More generally, some scaling relations based on the stress distribution around a pressurized inclusion could be
considered. The linear elasticity predicts that the pressure distribution around the inclusion is proportional to the
overpressure and decreases as a polynomial function of the ratio 5 (R—disc radius, d—distance from the inclusion

center). Near the edge of the inclusion the forth order term, (5)4, is dominant and defines fast pressure decay away
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from the inclusion. The width of the zone with the negative pressure is expected to be of the order of the inclusion
size. For a given distance, d, from the inclusion, the nucleation occurs when the pressure in the inclusion drops

L N . . . 4 L.
below certain critical value, which linearly increases with the nucleation threshold and decreases as (S) , which is
the dominant term for the near-field solution.

The processes of the diffusion-driven bubble growth coupled with the elasticity of the surrounding rock matrix is
highly nonlinear and our modeling approach is based on several simplifications and approximations as described
in the above text. In particular, we approximate the bubble nucleation as instantaneous which is valid for small
volumes of basaltic magma (O. Melnik et al., 2020). The processes of the diffusive bubble growth is approximated
with a simple analytical function that fits a numerical solution (Figure 2, Equation 12). The effect of deformable
elastic medium on the gas bubble growth is approximated with adjusting the equilibrium pressure P,, in Equa-
tion 12 at every iteration based on an simplified linearized functional dependence of gas concentration and density
on pressure.

We note that the modeling framework proposed in our paper makes a step forward with respect to previous studies
of the bubble growth in magma (e.g., B. Chouet et al., 2005, 2006; Lyakhovsky et al., 1996; O. Melnik et al., 2020;
Nishimura, 2004; Prousevitch et al., 1993) by going beyond the approximation of spatially homogeneous pressure
in the whole magma volume. In our approach, the space-time evolution of magma pressure is coupled with the
space-time variations of mechanical stresses in the surrounding elastic media via a full numerical solution of the
governing equations of the continuous mechanics. Therefore, the presented modeling frameworks can be applied
to magma pockets of arbitrary shapes. One possible direction of its application to better understand the origin of
deep volcanic tremors would be to investigate the cascading of gas exsolution in a system containing many sills
and dykes with variable sizes (e.g., Bindeman et al., 2023; O. E. Melnik et al., 2021). A more challenging and
important task would be to move from a “static” systems of interacting magma pockets and to model their time
evolution and, in particular, their refilling with fresh magma and volatiles which is necessary for functioning of
sustained generation of deep volcanic seismicity.

Appendix A: Single Bubble Growth Model

The model of O. Melnik et al. (2020) is based on a representation of bubbly magma as a continuum of overlapping
spherical cells (Prousevitch et al., 1993), each containing an individual bubble, that is widely used for modeling
the bubble growth in the magma (e.g., Sparks, 1978; Lyakhovsky et al., 1996; Nishimura, 2004; B. Chouet
et al., 2005, 2006). It assumes that the total volume of a magma batch is divided to N individual cells of the same
volume, which expand with a growing bubble and supply volatiles into it. The flow around each bubble is
assumed spherically symmetric.

The process of an individual bubble growth from a supersaturated magma is described by a set of Raleigh-Lamb
equations together with diffusion equations for two main dissolved volatiles, H,0 and CO,:

a,, dR
E(r vr) =00, = E; (AD)
20 drR(1 R?
P,—P,="+d4u—(—-——); A2
g7 Em R+”dz(R S3> (A2)
4 (8°-53
P,=P)+ G( 0); (A3)
37\ s
dc dc 1 0 dc
4y —=——(Dsr=); A4
a U TR 0r( " 6r> (A4)
4 d
5 E(R3pgx}éoz) = 47tR2JC; (A5)
4z d
5 (R (1 = 300o)) =4aRT,; (A6)
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Here ¢ is time, r is the radial coordinate, R is the radius of the bubble, v, is the radial velocity, index s = w,c
corresponds to water and carbon dioxide, respectfully, c. and c,, are the mass concentrations of CO2 and H20 in
the melt, D, and D,, are the volatile diffusion coefficients, J. and J,, are diffusive fluxes, P, is the pressure of the
gas inside the bubble, P,, is the melt pressure, S is the diameter of the melt cell, from which the bubble is growing,
index “0” corresponds to initial values, o is the surface tension, y is the magma viscosity, G is the shear modulus
of the host rock, p, is the density of the gas in the bubble that depends on the pressure, temperature 7" and bubble

volatile composition x&,,.

The densities of pure CO, (Pcoz) and H,O (Pmo) are approximated at a limited P — T range using tables
produced by NIST Chemistry WebBook (https://webbook.nist.gov/chemistry/).

Diffusion Equation A4 are subjected to two boundary conditions: concentration gradients are equal to zero at the
outer surfaces of the cell mimicking symmetry of the system. At » = R(f) volatiles in magma are in chemical
equilibrium with the bubble. Thus, ¢; = ¢%(P,, T\x2,).

Data Availability Statement

The algorithm and its implementation for the 3-D modeling of quasi-static visco-elastic damage rheology are
described in Lyakhovsky et al. (2001). The relevant details regarding the execution of model simulations are
described in this manuscript. The fortran code used to carry out the calculations as well as the relevant input and
output files together with the python script and the real data seismogram shown in Figure 6 used for their
visualization are available at (Lyakhovsky et al., 2024).
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