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Abstract

Quantum systems in thermal equilibrium are described using Gibbs states. The correla-
tions in such states determine how difficult it is to describe or simulate them. In this article,
we show that if the Gibbs state of a quantum system satisfies that each of its marginals
admits a local effective Hamiltonian with short-range interactions, then it satisfies a mixing
condition, that is, for any regions A, C the distance of the reduced state pac on these
regions to the product of its marginals,

|pacra’ @ pt —Lacl|,

decays exponentially with the distance between regions A and C. This mixing condition is
stronger than other commonly studied measures of correlation. In particular, it implies the
exponential decay of the mutual information between distant regions. The mixing condition
has been used, for example, to prove positive log-Sobolev constants. On the way, we prove
that the the condition regarding local effective Hamiltonian is satisfied if the Hamiltonian
of the system is commuting and also commutes with every marginal of the Gibbs state. The
proof of these results employs a variety of tools such as Araki’s expansionals, quantum belief
propagation and cluster expansions.
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1 Introduction

1.1 Correlation measures

Quantum Gibbs states are used to describe quantum systems in thermal equilibrium. They
are fully described by the system’s Hamiltonian and the temperature. For example, for the
simulation of many-body systems, it is important to know when Gibbs states allow for an
efficient description. This happens for instance if the correlations between faraway regions
vanish exponentially fast with the distance between the regions. We refer to [I] for a topical
review of this and other aspects of quantum systems in thermal equilibrium.

There are different measures of correlations. In this work, we will focus on a measure of
correlations that is called the mixing condition. In order to define it, let us consider Hamiltonians
with short-range interactions, i.e., interactions whose strength decays exponentially with the
distance. We show that assuming the existence of a local short-range effective Hamiltonian,
the following (uniform) mixing condition holds at sufficiently high temperature: There exist
universal constants K,a > 0 such that for all finite A C Z9, p := pg the Gibbs state for the
Hamiltonian on the region A at inverse temperature 5 > 0, and A,C C A with ANC = (),

HPAC’ p;l ® pgl - ]lACH < Kf(A,C) o—adist(4,C)

Here, f(A,C) is a suitable function that depends on the regions A, C, for example on their
cardinality or the size of their boundaries.

The name mixing condition comes from the study of modified logarithmic Sobolev inequal-
ities (MLSI) [I5, [7, 13], as its homonymous classical analogue [I7] is a fundamental ingredient
in the proof of such inequalities for classical spin systems. The relevance of MLSIs for quantum
spin systems is notorious because they imply rapid mixing for quantum Markovian evolutions
describing thermalizing dynamics. Additionally this comes along with a number of important
consequences, such as stability under perturbations [16] and the fact that it rules out the useful-
ness of models as self-correcting quantum memories [12], among others. In [4], it was shown that
the mixing condition needs to be assumed in order for heat-bath dynamics in one-dimension to
have a positive MLSI constant. In one-dimension, the mixing condition was subsequently used
to show that Davies generators converging to an appropriate Gibbs state have a positive MLSI



constant at any positive temperature and hence exhibit rapid mixing [5] [6]. This has been re-
cently extended in [32] to any 2-colorable graph with exponential growth, for which it has been
shown that exponential decay of correlations implies rapid mixing via the mixing condition.

The mixing condition is a very strong notion of decay of correlations. An information-
theoretically well-motivated alternative way to quantify the correlations in a quantum state is
by using the mutual information. This quantity has an operational interpretation as the total
amount of correlations (quantum or classical) between two subsystems, as shown in [23]. The
mutual information between regions A and C' is given as

I,(A: C):= D(pacllpa ® pc),

where D(pl||o) := Tr[p(log p — log 0)] is the Umegaki relative entropy between quantum states p
and o [45]. We say that H = (Hx)acze has ezponential uniform decay of mutual information
if there exist universal constants K’,a’ > 0 such that, given S > 0, for all finite A C Z9, for
p::pg and A,C Cc A with ANC =0,

I(A:C) < K'f/(A,C)e ' dsHA0)

Examples of systems that have an exponentially-decaying mutual information are those for which
there is a Lindbladian that thermalizes rapidly to them [28]. In particular, the mixing condition
implies the exponential uniform decay of the mutual information, as shown in [9] by the present
authors.

Finally, correlations in many-body systems are traditionally quantified using the operator or
covariance correlation. For a quantum state p in A and regions A,C C A, it is given by

Covy(A,C) = sup [Tr[O4 ® Oc(pac — pa ® po)]l -
04,0¢

Here, the operators O4 and O¢ have supports on A and C, respectively, and the supremum is
taken over such operators of operator norm at most 1. The operator px is the reduced density
matrix of p on X. Exzponential uniform decay of covariance is defined similarly as for the mutual
information: There exist universal constants K”,o” > 0 such that, given S > 0, for all finite

ACZ9, forp::pg and A,C C A with ANC =0,
COVP(A, C) < K”f//(A, C) e—a”dist(A,C) )

Using Pinsker’s inequality [40], one can easily show that the mutual information upper bounds
the covariance, so that decay in mutual information is stronger than decay in covariance. Thus,
the mixing condition also implies exponential uniform decay of the covariance.

This article complements a variety of works that prove decay of correlations for different
measures and various setups. In one-dimensional systems, results showing exponential decay of
correlations in Gibbs states at any temperature are available for all measures we have discussed:
In a seminal paper in 1969 [3], Araki showed that the operator correlation of infinite quantum
spin chains with local translation-invariant interactions decays exponentially fast. Building on
Araki’s work, the authors of the present article proved in [9] that systems in finite chains with
local translation-invariant interactions satisfy a mixing condition, extending it to exponentially-
decaying interactions in [I4] and [22]. Therefore, their mutual information in any finite subchain
also decays exponentially fast.

For higher dimensions, the picture is less complete: Exponential decay of the operator cor-
relation for arbitrary graphs above a critical temperature was proved in [31, 21I]. Contrary
to the one-dimensional case, in higher dimensions exponential decay of correlations for arbi-
trary systems can only hold above a critical temperature due to the possible presence of phase
transitions (for example, in the classical 2D Ising model). Exponential decay of the mutual



information in higher dimensions above a critical temperature for arbitrary graphs is related to
the results in [35] on the conditional mutual information. Unfortunately, there is a flaw in the
non-commutative cluster expansion of this paper [42]. While the recent paper [34] proves the
decay of the conditional mutual information at any positive temperature, this result does not
imply decay of the mutual information. Moreover, it does not prove the existence of an effective
Hamiltonian of the form that was claimed in [35].

1.2 Motivation

In the previous section, we have seen that there are different ways to quantify decay of cor-
relations, using, e.g., the mixing condition, the mutual information, or the covariance. The
exponential decay of covariance is the condition that is most commonly used, whereas the mix-
ing condition has been used successfully to prove rapid mixing [5 [6]. While the mixing condition
implies exponential decay of the mutual information, which in turn implies exponential decay
of covariance, these implications cannot be reversed in general. For example, from data-hiding,
it is known that there exist states whose operator correlations are arbitrarily small, but whose
mutual information is still big [26] 27].

However, for classical Gibbs states, it is known that all these different forms of decay of
correlations are equivalent [37]. The main motivation for this paper is to show that this is also
true in the quantum setting, i.e., to show that for Gibbs states, exponential decay of covariance
implies the mixing condition.

In previous work [9], the present authors showed that for quantum spin chains at any positive
temperature with local, finite-range, translation-invariant interactions, the three notions of decay
of correlations we discussed are all equivalent. In fact, we can even add another one, namely local
indistinguishability of the Gibbs state [10]. The latter holds if there exist universal constants
K" o/ > 0 such that for all A C Z9, split as A = ABC with B shielding A from C, and for all
local operators O4 on A,

‘TI'ABC[PA Oal — TI"AB[pAB OAH < HOA”f/H(A, C)K”’ oo dist(A,0)

The equivalence of these measures of decay of correlations and local indistinguishability in
1D was subsequently extended to short-range interactions in [I4] and [22], and it remains true
beyond one-dimensional systems for classical or even commuting systems with finite range, as
shown recently in [32]. The caveat of the latter result though is that it presents a prefactor
scaling exponentially with the size of the boundaries of A and C.

In this article, we make progress in the case of non-commutative interactions in systems
with more than one dimension. We are inspired by the flawed proof of exponential decay of
conditional mutual information in [35], which relied on the existence of an effective Hamiltonian.
In fact, we consider two different types of effective Hamiltonians, which we term weak and strong,
respectively (see Section (3| for details).

Under the existence of a strong effective Hamiltonian, we prove that for sufficiently high
temperatures, the mixing condition holds. Using cluster expansion techniques, we can show
in Section [3.3] that such a strong effective Hamiltonian exists at high enough temperature if
the interactions satisfy a commuting hypothesis (Definiton , meaning essentially that the
interactions and all their partial traces commute.

However, assuming the existence of a strong effective Hamiltonian is likely to be too re-
strictive for general non-commuting interactions. Therefore, we also consider a weak effective
Hamiltonian, which is an effective Hamiltonian of the form claimed in [35]. Making use of lo-
cal indistinguishability (which follows from exponential decay of covariance [14]), we can then
show that, also under this weaker hypothesis, exponential decay of covariance implies the mixing
condition.

Thus, to summarize, while we cannot prove unconditional equivalence of the different mea-
sures of decay of correlations at high enough temperature in this article, we can show this



equivalence assuming the existence of a local effective Hamiltonian, in two possible versions.
The precise systems for which these effective Hamiltonians exist beyond the commuting case
remains an open problem though, and will be addressed in future work.

1.3 Mixing condition and proof outline

The main results of this paper deal with the implication from local indistinguishability to mixing
condition under the assumption of the existence of an effective Hamiltonian with short-range
interactions. We explore separately the derivation of mixing condition in the presence of a
so-called strong (Definition or weak (Definition effective local Hamiltonian with short-
range interactions, respectively.

More specifically, for the strong case, we prove that, given a finite lattice A C Z9 and A, C C
A such that A and C are “separated enough”, and for a Gibbs state pg =p=ecPHr /Ty [e_BHA}
of a short-range Hamiltonian with 8 < (., where 3, is some sufficiently low inverse temperature,
we have

lpac px' @ pg' = Lac|| < (e A (1)

where (,n are absolute constants depending on the interactions and 3, and additionally { =
@) (emin{‘am"aa}, eﬁ). Here, 0X is the 1-boundary of X, i.e., all sites in the complement of X
that have distance 1 from X.

We prove the assumption required, namely the existence of a strong effective Hamiltonian
with short-range interactions for interactions that satisfy the Commuting Hypothesis (Definiton
. The derivation of Eq. is then relatively straightforward and shown in Section

Next, we assume the existence of a weak effective Hamiltonian, and prove Eq. in this
weaker case, with modified constants ¢, 7] such that

{ = 0 (minf{e®(|94] +|Clg(4)),ePN(OC]| + [Alg(AN)}, ) |

where the factors g(A) and g(C) are inherited from the notion of clustering of correlations
assumed to hold. The proof of this result is quite involved and requires the use of strong
machinery in the context of Gibbs states. In particular, we make use in our proof of the so-
called cluster expansions, the well-known Quantum Belief Propagation (QBP) [26] [30] [14] and
estimates on Araki’s expansionals [41]. Let us sketch here the proof of this result by combining
these tools. The complete proof can be found in the next sections.

Step 1. Construction of the effective Hamiltonian.

In a first step, motivated by the ideas of [35], we assume the existence of a local effective
Hamiltonian Hf’ﬁ for our original Hamiltonian Hj such that, for every L C A (cf. Section :

H/I(”B = _B log <tI‘Lc(6_BHA) X ]]_Lc) + B IOg[ZLc]]]_ .

. . gL.B .
We can control the interaction terms of e ##x™" | as well as bound the expansionals of the form
o PR SR
In particular, the previous construction allows us to relate the marginals of the original Hamil-
tonian to the exponentials of the effective Hamiltonian in the following form (see Eq. (40))):

7AC, TA, 7C,
BHAC? BHP+HEP)

pac Py ®pgt =" ZapcZpZapZpe

KRABC



where Zx is just Trx[e##x]. Therefore, we can bound

lpacpyt @ pct =1
< [l A AHE i — 1] 4 o SEEN gl 2

Now we need to estimate each of these terms separately.

Step 2. Estimates on the expansionals of the effective Hamiltonian.

For estimating the last term in the RHS of Eq. , we use the estimates for Araki’s expansionals
for the effective Hamiltonian (as in Proposition for the original interaction), concluding:

o8 TRE? PULHATN | < ke,
for K1 a constant and
Ky <O (min{|8A|, |8C|}e’di$t(’4’c)> .
We can similarly estimate the first term in the RHS above, obtaining;:
He—ﬁﬁfc’ﬁ AU AT _]lACH < ik g

Step 3. Estimates on partition functions of the original Hamiltonian.

