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Abstract

Many state-of-the-art models trained on long-range sequences, for example S4, S5 or LRU,
are made of sequential blocks combining State-Space Models (SSMs) with neural networks.
In this paper we provide a PAC bound that holds for these kind of architectures with stable
SSM blocks and the bound does not depend on the length of the input sequence. Imposing
stability of the SSM blocks is a standard practice in the literature, and it is known to help
performance. Our results provide a theoretical justification for the use of stable SSM blocks
as the proposed PAC bound decreases as the degree of stability of the SSM blocks increases.

1. Introduction

The problem of modeling long-range sequences, i.e. sequences with large number of time-steps,
is an especially challenging task of the field. Recently, several novel architectures (etc. S4
Gu et al. (2021), S4D Gu et al. (2022), S5 Smith et al. (2022), LRU Orvieto et al. (2023))
have been published that are outperforming previous models by a significant margin. The
common basis of these models are, combined with some nonlinearity, the so-called Structured
State-Space Models (SSMs), which are basically dynamical systems of either continuous or
discrete time. One key point of these models is that they are equipped with some form of
stability constraints. This motivates the question: What is the role of stability in the success
of deep SSM architectures for long-range sequences?

Contribution. In this paper, we focus on this question and provide a theoretical framework
to analyze the model’s generalization behavior in a rigorous manner by showing, to our
knowledge, the first generalization bound for deep SSMs. We show that stability of deep SSM
architectures has an influence on their Rademacher complexity, resulting in a generalization
bound that does not depend on the length of the input sequence.

Related work. Bounds for general RNNs are related to SSMs as Linear Time-Invariant
(LTT) dynamical systems are essential elements for almost all SSMs and they are a special
class of RNNs. There are several PAC bounds for either discrete or continuous-time RNNs
in Koiran and Sontag (1998); Sontag (1998); Hanson et al. (2021) by using VC dimension
usually through covering numbers. PAC bounds for RNNs based on Rademacher complexity
were presented in Wei and Ma (2019); Akpinar et al. (2020); Joukovsky et al. (2021); Chen
et al. (2020), while in Zhang et al. (2018) the authors developed PAC-Bayesian bounds. As
all of these results tend to infinity with the integration time (number of time steps) they
are not meaningful in case of long-range sequences. In (Hanson and Raginsky, 2024) the
authors propose a PAC bound based on Rademacher complexity for input-affine non-linear
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systems, however their bound is still exponential in the length of the integration interval.
The generalization bound for single vanilla RNNs in (Chen et al., 2020, Theorem 2) is an
upper bound of the H; norm proposed in this paper, see e.g. Chellaboina et al. (1999), thus
our results based on the Hs norm is even tighter. In Golowich et al. (2018) the authors
derived a depth independent bound under the condition of bounded Schatten p-norm and a
bound with polynomial dependence on depth for Rademacher complexity for DNNs with
ReLU activations by applying contraction. In a recent paper Truong (2022b) the author
extends this bound for non ReLU activations and show that the new, non-vacuous bound
is depth independent. Lastly, we mention that in Trauger and Tewari (2024) the authors
propose a sequence length independent Rademacher complexity bound for a single layer
transformer architecture. For multi layer transformers they improve slightly the result in
Edelman et al. (2022) however the bound grows logarithmically with the sequence length.

2. Preliminaries

Y. denotes a dynamical system specified in the context. The constant ni, refers to the
dimension of the input sequence, T refers to its length in time, while nqy¢ is the dimension
of the output (not necessarily a sequence). Denote by £2*(R™) and £57°°(R") the Banach

spaces generated by the all finite sequences over R™ of length 7" with the norm ||u|]§2,2 &) =
T

Z;}F;ol |ulk]|3 and ”uHe;C”OO(Rn) = sup |lu[k]| . respectively. For a Banach space X,
k=0,...,T—1

By (r) ={x € X | ||z]|, < r} denotes the ball of radius » > 0 centered in zero.

Generalization gap. We consider the usual supervised learning framework for sequential

input data. The considered models, parametrized by 6, are of the form fy : 6%2(R”in) — R"out,

In this paper, we are agnostic regarding the origin of #. A dataset is an i.i.d sample of the form

S = {(w;,y:)}}¥, from some distribution D over E?f(R”i“) x R. An elementwise loss function

is of the form £: Y x Y — R. Let L5 (f) = + Zfil £(f(u;),y;) denote the empirical loss

emp

of a model f w.r.t a dataset S. We denote the true error by L(f) = E(yy)~p[l(f(0),y)].
The generalization error or gap of a model f is defined as |5, (f) — L(f)].

emp

SSMs. A State-Space Model (SSM) is a discrete-time linear dynamical system of the form

5 x[k] = Ax[k — 1] + Bu[k], x[0] =0 (1)
y[k] = Cx[k] + Dulk]

where A € R"=*X"= B e R"%*Mu (' € R™*" and D € R™*™ are matrices, u[k], x[k] and
y|[k] are the input, the state and the output signals respectively for k =1,2,...,T, where T
is the number of time steps. We consider the value of T" to be fixed to handle pooling. We
emphasize that the generalization bound in Theorem 3 is independent of T'.

Stability. We call the SSM (1) stable, if the matrix A is Schur, i.e., the moduli of all its
eigenvalues are smaller than 1. Intuitively, stable SSMs are robust to perturbations, i.e., their
state and outputs are continuous in the initial state and input, see for instance Antoulas
(2005) for a more detailed discussion. In particular, a sufficient (but not necessary) condition
for stability is that A is a contraction, i.e. ||Alj2 < 1. For more details, see Appendix A.
Input-output maps of SSMs as operators on ¢4",p = 00,2. An SSM (1) induces an
input-output map, which maps every input sequence u[0],...,u[T — 1] to output sequences
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y[0],...,y[T — 1], which can be interpreted as a linear operator Sxp from (7:P(R™) —
" (R™), for any choice p,r € {oc0,2}. In particular, Ss, 7 has a well-defined induced norm as

HSE»T(U) HZ%T(JR"Z/)

LY

a linear operator, defined in the usual way, ||Sy,7|,, = SUDyerBP (Rnu) — DM )

is internally stable, then it is a standard result in control theory that the norms {||Ss 7||}72,
are bounded, i.e., [|Z,, = suprso [[Srll,, exists and it is finite, see Antoulas (2005).
Moreover, ||X],, can be viewed as the norm of the extension of the input-output operators
Ss 1 to the Banach space generated by {/2:F(R™}3_; Antoulas (2005). In this paper, we
will use the norms |||, ., and [|X]|, ,, to upper bound the Rademacher complexity. For
more details about the norms see Appendix A.

