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Abstract

We consider bias-corrected estimation of the extreme value index of a Pareto-type distri-
bution in the censoring framework. The initial estimator is based on a Kaplan—Meier integral
from which we remove the bias under a second-order framework. This estimator depends on
a suitable external estimation of second-order parameters which is also discussed. The weak
convergence of the bias-corrected estimator is established. It has the nice property to have
the same asymptotic variance as the initial estimator. This nice feature is illustrated on a
simulation study where our estimator is compared to alternatives already introduced in the

literature. Finally, our methodology is applied on an insurance dataset.

1 Introduction

Let X1,..., X, be a sample of independent and identically distributed (i.i.d.) random variables

with distribution function F' of Pareto-type, i.e., such that for some v > 0

1

1-F(z)=a 7w Llp(x),z >0, (1)



where ¢ denotes a slowly varying function at infinity, i.e., a positive measurable function such

that

lp(tx)
Cp(t)

The parameter vg is called the extreme value index and it governs the tail behavior, with larger

— last— oo for all z > 0.

values indicating heavier tails. This model (1) is completely equivalent to the following model

for the tail quantile function Up(x) := inf{y : F(y) > 1 —1/x},z > 1:
Ur(z) = 2"ty (), (2)

where {7 is also a slowly varying function at infinity.

Several estimators of yr have been proposed in the literature, among them the Hill estimator

(see [23]), defined as

k
1
Hx(k) = E Z log Xn—i+1,n — log Xn—k,na
=1

where X1, < ... < X, , denote the order statistics associated to the X —sample and k = k, is

an intermediate sequence, i.e., a sequence such that
k, — o and k,/n — 0.

This estimator is the most famous one since it can be interpreted in different ways, e.g., as an
estimator of the slope in a Pareto quantile plot, or also as the uniformly minimum variance
unbiased estimator of v based on the (k + 1)—upper order statistics of a sample in case of a

strict Pareto model (i.e., a model with {p(x) =1 in (1)), see [1].

Under the first-order framework (2) and if £ is an intermediate sequence, we can prove that
Hx (k) is consistent in probability for the estimation of vp. However, if we want to establish
asymptotic normality of Hx(k), assuming Model (2) is not enough, and we need a second-
order condition which measures the rate of convergence of Up(tx)/Up(t) towards its limit z7F.
There are different types of second-order conditions, some expressed in terms of F', Ur or their

logarithms. The one used in this paper can be formulated as follows:



Condition (SOC). There exist a positive or negative function A(.) with A(t) — 0 ast — oo,
and a parameter p < 0 such that the tail quantile function of F' satisfies for all x > 0

Ur (tz)
Ur(t)

50 A1)

— gF

= ':E’YF hp(x)a

with

@ =1y 0
hy(x) = f w’tdu = P frs

1 logz  otherwise.

Under Condition (SOC) and for an intermediate sequence k, we have the following asymptotic

representation

R aa= T C1 ()} Q

where Ny, follows asymptotically a standard normal distribution. Equation (3) shows that Hx (k)
is asymptotically normally distributed with variance 712; /k and a dominant asymptotic bias term
given by A(n/k)/(1 — p). Since under Condition (SOC), |A(.)| is regularly varying with index
p, this means that as k increases, the bias also increases, while the variance decreases and vice
versa. Thus, the choice of k is a question of trade-off between bias and variance. Also, the closer

p is to 0, the more prominent the bias.

This bias problem in the Hill estimator or other tail parameters’ estimators has been extensively
studied in the literature, e.g., by [3], [13], [18] or [25]. They proposed second-order reduced-bias
extreme value index estimators, but at the cost of an increase in variance, larger than or equal
to [yr(1—p)]?/(p? k) when p < 0. To overcome this drawback, [9], [16] and [19] have introduced
estimators which present the advantage to reduce the bias without increasing the asymptotic
variance, which is kept, e.g., for the Hill estimator at fyl% /k. They are called minimum-variance
reduced-bias (MVRB) estimators and due to these nice properties, they obviously outperform
the original estimator (i.e., without bias-correction), in terms of mean squared error. Those
estimators are defined when the function A(.) in Condition (SOC) is of the form A(t) = yp 5t*
with (8,p) € (R,R™) suitably estimated externally. This particular form of the function A(.)

is not really restrictive because it is very usual in extreme value theory to assume instead of



Model (2), the following Hall-type model (see [21], [22]):

Up(t)—Ct'YF{l—i—*yFBtpp—I—o(tp)}, t — o0, (4)
where C' > 0,5 £ 0 and p < 0. In that case, Condition (SOC) is satisfied with A(t) = ypSBt~.
Note that most of the usual heavy-tailed models belong to this class, e.g., the Fréchet, Burr or

generalized Pareto models. The most simple MVRB-type estimator, introduced by [9], is of the

form
Ioo(k) = Hx(k) (1 e (Z)ﬁ('“)) , )

for suitable external estimators of the second-order parameters (3, p) based on a new interme-
diate sequence kp such that k = o(k1). The specific form of (5) comes from the specific form of
the function A(.) together with an estimator of the dominant asymptotic bias term of the Hill

estimator which is subtracted from it.

