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Abstract

Quantum systems in thermal equilibrium are described using Gibbs states. The correla-
tions in such states determine how difficult it is to describe or simulate them. In this article,
we show that if the Gibbs state of a quantum system satisfies that each of its marginals
admits a local effective Hamiltonian with short-range interactions, then it satisfies a mixing
condition, that is, for any regions A, C the distance of the reduced state ρAC on these
regions to the product of its marginals,∥∥ρACρ

−1
A ⊗ ρ−1

C − 1AC

∥∥ ,
decays exponentially with the distance between regions A and C. This mixing condition is
stronger than other commonly studied measures of correlation. In particular, it implies the
exponential decay of the mutual information between distant regions. The mixing condition
has been used, for example, to prove positive log-Sobolev constants. On the way, we prove
that the the condition regarding local effective Hamiltonian is satisfied if the Hamiltonian
of the system is commuting and also commutes with every marginal of the Gibbs state. The
proof of these results employs a variety of tools such as Araki’s expansionals, quantum belief
propagation and cluster expansions.
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1 Introduction

1.1 Correlation measures

Quantum Gibbs states are used to describe quantum systems in thermal equilibrium. They
are fully described by the system’s Hamiltonian and the temperature. For example, for the
simulation of many-body systems, it is important to know when Gibbs states allow for an
efficient description. This happens for instance if the correlations between faraway regions
vanish exponentially fast with the distance between the regions. We refer to [1] for a topical
review of this and other aspects of quantum systems in thermal equilibrium.

There are different measures of correlations. In this work, we will focus on a measure of
correlations that is called the mixing condition. In order to define it, let us consider Hamiltonians
with short-range interactions, i.e., interactions whose strength decays exponentially with the
distance. We show that assuming the existence of a local short-range effective Hamiltonian,
the following (uniform) mixing condition holds at sufficiently high temperature: There exist
universal constants K,α ≥ 0 such that for all finite Λ ⊂ Zg, ρ := ρΛβ the Gibbs state for the
Hamiltonian on the region Λ at inverse temperature β > 0, and A,C ⊂ Λ with A ∩ C = ∅,∥∥ρAC ρ−1

A ⊗ ρ−1
C − 1AC

∥∥ ≤ Kf(A,C) e−αdist(A,C) .

Here, f(A,C) is a suitable function that depends on the regions A, C, for example on their
cardinality or the size of their boundaries.

The name mixing condition comes from the study of modified logarithmic Sobolev inequal-
ities (MLSI) [15, 7, 13], as its homonymous classical analogue [17] is a fundamental ingredient
in the proof of such inequalities for classical spin systems. The relevance of MLSIs for quantum
spin systems is notorious because they imply rapid mixing for quantum Markovian evolutions
describing thermalizing dynamics. Additionally this comes along with a number of important
consequences, such as stability under perturbations [16] and the fact that it rules out the useful-
ness of models as self-correcting quantum memories [12], among others. In [4], it was shown that
the mixing condition needs to be assumed in order for heat-bath dynamics in one-dimension to
have a positive MLSI constant. In one-dimension, the mixing condition was subsequently used
to show that Davies generators converging to an appropriate Gibbs state have a positive MLSI
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constant at any positive temperature and hence exhibit rapid mixing [5, 6]. This has been re-
cently extended in [32] to any 2-colorable graph with exponential growth, for which it has been
shown that exponential decay of correlations implies rapid mixing via the mixing condition.

The mixing condition is a very strong notion of decay of correlations. An information-
theoretically well-motivated alternative way to quantify the correlations in a quantum state is
by using the mutual information. This quantity has an operational interpretation as the total
amount of correlations (quantum or classical) between two subsystems, as shown in [23]. The
mutual information between regions A and C is given as

Iρ(A : C) := D(ρAC∥ρA ⊗ ρC),

where D(ρ∥σ) := Tr[ρ(log ρ− log σ)] is the Umegaki relative entropy between quantum states ρ
and σ [45]. We say that H = (HΛ)Λ⊂Zg has exponential uniform decay of mutual information
if there exist universal constants K ′, α′ ≥ 0 such that, given β ≥ 0, for all finite Λ ⊂ Zg, for
ρ := ρΛβ and A,C ⊂ Λ with A ∩ C = ∅,

Iρ(A : C) ≤ K ′f ′(A,C) e−α′dist(A,C) .

Examples of systems that have an exponentially-decaying mutual information are those for which
there is a Lindbladian that thermalizes rapidly to them [28]. In particular, the mixing condition
implies the exponential uniform decay of the mutual information, as shown in [9] by the present
authors.

Finally, correlations in many-body systems are traditionally quantified using the operator or
covariance correlation. For a quantum state ρ in Λ and regions A,C ⊂ Λ, it is given by

Covρ(A,C) := sup
OA,OC

|Tr[OA ⊗OC(ρAC − ρA ⊗ ρC)]| .

Here, the operators OA and OC have supports on A and C, respectively, and the supremum is
taken over such operators of operator norm at most 1. The operator ρX is the reduced density
matrix of ρ on X. Exponential uniform decay of covariance is defined similarly as for the mutual
information: There exist universal constants K ′′, α′′ ≥ 0 such that, given β ≥ 0, for all finite
Λ ⊂ Zg, for ρ := ρΛβ and A,C ⊂ Λ with A ∩ C = ∅,

Covρ(A,C) ≤ K ′′f ′′(A,C) e−α′′dist(A,C) .

Using Pinsker’s inequality [40], one can easily show that the mutual information upper bounds
the covariance, so that decay in mutual information is stronger than decay in covariance. Thus,
the mixing condition also implies exponential uniform decay of the covariance.

This article complements a variety of works that prove decay of correlations for different
measures and various setups. In one-dimensional systems, results showing exponential decay of
correlations in Gibbs states at any temperature are available for all measures we have discussed:
In a seminal paper in 1969 [3], Araki showed that the operator correlation of infinite quantum
spin chains with local translation-invariant interactions decays exponentially fast. Building on
Araki’s work, the authors of the present article proved in [9] that systems in finite chains with
local translation-invariant interactions satisfy a mixing condition, extending it to exponentially-
decaying interactions in [14] and [22]. Therefore, their mutual information in any finite subchain
also decays exponentially fast.

For higher dimensions, the picture is less complete: Exponential decay of the operator cor-
relation for arbitrary graphs above a critical temperature was proved in [31, 21]. Contrary
to the one-dimensional case, in higher dimensions exponential decay of correlations for arbi-
trary systems can only hold above a critical temperature due to the possible presence of phase
transitions (for example, in the classical 2D Ising model). Exponential decay of the mutual
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information in higher dimensions above a critical temperature for arbitrary graphs is related to
the results in [35] on the conditional mutual information. Unfortunately, there is a flaw in the
non-commutative cluster expansion of this paper [42]. While the recent paper [34] proves the
decay of the conditional mutual information at any positive temperature, this result does not
imply decay of the mutual information. Moreover, it does not prove the existence of an effective
Hamiltonian of the form that was claimed in [35].

1.2 Motivation

In the previous section, we have seen that there are different ways to quantify decay of cor-
relations, using, e.g., the mixing condition, the mutual information, or the covariance. The
exponential decay of covariance is the condition that is most commonly used, whereas the mix-
ing condition has been used successfully to prove rapid mixing [5, 6]. While the mixing condition
implies exponential decay of the mutual information, which in turn implies exponential decay
of covariance, these implications cannot be reversed in general. For example, from data-hiding,
it is known that there exist states whose operator correlations are arbitrarily small, but whose
mutual information is still big [26, 27].

However, for classical Gibbs states, it is known that all these different forms of decay of
correlations are equivalent [37]. The main motivation for this paper is to show that this is also
true in the quantum setting, i.e., to show that for Gibbs states, exponential decay of covariance
implies the mixing condition.

In previous work [9], the present authors showed that for quantum spin chains at any positive
temperature with local, finite-range, translation-invariant interactions, the three notions of decay
of correlations we discussed are all equivalent. In fact, we can even add another one, namely local
indistinguishability of the Gibbs state [10]. The latter holds if there exist universal constants
K ′′′, α′′′ ≥ 0 such that for all Λ ⊂ Zg, split as Λ = ABC with B shielding A from C, and for all
local operators OA on A,∣∣TrABC [ρ

ΛOA]− TrAB[ρ
AB OA]

∣∣ ≤ ∥OA∥f ′′′(A,C)K ′′′ e−α′′′dist(A,C) .

The equivalence of these measures of decay of correlations and local indistinguishability in
1D was subsequently extended to short-range interactions in [14] and [22], and it remains true
beyond one-dimensional systems for classical or even commuting systems with finite range, as
shown recently in [32]. The caveat of the latter result though is that it presents a prefactor
scaling exponentially with the size of the boundaries of A and C.

In this article, we make progress in the case of non-commutative interactions in systems
with more than one dimension. We are inspired by the flawed proof of exponential decay of
conditional mutual information in [35], which relied on the existence of an effective Hamiltonian.
In fact, we consider two different types of effective Hamiltonians, which we term weak and strong,
respectively (see Section 3 for details).

Under the existence of a strong effective Hamiltonian, we prove that for sufficiently high
temperatures, the mixing condition holds. Using cluster expansion techniques, we can show
in Section 3.3 that such a strong effective Hamiltonian exists at high enough temperature if
the interactions satisfy a commuting hypothesis (Definiton 3.5), meaning essentially that the
interactions and all their partial traces commute.

However, assuming the existence of a strong effective Hamiltonian is likely to be too re-
strictive for general non-commuting interactions. Therefore, we also consider a weak effective
Hamiltonian, which is an effective Hamiltonian of the form claimed in [35]. Making use of lo-
cal indistinguishability (which follows from exponential decay of covariance [14]), we can then
show that, also under this weaker hypothesis, exponential decay of covariance implies the mixing
condition.

Thus, to summarize, while we cannot prove unconditional equivalence of the different mea-
sures of decay of correlations at high enough temperature in this article, we can show this
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equivalence assuming the existence of a local effective Hamiltonian, in two possible versions.
The precise systems for which these effective Hamiltonians exist beyond the commuting case
remains an open problem though, and will be addressed in future work.

1.3 Mixing condition and proof outline

The main results of this paper deal with the implication from local indistinguishability to mixing
condition under the assumption of the existence of an effective Hamiltonian with short-range
interactions. We explore separately the derivation of mixing condition in the presence of a
so-called strong (Definition 3.1) or weak (Definition 3.3) effective local Hamiltonian with short-
range interactions, respectively.

More specifically, for the strong case, we prove that, given a finite lattice Λ ⊂ Zg and A,C ⊂
Λ such that A and C are “separated enough”, and for a Gibbs state ρΛβ ≡ ρ = e−βHΛ /Tr

[
e−βHΛ

]
of a short-range Hamiltonian with β < β∗, where β∗ is some sufficiently low inverse temperature,
we have ∥∥ρAC ρ−1

A ⊗ ρ−1
C − 1AC

∥∥ ≤ ζ e−η dist(A,C) , (1)

where ζ, η are absolute constants depending on the interactions and β, and additionally ζ =
O
(
emin{|∂A|,|∂C|}, eβ

)
. Here, ∂X is the 1-boundary of X, i.e., all sites in the complement of X

that have distance 1 from X.
We prove the assumption required, namely the existence of a strong effective Hamiltonian

with short-range interactions for interactions that satisfy the Commuting Hypothesis (Definiton
3.5). The derivation of Eq. (1) is then relatively straightforward and shown in Section 4.

Next, we assume the existence of a weak effective Hamiltonian, and prove Eq. (1) in this
weaker case, with modified constants ζ̃, η̃ such that

ζ̃ = O
(
min{e|∂A|(|∂A|+ |C|g(A)), e|∂C|(|∂C|+ |A|g(A))}, eβ

)
,

where the factors g(A) and g(C) are inherited from the notion of clustering of correlations
assumed to hold. The proof of this result is quite involved and requires the use of strong
machinery in the context of Gibbs states. In particular, we make use in our proof of the so-
called cluster expansions, the well-known Quantum Belief Propagation (QBP) [26, 30, 14] and
estimates on Araki’s expansionals [41]. Let us sketch here the proof of this result by combining
these tools. The complete proof can be found in the next sections.

Step 1. Construction of the effective Hamiltonian.
In a first step, motivated by the ideas of [35], we assume the existence of a local effective
Hamiltonian ĤL,β

Λ for our original Hamiltonian HΛ such that, for every L ⊂ Λ (cf. Section 3):

ĤL,β
Λ := − 1

β
log
(
trLc(e−βHΛ)⊗ 1Lc

)
+

1

β
log[ZLc ]1 .

We can control the interaction terms of e−βĤL,β
Λ , as well as bound the expansionals of the form

e−βĤAB,β
Λ eβ(Ĥ

A,β
Λ +ĤB,β

Λ ) .

In particular, the previous construction allows us to relate the marginals of the original Hamil-
tonian to the exponentials of the effective Hamiltonian in the following form (see Eq. (40)):

ρAC ρ−1
A ⊗ ρ−1

C = e−βĤAC,β
Λ eβ(Ĥ

A,β
Λ +ĤC,β

Λ ) ZABCZBZ
−1
ABZ

−1
BC︸ ︷︷ ︸

κABC

,
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where ZX is just TrX [e−βHX ]. Therefore, we can bound∥∥ρACρ
−1
A ⊗ ρ−1

C − 1
∥∥

≤
∥∥∥e−βĤAC,β

Λ eβ(Ĥ
A,β
Λ +ĤC,β

Λ )
∥∥∥|κABC − 1|+

∥∥∥e−βĤAC,β
Λ eβ(Ĥ

A,β
Λ +ĤC,β

Λ )−1AC

∥∥∥ . (2)

Now we need to estimate each of these terms separately.

Step 2. Estimates on the expansionals of the effective Hamiltonian.
For estimating the last term in the RHS of Eq. (2), we use the estimates for Araki’s expansionals
for the effective Hamiltonian (as in Proposition 2.2 for the original interaction), concluding:∥∥∥e−βĤAC,β

Λ eβ(Ĥ
A,β
Λ +ĤC,β

Λ )
∥∥∥ ≤ eK1K2 ,

for K1 a constant and
K2 ≤ O

(
min{|∂A|, |∂C|} e−dist(A,C)

)
.

We can similarly estimate the first term in the RHS above, obtaining:∥∥∥e−βĤAC,β
Λ eβ(Ĥ

A,β
Λ +ĤC,β

Λ )−1AC

∥∥∥ ≤ eK1K2 −1 .

Step 3. Estimates on partition functions of the original Hamiltonian.
The remaining term from Eq. (2) to be bounded is |κABC − 1|. We bound it in Lemma 6.4 using
the result of local indistinguishability from Theorem 5.4 as well as the estimates for Araki’s
expansionals for the original Hamiltonian from Proposition 2.2, obtaining thus:

|κABC − 1| ≤ min{O(|∂A|+ |C|g(A))eO(|∂A|),O(|∂C|+ |A|g(C))eO(|∂C|)} ,

where the factors g(A) and g(C) are inherited from the notion of clustering of correlations
assumed to hold. Note that, in the proof of Theorem 5.4, we additionally make use of the
Quantum Belief Propagation.

2 Setting and beyond

2.1 Notations and model

Let G = (V,E) be a possibly infinite graph with vertices V and edges E. We endow the graph
with a metric dist : V × V → R+, for example the shortest path distance on the graph. This
fixes the set V our quantum systems live on. For the distance between sets X, Y ⊂ V , let

dist(X,Y ) := inf
x∈X

inf
y∈Y

dist(x, y) .

We write the double inclusion X ⊂⊂ V to indicate that the subset X is finite. The set of finite
subsets of V will be denoted by Pf (V ).

The diameter of a finite subset X of V is given by diam(X) = maxx,y∈X dist(x, y). For
A ⊂⊂ V and r > 0, we denote by ∂rA the subset of A made of all sites whose distance from
Ac := V \A is less than or equal to r. In particular, we will write ∂A := ∂1A.