The remaining term from Eq. to be bounded is |k 4pc — 1|. We bound it in Lemma using
the result of local indistinguishability from Theorem as well as the estimates for Araki’s
expansionals for the original Hamiltonian from Proposition obtaining thus:

[kape — 1| < min{O(|04] + |Clg(A))e? P, O(jaC| + | Alg(C)e?17DY

where the factors g(A) and g(C) are inherited from the notion of clustering of correlations
assumed to hold. Note that, in the proof of Theorem we additionally make use of the
Quantum Belief Propagation.

2 Setting and beyond

2.1 Notations and model

Let G = (V, E) be a possibly infinite graph with vertices V' and edges E. We endow the graph
with a metric dist : V' x V — Ry, for example the shortest path distance on the graph. This
fixes the set V' our quantum systems live on. For the distance between sets X, Y C V, let
dist(X,Y) := ;g{ ng}f/ dist(z,y) .

We write the double inclusion X CC V to indicate that the subset X is finite. The set of finite
subsets of V' will be denoted by Py (V).

The diameter of a finite subset X of V is given by diam(X) = max, yex dist(z,y). For
A CC V and r > 0, we denote by 0.4 the subset of A made of all sites whose distance from
A¢:=V\ A is less than or equal to r. In particular, we will write A := 0; A.

Let us now come to the Hilbert space associated to the quantum spin system. At each site
x € V we set a local Hilbert space H, = CP of dimension D € N. For each X € P¢(V) we then
have the space of states Hy = QuexHo = ((CD)®‘X| of dimension Dy = DXI and the algebra
of observables 2x = B(Hx). As usual, for two finite subsets X, Y of V such that X C Y we
identify 2x C 2y via the canonical linear isometry 2Ax — 2y given by @ — Q ® 1y x. This
allows to define the algebra of local observables as the inductive limit 2. := |J XeP; (V) Ax. We
will say that a local observable @ € . is supported in X € Pf(V), if Q belongs to Ax.



Next, we will describe which notation we will use for different versions of the trace. For each
X € P#(V), we will denote by Trx : Ax — C the full (unnormalized) trace over X. For the
partial trace over X on any X’ € P¢(V) with X C X', we will write

trx :=Trx ® idX’\X Ay — Q[X’\X

and combine this map with the above canonical isometries. For instance, for a state o € Ax
and X C X', we can write trx (o) = trx(o) ® 1x € Axs. In particular, if @ € Ax, then we
will deal with trx(Q) as a multiple of identity, trx(Q) = Trx(Q)1lx. The normalized version
of the partial trace, which is a conditional expectation, will be denoted Exc := trx /Dx. In
this case, given @ € 2Ax and two subsets Y)Y’ € Py(V) with VY’ O X, we can identify
Eye(Q) = E(y/)(Q). In terms of norms, we will denote by [|Q|| the operator norm of @ € 2Ux,
and by [|@Q]]1 = Trx(|Q]) its trace norm.

Let us present now the kind of Hamiltonians we will consider. By a local interaction, we
refer to a family ® = (®x)xep,(v), where @x € Ax and x = @Y for every X € Py(V). To
quantify the decay of the interactions, we introduce for each A, i > 0 the following notation

H(I)”)\# = Sg‘g Z H(I)XH€)\|X\+Mdiam(X) € [0,00]. (3)
TSV Xoz

We will say that ® has finite range » > 0 and strength J > 0 if ||®x| = 0 whenever X has
diameter greater than r and ||®x|| < J for all X € Py(V). Moreover, we will say that ® has
short range, or it is exponentially decaying, if H<I>||/\7M < 00. As usual, we denote for every finite
subset Y CC V the corresponding Hamiltonian by

Hy := Y ®x,

XCcY
the time-evolution operator (with possibly complex-valued time) by
j'-Iy (Q) — eisHerfisHy ’ s € (C,
and the Gibbs state at inverse temperature g > 0 by
v o e_/BHY
B Try e BHy]"

Moreover, for any X C Y, we denote by piﬂ/’ y the marginal in X of the Gibbs state of Hy at
inverse temperature 8 > 0, namely

=ty (o8]

Note that seen as an element in 2y, p}; x 1s no longer a quantum state, because its trace is no
longer normalized. We will frequently drop the superindex Y when it is clear from the context,
as well as the subindex § when we are fixing the temperature.

2.2 Locality and time evolution

We devote this subsection to deriving some estimates on the norm of the time-evolution operator
for short-range interactions. We provide below both universal estimates on such time-evolution
operators, as well as decay estimates on the difference between pairs of them.

Proposition 2.1. Let ® be an interaction on V' satisfying for some constants \, u € [0,00) that

N = € . < 0
2] = ([P, P [[ @ [N X o diam(x) |
M EY
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Figure 1: Example of configuration of regions Z C Y C Y’ in Proposition . If the local inter-
action of the system is exponentially decaying, then the evolutions of an observable supported
in Z under Hy and Hy~, respectively, are exponentially close to each other in the distance from
Z to the complement of Y.

and let Q be an observable having support in a finite subset Z of V.. If Y € Pp(V), then for
every s € C with |s| < \/(2||®||)

A

rs < ] A

(4)
Moreover, if Y € Pp(V) and Z CY CY', then for every s € C with |s| < A/(2||®])),

2 NEIES——
3 - I3 < Nz| __2IFNIPIA  —pdist(Z,V\Y)
[P, @ -3 @] s 1@ 25 g s e 5)

Before proving this result, let us mention that Eq. should be compared to [I1, Theorem
6.2.4], to which our estimate reduces whenever pn = 0. Moreover, Eq. for g = 0 is essentially in
[11, after Theorem 6.2.4] and can be interpreted as a manifestation of locality of the interactions.
Note that we have introduced the weight et4am(X) to control the decay of the interactions with
the diameter, following the approach of [44].

Proof. The time-evolution operator can be written in terms of derivations dp, (Q) = i[Hy, Q]
oo Sm
i (Q) =) 108y (@) (6)

m=0

In turn, each dp, (@) can be expanded as a sum of 0x(Q) := [Px, @], leading to

0FAQ) =6myo...00m, (@ = > ... > 6x,00x,,0...00x(Q),

X1NZ#0D XmNSm—1#£0

where Sp:= 27, S;:=ZUX;U...UXj for 1 <j <m, and the sums are extended over subsets
X; C Y. We next follow an argument inspired by the proof of [II, Theorem 6.2.4] to estimate

g, @l <2l Y. . > JllIexl. (7)

X1NZ#D XmNSm—1#£0 j=1



Next, let us rewrite
m m m
H 1@, || = e~ X+ [ Xim]) H |®x, He)xIXj\ < eMZlg=AlSml H [£3% HeMXj\ ‘
j=1 j=1 j=1

Applying the inequality e ** < /\Z,?m!m valid for every A, z > 0 with = |S,,,| in the previous
expression, we moreover get

m! .
ICE e*'z'm H @, Al < NI H g slex ISl ®)
j=1
and thus
m! .
I, @l <2mlQIeM s S° o Y 11 5 ‘H@xjne”Xﬂ'- (9)
XiNZAD  XmNSmo1#£0 j=1"77
Finally, note that we can bound for each finite subset Y of the lattice
Z ||(I)X||6A\X|+/Ldiam(X) < Z Z H(I)XHGMXH-,udiam(X) < ‘Y’H(I)H ) (10)

XNY#0 veY X3v
Applying Eq. iteratively, we can estimate
2 X H e 2! < o,
X1NZ#D XmNSm—1#£0 j= 1

so that oI\ ™
I55, (@1 < (250) 1@, 1)

Applying Eq. in Eq. @,

= [ 2||® m
I, (@1 < @ 3 (2151
m=0

Using finally the formula 2 = >>°°_ 2™ for |z| < 1 we arrive at Eq. (d).
Next, we prove the other estimate. Using Eq. (@, we can again upper bound

IT5,.(Q) ~ Ty (@1 = 32 2 a3 @) - o, @) (12)
m=1

Each summand can be bounded following a similar strategy to the first inequality of the theorem.
Let us denote by ®Y the local interaction on V given by @}f( =&¢x if X CY and @}f( =0 if
X ¢ Y. Then,

1071, (@) = i1, (Q)

m 7—1 m
Y Y Y (Hu@m)-|rq>xj—¢§jr- I 1ea] . a3
=1

J=LX4NZAD XS 170 i=j+1

where the sums run over subsets X; of Y’ satisfying X; N S;_1 # 0.



To deal with the previous term, we argue as with Eq. (7)), but adding one additional inter-
mediate step. More specifically, we first estimate as in Eq. to get for each j € {1,...,m}

7—1 m
(H !!%Y(i!\)’II‘IJ}}j—@XjH- IT lex.] <
i=1

i=j+1
—1 ) Y ALX .

SR Gy e A W e i U E

< am\ 4 Si—1] |S;-1] Pl 1S 1]

Then, applying Eq. to the last m — j terms iteratively

oo <ﬁ||q>§i||>-|yq>§j—q>xj||- ﬁ @ |

X1NZ#AD  XpmNSpm_1#£0 \i=1 i=j+1
(14)

| | LY [N (@Y — @x, X!
< ||@|m—i . M2 -~ I . '
< |lo DY > (s S5l

X1NZ#£0 Xjﬁijl#@ =1

Let us observe that, by definition, ®xy — ®% = 0if X C Y and &x — d% = dx if X ¢ YV
(ie. XN (V\Y) # 0). Thus, in the above expression we can restrict the sum over X; with
X;NSj-1 # 0 to sets Xj that also satisfy X; N (V \Y) # 0 and simplify ®x, — <I>§j = dy.
Thus, the upper bound from Eq. can be rewritten as

- ! TTIRE I oy, [
m—j Az Xi X
||| N Sy M <|| S TRt (15)
X1NZ#D  X,;_1NS;_2#0 X;NS;_1#0 \i=1 L =
1 J J AR
X;N(V\Y)#0

Note that the conditions on Xj,...,X; yield that

J
dist(Z,V\Y) <) diam(X;) .
=1

Hence, we can introduce a factor:
i—1 . .
IIRY [ [y,
|Si-1] |51l

Jj—1 Y || oA X |+ p diam (X A X |+p diam (X
<< M&W'AWMM»,W&WIHWWU>

i=1

6_'“ dlSt(Z,V\Y) . 16
11 1Si—1] |Sj-1] 16)

=1

Inserting the last expression in Eq. , and using again Eq. considering the fact that
|®Y|| < ||®]|, we show that

XlﬁZ;é@ Xj_lﬁSj_275®XjﬂSj_17£@

Jj—1 H(I)Y Hez\\Xi\Jr,udiam(Xi) ||(I) A Xj|+p diam(X5)
Xz‘ X”e 7 7 y
( > T < [|o]”

H |Si—1] |Sj-1]

=1

Thus, we deduce from Eq.

m m m! m —p di
195, (@) = 05, (@)l < 2™ (| Qllm - 1| P N e dZVAY),
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Replacing this estimate in Eq. , we conclude that

s 2[@|| |s —undis
HYl( H < ”QH AZ| Z < || |H ‘) nd t(Z,V\Y).

Finally, we apply the formula z/(1 — 2)* = >°°°_; ma™ with z = 2[|®|||s|/A < 1 to get the
desired result. O
2.3 Araki’s expansionals

In this subsection, we present some estimates on Araki’s expansionals 3] for a Hamiltonian with
short-range interactions. We use the following notation for the expansionals:

Exy(s) :=e sHxy osHx+sHy  for every s € C.
—Hxy  Hx+H
EX,Y Z:EX’y(l) =€ XY e x+Hy .

First let us recall that for every pair of observables H and W and every real value g > 0 we
have the following expansion in terms of the time-evolution operator (see [3, Eq. (5.1)])

m—1

t1 m—1 .
SBUHEW) Z / dtl/ dty . / dt, H T (W
J

m—n
where we are denoting [[ Qj := QmQm—1...Qy for every m > n, and where we recall that

j
F;I”(W) = ef'WetH  Changing the signs H — —H and W +— —W we can then rewrite

m—1

oo ﬁ t1 tm—1 .
o BHAW) BH _ Z(_1)m / dtl/ dtg.../ dt ., H FZj(W)- (17)
0 0 0 :
J

m=0

Proposition 2.2. Let A, B,C be disjoint finite subsets of V and let ® be a local interaction on
V' satisfying for some A,y > 0

@] = @[l = sup D [|[@x[M¥HrdmE) < oo,

z VXB:B
Then, for every real number B with |B| < QH‘I)H we have
@] [8]A udi

E < pdist(v,B) 1

H A,B(B)” —exp{)\_QH@H |/B| ZveAe ) ( 8)
and

Pl BIA —pdist(v |2(A+]8])? —ndist(v

|Ea5c(B) — Eap(B)| < eXp{A!2H<|Iﬁ|‘|,B\ S en® 1 dist( ,BC)} . ‘6(|/\”—2”||<§>|||ﬁ‘€|2) S pen® pdist(v,C)

(19)

Remark 2.3. In fact, the exponential growth in S is unavoidable, as one can see from the
commutative case [32].

Remark 2.4. In Eq. we could have also written ) _pe™# dist(v,4) 'since B4 g(8) = Ep.a(B).
Thus, a sharper upper bound would be to take the minimum of both quantities.