The idea of this paper is to adapt this bias-corrected estimator (5) to the censoring framework.
As far as we know, this topic is completely new in the literature, although it has many applica-

tions, e.g., in insurance.

The remainder of the paper is organized as follows. In Section 2, after a presentation of two
different approaches concerning the construction of an estimator of vz in the case of censoring,
we explain how to derive a bias-corrected estimator in that context. This requires estimators of
the second-order parameters (3, p) adapted to the censoring framework which are also discussed
and for which some asymptotic properties are derived. Then, in Section 3, we examine the finite
sample performance of our bias-corrected estimator of g through a simulation experiment,
while in Section 4, we illustrate the method on a real dataset. All the proofs are postponed to

Section 5.

2 Estimators of tail parameters in the censoring framework

The general random right censoring framework is the following: additionally to the X —sample,

consider Y7, ...,Y, asecond sample, also based on i.i.d. random variables from some distribution



G, and assume that the two samples, X and Y, are independent. We only observe (Z;,0;),
i=1,...,n, where Z; := min(X,;,Y;) and ¢; := H{Xiéyi}. If H denotes the distribution function

of Z, due to the independence between the two samples, we have
1—H(z)=(1-F(x)(1 - G(z)).

A consistent estimator of F' is the Kaplan—Meier estimator (see [24]) defined as

n 5 in ]l{Zi,ngz}
lﬂ@ﬂzl—IIF—L]} 7

i n—1i1+1
where Z1,, < ... < Zpny, are the order statistics of the Z—sample and d[; 1,4 = 1,...,n, are the

concomitants, i.e., op; ) = 05 iff Z; , = Zj.

In that censoring framework, if we assume that G is also of Pareto-type with index =g, then the

Hill estimator based on the observations Zi,...,Z,, i.e., Hz(k), estimates the extreme value

index of H, that is vy := 2%, but not yp. To solve this issue, [4] and [12] proposed to divide

this Hill estimator by the proportion of non-censored observations in the k-largest observations,

i.e., they proposed to consider

c HZ(k)
Hﬂwy:lzké
Lk Zai=1Y[n—i+1,n]

as an estimator of yr.

Very recently, [7] proposed an alternative approach based on Kaplan—Meier integrals of the form

Shn(p) = fgodlﬁ‘k,n,

where ¢ is a measurable function, F'—square integrable and almost everywhere continuous on

[1,00), and [y, is the extreme Kaplan-Meier estimator defined as

k Iy :

6 —i+1: {Zn—it1,n/Zn—knsz}

Finle) =1 ] [1 - [1] |
=1

In this paper, we consider the particular function ¢(z) := @¢(z) := (logz)¢, with £ a positive

integer, and we define

0
M%)(k}) = f Pe dFk,na
1

5



as a consistent estimator in probability for
0
M© .= J pedF?°,
1

a
with F°(x) := (1 - x_”F> llg,>1y as soon as yg > vr (see Theorem 3.2 in [7]). Thus, when

=1, Mg)(k‘) can be interpreted as a Hill-type estimator adapted to the censoring framework.

2.1 A bias-corrected estimator of vp

Our aim in this paper is to reduce the bias of Msll)(k), without increasing its variance. To reach

that goal, we establish the following asymptotic representation, similar to (3)

e N A= F Un (0/k)] )
Yo —vF Vk L—p

cor(a([1-r (v ())]))

(

when v4 > v and where IV, kc) follows asymptotically a standard normal distribution (see Lemma

5.1). This result shows that MY (k) has a dominant asymptotic bias term of A ([1 — F (Ug (n/k))] ™) /(1—

MOk L vk +9r

p) and an asymptotic variance of Y2v¢/([Ya — vr] k). The bias can be estimated, as soon as we
have estimators for p, 1 — F (Ug (n/k)) and A(.) adapted to the censoring framework. Concern-
ing 1 — F (Ug (n/k)), this can be done easily by replacing F' by the Kaplan-Meier estimator F,,
and Uy (n/k) by its empirical counterpart Z,_j . This leads to the estimator 1 — Fy, (Zp,—.n)-
It thus remains to find estimators for (53, p) since we assume Model (4), and therefore the spe-
cific form for the function A(.). Proposing such estimators is already a new contribution of the
paper. If we denote them by (B (©)(ky), p©)(k1)), then, following the construction idea of [9], we

introduce

3(0) e
b h) = MO R) (1 ~ o 1= FulZain)) W) , ()

as our bias-corrected Hill-type estimator adapted to the censoring framework.

Our main result, stated in the following theorem, is the weak convergence of our estimator

?g)c(k); correctly normalized.



