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To dear Victor Matveevich Buchstaber on the occasion of his 80-th birthday

Abstract

We consider a three-parameter family of linear special double confluent Heun equa-
tions introduced and studied by V.M.Buchstaber and S.I.Tertychnyi, which is an equiv-
alent presentation of a model of Josephson junction in superconductivity. Buchstaber
and Tertychnyi have shown that the set of those complex parameters for which the
Heun equation has a polynomial solution is a union of the so-called spectral curves:
explicit algebraic curves in C? indexed by ¢ € N. In his paper with I.V.Netay, the
author have shown that each spectral curve is irreducible in Heun equation parameters
(comsists of two irreducible components in parameters of Josephson junction model).
Netay discovered numerically and conjectured a genus formula for spectral curves. He
reduced it to the conjecture stating that each of them is regular in C? with a coordinate
axis deleted. Here we prove Netay’s regularity and genus conjectures. For the proof
we study a four-parameter family of linear systems on the Riemann sphere extending
a family of linear systems equivalent to the Heun equations. They yield an equivalent
presentation of the extension of model of Josephson junction introduced by the author
in his paper with Yu.P.Bibilo. We describe the so-called determinantal surfaces, which
consist of linear systems with polynomial solutions, as explicit affine algebraic hyper-
surfaces in C? indexed by ¢ € N. The spectral curves are their intersections with the
hyperplane corresponding to the initial model. We prove that each determinantal sur-
face is regular outside appropriate hyperplane and consists of two rational irreducible
components. The proofs use Stokes phenomena theory, holomorphic vector bundle tech-
nique, the fact that each determinantal surface is foliated by isomonodromic families of
linear systems (this foliation is governed by Painlevé 3 equation) and transversality of
the latter foliation to the initial model.
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Introduction

1.1 Introduction, brief description of main results and of their proofs

The three-parameter family of special double confluent Heun equations

P2E + (0 +1D)z4p(1—22)E + A+ pu(l —1)2)E =0 (1.1)



belongs to the well-known class of Heun equations, see [54]. It was studied by V. M. Buchstaber
and S.I. Tertychnyi in [57, I8, 19, 20, 21, 22] and in joint papers [12, [13] by Buchstaber
and the author. Buchstaber and Tertychnyi have shown in [I8], 9] that its restriction to
real parameters satisfying the inequality A+ ;2 > 0 is equivalent to a model of overdamped
Josephson junction in superconductivity; see the corresponding material in Subsection 1.4.
In [I8] they have described those complex parameters (¢, A, 1) with u # 0 for which equation
(LI) has a polynomial solution: this holds exactly, when ¢ € N and the point (\, u) lies on
an algebraic curve I'y C (C?\, " called the spectral curve. Namely, I'y is the zero locus of the
determinant of a remarkable 3-diagonal ¢ x ¢-matrix, see [I8], formula (21)] and Theorem
below. It was shown by the author in [29, theorem 1.3] that each spectral curve I'y is
irreducible.

One of the main result (joint with I.V.Netay) of the present paper is the formula for
genus of the spectral curve, see Subsection 1.2. Netay discovered it numerically, stated it as
a conjecture, see [29, conjecture 1.5] and reduced it to the conjecture saying that the curve

Y :=T,\{u=0}cC?

is regular, see [29, corollary 3.6]. Here we prove Netay’s smoothness and hence, genus
conjectures.
Family of Heun equations (L)) is equivalent to the family of linear systems

1 1 /¢ -% .
Y/ = <; dlag(_:u’a 0) + ; <% 02> + dlag(O,N)> K (12)
2
a
3\ — - 12, (1.3)

in the following sense: for every solution Y'(z) = (Y1(2), Ya(2)) of system (I2)) the function
E(2) = Ya(2)
satisfies (ILT]) and conversely: for each solution E(z) of (II]) the vector function
Y = (,Ya), Yalz) = E(2), Yi2) = = (E'() — u(z) (1.4)
is a solution of (L2). See an implicit equivalent statement in [I2] subsection 3.2, p. 3869].

Remark 1.1 A function E(z) is a polynomial solution of double confluent Heun equa-
tion ([I.JJ), if and only if the corresponding vector function Y (z) given by (IL4]) is a vector
polynomial solution of system (L.2)).