Relationship with continuous-time models. SSMs are often derived by discretizing a
continuous-time linear differential equation in time (e.g. Gu and Dao (2023) and references
therein). If the discretization step A is a fixed constant, then we obtain time-invariant linear
system of the form (1). Now let us define a single discrete-time SSM block.

Definition DT-SSM. A DT-SSM block (or simply SSM block) is a function fPT8 .
CRI(R™) — £7°(R™) that is composed of a stable SSM followed by a nonlinear trans-
formation that is constant in time. That is, fPTB(u)[k] = g(Sx.r(u)[k]) + aulk] for some
a €[0,1] and g : R™ — R™ for all k € [T].

We incorporate « so that the definition covers residual connections. A deep SSM model
consists of SSM blocks along with an encoder, and a decoder transformation preceded by
a time-pooling layer. We present an overview of the various architectures found in the
literature in Table 1, Appendix B. Now we may define deep SSMs. For precise details about
the particular elements see Appendix B.

Definition DT deep SSM. A discrete time deep SSM model for classification is a function
[P (R™n) — R™w of the form f = fPec o fPool o fBL o o fB1o fENC yhere o denotes
composition of functions. The functions fF°¢ and fP° are linear transformations which are
constant in time, while fB is a DT-SSM block for all i. By pooling we mean the operation
fFrool(u) = %Z{Zl ulk], an average pooling over the time awis.

3. Rademacher contraction of deep SSMs

Before we state our main theorem we introduce a property of functions, referred to as
Rademacher Contraction, that is universal enough to include functions represented by both
deep SSMs and neural networks.

Definition 1 ((i,c)-Rademacher Contraction) Let X; and X be subsets of Banach
spaces Xy, Xo, with norms || - ||x, and || - ||x,, and let p > 0 and ¢ > 0. A set of functions
O ={p: X1 — Xo} is said to be (u, c)-Rademacher Contraction, or (u,c)-RC in short., if
for allm € Nt and Z C X" we have

N N
1 1 c
Ey |sup sup ||= » oip(u;) SpEs | osup ||l= ) o) |+ =, (2)
ped (u}r ez ||V ; X, (ur ez ||V ; X1 VN
where o; are i.i.d. Rademacher random variables, i € [N], i.e. P(o; =1) =P(0; = —1) = 1/2.



The RC property can be used to upper bound the Rademacher complexity of the hypothesis
class. In fact, special cases of Definition 1 were used in the literature to this effect Golowich
et al. (2018); Truong (2022a); Trauger and Tewari (2024) for deep neural networks and
transformers respectively.

All blocks of deep SSMs have the RC property, for the proofs see Appendix D.1. In
particular, SSM components of SSM blocks are (i, 0)-RC, and the constants p depends on
the control-theoretic system norm of the SSM component. Moreover, the RC property is
preserved under composition of layers.

Lemma 2 (Composition lemma) Let &1 = {¢1 : X1 — Xa} be (u1,¢1)-RC and &4 =
{p2 : X9 — X3} be a (u2,c2)-RC. Then the set of compositions ®9 o &1 := {pa0 ) : X1 —
X3 ‘ p1 € D1, 00 € ‘I’Q} 15 a (,u,l,ug,ugcl + CQ)—RC.

The proof is in Appendix D.2. Lemma (2) allows us to establish the RC property for any
deep structure, in particular, for deep SSMs. Next we describe our assumptions for deep
SSMs.

Let F be a set of deep SSM models, namely let f € F has the form f = fP¢ o fPoolo
fBro... o fBro fEnc Let us assume that (1) there exist constants Ky and K, such that
with probability one w.r.t. the data distribution D, for any input-label pair (u,y), the E%’Q
norm of u and the absolute value of y are bounded from above K, and K, respectively,
(2) the elementwise loss is L;-Lipschitz continuous, (3) the SSM component of ¥; of each
SSM block in the parametrization is stable and its norm ||£;||p.q is bounded by a constant
K, 4. p,q = 2,00, (4) the norms of the weights of the encoder fEnc and decoder fPe¢ are
bounded by Kgpc, Kpec respectively, (5) the non-linear component g; of the ith SSM block
i 15 (fig;, cg;)-RC. Internal stability of the SSM components is a standard assumption in the
literature, and it is shown in Appendix D that the commonly used non-linear components are
RC. We present the assumptions formally in Appendix C. Now we state our main theorem.

Theorem 3 (Informal theorem) The following PAC inequality holds

puKyL + cL 2log(4/6
Py pn |Vf € F c(f)—zzfmpmg%uq ]E;/) S 1-4,

where the constants p and ¢ depend on the hypothesis class F and they satisfy

L L L
19 S KEnCKDec H (NgZK + Oéi) ) c S KDec Z H (MgiK + ai) ng
i=1 Jj=1 |i=j+1

and the constant K; > 0 such that |I(-,-)| < K, while K = max{K3 o, Koo o0 }-

The formal counterpart of Theorem 3 and its proof can be found in Appendix E. Notice that
the bound does not depend on 7. While the bound grows with the depth of the deep SSM,
its growth can be controlled by choosing the state-space blocks with a small system norm.
In turn, the system norm of the state-space models depends not only on the number and
magnitude of its parameters, but on the degree of stability, i.e., systems with large number of
weights with possibly large parameter norms can still have a small system norm. In practice,
for popular deep SSM architectures, e.g. S4, S4D, S5 or LRU, the stability conditions are
naturally met due their constrained parametrizations. This indicates that stability induced
norms are crucial for deep SSMs.
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Appendix A. Stability of SSMs

We recite the definition of internally stable dynamical systems of the form eq. 1.