Theorem 2.1 Consider Model (4) with F continuous, and assume that G is of Pareto-type with

index yg > yp. Let k and ki be two intermediate sequences such that k = o(ky) and
Vi A ([1 - F(UH(n/k))]_l) L AeR
Then, for (B(C)(kl),ﬁ(c)(kl)) any estimators of (8, p) such that

o ([1-7 (v ()] ) (7600 - 9) = 1) 7)

and

we have

2
Vi (3 ey — _d,N(07%¥’YF>,
(WBC( ) VF) Ve — VF

Remark that Condition (7) involves both the sequences k and ;.
As is clear from this theorem, ”Ayg)c(k:) is an asymptotically unbiased estimator of vy in the
sense that its limiting distribution has a zero mean whatever the value of A. Note also that the

variance of ’Ay](;)c(k:) is the same as the variance of the original Mg)(kz) estimator, given in [7]

(see also our Lemma 5.1), which means that our estimator ’Ay](_f%(k) can be seen as a MVRB-type

estimator, as defined in [9], but adapted to the censoring framework.

2.2 Estimator of p

In this section, we provide an estimator of p and since we want to show its weak convergence,

we need to strengthen condition (SOC) into a third-order condition, given by:

Condition (TOC). There exist a positive or negative function B(.) with B(t) — 0 as t — o0,

and a parameter & < 0 such that the tail quantile function of F' satisfies for all x > 0

Urp(tx) — F

i 1 Ur(t) —_ 2YF — pF
tlgng(t) AT 2T hy(x) p = 277 hppe().




The estimation of the second-order parameter p has been considered in the literature in the case
where there is no censoring, see, e.g., [8], [14], [15] or [17]. In particular, in [14], the following
estimator has been introduced

377 (k1) — 3

5 provided T\ (k1) € [L, 3),
o (k1) — 3

plk1) ==

with 7 > 0, where

) (M1 (k)] — [§ My (k)]
[ 0457 (k)15 — [& M) (k1)]5
with, for « € RT,
1 &
M (k) = Py ;[log Xo—it1n —log X gy m]®

Note that M,sl)(k‘l) is nothing else than the Hill estimator Hx (k7).

Under Condition (SOC) with p < 0 and with an intermediate sequence k; such that v/k1 A(n/k1) —
00, [14] proved the consistency in probability of p(ki) (see their Theorem 2.1). Also, un-

der a third-order condition similar to Condition (TOC) with p < 0 but expressed in terms

of log [{f;ff)) instead of UUFF((t;), as well as vk A(n/k1) — o, Vki A%2(n/k1) — A\ € R and

Vk1 A(n/k1) B(n/k1) — A2 € R, their estimator p(k;), correctly normalized, is asymptotically

normally distributed (see Theorem 3.1 in [14]).

Our aim in this section is to adapt this estimator to the censoring framework by introducing

3T (k) -3

59 (k) - T 3 provided T\ (k1) € [1, 3),
n 1) —
with
P () o M Gen)]7 = [ MG ()

(MY (k)]F — (MY (k1)]5

The asymptotic normality of our estimator 5\ (k;) is given in the following theorem:



Theorem 2.2 Assume that F' and G are of Pareto-type with index vg and g, respectively,
such that vy > yp. Under the third-order condition (TOC) with p,& < 0, for an intermediate

sequence ki satisfying
\Vk A( [1—F(Ug (n/k1))]™ ) —> 00,

\/>A2(1— UH(n/kl))]_ )—>)\1€R,
VEiA (1= F (Ug (n/k)])™) B([1 = F (Un (n/k1))]7Y) — A € R,

we have
-1
Vi A ([ <UH (,ﬂ))] ) {#9 k1) = p} =5 N (m,0?)
where
. {_2(1 —p)®  PA(T=20p+16p° —4p%) 1 p(3—2p)(3 —p) T} \
(1—2p)3 2(1-2p)2(1—p)>  r 120-p2 p )"
E1-p°(p+8) \
p(1—p—¢)3 ™
2 (1 _
o? = W{ 20° = 2p+ 1)7é — 20(2 — pvénr

+2(p% — 2p + 2%V — 207678 + b} -

Note that in the particular case where v5 — o0 we recover the variance in the uncensored case,
see (3.18) in [14]. Remark also that this estimator satisfies Condition (7) of our Theorem 2.1 as

soon as

=o(1). 9)



2.3 Estimator of

Now, we discuss the estimation of 5 adapted to the censoring framework. Using a similar

approach as for the estimation of p, we propose the following estimator of 8

B(C)(kl) =

491 692
1 1 1 1
01 () (k1) {(1—ﬁ(°)(/€1)) B 1} IRZY.CICH) {(1—5(6)(’61)) B 1}

1
M,(fgl)(kl) % M'E7.292>(k1) % K\ "=1
T(¢6:1+1) - T'(¢62+1)
MO \ T () ) 2
T'(€6:1+1) T\ To:+1)
Since we only need consistency in probability in Condition (8), we work under Model (4) instead

of Condition (TOC).

[1 - Fn(Zn—kLn)]ﬁ(C)(kl) :

Theorem 2.3 Consider Model (4) with F' continuous, and assume that G is of Pareto-type with

index yg > vr. For an intermediate sequence ki satisfying

o (1 # e (2)] )
(i @)])

B€) (k1) P
3 .