Remark 2.5. In both inequalities and , we find expressions of the form ) e rdist(v,Y)
that can be understood as a way of measuring the size of the boundary of X with respect to

11
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Figure 2: Example of configuration of the three disjoint regions A, B, C' in Proposition 2:2]

Y. Indeed, let us consider the case V' = Z9 with the distance induced by any of the || - ||, norm
(1 < p < o0). Given two finite and disjoint subsets A and X of V, we can estimate for example

D et dt ) =Ny e A k-1 < dist(v, X) < k}|e
vEA k=1

On the one hand, the summands corresponding to k£ < dist(A4, X) are equal to zero, since no
element v € A satisfies dist(v, X) < k in this case. Thus, using that X C A€, we can estimate

Z e~ hdist(v,.X) Z {v e A: dist(v, A°) < k}|e #k .
ved ke>dist(A,X)

On the other hand, this space has the property that if v € A satisfies dist(v, A°) < k, then the
open ball By(v, k) centered at v with radius k intersects A, i.e. By(v,k) N OA # (). Therefore,

{U cA: diSt(U, AC) < k‘} C UueaABd(U, k’),
and so we can upper estimate
{v € A: dist(v, A°) = k}| < |0A|sup |By(v, k)| < |0A|(2k + 1)9.
We then conclude that there is a constant v = supycn(2k + 1)96_’”’“/2(2]-20 e~1/2) depending

on p such that

Z e—udist(v,X) < |8A| Z (2]{,‘ + 1)ge—pk < |8A|V€—(u/2) dist(A,X) .
vEA ke>dist(A,X)

As a consequence, we can simplify the estimates in Eq. by
1EA,(B)] < exp{|B|K min{|0A],|0B|}}, (20)
where we used Remark [2:4] and
1EA,Bc(8) — Eap(B)| < exp{|BIK|OA[}K'|9Ale™ /2 SHAC), (21)
for certain constants K = K(\, p, [|®]|, 8) and K’ = K'(\, i, ||®|, 8) depending on A, u, ||®]], 5.

Proof of Proposition[2.3. We can restrict the proof of the theorem to values S > 0, since for
values f < 0 we can rewrite

Exy(B) = e BHxy BHx+BHy _ 6—|5\ﬁxye|5|ﬁx+\ﬂ|ﬁy ’

12



where H is the Hamiltonian associated to the new interaction ® = —®, which satisfies |®|| =
||®]|. Let us start with an observation that will be useful at several points of the proof. For an
arbitrary pair of disjoint subsets A,B € Pf(V) we can estimate

Yo ezl <y Y g N

ZCV vEA Z>wv
ZNA#D ZNB#0
ZNB#0

:Z Z |® || N grdiam(Z) o—p diam(2)

veEA Z>wv
ZNB#0D

< E Z H(I)ZH e/\|Z| eudiam(Z) e—udist(v,B)

vEA Z>wv
ZNB#0

< ||(I>” Z ef,udist(v,B) (22)
vEA
To prove Eq. , let us consider H = Hq + Hgp and W = Wy p = Hyp — Ho — Hp in Eq.
, yielding for every 8 > O:

00 8 t1 tm—1 m—1
EA,B(B) = Z(—l)m / dtl dtQ / dtm H FHA+HB WA B)
0 0 0 0
Therefore, we can estimate
0o Bm m
IEap@B) <14+ Pl T s Wap)ll ] (23)
m=1
Now, let us recall that
HA+HB(WA B) = Z F%A+HB(‘I)Z)- (24>
Z C AB
ZNAF#D
ZNB#0D

Then, using Proposition 2.1 and the fact that 0 < ¢ < 8 < A/(2||®]]),

. . A
T, Was) < D0 THgm, (@2)] < =233 > ez M7

Z C AB Z C AB
ZNA#D ZNA#D
ZNB#0 ZNB#0

At this point, we can make use of the observation Eq. to obtain the upper bound

it )‘”@H - dlth)
HFHA"FHB (Wa,B) H ~ A2 Z e (25)

Finally, applying this upper estimate to Eq. , we conclude that Eq. holds.
Let us prove now Eq. following similar ideas. First, note that
Exp(B)— Eapc(B) = o BHap oSHA+BHE _ —BHapc oSHA+BHBC

m—1 m—1

e ﬁ t1 tm—1
=3 /0 dt1/0 dtQ.../O dty, HFHA+HB (Wap) — HFHA+HBC Wa,Bc)
m=1

13



Then,

00 ,6 m—1 m—1
1E4,8(8) = Eapc(B)] < Z T, |Su|131\<,3 1% o, (Was) - H T e (WaA.BC)
Moy = ,]
(26)

Moreover, note that

m—1 m—1

H FHA+HB (Wa,B) H FHA+HBC (Wa,Bc)

m m—(a+1) (a—1)—1

it it o
Z H FHA+HB WAB) (PlHAJrHB(WAvB) FZ}IA‘FHBC WA 5C) ) H PHA+HBC (Wa BC)

it
FHA+HB WA B

<Z’

(Wa BC’)H -

I (I1) (]II)

m
it 1t
FHA+HB WAvB) FHAJrHBc(I/VAvBC)H H ’
j=a+1

We have classified the factors on the previous expression into three types (I), (II) and (III).
Factors of type (II) can be upper estimate using Eq. . The same estimate can be applied to
factors of type (III) adapted to the pair A and BC' instead of A and B. But since dist(v, B) >
dist(v, BC) for every v € A, we can actually use the following common upper bound for both
type of factors:

. Al|®
It V) | [P e W) € 52 e o2 o

To deal with the factor of type (I), let us split

T r;(Was) =T, rr (Waso)||
< Y T (®2) T @2+ Y T ame(@2)]] -

Z C AB Z C ABC
ZNA#D ZNAF#D
ZNB#0 ZNC#0D

(II1.1) (I11.2)

For the second sum (II1.2), we again use

; Al @]l
th d )\|Z|
2 Mieme @l < 555 20 Woale
ZNA#0D ZNA#0D
ZNC#0D ZNC #0
Al @2 o dist(v.C)
< ! 28
<Xl ¢ (28)

where in the last inequality we have again used Eq. for the pair A and C. For the first sum
(IT1.1), however, we are going to use inequality Eq. from Propositionwith the interactions
®4B and ®4BC on V = ABC giving Hy + Hg and Hy + Hpc, respectively, and Y = AB.
Note that || coincide with ® or are zero on every
subset X € Py. Then

i : 2/[@[|BA pdi
Z HFISA'f‘HB(@Z) - F%A"FHBC(@Z)H < (—2 Z Hq)ZHeMZ‘e PO )

2 ap A=20Iel8)* s
ZNA#D ZNA#D
ZNB#D ZNB#0
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where the last sum can be estimated by

Z ”(I)Z’|€)\|Z|e—udist(Z,C) _ Z H(I)ZHSMZH-M diam(Z)e—,u(diam(Z)-I—dist(Z,C))
Z C AB Z C AB

ZNA#D ZNA#D
ZNB#0D ZNB#0

vEA Z>v

< Z Z ||(I)Z||e’\‘ZH‘“diam(Z)e—udist(y,c)
veEA Z3v

< H(I)H Z e—udist(v,C) )
vEA
Here, we have used that diam(Z) + dist(Z, C') > dist(v,C) for any v € Z, which holds by the

triangle inequality. Combining Eq. with the previous bounds, we obtain the following bound
for (I)

HF%AJFHB (Wa,p) - 1_‘Zl"th+1%5;c (Wa,pc) H

2||(1)”2B)‘ AH(I)HQ —pdist(v,C)
<<A— 212152 T A= 2]®]3 Ze

_ 22)28A + N2 @|* — 2>\H<1>||3BZ —pdist(v,C)
(A —2[®|5)?

||CI)H (A +8)* —pdist
< pndis (vC)
- (A =2]®)8)? Z

Combining the upper bounds for (I), (II) and (III) we conclude that

vEA

m—1 m—1

H 11I'IA+ILIB WA B H PHA+HBC WA BC)

NED amese) ) IRIEOA B g
<m pndist(v ) o 1st(vC 29
(A X 205 2 (> —2||<1>WZ (#)

Inserting this expression in Eq. we conclude that

— A" A|@ .
1EA(8) = Eapc(B)] <) (mﬁ_ 5 (/\ ’ !H(!]ﬁ Z e—udlst(v,BC)>
m=1 :

HCI)H )‘+/B Z —pdist(v,C)

m—1

(A —2][|8)? 4
)‘H®||/B 7udlst v,BC)
= ex
e 5

BH(I)” )‘+5 —p dist( UC)
e 2

This finishes the proof of the inequality. O

Based on this proposition, we can derive estimates for various expressions on the expan-
sionals, in the spirit of, e.g., those from [9, Corollary 4.4]. We only provide here the bounds
required in the proof of the main result, Theorem but some other bounds would follow from
Proposition analogously. However, unlike in [9], we can only recover bounds in which we
take full traces of expansionals and states.
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Corollary 2.6. Under the conditions of Proposition [2.9 and for V. = 79 endowed with the

Euclidean distance, for 0 < g < ﬁ, and denoting by péB the Gibbs state in AB at inverse

temperature B, we have
-1 .
‘TTAB [P?BEZTBI(B)} ‘ < f Kmin{|0AL|0B]} (30)

where K = K (X, i, ||®|], 8) is the constant from Eq. (20)).

Proof. Note that we can write

Trap [/)QBEA,Bl(/B)] =Trap [prEA,Bl <2 Elp 5| (31)
—B(HA+Hp) BH BH —BHA+Hp)
where E;lB (g) =e 573 and Ez_é (g) —e 3¢ 5. Let us denote Q =

E:Z_Bl (é) EZIB (g) Since @ is a positive and invertible operator, the following inequality

2
holds: .
Q> o | . €2

Next, note that

= n (32 2)| < 2)

where we are using the estimates from Proposition [2.2] and specifically the simplification from

Eq. . Then,

Teas (o823 0)] | < | (5 ) Bas (5) | < oo xmmioaion - o

2
< f Kmin{|0Al,|0B]} 7 (33)

O]

3 Local effective Hamiltonian

Another tool we will need in order to prove our main result is the existence of an effective
Hamiltonian. Let us depart from a quantum spin system defined on a (possibly infinite) metric
space (V,dist) and a local interaction ®. Given any two finite subsets L C A of V' and some
fixed (inverse) temperature 5 > 0, we can consider the Hermitian operator given by

~ 1
H/{J’ﬁ = —ElogEL[efﬁHA].

This allows us to represent the normalized marginal of the Gibbs state (pg) 1, as the Gibbs state
of this new (so-called effective) Hamiltonian:

e PHY® _ Fp[ePHA],

One might expect that the inherent locality of the original Hamiltonian Hj manifests in some
form of locality for the new one. We may even speculate that if ® possesses a strong decaying
condition (e.g. finite or short range), then the local interactions defining the effective Hamilto-
nian should also have some strong form of decay (exponential or even faster).

One initial exploratory avenue to seek evidence supporting our statements is within the
“(very) high-temperature regime” where, traditionally, the locality of the interactions manifests
as locality properties of the Gibbs state (e.g. decay of correlations) in very general settings, as

16



it has been formally proved in quite a number of results. From a purely mathematical point of
view, we can consider a complex variable instead of merely a positive temperature.
Let us explain the broad idea behind this approach. One considers the complex vector-valued

function
P W VN

Since A is finite, and therefore, Hp is bounded, we can deduce the existence of an open disk
around z = 0 where the above function is well-defined and analytic. Moreover, using the
analyticity properties around z = 0, one can infer locality properties for small values of 5. This
is the route taken in [35], where cluster expansions are used to control the number of terms
appearing in the expansion around z = 0 and their norms. Unfortunately, there is a flaw [42] [34]
in this part of [35], such that the status of the effective Hamiltonian derived in this paper is
presently unclear. Therefore, we will take a different route in this paper.

In Section [3.1], we will follow the approach explained above to get an idea of what properties
one might expect for an effective Hamiltonian, culminating in the definition of a local effective
Hamiltonian in Section More specifically, we will examine the problem at very high tem-
peratures. By this, we mean values of 5 that are smaller than a constant 3. depending on the
size of A, opposing to simply high temperatures, where the constant . does not depend on the
size on A but maybe on local properties of the underlying graph V. This subtle difference makes
the latter a considerable harder problem that we will address in Section In Section we
show that such effective Hamiltonians exist in the case where all marginals of the interactions
are commuting. From then on, we assume the existence of such a local effective Hamiltonian to
prove the mixing condition.

3.1 Properties exhibited at very high temperatures

Fix a finite subset A of V. To quantify the decay of the local interaction ® on V', we are going to
introduce now a new class of functions. We will assume there is a function b : P¢(V') — [0, c0)
being subbaditive, namely b(X UY) < b(X) + b(Y) for every X,Y € P;(V), such that

12l = > Iex]e’™ < oco.

zeV X>z

Observe that the previous quantification of decay encompasses the case b(X) = A| X|+p diam(X)
for any fixed constants A, pu > 0.