For the proof of the genus and smoothness conjectures we consider a four-parameter
extension of the family of linear systems (L2) depending on an additional parameter x: the

family
1 /-2 —sy 1/0—xa —% 0 0
A 2 z 2
ve(E(E )0y )G )y w
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The initial family (L2) is the subfamily of (LH) with x = 0, written in the rescaled pa-
rameter p := 5. The restriction of family (LI) to real parameters is equivalent to the
four-dimensional extension of model of Josephson junction introduced by the author in [8],
subsection 6.2]. See the corresponding material in Subsection 1.5.

Our next series of main results, presented in Subsection 1.3, concern the set of those
complex parameter values in (LH) with s # 0 for which system (I3)) has a vector polynomial
solution. We show that this is a union indexed by ¢ € N of affine algebraic surfaces Sy C
(Ciw, called determinantal surfaces; each S, consists of two irreducible components Sy 4
permuted by the involution (x,a,s) — (—x, —a,s). Each S, + will be presented as the zero
locus of an explicit polynomial, the determinant of an (¢ + 1) x (¢ + 1)-matrix. We show

that the surface Sy 4 is rational and the complement
Sp =Sz \{s=0}

is a regular surface biholomorphically parametrized by the complement of C* x C to an
analytic hypersurface (curve, which a priori may be neither irreducible, nor algebraic), and
the surfaces Sy, are disjoint. The latter regularity and parametrization statements are
proved in Subsections 2.8, 2.9 by using Stokes phenomena theory and holomorphic vector
bundle technique analogous to the one used by A.A.Bolibruch in his famous works on the
Riemann-Hilbert Problem and related topics: see [9]-[11] and references therein.

Using the above results on the determinantal surfaces Sy we prove Netay’s smoothness
and genus conjectures on the spectral curves I'y in Subsection 2.11 as follows. The curve
I'Y written in the coordinates (a,s) instead of (A, u), s = 2u, A = “2252, see ([L3), is
known to consist of two irreducible components I'} | that are permuted by the involution
(a,s) — (—a,s) and are bijectively projected onto f‘é’ via the projection (a,s) — (A, u), as
was shown in [29, section 3] using results of [29] and [I8] section 3]. Smoothness of I'} is
equivalent to smoothness of any of the curves I'7 .. One has

7, =8/.n{x=0}

Thus, to prove smoothness of the curve I' ., and hence, the genus conjecture, it suffices to
prove transversality of the (smooth) surface S7 4 and the hyperplane {x = 0}.

To prove transversality, we consider the line field on the parameter space introduced by
the author in [§, subsection 6.2]:

=0
—2v(2xa—"
. X(sta ) . (1.6)
al, = —2sx + 2(2xa — )

It was shown by the author [8, theorem 6.6] that each its integral curve (graph of solution
of (LH)) corresponds to an isomonodromic family of linear systemd] ([H]), and for every

n fact, this was proved in [§] for equivalent linear systems, which are obtained from (IF) by the space
variable change ¥ = e~ 27Y.



¢ € C the function

a(s) _ a(s)

w(s) := = 1.7
)= 2ax(s) ~ (o) .
satisfies Painlevé 3 equationlg
2 / 2 1 1
w = o oyt L (1.8)
w s s s w

along solutions of (L6]). As was shown in loc. cit. the above-mentioned isomonodromic
families are induced from Jimbo isomonodromic deformations given in [35]. We show that
isomonodromic deformation preserves the property of linear system (LA to have a poly-
nomial solution, and hence, each determinantal surface SZ . is tangent to the line field on

(Cia,s induced by (L@). The hyperplane {x = 0} is clearly transversal to line field (L.G)
at its points where s,a # 0. We show that the surfaces SZ + do not intersect the s-axis
{x = a = 0}. This together with their tangency to field (L) implies transversality, and
hence, smoothness of the intersections I'y | = 57 . N {x = 0}. This will finish the proof of
smoothness and genus conjectures.