Note that (10) is similar to (9), and since k = o(k1) in Theorem 2.1, if (9) is satisfied, this is also

=o(1), (10)

we have

the case for (10). In other words if ?g)c(k) in (6) is based on the estimators of (3, p) defined in
Sections 2.2 and 2.3, then Conditions (7) and (8) can be simply replaced by Condition (9).
3 Simulation study

We consider a simulation study where X and Y follow a Burr distribution whose distribution

function is of the form

Dx)=1— (1+mﬁ)_A,:c>0, (11)



where A > 0,9 > 0 and D is either F' or G. In that case, F' satisfies the Hall-type model
(4) with an extreme value index vr = 1/(A¥) and a second order parameter p = —1/X. We
consider three Burr distributions for X corresponding to (A, d) in (11) equal to (1/2,4), (1,2) and
(2,1). This gives the same tail index vr = 0.5 and a second order parameter p = —2, —1, —0.5,
respectively. For the censoring variable Y, also three Burr distributions are considered with
parameters (1/9.5,1), (1/4.5,1) and (1/2, 1), leading to tail indices vg = 9.5,4.5, 2, respectively,
and thus an asymptotic proportion of censoring, given by vr/(vr + 7a), of 5%, 10% and 20%,
respectively.

We consider N = 1000 simulation replicates of size n = 500. For each of the nine combinations,
we construct three preliminary plots of the mean of ﬁ(c)(kl) as a function of kq, one for each
7 = 0.5,1,2, and we choose first the 7 that provides the most stability and then select the
largest ki value within the stable region. This provides nine chosen tuples of (7,k;), which
are then considered fixed in the remainder of the study. We then compute the bias-reduced
Hill estimator adapted to the censoring framework, given by ?](E%(k:) and defined in (6), and
where the estimator of g is evaluated with (x, ¢, 01,02) = (2,1,1,2). We compare our estimator
with two alternative ones: the estimator I\\/H,(Il)(k) proposed in [7] which is not asymptotically
unbiased, and a bias-corrected estimator proposed in [2] in case a parameter, denoted S* (given
under model (4) as the smallest value of the J-parameters between the distributions of F' and
(), is assumed known. Note that bias-correction is achieved by this estimator only when £*
is known (see Theorem 1 in [2]), but since, as far as we know, this estimator is the only one
already existing in the literature which is asymptotically unbiased in the context of censoring,
we used it here. In our plots, since * is unknown, we follow the recommendation given in [2]
by replacing it by p*k/(Zle log Zy—it1n —l0g Zy— k), wWith p* = —1/2, —1, —2. Then, the best
performing of the three choices is shown in our figures.

The comparison between the three estimators is shown in Figures 1, 2 and 3 for the three
different Burr distributions for X, where the mean and mean squared error (MSE) of the three
estimators of v are plotted as a function of k, for k between 0.05n and k;. This guarantees the
constraint & < ky. The horizontal line on the left panel of each figure corresponds to the true

value of vr and the three rows to the three Burr distributions of Y, leading to the asymptotic

11



proportion of censoring 5%, 10% and 20%, from the top to the bottom.

As is well-known in extreme value theory, if p is close to zero, the bias of the extreme value index
estimator can be large. On the contrary, when |p| increases, it tends to become less severe. Since
in Figure 1, p = —2 which is far away from 0, we expect almost no bias for M%l)(k), and thus
bias-correction will not improve the estimator considerably. This is exactly what we observe in
Figure 1, where roughly the three estimators work similarly in terms of minimum MSE, with
a better behavior for the estimator defined in [2] in terms of bias. In Figure 2, p = —1 which

is still not too close to 0, but nevertheless a bias already appears for Mg)(k‘), which increases

quickly with k. In that case bias reduction is useful and our estimator %(Bc)c(k) performs very
well in terms of bias and MSE, with a long stability of the sample paths as a function of k. It
is clearly the best estimator among the three. In Figure 3, p = —0.5, which is close to 0 and
in that case our estimator 'Ayg:é(k) outperforms drastically the two alternatives, in terms of bias
for the M%l)(k) estimator, but more importantly in terms of MSE against the two alternatives,
with again a long stability as a function of k. This is a nice feature of our estimator, since in
that case the choice of k is not so crucial.

In our simulation, we observed that the method of [2] is rather sensitive to the choice of the

p* hyperparameter, which can also be seen in Figure 2 of [2], while our method is significantly

more insensitive to the choice of (7, k).