Next, let us introduce for each X C A a complex variable zx € C, and consider the vector-
valued holomorphic map

(Cpf(A) —>QlA , 2= (zX)X — HA(Z) = Z zxPx .
XCA

Then, for each (inverse) temperature 8 > 0 and every subset L C A, the composite map
CPr) s 2 EpleBHAG) (35)

defines again an entire function.

Let us recall a few facts on holomorphic functions in several variables with values in a Banach
space [38]. Given a multiradius, that is, r = (rx)xep;a) With rx > 0 for every X, we define
the open polydisc with multiradius r as

rDPrN) = {2 e CPrN: 24| < rx for every X € Pr(A)}.

Analogously, one defines the closed polydisk D ®) replacing the condition |zx| < rx with
lzx| < rx for every X € Py(A).

17



A holomorphic function on the open polydisc f : CPr(A) — 9A; is characterized by the
existence of a unique power (or monomial) series expansion

f(z)= Z caz®  where z%:= H 255,

Oé:Pf(A)—>N0 XEPf (A)

that is absolutely convergent on every closed polydisc sD ! ) with 0 < sx < rx for every
X € Ps(A), see [38, Corollary 7.8|. Moreover, the coefficients ¢, can be computed using integral
Cauchy formulas, and also in terms of the partial derivatives

ca = (0°1)(0) = (T1xep, ) 923 £)(0),

where we do not specify a specific order in the concatenated application of the partial derivatives
since the value is independent of it.

We will however use another notation for the power series expansion that has been already
used in [46]. It consists of identifying each map « : Pr(A) — Ny appearing in the power series
expansion with the multiset W = W, containing each X € P;(A) a number ax of times. Thus
we can rewrite the power series expansion of f as

= E csz where W = H zx
W

Xew

and each coeflicient as

CW = Dw|z of H aXf

XewW

The function defined in thus admits a power series expansion that is absolutely conver-
gent on every polydisc. It can be computed explicitly by expanding the exponential term:

3] m m
Erle —OHA(z Z m‘) Z EL[(I)Xl'---'(I)Xm]HZX,-ZZCWZW
=0 Xl,...,XmEPf(A) =1 W
where cyw = (_n’i?m Xy P (A): [X1 oo Xon] =W Er[®x, - ...  ®x,,] for each multiset W with

m elements. Note that the summands in the previous expression may be different from each
other as the local interaction is not necessarily commuting.

Recall that a sufficient condition for the existence of a holomorphic logarithm of a given
holomorphic function on an open domain f : Q — 20 | is that || f(z) — 1|| < 1 for every z € .
In the case of , the above expansion yields that taking the multiradius r = P, for every
= b]DPf(A)

e m
Eofe ) 1)< 3020 ST [ e < el
i X1, XmEPs(A) =1

Therefore, if we restrict to values 0 < 8 < Hﬁﬁ (|21)\| the previous norm is smaller than one, and

therefore we have a holomorphic function with power series expansion

—BlogEL —BHA ()] Zaw (36)

(A)

that is absolutely convergent on the polydisc z € D"’ , and whose coefficientes are given by

1 1
aw (8) = —Bpwyzzo log By [e AHAR)] = —BDW|Z:0 log By [e #Haw(2)]

18



Here, Hp w(z) corresponds to Hy(z) with the variables corresponding to sets X ¢ W particu-
larized to zx = 0. Note, however, that we can omit the subindex A since if A’ is another finite
set containing UW, then Hpr w(z) = Haw(z). Thus, we will simply write Hw (2).

We can further simplify the sum in Eq. when z is held constantly equal to one, which
is the case we are most interested in because it recovers our Hamiltonian:

—élogEL[eﬁHA] =Y aw(B),
W

Next, we are going to rearrange the summands of the power series expansion in the following
way: Let us define for each subset X € Py(A)

~ 1 B ;
5P () = -5 > Dwl.mglogE[e #HwWE]. ;W (37)
W: X=UW

where the sum is extended over all multisets W such that the union of its elements is equal to

X. Note that absolute convergence ensures that this sum is well defined, at least on the polydisc
by Pr(A) .
e’D , and thus we can rewrite
1

3 log By [e7AHAR)] = Z &)ﬁ’ﬂ(z)

X€Pys(A)
We can easily check the following properties for every X C A:

N FLB, N - . . .
(i) ®"(2) is supported in X NL: Indeed, for each W we have that Hy is supported in UW,
and thus
D log B [e PHW(2)]

is supported in UW N L.

(ii) If X C L, then 5?{8(2) = ®xzx: Indeed, for every multiset W such that the union of its
elements is equal to X, since X C L, we have

E; [e*ﬂHW(Z)] — ¢ BHwW(2)

)

so that
Dw logEp[e 3] = Dy log Ep [e#Hw ()]
= Dw log e PHw(2)
= —BDwHw(2),

Now Dw |.—oHw (z) is zero if the multiset W has cardinality greater than one (i.e. if it con-
tains two different elements, or one element with multiplicity larger than two). Therefore,
the only nonzero summand in Eq. corresponds to W = [X], and Dw|.—oHw(z) =
dx.

(i) f L ¢ L/ ¢ Aand X N (L' \ L) = 0, then &)iﬂ@(z) = &)%’ﬂ(z): Indeed, using that
(L'\L)*=(L)°UL,
EL[e*BHA,W(Z)] =FE; ELU(L’)C[eiﬁHA’W(Z)]
=FE E(L’\L)C [e_ﬁHA*W(Z)]

=E. [e*BHA,W(Z)] )
Therefore, the summands in Eq. for both &)ggﬁ(z) and &)ij’ﬂ(z) coincide.
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Figure 3: On the left picture, we represent three distinct dispositions of a subset X with respect
to the tracmg region L¢. In partlcular the local interactions of the effective Hamiltonian must
satisfy @ = ®x,, while @ Fisa multiple of the identity. On the right picture, the coincidence

XAL—XAL yields that c1>§(ﬂ = oL F

3.2 Locality of the effective Hamiltonian

Taking inspiration from the properties that we have noticed in the previous section for extremely
high temperatures, we introduce the following definition for the given quantum spin system on
the metric space V' with local interaction ®.

Definition 3.1 (Strong form). Let us say that the above quantum spin system has (strong) local
effective Hamiltonians at (inverse) temperature 8 > 0 if it satisfies the following property: for
every L C V', there exists a local interaction OLB on Vv satisfying

(1) <I>X’ﬁ is supported in X N L for every X € Py(V).
(ii) If L' C V, then ®%% = L7 for all X € Py(V) such that XN L' = X N L.
(iii) For every finite subset A C'V

Hy? i=logErle P = >~ %7 (38)
XCA

We will say that ®LB s the local effective interaction of the marginals (pg)L on L.

Remark 3.2. It is noteworthy that the same local interaction LB provides the family of Hamil-
tonians Hk’ﬁ for every A € P¢(V). In particular, taking L = V' we have that the local interaction

®VP satisfies that for every finite subset A C V'

~ 1 _
d oo’ = —Blog[e PHN = Hy =) @x.

XCA XCA

By an easy induction argument on the cardinal of A, the above equality implies that E%/(ﬁ =&y
for every finite subset X C V. Consequently, applying condition (ii), for every L C V and every
finite X C L, we have %7 = @17 = & .

The above definition does not include any condition on the decay of the local effective inter-
action @8, One might conjecture that if the original interaction ® satisfies a decay condition
given in terms of a subbaditive function b : P¢(V') — [0, 00), namely

1@[lp = sup Y [ @x]e”) < o0,
x X>zx
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then ®L8 should satisfy a similar decay condition. We will explore this in Section We
will actually obtain a general result where the decay of the local effective interaction is slightly
weaker than that of ®.

Although the effective Hamiltonian has appeared in previous works [2], [35] 8], we were unable
to find an explicit definition that incorporates locality similar to the conventional definition of
local Hamiltonians, namely in terms of a local interaction defined on the lattice. The closest
approach we are aware of was explored by Kuwahara et al. [35], who used cluster expansions to
study the locality properties of the effective Hamiltonian in arbitrary lattices at high temper-
atures. However, a gap was found in their proof, leaving the validity of their result unknown.
Nevertheless, it is worthwhile to compare their locality description given in [35, Theorem 11]
with the above definition. They apply cluster expansion ideas to analyze the locality properties
of

108 (bra ™) + 5 log{Zy 1., (39)

that they rewrite as Hy plus a sum of local terms localized around the boundary of L with
exponential decay. Note that can be rewritten in terms of the conditional expectation as

1 1
——log (EL[e*ﬁHA]) + —logEpe PHar)1.
B B
Hence, if the quantum system admits a local effective Hamiltonian at inverse temperature (3
according to Deﬁnition then using property (ii) and the remark after the definition, we have
that

1 _ 1 _ =L.8 FL.8
——log<ELe BHA)—i——logELe BHALIT = o’ = Hp + Ej olor
3 [ ] 3 [ ] > X X

XCA XCA
XNLAD XNL#D
XNLE#£D

Thus, taking inspiration from the approach of Kuwahara et al. [35], an alternative definition for
the existence of a local effective Hamiltonian is the following:

Definition 3.3 (Weak version). Let us say that the above quantum spin system has (weak) local
effective Hamiltonians at (inverse) temperature 8 > 0 if it satisfies the following property: for
every subset L C 'V there exists a local interaction ®LP on V' such that

(i) &)f(ﬁ is supported in X N L for every X CC V.
(i1) &35(5 = 655 for all finite subset X CV and L' CV satisfying XN L' = X N L.
(iii) For every finite subset A CV

- 1 . 1 _
A} =~ log (travele™2]) + Glalzni= 3 @
XCA,XNLAD

We have shown before that the strong version (Definition [3.1)) implies the weak version
(Definition [3.3). However, we do not have a proof neither a counterexample for the reverse
implication.

Remark 3.4. For H and f[ﬁ”g defined as in Definition and for fixed 8 > 0, note that

—pHLPENL

7 (40)

A
PaL=pL=¢

Thus, bounding products of exponentials of H allows us to bound products of marginals of p.
We can also see that the weak version of the effective Hamiltonian is designed to be able to
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write marginals of a Gibbs state as Gibbs states of effective Hamiltonians. It is the form that
the claimed effective Hamiltonians in the paper [35] had.

The strong version of the effective Hamiltonian is designed to write marginals of exp(—FSHy)
as exponentials of the effective Hamiltonian. We will see in the remainder of Section |3| that for
Hamiltonians satisfying a Commuting Hypothesis (Definiton , we can prove the existence of
an effective Hamiltonian in the strong from.

3.3 Effective Hamiltonian in the commuting case

We will now show in some cases that effective Hamiltonians with short-range interactions exist,
as it is well-known for the Ising model [43]. Let us state the main assumption on the local
interaction ® that will be needed.

Definition 3.5 (Commuting Hypothesis). Let us say that a local interaction ® on V' satisfies
the Commuting Hypothesis if there is a commuting algebra A C Ay such that ®x € A for
every X € P¢(V), and moreover, for every L C V the conditional expectation Er[-] satisfies

E; [.A] Cc A.
We next state the main result of this section.

Theorem 3.6. Let us consider a quantum spin system with local interaction ® on V' satisfying
the Commuting Hypothesis (Definition and such that for some € > 0 and a subadditive
function b : Pp(V) — [0, 00)

|®||e,b = sup Z @ |5 XIHPO) < oo
xEVXBI

Then, for every B € C with || < ¢/(2||®||cb) there are (strong) local effective Hamiltonians,

namely for every L C V there exists a local interaction OLA on Vv satisfying Definition (z)-
(i11), and moreover

=~ = €
852l = sup 3 |37eP) < 5.
2€V X5

Observe that the decay of the local effective interaction is slightly weaker than the decay of
®. In particular, if we wanted to ensure that the decay of the effective interaction L satisfies
|®%P||p, < oo for the subadditive function b(X) = A|X| + pdiam(X), we would need that the
original interaction ® to decay as in [[®|y < oo with b'(X) = (A + ¢)|X| + pdiam(X) for a
positive value € > 0. This fact may be a limitation produced by our techniques.

Under stronger assumptions on the decay of ®, however, it is possible to obtain a better
result where the local effective Hamiltonian has the same type of decay. Let us denote by S the
set, of finite elements X C V with ®&x # 0.

Definition 3.7. We say that our quantum spin system has finite degree 0 € N if for every
X € 8, the number of subsets Y € S such that Y N X # (0 is at most 0.

Our primary example is the case of a quantum spin system over V = Z9 endowed with the
supremum distance (norm) and with a local interaction ® having finite range » > 0. In this
case, it is not difficult to check that it has finite degree, since every ball of radius r intersects at
most a number ? = ?(r, g) of balls of radius r. For this type of interactions, we can prove the
following result

Theorem 3.8. Let us consider a quantum spin system with local interaction ® on V' satisfying
the Commuting Hypothesis (Definition , such that for a subadditive b : Ps(V') — [0, 00)

1@[lp = sup Y [ @x]e”) < o0,
erXam

22



and having finite degree . Then, for every || < 51 , there are (strong) local effective

1
142)e?[[®|p -
Hamiltonians, namely for every L C V there exists a local interaction ®8 on V satisfying

Definition[3.4)(i)- (iii), and moreover

.,
b= sup > @57 ") <1
xEVXaz

I LB

To establish the above results, we will employ cluster expansion techniques through the
theory of abstract polymer models |20} 44, 19, 33]. However, we are going to introduce a novelty
that, to the best of our knowledge, has not been considered elsewhere, namely vector-valued
polymer models.