Let us now come to the Hilbert space associated to the quantum spin system. At each site
x ∈ V we set a local Hilbert space Hx ≡ CD of dimension D ∈ N. For each X ∈ Pf (V ) we then
have the space of states HX = ⊗v∈XHv ≡ (CD)⊗|X| of dimension DX = D|X| and the algebra
of observables AX = B(HX). As usual, for two finite subsets X, Y of V such that X ⊂ Y we
identify AX ⊂ AY via the canonical linear isometry AX → AY given by Q 7→ Q ⊗ 1Y \X . This
allows to define the algebra of local observables as the inductive limit Aloc :=

⋃
X∈Pf (V )AX . We

will say that a local observable Q ∈ Aloc is supported in X ∈ Pf (V ), if Q belongs to AX .
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Next, we will describe which notation we will use for different versions of the trace. For each
X ∈ Pf (V ), we will denote by TrX : AX −→ C the full (unnormalized) trace over X. For the
partial trace over X on any X ′ ∈ Pf (V ) with X ⊂ X ′, we will write

trX := TrX ⊗ idX′\X : AX′ −→ AX′\X

and combine this map with the above canonical isometries. For instance, for a state σ ∈ AX′

and X ⊂ X ′, we can write trX(σ) = trX(σ) ⊗ 1X ∈ AX′ . In particular, if Q ∈ AX , then we
will deal with trX(Q) as a multiple of identity, trX(Q) = TrX(Q)1X . The normalized version
of the partial trace, which is a conditional expectation, will be denoted EXc := trX /DX . In
this case, given Q ∈ AX and two subsets Y, Y ′ ∈ Pf (V ) with Y, Y ′ ⊃ X, we can identify
EY c(Q) = E(Y ′)c(Q). In terms of norms, we will denote by ∥Q∥ the operator norm of Q ∈ AX ,
and by ∥Q∥1 = TrX(|Q|) its trace norm.

Let us present now the kind of Hamiltonians we will consider. By a local interaction, we
refer to a family Φ = (ΦX)X∈Pf (V ), where ΦX ∈ AX and ΦX = Φ∗

X for every X ∈ Pf (V ). To
quantify the decay of the interactions, we introduce for each λ, µ > 0 the following notation

∥Φ∥λ,µ := sup
x∈V

∑
X∋x

∥ΦX∥eλ|X|+µ diam(X) ∈ [0,∞] . (3)

We will say that Φ has finite range r > 0 and strength J > 0 if ∥ΦX∥ = 0 whenever X has
diameter greater than r and ∥ΦX∥ ≤ J for all X ∈ Pf (V ). Moreover, we will say that Φ has
short range, or it is exponentially decaying, if ∥Φ∥λ,µ < ∞. As usual, we denote for every finite
subset Y ⊂⊂ V the corresponding Hamiltonian by

HY :=
∑
X⊂Y

ΦX ,

the time-evolution operator (with possibly complex-valued time) by

Γs
HY

(Q) = eisHY Qe−isHY , s ∈ C ,

and the Gibbs state at inverse temperature β > 0 by

ρYβ :=
e−βHY

TrY [e−βHY ]
.

Moreover, for any X ⊂ Y , we denote by ρYβ,X the marginal in X of the Gibbs state of HY at
inverse temperature β > 0, namely

ρYβ,X := trY \X
[
ρYβ
]
.

Note that seen as an element in AY , ρYβ,X is no longer a quantum state, because its trace is no
longer normalized. We will frequently drop the superindex Y when it is clear from the context,
as well as the subindex β when we are fixing the temperature.

2.2 Locality and time evolution

We devote this subsection to deriving some estimates on the norm of the time-evolution operator
for short-range interactions. We provide below both universal estimates on such time-evolution
operators, as well as decay estimates on the difference between pairs of them.

Proposition 2.1. Let Φ be an interaction on V satisfying for some constants λ, µ ∈ [0,∞) that

∥Φ∥ = ∥Φ∥λ,µ := sup
x∈V

∑
X∋x

∥ΦX∥eλ|X|+µ diam(X) < ∞ ,

7



Z

YY′

dist(Z, Y c)

Figure 1: Example of configuration of regions Z ⊂ Y ⊂ Y ′ in Proposition 2.1. If the local inter-
action of the system is exponentially decaying, then the evolutions of an observable supported
in Z under HY and HY ′ , respectively, are exponentially close to each other in the distance from
Z to the complement of Y .

and let Q be an observable having support in a finite subset Z of V . If Y ∈ Pf (V ), then for
every s ∈ C with |s| < λ/(2∥Φ∥)

∥Γs
HY

(Q)∥ ≤ ∥Q∥ eλ|Z| λ

λ− 2∥Φ∥ |s|
. (4)

Moreover, if Y ′ ∈ Pf (V ) and Z ⊂ Y ⊂ Y ′, then for every s ∈ C with |s| < λ/(2∥Φ∥),∥∥∥Γs
HY ′ (Q)− Γs

HY
(Q)
∥∥∥ ≤ ∥Q∥ eλ|Z| 2∥Φ∥ |s|λ

(λ− 2∥Φ∥ |s|)2
e−µ dist(Z,V \Y ) . (5)

Before proving this result, let us mention that Eq. (4) should be compared to [11, Theorem
6.2.4], to which our estimate reduces whenever µ = 0. Moreover, Eq. (5) for µ = 0 is essentially in
[11, after Theorem 6.2.4] and can be interpreted as a manifestation of locality of the interactions.
Note that we have introduced the weight eµdiam(X) to control the decay of the interactions with
the diameter, following the approach of [44].

Proof. The time-evolution operator can be written in terms of derivations δHY
(Q) = i[HY , Q]:

Γs
HY

(Q) =
∞∑

m=0

sm

m!
δmHY

(Q) . (6)

In turn, each δHY
(Q) can be expanded as a sum of δX(Q) := [ΦX , Q], leading to

δmHY
(Q) = δHY

◦ . . . ◦ δHY
(Q) =

∑
X1∩Z ̸=∅

. . .
∑

Xm∩Sm−1 ̸=∅

δXm ◦ δXm−1 ◦ . . . ◦ δX1(Q) ,

where S0 := Z, Sj := Z ∪X1 ∪ . . . ∪Xj for 1 ≤ j ≤ m, and the sums are extended over subsets
Xj ⊂ Y . We next follow an argument inspired by the proof of [11, Theorem 6.2.4] to estimate

∥δmHY
(Q)∥ ≤ 2m∥Q∥

∑
X1∩Z ̸=∅

. . .
∑

Xm∩Sm−1 ̸=∅

m∏
j=1

∥ΦXj∥ . (7)
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Next, let us rewrite

m∏
j=1

∥ΦXj∥ = e−λ(|X1|+...|Xm|)
m∏
j=1

∥ΦXj∥eλ|Xj | ≤ eλ|Z|e−λ|Sm|
m∏
j=1

∥ΦXj∥eλ|Xj | .

Applying the inequality e−λx ≤ m!
λmxm valid for every λ, x > 0 with x = |Sm| in the previous

expression, we moreover get

m∏
j=1

∥ΦXj∥ ≤ eλ|Z| m!

|Sm|mλm

m∏
j=1

∥ΦXj∥eλ|Xj | ≤ eλ|Z| m!

λm

m∏
j=1

1

|Sj−1|
∥ΦXj∥eλ|Xj | , (8)

and thus

∥δmHY
(Q)∥ ≤ 2m∥Q∥ eλ|Z| m!

λm

∑
X1∩Z ̸=∅

. . .
∑

Xm∩Sm−1 ̸=∅

m∏
j=1

1

|Sj−1|
∥ΦXj∥eλ|Xj | . (9)

Finally, note that we can bound for each finite subset Y of the lattice∑
X∩Y ̸=∅

∥ΦX∥eλ|X|+µ diam(X) ≤
∑
v∈Y

∑
X∋v

∥ΦX∥eλ|X|+µ diam(X) ≤ |Y |∥Φ∥ . (10)

Applying Eq. (10) iteratively, we can estimate

∑
X1∩Z ̸=∅

. . .
∑

Xm∩Sm−1 ̸=∅

m∏
j=1

1

|Sj−1|
∥ΦXj∥eλ|Xj | ≤ ∥Φ∥m ,

so that
∥δmHY

(Q)∥ ≤
(
2∥Φ∥
λ

)m

∥Q∥ eλ|Z|m! . (11)

Applying Eq. (11) in Eq. (6),

∥Γs
HY

(Q)∥ ≤ ∥Q∥ eλ|Z|
∞∑

m=0

(
2∥Φ∥ |s|

λ

)m

.

Using finally the formula 1
1−x =

∑∞
m=0 x

m for |x| < 1 we arrive at Eq. (4).
Next, we prove the other estimate. Using Eq. (6), we can again upper bound

∥Γs
HY ′ (Q)− Γs

HY
(Q)∥ ≤

∞∑
m=1

|s|m

m!

∥∥∥δmHY ′ (Q)− δmHY
(Q)
∥∥∥ . (12)

Each summand can be bounded following a similar strategy to the first inequality of the theorem.
Let us denote by ΦY the local interaction on V given by ΦY

X = ΦX if X ⊂ Y and ΦY
X = 0 if

X ⊈ Y . Then,

∥δmHY ′ (Q)− δmHY
(Q)∥

≤ 2m∥Q∥
m∑
j=1

∑
X1∩Z ̸=∅

. . .
∑

Xm∩Sm−1 ̸=∅

(
j−1∏
i=1

∥ΦY
Xi
∥

)
· ∥ΦXj − ΦY

Xj
∥ ·

 m∏
i=j+1

∥ΦXi∥

 , (13)

where the sums run over subsets Xi of Y ′ satisfying Xi ∩ Si−1 ̸= ∅.
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To deal with the previous term, we argue as with Eq. (7), but adding one additional inter-
mediate step. More specifically, we first estimate as in Eq. (8) to get for each j ∈ {1, . . . ,m}(

j−1∏
i=1

∥ΦY
Xi
∥

)
· ∥ΦY

Xj
− ΦXj∥ ·

 m∏
i=j+1

∥ΦXi∥

 ≤

≤ eλ|Z| m!

λm

(
j−1∏
i=1

∥ΦY
Xi
∥eλ|Xi|

|Si−1|

)
·
∥ΦY

Xj
− ΦXj∥eλ|Xj |

|Sj−1|
·

 m∏
i=j+1

∥ΦXi∥eλ|Xi|

|Si−1|

 .

Then, applying Eq. (10) to the last m− j terms iteratively

∑
X1∩Z ̸=∅

. . .
∑

Xm∩Sm−1 ̸=∅

(
j−1∏
i=1

∥ΦY
Xi
∥

)
· ∥ΦY

Xj
− ΦXj∥ ·

 m∏
i=j+1

∥ΦXi∥


≤ ∥Φ∥m−j · eλ|Z| m!

λm

∑
X1∩Z ̸=∅

. . .
∑

Xj∩Sj−1 ̸=∅

(
j−1∏
i=1

∥ΦY
Xi
∥eλ|Xi|

|Si−1|

)
·
∥ΦY

Xj
− ΦXj∥eλ|Xj |

|Sj−1|
.

(14)

Let us observe that, by definition, ΦX − ΦY
X = 0 if X ⊂ Y and ΦX − ΦY

X = ΦX if X ⊈ Y
(i.e. X ∩ (V \ Y ) ̸= ∅). Thus, in the above expression we can restrict the sum over Xj with
Xj ∩ Sj−1 ̸= ∅ to sets Xj that also satisfy Xj ∩ (V \ Y ) ̸= ∅ and simplify ΦXj − ΦY

Xj
= ΦX .

Thus, the upper bound from Eq. (14) can be rewritten as

∥Φ∥m−j · eλ|Z| m!

λm

∑
X1∩Z ̸=∅

. . .
∑

Xj−1∩Sj−2 ̸=∅

∑
Xj∩Sj−1 ̸=∅
Xj∩(V \Y )̸=∅

(
j−1∏
i=1

∥ΦY
Xi
∥eλ|Xi|

|Si−1|

)
·
∥ΦXj∥eλ|Xj |

|Sj−1|
. (15)

Note that the conditions on X1, . . . , Xj yield that

dist(Z, V \ Y ) ≤
j∑

i=1

diam(Xi) .

Hence, we can introduce a factor:(
j−1∏
i=1

∥ΦY
Xi
∥eλ|Xi|

|Si−1|

)
·
∥ΦXj∥eλ|Xj |

|Sj−1|

≤

(
j−1∏
i=1

∥ΦY
Xi
∥eλ|Xi|+µ diam(Xi)

|Si−1|

)
·
∥ΦXj∥eλ|Xj |+µ diam(Xj)

|Sj−1|
e−µ dist(Z,V \Y ) . (16)

Inserting the last expression in Eq. (15), and using again Eq. (10) considering the fact that
∥ΦY ∥ ≤ ∥Φ∥, we show that

∑
X1∩Z ̸=∅

. . .
∑

Xj−1∩Sj−2 ̸=∅

∑
Xj∩Sj−1 ̸=∅

(
j−1∏
i=1

∥ΦY
Xi
∥eλ|Xi|+µdiam(Xi)

|Si−1|

)
·
∥ΦXj∥eλ|Xj |+µ diam(Xj)

|Sj−1|
≤ ∥Φ∥j .

Thus, we deduce from Eq. (13)

∥δmHY ′ (Q)− δmHY
(Q)∥ ≤ 2m∥Q∥m m!

λm
∥Φ∥m eλ|Z| e−µdist(Z,V \Y ) .
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Replacing this estimate in Eq. (12), we conclude that∥∥∥Γs
HY ′ (Q)− Γs

HY
(Q)
∥∥∥ ≤ ∥Q∥ eλ|Z|

∞∑
m=1

m

(
2∥Φ∥ |s|

λ

)m

e−µ dist(Z,V \Y ) .

Finally, we apply the formula x/(1 − x)2 =
∑∞

m=1mxm with x = 2∥Φ∥ |s|/λ < 1 to get the
desired result.

2.3 Araki’s expansionals

In this subsection, we present some estimates on Araki’s expansionals [3] for a Hamiltonian with
short-range interactions. We use the following notation for the expansionals:

EX,Y (s) := e−sHXY esHX+sHY for every s ∈ C .

EX,Y :=EX,Y (1) = e−HXY eHX+HY .

First let us recall that for every pair of observables H and W and every real value β ≥ 0 we
have the following expansion in terms of the time-evolution operator (see [3, Eq. (5.1)])

eβ(H+W )e−βH =
∞∑

m=0

∫ β

0
dt1

∫ t1

0
dt2 . . .

∫ tm−1

0
dtm

m→1∏
j

Γ
−itj
H (W ) ,

where we are denoting
m→n∏

j
Qj := QmQm−1 . . . Qn for every m ≥ n, and where we recall that

Γ−it
H (W ) = etHWe−tH . Changing the signs H 7→ −H and W 7→ −W we can then rewrite

e−β(H+W )eβH =
∞∑

m=0

(−1)m
∫ β

0
dt1

∫ t1

0
dt2 . . .

∫ tm−1

0
dtm

m→1∏
j

Γ
itj
H (W ) . (17)

Proposition 2.2. Let A,B,C be disjoint finite subsets of V and let Φ be a local interaction on
V satisfying for some λ, µ > 0

∥Φ∥ = ∥Φ∥λ,µ := sup
x∈V

∑
X∋x

∥ΦX∥eλ|X|+µ diam(X) < ∞ ,

Then, for every real number β with |β| < λ
2∥Φ∥ we have

∥EA,B(β)∥ ≤ exp

{
∥Φ∥ |β|λ

λ− 2∥Φ∥ |β|
∑

v∈A e−µ dist(v,B)

}
, (18)

and

∥EA,BC(β)− EA,B(β)∥ ≤ exp
{

∥Φ∥ |β|λ
λ−2∥Φ∥ |β|

∑
v∈A e−µ dist(v,BC)

}
· |β| ∥Φ∥2(λ+|β|)2

(λ−2∥Φ∥|β|)2
∑

v∈A e−µ dist(v,C) .

(19)

Remark 2.3. In fact, the exponential growth in β is unavoidable, as one can see from the
commutative case [32].

Remark 2.4. In Eq. (18) we could have also written
∑

v∈B e−µ dist(v,A), since EA,B(β) = EB,A(β).
Thus, a sharper upper bound would be to take the minimum of both quantities.

Remark 2.5. In both inequalities (18) and (19), we find expressions of the form
∑

v∈X e−µ dist(v,Y ),
that can be understood as a way of measuring the size of the boundary of X with respect to

11



A

B

C

Figure 2: Example of configuration of the three disjoint regions A,B,C in Proposition 2.2

Y . Indeed, let us consider the case V = Zg with the distance induced by any of the ∥ · ∥p norm
(1 ≤ p ≤ ∞). Given two finite and disjoint subsets A and X of V , we can estimate for example

∑
v∈A

e−µ dist(v,X) =
∞∑
k=1

|{v ∈ A : k − 1 < dist(v,X) ≤ k}|e−µk .