4 Real data application

We consider a dataset of 109992 claims settlement observations corresponding to a damage
guarantee of a French issuer from 1992 to 2007, publicly available through the R-package
CASdatasets, listed as the dataset freclaimset3dam9207. Some observations are right cen-
sored since claims are not fully settled at the date of data collection. This may happen, for
instance, if legal proceedings are ongoing. The dataset is illustrated in Figure 4 (top left) where
log-claim sizes above 10k€ are depicted in chronological order, closed claims being the black
circles while open claims are the red triangles. As expected, the more recently arrived claims
show more censoring than older claims. Note that this dataset has already been analyzed in the

extreme value literature (see [5] and [6]), but with emphasis on covariates and goodness of fit,

12
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Figure 1: Mean (left panels) and MSE (right panels) of ﬁgé(k‘) (solid blue line), M%l)(k) (dashed
red line) and the estimator from [2] (dotted orange line) based on N = 1000 simulations of size
n = 500, as a function of k. The parameters of the Burr distribution of X are (1/2,4) while

those for Y correspond to 5%, 10% and 20% of censoring, from the top to the bottom panels.
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instead of bias correction.
To begin with, we check the validity of the assumption that the underlying distribution of
the claim sizes is of Pareto-type by plotting on Figure 4 (top right) the Kaplan—Meier Pareto

Quantile plot introduced in [4] as

(_ IOg (]— - Fn(Zn—j-i-l,n)) 710g Zn—j-i—l,n) 7j = 17 sy — 1.

The linear pattern in the largest observations confirms an underlying Pareto-type distribution.
Then in the bottom of Figure 4, we plot the empirical proportion of non-censored observations
in the k-largest observations, i.e., %Zle O[n—i+1,n) as a function of k. This proportion is stable,
around 91%, and thus the condition v > 7 is clearly satisfied. Next, we estimate p similarly as
in the simulation study. Namely, we plot ﬁ(c)(kzl) as a function of k1, for 7 = 0.5, 1 and 2, and we
select the value of 7 for which we obtain the longest stable region. Then, the selected ki —value
is the tipping point where the stability starts to degrade. This strategy is illustrated on Figure 5
(left) and leads to (7,k1) = (0.5,19 000). With these parameter values, we plot on the right
panel of Figure 5 our bias-corrected estimator ’Ay](gc)o(k) (solid blue line) as a function of k, as well
as the two alternative estimators Mq(q,l)(k) (dashed red line) and the estimator introduced in [2]
computed with their recommended algorithm to select 8* (dotted orange line). The estimator
M,(ll) (k) has a clearly increasing behavior as a function of k without stability, which indicates
a probable presence of bias and a value of p also probably close to 0. Regarding the estimator
introduced in [2], it is stable only for the second half of the range of values of k, after a long
increase on the first half. On the contrary, our estimator exhibits long stability for almost all
k-values at a level which is close to the one where the three estimators were similar, i.e., for very

small values of k.

5 Proofs

5.1 Proof of Theorem 2.2.

In the sequel ( is a random variable from a strict Pareto(1) distribution, independent of the

Z—sample. Let V° be a random variable from a strict Pareto(1/yg) distribution and ¢° a
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Figure 4: French damage insurance. Top left panel: open claim sizes (red triangles) and closed

claim sizes (black circles), top right panel: Kaplan-Meier Pareto quantile plot, bottom panel:

empirical proportion of non-censored observations in the k-largest observations.
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red line) and the estimator from [2] (dotted orange line) as a function of k.

random variable from a Bernoulli(ya/(vr + 7¢)) distribution, with V° and ¢° independent. We

use the same notations as in [7], in particular

F(xt) — F(t)
a = =72 7 >1
(x) g el
1
Yo(r) = w7a,
a4 (® 1,
() = —am | @z)z F dz,
YF T
5 () . foofoﬂ (2)2 7 Lo tdud
T) = v<min (.2 z)z "F wIH vdz.
Y2 e b {v<min(z,z)}P¥

We consider the decomposition

0 0 0 ;
J ordFy, ,, = f @ng%Lf Wd(Fkl,n—F n—kl,n)

1 1 1
o0
+J ped (Fon—kin — F°) (12)
1
and we define the random variable
W(pe) = pe(V ) (V)" + 97 (Vo) (1 —0°%) —73(V°). (13)
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According to Theorem 3.4 in [7], when vg > vp, we have
P0G = Vi [ ped (B~ FPonn) L N0, [0, (14)
where
[0 = Var(W?(g)).

Now, using the notations

u(s) = Elpg(u(s, ()],
u(0) = Efpe(u(0,())],
_ Ur(sQ)
U(S,C) T UF(S) )
u<oo7 C) = C’YF7

we have the representation

Lw @Zd (FZn_kl’n - FO) =K ([1 - F(Zn—k1,n_)]_1) - ,u(OO)

For a fixed s, by a Taylor expansion, we have

pls) = (@) = E[@h(C) uls,0) — u(oe, )]
43 [l (5)) fu(s,©) — (e, 2] (15)

where u*(s) is an intermediate random value between (s, ¢) and u(o0, ().

To handle u(s, () — u(0, (), we need to use Condition (TOC), which is equivalent to

1 (ty(tz) — Lo (t) o
{ A(t) KU(t) B hﬂ(a:)} - h‘P+§( )

Now, according to Proposition 1.3 in [10], there exist functions ag and By such that

lim 1 {KU(tx) — KU(t)
t—o0 By(t) ao(t)

and for any ¢,d > 0, there exists a ty = tg(¢,d) > 0 such that for all ¢,tx > ¢

‘ 1 {@(m) —t(®)
By(t) ap(t)

A B0

o)} = Byse(o) (16)

< e max{z®, 2%}, (17)

- hp(x)} — hpie(a)
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Now (16) is also equivalent to

i F —XVF ] = F ]
ti»Ho%j Bo(t) Z(]]((i)) T P(:C) T p+§(x)7

which, in view of Condition (TOC) implies that A ~ 7% =: Ag and B ~ B.