The foliation of each surface SZO, , by integral curves of the line field induced by (L&) is
called its isomonodromic foliation. The isomonodromic foliations of the surfaces S7 , with
¢ =1,2 (and also an analogous foliation for ¢ = 0) are discussed in Section 3. For 0= 0,1
we show that they are equivalently described by explicit Riccatti equations.

Plan of proof of main results is presented in Subsection 1.6.

Some open problems are presented in Subsection 1.7.

1.2 Genus and smoothness of the spectral curves

Let us recall the description of the parameters corresponding to equations (ILI]) with poly-
nomial solutions. To do this, consider the three-diagonal ¢ x ¢-matrix

0 y 0 0 0 0. 0
pwl—1) 1-¢ 2 0 0 0
H 0 u(t—2) —2(0-2) 3u 0 0 19
0 0 0 2u —2(0—-2) ((—1u
0 0 0 0 “ 1-¢

Hp;j=0ifli—j| >2; Hejy=0-57)—37+1);
Hyjiv1=pjs Hpjjo1=pl—j+1).

The matrix H, belongs to the class of the so called Jacobi matrices that arise in different
questions of mathematics and mathematical physics [31].

In system (CB) and in Painlevé 3 equation (L)) presented in [8] the parameter £ is changed to —£.



Theorem 1.2 [18, section 3] A special double confluent Heun equation (I1l) with p # 0
has a polynomial solution, if and only if £ € N and the three-diagonal matriz Hy + A1d
has zero determinant. For every ¢ € N the determinant det(H; + \1d) is a polynomial in
(u,v) = (\, u2) of degree £ (which also has degree £ in (A, 1) ):

Qe(\, %) = det(Hy + M1d). (1.10)
See also [I3], remark 4.13] for non-existence of polynomial solutions for ¢ ¢ N and s # 0.
Definition 1.3 For every ¢ € N the £-th spectral curve is
Ly = {Q(\, p*) =0} C C3 .. (1.11)

The following results were proved by the author in [29].

Theorem 1.4 [29, theorems 1.2 and 1.3] For every ¢ € N the polynomial Q¢(u,v) from
(L10) is irreducible, and the spectral curve 'y is irreducible.

Recall that the geometric genus of an irreducible algebraic curve is the genus of the
Riemann surface parametrizing it bijectively (except for possible self-intersections), i.e.,
the genus of its normalization.

One of the main results of the paper is the following theorem, which is a joint result of
the author with I.V.Netay.

Theorem 1.5 The geometric genus of the curve I'y equals

2
<u> , l even;
2
<E__1> <€__3> , 0 odd.
2 2

[.V.Netay has discovered the above genus formula numerically and stated it as a con-
jecture, see [29, conjecture 1.5]. He reduced it to the conjecture stating that the curve

Y :=T,\{u=0}cC?

is regular, see |29, corollary 3.6]. Here we prove this regularity conjecture, which together
with [29], corollary 3.6] implies the genus formula:

Theorem 1.6 The curve I'} is regular for every £ € N.

Remark 1.7 Equation (LI0) defining the curve I'; belongs to a remarkable class of deter-
minantal representations of plane curves: equations

det(lel + x9Lo + .%'3L3) =0,



where (1 : 29 : x3) € CP? and L1, Lo, L3 are £ x £-matrices. Determinantal representations
of curves arise in algebraic geometry and integrable systems, see [58], [59] and references
therein. Complete description of determinantal representations of smooth complex irre-
ducible projective curves was obtained in [58]. Self-adjoint determinantal representations
of real smooth plane curves were described in [59].

1.3 The determinantal surfaces: formula, smoothness and parametriza-
tion

Definition 1.8 The degree of a polynomial vector function is the maximal degree of its
component.

Proposition 1.9 Let s # 0. If a vector polynomial solution of system (IJ) exists, then
l € Z>q, the polynomial solution has degree ¢ and is unique up to constant factor.

Proposition 1.10 Let £ =0 and (a,s) # (0,0). A system ({I2) has a polynomial solution,
if and only if x = :I:%: then the solution is a constant vector (1,F1) up to constant factor.