3.3.1 Polymer models and cluster expansions

A polymer model is described in terms of three elements denoted as (P,&,w). Here, P is a
(nonempty) set whose elements are referred as polymers. There is also an interaction function
£ : P x P — R, which is assumed to satisfy

E(v.7)=¢&(,y) and [14+&(y,9) <1, forally,9 € P.

Lastly, we have a function w : P — A, called the weight function, taking values in a (complex)
commuting Banach algebra A, and satisfying

Wl =) lw()l < e (41)

vyeP

In the literature, the weight function is typically assumed to take real or complex values. Al-
though transitioning to vector-valued functions may introduce new challenges when attempting
to extend results from scalars to this setting, the results that we will be using can be straight-
forwardly reproved along the same lines in this case, thanks to the commutativity of the Banach
algebra. Investigating the nonconmutative case appears to be an interesting line of research that
we will not be pursuing here.

Under the above conditions, the (polymer) partition function associated with this model is
defined by

z=14Y S [Iwtn II (+coum).
m=1

(Y1yeeeyym)EP™ =1 1<i<j<n

Then, subject to certain conditions on the weight function, we can write the logarithm of the
partition function Z in terms of the Mayer expansion [24]

Z=exp| Y. > 0w [[ W) (42)
j=1

m=1 ('Ylv'“:’Ym)E]P’m

where the functions ¢ : U, P™ — R are the so-called Ursell functions (see e.g. [19, Eq. (2.4)]).
To explicitly define them, denote by G,, the set of all graphs with n vertices, that we identify
with {1,...,n}. The edge connecting two vertices i and j will be denoted by {7, j} and to claim
that a given graph G € G,, contains this edge, we will write {i,j} € G in an abuse of notation.
Then, for every (v1,...,%m) € P™

e P SR | R (43)

GeGm {i,j}eG

connected
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We will say that the sequence (71, ..., vm) is a cluster if the graph G € G,,,, that contains an edge
{i,7} if and only if £(y;,7;) # 0, is connected. Observe that ¢(v1,...,vm) = 0if (y1,...,7m) is
not connected, as every summand in the right hand-side of is going to be null.

Several sufficient conditions for the absolute convergence of the series in have been
provided by e.g. Kotecky and Preiss, Dobrushin, and more recently by Ferndndez and Procacci
[19]. We are going to base on a criterion that appears in |20, Theorem 5.4 and Lemma 5.6],
which in turn is based on a more general approach by Ueltschi [44, Theorem 1].

Theorem 3.9. Let (P, &, w) be a polymer model where the weight function w takes values in a
commutative Banach algebra A. Let us assume that there is a function a : P — [0, 00) such that

(i) 3ep W) < oo,

(ii) Y ep W E(7,7)[e2) < a(v*) for every v* € P.

Then, the power series given in Fq. 1s absolutely convergent, namely

Z Z ’¢(713---77m|H||W Vj ||<Z||w )[e2) < 0o

m=1 (V15 ym ) EP™ ~v€EP

Moreover, for every v* € P

> IO 16O, y2s 5 m) T IIw ()l < a(v*) . (44)

m=1 (y1,..,ym)EP™ \J=1 Jj=1

The proof of this result follows the lines of [20, Theorem 5.4 and Lemma 5.6|, and its original
source [44, Theorem 1]. Although these proofs are developed in the scalar case, they can be
straightforwardly reproduced in the commuting vector-valued case. Let us also observe that in
[20] the set of polymers PP is assumed to be finite. This is not a major issue, and actually in the
original source [44] it is permitted that the set of polymers can be infinite. One just needs to
add two extra conditions on the weight function that are omitted in the proofs of [20, Theorem
5.4 and Lemma 5.6], as they are superfluous under finiteness assumption. The first condition is
that the weight function w satisfies (1)), which is tantamount to the condition in [44] that the
complex measure has bounded total variation; and the second condition is that a in Theorem
satisfies condition (i), whose analogue is [44, Eq. (3) in Theorem 1].

3.3.2 Cluster expansion for the effective Hamiltonian

Let A be a finite subset of V' and let also L C V. Next, we want to find a (vector-valued)
polymer model (P, ¢, w) for which we can rewrite

EL[(B*’BHA] ’

as the associated (polymer) partition function, so that we can apply the cluster expansion
techniques that allow us to describe its logarithm as a convergent power series.

Let us denote by & = S(A) the set of all (finite) subsets X C A such that ®x # 0. Then,
we can expand

© Ak
Erle?M) =1+ ( kﬁ,) > Epf@x,...0x,]. (45)
k= T (X1, X )ESK

We next establish an equivalence relation on S*, by defining X = (X;)¥, ~ Y = (Y;)k, if
there is a permutation 7 on {1,...,k} such that X,y =Y; for every 1 <i < k. Let us denote
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Sk = Sk(A) := S¥/ ~ and S = S(A) := UiSy, the set of all equivalence classes. We also define
for each v € S

wg(y) = ol Z Ep[®x, ... ®x,],

so that Eq. can be rewritten as

Erle ™) =1+ ws(y). (46)

k=1 ’Yesk

We can associate (identify) the elements of S with (nonempty) multisets by considering the
equivalence class of (X7i,...,X}) as the multiset [X1,..., X%]. In this way, each element in S
corresponds to a unique multiset and vice versa. Given two multisets v = [X1,..., X}] and
v = [Y1,...,Y]], they are said to be disjoint, denoted v A+' = 0, if X; NY; = O for every i, j.
Otherwise, we will write v Ay’ # (). The sum of the previous multisets v and ' is defined as
the new multiset vV~ := [X1,..., X, Y7,...,Y]]. We say that a multiset v is disconnected if it
can be written as v = 1 V 72 where 41 and 72 are disjoint (nonempty) multisets. In this case,
it is very easy to check that

wg(7) = wa(71)ws(72) - (47)
If v is not disconnected, we will say that it is connected. Note that an equivalent way to formulate
that a polymer ~ is connected, is that we can order its elements as 7 = [X7,..., Xj] so that

X;N(X1UXoU...UX;_1) # 0 for every j =2,..., k. See Figure . We can define the function
X :S — {0,1} given for each x = [X1,...,Xk] € Sg

) = (X X,) = 1~ is conneced
X = XA &) = 7 is disconnected

Q 9 9 9 99 9 9 9090 9 9 90 Q 9 9 9 9 9 9 90 9009 09 9 9
Q 90 9 9 90990 9 9090090 9 9 90 Q 9 9 9 9 9 i(\) Q19 9 9 9
Q 9 9 9 90 9 9 9 90 90 9 9 9 Q 9 9 9 9 9]0 2.) Q19 9O 9 9
Q 9 9 9 9 9 Q 9|9 9 9 9 Q9 Q QO QO]9 9 9190 90 9 9
Q 9 9 9 9 9|9 %) Q19 9 9 9 919 %) Q Q|9]|9]19 9]0 9 9 Q
Q9 \j(,) Q Q|99 9 9]0 9 9 Q9 Q9 9 9|9 \j(J Q19 Q9190 9 9 O
4 i
QIO V]9 Ql9]9]19 9|9 90 9 9 Q QO 919 9 O 9190 9 9 9 9 9
Q9 9 9|9 .jX,J Q19 9|9 9 9 O Q 9 Q]9 9 9 9|19 9 9 9 9 O
Q 9 9|9 9 1) Q19 9 9 9 9 9 Q 9 9 9 99 9 9 9009 09 9 9
Q 9 9|9 9]0 9 yd Q19 9 Q9 Q 9 9 9 919 9 5() Q19 9O O
Q 9 9 9 919 9 9 3:) 9 y,) Q Q 9 9 9 919 9 Q9 3:) o y,) Q
5. 5
Q 9 9Q 9 9 9 9 9 9|9 9 9] Q 9 9 9 9 9 9 9 9]9 9 9]0
Q 9 9 9 99 9 9 090090 9 9 90 Q 9 9 9 9 9 9 90 909 09 9 90

Figure 4: On the left-hand side, a multiset v = [X1, X2, X3, X4, X5] that is connected (polymer).
On the right-hand side, an homonymous multiset that is disconnected, as it can be decomposed
as v =1 V 72 where 1 = [X1, X9, X4] and vo = [X3, X5] satisfy y1 A v2 = 0.

Let Pr, = Pr(A) be the subset of S made of all multisets that are connected, and P =
P(A) := UgPx. Note that every v € S can be decomposed in a unique way as a sum of connected
multisets (i.e. polymers) v =1 V...V v with 73 Ay; = 0 whenever ¢ # j, let us call them its
connected components, so that by Eq. (47)

m

ws(7) = [[was(r).

=1
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Using this fact on Eq. (46]), and rearranging summands according to the number of connected
components, we get

EL[efﬂHA]:Hz% S [Iwstn)-
m=1

(Y1507 ) EP™ i=1
iy =0, Vi#j

Defining £ : P x P — {0,—1} as

£(v,7) = —x(yVvy) =

-1 YAy #D
0 Ay =0

we can rewrite again

Bl =143 S JIwet) [T (+&6uw) (43)

m=1" (y1,...;ym)€P™ i=1 1<i<j<m

This form is consistent with the polymer partition function associated with the polymer model
where P serves as the set of polymers, and it employs the disjointness relation along with the
weight function wg : G — 2ly,. However, in order to apply Theorem and to get an explicit
description of the logarithm, we need to assume that the weight takes values in a commutative
algebra.lt is at this point we will need that our local interactions @ satisfy the Commuting
Hypothesis given in Definition [3.5]

Let us state now the main result from which we will prove the existence of a local effective
Hamiltoniam. Recall that a function ¢ : P¢(V') — [0, 00) is subaditive if c(X UY") < ¢(X)+c(Y)
for every X, Y € P¢(V). From such a function, we can construct a function on the set of polymers
P that we denote in the same way ¢ : P — [0, 00) by defining c(v) = >, c(X) = 271" e(X;)
lf’)/ = [Xl,.. . ,Xm]

Theorem 3.10. Let us consider a quantum spin system with local interaction ® satisfying the
Commuting Hypothesis (Definiton . Assume that for a given B € R there exist subadditive
maps a,b : Pr(V) — [0,00) satisfying that for every Z € S

00 k
S > x(Z Xy, LX) [ 1@, 1e2EDTPN) < a(Z) . (49)
k=1 [Xl,...,Xk]E]P)k 7=1

Then, for every L C V there exists a local interaction OLB on Vv satisfying the following prop-
erties:

(i) &5?(’6 is supported in X N L for every X € Py(V).
(ii) If L' C V, then ®%% = L7 for all X € Py(V) such that XN L' = X N L.

(iii) For every finite subset A CV

log Ep e PHA] = Z &)f(ﬁ
XCA

(iv) For every x € V

> 2%7ePX) < a({}) (50)
Xz
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Proof. Let us start by fixing some finite subsets A, L C V. Recall the discussion preceding this
theorem, where we found that Ej, [e_fBHA] can be rewritten as the partition function of a polymer
model, see . The Commuting Hypothesis (Definiton implies that the weight function
wg : P — A takes values in a commutative Banach algebra A. Thus, the first assumption of
Theorem [3.9 is satisfied.

Next, we are going to check that conditions (i) and (ii) of Theorem are satisfied when
considering as the weight function v — wg(y)e b(7) . Observe that, as a consequence, the same
conditions (i) and (ii) will be satisfied if considering as the weight function only v — wga(vy). We
have to consider however this more stringent condition in order to ensure that the last condition
on the decay of the effective interaction, eq. , is satisfied. On the one hand, observe that
we can always bound

El < Y e 12D)]- (51)

Zevy*

Combining inequality with the definition of ¢ in terms of x and also with the hypothesis
, we deduce that

> e lws (TP < S S 1e(1Z] )] Iws(y) ][V +P0)

~eP(A) Zey* veP(A)

> k
<Y Y X @K X JT18 e e
b

Zevy* k=1 [Xq,...,.Xg]€PL(A)
<Y a@Z)=a@").
Zen*

This shows that Theorem [3.9](ii) holds. With the same idea, we can also argue that Theorem
(i) is satisfied, since due to the fact that S(A) is finite (because A is finite),

> lws()]ex™ < YD @ 2D ws() [P < Y a(2) < oo
~EP(A) ZeS(A)we]P A) ZeS(A)

Thus, as a consequence of Theorem we conclude that

S > et ) [T Iws(i)ll < oo

m=1 (y1,....,7m)EP™(A) J=1
The absolute convergence of the previous sum allows us to define, for every finite subset X C A,
the following Hermitian operator supported on X:

n

$§J31::j£: j{: ¢(71w"77n)II‘Nﬁ(70'

n=1 (y1,...,yn)EP(A)™: i=1
supp(11V...Vyn)=X

Note that the preceding definition is independent of A D X, namely, we can replace in the
above sum the indexing (v1,...,7v,) € P(A)™ with (y1,...,7,) € P" due to the additional
condition supp(y1V...V9,) = X. Thus, since A is arbitrary, we have defined a local interaction
®LF . Pr(V) — R that satisfies for every finite A C V

Bl —exp [ Y d0nem) [[wat) Zexp@w)'
=1

n=1(y1,0,7m ) EP™(A) XcA

Let us check that ®X7 is a local interaction satisfying (i) and (ii). For every finite subset X C
V, it is clear that CI)%'B is self-adjoint, since the conditional expectation preserves Hermiticity.
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Moreover, it satisfies (i) since if @ is supported in X, then E[Q)] is supported in L N X; and
also (ii) since E;[Q] = E/[Q] if @ is supported in X and L' N X = LN X.
To verify the decay condition , we use first that b is subadditive to estimate

IR S 3 o [0l

Xoz X2z n=1  (y1,...,yn)€EP™:
supp(11V...Vyn)=X

Then, we apply inequality from Theorem so that

S L7 X><§; 3 |¢<vl,...,%|Hnw§ )b

X =1 (y1,...,7n)EP™:
xebupp(mv V%)

n=1 (71’ 77n)€Pn
a({z}).