On the one hand, the summands corresponding to k < dist(A,X) are equal to zero, since no
element v ∈ A satisfies dist(v,X) ≤ k in this case. Thus, using that X ⊂ Ac, we can estimate∑

v∈A
e−µ dist(v,X) ≤

∑
k≥dist(A,X)

|{v ∈ A : dist(v,Ac) ≤ k}|e−µk .

On the other hand, this space has the property that if v ∈ A satisfies dist(v,Ac) ≤ k, then the
open ball Bd(v, k) centered at v with radius k intersects ∂A, i.e. Bd(v, k) ∩ ∂A ̸= ∅. Therefore,

{v ∈ A : dist(v,Ac) ≤ k} ⊂ ∪u∈∂ABd(u, k) ,

and so we can upper estimate

|{v ∈ A : dist(v,Ac) = k}| ≤ |∂A| sup
v

|Bd(v, k)| ≤ |∂A|(2k + 1)g .

We then conclude that there is a constant ν = supk∈N(2k + 1)ge−µk/2(
∑

j≥0 e
−µj/2) depending

on µ such that∑
v∈A

e−µ dist(v,X) ≤ |∂A|
∑

k≥dist(A,X)

(2k + 1)ge−µk ≤ |∂A|νe−(µ/2) dist(A,X) .

As a consequence, we can simplify the estimates in Eq. (18) by

∥EA,B(β)∥ ≤ exp{|β|Kmin{|∂A|, |∂B|}} , (20)

where we used Remark 2.4, and

∥EA,BC(β)− EA,B(β)∥ ≤ exp{|β|K|∂A|}K ′|∂A|e−(µ/2) dist(A,C) , (21)

for certain constants K = K(λ, µ, ∥Φ∥, β) and K ′ = K ′(λ, µ, ∥Φ∥, β) depending on λ, µ, ∥Φ∥, β.

Proof of Proposition 2.2. We can restrict the proof of the theorem to values β ≥ 0, since for
values β < 0 we can rewrite

EX,Y (β) = e−βHXY eβHX+βHY = e−|β|ĤXY e|β|ĤX+|β|ĤY ,
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where Ĥ is the Hamiltonian associated to the new interaction Φ̂ = −Φ, which satisfies ∥Φ̂∥ =
∥Φ∥. Let us start with an observation that will be useful at several points of the proof. For an
arbitrary pair of disjoint subsets A,B ∈ Pf (V ) we can estimate∑

Z ⊂ V
Z ∩ A ̸= ∅
Z ∩ B ̸= ∅

∥ΦZ∥ eλ|Z| ≤
∑
v∈A

∑
Z ∋ v

Z ∩ B ̸= ∅

∥ΦZ∥ eλ|Z|

=
∑
v∈A

∑
Z ∋ v

Z ∩ B ̸= ∅

∥ΦZ∥ eλ|Z| eµ diam(Z) e−µdiam(Z)

≤
∑
v∈A

∑
Z ∋ v

Z ∩ B ̸= ∅

∥ΦZ∥ eλ|Z| eµ diam(Z) e−µdist(v,B)

≤ ∥Φ∥
∑
v∈A

e−µdist(v,B) (22)

To prove Eq. (18), let us consider H ≡ HA + HB and W ≡ WA,B = HAB − HA − HB in Eq.
(17), yielding for every β ≥ 0:

EA,B(β) =
∞∑

m=0

(−1)m
∫ β

0
dt1

∫ t1

0
dt2 . . .

∫ tm−1

0
dtm

m→1∏
j

Γ
itj
HA+HB

(WA,B) .

Therefore, we can estimate

∥EA,B(β)∥ ≤ 1 +
∞∑

m=1

βm

m!

(
sup

0≤t≤β
∥Γit

HA+HB
(WA,B)∥

)m

. (23)

Now, let us recall that

Γit
HA+HB

(WA,B) =
∑

Z ⊂ AB
Z ∩ A ̸= ∅
Z ∩ B ̸= ∅

Γit
HA+HB

(ΦZ) . (24)

Then, using Proposition 2.1 and the fact that 0 ≤ t ≤ β < λ/(2∥Φ∥),

∥∥Γit
HA+HB

(WA,B)
∥∥ ≤

∑
Z ⊂ AB

Z ∩ A ̸= ∅
Z ∩ B ̸= ∅

∥∥Γit
HA+HB

(ΦZ)
∥∥ ≤ λ

λ− 2∥Φ∥β
∑

Z ⊂ AB
Z ∩ A ̸= ∅
Z ∩ B ̸= ∅

∥ΦZ∥ eλ|Z| .

At this point, we can make use of the observation Eq. (22) to obtain the upper bound

∥∥Γit
HA+HB

(WA,B)
∥∥ ≤ λ∥Φ∥

λ− 2∥Φ∥β
∑
v∈A

e−µ dist(v,B) . (25)

Finally, applying this upper estimate to Eq. (23), we conclude that Eq. (18) holds.
Let us prove now Eq. (19) following similar ideas. First, note that

EA,B(β)− EA,BC(β) = e−βHAB eβHA+βHB − e−βHABC eβHA+βHBC

=

∞∑
m=1

∫ β

0
dt1

∫ t1

0
dt2 . . .

∫ tm−1

0
dtm

m→1∏
j

Γ
itj
HA+HB

(WA,B)−
m→1∏

j

Γ
itj
HA+HBC

(WA,BC)


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Then,

∥EA,B(β)− EA,BC(β)∥ ≤
∞∑

m=1

βm

m!
sup

|tm|,...,|t1|≤β

∥∥∥∥∥∥
m→1∏

j

Γ
itj
HA+HB

(WA,B)−
m→1∏

j

Γ
itj
HA+HBC

(WA,BC)

∥∥∥∥∥∥ .
(26)

Moreover, note that∥∥∥∥∥∥
m→1∏

j

Γ
itj
HA+HB

(WA,B)−
m→1∏

j

Γ
itj
HA+HBC

(WA,BC)

∥∥∥∥∥∥
=

∥∥∥∥∥∥
m∑

α=1

m→(α+1)∏
j

Γ
itj
HA+HB

(WA,B)
(
Γitα
HA+HB

(WA,B)− Γitα
HA+HBC

(WA,BC)
) (α−1)→1∏

j

Γ
itj
HA+HBC

(WA,BC)

∥∥∥∥∥∥
≤

m∑
α=1

∥∥∥Γitα
HA+HB

(WA,B)− Γitα
HA+HBC

(WA,BC)
∥∥∥︸ ︷︷ ︸

(I)

m∏
j=α+1

∥∥∥Γitj
HA+HB

(WA,B)
∥∥∥︸ ︷︷ ︸

(II)

α−1∏
j=1

∥∥∥Γitj
HA+HBC

(WA,BC)
∥∥∥︸ ︷︷ ︸

(III)

.

We have classified the factors on the previous expression into three types (I), (II) and (III).
Factors of type (II) can be upper estimate using Eq. (25). The same estimate can be applied to
factors of type (III) adapted to the pair A and BC instead of A and B. But since dist(v,B) ≥
dist(v,BC) for every v ∈ A, we can actually use the following common upper bound for both
type of factors:∥∥Γit

HA+HB
(WA,B)

∥∥, ∥∥Γit
HA+HBC

(WA,BC)
∥∥ ≤ λ∥Φ∥

λ− 2∥Φ∥β
∑
v∈A

e−µ dist(v,BC) (27)

To deal with the factor of type (I), let us split∥∥Γit
HA+HB

(WA,B)− Γit
HA+HBC

(WA,BC)
∥∥

≤
∑

Z ⊂ AB
Z ∩ A ̸= ∅
Z ∩ B ̸= ∅

∥∥Γit
HA+HB

(ΦZ)− Γit
HA+HBC

(ΦZ)
∥∥

︸ ︷︷ ︸
(III.1)

+
∑

Z ⊂ ABC
Z ∩ A ̸= ∅
Z ∩ C ̸= ∅

∥∥Γit
HA+HBC

(ΦZ)
∥∥

︸ ︷︷ ︸
(III.2)

.

For the second sum (III.2), we again use∑
Z ⊂ ABC
Z ∩ A ̸= ∅
Z ∩ C ̸= ∅

∥∥Γit
HA+HBC

(ΦZ)
∥∥ ≤ λ∥Φ∥

λ− 2∥Φ∥β
∑

Z ⊂ ABC
Z ∩ A ̸= ∅
Z ∩ C ̸= ∅

∥ΦZ∥eλ|Z|

≤ λ∥Φ∥2

λ− 2∥Φ∥β
∑
v∈A

e−µ dist(v,C) , (28)

where in the last inequality we have again used Eq. (22) for the pair A and C. For the first sum
(III.1), however, we are going to use inequality Eq. (5) from Proposition 2.1 with the interactions
ΦA,B and ΦA,BC on V = ABC giving HA + HB and HA + HBC , respectively, and Y = AB.
Note that ∥ΦA,B∥, ∥ΦA,BC∥ ≤ ∥Φ∥ since both interactions coincide with Φ or are zero on every
subset X ∈ Pf . Then∑

Z ⊂ AB
Z ∩ A ̸= ∅
Z ∩ B ̸= ∅

∥∥Γit
HA+HB

(ΦZ)− Γit
HA+HBC

(ΦZ)
∥∥ ≤ 2∥Φ∥βλ

(λ− 2∥Φ∥β)2
∑

Z ⊂ AB
Z ∩ A ̸= ∅
Z ∩ B ̸= ∅

∥ΦZ∥eλ|Z|e−µ dist(Z,C) ,
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where the last sum can be estimated by∑
Z ⊂ AB

Z ∩ A ̸= ∅
Z ∩ B ̸= ∅

∥ΦZ∥eλ|Z|e−µ dist(Z,C) =
∑

Z ⊂ AB
Z ∩ A ̸= ∅
Z ∩ B ̸= ∅

∥ΦZ∥eλ|Z|+µ diam(Z)e−µ(diam(Z)+dist(Z,C))

≤
∑
v∈A

∑
Z∋v

∥ΦZ∥eλ|Z|+µ diam(Z)e−µ(diam(Z)+dist(Z,C))

≤
∑
v∈A

∑
Z∋v

∥ΦZ∥eλ|Z|+µ diam(Z)e−µ dist(v,C)

≤ ∥Φ∥
∑
v∈A

e−µ dist(v,C) .

Here, we have used that diam(Z) + dist(Z,C) ≥ dist(v, C) for any v ∈ Z, which holds by the
triangle inequality. Combining Eq. (28) with the previous bounds, we obtain the following bound
for (I)∥∥Γit

HA+HB
(WA,B)− Γit

HA+HBC
(WA,BC)

∥∥ ≤
(

2∥Φ∥2βλ
(λ− 2∥Φ∥β)2

+
λ∥Φ∥2

λ− 2∥Φ∥β

)∑
v∈A

e−µ dist(v,C)

=
2∥Φ∥2βλ+ λ2∥Φ∥2 − 2λ∥Φ∥3β

(λ− 2∥Φ∥β)2
∑
v∈A

e−µ dist(v,C)

≤ ∥Φ∥2(λ+ β)2

(λ− 2∥Φ∥β)2
∑
v∈A

e−µ dist(v,C) .

Combining the upper bounds for (I), (II) and (III) we conclude that∥∥∥∥∥∥
m→1∏

j

Γ
itj
HA+HB

(WA,B)−
m→1∏

j

Γ
itj
HA+HBC

(WA,BC)

∥∥∥∥∥∥
≤ m

(
λ∥Φ∥

λ− 2∥Φ∥β
∑
v∈A

e−µ dist(v,BC)

)m−1
∥Φ∥2(λ+ β)2

(λ− 2∥Φ∥β)2
∑
v∈A

e−µdist(v,C) . (29)

Inserting this expression in Eq. (26) we conclude that

∥EA,B(β)− EA,BC(β)∥ ≤
∞∑

m=1

βm

(m− 1)!

(
λ∥Φ∥

λ− 2∥Φ∥β
∑
v∈A

e−µ dist(v,BC)

)m−1

·

· ∥Φ∥
2(λ+ β)2

(λ− 2∥Φ∥β)2
∑
v∈A

e−µdist(v,C)

= exp

{
λ∥Φ∥β

λ− 2∥Φ∥β
∑
v∈A

e−µ dist(v,BC)

}

· β∥Φ∥
2(λ+ β)2

(λ− 2∥Φ∥β)2
∑
v∈A

e−µdist(v,C) .

This finishes the proof of the inequality.

Based on this proposition, we can derive estimates for various expressions on the expan-
sionals, in the spirit of, e.g., those from [9, Corollary 4.4]. We only provide here the bounds
required in the proof of the main result, Theorem 6.5, but some other bounds would follow from
Proposition 2.2 analogously. However, unlike in [9], we can only recover bounds in which we
take full traces of expansionals and states.
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Corollary 2.6. Under the conditions of Proposition 2.2 and for V = Zg endowed with the
Euclidean distance, for 0 ≤ β < λ

2∥Φ∥ , and denoting by ρAB
β the Gibbs state in AB at inverse

temperature β, we have ∣∣∣TrAB

[
ρAB
β E∗−1

A,B (β)
]−1∣∣∣ ≤ eβ Kmin{|∂A|,|∂B|} . (30)

where K = K(λ, µ, ∥Φ∥, β) is the constant from Eq. (20).

Proof. Note that we can write

TrAB

[
ρAB
β E∗−1

A,B (β)
]
= TrAB

[
ρAB
β E∗−1

A,B

(
β

2

)
E−1

A,B

(
β

2

)]
, (31)

where E−1
A,B

(
β
2

)
= e

−β(HA+HB)

2 e
βHAB

2 and E∗−1
A,B

(
β
2

)
= e

βHAB
2 e

−β(HA+HB)

2 . Let us denote Q :=

E∗−1
A,B

(
β
2

)
E−1

A,B

(
β
2

)
. Since Q is a positive and invertible operator, the following inequality

holds:
Q ≥

∥∥Q−1
∥∥−1

1 . (32)

Next, note that

∥∥Q−1
∥∥ ≤

∥∥∥∥EA,B

(
β

2

)
E∗

A,B

(
β

2

)∥∥∥∥ ≤
∥∥∥∥E∗

A,B

(
β

2

)∥∥∥∥2 ≤ eβ K min{|∂A|,|∂B|} , (33)

where we are using the estimates from Proposition 2.2, and specifically the simplification from
Eq. (20). Then,∣∣∣TrAB

[
ρAB
β E∗−1

A,B (β)
]−1∣∣∣ ≤ ∥∥∥∥E∗

A,B

(
β

2

)
EA,B

(
β

2

)∥∥∥∥ ≤ eβ K min{|∂A|,|∂B|} . (34)

3 Local effective Hamiltonian

Another tool we will need in order to prove our main result is the existence of an effective
Hamiltonian. Let us depart from a quantum spin system defined on a (possibly infinite) metric
space (V,dist) and a local interaction Φ. Given any two finite subsets L ⊂ Λ of V and some
fixed (inverse) temperature β > 0, we can consider the Hermitian operator given by

H̃L,β
Λ := − 1

β
logEL[e

−βHΛ ] .

This allows us to represent the normalized marginal of the Gibbs state (ρΛβ )L as the Gibbs state
of this new (so-called effective) Hamiltonian:

e−βH̃L,β
Λ = EL[e

−βHΛ ] .

One might expect that the inherent locality of the original Hamiltonian HΛ manifests in some
form of locality for the new one. We may even speculate that if Φ possesses a strong decaying
condition (e.g. finite or short range), then the local interactions defining the effective Hamilto-
nian should also have some strong form of decay (exponential or even faster).

One initial exploratory avenue to seek evidence supporting our statements is within the
“(very) high-temperature regime” where, traditionally, the locality of the interactions manifests
as locality properties of the Gibbs state (e.g. decay of correlations) in very general settings, as
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it has been formally proved in quite a number of results. From a purely mathematical point of
view, we can consider a complex variable instead of merely a positive temperature.

Let us explain the broad idea behind this approach. One considers the complex vector-valued
function

z 7→ ρΛz = e−zHΛ/TrΛ[e
−zHΛ ] .