Now, we consider the decomposition
u(s, ¢) —u(0,¢) = Ag(s)¢" hy(C) + Ao(s)Bo(s) ¢ hpre(C)

1 | ES -
FA)B) | g LB ) - O ) |

Combined with (15), this implies that

pu(s) = p(0)
= AoV E[H(C7) CFRy(Q)] + Aols) Bo(s)E[4(CF) COF (O]
45 A3 () E [l (5)) 7 h2(C)]

+Ao(s) Bofs)E [i4(¢™)

()

1o
Bol(s FAO CVF hp(o - CWF hp+£(§)
[

(s) (s)
+A%(s) Bo 7 (u*(s)) ¢ b »(0) hp+§(<)]
+A3(5) Bols) E [ (6 () % ()

I i
X £ —(F _(F
(zixs> { Aoy ¢ ’%4<>} ¢ hp+5(<)>]
[

+%A3(s) Bi(s) B[] (u" () €7 hp 1 (O)]

1 U(v]F((SS)) B C'YF i
NBo | Aol el T hee(O)
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= Ao(s)E [@(C7) O hy(Q)] + Ao(s) Bo(s) E [@(CF) ¢ hyie(C)]
5 A3 () E [ (u*(5)) T R2(Q) 2 7i(s
We can show that, as s — oo,
E [} (u*(s)) P77 h2(C)] — E [¢7 (¢77) ¢FR2(C)] (18)

using the continuity of ¢ combined with Potter’s inequalities (see, e.g., [20], Proposition B.1.9.5)
and the dominated convergence theorem. Now, concerning 77i(s), we can use (17), according

which, for all €, > 0, there exists so = so(g,d) such that Vs > s

1 %L(‘f))—éw
E | 3(¢7F) Bo(s) FAO(S) — (" hp(€) ¢ — ¢ hpie(€)

B [loitcm) 07l {222 (@ - |

< B |[el(¢m)] ¢rrrorert].

Since the expectation in the last line is finite we have that Ti(s) = 0(Ao(s)Bo(s)). Similar
arguments yield that all the expectations in T;(s),i = 2,...,6, are bounded, from which we

deduce that

pu(s) —p(0) = Ao(s)E[py(¢7) ¢ hy(C)] + Ao(s) Bo(s) E [@p(¢7F) 7 hpye(Q)]
L B E [P CTRQ] + 0 (Aof)Bols) + 0 (43()
—i Ao(s) B + Ao(s) Bo(s) B + %A%(s) B
+0(Ay(s)Bo(s)) + o (4A5(s)) -

Thus, from our decomposition (12)

a0
MO (k) = MO 450 \/%1 + Ao (1= F(Zn_yn—)] ) BV

1
+40 ([1 = F(Zu-t.)] ™) Bo ([1 = F(Zn-y.n)] ) EY)
by A (1= F(Zo i )] ™) B
+op (AO ([1 — F(Zn_kl,n)]fl) By ([1 — F(Zn_kl?n)]il))

+op (A% ([1 — F(Zn—k1,n)]_l)) ’
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where we have also used that for Pareto-type distributions (1 — F(z—))/(1 — F(x)) — 1 as
x — o0, along with the regular variation properties of |Ag| and |By|. From the above, we deduce
by a Taylor expansion that for 7 € Rt and § e N

/0
(Mg(’)(h)) / T o0 Gi(fle) T Eiw)

M) Y9 a@ Uk T

-1
0 M@ Ao ([1 - F(Zn—kl,n_)] )
0)

TEé

6 M 0)

Ao ([1 - F(Zn—kl,n)]_l) By ([1 - F(Zn—kl,n)]_l)

A(2) ([1 - F(ankhn)]_l)
2

()
L A(% ([1 - F(Zn—kl,n)]_l)

g M(ze)
+op (Ao (1 = F(Zn—ty.n)] ™) Bo ([1 = F(Zn—yn)] 7))
(

+op A(Q) ([1 - F(Zn_khn)]_l)) + op <\/1/-/71> . (19)

Define now
0 7

EE 1) B E§ 2)

0, M@1) g, N(062)°

W62 _ o) ey o) ey
" f; M(01) ~kr Oy M (062) k1
20 26!