This finishes the proof of (iv). Note that conditions (i) - (iii) also hold, as per the discussion
above on the weights. O

In the following subsections, we will apply the previous result to prove Theorems (finite-
range interactions), for which the argument is simpler, and later Theorem (exponentially
decaying interactions).

3.3.3 Finite-degree case: Proof of Theorem

We will need the following auxiliary result that appears in [46, Lemma 1], which is a reformulation
of |25, Proposition 3.6].

Proposition 3.11. Let us assume that the quantum spin system has finite degree 0. Then, for
every X € S and m € N, the number of polymers v = [X1, ..., Xi] € Py such that X € ~ is at
most (ed)*.

Next, we can prove the main result that establishes the existence of an effective Hamiltonian
for high temperatures under the specified conditions.

Proof of Theorem[3.8 We have to prove that the hypotheses of Theorem [3.10] are satisfied for
this choice of a and b. To check that inequality holds, we simply use that for each set
X € S we can estimate ||®x||e2(X)HP(X) < ||® ][4y, so that

00 k
S 0Y Z X X [ I8N0, [R50
=1

k=1 [X1,...,Xk]€Pk

[e%S)
SZ |B|k||q>||§+b Z X(ZaXla"'7Xk)'
k=1 [X1,.., X]|EPE

Since each v = [X1,...,Xy] € Py is connected, x(Z, X1,...,Xx) = 1 if and only if (at least)
one of the sets X satisfies X; N Z # (). Then, we can estimate for each k € N

S x(Z X LX) <) x(Z2,X) > 1> X "< ave)”.

[Xl,...,Xk]E[Pk XeS YEPL: v X XeS
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Thus, applying this estimate in the above inequality

o0 k %)
Z Z X(Z7X17“'7Xk) H|ﬂ|||(pXj”ea(Xj)+b(Xj) < ZD(’/B‘ H(p”a-i-bae)k'
j=1 k=1

k=1 [Xl,...,Xk]GIPk

Taking a as a constant function, a(X) = a > 0 for every X € P;(V), which is obviously
subadditive, we have that ||®|/atp = €*||®||p, so that

0o k 0o
S XX [I8lx, [R5 < S o (| Blael @)t
k=1 k=1

[X1,..., Xk]EPY Jj=1

Therefore, if 3] < then we can estimate

1
el o @y,

k 2 14a
A . 0%e! TPl
Z,X1,..., X by [[eaX)bxy) o Bl _
Yo > xZXu.. X [TIBlIex, e < T Bperalaly

k=1 [X1,...,Xp]€EPy Jj=1
If we moreover impose || < %W, using that z +— % is increasing on [0,1) we have
that

B2 @]n

<a=a(2),

1 — |Bloet+e ]y

which means that is satisfied. Observe that the choice of a > 0 is arbitrary. Actually we

could try to optimize the map a — fhe—av obtaining that it reaches an absolute maximum on

— Voii+40—d _ 20 _ 2 ; o :
[0,00) at a = 5 T ST I Since the expression is rather complicated, we
can take a = 1, obtaing the expression that appears in the statement of the theorem. O

3.3.4 Exponentially-decaying interactions: Proof of Theorem
We will need the following auxiliary result. It is based on the proof of [20, Theorem 5.4].
Lemma 3.12. Let c,u: Ps(V) — [0,00) such that for every Z € S
> x(Z X)u(X)e™ < e(2). (52)
XeS
Then,
) 1. (53)

k=1 [X1,...,Xk]€§k

k
u(X;) < e
[e%S) k
Yo Y xZxy, LX) [[uX;)) <e(2). (54)
j=1

k=1 [Xl,...,Xk}GIPk

j=1

Y X2 Xy, Xy
X

Proof. Let us denote P<,, = Uj<,P; and S<,,, = Uj<p,S; for every m € N. We are going to
prove by induction on m that for every Z € S we have

Y x(Zyu'<e(Z) and D> x(Zyu <P -1, (55)

YEP<m YES<m
for u” = [Jxe, u(X). Then, taking limit when m tends to infinity we will get that both
and hold. For m = 1, both inequalities are a simple consequence of the hypothesis , as

Z X(Z, X1)u(Xy) = Z x(Z, X1)u(Xy) = Z X(Z, X)u(X) < c(Z) < e?) —1.
[X1]ePy [X1]€$1 XeS
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Let us next assume that holds for m. To see that it holds for m + 1, let us start by noticing
that since polymers v € P are simply the elements of S satisfying x(v) # 0 and thus equal to

one, we can rewrite
Yo x(Zyuw = Y x(Zy)x()u.
YEP<m41 YES<m1

The condition x(Z,v) = 1 yields that X N Z # () for some X € 5. Therefore, we can split
v=7"V[X] and estimate

Y vz < Yy X.7)u(X)

'YESS'rn+1 XGS’Y Eng
=> X(Z,X)uX) > x(X,4)u
XeS ’YIESSM

Using then the induction hypothesis in the previous expression, and subsequently the condition
of the statement of the lemma, we can further get

> x(ZA)x(nu <Y X )ec?) < ¢(Z).

WGSSm_‘_l XeS

This shows that the left hand-side inequality of holds for m+1. To show that the inequality
of the right hand-side also holds, recall that given any multiset v € S, we know that it admits
a unique (except for reordering) decomposition as a sum of connected multisets (i.e. polymers)

y=mV...Vy suchthat ~;A~, =0 whenever j#k,

The fact that each v; is connected and that ~; A v, = ) whenever j # k, ensures that

l

X(Z, " = [ x(Zv)x(3j)u

j=1

Therefore, we can upper estimate

Y x@Zyu | . (56)

76P§m+1

N‘H

5 e sf

'YESS'm-Q—l
Next, using the inequality of the left hand-side of for m+1 that we just proved, we conclude

that
m 1 .
Y. x(Zyut <Y ne(2) < e
=1

VES<m41

This finishes the proof by induction. O
We can now prove the main result.

Proof of Theorem[5.6, We are going to apply Theorem Let us consider a,b : S — R by
a(X) = (¢/2)|X| and an arbitrary b. We have to prove that

° k
STBE Y 2 X X)) [ 1 9P < a(2).
= [X1 . Xi]EPK =1

For that, we will use the previous Lemma with the maps c,u: S — [0,00) given by ¢ = a
and u(X) = |8 |®x|eaX)TPX) With this choice, note that the previous estimate corresponds
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to Eq. . Thus, we just have to check the hypotheses of the Lemma. But this can be easily
verified, since

5
> X2, X) 18] |@x [P < (8] >N " @x [T X TN <) 1 2] || < 52| = a(2)
Xes r€Z X3z

if we take |3] <e/(2||®||b), so we conclude the result. O

4 Mixing condition via strong effective Hamiltonians

To finalize this section, we are going to show that, under the existence of a strong local effective
Hamiltonian as the one described above, we can show that exponential decay of covariance can
be lifted to the mixing condition.

Theorem 4.1 (Strong form). Let us assume that ® is an interaction on V' satisfying the
strong local effective Hamiltonian property at 8 > 0, and assume that there is a uniform
bound A > 0 such that, for every L C V, the local interaction ®P8 satisfies

||€)L75|| = sup Z H@XHeMX\Jrudiam(X) <A.
z€V =

Then, for every A € Pp(V') and every pair of disjoint subsets A,C C A, the local Gibbs state
p= pg satisfies whenever < \/(2A)

= - 4A)\’6 —pdist(xz 4A)‘5 —mdbsilm
lpacra’ ® pot — 1| < exp </\—2A/Bg§46 o dist( ,C)) A—WIGZAG pdist(z,0)

Remark 4.2. If V = 79, then we can use the notation from Remark and rewrite the above
estimation as

lpacest @ pgt — 1] < exp{45K[DA|e~ /D AN} 45K paje= (/D d(4.0),

Exchanging the roles of A and C, we could write |0C| instead of |0A|, taking the minimum
of both values to minimize the expression. In any case, we have an exponential decay on the
distance between A and C.

Proof. Let us drop the dependence on A and 5 in p to ease notation. Consider A and A,C C A
as in the statement of the proposition. Then,

pacrz PG = Eacle PHAJEA[ePHA) R lePHa] ~1Rg[e=PM).

Using the hypothesis, there are local interactions A8 , s , ®ACB and %8 such that for every

Le{A C AC, 0}
=L, 1 7 =L,
HA’B = —Blog (EL[e 5HA]) = Z CIJXﬁ.
XCA
For the remainder of the proof, we will omit the superscript 8 and subscript A from the local

interactions ®L = ®L# and the effective Hamiltonian as well. Thus, we can rewrite

1 _RIgAC ITA oC _ 30
PACPAlpcl —¢ BH eﬁH eBH e BH )

Since H? is a multiple of the identity, it commutes with every operator. Moreover, H4 and H®
commute with each other since every @ﬁ is supported in A, every <I>§( is supported in C, and
ANC = (). Therefore, we can rearrange

1 __RIJAC TA_ | 7C _ 170
PACPAlpcl —¢ BH eﬂ(H +HY—H ).
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Let us recall that for every pair of operators ) and W in 2y we have the following expansion
in terms of the time-evolution operator (see [3, Egs. (5.5), (5.9)])

e B t1 tm—1 . )
e PRAQHW) Z / dt1 / dts . .. / dtyy TEH(W) - - T (W) (57)
m—o 0 0 0

where I‘g(W) = e "@TWe!?. Thus, applying this identity with
r7AC rTA 77C. 7 7TAC,
Q:=H? and W =HM + HP - BY — H9P

we can estimate

[Eerrs

o PQBQIW) _ H Z'm (OiEEBIIFS(WNI) - (58)

Next we are going to expand W in terms of the local interactions and note some cancellations
between summands:
UGS S I T
XCA
We claim that if X NC =0 or X N A = (), then

B4 B - BAC G0 .

Indeed, if X NC = ), then X N AC = XN A and X NC = X N0, which respectively yield that
@34(0 = <I>‘)4( and <I>§( = @g(, by property (iii) in Definition . Thus, we get a zero summand
in this case. The argument when X N A = () is analogous exchanging the roles of A and C.
Therefore, the expression for W can be simplified to

FHA HC FAC  F
W= > o4 4+ 0§ — 34 — o5 .
XCA: XNA#D,XNC#D
Next, we can estimate

4 e . e ~
[T < > (ITE@) + TS @ + (TS @)+ 19% 1),
XCA: XNA#D,XNCH#D
where in the last summand we have used that &3?(5 is a multiple of the identity. Applying
Proposition we can estimate since |s| < 8 < A/(24)
. A ~ ~4 - -
TGN < s=5a 2o U+ 1B+ 1)+ 190
XCA:

XNA#D,XNCAD

< A (| o4C 4 Fel 3"
S MMZ S ISR + 10 + 18K + 9% 1)

€A X>ux:
XNC#D

- Yo D e r AN (GO Ry + DK + 119 ])
_2A|S| z€A X>zx:

XNC#D

A i . ~ ~ ~ ~
< )\TALﬂ Z € pdist(z,C) Z 6)\|X|+ud1am(X)(||q)z)4(CH + |’(I)1)4(|| + ||(I>§(H 4 H(I)g)(n)
€A X3z:

XNCH#D
4A\ :
< —pdist(z,C) )
= X —2A[4] 2.
€A
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Next we use this inequality in Eq. , taking into account that » p- 2k = e® — 1 < ze”
whenever x > 0, which allows to estimate

1 4AMN| | _ L dist(z 4A)\‘B| _pdist(z
HPAC’pAlpcl _ ]lH < exp ()\—QAMQ;AQ p dist( ,C)> QA’S‘ Z pdist(z,C)

O

It is natural to ask if an analgous theorem holds assuming the weak local effective Hamiltonian
property. However, in this case an additional term arises that must be controlled in other ways
to have a suitable decay of the mixing condition. We will discuss this in detail in Section [6]

5 Local indistinguishability

This section is dedicated to elucidating the concept of local indistinguishability for Gibbs states
of short-range, local Hamiltonians and its validity under the assumption of uniform clustering of
correlations. While this property was previously discussed in [28] for finite-range interactions,
it is worth noting that their proof contains certain issues pertaining to normalization factors.
A similar approach to the one presented in this section, based on the so-called Quantum Belief
Propagation (QBP), has recently been explored in [39] for finite-range interactions, and has been
extended to short-range interactions in full detail in [I4]. Here, we provide a concise and rigorous
presentation of QBP for short-range interactions.