Proof If a polynomial solution exists, then it is constant (Proposition [L9)). For (a,s) #
(0,0), £ = 0, the intersection of kernels of the matrices in (LH) is the subspace of those
vectors (v1,v92) that satisfy the system of linear equations %vl + xvo = 0, xv1 + %vg = 0.
The latter system has a nonzero solution, if and only if its determinant % — %2 vanishes,
ie, x = i%, and then the solution is (1,F1) up to constant factor. O

Remark 1.11 Let s = 0. Then system (L3]) is Fuchsian and has two singular points: zero
and infinity. It has a polynomial solution, if and only if its residue matrix has at least
one integer non-negative eigenvalue. In the case, when the residue matrix is diagonalizable
and both its eigenvalues are integer non-negative, the system has two linearly independent
polynomial solutions.

For every ¢ € N let us introduce the following (¢ + 1) x (¢ + 1)-matrix functions:

5 xa-—1 0 ... 0 0
0 5 xa — 2 0 0
Gue=1|... ... T (1.12)
0 0 0 5 xa—4
0 0 0 0 i
0 0 0 5 XS
0 0 5 xs O
Goo=1|... ... ... ... ... .|, (1.13)
5 xs ... 0 0 0
x 0 ... 0 0 O

The next three theorems and corollary are main results of the paper.



Theorem 1.12 System (I.F3) with £ € N and s # 0 has a vector polynomial solution, if and

only if
Pr+(x,a,s) :=det(Gy o+ Goy) =0 for some choice of sign =+ .

Theorem 1.13 1) The above determinants Py 4 are irreducible polynomials in (X, a,s) that
are obtained one from the other by sign change of two variables: (x,a) — (—x, —a).
2) Their zero loci
Sgd: = {Pg7i(x,a, S) = O} C (C?)’(,a,sv (114)
which are called the determinantal surfaces, are irreducible affine surfaces permuted by
the involution

Z:(x,a,8) — (—x,—a,s).

Set
SZ:E = Sg,:t \ {8 = 0}.

Theorem 1.14 1) The surfaces SZO, 4 are smooth and disjoint, and they are disjoint from
the s-axis, i.e., the line {x = a = 0}.

2) Each surface Sg,i is fibered over the s-axis (punctured at the origin) by smooth rational
curves of degree 20 + 1 conformally parametrized by Riemann spheres punctured in at most
20 + 1 points; their projective closures in CP3 > Cg’c,ms are parametrized by C.

3) Each surface SZ 1 18 biholomorphically parametrized by the complement of the prod-

uct C: x C to an analytic hypersurface (curve) so that the parametrization preserves the
coordinate s: sends each s-fiber {s} x C to the s-fiber of the surface S7 .

Corollary 1.15 The projective closures in CP? of the determinantal surfaces Se+ C C? c
CP? are rational surfaces.

Proof The projection ms : Sy + — C; is rational, and the preimage of every s # 0 is a
rational curve, by Statement 2) of Theorem [[.T4l This together with [7, theorem III.4]
implies that S, 4 is a rational surface. O

Let us now check that the intersection of each surface Sy + C (C?oa,s with the hyperplane

{x = 0} is a component I'; 1 of the pullback of the spectral curve I'y under the 2 : 1
projection (a,s) — (A = GQZSQ,M = 5). On one hand, this follows ”a posteriori” from
Theorem [[L.T2] and Remark [[LTI On the other hand, we will present its next direct and

self-contained proof. To do this, let us rescale the coordinates (a, s) to the new coordinates
(1, 7):

_Ss5 o _a y_ 2 2
M - 27 r 27 )‘ r M .
Consider the following ¢ x f-matrices:

0 ... 0 "
Ge = . —=

wo —1 0



The following relation (found in [I8] section 3, eq. (30)]) holds:
Hy+ (r* = p*)1d = —(G; + r1d) (G, — r1d),
and it yields that
Qe 1”) = (=)' Qe (1,7)Qe,— (1,7), Qe (p,7) := det(Ge £ 71d). (1.15)

This implies that the preimage of the curve I'y C (Ci " under the above projection consists
of two curves

Lo+ = {Qp+(u,7) = 0}.

They are irreducible, as is I'y, since the projection is 2 : 1, see [29, section 3].