Definition 4 (Antoulas (2005)) SSM of the form (1) is internally stable, if the matriz A
is Schur, meaning all the eigenvalues of A are inside the complex unit disk.

In particular, a sufficient (but not necessary) condition for stability is that A is a
contraction, i.e. [|A|l2 < 1. A stable SSM X is not only robust to perturbations, but
its input-output map can be extended to act on the Banach spaces of infinite sequences,
generated by ¢34(R"n), T > 0.

More precisely, denote by ¢22(R") and ¢°>°°(R") the Banach spaces generated by the
all inifinite sequences over R™ such that the quantities HuHﬁg,Q(Rn) = 3% |lu[k]||5 and
][ go0 .00 (mny = 51k1:p |lulk]||, are well defined and finite. If u = u[0]...,u[T — 1] is a finite

sequence of length T, then we can interpret it as an infinite sequence u = uf0]...,u[T —
1],0,0,...; elements of which are zero after the T'th element. With this identification, ¢:9(R™)
is a close subspace of C ¢P4(R™), and ¢P4(R™) contains no proper closed subspace containing
Urso 1R, ie., Upso 441 (R™) generates £79(R™).

A stable SSM ¥ is not only robust to perturbations, but its input-output map can
be extended to a linear operator Sy, : (PP(R™) — (™" (R™), for any choice p,r € {o0,2}.
More precisely, define Ss(u)[T" — 1] = Sy 7(uf0] - - -u[T — 1])[T — 1] for all T' > 0. It then
follows that for any u € (PP(R™), Sy(u) € £""(R™), p,r = 2,00, see Antoulas (2005). In

particular, Sy, has a well-defined induced norm as a linear operator, defined in the usual way,
||52(u)||er,r(ug"y)
HU)Henr(R"y)
denote by X[, . the induced norm [|S]|,, ..
As it was mentioned above

1Sz, = SuPueepr®ra) . In the sequel, by a slight abuse of notation, we will

1=, = sup ISs.7l,,
Indeed, for any u € PP(R™), HSg(u)Hér,r(Rny) = limp_,0 ||Sx,7(uf0] - - u[T — 1])||Z;T(RZ),
and [[uflpp.p(gruy = lm7—s00 ||u|]é;%,p(Rnu) and hence supys [|Syrll,, = [|X],,. Moreover,
for any u € £7"(R™), ||Ss (W)l rr @y 2 1S5,0(al0] -+ 0T = 1])| i gy and 0]l pop(genay =
[ullgp (gnay, hence |[X]],, . > [|Ssrl, -

In this paper, we will use the induced norms X[, ., and [|X]| ., to upper bound the

Rademacher complexity. In turn, these norms can be upper bounded by the following two
standard control-theoretical norms defined on SSMs.

Definition 5 (Chellaboina et al. (1999)) For a SSM X of the form (1) define the £1 and
Hjy norm of ¥, denoted by ||X||; and ||X||, respectively,

1<i<ny 1’ |

(e} [ee]
19l = max Dl + Y [Cia*B|| Tl = || 1DIF + Y ICA*BI
k=0 =0

Lemma 6 (Chellaboina et al. (1999)) For a system of form (1) |2, o < [IZ]l; and
132,00 < 1%l



The norms defined above will play a cruicial role in in the main result of the paper, as
they will allow us to bound the Rademacher complexity of the deep SSM model.

Remark 7 (Computing ||X||,,i = 1,2) The norm ||X||, can be computed by solving Sylvester
equations, for which standard numerical algorithms exist Antoulas (2005). The computation
of ||X||; is more involved, it can be computed by taking a sufficiently large finite sum instead
of the infinite sum used in its definition. If ||All2 < B < 1, then an easy calculation reveals

B C Bl2 C 2
that | £, < |Dllo + LBI2IC gng |5||, < /| DJZ + 2120

Appendix B. Elements of deep SSM models

As it was mentioned above, the principal components of deep SSM models are SSM blocks.
Various SSM models used in the literature differ from each other in the way the SSM
components are parametrized and in the choice of the non-linear component of SSM blocks,
see Table 1 for a summary. Note that in some papers, the matrices of the SSM component

Model SSM Block
S4 Gu et al. (2021) A = A — PQ* block-diagonal : S5M o
nonlinear activation
. : SSM +
S4D Gu et al. (2022) A = —exp(Age) + @ - Ay, block-diagonal nonlinear activation
S5 Smith et al. (2022) diagonal A : SSM o
nonlinear activation
, diagonal A SSM +
LRU Orvieto et al. (2023) exponential parametrization MLP skip connection

Table 1: Summary of some popular deep SSM models.

are allowed to be complex valued, but such linear dynamical systems can be replaced by
linear dynamical systems defined using real matrices, by doubling the dimension of the
state-space and that of the input and the output space.

Remark 8 (Stability assumptions in the SSM literature) In some of the cited pa-
pers, the discrete-time SSM components were obtained by discretizing internally stable
continuous-time linear time-invariant dynamical model in time, using a fived discretiza-
tion time step. It is well-known in control theory that the thus obtained discrete-time linear
systems of the form (1) are also internally stable. In this way, the majority of literature
constiders deep SSM models for which the SSM components are internally stable, at least as
far as the parametrization used for learning is concerned, as they are internally stable in
continuous-time.
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The Encoder and Decoder layers are given by the weight matrices WFn¢ and WPee,
Therefore fE¢(u)[k] = WEu[k] and fP(u)[k] = WPulk] for all k € [T]. We use the
slightly abused notations fFn¢ = (W¥ne .} and fPec = (Whee.),

As for the Neural Network components of an SSM block, we consider the following two
variants.