Since Λ is finite, and therefore, HΛ is bounded, we can deduce the existence of an open disk
around z = 0 where the above function is well-defined and analytic. Moreover, using the
analyticity properties around z = 0, one can infer locality properties for small values of β. This
is the route taken in [35], where cluster expansions are used to control the number of terms
appearing in the expansion around z = 0 and their norms. Unfortunately, there is a flaw [42, 34]
in this part of [35], such that the status of the effective Hamiltonian derived in this paper is
presently unclear. Therefore, we will take a different route in this paper.

In Section 3.1, we will follow the approach explained above to get an idea of what properties
one might expect for an effective Hamiltonian, culminating in the definition of a local effective
Hamiltonian in Section 3.2. More specifically, we will examine the problem at very high tem-
peratures. By this, we mean values of β that are smaller than a constant βc depending on the
size of Λ, opposing to simply high temperatures, where the constant βc does not depend on the
size on Λ but maybe on local properties of the underlying graph V . This subtle difference makes
the latter a considerable harder problem that we will address in Section 3.3. In Section 3.3 we
show that such effective Hamiltonians exist in the case where all marginals of the interactions
are commuting. From then on, we assume the existence of such a local effective Hamiltonian to
prove the mixing condition.

3.1 Properties exhibited at very high temperatures

Fix a finite subset Λ of V . To quantify the decay of the local interaction Φ on V , we are going to
introduce now a new class of functions. We will assume there is a function b : Pf (V ) → [0,∞)
being subbaditive, namely b(X ∪ Y ) ≤ b(X) + b(Y ) for every X,Y ∈ Pf (V ), such that

∥Φ∥b =
∑
x∈V

∑
X∋x

∥ΦX∥eb(X) < ∞ .

Observe that the previous quantification of decay encompasses the case b(X) = λ|X|+µdiam(X)
for any fixed constants λ, µ ≥ 0.

Next, let us introduce for each X ⊂ Λ a complex variable zX ∈ C, and consider the vector-
valued holomorphic map

CPf (Λ) → AΛ , z = (zX)X 7→ HΛ(z) =
∑
X⊂Λ

zXΦX .

Then, for each (inverse) temperature β > 0 and every subset L ⊂ Λ, the composite map

CPf (Λ) → AL , z 7→ EL[e
−βHΛ(z)] , (35)

defines again an entire function.
Let us recall a few facts on holomorphic functions in several variables with values in a Banach

space [38]. Given a multiradius, that is, r = (rX)X∈Pf (Λ) with rX > 0 for every X, we define
the open polydisc with multiradius r as

rDPf (Λ) = {z ∈ CPf (Λ) : |zX | < rX for every X ∈ Pf (Λ)} .

Analogously, one defines the closed polydisk rDPf (Λ) replacing the condition |zX | < rX with
|zX | ≤ rX for every X ∈ Pf (Λ).
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A holomorphic function on the open polydisc f : CPf (Λ) → AL is characterized by the
existence of a unique power (or monomial) series expansion

f(z) =
∑

α:Pf (Λ)→N0

cαz
α where zα :=

∏
X∈Pf (Λ)

zαX
X ,

that is absolutely convergent on every closed polydisc sDPf (Λ) with 0 ≤ sX < rX for every
X ∈ Pf (Λ), see [38, Corollary 7.8]. Moreover, the coefficients cα can be computed using integral
Cauchy formulas, and also in terms of the partial derivatives

cα = (∂αf)(0) =
(∏

X∈Pf (Λ)
∂αX
zX

f
)
(0) ,

where we do not specify a specific order in the concatenated application of the partial derivatives
since the value is independent of it.

We will however use another notation for the power series expansion that has been already
used in [46]. It consists of identifying each map α : Pf (Λ) → N0 appearing in the power series
expansion with the multiset W = Wα containing each X ∈ Pf (Λ) a number αX of times. Thus
we can rewrite the power series expansion of f as

f(z) =
∑
W

cWzW where zW :=
∏

X∈W
zX ,

and each coefficient as
cW = DW|z=0f(z) =

( ∏
X∈W

∂Xf
)
(0) .

The function defined in (35) thus admits a power series expansion that is absolutely conver-
gent on every polydisc. It can be computed explicitly by expanding the exponential term:

EL[e
−βHΛ(z)] =

∞∑
m=0

(−β)m

m!

∑
X1,...,Xm∈Pf (Λ)

EL[ΦX1 · . . . · ΦXm ]
m∏
i=1

zXi =
∑
W

cWzW ,

where cW = (−β)m

m!

∑
X1,...,Xm∈Pf (Λ): [X1,...,Xm]=W EL[ΦX1 · . . . · ΦXm ] for each multiset W with

m elements. Note that the summands in the previous expression may be different from each
other as the local interaction is not necessarily commuting.

Recall that a sufficient condition for the existence of a holomorphic logarithm of a given
holomorphic function on an open domain f : Ω → A , is that ∥f(z) − 1∥ < 1 for every z ∈ Ω.
In the case of (35), the above expansion yields that taking the multiradius r = eb, for every
z ∈ ebDPf (Λ)

∥EL[e
−βHΛ(z)]− 1∥ ≤

∞∑
m=1

βm

m!

∑
X1,...,Xm∈Pf (Λ)

m∏
i=1

∥ΦXi∥eb(Xi) ≤ e|β|∥Φ∥a|Λ| − 1 .

Therefore, if we restrict to values 0 < β < log (2)
∥Φ∥b|Λ| , the previous norm is smaller than one, and

therefore we have a holomorphic function with power series expansion

− 1

β
logEL[e

−βHΛ(z)] =
∑
W

aW(β)zW (36)

that is absolutely convergent on the polydisc z ∈ ebDPf (Λ), and whose coefficientes are given by

aW(β) = − 1

β
DW|z=0 logEL[e

−βHΛ(z)] = − 1

β
DW|z=0 logEL[e

−βHΛ,W(z)] .
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Here, HΛ,W(z) corresponds to HΛ(z) with the variables corresponding to sets X /∈ W particu-
larized to zX = 0. Note, however, that we can omit the subindex Λ since if Λ′ is another finite
set containing ∪W, then HΛ′,W(z) = HΛ,W(z). Thus, we will simply write HW(z).

We can further simplify the sum in Eq. (36) when z is held constantly equal to one, which
is the case we are most interested in because it recovers our Hamiltonian:

− 1

β
logEL[e

−βHΛ ] =
∑
W

aW(β) ,

Next, we are going to rearrange the summands of the power series expansion in the following
way: Let us define for each subset X ∈ Pf (Λ)

Φ̃L,β
X (z) = − 1

β

∑
W : X=∪W

DW|z=0 logEL[e
−βHW(z)] · zW , (37)

where the sum is extended over all multisets W such that the union of its elements is equal to
X. Note that absolute convergence ensures that this sum is well defined, at least on the polydisc
ebDPf (Λ), and thus we can rewrite

− 1

β
logEL[e

−βHΛ(z)] =
∑

X∈Pf (Λ)

Φ̃L,β
X (z) .

We can easily check the following properties for every X ⊂ Λ:

(i) Φ̃L,β
X (z) is supported in X ∩L: Indeed, for each W we have that HW is supported in ∪W,

and thus
DW logEL[e

−βHW(z)]

is supported in ∪W ∩ L.

(ii) If X ⊂ L, then Φ̃L,β
X (z) = ΦXzX : Indeed, for every multiset W such that the union of its

elements is equal to X, since X ⊂ L, we have

EL[e
−βHW(z)] = e−βHW(z) ,

so that

DW logEL[e
−βHΛ(z)] = DW logEL[e

−βHW(z)]

= DW log e−βHW(z)

= −β DWHW(z) ,

Now DW|z=0HW(z) is zero if the multiset W has cardinality greater than one (i.e. if it con-
tains two different elements, or one element with multiplicity larger than two). Therefore,
the only nonzero summand in Eq. (37) corresponds to W = [X], and DW|z=0HW(z) =
ΦX .

(iii) If L ⊂ L′ ⊂ Λ and X ∩ (L′ \ L) = ∅, then Φ̃L,β
X (z) = Φ̃L′,β

X (z): Indeed, using that
(L′ \ L)c = (L′)c ∪ L,

EL[e
−βHΛ,W(z)] = EL′ EL∪(L′)c [e

−βHΛ,W(z)]

= EL′ E(L′\L)c [e
−βHΛ,W(z)]

= EL′ [e−βHΛ,W(z)] .

Therefore, the summands in Eq. (37) for both Φ̃L,β
X (z) and Φ̃L′,β

X (z) coincide.
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Lc

X1

X2

X3

Lc

L′c

X

Figure 3: On the left picture, we represent three distinct dispositions of a subset X with respect
to the tracing region Lc. In particular, the local interactions of the effective Hamiltonian must
satisfy Φ̃L,β

X2
= ΦX2 , while Φ̃L,β

X3
is a multiple of the identity. On the right picture, the coincidence

X ∩ L = X ∩ L′ yields that Φ̃L,β
X = Φ̃L′,β

X .

3.2 Locality of the effective Hamiltonian

Taking inspiration from the properties that we have noticed in the previous section for extremely
high temperatures, we introduce the following definition for the given quantum spin system on
the metric space V with local interaction Φ.

Definition 3.1 (Strong form). Let us say that the above quantum spin system has (strong) local
effective Hamiltonians at (inverse) temperature β > 0 if it satisfies the following property: for
every L ⊂ V , there exists a local interaction Φ̃L,β on V satisfying

(i) Φ̃L,β
X is supported in X ∩ L for every X ∈ Pf (V ).

(ii) If L′ ⊂ V , then Φ̃L,β
X = Φ̃L′,β

X for all X ∈ Pf (V ) such that X ∩ L′ = X ∩ L.

(iii) For every finite subset Λ ⊂ V

H̃L,β
Λ := logEL[e

−βHΛ ] =
∑
X⊂Λ

Φ̃L,β
X . (38)

We will say that Φ̃L,β is the local effective interaction of the marginals (ρΛβ )L on L.

Remark 3.2. It is noteworthy that the same local interaction Φ̃L,β provides the family of Hamil-
tonians H̃L,β

Λ for every Λ ∈ Pf (V ). In particular, taking L = V we have that the local interaction
Φ̃V,β satisfies that for every finite subset Λ ⊂ V∑

X⊂Λ

Φ̃V,β
X = − 1

β
log[e−βHΛ ] = HΛ =

∑
X⊂Λ

ΦX .

By an easy induction argument on the cardinal of Λ, the above equality implies that Φ̃V,β
X = ΦX

for every finite subset X ⊂ V . Consequently, applying condition (ii), for every L ⊂ V and every
finite X ⊂ L, we have Φ̃L,β

X = Φ̃V,β
X = ΦX .

The above definition does not include any condition on the decay of the local effective inter-
action Φ̃L,β . One might conjecture that if the original interaction Φ satisfies a decay condition
given in terms of a subbaditive function b : Pf (V ) → [0,∞), namely

∥Φ∥b = sup
x∈V

∑
X∋x

∥ΦX∥eb(X) < ∞ ,
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then Φ̃L,β should satisfy a similar decay condition. We will explore this in Section 3.3. We
will actually obtain a general result where the decay of the local effective interaction is slightly
weaker than that of Φ.

Although the effective Hamiltonian has appeared in previous works [2, 35, 8], we were unable
to find an explicit definition that incorporates locality similar to the conventional definition of
local Hamiltonians, namely in terms of a local interaction defined on the lattice. The closest
approach we are aware of was explored by Kuwahara et al. [35], who used cluster expansions to
study the locality properties of the effective Hamiltonian in arbitrary lattices at high temper-
atures. However, a gap was found in their proof, leaving the validity of their result unknown.
Nevertheless, it is worthwhile to compare their locality description given in [35, Theorem 11]
with the above definition. They apply cluster expansion ideas to analyze the locality properties
of

− 1

β
log
(
trΛ\L[e

−βHΛ ]
)
+

1

β
log[ZΛ\L]1 , (39)

that they rewrite as HL plus a sum of local terms localized around the boundary of L with
exponential decay. Note that (39) can be rewritten in terms of the conditional expectation as

− 1

β
log
(
EL[e

−βHΛ ]
)
+

1

β
logEL[e

−βHΛ\L ]1 .

Hence, if the quantum system admits a local effective Hamiltonian at inverse temperature β
according to Definition 3.1, then using property (ii) and the remark after the definition, we have
that

− 1

β
log
(
EL[e

−βHΛ ]
)
+

1

β
logEL[e

−βHΛ\L ]1 =
∑
X⊂Λ

X∩L̸=∅

Φ̃L,β
X = HL +

∑
X⊂Λ

X∩L̸=∅
X∩Lc ̸=∅

Φ̃L,β
X .

Thus, taking inspiration from the approach of Kuwahara et al. [35], an alternative definition for
the existence of a local effective Hamiltonian is the following:

Definition 3.3 (Weak version). Let us say that the above quantum spin system has (weak) local
effective Hamiltonians at (inverse) temperature β > 0 if it satisfies the following property: for
every subset L ⊂ V there exists a local interaction Φ̂L,β on V such that

(i) Φ̂L,β
X is supported in X ∩ L for every X ⊂⊂ V .

(ii) Φ̂L,β
X = Φ̂L′,β

X for all finite subset X ⊂ V and L′ ⊂ V satisfying X ∩ L′ = X ∩ L.

(iii) For every finite subset Λ ⊂ V

ĤL,β
Λ := − 1

β
log
(
trΛ\L[e

−βHΛ ]
)
+

1

β
log[ZΛ\L]1 =

∑
X⊂Λ,X∩L̸=∅

Φ̂L,β
X .

We have shown before that the strong version (Definition 3.1) implies the weak version
(Definition 3.3). However, we do not have a proof neither a counterexample for the reverse
implication.

Remark 3.4. For H and ĤL,β
Λ defined as in Definition 3.3, and for fixed β > 0, note that

ρΛβ,L ≡ ρL = e−βĤL,β
Λ

ZΛ\L

ZΛ
. (40)

Thus, bounding products of exponentials of Ĥ allows us to bound products of marginals of ρ.
We can also see that the weak version of the effective Hamiltonian is designed to be able to
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write marginals of a Gibbs state as Gibbs states of effective Hamiltonians. It is the form that
the claimed effective Hamiltonians in the paper [35] had.

The strong version of the effective Hamiltonian is designed to write marginals of exp(−βHΛ)
as exponentials of the effective Hamiltonian. We will see in the remainder of Section 3 that for
Hamiltonians satisfying a Commuting Hypothesis (Definiton 3.5), we can prove the existence of
an effective Hamiltonian in the strong from.

3.3 Effective Hamiltonian in the commuting case

We will now show in some cases that effective Hamiltonians with short-range interactions exist,
as it is well-known for the Ising model [43]. Let us state the main assumption on the local
interaction Φ that will be needed.

Definition 3.5 (Commuting Hypothesis). Let us say that a local interaction Φ on V satisfies
the Commuting Hypothesis if there is a commuting algebra A ⊂ AV such that ΦX ∈ A for
every X ∈ Pf (V ), and moreover, for every L ⊂ V the conditional expectation EL[·] satisfies
EL[A] ⊂ A.

We next state the main result of this section.

Theorem 3.6. Let us consider a quantum spin system with local interaction Φ on V satisfying
the Commuting Hypothesis (Definition 3.5) and such that for some ε > 0 and a subadditive
function b : Pf (V ) → [0,∞)

∥Φ∥ε,b = sup
x∈V

∑
X∋x

∥ΦX∥eε|X|+b(X) < ∞ .

Then, for every β ∈ C with |β| ≤ ε/(2∥Φ∥ε,b) there are (strong) local effective Hamiltonians,
namely for every L ⊂ V there exists a local interaction Φ̃L,β on V satisfying Definition 3.1(i)-
(iii), and moreover

∥Φ̃L,β∥b = sup
x∈V

∑
X∋x

∥Φ̃L,β
X ∥eb(X) <

ε

2
.

Observe that the decay of the local effective interaction is slightly weaker than the decay of
Φ. In particular, if we wanted to ensure that the decay of the effective interaction Φ̃L,β satisfies
∥Φ̃L,β∥b < ∞ for the subadditive function b(X) = λ|X| + µdiam(X), we would need that the
original interaction Φ to decay as in ∥Φ∥b′ < ∞ with b′(X) = (λ + ε)|X| + µdiam(X) for a
positive value ε > 0. This fact may be a limitation produced by our techniques.