Proposition 1.16 The restriction to the hyperplane {x = 0} of the polynomial Py co-
incides with the polynomial Qg+ up to non-zero constant factor. In particular, one has

Sg,i M {X = 0} = F&i.

Proof Substituting x = 0 to the matrices G, and Go, crosses out the ya in Gy, and
transforms the matrix G2 ¢ to the matrix whose lower line is zero and whose only non-zero
elements are those equal to 5. Therefore, each determinant polynomial P, + becomes % times
the determinant of the £ x f-submatrix in Gy £ G ¢ formed by the first £ lines and columns.
The latter submatrix is obtained from the matrix G, Id by reflection transposition of lines,
permuting the first and the last lines, the 2nd and the ¢ — 1-th line etc. This permutation
multiplies the determinant by a power of —1. Finally, the restriction to the hyperplane
{x = 0} of the determinants P, + = det(G1 ¢ £ G2,+) and Q + = det(G, & r1d) differ by a
non-zero constant factor. This proves the proposition. O

Example 1.17 For £ = 1, up to constant factor,
+£4P1 4 (x:a,5) = (a £ s)(1 - 4x?) +4x; (1.16)

Si4={P1+ =0} ={(a+s)(1—4x?) +4x =0}
The surfaces S + are rational, parametrized by the coordinates (x, s) and permuted by the

involution Z. This parametrization also implies rationality of the s-fibers of the surfaces
S1,+ given by Statement 2) of Theorem [[.14l

Example 1.18 For £ = 2 one has
+8P 1 (x,a,8) = (2x + 1)?(2x F 1)(a® — s%) — 2a(2x £ 1)(6x F 1) + 16x. (1.17)

Each surface S 4+ = {P2 + = 0} is irreducible and rational. Indeed, for every fixed x € C the
equation Py + = 0 defines a conic Cy + C Cis, whose projective closure C, 4 in CP%,, D
C?L,S = {t = 1} passes through the point D at infinity with homogeneous coordinates
[1: —1:0]. The projection of the projective conic C, 4 from the point D to the a-axis
yields its rational parametrization by C = C, U {oo} that depends rationally on y. This
yields a birational parametrization of Sp 4+ by two parameters: the parameter x and the
above projection.



Remark 1.19 The above argument does not prove rationality of the s-fibers of the surface
So +. Each its s-fiber
78,:& = {(Xaa) | P?,:E(Xaaa 5) = 0} C (CQ

is a quintic that is the zero locus of the polynomial (LI7)) with the fixed s. Though we
prove rationality of the s-fibers in full generality for all £, below we present yet another
proof in the special case £ = 2, together with the description of their branching points over
the y-axis.

In what follows for every s # 0 by 7,+ we denote the normalization: the compact
Riemann surface holomorphically parametrizing the projective closure 7, ; of the s-fiber
vs,+ (bijectively up to self-intersections).

Proposition 1.20 Let £ = 2. The projection to the coordinate x induces a double branched
covering Ty : Vs + — Cy with two branching points (i.e., critical values)

1 1
X4 =+5(1+ i), X+ = (1 is™h). (1.18)

In particular, the normalization s + is the Riemann sphere, and v, + is rational.

Proof The fact that m, is a double covering follows from quadraticity in a of the polynomial
(LI7). Its branching points lie in the zero locus of its discriminant A = Ag(x) of the
polynomial (LIT) as a quadratic polynomial in a. One has

As(x) = 4@2x £1)%((6x F1)* = 16x(2x F 1) + s°(4x* = 1)*)
=4(2x £ 1)2(36x% F 12x + 1 — 32x% + 16 + s%(4x* — 1))

=4(2x £ D*(1 + 52 (2x F 1)?).