Eé 1) Eé 2)

01 M(wl) B 92 M(ZGQ) ’

d(2,01 ,02)

pb01,02)

20 L6
£,01,02,7) 1 E?() v Eig )

( _ 1 _
" 2 {91 M@ gy M)

(e61) 12
El )] _(7__02)

+(T — 91)

Eﬁ%) 2
91 M(€91 92 M(KOQ) ’

/0 T/0
D) (M%el)(k‘l)> /61 ) (Mgeg)(kl)> /02

and introduce

k‘l ;N M(fgl) M(EQQ)
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Clearly from (19), we have

(¢,01,02,7)
ki,n _ d(f,el,eg) + 1 W(£761792)
T Ao ([1 = F(Zp—k1n—)]) WAo([l —F(Zp—ky )™ "
+A0 ( L k1, n)] 1) u(€,91,92,7)
+BO ( F n—ki, n 1) % (6.61.02)

+op (AO ([1_ ( n—ki, n)] 1))
+op (Bo ([1 = F(Zn-ry.)] 7))

1
+o :
: (mAO ([1- F(anhn)]_l))
Since M) = £ T (¢ + 1), we have
(1,1,2,7)
T (k) = —u
n 1,2,3,7)
Dy
d1.1.2) 1

W(1,1,2) W(1’273)]

d(1,2,3) { \/>A0 ([1 = F(Z,_ . D170 [d(1,1,2) 4123
u(11,27) u(1,2,3,7‘)]

+40 (1 = F(Zp—pyn)] ) [ A2 T g123)

d@12)  g(1,2.3)

- p(L12)  (1,23)
+B0 ([1 - F(Zn—khn)] 1) [

+op (Ao ([1 = F(Zn—ty n)]™1)) +0p (Bo ([1 — F(Zp—sy )] )

*‘””(on([ 1( Zn- klnnl))}'
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We can now deduce that, under our assumptions,

- _ d(1.1,2)
\/kilAO ([1 - F<Zn7k1,n)] 1) {T% )(kl) o d(1,2,3) }

d(1’1’2) WT(ll,l,2) W7EL273)
T a123) | g2 T g123)

o) [Laa2n 1280
++/ k1 Ag ([1—F(ank1,n)] 1) q(1,2.3) [d(u,z) T 023

+Vk1 Ao ([1 = F(Zn-1y0)] ") Bo ([1 = F(Zn-gyn)] ")
d(1,1,2) o(L12) ,(1,23)
x d1.23) | g@12)  4(1,2,3)

+OP(1)
d(1’1’2) [WT(LLLQ) WT(LI,Z,S)]

d(1,1,2) d(1.2,3)

T d(1,2,3)

[l A2 -1
+Vk A (1_ Zn—k1n)] ) d1.23) | g112)  g(1,2.3)

"‘\/HA ([1 - F(Zn—khn)]il) B ([1 - F(Zn—kl,n)]il)
d(1,1,2) [U(l,l,z) U(1,2,3)]

q(1,1,2) [u(1,1,2,r) w(1:2:3,7) ]

¥ a3 | gy T gz
+01p><1).
|, F' and Uy are regularly varying, we have, with (,_j, , denoting order

Now, since |A|, |B
statistic (n — k1) in an i.i.d. sample of size n from a strict Pareto(1), that

Ao ([1 = F(Zn-py )] ")
A([1 = F(Un(n/k1))]71)
d Ao (1= F(Zp—-iy)]™") A([1 = F(Uu(Cptr )] ) Py
A1 = F(Zn-k )™ AL = F(Uu(n/k1))]1) ’

and, similarly,

B ([1 _F(Zn—h,n)]_l) i B( UH((n k1,n ))]_1) i} 1
B([1 = F(Uu(n/k))]7")  B(1—F(Un(n/ki))]~") '

Direct computations yield

1 2 — 3—3p+ p?
E(l) — ’ E(Q) = 29p P , E(3) =67 2 7
o1y ! (1-p)? (1-p)?



which, combined with our Lemma 5.1, leads to

VA (11~ FOs)] ) {1000 = 252 a7 (i, 03).

where

S { 12(1—p)®  3p°(T—20p+16p> —4p°) 1 p(3—2p) T} \
Tl -203B -0 (1-202(1- 2B -0 r 21— p)2B—p)yr
G —p)ptE)
p(L—p— BB —p2 "
9 36vavE (1 —p)°

= (207 = 2p + 1)7& — 2p(2 = P)VevF
T 2B )G — ) “ ¢

+2(p” = 20 + 207k — 20767k + Y} -

Finally, using the delta-method, Theorem 2.2 follows.

5.2 Proof of Theorem 2.3

We follow the lines of proof of Theorem 2.2, but this time only under Model (4), i.e., a second-

order framework. In that case, for a fixed s, by a Taylor expansion, we have

p(s) — p(0) E [ (u*(s)) {u(s, ¢) — u(0, )}

Ao(s) E [ (u*(5)) ¢ hi(C)]

Ur(s¢) C'yF

+HAo() B | h(u”(3)) | TE L = h(0)

where u*(s) is an intermediate random value between (s, ¢) and u (o0, ().

Similarly as for (18), we can show that, as s — o0,

E [0p(u*(5)) ¢ ho(Q)] — E [1(¢77) O hy(C) ] -

Now, according to Theorem 2.3.9 in [20], for all €,d > 0, there exists sy = so(e,0) such that
Vs = sg
Up(sQ) _ C'YF

- Ur(s)
| vl (s § S8

— 0" Q) || < E [Jertu(s))] ¢
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and hence, since the latter expectation is finite, we have, for s — o

UF SC —(F
E [ pp(u*(s)) T(S) CFhp(C) ¢ | = o(1).