Under stronger assumptions on the decay of Φ, however, it is possible to obtain a better
result where the local effective Hamiltonian has the same type of decay. Let us denote by S the
set of finite elements X ⊂ V with ΦX ̸= 0.

Definition 3.7. We say that our quantum spin system has finite degree d ∈ N if for every
X ∈ S, the number of subsets Y ∈ S such that Y ∩X ̸= ∅ is at most d.

Our primary example is the case of a quantum spin system over V = Zg endowed with the
supremum distance (norm) and with a local interaction Φ having finite range r > 0. In this
case, it is not difficult to check that it has finite degree, since every ball of radius r intersects at
most a number d = d(r, g) of balls of radius r. For this type of interactions, we can prove the
following result

Theorem 3.8. Let us consider a quantum spin system with local interaction Φ on V satisfying
the Commuting Hypothesis (Definition 3.5), such that for a subadditive b : Pf (V ) → [0,∞)

∥Φ∥b = sup
x∈V

∑
X∋x

∥ΦX∥eb(X) < ∞ ,
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and having finite degree d. Then, for every |β| < 1
d(1+d)e2∥Φ∥b

, there are (strong) local effective

Hamiltonians, namely for every L ⊂ V there exists a local interaction Φ̃L,β on V satisfying
Definition 3.1(i)-(iii), and moreover

∥Φ̃L,β∥b = sup
x∈V

∑
X∋x

∥Φ̃L,β
X ∥eb(X) ≤ 1 .

To establish the above results, we will employ cluster expansion techniques through the
theory of abstract polymer models [20, 44, 19, 33]. However, we are going to introduce a novelty
that, to the best of our knowledge, has not been considered elsewhere, namely vector-valued
polymer models.

3.3.1 Polymer models and cluster expansions

A polymer model is described in terms of three elements denoted as (P, ξ,w). Here, P is a
(nonempty) set whose elements are referred as polymers. There is also an interaction function
ξ : P× P → R, which is assumed to satisfy

ξ(γ, γ′) = ξ(γ′, γ) and |1 + ξ(γ, γ′)| ≤ 1 , for all γ, γ′ ∈ P .

Lastly, we have a function w : P → A, called the weight function, taking values in a (complex)
commuting Banach algebra A, and satisfying

|w| :=
∑
γ∈P

∥w(γ)∥ < ∞ . (41)

In the literature, the weight function is typically assumed to take real or complex values. Al-
though transitioning to vector-valued functions may introduce new challenges when attempting
to extend results from scalars to this setting, the results that we will be using can be straight-
forwardly reproved along the same lines in this case, thanks to the commutativity of the Banach
algebra. Investigating the nonconmutative case appears to be an interesting line of research that
we will not be pursuing here.

Under the above conditions, the (polymer) partition function associated with this model is
defined by

Z := 1 +

∞∑
m=1

1

m!

∑
(γ1,...,γm)∈Pm

m∏
j=1

w(γj)
∏

1≤i<j≤n

(1 + ξ(γi, γj)) .

Then, subject to certain conditions on the weight function, we can write the logarithm of the
partition function Z in terms of the Mayer expansion [24]

Z = exp

 ∞∑
m=1

∑
(γ1,...,γm)∈Pm

ϕ(γ1, . . . , γm)
m∏
j=1

w(γj)

 (42)

where the functions ϕ : ∪mPm → R are the so-called Ursell functions (see e.g. [19, Eq. (2.4)]).
To explicitly define them, denote by Gn the set of all graphs with n vertices, that we identify
with {1, . . . , n}. The edge connecting two vertices i and j will be denoted by {i, j} and to claim
that a given graph G ∈ Gn contains this edge, we will write {i, j} ∈ G in an abuse of notation.
Then, for every (γ1, . . . , γm) ∈ Pm

ϕ(γ1, . . . , γm) =
1

m!

∑
G∈Gm

connected

∏
{i,j}∈G

ξ(γi, γj) . (43)
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We will say that the sequence (γ1, . . . , γm) is a cluster if the graph G ∈ Gm, that contains an edge
{i, j} if and only if ξ(γi, γj) ̸= 0, is connected. Observe that ϕ(γ1, . . . , γm) = 0 if (γ1, . . . , γm) is
not connected, as every summand in the right hand-side of (43) is going to be null.

Several sufficient conditions for the absolute convergence of the series in (42) have been
provided by e.g. Kotecký and Preiss, Dobrushin, and more recently by Fernández and Procacci
[19]. We are going to base on a criterion that appears in [20, Theorem 5.4 and Lemma 5.6],
which in turn is based on a more general approach by Ueltschi [44, Theorem 1].

Theorem 3.9. Let (P, ξ,w) be a polymer model where the weight function w takes values in a
commutative Banach algebra A. Let us assume that there is a function a : P → [0,∞) such that

(i)
∑

γ∈P ∥w(γ)∥ea(γ) < ∞,

(ii)
∑

γ∈P ∥w(γ)∥ |ξ(γ, γ∗)|ea(γ) ≤ a(γ∗) for every γ∗ ∈ P.

Then, the power series given in Eq. (42) is absolutely convergent, namely

∞∑
m=1

∑
(γ1,...,γm)∈Pm

|ϕ(γ1, . . . , γm)|
m∏
j=1

∥w(γj)∥ ≤
∑
γ∈P

∥w(γ)∥ea(γ) < ∞ .

Moreover, for every γ∗ ∈ P

∞∑
m=1

∑
(γ1,...,γm)∈Pm

 m∑
j=1

|ξ(γ∗, γj)|

 |ϕ(γ1, γ2, . . . , γm)|
m∏
j=1

∥w(γj)∥ ≤ a(γ∗) . (44)

The proof of this result follows the lines of [20, Theorem 5.4 and Lemma 5.6], and its original
source [44, Theorem 1]. Although these proofs are developed in the scalar case, they can be
straightforwardly reproduced in the commuting vector-valued case. Let us also observe that in
[20] the set of polymers P is assumed to be finite. This is not a major issue, and actually in the
original source [44] it is permitted that the set of polymers can be infinite. One just needs to
add two extra conditions on the weight function that are omitted in the proofs of [20, Theorem
5.4 and Lemma 5.6], as they are superfluous under finiteness assumption. The first condition is
that the weight function w satisfies (41), which is tantamount to the condition in [44] that the
complex measure has bounded total variation; and the second condition is that a in Theorem
3.9 satisfies condition (ii), whose analogue is [44, Eq. (3) in Theorem 1].

3.3.2 Cluster expansion for the effective Hamiltonian

Let Λ be a finite subset of V and let also L ⊂ V . Next, we want to find a (vector-valued)
polymer model (P, ξ,w) for which we can rewrite

EL[e
−βHΛ ] ,

as the associated (polymer) partition function, so that we can apply the cluster expansion
techniques that allow us to describe its logarithm as a convergent power series.

Let us denote by S = S(Λ) the set of all (finite) subsets X ⊂ Λ such that ΦX ̸= 0. Then,
we can expand

EL[e
−βHΛ ] = 1 +

∞∑
k=1

(−β)k

k!

∑
(X1,...,Xk)∈Sk

EL [ΦX1 . . .ΦXk
] . (45)

We next establish an equivalence relation on Sk, by defining X = (Xi)
k
i=1 ∼ Y = (Yi)

k
i=1 if

there is a permutation π on {1, . . . , k} such that Xπ(i) = Yi for every 1 ≤ i ≤ k. Let us denote
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Sk = Sk(Λ) := Sk/ ∼ and S = S(Λ) := ∪kSk the set of all equivalence classes. We also define
for each γ ∈ Sk

wβ(γ) :=
(−β)k

k!

∑
(X1,...,Xk)∈γ

EL [ΦX1 . . .ΦXk
] ,

so that Eq. (45) can be rewritten as

EL[e
−βHΛ ] = 1 +

∞∑
k=1

∑
γ∈Sk

wβ(γ) . (46)

We can associate (identify) the elements of S with (nonempty) multisets by considering the
equivalence class of (X1, . . . , Xk) as the multiset [X1, . . . , Xk]. In this way, each element in S
corresponds to a unique multiset and vice versa. Given two multisets γ = [X1, . . . , Xk] and
γ′ = [Y1, . . . , Yl], they are said to be disjoint, denoted γ ∧ γ′ = ∅, if Xi ∩ Yj = ∅ for every i, j.
Otherwise, we will write γ ∧ γ′ ̸= ∅. The sum of the previous multisets γ and γ′ is defined as
the new multiset γ ∨ γ′ := [X1, . . . , Xk, Y1, . . . , Yl]. We say that a multiset γ is disconnected if it
can be written as γ = γ1 ∨ γ2 where γ1 and γ2 are disjoint (nonempty) multisets. In this case,
it is very easy to check that

wβ(γ) = wβ(γ1)wβ(γ2) . (47)

If γ is not disconnected, we will say that it is connected. Note that an equivalent way to formulate
that a polymer γ is connected, is that we can order its elements as γ = [X1, . . . , Xk] so that
Xj ∩ (X1∪X2∪ . . .∪Xj−1) ̸= ∅ for every j = 2, . . . , k. See Figure 4. We can define the function
χ : S → {0, 1} given for each χ = [X1, . . . , Xk] ∈ Sk

χ(γ) = χ(X1, . . . , Xk) =

{
1 γ is conneced
0 γ is disconnected

X1

X2

X4

X3

X5

X1

X2

X3

X4

X5

Figure 4: On the left-hand side, a multiset γ = [X1, X2, X3, X4, X5] that is connected (polymer).
On the right-hand side, an homonymous multiset that is disconnected, as it can be decomposed
as γ = γ1 ∨ γ2 where γ1 = [X1, X2, X4] and γ2 = [X3, X5] satisfy γ1 ∧ γ2 = ∅.

Let Pk = Pk(Λ) be the subset of Sk made of all multisets that are connected, and P =
P(Λ) := ∪kPk. Note that every γ ∈ S can be decomposed in a unique way as a sum of connected
multisets (i.e. polymers) γ = γ1 ∨ . . . ∨ γm with γi ∧ γj = ∅ whenever i ̸= j, let us call them its
connected components, so that by Eq. (47)

wβ(γ) =
m∏
i=1

wβ(γi) .

25



Using this fact on Eq. (46), and rearranging summands according to the number of connected
components, we get

EL[e
−βHΛ ] = 1 +

∞∑
m=1

1

m!

∑
(γ1,...,γm)∈Pm

γi∧γj=∅ , ∀i ̸=j

m∏
i=1

wβ(γi) .

Defining ξ : P× P → {0,−1} as

ξ(γ, γ′) = −χ(γ ∨ γ′) =

{
−1 γ ∧ γ′ ̸= ∅
0 γ ∧ γ′ = ∅

,

we can rewrite again

EL[e
−βHΛ ] = 1 +

∞∑
m=1

1

m!

∑
(γ1,...,γm)∈Pm

m∏
i=1

wβ(γi)
∏

1≤i<j≤m

(1 + ξ(γi, γj)) (48)

This form is consistent with the polymer partition function associated with the polymer model
where P serves as the set of polymers, and it employs the disjointness relation along with the
weight function wβ : G → AV . However, in order to apply Theorem 3.9 and to get an explicit
description of the logarithm, we need to assume that the weight takes values in a commutative
algebra.It is at this point we will need that our local interactions Φ satisfy the Commuting
Hypothesis given in Definition 3.5.

Let us state now the main result from which we will prove the existence of a local effective
Hamiltoniam. Recall that a function c : Pf (V ) → [0,∞) is subaditive if c(X∪Y ) ≤ c(X)+c(Y )
for every X,Y ∈ Pf (V ). From such a function, we can construct a function on the set of polymers
P that we denote in the same way c : P → [0,∞) by defining c(γ) =

∑
X∈γ c(X) =

∑m
i=1 c(Xi)

if γ = [X1, . . . , Xm].

Theorem 3.10. Let us consider a quantum spin system with local interaction Φ satisfying the
Commuting Hypothesis (Definiton 3.5). Assume that for a given β ∈ R there exist subadditive
maps a,b : Pf (V ) → [0,∞) satisfying that for every Z ∈ S

∞∑
k=1

|β|k
∑

[X1,...,Xk]∈Pk

χ(Z,X1, . . . , Xk)

k∏
j=1

∥ΦXj∥ea(Xj)+b(Xj) ≤ a(Z) . (49)

Then, for every L ⊂ V there exists a local interaction Φ̃L,β on V satisfying the following prop-
erties:

(i) Φ̃L,β
X is supported in X ∩ L for every X ∈ Pf (V ).

(ii) If L′ ⊂ V , then Φ̃L,β
X = Φ̃L′,β

X for all X ∈ Pf (V ) such that X ∩ L′ = X ∩ L.

(iii) For every finite subset Λ ⊂ V

logEL[e
−βHΛ ] =

∑
X⊂Λ

Φ̃L,β
X .

(iv) For every x ∈ V ∑
X∋x

∥Φ̃L,β
X ∥eb(X) ≤ a({x}) (50)
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Proof. Let us start by fixing some finite subsets Λ, L ⊂ V . Recall the discussion preceding this
theorem, where we found that EL[e

−βHΛ ] can be rewritten as the partition function of a polymer
model, see (48). The Commuting Hypothesis (Definiton 3.5) implies that the weight function
wβ : P → A takes values in a commutative Banach algebra A. Thus, the first assumption of
Theorem 3.9 is satisfied.

Next, we are going to check that conditions (i) and (ii) of Theorem 3.9 are satisfied when
considering as the weight function γ 7→ wβ(γ)e

b(γ). Observe that, as a consequence, the same
conditions (i) and (ii) will be satisfied if considering as the weight function only γ 7→ wβ(γ). We
have to consider however this more stringent condition in order to ensure that the last condition
on the decay of the effective interaction, eq. (50), is satisfied. On the one hand, observe that
we can always bound

|ξ(γ, γ∗)| ≤
∑
Z∈γ∗

|ξ(γ, [Z])| . (51)

Combining inequality (51) with the definition of ξ in terms of χ and also with the hypothesis
(49), we deduce that∑
γ∈P(Λ)

|ξ(γ, γ∗)| ∥wβ(γ)∥ea(γ)+b(γ) ≤
∑
Z∈γ∗

∑
γ∈P(Λ)

|ξ([Z], γ)| ∥wβ(γ)∥ea(γ)+b(γ)

≤
∑
Z∈γ∗

∞∑
k=1

∑
[X1,...,Xk]∈Pk(Λ)

χ(Z,X1, . . . , Xk)

k∏
j=1

|β| ∥ΦXj∥ea(Xj)+b(Xj)

≤
∑
Z∈γ∗

a(Z) = a(γ∗) .

This shows that Theorem 3.9.(ii) holds. With the same idea, we can also argue that Theorem
3.9.(i) is satisfied, since due to the fact that S(Λ) is finite (because Λ is finite),∑

γ∈P(Λ)

∥wβ(γ)∥ea(γ)+b(γ) ≤
∑

Z∈S(Λ)

∑
γ∈P(Λ)

|ξ(γ, [Z])| ∥wβ(γ)∥ea(γ)+b(γ) ≤
∑

Z∈S(Λ)

a(Z) < ∞ .

Thus, as a consequence of Theorem 3.9, we conclude that
∞∑

m=1

∑
(γ1,...,γm)∈Pm(Λ)

|ϕ(γ1, . . . , γm)|
m∏
j=1

∥wβ(γj)∥ < ∞ .

The absolute convergence of the previous sum allows us to define, for every finite subset X ⊂ Λ,
the following Hermitian operator supported on X:

Φ̃L,β
X :=

∞∑
n=1

∑
(γ1,...,γn)∈P(Λ)n :
supp(γ1∨...∨γn)=X

ϕ(γ1, . . . , γn)
n∏

i=1

wβ(γi) .

Note that the preceding definition is independent of Λ ⊃ X, namely, we can replace in the
above sum the indexing (γ1, . . . , γn) ∈ P(Λ)n with (γ1, . . . , γn) ∈ Pn due to the additional
condition supp(γ1∨ . . .∨γn) = X. Thus, since Λ is arbitrary, we have defined a local interaction
Φ̃L,β : Pf (V ) → R that satisfies for every finite Λ ⊂ V

EL[e
−βHΛ ] = exp

 ∞∑
n=1

∑
(γ1,...,γn)∈Pn(Λ)

ϕ(γ1, . . . , γn)
n∏

i=1

wβ(γi)

 = exp

(∑
X⊂Λ

Φ̃L,β
X

)
.