Therefore, the zeros of the discriminant are F4 (of multiplicity 4) and the points (IS)
(of multiplicity one). Its zero is a branching point, if and only if its multiplicity is odd.
The infinity is not a branching point, since the polynomial A, has even degree. Thus,
the only branching points are the points (ILI8). Hence, 75+ is the Riemann sphere, by
Riemann-Hurwitz Theorem. Proposition is proved. O

1.4 Relation to model of Josephson junction. Historical remarks

In 1962 B.Josephson [36] predicted tunnelling effect for the Josephson junction: a system of
two superconductors separated by a narrow dielectric (Nobel Prize, 1973). It was confirmed
experimentally by P.W.Anderson and J.M.Rowell in 1963 [I]. The overdamped Josephson
Junction, see [55l [47, 40, 0], [6 p. 306], [41, pp. 337-340], [42, p.193], [43, p. 88| is

described by the family of nonlinear differential equations

d
d—(f:—sin¢+B+Acoswt, w>0, B>0. (1'19)

10



Here ¢ is the difference of phases (arguments) of the complex-valued wave functions
describing the quantum mechanic states of the two superconductors. Its derivative is equal
to the voltage up to known constant factor.

The variable and parameter changes

T = wt, 9:2@5—{—1, E:ZE, a:l, s::é
2 w w w

, (1.20)

transform (CI9) to a non-autonomous ordinary differential equation on the two-torus T? =
St x S! with coordinates (0, 7) € R?/27Z?:

@ =acos +{+ scosT. (1.21)
dr

The rotation number of dynamical system (L21]), see [2, p. 104], is a function of the
parameters a, £, s. For every fixed a, the rotation number function is considered as a
function of the parameters (B, A). The two-dimensional phase-lock areas of family (L21])
are those level subsets of the rotation number function in R2B7 4 that have non-empty inte-
riors. V.M.Buchstaber, O.V.Karpov and S.I.Tertychnyi have shown that they exists only
for integer values of the rotation number [I6]. The phase-lock areas of family (L21]) were
studied by V.M.Buchstaber, O.V.Karpov, S.I.Tertychnyi, Yu.S.Ilyashenko, D.A.Filimonov,
D.A.Ryzhov, A.V.Klimenko, O.L.Romaskevich, V.A.Kleptsyn, 1.V.Schurov, Yu.P.Bibilo
and the author, see [12]-[19], [8], [34, 38, B9], [26]-[29], [56, 7] and references therein.

Equations of type ([LI9), (L2]) arise in different domains of mathematics, e.g., in
planimeters, see [24, 25]. A subfamily of family (L2I)) was studied by Yu.S.Ilyashenko
and J.Guckenheimer [32] from the slow-fast system point of view. They obtained results on
its limit cycles, as w — 0.

Model (L2]]) has the following equivalent description by a family of two-dimensional
linear systems of differential equations on the Riemann sphere, see [14], [16], 19] 24 25 [34],
[12, subsection 3.2]. The variable change

P £ S 2 P U R I 7
transforms equation (L2I]) on the function #(7) to the Riccati equation

dd S a
— =2 (L2 + 2(Z2 1)+ —2(P2 +1)). (1.22)
dz 2 2

Equation (L22)) is the projectivization of the two-dimensional linear system

diag(—2,0 L
Y’:(%ngiag(o,g))x B:(f 02>, (1.23)

2

(2),
£0

in the following sense: a function ®(z) is a solution of (L22), if and only if ®(z) = %
where the vector function Y (z) = (Y1(2),Y2(2)) is a solution of system ([23]). For s

11



system ([23) has two irregular nonresonant singular points at 0 and at oo. In the new

parametes
s A a? — s? 1
A R NP M A —— 1.24
P9 T 1 w2 (1.24)
family of systems ([L23]) is equivalent to the following family of special double confluent
Heun equations on the function F = Y3(z), see [57], [18]-[22]:

ZE 4+ (+ D)z +p(l —22)E + (A —p(l+1)2)E =0. (1.25)

We will deal with the so-called conjugate special double confluent Heun equation obtained
from (L25) by sign change at ¢

P2E" 4+ (0 4+ 1)z 4+ p(1 = 22)E' + A+ u(l —1)2)E = 0. (1.26)

Let p = p(B,A) = p(B, A;w) denote the rotation number function of family (I2I]). For
every r € Z let L, denote the phase-lock area of family with the rotation number r:

Ly ={(B,A) | p(B,A) =1} CRp 4.