Definition 9 (MLP layer) An MLP layer is a function from (°°°(R") to £>°°(R")
that is induced by applying a deep neural network f : R™ — R™ for each timestep. A neural
network of L layer is a function of the form f = fw;p, ... 0 fw, b, © 9W;.1,br,,, where
fwb(x) = p(gwp(x)) is called a hidden layer, gwp(x) = Wx + b is called preactivation and
p s the activation function, which is identical for all layers of the network and is either
sigmoid or ReLU. The matrices are of the size W; € R™"+1X% gnd b € R™ such that n1 = ny
and np41 = ny. By slight abuse of notation, for u € £>>>°(R"™) let f(u) € £>>°(R™) such
that f(u)[k] = f(ulk]) for all1 <k <T.

Definition 10 (GLU layer Smith et al. (2022)) A GLU layer is a function of the
form GLU : (°>®°(R"™) — (°>°°(R™) parametrized by a linear operaetor W such that
GLU(u)[k] = GELU(ulk]) ® o(W(GELU(ulk)))), where o is the sigmoid function and
GELU is the Gaussian Error Linear Unit Hendrycks and Gimpel (2016).

Note, that this definition of GLU layer differs from the original definition in Dauphin
et al. (2017), because in deep SSM models GLU is usually applied individually for each time
step, without any time-mixing operations. See Appendix G.1 in Smith et al. (2022). The
linear operation W is usually represented by a convolution operation.

Appendix C. Assumptions

Hereinafter we denote by F a set of deep SSM models represented by its direct product of
its layerwise parameters. Furthermore, let £ denote the set of all SSM models ¥ for which
there is a model f € F such that ¥ is an SSM layer of f. First, we restate our assumptions:

Assumption 11 We assume the following properties hold.
1. Scalar output. Let noy = 1.
2. Lipschitz loss function. Let the elementwise loss | be L;-Lipschitz continuous.

3. Bounded input. There exist Ky > 0 and K, > 0 such that for any input trajectory
u and label y sampled from D, with probability 1 we have that Hu||ez,2( < Ky and
T

ly| < Ky.

R"in)

4. Stability. AllY € & are internally stable, implying |||, < 400 forp =1,2. Therefore
we assume there exist Kj > 0 such that sup ||X||, < K forp=1,2.
Ye€

5. Bounded Encoder and Decoder. We assume the Encoder and Decoder have bounded
operator norms, i.e.  sup HVVH22 < Kgpe and  sup HWHoo,B < Kpec for B €

EWEHC EWDEC
NU {oo}.



6. Bounded MLPs and GLUs. We assume that any considered MLP or GLU layer
has a bounded parameters, i.e. for an L-layer model defined in Definition 9 we have

W K d b Ky. M GLU
(ax ngll/)vl Wlloo.0o < Ew an | Jnax sggi bl < Kb. Moreover, for any

layer defined in Definition 10 we have sup € WarLu [[W| . o < Kcru-
W 9

Assumption 1: is not restrictive as we consider classification.

Assumption 2: The Lipschitzness holds for most of the loss functions used in practice. We
mention that even the square-loss is Lipschitz on a bounded domain. From the practical
aspect, the upped boundedness is also mild, as parameters along the learning algorithm’s
trajectory usually make [ bounded. In the worst case, [ is bounded on a bounded domain
due to being Lipschitz.

Assumption 3: is yet again standard in the literature. Even in practical applications the
input is usually normalized or standardized as a preprocessing step before learning.
Assumption 4: is the most important one as it plays a central role in our work. The
motivation behind this assumption is twofold. First, in practical implementation of SSM
based architectures, it is very common to apply some structured parametrization of the
matrices of the systems, which leads to learning stable matrices. In many cases, the underlying
intention is numerical stability of the learning algorithm, however we argue that the major
advantage of such parametrizations is to ensure a stable behavior of the system. Second,
similar stability assumptions are standard in control theory.

Assumption 5. and 6: are again fairly standard, as they require the weights of the encoder,
decoder and network layers’ to be bounded.

Appendix D. Technical results on Rademacher contractions

In this section we need to prove (u,c)-RC property for linear (or affine) transformations
which are constant in time, in many cases. For better readibility, we only do the calculations
once and use it as a lemma.

Lemma 12 Letu € (FP(R™) =: X; and let fyyp(u) = W(u) +b € (LI(R™) =: X, where
W e L(X1, X2) is a linear operator and b € Xo. We consider the cases

a) p=q=2,

b) p=2,q= o0,

¢) p=q=oc.
Let us assume that W € W such that sup [|[W{|,, < Kw and b € B such that sup [bl|, , <
wew beB '

Ky, for all the considered cases. Then the set of transformation F = { fyyp | W EW,be B}
is (Kw, Ky )-RC in all three cases. Furthermore, the image of the ball Bx, (r) under f € F
is contained in Bx,(Kwr + Kp).

Remark 13 For the special case of affine transformations that are constant in time, i.e.
f(u)[k] = Wulk] +b for a weight matric W € R™*™ and bias term b € R™ for all k € [T,
the operator morm equals to the corresponding matriz norm, i.e [|W{|,, = [[W|[, . In this
case, b is the sequence for which blk] =b for all k € [T], thus Hszquq(an) = ||bl[,-
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Proof First let us prove a simple fact about Rademacher random variables that we will
need, namely if o = {0}, is a sequence of i.i.d. Rademacher variables, then

N
>_oi
i=1

]= (= [5]) -

N N
S EADIEER) SET B ) SR R SRR

1,7=1 i=1 i,j=1

] <VN. (3)

This is true, because

Eq

N
> o
i=1

where the first inequality follows from Jensen’s inequality and the last equality follows from
the linearity of the expectation, and the facts that o; are Rademacher variables and form
and i.i.d sample.