Let us check that Φ̃L,β is a local interaction satisfying (i) and (ii). For every finite subset X ⊂
V , it is clear that Φ̃L,β

X is self-adjoint, since the conditional expectation preserves Hermiticity.
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Moreover, it satisfies (i) since if Q is supported in X, then EL[Q] is supported in L ∩ X; and
also (ii) since EL[Q] = EL′ [Q] if Q is supported in X and L′ ∩X = L ∩X.

To verify the decay condition (50), we use first that b is subadditive to estimate

∑
X∋x

∥Φ̃L,β
X ∥eb(X) ≤

∑
X∋x

∞∑
n=1

∑
(γ1,...,γn)∈Pn :

supp(γ1∨...∨γn)=X

|ϕ(γ1, . . . , γn)|
n∏

i=1

∥wβ(γi)∥eb(γi)

Then, we apply inequality (44) from Theorem 3.9, so that

∑
X∋x

∥Φ̃L,β
X ∥eb(X) ≤

∞∑
n=1

∑
(γ1,...,γn)∈Pn :

x∈supp(γ1∨...∨γn)

|ϕ(γ1, . . . , γn)|
n∏

i=1

∥wβ(γi)∥eb(γi)

≤
∞∑
n=1

∑
(γ1,...,γn)∈Pn

(
n∑

i=1

|ξ([{x}], γi)|

)
|ϕ(γ1, . . . , γn)|

n∏
i=1

∥wβ(γi)∥eb(γi)

≤ a({x}) .

This finishes the proof of (iv). Note that conditions (i) - (iii) also hold, as per the discussion
above on the weights.

In the following subsections, we will apply the previous result to prove Theorems 3.8 (finite-
range interactions), for which the argument is simpler, and later Theorem 3.6 (exponentially
decaying interactions).

3.3.3 Finite-degree case: Proof of Theorem 3.8

We will need the following auxiliary result that appears in [46, Lemma 1], which is a reformulation
of [25, Proposition 3.6].

Proposition 3.11. Let us assume that the quantum spin system has finite degree d. Then, for
every X ∈ S and m ∈ N, the number of polymers γ = [X1, . . . , Xk] ∈ Pk such that X ∈ γ is at
most (ed)k.

Next, we can prove the main result that establishes the existence of an effective Hamiltonian
for high temperatures under the specified conditions.

Proof of Theorem 3.8. We have to prove that the hypotheses of Theorem 3.10 are satisfied for
this choice of a and b. To check that inequality (49) holds, we simply use that for each set
X ∈ S we can estimate ∥ΦX∥ea(X)+b(X) ≤ ∥Φ∥a+b, so that

∞∑
k=1

∑
[X1,...,Xk]∈Pk

χ(Z,X1, . . . , Xk)

k∏
j=1

|β|∥ΦXj∥ea(Xj)+b(Xj)

≤
∞∑
k=1

|β|k∥Φ∥ka+b

∑
[X1,...,Xk]∈Pk

χ(Z,X1, . . . , Xk) .

Since each γ = [X1, . . . , Xk] ∈ Pk is connected, χ(Z,X1, . . . , Xk) = 1 if and only if (at least)
one of the sets Xj satisfies Xj ∩ Z ̸= ∅. Then, we can estimate for each k ∈ N∑

[X1,...,Xk]∈Pk

χ(Z,X1, . . . , Xk) ≤
∑
X∈S

χ(Z,X)
∑

γ∈Pk : γ∋X
1 ≤

∑
X∈S

χ(Z,X)(de)k ≤ d(de)k .
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Thus, applying this estimate in the above inequality

∞∑
k=1

∑
[X1,...,Xk]∈Pk

χ(Z,X1, . . . , Xk)
k∏

j=1

|β|∥ΦXj∥ea(Xj)+b(Xj) ≤
∞∑
k=1

d(|β| ∥Φ∥a+bde)
k .

Taking a as a constant function, a(X) = a > 0 for every X ∈ Pf (V ), which is obviously
subadditive, we have that ∥Φ∥a+b = ea∥Φ∥b, so that

∞∑
k=1

∑
[X1,...,Xk]∈Pk

χ(Z,X1, . . . , Xk)

k∏
j=1

|β|∥ΦXj∥ea(Xj)+b(Xj) ≤
∞∑
k=1

d(|β|de1+a∥Φ∥b)k

Therefore, if |β| < 1
de1+a∥Φ∥b

, then we can estimate

∞∑
k=1

∑
[X1,...,Xk]∈Pk

χ(Z,X1, . . . , Xk)
k∏

j=1

|β|∥ΦXj∥ea(Xj)+b(Xj) ≤ |β|d2e1+a∥Φ∥b
1− |β|de1+a∥Φ∥b

.

If we moreover impose |β| ≤ a
a+d

1
de1+a∥Φ∥b

, using that x 7→ x
1−x is increasing on [0, 1) we have

that
|β|d2e1+a∥Φ∥b

1− |β|de1+a∥Φ∥b
≤ a = a(Z) ,

which means that (49) is satisfied. Observe that the choice of a > 0 is arbitrary. Actually we
could try to optimize the map a 7→ a

a+de
−a, obtaining that it reaches an absolute maximum on

[0,∞) at a =
√
d2+4d−d

2 = 2d
d+

√
d2+4d

= 2

1+
√

1+4/d
. Since the expression is rather complicated, we

can take a = 1, obtaing the expression that appears in the statement of the theorem.

3.3.4 Exponentially-decaying interactions: Proof of Theorem 3.6

We will need the following auxiliary result. It is based on the proof of [20, Theorem 5.4].

Lemma 3.12. Let c,u : Pf (V ) → [0,∞) such that for every Z ∈ S∑
X∈S

χ(Z,X)u(X)ec(X) ≤ c(Z) . (52)

Then,
∞∑
k=1

∑
[X1,...,Xk]∈Sk

χ(Z,X1, . . . , Xk)
k∏

j=1

u(Xj) ≤ ec(Z) − 1 . (53)

∞∑
k=1

∑
[X1,...,Xk]∈Pk

χ(Z,X1, . . . , Xk)

k∏
j=1

u(Xj) ≤ c(Z) . (54)

Proof. Let us denote P≤m = ∪j≤mPj and S≤m = ∪j≤mSj for every m ∈ N. We are going to
prove by induction on m that for every Z ∈ S we have∑

γ∈P≤m

χ(Z, γ)uγ ≤ c(Z) and
∑

γ∈S≤m

χ(Z, γ)uγ ≤ ec(Z) − 1 , (55)

for uγ =
∏

X∈γ u(X). Then, taking limit when m tends to infinity we will get that both (53)
and (54) hold. For m = 1, both inequalities are a simple consequence of the hypothesis (52), as∑

[X1]∈P1

χ(Z,X1)u(X1) =
∑

[X1]∈S1

χ(Z,X1)u(X1) =
∑
X∈S

χ(Z,X)u(X) ≤ c(Z) ≤ ec(Z) − 1 .
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Let us next assume that (55) holds for m. To see that it holds for m+1, let us start by noticing
that since polymers γ ∈ P are simply the elements of S satisfying χ(γ) ̸= 0 and thus equal to
one, we can rewrite ∑

γ∈P≤m+1

χ(Z, γ)uγ =
∑

γ∈S≤m+1

χ(Z, γ)χ(γ)uγ .

The condition χ(Z, γ) = 1 yields that X ∩ Z ̸= ∅ for some X ∈ γ. Therefore, we can split
γ = γ′ ∨ [X] and estimate∑

γ∈S≤m+1

χ(Z, γ)χ(γ)uγ ≤
∑
X∈S

∑
γ′∈S≤m

χ(Z,X)χ(X, γ′)u(X)uγ′

=
∑
X∈S

χ(Z,X)u(X)
∑

γ′∈S≤m

χ(X, γ′)uγ′
.

Using then the induction hypothesis in the previous expression, and subsequently the condition
of the statement of the lemma, we can further get∑

γ∈S≤m+1

χ(Z, γ)χ(γ)uγ ≤
∑
X∈S

χ(Z,X)u(X)ec(Z) ≤ c(Z) .

This shows that the left hand-side inequality of (55) holds for m+1. To show that the inequality
of the right hand-side also holds, recall that given any multiset γ ∈ Sk, we know that it admits
a unique (except for reordering) decomposition as a sum of connected multisets (i.e. polymers)

γ = γ1 ∨ . . . ∨ γl such that γj ∧ γk = ∅ whenever j ̸= k ,

The fact that each γj is connected and that γj ∧ γk = ∅ whenever j ̸= k, ensures that

χ(Z, γ)uγ =

l∏
j=1

χ(Z, γj)χ(γj)u
γj .

Therefore, we can upper estimate

∑
γ∈S≤m+1

χ(Z, γ)uγ ≤
m∑
l=1

1

l!

 ∑
γ∈P≤m+1

χ(Z, γ) uγ

l

. (56)

Next, using the inequality of the left hand-side of (55) for m+1 that we just proved, we conclude
that ∑

γ∈S≤m+1

χ(Z, γ)uγ ≤
m∑
l=1

1

l!
c(Z)l ≤ ec(Z) .

This finishes the proof by induction.

We can now prove the main result.

Proof of Theorem 3.6. We are going to apply Theorem 3.10. Let us consider a,b : S → R by
a(X) = (ε/2)|X| and an arbitrary b. We have to prove that

∞∑
k=1

|β|k
∑

[X1,...,Xk]∈Pk

χ(Z,X1, . . . , Xk)

k∏
j=1

∥ΦXj∥ea(Xj)+b(Xj) ≤ a(Z) .

For that, we will use the previous Lemma 3.12 with the maps c,u : S → [0,∞) given by c = a
and u(X) = |β| ∥ΦX∥ea(X)+b(X). With this choice, note that the previous estimate corresponds
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to Eq. (54). Thus, we just have to check the hypotheses of the Lemma. But this can be easily
verified, since∑
X∈S

χ(Z,X) |β| ∥ΦX∥eb(X)e2a(X) ≤ |β|
∑
x∈Z

∑
X∋x

∥ΦX∥eε|X|+b(X) ≤ |β| |Z| ∥Φ∥ε,b ≤ ε

2
|Z| = a(Z)

if we take |β| ≤ ε/(2∥Φ∥ε,b), so we conclude the result.

4 Mixing condition via strong effective Hamiltonians

To finalize this section, we are going to show that, under the existence of a strong local effective
Hamiltonian as the one described above, we can show that exponential decay of covariance can
be lifted to the mixing condition.

Theorem 4.1 (Strong form). Let us assume that Φ is an interaction on V satisfying the
strong local effective Hamiltonian property at β > 0, and assume that there is a uniform
bound ∆ > 0 such that, for every L ⊂ V , the local interaction Φ̃L,β satisfies

∥Φ̃L,β∥ = sup
x∈V

∑
X∋x

∥ΦX∥eλ|X|+µ diam(X) ≤ ∆ .

Then, for every Λ ∈ Pf (V ) and every pair of disjoint subsets A,C ⊂ Λ, the local Gibbs state
ρ = ρΛβ satisfies whenever β < λ/(2∆)

∥∥ρACρ
−1
A ⊗ ρ−1

C − 1

∥∥ ≤ exp

(
4∆λβ

λ− 2∆β

∑
x∈A

e−µ dist(x,C)

)
4∆λβ

λ− 2∆β

∑
x∈A

e−µ dist(x,C) .

Remark 4.2. If V = Zg, then we can use the notation from Remark 2.5 and rewrite the above
estimation as

∥ρACρ
−1
A ⊗ ρ−1

C − 1∥ ≤ exp{4βK|∂A|e−(µ/2) dist(A,C)} · 4βK|∂A|e−(µ/2) dist(A,C) .

Exchanging the roles of A and C, we could write |∂C| instead of |∂A|, taking the minimum
of both values to minimize the expression. In any case, we have an exponential decay on the
distance between A and C.

Proof. Let us drop the dependence on Λ and β in ρ to ease notation. Consider Λ and A,C ⊂ Λ
as in the statement of the proposition. Then,

ρACρ
−1
A ρ−1

C = EAC [e
−βHΛ ]EA[e

−βHΛ ]−1EC [e
−βHΛ ]−1E∅[e

−βHΛ ] .

Using the hypothesis, there are local interactions Φ̃A,β, Φ̃C,β, Φ̃AC,β and Φ̃∅,β such that for every
L ∈ {A,C,AC, ∅}

H̃L,β
Λ := − 1

β
log
(
EL[e

−βHΛ ]
)
=
∑
X⊂Λ

Φ̃L,β
X .

For the remainder of the proof, we will omit the superscript β and subscript Λ from the local
interactions Φ̃L = Φ̃L,β and the effective Hamiltonian as well. Thus, we can rewrite

ρACρ
−1
A ρ−1

C = e−βH̃AC
eβH̃

A
eβH̃

C
e−βH̃∅

.

Since H̃∅ is a multiple of the identity, it commutes with every operator. Moreover, H̃A and H̃C

commute with each other since every ΦA
X is supported in A, every ΦC

X is supported in C, and
A ∩ C = ∅. Therefore, we can rearrange

ρACρ
−1
A ρ−1

C = e−βH̃AC
eβ(H̃

A+H̃C−H̃∅) .
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Let us recall that for every pair of operators Q and W in AΛ we have the following expansion
in terms of the time-evolution operator (see [3, Eqs. (5.5), (5.9)])

e−βQeβ(Q+W ) =

∞∑
m=0

∫ β

0
dt1

∫ t1

0
dt2 . . .

∫ tm−1

0
dtm Γit1

Q (W ) · . . . · Γitm
Q (W ) (57)

where Γit
Q(W ) = e−tQWetQ. Thus, applying this identity with

Q := H̃AC,β
Λ and W = H̃A,β

Λ + H̃C,β
Λ − H̃∅,β

Λ − H̃AC,β
Λ ,

we can estimate∥∥ρACρ
−1
A ρ−1

C − 1

∥∥ =
∥∥∥e−βQeβ(Q+W ) − 1

∥∥∥ ≤
∞∑

m=1

|β|m

m!

(
sup

0≤s≤β
∥Γis

Q(W )∥

)m

. (58)

Next we are going to expand W in terms of the local interactions and note some cancellations
between summands:

W =
∑
X⊂Λ

Φ̃A
X + Φ̃C

X − Φ̃AC
X − Φ̃∅

X .

We claim that if X ∩ C = ∅ or X ∩A = ∅, then

Φ̃A
X + Φ̃C

X − Φ̃AC
X − Φ̃∅

X = 0 .

Indeed, if X ∩C = ∅, then X ∩AC = X ∩A and X ∩C = X ∩ ∅, which respectively yield that
Φ̃AC
X = Φ̃A

X and Φ̃C
X = Φ̃∅

X , by property (iii) in Definition 3.1. Thus, we get a zero summand
in this case. The argument when X ∩ A = ∅ is analogous exchanging the roles of A and C.
Therefore, the expression for W can be simplified to

W =
∑

X⊂Λ: X∩A ̸=∅,X∩C ̸=∅

Φ̃A
X + Φ̃C

X − Φ̃AC
X − Φ̃∅

X .