5.1 Quantum Belief Propagation

The technique of QBP was introduced in [26], 36]. We follow the presentation in [29, [30], which
developed the method further for finite-range interactions, and [14], which adapted QBP to the
setting of short-range interactions. We will only present here the necessary ingredients for the
proof of local indistinguishability of Gibbs states and refer the interested reader to [14] for the
details on the proof.

In this section, we will fix (V, E) = Z9 for some g € N together with the Euclidean distance,
as this is the setting of [I4], although the results should carry over to more general graphs.
First, let ® be a finite-range interaction generating a Hamiltonian H and let W be a bounded
Hermitian operator on some finite subset of the lattice Z9. QBP |26, 30, [14] allows us to rewrite

e P = n(W)e=Hy(W)*, (59)

where n(W) inherits the locality properties of W by means of the (real) Lieb-Robinson bounds.
Let us describe n(W) more explicitly. Denote H(s) = H + sW and

B (W) = [ de oy O O,

where fz € LY(R), see [29, [I8] for an explicit description. Then,

n(W) = iﬁ(‘f)m/ol dsy /081 d32.../08m_1 dsy B (W) ... B(W).  (60)

It can be shown that |03 (W)| < |[W] and thus
In(W)|| < PIVI2, (61)

Moreover, the operator n(W) can be well-approximated by an operator n,(W) supported on a
ball of radius ¢ around W := supp W in Euclidean distance [30), 29]. We will call this set W,.
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In fact, ny(W) is defined as n(W) in Eq. (60)), but with U%, (W) replaced by Eyy, [0%;(W)]. This
also shows
Ine(W)|| < ?IWI72,

Additionally, the distance between n(WW) and n;(W') can be estimated as
In(W) = ne(W)|| < etlWlleme2t (62)

Here, ¢; and ¢o depend on W as can be seen from the proof in 30} 29] based on Lieb-Robinson
bounds, but they do not depend on the support of the Hamiltonian H. Something similar can
be proven for short-range interactions and for the 7 that appears in the normalized version of
Eq. , namely one involving Gibbs states instead of exponentials. This was done explicitly
in [14], from which we extract the following result.

Proposition 5.1. Let A be a finite lattice A C Z9, and let H be a self-adjoint operator on
B(Hya) generated by short-range interactions, with W € A(Hx) for X C A. Consider the path
of Hamiltonians H(s) := H + sW for s € [0,1]. Then,

1. There exists s — n(W,s) such that
— s — * 8
e PO = n(W,s)e n(W,s) , |In(W,s)|] < e2*I"1, (63)

2. There exists s — (W, s) such that
pp(s) = i(W.s)ps(0)a(W,s)* ,  [[a(W.s)|| < ™I, (64)
where pg(s) is the Gibbs state for H(s). Moreover,

los(s) = ps(0)], < IWI —1 < (21 —1). (65)

3. There exist constants K,y > 0 such that
17(W, 5) = 7ie(W, )| < rBs| X |[W]|e?IWem". (66)

Kk and v are based on Lieb-Robinson bounds, and their explicit expression can be found in
[14)]. Again, 1,(W, s) is supported on W,.

In the next section, we will make use of the results collected above. Whenever the pertur-
bation W is clear from the context, we will drop the dependence of 7 on it.

5.2 Local indistinguishability

In this section, we discuss the notion of local indistinguishability of Gibbs states and how
it arises from decay of correlations. For that, we reprove some of the main findings of [14],
extended from [10, Theorem 5| from finite-range to short-range interactions, in order to keep
track of the constants and terms involved. Note that the proof of the former is similar in spirit
to the latter, but notably more technical. Here, we will limit ourselves to the regular lattice Z9
for some g € N, although the results could be extended to more general lattices.

Let us recall the notion of operator correlation function, also known as covariance. Given a
finite subset A CC Z9, p € D(H,) a state on A, subsets A, B C A, and O4 € A4, Op € Ap, we
define the covariance of p between A and B as

Cov,(A,B) = sup |Tr[p O40g] — Tr[p O4]Tr[p OB]| .
[0all=lOB]I=1

In the main result of this section, namely the local indistinguishability of Gibbs states, we will
consider a region A split into ABC as in Figure@ (left-hand side) and we will show that the effect
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of an observable O 4 € 24 traced with respect to the Gibbs state in ABC', and with respect to
AB is almost indistinguishable if A and C are sufficiently far apart. For that, we will remove
the sites of C' (i.e. the interactions acting on each site) one by one, and we will show that the
change performed at each step is almost negligible. However, this requires the assumption that
correlations between spatially separated regions decay fast enough, not only for the Gibbs state
of the global Hamiltonian in A, but also for the Hamiltonian on each of the intermediate steps
until having completely removed C. For simplicity, we assume a more general condition, which
is inspired by [10] and contains exponential uniform clustering of covariance as a special case.

A

Q0 0000000000V 0O0D0O0OV0DOOO0ODOO
Q00000000000 D0DVDO00ODODOOOO
Q00000000000 V00O00D0V0DOO0ODO0ODOO
Q0 00000000V O0O0DVDOOODOOOO
Q 0 0 0 0 0 0 0 0 0 0 0 OURUENO O 00
Q 090 0 000000 OoO0OoWK GO O 0 O
Q 000 00 00000 B Vo O O O
Q 00000 drsﬁ(A;B\i ONORORON 0 0 0 o
Q 00 000000 Y Q9 Q000000
Q 9 9 0 90 9 O Q0 0 0 0 900090 00990
00 oo 0000000000000
Q9 0 0 O JAJ Q0000000000000
Q O O OREEEENO O 0 0 0 0 9 0000000
Q0200000000000 V0O00ODODODOOO
Q0 0000000V 00DO00O00O0OVDOOODOO
Q0 0000000V V00V0O0DVDO00O0DODOOOO
Q0 0000000000V 0O00DO0DOODODOO

Figure 5: Display of two sublattices A, B of A such that dist(A, B) > ¢.

Definition 5.2. Let ® be a local, short-range interaction, i.e. such that || @, , < oo for certain
Au >0 (cf Eq ) Fiz an inverse temperature B > 0, and for any finite A CC 79, let
pé\ be the Gibbs state of Hy at f > 0, defined from ®. We say that H = (Hpa)accze 15 €(f)-
uniform clustering if for all A C 79, and all O4 € A4, Op € UAp, where A, B C A such that
dist(A, B) > ¢ (cf. Figure[5),

Cov,u(0a,08) < f(A, B)[|OAl[[|OBlle(f) .-

Here, f(A, B) < g(A)|B|" for some b € N and some function g.

Remark 5.3. In our definition of €(¢)-uniform clustering, we leave on purpose open the depen-
dence of the function f on A and B. That is, because our aim is to show that uniform clustering
implies the mixing condition, not to prove uniform clustering. As examples, the review [1] consid-
ers f(A, B) = min{|0A|,|0B|}. For finite-range interactions, [3I] proves that form of clustering
for any finite interaction hypergraph. The article [10] limits their attention to uniform clustering
with f(A, B) = 1, such as one-dimensional systems, for which uniform clustering was shown to
hold in [3] for finite-range interactions and subsequently extended to short-range interactions in
[41] above a threshold temperature. This is also the case for commuting Hamiltonians associated
to gapped Davies Lindbladians by [28]. Additionally, for short-range interactions, |21, Theorem
3.2] seems to show uniform clustering with f(A, B) = O(|A||B]|) for high dimensions. To unify
all these different notions of uniform clustering, we hence chose to retain the freedom of choosing
f(A, B) appropriately. In the following proofs, however, we will need to control the growth of
f if one of the sets in its arguments is a ball of radius ¢. Therefore, we assume for simplicity
in Definition that the second argument of f behaves like a power. This is similar to the
treatment in [14] and covers the aforementioned examples.

This allows us to prove a version of the following theorem for hypercubic lattices, inspired
by [10, Theorem 5| for finite-range interactions, and extended to short-range interactions in [14].
Its proof can be derived as a combination of Theorem 14, Lemma 19 and Theorem 20 of [14]
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Figure 6: On the left-hand side, we split A into ABC' so that B is a ring around A, shielding it
from C. On the right-hand side, we show the support of A;, the lattice after j steps of removing
sites in an ordered way, one by one.

for the particular case considered here. However, we include here a self-contained and simplified
proof with easier notation for completeness.

Theorem 5.4. Let V =79 and let ® be a short-range interaction with || @[, , < oo for certain

A >0. Forany A CCV, let p be the Gibbs state of Hpy at B > 0, defined from ®. Consider
a splitting of A as A = ABC and ¢ € N such that dist(A,C) > 20+ 1 (see Figure @ left-hand
side), with H = (Hx)accv being €(€)-clustering. Then, we have

[Tr[p50a] = Tr[p570a]|
< Clg(A)e® Koot ™) (4] o1 + () + | ]|, e ) 04l
(67)

where K, /', v > 0 are constants. Thus, in particular if €(£) is at least exponentially decreasing,
the above can be simplified to

[T [p50a] = Tr[p570]] < IClg(A)KB)[Oalle™", (63)
for certain constants o, KK(B) > 0.

Remark 5.5. The factor |C| in Eq. (67) is due to the number of steps performed to remove all
interactions with support intersecting C. In the case of finite-range interactions with range r,
to prove local indistinguishability it is enough to decouple the interactions with support in AB
from those with a disjoint support. Therefore, in that case it is enough to remove the sites of
|0,C, since

Te (047 @ p5\" 0] = Tr[pfP0,]

for every Oy € 4, and thus the dependence on C in Eq. @ can be tightened to |0,C|.

Proof of Theorem[5.] Let us drop hereafter the subscript 8 in p to ease notation. Let us denote
m = |C] and let us enumerate by c¢;, for j € [m], the sites in C. The idea is to remove in an
ordered way these sites, one by one, from the interactions in the Hamiltonian, and to use QBP
and uniform clustering to show that the change when doing this is small. We will write Ay for
the remaining lattice after removing k sites, i.e. Ay = A\ U?:r{cj} (see Figure |§|, right-hand
side). In particular, Ao = A and A,, = AB. Then, for any O € 204, we have

[Tx[p"04] = Tr[p"704]] Z P 0a] = Tr[ph+ O4]], (69)
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For each of these terms, we denote:

and we split it as

Wini=— Y. ®Z2) , Wpg=- > &@2),
c;j€EZCA c;€EZCA
diam(Z)<R diam(Z)>R
for R :=1/2|dist(A,C) — 1|. Since W is supported in an R-ball centered at {c;}, we have
Wil < 19l -
Additionally, for the remaining part, we know that it is small, namely

—uR
Wizl < 1], ne "™

Therefore, [|[W;|| < ||| o+ H@th/\e_“R. We note that denoting by 5 the Gibbs state on A;,
but with the Hamiltonian Hy, + W1, we can bound

I Tr[p%04] — Tr[p"+104]| < [Tt[p"0a] — Tt[p"0a]| + 28] 04| | W) 2] X 1Wizll,

where we have used Eq. | . and e — 1 < ze® for x > 0.
Moreover, by Eq. (64), and denoting 7’ := 7j(W;1,1) and nR = nr(Wj1,1), each term in
the right-hand side of Eq. can be bounded as

[Te[p% 0] = Tx[p™ O4]| = [Tuli7 p™ 77 O] = Tr[p™ O4]|
< D =)o 7 Oa] = Tl (7 = 74704l
I

+ | Te[p™ il 7RO 4] — Tr[p™ OA]‘ :

17

For I, note that ‘ A
1<l = ol (1711 + [7]]) -
and for 11, we have
1T = Te[p i 7RO a] — Te[p9 1755 7] Tr[p™ O ] + Te[p 75 i) Tr[p O 4] — Tr[p" O 4]
< Cov u, (ﬁﬁ%’*ﬁﬁ%, OA) + (ﬁ[p 7T TR) — )Tr[pAf O4]
< Cou u, (74 0n) + 1 = a1l (171 + 1741

In the last inequality, the second estimate comes from a similar argument as in the bound on
1. Let 1/\/1 be the support of W, and W , be the set of points with distance at most £ to W]l
Comblnlng the estimates of I and I1, the e(ﬁ) clustering with ¢ = R and Eq. ., we get

[T 0a) = Te[30a) | < Cov,, (77 O) + 2017 — 10l (17 + 7%1)
< fOV) g A) || T |0 alle(@) + 4B} Rl W[ Vol O o[

< max{f(Wh g, A), 1} 2110 | (48 WL Rl [Wialle ™ + €(0)) -
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Finally, summing this over all sites of C', we get in Eq. :
| Te[p*04] = Tr[p"P04]| <
max O] maax{ £ (W} s, 4), 1} 2050204 (4B gl [Walle™ +(6) + W5l
We conclude by noting the explicit bound for f(W]{R, A) from Deﬁnition and recalling R = ¢:
FW} g A) < g(A)W; gl

as well as the fact that, as le is contained in an /-ball centered at c;,

b_ /2 d ’
R _<F((2i+1)(2€)> ;

where I' is Euler’s gamma function. O

1
W,

In the next section, we will use the previous theorem to prove a mixing condition for the
Gibbs state assuming exponential uniform decay of correlations.