The proof is the same for all the considered cases of p and ¢. For Z € £5:P(R™) we have

1
E, sup sup ||+ Z oi(W(u;) +b)
(W,b)ewxnB {u,b}N 1€Z i=1 e%q(an)
[ 1 1Y
<E, | sup sup N E oW (u;) + E, [sup N Z o;b
_WGW {117;}?;162 i=1 Z%’q(R’ﬂv) beB i=1 K%q(an)
[ 1 Y 1Y
=E, | sup sup w (N Z O'illi> + E, [sup N Z o;b
_WGW {u}¥, ez i=1 059 (R beB i=1 089 (R
— 1 N h -
<E, | swp (W, s |23 o, +E {sup Bl g
wew {ui}g‘leeZ i=1 K?}’p(Rnu) beB ]
_ o :
< sup [W],,Es sup Nzﬂiuz +SUPHb||eqq R7w)
WEW _{ui}ZZV:lEZ 2:1 e%p(Rnu)
i 1 Y 1
< sup |[W|,, Es sup — oiu; + —=sup ||b|| 2,4 g
wew o iy ez ||V ; PR VN beB 7 ()

where the first inequality follows from the triangle inequality, the first equality is the linearity
of W, the second inequality follows from the definition of the operator norm, while the third
and fourth inequalities refer only to the bias term and follow from the absolute homogenity
of the norm and equation (3).

The values of (p,q) influence the terms ||[W]|,  and HbHZqT,q(an). As a result, for the
separate cases of a), b) and ¢) it is enough to separately bound these norms with constants



similar to Ky . In the statement of the Lemma we assumed universal constants Ky and Ky
that do not depend on the values of (p, q).

We can see that the calculations hold if the transformations are restricted to the ball
Bx, (r) for any choice of X; we consider. The radius can grow as

W () +bllgagney < (W (W)lpg0(mney + [Bllgganoy < [IWllop llgr@nuy + 1Rl g0 o) -

Remark 13 is straightforward from the definitions of the considered norms. |

D.1. Proofs for elements of deep SSMs

What we have left are the following. First, in light of the previous corollary, we need to show
that each component of a deep SSM model is (u, ¢)-RC for some p and ¢ w.r.t. compatible
normed spaces. Second, we need to show that the Rademacher complexity of a (u,c)-RC
model set are bounded in terms of p and c. We start with the first one.

Lemma 14 Let Wgne, Whec, and £ denote some sets of parameters of some fized Encoder,
Decoder and SSM layers, respectively. Moreover, let {W; x Bi}l]-—fll the parameter set of an
MLP layer defined in Definition 9, and let Waru be the parameter set of a GLU layer defined
in Definition 10. The corresponding function sets (in line with Assumption 11) are

L4 FEnc = {fEnC = <W7 > | W e WEnm sup ||W||2’2 < KEnc};

WeWEnc

FDec = {fDeC =(W,) | W € WDerwsup HWHoo,oo < Kpec};

eWDec

Fssm ={Sx | X € g,SUI‘; HEHP < Kp,p=1,2},
e

( )

(Wi,bi) e W, x BZ',

sup [[Wlo oo < Ew,

4 _ _ wew
‘FMLP = fdeep = le,bl ©...0 fWL7bL O 9Wri1,brt1 ’

sup ||b]|, < Kb,
beB;

I1<i<L+1

b f GELU(") (W,GELU(-)) Worw € W,
o Foru =« farv = GE )O©oo(W,GE :
sup  [[W]lo 00 < KaLu
WeWaLu

where Sy, denotes the input-output map of the dynamical system X, p is either the sigmoid or
ReL U activations, and o denotes the sigmoid functions in the definition of GLU. Then all of
these function sets are (u,c)-RC according to the following table, where for any Banach space
X, Bx(t) ={z € X | ||z||y <1} denotes the ball of radius r centered in zero for arbitrary r.

10
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I c X1 X
FEne Kgne 0 B2 goin) (1) Bz o) (Kpner)
FDec Kpee 0 Byoewoo (g (1) Byzeoo (gnout) (KDecr)
Kpec 0 B 1,0 (r) Bgnout - ) EDecr)
Fssm K, 0 B2 gna) (1) Byeeroo gy (Kar)
Ky 0 B(;g,oc(Rnu)(r) Be;o,oc(Rny)(Klr)
Vet AKw (L +1) 4Ky q§1(4KW)q Bygooo mnu) (1) | Byeo (mnu) <K§V+1r + Ky Z}j ng)
Rilp™ | Kw(l+1) | (Kp+05) g (Ew)? | Begeoeena (r) Bigee @nay (Kw + K)
FaLu 1ol Ka 17 0 Bigeroo (mna) () Bigeroo (g (1)
+HKaLu +1)

Furthermore, the operation of f£°° according the definition of deep SSMs, is (1,0)-RC
between X1 = BE;’O@O(Rnu)(T) and Xo = Bgnu ||| )(r)-

Proof

Encoder and Decoder. The Encoder is case a), while the Decoder is case b) in Lemma
12 along with Remark 13.

SSM. As discussed in Appendix B, an SSM is equivalent to a linear transformation called
its input-output map. Therefore, by Lemma 12, the SSM is (u, 0)-RC in both cases, where p
is the operator norm of the input-output map. Combining this with Lemma 6 yields the
result.

Remark 15 As the value of T is fized, the input-output map can be described by the so-called
Toeplitz matriz of the system. In this case, the operator norm equals to the appropriate induced
matrix norm of the Toeplitz matriz. For the case of T = oo, the input-output map still exists
and is a linear operator. The proof of Lemma 12 holds in this case as well for operator norms.