Next, we can estimate

∥Γis
Q(W )∥ ≤

∑
X⊂Λ: X∩A ̸=∅,X∩C ̸=∅

(∥Γis
Q(Φ̃

A
X)∥+ ∥Γis

Q(Φ̃
C
X)∥+ ∥Γis

Q(Φ̃
AC
X )∥+ ∥Φ̃∅

X∥) ,

where in the last summand we have used that Φ̃∅,β
X is a multiple of the identity. Applying

Proposition 2.1, we can estimate since |s| ≤ β < λ/(2∆)

∥Γis
Q(W )∥ ≤ λ

λ− 2∆|s|
∑

X⊂Λ:

X∩A ̸=∅,X∩C ̸=∅

eλ|X|(∥Φ̃AC
X ∥+ ∥Φ̃A

X∥+ ∥Φ̃C
X∥+ ∥Φ̃∅

X∥)

≤ λ

λ− 2∆|s|
∑
x∈A

∑
X∋x :
X∩C ̸=∅

eλ|X|(∥Φ̃AC
X ∥+ ∥Φ̃A

X∥+ ∥Φ̃C
X∥+ ∥Φ̃∅

X∥)

=
λ

λ− 2∆|s|
∑
x∈A

∑
X∋x :
X∩C ̸=∅

e−µdiam(X)eλ|X|+µdiam(X)(∥Φ̃AC
X ∥+ ∥Φ̃A

X∥+ ∥Φ̃C
X∥+ ∥Φ̃∅

X∥)

≤ λ

λ− 2∆|s|
∑
x∈A

e−µdist(x,C)
∑

X∋x :
X∩C ̸=∅

eλ|X|+µ diam(X)(∥Φ̃AC
X ∥+ ∥Φ̃A

X∥+ ∥Φ̃C
X∥+ ∥Φ̃∅

X∥)

≤ 4∆λ

λ− 2∆|s|
∑
x∈A

e−µdist(x,C) .
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Next we use this inequality in Eq. (58), taking into account that
∑∞

k=1 x
k/k! = ex − 1 ≤ xex

whenever x ≥ 0, which allows to estimate

∥∥ρACρ
−1
A ρ−1

C − 1

∥∥ ≤ exp

(
4∆λ|β|

λ− 2∆|s|
∑
x∈A

e−µ dist(x,C)

)
4∆λ|β|

λ− 2∆|s|
∑
x∈A

e−µ dist(x,C) .

It is natural to ask if an analgous theorem holds assuming the weak local effective Hamiltonian
property. However, in this case an additional term arises that must be controlled in other ways
to have a suitable decay of the mixing condition. We will discuss this in detail in Section 6.

5 Local indistinguishability

This section is dedicated to elucidating the concept of local indistinguishability for Gibbs states
of short-range, local Hamiltonians and its validity under the assumption of uniform clustering of
correlations. While this property was previously discussed in [28] for finite-range interactions,
it is worth noting that their proof contains certain issues pertaining to normalization factors.
A similar approach to the one presented in this section, based on the so-called Quantum Belief
Propagation (QBP), has recently been explored in [39] for finite-range interactions, and has been
extended to short-range interactions in full detail in [14]. Here, we provide a concise and rigorous
presentation of QBP for short-range interactions.

5.1 Quantum Belief Propagation

The technique of QBP was introduced in [26, 36]. We follow the presentation in [29, 30], which
developed the method further for finite-range interactions, and [14], which adapted QBP to the
setting of short-range interactions. We will only present here the necessary ingredients for the
proof of local indistinguishability of Gibbs states and refer the interested reader to [14] for the
details on the proof.

In this section, we will fix (V,E) = Zg for some g ∈ N together with the Euclidean distance,
as this is the setting of [14], although the results should carry over to more general graphs.
First, let Φ be a finite-range interaction generating a Hamiltonian H and let W be a bounded
Hermitian operator on some finite subset of the lattice Zg. QBP [26, 30, 14] allows us to rewrite

e−β(H+W ) = η(W )e−βHη(W )∗ , (59)

where η(W ) inherits the locality properties of W by means of the (real) Lieb-Robinson bounds.
Let us describe η(W ) more explicitly. Denote H(s) = H + sW and

℧s
H(W ) :=

∫
R
dt fβ(t) e

−iH(s)tWeiH(s)t ,

where fβ ∈ L1(R), see [29, 18] for an explicit description. Then,

η(W ) =

∞∑
m=0

(
−β

2

)m ∫ 1

0
ds1

∫ s1

0
ds2 . . .

∫ sm−1

0
dsm℧sm(W ) · . . . · ℧s1(W ) . (60)

It can be shown that ∥℧s
H(W )∥ ≤ ∥W∥ and thus

∥η(W )∥ ≤ eβ∥W∥/2. (61)

Moreover, the operator η(W ) can be well-approximated by an operator ηℓ(W ) supported on a
ball of radius ℓ around W := suppW in Euclidean distance [30, 29]. We will call this set Wℓ.
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In fact, ηℓ(W ) is defined as η(W ) in Eq. (60), but with ℧s
H(W ) replaced by EWℓ

[℧s
H(W )]. This

also shows
∥ηℓ(W )∥ ≤ eβ∥W∥/2.

Additionally, the distance between η(W ) and ηℓ(W ) can be estimated as

∥η(W )− ηℓ(W )∥ ≤ ec1∥W∥e−c2ℓ . (62)

Here, c1 and c2 depend on W as can be seen from the proof in [30, 29] based on Lieb-Robinson
bounds, but they do not depend on the support of the Hamiltonian H. Something similar can
be proven for short-range interactions and for the η that appears in the normalized version of
Eq. (59), namely one involving Gibbs states instead of exponentials. This was done explicitly
in [14], from which we extract the following result.

Proposition 5.1. Let Λ be a finite lattice Λ ⊂ Zg, and let H be a self-adjoint operator on
B(HΛ) generated by short-range interactions, with W ∈ A(HX) for X ⊂ Λ. Consider the path
of Hamiltonians H(s) := H + sW for s ∈ [0, 1]. Then,

1. There exists s 7→ η(W, s) such that

e−βH(s) = η(W, s)e−βHη(W, s)∗ , ∥η(W, s)∥ ≤ e
β
2
s∥W∥ . (63)

2. There exists s 7→ η̃(W, s) such that

ρβ(s) = η̃(W, s)ρβ(0)η̃(W, s)∗ , ∥η̃(W, s)∥ ≤ eβs∥W∥ , (64)

where ρβ(s) is the Gibbs state for H(s). Moreover,

∥ρβ(s)− ρβ(0)∥1 ≤ e2βs∥W∥ − 1 ≤ s(e2β∥W∥ − 1) . (65)

3. There exist constants κ, γ > 0 such that

∥η̃(W, s)− η̃ℓ(W, s)∥ ≤ κβs|X|∥W∥eβs∥W∥e−γℓ . (66)

κ and γ are based on Lieb-Robinson bounds, and their explicit expression can be found in
[14]. Again, η̃ℓ(W, s) is supported on Wℓ.

In the next section, we will make use of the results collected above. Whenever the pertur-
bation W is clear from the context, we will drop the dependence of η on it.

5.2 Local indistinguishability

In this section, we discuss the notion of local indistinguishability of Gibbs states and how
it arises from decay of correlations. For that, we reprove some of the main findings of [14],
extended from [10, Theorem 5] from finite-range to short-range interactions, in order to keep
track of the constants and terms involved. Note that the proof of the former is similar in spirit
to the latter, but notably more technical. Here, we will limit ourselves to the regular lattice Zg

for some g ∈ N, although the results could be extended to more general lattices.
Let us recall the notion of operator correlation function, also known as covariance. Given a

finite subset Λ ⊂⊂ Zg, ρ ∈ D(HΛ) a state on Λ, subsets A,B ⊂ Λ, and OA ∈ AA, OB ∈ AB, we
define the covariance of ρ between A and B as

Covρ(A,B) = sup
∥OA∥=∥OB∥=1

|Tr[ρOAOB]− Tr[ρOA]Tr[ρOB]| .

In the main result of this section, namely the local indistinguishability of Gibbs states, we will
consider a region Λ split into ABC as in Figure 6 (left-hand side) and we will show that the effect
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of an observable OA ∈ AA traced with respect to the Gibbs state in ABC, and with respect to
AB is almost indistinguishable if A and C are sufficiently far apart. For that, we will remove
the sites of C (i.e. the interactions acting on each site) one by one, and we will show that the
change performed at each step is almost negligible. However, this requires the assumption that
correlations between spatially separated regions decay fast enough, not only for the Gibbs state
of the global Hamiltonian in Λ, but also for the Hamiltonian on each of the intermediate steps
until having completely removed C. For simplicity, we assume a more general condition, which
is inspired by [10] and contains exponential uniform clustering of covariance as a special case.

A

B

Λ

dist(A,B)

Figure 5: Display of two sublattices A, B of Λ such that dist(A,B) ≥ ℓ.

Definition 5.2. Let Φ be a local, short-range interaction, i.e. such that ∥Φ∥λ,µ < ∞ for certain
λ, µ > 0 (cf. Eq. (3)). Fix an inverse temperature β > 0, and for any finite Λ ⊂⊂ Zg, let
ρΛβ be the Gibbs state of HΛ at β > 0, defined from Φ. We say that H = (HΛ)Λ⊂⊂Zg is ϵ(ℓ)-
uniform clustering if for all Λ ⊂ Zg, and all OA ∈ AA, OB ∈ AB, where A, B ⊆ Λ such that
dist(A,B) ≥ ℓ (cf. Figure 5),

CovρΛ(OA, OB) ≤ f(A,B)∥OA∥∥OB∥ϵ(ℓ) .

Here, f(A,B) ≤ g(A)|B|b for some b ∈ N and some function g.

Remark 5.3. In our definition of ϵ(ℓ)-uniform clustering, we leave on purpose open the depen-
dence of the function f on A and B. That is, because our aim is to show that uniform clustering
implies the mixing condition, not to prove uniform clustering. As examples, the review [1] consid-
ers f(A,B) = min{|∂A|, |∂B|}. For finite-range interactions, [31] proves that form of clustering
for any finite interaction hypergraph. The article [10] limits their attention to uniform clustering
with f(A,B) = 1, such as one-dimensional systems, for which uniform clustering was shown to
hold in [3] for finite-range interactions and subsequently extended to short-range interactions in
[41] above a threshold temperature. This is also the case for commuting Hamiltonians associated
to gapped Davies Lindbladians by [28]. Additionally, for short-range interactions, [21, Theorem
3.2] seems to show uniform clustering with f(A,B) = O(|A||B|) for high dimensions. To unify
all these different notions of uniform clustering, we hence chose to retain the freedom of choosing
f(A,B) appropriately. In the following proofs, however, we will need to control the growth of
f if one of the sets in its arguments is a ball of radius ℓ. Therefore, we assume for simplicity
in Definition 5.2 that the second argument of f behaves like a power. This is similar to the
treatment in [14] and covers the aforementioned examples.

This allows us to prove a version of the following theorem for hypercubic lattices, inspired
by [10, Theorem 5] for finite-range interactions, and extended to short-range interactions in [14].
Its proof can be derived as a combination of Theorem 14, Lemma 19 and Theorem 20 of [14]
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A

C

B

A

C \ {c1 ∪ . . . ∪ cj}

B
cj

c1

...

...

. . .

dist(A,C)

Figure 6: On the left-hand side, we split Λ into ABC so that B is a ring around A, shielding it
from C. On the right-hand side, we show the support of Λj , the lattice after j steps of removing
sites in an ordered way, one by one.

for the particular case considered here. However, we include here a self-contained and simplified
proof with easier notation for completeness.

Theorem 5.4. Let V = Zg and let Φ be a short-range interaction with ∥Φ∥λ,µ < ∞ for certain
λ, µ > 0. For any Λ ⊂⊂ V , let ρΛβ be the Gibbs state of HΛ at β > 0, defined from Φ. Consider
a splitting of Λ as Λ = ABC and ℓ ∈ N such that dist(A,C) ≥ 2ℓ + 1 (see Figure 6, left-hand
side), with H = (HΛ)Λ⊂⊂V being ϵ(ℓ)-clustering. Then, we have∣∣Tr[ρΛβOA

]
− Tr

[
ρAB
β OA

]∣∣
≤ |C|g(A)ℓdbKe2β(∥Φ∥0,0+∥Φ∥µ,λe−µℓ)

(
4κ′β∥Φ∥0,0ℓ

de−γℓ + ϵ(ℓ) + ∥Φ∥µ,λe
−µℓ
)
∥OA∥ ,
(67)

where K, κ′, γ > 0 are constants. Thus, in particular if ϵ(ℓ) is at least exponentially decreasing,
the above can be simplified to∣∣Tr[ρΛβOA

]
− Tr

[
ρAB
β OA

]∣∣ ≤ |C|g(A)K(β)∥OA∥e−αℓ , (68)

for certain constants α,K(β) > 0.

Remark 5.5. The factor |C| in Eq. (67) is due to the number of steps performed to remove all
interactions with support intersecting C. In the case of finite-range interactions with range r,
to prove local indistinguishability it is enough to decouple the interactions with support in AB
from those with a disjoint support. Therefore, in that case it is enough to remove the sites of
|∂rC|, since

Tr
[
ρAB
β ⊗ ρ

C\∂rC
β OA

]
= Tr

[
ρAB
β OA

]
for every OA ∈ AA, and thus the dependence on C in Eq. (67) can be tightened to |∂rC|.

Proof of Theorem 5.4. Let us drop hereafter the subscript β in ρ to ease notation. Let us denote
m = |C| and let us enumerate by cj , for j ∈ [m], the sites in C. The idea is to remove in an
ordered way these sites, one by one, from the interactions in the Hamiltonian, and to use QBP
and uniform clustering to show that the change when doing this is small. We will write Λk for
the remaining lattice after removing k sites, i.e. Λk = Λ \

⋃k
j=1{cj} (see Figure 6, right-hand

side). In particular, Λ0 = Λ and Λm = AB. Then, for any OA ∈ AA, we have

∣∣Tr[ρΛOA

]
− Tr

[
ρABOA

]∣∣ ≤ m−1∑
j=0

∣∣Tr[ρΛjOA

]
− Tr

[
ρΛj+1OA

]∣∣ , (69)
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For each of these terms, we denote:

Wj := HΛj+1 −HΛj ,

and we split it as

Wj,1 := −
∑

cj∈Z⊂Λ
diam(Z)≤R

Φ(Z) , Wj,2 := −
∑

cj∈Z⊂Λ
diam(Z)>R

Φ(Z) ,

for R := 1/2⌊dist(A,C)− 1⌋. Since Wj,1 is supported in an R-ball centered at {cj}, we have

∥Wj,1∥ ≤ ∥Φ∥0,0 .

Additionally, for the remaining part, we know that it is small, namely

∥Wj,2∥ ≤ ∥Φ∥µ,λe
−µR .

Therefore, ∥Wj∥ ≤ ∥Φ∥0,0 + ∥Φ∥µ,λe−µR. We note that denoting by ρ̂Λj the Gibbs state on Λj ,
but with the Hamiltonian HΛj +Wj,1, we can bound∣∣Tr[ρΛjOA

]
− Tr

[
ρΛj+1OA

]∣∣ ≤ ∣∣Tr[ρΛjOA

]
− Tr

[
ρ̂ΛjOA

]∣∣+ 2β∥OA∥∥Wj,2∥e2β∥Wj,2∥ ,

where we have used Eq. (65) and ex − 1 ≤ xex for x ≥ 0.
Moreover, by Eq. (64), and denoting η̃j := η̃(Wj,1, 1) and η̃jR := η̃R(Wj,1, 1), each term in

the right-hand side of Eq. (69) can be bounded as∣∣Tr[ρΛjOA

]
− Tr

[
ρ̂ΛjOA

]∣∣ = ∣∣Tr[η̃jρΛj η̃j,∗OA]− Tr
[
ρΛjOA

]∣∣
≤
∣∣∣Tr[(η̃j − η̃jR)ρ

Λj η̃j,∗OA]− Tr[η̃jRρ
Λj (η̃j,∗ − η̃j,∗R )OA]

∣∣∣︸ ︷︷ ︸
I

+
∣∣∣Tr[ρΛj η̃j,∗R η̃jROA]− Tr[ρΛjOA]

∣∣∣︸ ︷︷ ︸
II

.

For I, note that
I ≤

∥∥η̃j − η̃jR
∥∥∥OA∥

(∥∥η̃j∥∥+ ∥∥η̃jR∥∥) ,

and for II, we have

II = Tr[ρΛj η̃j,∗R η̃jROA]− Tr[ρΛj η̃j,∗R η̃jR] Tr[ρ
ΛjOA] + Tr[ρΛj η̃j,∗R η̃jR] Tr[ρ

ΛjOA]− Tr[ρΛjOA]

≤ Cov
ρΛj

(
η̃j,∗R η̃jR, OA

)
+
(
Tr[ρΛj η̃j,∗R η̃jR]− 1

)
Tr[ρΛjOA]

≤ Cov
ρΛj

(
η̃j,∗R η̃jR, OA

)
+
∥∥η̃j − η̃jR

∥∥∥OA∥
(∥∥η̃j∥∥+ ∥∥η̃jR∥∥) .