6 Mixing condition via weak effective Hamiltonian

The main result of this section is a mixing condition for Gibbs states of local, short-range Hamil-
tonians under the assumption of a weak local effective Hamiltonian such as the one presented
in Section B

Proposition 6.1 (Weak form). Let us assume that ® is an interaction on V satisfying the
weak local effective Hamiltonian property at 8 > 0 (cf. Definition , and assume that there
is a uniform bound A > 0 and A\, u > 0 such that, for every L C V, the local interaction LB
satisfies
@5 = sup D [|@x MNP diam() < A
Mﬂ/Xax

Then, for every A € Pp(V) split into three disjoint subsets A = ABC, the local Gibbs state
p= p/ﬁ\ satisfies whenever < \/(2A)

o - 3AA6 —udist(z 3AA5 —pdist(z
lpacrs' @ pgt — 1| < exp (A_er u dist( ,C)> (>\—2A526 pu dist(z,C) +|1€ABc—1|) ,
€A €A

where
Zg - Z

= -2 -2 70
ZBCc - ZAB (70)

kapc = kapc(B)
Remark 6.2. Comparing to Theorem observe that we have an extra summand |kapc — 1|
as a consequence of the weak local effective Hamiltonian assumption.

Remark 6.3. If V. =79, then we can use the notation from Remark and rewrite the above
estimation as

Ipaces' © ot — 1] < exp{35K[Ale” W2 ADY . (3pI|pAe WA IUAC) 4 e 1)) |

where K = Af?& 5. Exchanging the roles of A and C, we could write |0C| instead of |0A|, taking

the minimum of both values to minimize the expression. In any case, we have an exponential
decay on the distance between A and C.
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Proof of Proposition[6.1 Given A and A,C C A as in the statement of the proposition, let us
denote B = A\ (AUC) we omit the subscript A from the local effective interactions oL = pLs
and the effective Hamiltonian, so that (see Remark .

pac Py ® pot = o BHAC BHA SHC _ZB 1IN _ (-BHAC BHA (BHC KABC -
ZBc - ZAB
Then, we clearly have
_ _ __pQITAC ITA 7C
HPAC PAl ® Pc1 - ILACH - He I P )HABC - 11ACH
(71)
ITA ITA_ L IT ITA ITA L IT
= He_ﬂH K +HC)H“‘ABC 1+ HG_BH © AU *JlAcH'

To deal with the product of exponential, we will argue as in the proof of Theorem [£.1] and use
Eq. . Indeed, we can rewrite

o BHAC (BHATHT) _ ,~BQ BQ+W)
where QQ = HAC and

W=BACHC-FC = Y B+ S 85— Y d4e.
XNA#D XNC#D XNAC#D

We claim that if XN A =0 or XNC =0, then </I\>§l( + 6% — ZI\D‘;‘(C = 0. Let us prove the claim
when X N C = (). In this case, X N A = X N AC, and therefore <I>34( = @ﬁc and <I>§( =0, so the

sum is obviously zero. The case X N A = () is analogous. As a consequence of this claim, only
summands over X with X N A # () and X N C # () will survive:

W = > P4 + dF — 4.
XCA: XNA#QD, XNCAD

Thus, we can estimate by Proposition [2.1|for |s| < § < A/(24)

TS W) < > (ITG(@%) + ITG@)N + ITE(@5)1)
XCA: XNAZAD,XNCHAD
3AN :
< 6—udlst(x,C) 7
A —2A]ls| ;4

Therefore, using that y oo, % e’ —1 < zxe” for x > 0, we can estimate

m:
=1

AX|B| _udist(z,0) | _SAAB —pudist
< pdist(z pdist(z,C)
=P ( X —2As |Z A_szsyx%e

o) m
HG—BHAC SHALHO) _HH _ He_ﬁQeﬁ(Q-i-W) _ HH < Z |BI™ - ||F5(W)H
o= mb \o<s<p

and also

H ﬁHAC BHA+HC

81" —_ BAMB| N~ - peis(o.
(W < pdist(z,C)
mZ = (éﬁi&” o ”’) —eXp< X 28] 2

Applying these estimates on , we conclude the result. O
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To deal with the summand |ksapc — 1| in Proposition we prove the following lemma.
In the proof of this result, we will use the technique of Quantum Belief Propagation recalled in
Section [B] as well as the assumption that uniform clustering of correlations as in Definition [5.2]
holds with exponential decay.

Lemma 6.4. Let V =79 and let ® be a local interaction on V satisfying, for some A,y > 0

@[5, = sup Z | x [| XX diam(X)
zeV X>x

Let us assume that for the inverse temperature 0 < 3 < \/( ap): the family of Hamiltonians
H = (Hp)Accze is €()-clustering for an exponentially decaying function e(£).

Then, there exist constants I?,c > 0, such that for every subset A CC Z9 and every pair
of disjoint subsets A,C C A, we have that the constant kapc = kapc(B) introduced in
satisfies:

‘HABC . 1‘ < [?e—cdist(A,C’) ) (72)

Proof. Here, we follow similar steps as those in the proof of [9, Theorem 8.2]. Let us denote
A = ABC, so that B shields A from C, see Figure[7] First, note that we can rewrite kapc as

—1 —1
kapo = Trapc {G_BHABC} Trpeo [G_BHBC} Trap {e_BHAB} Trp [(fﬂHB}

ABC' BHapc e—B(HA-i-HBc)] -

= Trapc [ph AB BHap e—ﬂ(HA+HB>}

" Trap [Pﬁ
= Trasc [PgBCEZ,_Blc] Tras [Pﬁ EAB]

where we recall that we are denoting pAB¢ = e=BHanc /7, 5o and pAB = ¢=PHas /Zap. Note
that, since we are using the same 5 > 0 throughout the whole proof, we are droppln% the exphc1t
dependence of pX, E x,y and Zx on it, for every X, Y C ABC. Denoting ¢ : dist(A , let us
split B into B1 B3 so that:

e B shields C from AB;.
o dist(A, By) > /.

A possible construction for By By is shown in Figure [7]

JJJJJJJJJJJJJJJJJJJJJA-
90 00000000{0 0000000000
)JJJJJJJJJ:QQQQQQQQ 22:9
9000000000000 0000000,0
anaBluJJaalooaooooooalJ
JJJJJJJJJJ:QOQQEQQOO:J
JJJJJJJJJ,MQEQO oflo 0 0,0
JJJJJJJJJJ'}O»{QOQQJQQ:J
90000000000 d000000 09,0
Q0000000000000 000O0O0O0I0
9 000 JJJ:_o_g_o_o_g_o_g_o_i_oJ'J
Q9 000 Q000000000000 O0
9 000 9000000000000 O0
Q000000000000 0D0D00V00O0O0O0O0
9000000000000 00D000O0O0O
90000000000 00DOV0D0O0D0O0D0O0DO0O0OO0OO
9000000000000 0O0D0D000O0O0O

Figure 7: Splitting of B into B; and By devised for the proof of Lemma [6.4]
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Next, note that |k4pc — 1| can be bounded by

kAo — 1| = ‘TI“ABC [pABCEnglc]_l Trap [p*° Ei 5] - 1‘
Trasc [PABCEE,_Blcrl’ Trap [PAB Ejzl,_Bl] —Trapc [PABCEZ,_BICH
< 123l [Tras [ B33 — Teane [P0 B, 3|

< eﬁK‘aA“ﬂAB [P By 5] = Trage [0 B} 5] ”

<

where we have used Corollary 2.6] Next, we add and subtract some intermediate terms in the
previous difference, which allows us to bound:

Tean [P i3] — Trasc [P By gc]| < |Tras [P P BRG] — Toas [P EL 3]

#[Toan [P B3] = Tranc (47 B3

+ ’TI"ABC [PPCEL R ] — Trage [p*PC B 5]

The first and third terms are bounded using estimates for the expansionals. Indeed, by Holder’s
inequality and the simplified bound of Proposition from Eq. , note that

Trap [pABE,Z,_BI] — Trag [PABE,ZfBll]

<[l |Em - B,

< €|6|K|8AIK/‘8A|6_(“/2) dist(A,Bz) :

and analogously

ABC v —1
PP By 5] — Trape

Trac | [pABCEz,—BIC]‘ < elBIKIOA| fg11 g 4| o= (/2 dist(A,B2)

Let us bound the remaining term using Theorem and Eq. . For that, since we are
assuming uniform exponential decay of correlations, there exist constants a > 0 and K(3) > 0
such that

Trap [p*PEL 5| — Trasc [p*POEL L ]| < Clg(A)K(B) emtistiAB2) SKIOAL

Putting together these three estimates, and taking ¢ = min{u/2, a} we get that
ke — 1] < 3*PKOA (2K |0 A + |Clg(A)K(B)) e B AB2).
This finishes the proof. O

Combining Proposition see Remark and Lemmal[6.4], we conclude the following main
result of the section.

Theorem 6.5. Let ® be a local interaction on V. =79 satisfying for some A, u, A > 0

@[, = sup > | x | AX Frdiam(X) < A
€Y X>z

Moreover, let 0 < B < A/(2A) be an inverse temperature such that:

o There is a weak local effective Hamiltonian at temperature 5 > 0, and for every L C 'V,
the local interaction ®FP satisfies

H‘/I\’LﬁHA,u = sup Z H(/I;%ﬁue)\\XHudiam(X) <A.
zeV Xouw
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o O satisfies e({)-clustering property.

Then, there exists constants K’ ,d > 0 such that for every A € Pr(V) and every pair of
disjoint subsets A,C C A, the local Gibbs state p = pg satisfies

HPACPZI ® pal _ HH < I?’e_cl dist(4,C)

Moreover, K' = O(min{el? (|0 A] 4 |Clg(A)), el2Cl(joC| + |Alg(C))}).

7 Discussion

Let us conclude this article with a discussion of the equivalence of different notions of decay
of correlations in quantum many-body systems. In this work, we have reviewed the notions of
exponential uniform decay of covariance, exponential uniform decay of mutual information, the
uniform mixing condition and uniform local indistinguishability, which all quantify in some sense
that correlations in a quantum Gibbs state decay with the distance between spatially separated
regions.

In [9], the present authors proved that, for Gibbs states of finite-range interactions and
one-dimensional quantum spin chains at any positive temperature, all these notions of decay of
correlations are equivalent. The current manuscript together with previous work shows that, un-
der certain conditions, all these notions of decay of correlations hold also for higher-dimensional
systems with short-range interactions above a critical temperature. In that sense, the present
work can be seen as an extension of [9].

Translation invariant, 8 < (1

Finite range, [3] Finite range, [31]
Short range, [41] Short range, [21]

Decay of covariance
Theorem 5.4

Cov,a(A4,0) < K"f"(A,C) e d(A,0) [14, Corollary 5]
(based on QBP)

Pinsker’s + Holder’s
Inequalities

Decay of mutual information

Ia(A:C) < K'f'(A,C)e ' dAC)

Theorem 6.5
(assuming effective

Mixing condition Hamiltonian)

[9, Lemma 3.1]

llpac p2* ® pgt — Lacll < Kf(A,C) e > 440

Figure 8: Summary of the main results contained in this paper. We consider a positive function
f on finite sets that can possibly be different for each type of correlation decay. The equivalence
between the four notions of decay of correlations is valid for short-range interactions. For one-
dimensional spin systems, 3; reduces to oo for finite-range interactions. Beyond one dimension,
we have this equivalence only assuming the existence of an effective Hamiltonian.

On the other hand, contrary to the one-dimensional case, in this work we have to assume
the existence of a weak local effective Hamiltonian as in Section [3| motivated by the cluster
expansion techniques in [35]. This seems a quite strong assumption, and actually its strong

42



version is already sufficient to prove the mixing condition, and thus all the different notions of
decay of correlations we discussed above. Therefore, we cannot claim that we have shown the
equivalence of these different notions of decay of correlations also beyond the one-dimensional
case. However, note that the existence of a local effective Hamiltonian is only needed in Step 3
of the proof outline in Section [1.3

In future work, we will explore whether the existence of a local effective Hamiltonian is
equivalent to other notions of decay of correlations, or, failing that, whether we can prove
equivalence of different versions of decay of correlations without having to assume the existence
of a local effective Hamiltonian. There is hope for that, since this is the case for commuting
Hamiltonians, for which the aforementioned equivalence has recently been shown in [32] without
the use of the effective Hamiltonian, building up on previous work from [I5].
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