Thus, under Model (4), we have

from which we deduce that
) ) 05 Gl(fl) -1y 0
M (k) = M'4%Tjﬁ§+Aﬂl—Fw@hmﬂ ) Ey
+op (A ([1 — F(Zn_kl’n)]il)) .
Now, assuming v/k1 A ([1 — F(Ug(n/k1))] ™

MYV )\ (MY (k) | %2
M (€01) - M (£02)

) — o0 which is implied by Condition (10), we have

E(Ml) E(ZGQ)
_|EE R 5 B+ op(1),
T[l — F(ankl,n)]_p 91 M(eel) 62 M(EQZ)
and
(M%iﬂ(?l)) (. <M%6<2 )U?)) o (61) (e62)
M (€01 M (€02 E 1 E 2
o S — o s | B+ o)
TRl — F(Zn—kl,n)]_p 01 (601) Oy M (£62)
This implies that
(Mﬁfg”(kn) %,<M%92)<k1))% w i
M (207) M (€62)
T1=F(Zn—ky,n)] =7
£0 20!
= fyi E§ v _ E E§ 2) 5&—1 + Op(l)
M )\ T (%) )\ P2 61 MW  hy )f(02) ’
( 2 (001 > 7( M (002) >

TK [I_F(Zn—kl,n)]ip
which is equivalent to

(Mgel)(k1)>ﬁ_ (292>(k1) 9]
T(C07+1) F(e 92+1)

T—F(Zn—ky.n)

(I\Alﬁf‘"’”(lel))W _ “92)@) "
T(C0;+1) F(e92+1)

T’{[l_F(Zn k1, n)]

gl GRS (GRS IS

JrO[p(l).
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Using (20) combined with Theorem 2.2 and Condition (10), it is easy to see that

3 5
Bﬁ(kl) = (1= FuZoty )PP B[ = F(Zy g, )17 (14 0(1)
1-— Fn(Zn—khn) POk

- [ 1-— F(Zn—lﬁ,?’b) :|

1+ O[p(l),

[1 = F(Zppy )P 070 (1 + 0p(1))

since, according to [11], we have

‘ 1-— Fn(ankl,n)
1= F(Zp—yn)

— 1| < sup
xéankl,n

when F'is assumed continuous.
5.3 Proof of Theorem 2.1.

Using Lemma 5.1 combined with (14) and the assumptions of our theorem, we have the decom-

position:

vk (56(6) —7r)

1) ( e
= Vi () —p) - TR ey )P

= W6l i Via([1-r (UH (Z))]l) +op()

M (k) B (k1) 50 (k)
oy VT EaZee)

= oWGW 4+ op(1)

T Y[

1 [MPm B9k ] 1 M) B9k
— ) (ky) VF B —p (k1) F B
1- F(ank n) _ﬁ(C)(kl) 1-—- Fn(ank n) _ﬁ(c>(k1)
% ) )
[ - F(UH(n/k»] ( 1- F(Zn—km) )

oG )

= oW a4 op(1),
by (21). This achieves the proof of Theorem 2.1.
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5.4 An auxiliary result and its proof

Lemma 5.1 Assume that F and G are of Pareto-type with index yp and g, respectively, such
that vg > vr. Under the second-order condition (SOC) and if kA ([1 = FUu (n/EN™Y) —

A € R, we have

/
Vi (M (k) = 7, MP (k) = 293, MEP (k) = 697) 5 N (Ab,T),

where
b1 o1l 012 013
bi=|by | and X:= | 515 092 023 |
b3 01,3 023 033
with
1
by = ——
1 =,
by = 2')’F(2_P)
LT =2
b . 67E(B—3p+0?)
o (1—-p)3 ’
2
e
oy = GIE
G —VF
oy e 276 7% (276 — )
' (’YG—’YF)2 ’
oy e 87678 (398 =376 9w +07)
’ (va —vr)? ’
Gy e 4967k (579 — 476 F +77)
’ (va —r)? 7
vay = 127675976 ~ 109G 7r + 59675 — V)
’ (Y6 —vr)? ’
S 36v¢ 7% (1974 — 2498 vr + 16724 7% — 67a 78 +78)
’ (’YG—’YF)5

Proof of Lemma 5.1. This lemma is an extension of Lemma E.1 in [7], where we use the fact
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that the random variable W°(¢y), defined in (13), is given for £ = 1,2,3 by

1

We(log) = [V°] ¢ (va —vFd°) +9F — G,
Wo(log?) = 2[V°]7%6 (logV°) (v — v 8°) — 2[V°]76 (v — v 76 + 13 6°)
+2 (V& —vrye +E)
Wollog®) = 3[V°]56 (logV°)? (v —7r 8°)
—6[V°]56 (log V) (v — v e + 7% 5°)
L6 (Vo]0 (7 — ym a2 + b Aa — 7 0°)

—6 (Y& —vFE VR YG —E) -

Tedious computations then achieve the proof of Lemma 5.1.
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