In the last inequality, the second estimate comes from a similar argument as in the bound on
I. Let W1

j be the support of Wj,1 and W1
j,ℓ be the set of points with distance at most ℓ to W1

j .
Combining the estimates of I and II, the ϵ(ℓ)-clustering with ℓ = R and Eq. (66), we get∣∣Tr[ρΛjOA

]
− Tr

[
ρ̂ΛjOA

]∣∣ ≤ Cov
ρΛj

(
η̃j,∗R η̃jR, OA

)
+ 2
∥∥η̃j − η̃jR

∥∥∥OA∥
(∥∥η̃j∥∥+ ∥∥η̃jR∥∥)

≤ f(W1
j,R, A)

∥∥η̃j,∗R η̃jR
∥∥∥OA∥ϵ(ℓ) + 4κβ|W1

j,R|∥Wj,1∥e2β∥Wj,1∥∥OA∥e−γℓ

≤ max{f(W1
j,R, A), 1} e2β∥Wj,1∥∥OA∥

(
4κβ|W1

j,R|∥Wj,1∥e−γℓ + ϵ(ℓ)
)
.
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Finally, summing this over all sites of C, we get in Eq. (69):∣∣Tr[ρΛOA

]
− Tr

[
ρABOA

]∣∣ ≤
max

j
|C|max{f(W1

j,R, A), 1} e2β(∥Wj,1∥+∥Wj,2∥)∥OA∥
(
4κβ|W1

j,R|∥Wj,1∥e−γℓ + ϵ(ℓ) + ∥Wj,2∥
)
.

We conclude by noting the explicit bound for f(W1
j,R, A) from Definition 5.2 and recalling R = ℓ:

f(W1
j,R, A) ≤ g(A)|W1

j,R|b

as well as the fact that, as W1
j is contained in an ℓ-ball centered at cj ,

|W1
j,R|b =

(
πd/2

Γ
(
d
2 + 1

)(2ℓ)d)b

,

where Γ is Euler’s gamma function.

In the next section, we will use the previous theorem to prove a mixing condition for the
Gibbs state assuming exponential uniform decay of correlations.

6 Mixing condition via weak effective Hamiltonian

The main result of this section is a mixing condition for Gibbs states of local, short-range Hamil-
tonians under the assumption of a weak local effective Hamiltonian such as the one presented
in Section 3.

Proposition 6.1 (Weak form). Let us assume that Φ is an interaction on V satisfying the
weak local effective Hamiltonian property at β > 0 (cf. Definition 3.3), and assume that there
is a uniform bound ∆ > 0 and λ, µ > 0 such that, for every L ⊂ V , the local interaction Φ̂L,β

satisfies
∥Φ̂L,β∥λ,µ = sup

x∈V

∑
X∋x

∥ΦX∥eλ|X|+µ diam(X) ≤ ∆ .

Then, for every Λ ∈ Pf (V ) split into three disjoint subsets Λ = ABC, the local Gibbs state
ρ = ρΛβ satisfies whenever β < λ/(2∆)

∥∥ρACρ
−1
A ⊗ ρ−1

C − 1

∥∥ ≤ exp

(
3∆λβ

λ− 2∆β

∑
x∈A

e−µdist(x,C)

) (
3∆λβ

λ− 2∆β

∑
x∈A

e−µ dist(x,C) + |κABC − 1|

)
,

where
κABC = κABC(β) =

ZB · ZΛ

ZBC · ZAB
. (70)

Remark 6.2. Comparing to Theorem 4.1, observe that we have an extra summand |κABC − 1|
as a consequence of the weak local effective Hamiltonian assumption.

Remark 6.3. If V = Zg, then we can use the notation from Remark 2.5 and rewrite the above
estimation as

∥ρACρ
−1
A ⊗ρ−1

C −1∥ ≤ exp{3βK|∂A|e−(µ/2) dist(A,C)} ·
(
3βK|∂A|e−(µ/2) dist(A,C) + |κABC − 1|

)
,

where K = ∆λν
λ−2∆β . Exchanging the roles of A and C, we could write |∂C| instead of |∂A|, taking

the minimum of both values to minimize the expression. In any case, we have an exponential
decay on the distance between A and C.
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Proof of Proposition 6.1. Given Λ and A,C ⊂ Λ as in the statement of the proposition, let us
denote B = Λ \ (A∪C) we omit the subscript Λ from the local effective interactions Φ̂L = Φ̂L,β

and the effective Hamiltonian, so that (see Remark 3.4)

ρAC ρ−1
A ⊗ ρ−1

C = e−βĤAC
eβĤ

A
eβĤ

C ZB · ZΛ

ZBC · ZAB
= e−βĤAC

eβĤ
A
eβĤ

C
κABC .

Then, we clearly have∥∥ρAC ρ−1
A ⊗ ρ−1

C − 1AC

∥∥ =
∥∥∥e−βĤAC

eβ(Ĥ
A+ĤC) κABC − 1AC

∥∥∥
≤
∥∥∥e−βĤAC

eβ(Ĥ
A+ĤC)

∥∥∥|κABC − 1|+
∥∥∥e−βĤAC

eβ(Ĥ
A+ĤC)−1AC

∥∥∥ . (71)

To deal with the product of exponential, we will argue as in the proof of Theorem 4.1 and use
Eq. (57). Indeed, we can rewrite

e−βĤAC
eβ(Ĥ

A+ĤC) = e−βQeβ(Q+W )

where Q = ĤAC and

W = ĤA + ĤC − ĤAC =
∑

X∩A ̸=∅

Φ̂A
X +

∑
X∩C ̸=∅

Φ̂C
X −

∑
X∩AC ̸=∅

Φ̂AC
X .

We claim that if X ∩ A = ∅ or X ∩ C = ∅, then Φ̂A
X + Φ̂C

X − Φ̂AC
X = 0. Let us prove the claim

when X ∩ C = ∅. In this case, X ∩A = X ∩AC, and therefore Φ̂A
X = Φ̂AC

X and Φ̂C
X = 0, so the

sum is obviously zero. The case X ∩ A = ∅ is analogous. As a consequence of this claim, only
summands over X with X ∩A ̸= ∅ and X ∩ C ̸= ∅ will survive:

W =
∑

X⊂Λ: X∩A ̸=∅ , X∩C ̸=∅

Φ̂A
X + Φ̂C

X − Φ̂AC
X .

Thus, we can estimate by Proposition 2.1 for |s| ≤ β < λ/(2∆)

∥Γis
Q(W )∥ ≤

∑
X⊂Λ: X∩A ̸=∅,X∩C ̸=∅

(∥Γis
Q(Φ̂

A
X)∥+ ∥Γis

Q(Φ̂
C
X)∥+ ∥Γis

Q(Φ̂
AC
X )∥)

≤ 3∆λ

λ− 2∆|s|
∑
x∈A

e−µdist(x,C) ,

Therefore, using that
∑∞

k=1
xk

k! = ex − 1 ≤ xex for x > 0, we can estimate

∥∥∥e−βĤAC
eβ(Ĥ

A+ĤC)−1
∥∥∥ =

∥∥∥e−βQeβ(Q+W ) − 1

∥∥∥ ≤
∞∑

m=1

|β|m

m!

(
sup

0≤s≤β
∥Γis

Q(W )∥

)m

≤ exp

(
3∆λ|β|

λ− 2∆|s|
∑
x∈A

e−µ dist(x,C)

)
3∆λ|β|

λ− 2∆|s|
∑
x∈A

e−µ dist(x,C) ,

and also∥∥∥e−βĤAC
eβ(Ĥ

A+ĤC)
∥∥∥ ≤

∞∑
m=0

|β|m

m!

(
sup

0≤s≤β
∥Γis

Q(W )∥

)m

≤ exp

(
3∆λ|β|

λ− 2∆|s|
∑
x∈A

e−µ dist(x,C)

)
.

Applying these estimates on (71), we conclude the result.
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To deal with the summand |κABC − 1| in Proposition 4.1, we prove the following lemma.
In the proof of this result, we will use the technique of Quantum Belief Propagation recalled in
Section 5, as well as the assumption that uniform clustering of correlations as in Definition 5.2
holds with exponential decay.

Lemma 6.4. Let V = Zg and let Φ be a local interaction on V satisfying, for some λ, µ > 0

∥Φ∥λ,µ = sup
x∈V

∑
X∋x

∥ΦX∥eλ|X|+µ diam(X) .

Let us assume that for the inverse temperature 0 < β < λ/(2∥Φ∥λ,µ), the family of Hamiltonians
H = (HΛ)Λ⊂⊂Zg is ϵ(ℓ)-clustering for an exponentially decaying function ϵ(ℓ).

Then, there exist constants K̂, c > 0, such that for every subset Λ ⊂⊂ Zg and every pair
of disjoint subsets A,C ⊂ Λ, we have that the constant κABC = κABC(β) introduced in (70)
satisfies:

|κABC − 1| ≤ K̂ e−cdist(A,C) . (72)

Proof. Here, we follow similar steps as those in the proof of [9, Theorem 8.2]. Let us denote
Λ = ABC, so that B shields A from C, see Figure 7. First, note that we can rewrite κABC as

κABC = TrABC

[
e−βHABC

]
TrBC

[
e−βHBC

]−1
TrAB

[
e−βHAB

]−1
TrB

[
e−βHB

]
= TrABC

[
ρABC
β eβHABC e−β(HA+HBC)

]−1
TrAB

[
ρAB
β eβHAB e−β(HA+HB)

]
= TrABC

[
ρABC
β E∗−1

A,BC

]−1
TrAB

[
ρAB
β E∗−1

A,B

]
,

where we recall that we are denoting ρABC = e−βHABC/ZABC and ρAB = e−βHAB/ZAB. Note
that, since we are using the same β > 0 throughout the whole proof, we are dropping the explicit
dependence of ρX , EX,Y and ZX on it, for every X,Y ⊂ ABC. Denoting ℓ := ⌊dist(A,C)

2 ⌋, let us
split B into B1B2 so that:

• B2 shields C from AB1.

• dist(A,B2) ≥ ℓ.

A possible construction for B1B2 is shown in Figure 7.

A

C

B2

B1

Λ

ℓ

Figure 7: Splitting of B into B1 and B2 devised for the proof of Lemma 6.4.
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Next, note that |κABC − 1| can be bounded by

|κABC − 1| =
∣∣∣TrABC

[
ρABCE∗−1

A,BC

]−1
TrAB

[
ρAB E∗−1

A,B

]
− 1
∣∣∣

≤
∣∣∣TrABC

[
ρABCE∗−1

A,BC

]−1
∣∣∣∣∣∣TrAB

[
ρAB E∗−1

A,B

]
− TrABC

[
ρABCE∗−1

A,BC

]∣∣∣
≤ ∥E∗−1

A,BC∥
∣∣∣TrAB

[
ρAB E∗−1

A,B

]
− TrABC

[
ρABCE∗−1

A,BC

]∣∣∣
≤ eβK|∂A|

∣∣∣TrAB

[
ρAB E∗−1

A,B

]
− TrABC

[
ρABCE∗−1

A,BC

]∣∣∣ ,
where we have used Corollary 2.6. Next, we add and subtract some intermediate terms in the
previous difference, which allows us to bound:∣∣∣TrAB

[
ρABE∗−1

A,B

]
− TrABC

[
ρABCE∗−1

A,BC

]∣∣∣ ≤ ∣∣∣TrAB

[
ρABE∗−1

A,B

]
− TrAB

[
ρABE∗−1

A,B1

]∣∣∣
+
∣∣∣TrAB

[
ρABE∗−1

A,B1

]
− TrABC

[
ρABCE∗−1

A,B1

]∣∣∣
+
∣∣∣TrABC

[
ρABCE∗−1

A,B1

]
− TrABC

[
ρABCE∗−1

A,BC

]∣∣∣ .
The first and third terms are bounded using estimates for the expansionals. Indeed, by Hölder’s
inequality and the simplified bound of Proposition 2.2 from Eq. (21), note that∣∣∣TrAB

[
ρABE∗−1

A,B

]
− TrAB

[
ρABE∗−1

A,B1

]∣∣∣ ≤ ∥∥ρAB
∥∥
1

∥∥∥E∗−1
A,B − E∗−1

A,B1

∥∥∥
≤ e|β|K|∂A|K ′|∂A|e−(µ/2) dist(A,B2) ,

and analogously∣∣∣TrABC

[
ρABCE∗−1

A,B1

]
− TrABC

[
ρABCE∗−1

A,BC

]∣∣∣ ≤ e|β|K|∂A|K ′|∂A|e−(µ/2) dist(A,B2) .

Let us bound the remaining term using Theorem 5.4 and Eq. (20). For that, since we are
assuming uniform exponential decay of correlations, there exist constants α > 0 and K(β) > 0
such that∣∣∣TrAB

[
ρABE∗−1

A,B1

]
− TrABC

[
ρABCE∗−1

A,B1

]∣∣∣ ≤ |C|g(A)K(β) e−αdist(A,B2) eβK|∂A| .

Putting together these three estimates, and taking c = min{µ/2, α} we get that

|κABC − 1| ≤ 3e2βK|∂A| (2K ′|∂A|+ |C|g(A)K(β)
)
e−cdist(A,B2) .

This finishes the proof.

Combining Proposition 4.1, see Remark 6.3, and Lemma 6.4, we conclude the following main
result of the section.

Theorem 6.5. Let Φ be a local interaction on V = Zg satisfying for some λ, µ,∆ > 0

∥Φ∥λ,µ = sup
x∈V

∑
X∋x

∥ΦX∥eλ|X|+µ diam(X) ≤ ∆ .

Moreover, let 0 < β < λ/(2∆) be an inverse temperature such that:

• There is a weak local effective Hamiltonian at temperature β > 0, and for every L ⊂ V ,
the local interaction Φ̂L,β satisfies

∥Φ̂L,β∥λ,µ = sup
x∈V

∑
X∋x

∥Φ̂L,β
X ∥eλ|X|+µ diam(X) ≤ ∆ .
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• Φ satisfies ϵ(ℓ)-clustering property.

Then, there exists constants K̂ ′, c′ > 0 such that for every Λ ∈ Pf (V ) and every pair of
disjoint subsets A,C ⊂ Λ, the local Gibbs state ρ = ρΛβ satisfies∥∥ρACρ

−1
A ⊗ ρ−1

C − 1

∥∥ ≤ K̂ ′e−c′ dist(A,C) .

Moreover, K̂ ′ = O(min{e|∂A|(|∂A|+ |C|g(A)), e|∂C|(|∂C|+ |A|g(C))}).

7 Discussion

Let us conclude this article with a discussion of the equivalence of different notions of decay
of correlations in quantum many-body systems. In this work, we have reviewed the notions of
exponential uniform decay of covariance, exponential uniform decay of mutual information, the
uniform mixing condition and uniform local indistinguishability, which all quantify in some sense
that correlations in a quantum Gibbs state decay with the distance between spatially separated
regions.

In [9], the present authors proved that, for Gibbs states of finite-range interactions and
one-dimensional quantum spin chains at any positive temperature, all these notions of decay of
correlations are equivalent. The current manuscript together with previous work shows that, un-
der certain conditions, all these notions of decay of correlations hold also for higher-dimensional
systems with short-range interactions above a critical temperature. In that sense, the present
work can be seen as an extension of [9].

Figure 8: Summary of the main results contained in this paper. We consider a positive function
f on finite sets that can possibly be different for each type of correlation decay. The equivalence
between the four notions of decay of correlations is valid for short-range interactions. For one-
dimensional spin systems, β1 reduces to ∞ for finite-range interactions. Beyond one dimension,
we have this equivalence only assuming the existence of an effective Hamiltonian.

On the other hand, contrary to the one-dimensional case, in this work we have to assume
the existence of a weak local effective Hamiltonian as in Section 3, motivated by the cluster
expansion techniques in [35]. This seems a quite strong assumption, and actually its strong
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version is already sufficient to prove the mixing condition, and thus all the different notions of
decay of correlations we discussed above. Therefore, we cannot claim that we have shown the
equivalence of these different notions of decay of correlations also beyond the one-dimensional
case. However, note that the existence of a local effective Hamiltonian is only needed in Step 3
of the proof outline in Section 1.3.

In future work, we will explore whether the existence of a local effective Hamiltonian is
equivalent to other notions of decay of correlations, or, failing that, whether we can prove
equivalence of different versions of decay of correlations without having to assume the existence
of a local effective Hamiltonian. There is hope for that, since this is the case for commuting
Hamiltonians, for which the aforementioned equivalence has recently been shown in [32] without
the use of the effective Hamiltonian, building up on previous work from [15].
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