Pooling. For any Z C (7"°°(R™) we have

N
1
Es | sup ||—= Z o fF(z;)
{zi} ez N i=1 s
[ 1 Y 1 <& ()
— N - J
=E, | sup sup NZUZ (Tkzlzi [k:]) “

_{Zi}g\;lEZ 1§]§’I’Lu i=1

I~ (1 ¢
=E, sup sup TZ<N JizE])M)u

{z:} ez 1<i<na |4 1
r T

1
<E, sup T Z sup
_{Zi}ﬁ\]:lez k=1 1<j<ny

11



T

=E, sup lz

2N ez T i

1 N
¥ > oizilk]
=1

)

N
< E, sup — Z 0%
_{Zi}zN:1€Z i=1 £59°%° (R )

MLP with sigmoid activations. Consider a single hidden layer f(x) = p(g(x)), where
g(x) = Wx + b is the preactivation and let G = {g(z) = Wx+b | W € W,b € B} denote
the set of possible preactivation functions. As compared to Definition 9, we omit the subscript
from the notation of g. For an input sequence z € £7"°°(R™) let g(z) € £7"°°(R™) mean

that we apply ¢ for each timestep independently, i.e. g(z)[k] = g(z[k]). We have

1
E, [sup sup Z oip(g(z:))
geg {zi}filez i=1 Z;O’OO(R”H)
| N
=E, sup sup sup || Z oip(Wz[k] +b)
(W)eWxB {z,}N ez 1<k<T || IV = o

Letx; =4,i=1,...,Nandlet H = {hwp i | (W,b,2,k) € WxBx(ZU{0})x[T]} such
that hyp . k(xi) = g(zi[k]). Under the assumption that 7 is symmetric to the origin, meaning
that h € H implies —h € H (equivalently (W,b) € W x B implies (=W, —b) € W x B), we
can apply (Truong, 2022b, Theorem 9) for the sigmoid activation and hence p — p(0) being
odd, as follows.

E, sup sup sup

N

1

— g; WZZ' k] +b
(Wb)eWxB {z;}N €z 1<k<T N; 4 “ )

[ N
1
a_h€7-[ N; Z((Z))‘OJ
- N ! 1
<E; |sup ||— E oih(x:
LheH Ni:l #h(x) o 2V N
- o |
=E sup sup sup ||— oi(Wz;[k] + b) L
o | (Wb)EWXB {z,}N €7 1<k<T N; i i i
B . i\[: (Wz; +b) 1
= sup sup ||—= Y 0i(Waz; |
Tlowewssparez||N ST gy 2VN
] T

12
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because the sigmoid is 1-Lipschitz and p(0) = 0.5. Now we can apply Lemma 12 (see Remark
13) to get that

N
1 1
E, sup sup — oi(Wz; +b) t o=
(Wb)eEWXB {2} ez N ; £59°° (Rnw) Qm
< sup (Wil B Ly * bl 5
< sup sup =N oz —— sup —=
Wew e {zi}il,€2 i=1 o g% (R7w) Ve 2VN

Therefore, the sigmoid MLP layer is (K, Ky, + 0.5)-RC. The restriction of an MLP to
the ball Byeo.o(gn,)(r) maps to the ball Byso.gn,)(1), because of the elementwise sigmoid
activation. For the deep model the result is starightforward from Lemma 2 along with Lemma
12, Remark 13 and Remark 19.

MLP with ReLU activations. Similarly to the sigmoid case, we assume the upper
bounds Ky and Ky, exist, but we don’t assume the symmetry of the parameter set. The
proof is the same as in the sigmoid case up to the first inequality. Here we can apply (Ledoux
and Talagrand, 1991, Equation 4.20) (this is the same idea as in the proof of (Golowich et al.,
2018, Lemma 2)) to get

.

where we used that p(x) = ReLU (x) is 1-Lipschitz and the same logic for the alternative
definition of the Rademacher complexity as in the proof of Lemma 14, which results in a
constant factor of 2. The constant 4 is then obtained by the additional constant factor 2
from Talagrand’s lemma. The rest of proof is identical to the sigmoid case.

The restriction of an MLP to the ball Byec.c(gn,)(r) maps to the ball Byeec.cogn,) (Kwr +
Ky), because the elementwise ReLU does not increase the infinity norm, hence we can apply
Lemma 12 and Remark 13. Again, for the deep model the result is straightforward from
Lemma 2 along with Lemma 12, Remark 13 and Remark 19.

GLU. First of all, we show that the function h : (R?, ||-|,) — (R,|-|) defined as
h(x) = x1-0(x2) is V2(K +1)-Lipschitz on a bounded domain, where |z;| < K for all x € R?
we consider. We will later specify the value of K in relation to Assumption 11. By the
sigmoid being 1-Lipschitz, we have

N

1
N > oih(xi)

=1

E, | sup < 4E,

heH

sup
heH

1 N
7 2 oinlhx)

oo

|h(x) = h(y)| = |z10(22) — y10(22) + y10(22) — Y10 (y2)| <
(1 —y1)o(z2)| + |y1(o(z2) — o(y2))| < |o1 — y1| + |yal[r2 — va
<V2(K +1) x —yll,

Second, we recall Corollary 4 in Maurer (2016).

Theorem 16 (Maurer (2016)) Let X be any set, (x1,...,xy) € XN, let F be a set of
functions f : X — (5(R™) and let h : (2(R™) — R be an L-Lipschitz function. Under

13



fr denoting the k-th component function of f and ;. being a doubly indexed Rademacher
variable, we have

N m
sup Z Z Uikfk(xi)]] .

TeF i k=1

We wish to apply Theorem 16 to GLU layers. For any Z C (7"°°(R™), by letting
GLUw (z) = faru(z) we have

1 N
~ 2 0iGLUw (z)
=1

E, | sup sup
WEW (23N ez

7> (Rw)

|

Now this is an alternative version of the Rademacher complexity, where we take the absolute
value of the Rademacher average. In order to apply Theorem 16, we reduce the problem to
the usual Rademacher complexity. In turn, we can apply the last chain of inequalities in the
proof of Proposition 6.2 in Hajek and Raginsky (2019). Concretely, by denoting O = {0},
and noticing that GLUy (0) = 0, we have

N
1 .
sup sup sup  sup —E aiGLUIEIJ/)(zi)[k]
WEW (2.} ez0{0} 1<k<T1<j<n, IV

N

1 .

= Y GLU (2:)[K]
i=1

=FE, | sup sup sup  sup
WEW {2}V ez 1<k<T 1<j<n,

N
1 ()
Ey ~ > oiGLU) (zi)[k]

=1

sup  sup sup  sup
WEW {z,}N €2 1<k<T 1<j<n,

< 2E,

Let x; =i,i=1,...,Nand let F = {fw_ r; | (W, 2,k,5) € Wx(ZU{0}) x [T] x [n,]} such
T
that fw,zk,;(xi) = [GELU(zi[k])(j) (W(GELU(zi[k])))O)} for z = {z;}}¥, € Z. Since
Z C (Be;?:oo(Rnu)(Ku))N, it follows for all {z;}¥ , € Z and for all k € N that ||z;[k]|lcc < Ku,
and hence |GELU (z;[k])Y)| < Ky, leading to [W(GELU (z;[k]))Y| < sup [|[W|eo.co - Ku.
wew
In particular, GLUS (2:)[k] = h(fw.zk;(%:)) = h|B(fw.zk(X:)), where h|p is the restriction

of hto B = {x € R? | ||z]|oc < K}, and hence h|p is v/2(K + 1)-Lipschitz. Therefore we can
set K = max{Ky, sup |[|[W|lco,c0 - Ku}-
wew

We are ready to apply Theorem 16, together with the GLU definition and its v/2(K + 1)-
Lipschitzness, we have

N
1 .
9K, | sup sup sup sup Y o:GLUY) (:)[K]
WEW (51N | e20{0} 1<k<T 1<j<n, IV =

14
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= 2E, |sup — > oih(f(x))| < 4K +1)E, Sup— 0:GELU (z;[k])Y)
o 3| <40 02, s S GELU )
A
+4(K +1)E, sup—Za, GELU(ZZ))(j)[k]]
fe]—‘

B

Due to the definition of GELU, its 2-Lipschitzness Qi et al. (2023) and (Ledoux and Talagrand,
1991, Theorem 4.12) we have

N
1
A=E, sup ‘N Z 0:GELU (z;) =
{zi}, €20{0} i—1 6520 (R
1 & 1 &
< 4E, | Nsup ~ Z 0:%Z; =4E, sup N Z 0;%Z;
{Zz}i:1€ZU{O} i=1 K;O,M(Rnu) {Zz} IEZ i=1 K;«O’OO(R”“)
and
| N
B =E, | sup sup N Z o W(GELU (z;))
Wew {z;}V {0} — (59 (Rnu )

Z 0ci:GELU (z;)

sup

< sup [[W]l, o Eo
wew {zi1L,€2{0}

5 (R

sup

<4 sup [W]|,, o E
Wew {z;}N €2

1N
N 20
N

Here we used the linearity of W and the exact same calculation as in the proof of Lemma 12.
By combining the inequalities above, it follows that

£r (R |

N
1 .
E,|sup sup sup sup |— ZJiGLUI(/IJ,) (zi)[k]|| <
WEW (g 3N ez 1<k<T 1<j<n, | N =
L
16(K +1) ( sup || W/l oo + 1) Es sup  ||—= ) o0z
wew {zi}g\;lEZ i=1 Z;o,oo(Rnu)

Substituting the value of K gives the result.

D.2. Proof of compostion Lemma 2

Proof [Proof of Lemma 2| Let Z C X{¥ and Z = {{p1(w;)}¥, | 1 € ®1}. We have

N
1
E, | sup sup  sup NE aipa(p1(u;))
=1

026P2 1601 {u;}Y €7

X3

15



=E, | sup sup
p2€®2 (vIN €7

1 N
LS oigavi)
N =1 X3

N
1 C2

< s | sup  sup — E gip1(ug) + =

p1€®1 {u;}N ez N i=1 X5 N

1 N c c

1 2
< pou1Ey sup — g o, + po—— + —
{u} ez N i=1 X, VN VN

The upcoming corollary is straightforward by induction along with the fact that the
pooling layer f°°! is (1,0)-RC (see Lemma 14).

Corollary 17 Let F be a set of deep SSM models, i.e. according to Definition of deep SSM,
for f € F we have f = fP<o fPoolo fBL o o fBio fEnC gyuch that fE7¢, P and each
B are from (uo,co)-RC, (pri1,cr41)-RC and (s, c;)-RC sets respectively for all i. Then
L+1 L | L+1
Fis (H Wiy > [ II Mi] q)—RC’.
i=0  j=1 |i=j+1
We can see that the SSM layer can only increase the input’s complexity by the factor
I3[, p = 1,2, a quantity that gets smaller as the system gets more stable. This gets even

more crucial when dealing with long range sequences, because the Neural Network layers are
constant in time.

Remark 18 The results of of Lemma 14 hold for unbounded input spaces as well. The
reason for restricting the input space to a ball of radius r is the composition with MLPs or
GLU layers, as discussed in the interpretation of Definition 1.

Appendix E. Statement and proof of the main theorem

So far we showed in D that each component of a deep SSM model satisfies Definition 1. We
also proved that the composition of such components also satisfies the definition. The main
theorem summarizes these results and exploits the fact that the Rademacher complexity of a
(1, ¢)-RC set of models is upper bounded by terms containing p and c.

Before we state the formal theorem let us discuss balls in Banach spaces regarding the
contraction lemma.

Remark 19 The results of of Lemma 14 hold for unbounded input spaces as well. The
reason for restricting the input space to a ball of radius r is the composition with GLU layers,
as discussed in the interpretation of Definition 1. As a result of Lemma 14, the restriction of
a deep SSM model to a ball of an arbitrary radius r has its image contain in a ball with a
radius © depending on r and the possible parameter set of each layer in the composite model.
The exact value of 7 can be calculated using Lemma 14. Namely, consider a residual SSM
block, defined as fB(z)[k] = g(Ss,(2z)[k]) + az[k] for all k € [T]. Let Ry(r) and Rx(r) be

16
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the radius of the ball that is an image of the ball of radius v in the domain, which can be
obtained from Lemma 14. Then the radius 7 = Ry¢(r) = (Ry(r)Rs(r) + a)r. We can apply
this formula recursively to get the radius belonging to a deep SSM model containing several
blocks.

Theorem 20 Let F be a set of deep SSM models, namely let f € F has the form f =
fPeco fPool fBL o o fB1o fENC with layer parameter sets Whec, Wg,,...,Wn, and Wgnc
respectively, where fBi is an SSM block for all i, i.e. fB(z)[k] = gi(Sx,(2)[k]) + a;z[k] for
all k € [T], and Wg, = & xW,,. Let Assumption 11 hold and let us assume that each f € F
maps from B(Rnu,||-H2)(Ku); and each set of nonlinearities g; is (fig;, cq;)-RC.

Under these assumptions, there exists 7 < oo such that the image of each f € F is
contained in the ball B .|\ () and the following holds with probability at least 1 — 6.

Pspn |VfE€F L(f)— L3, (f) <

KoL + cLy LK 2log(4/(5)] ’ ()

VN VooN

L

p < KeneKpee (g, K2 + 1) T] (pg, K1 + @i), ¢ < Kpec Z H (g K1 +Oéz‘)] cg; and
=2 j=1 |i=j5+1

K; > 0 such that |I(-,-)| < K. In particular, we obtain K; < 2L; max{Kpec, Ky}.

Proof |Proof of Theorem 20|
First, let us recite the definition of Rademacher complexity.

Definition 21 (Shalev-Shwartz and Ben-David, 2014, Def. 26.1) The Rademacher complex-
ity of a bounded set A C R™ is defined as

R(A) =E, | sup — Z oia;

aEAm ]’

where the random variables o; are i.i.d such that Plo; = 1] = Plo = —1] = 0.5. The
Rademacher complezity of a set of functions F over a set of samples S = {s1...8m} is

defined as Rs(F) = R{(f(s1),.--, f(sm)) | f € F}).

The following is a standard theorem we use in the proof.

Theorem 22 (Shalev-Shwartz and Ben-David, 2014, Thm. 26.5) Let Lo denote the set of
functions of the form (u,y) — I(f(u),y) for f € F. Let K; be such that the functions from
Ly all take values from the interval [0, K;|. Then for any 6 € (0,1) we have

emp

Pg. .p~ (Vf eF:L(>f)— s (f) <2Rg(Lo) + K; 210%5[4/5)> >1-46.

We wish to apply the Theorem 22 to the set of deep SSM models F. Let us fix a random
N
sample S = {uy,...,uy} C (E?F’Q(R”MD . As the loss function is Lipschitz according to
Assumption 11, we have that for any f € F

|l(f(u)7 y)| S 2Ll max{f(u), y} S 2Ll maX{KDecfa Ky}v

17



thus K; < 2L;max{Kpe.’ Ky}. The constant © exists as a corollary of Lemma 14, see
Remark 19.

Again by the Lipschitzness of the loss and the Contraction lemma (Shalev-Shwartz and
Ben-David, 2014, Lemma 26.9) we have

RS(LO) <L Rs(./_").

It is enough to bound the Rademacher complexity of F to conclude the proof. Let us
consider the deep SSM models as a composite of mappings as

Encoder B B
Be?;Z(R”in)(KU) &) Be%Z(Rnu)(KUKEHC) —1> Bg;o,oo(Rnu)(Tl) —2> e —L>

Pooling " Decod
Byzeoo nay (rr41) —— (R™, || o) = (R, |- 1),

where the constants r; exist as a corollary of Lemma 14, see Remark 19. Therefore, the SSM
layer in the first SSM block is considered as a map B€2,2(RM)(KEHCKU) — Bygewoo gnuy (1),
T

while the rest of the SSM layers in the SSM blocks are considered as a map BZ;O,M(RM)(W) —

BgoTo,oo(Rnu)(rHl). This is needed, because the Encoder is constant in time, therefore the

Composition Lemma wouldn’t be able to carry the K%’z norm of the input through the chain
of estimation along the entire model. This is one of the key technical points which makes it
possible to establish a time independent bound.

By the conditions of the Theorem and the stability assumption in Assumption 11 we
have that the Encoder, Decoder, Pooling, SSM and MLP layers are each (u, ¢)-RC for some
w and ¢ from Lemma 14. By Lemma 2 we have that the composition of an SSM layer and an
MLP is (p,c)-RC. A residual SSM block is then (u + «, ¢)-RC, because

N
1

E, | sup sup N Z 0i(9(Sx(z)) + az;) <

_QOSZ {Zi}i\;lEZ i=1 Z;o,oo(]Rnu)

I L L
Ey | sup  sup N Z 0i9(Sx(z;)) + aE, sup 0%

_9032 {2}, €Z i=1 655 (R {z:}]L, €2 i=1 £52°° (R )

1 N c
< (p+a)E, sup ~ Z 0% +—=
{z:}]L,€2 N i=1 €50 (Rnu) \/N

Hence, by Corollary 17, the whole deep SSM model is (u,c)-RC as a map between
X1 = Bgz,z(an)(Ku) and Xo = (R,|-|). The Theorem is then a direct corollary of the
T

following Lemma.

Lemma 23 Let F be a set of functions between X1 = BZQ,Q(an)(Ku) and Xo = (R,|-]|) that
T

is (i, ¢)-RC. The Rademacher complexity of F w.r.t. some dataset S for which Assumption
11 holds, admits the following inequality.

<MKu+C
_7\/ﬁ .

18
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Proof

~
NN
™
—~
=
3
=}
—
_ 1

By definition

Therefore

IA
=
™
=
™
INg
2
3
Gl
=
£
=
=}

k=1 =1
1 N T ) N :
2 2
= |73 2o 2 itk = | 5 Do il o) </ 75 NE
Hence we have
K
RS(;:)<F‘H7+C

- VN
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The constants p and ¢ are obtained by substituting the results of Lemma 14 into the
Corollary 17.
|
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