It is known that each phase-lock area L, is an infinite garland of domains going to
infinity ”asymptotically vertically” where every two neighbor domains are separated by one
point. In more detail, the boundary 0L, consists of two graphs {B = g, +(A)} of functions
gr+ analytic on R4 and having Bessel type asymptotics, as A — oo (observed and proved
on physics level in [51], see also [41l, p. 338], [0 section 11.1], [I5]; proved mathematically
in [39]). The graphs have infinitely many intersection points (which separate adjacent
domains). One of them lies in the B-axis, is called the growth point (it exists only for
r € Z\ {0}), and its abscissa is equal to signrvr2w? + 1, see [I7, corollary 3|. The other
intersection (separation) points are called constrictions. It was shown in [§, theorem 1.4]
that all the constrictions in L, lie in the same vertical line

A, :={B =rw},

which is called the azis of the phase-lock area L,. See Fig. 1. The constrictions correspond
exactly to those parameters ¢ = r, (A\,u) € R%, A+ p? > 0, see (L24)), for which the
special double confluent Heun equation (L25]) has an entire solution, i.e., holomorphic on
C., as was shown in [I2], theorem 3.3]. The set of those parameters (\, p) for which an
entire solution exists is given by an explicit analytic equation in terms of an infinite matrix
product introduced in [19, pp. 332, 337]. This was stated as a conjecture in loc. cit. and
proved in [I2], theorem 3.5].

For a given w > 0 a point (B, A) € L, is called a generalized simple intersection, if it
is an intersection point of the boundary dL, with the axis Ay = {B = (w}, ¢ € Z, of some
phase-lock area L, with ¢ = r(mod 2), and it is not a constriction. See Fig. 2. It is known
that the generalized simple intersections correspond exactly to those parameters ¢, A\, p
with g # 0, A + % > 0, for which the conjugate Heun equation (L26) has a polynomial
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period=6.28319 omega=1.

}—Constrictions

Growth points
inzones L.

Their abscissas B

2 2
B?=r2w’ +1

dimensionless sine amplitude

-2p

L
dimensionless dc bias

Figure 1: Phase-lock areas, their constrictions and growth points for w = 1. The abscissa is
B, the ordinate is A. Figure taken from paper [13] fig. 1b)] with authors’ permission, with
coordinate axes added.

solution, as was shown in [I3, theorem 1.15]. The proof of this result is based on the
previous joint result by Buchstaber and the author [I2, theorem 3.10] stating that if the
conjugate Heun equation (L20) has a polynomial solution, then Heun equation (I.25]) has
no entire solution. This was a solution of a series of conjectures stated and partially studied
by V.M.Buchstaber and S.I.Tertychnyi in [19] 20].

period=20.944 omega=0.3

ey N g/

4| Constrictions
7

/% Non-constriction
intersections

< y/{B=lo}N3L,

/ with I=r (mod 2)
are called

, |simple intersect.

) w

dimensionless sine amplitude
-

v Here /=3, r=1, 3

=3

=i -0.5 0.5 1
dimensionless dc bias

Figure 2: Phase-lock areas for w = 0.3: constrictions (correspond to Heun equations (.25])
with entire solutions) and generalized simple intersections (correspond to conjugate Heun
equations (L26]) with polynomial solutions).
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1.5 Four-parameter extension of the Josephson family of dynamical sys-
tems on 2-torus and isomonodromic foliation

The four-parameter extension of the three-parameter ” Josephson” family of dynamical sys-
tems (LZI)) given in [§, subsection 6.2] is

db
= v+acosh+scosT+pcos(d —7); via,p €R, s>0, (a,9) #(0,0). (1.27)
-
The variable changes ® = ¢, z = '™ transform (L27) to the Riccati equation
ad 1 (s Y o 1 a, o 5 Y
=)+ (ve @+ 1)) + (S04 T ). 12
dz z2<2 T3 >+z”+2(+)+2+2 (1:28)

A function ®(z) is a solution of the latter Riccati equation, if and only if ®(z) = S AOL
where Y = (Y1, Y2)(z) is a solution of the linear system

K R
Vi=(-s=+=+sN)Y, (1.29)
22 2z
1 _ _a
K:<2 x>’R:< (¢4 xa) 2>,N:<0 (1)>;
0 0 5 xa X 3
X:%7€:I/—%:V_2Xa.

The residue matrix of the formal normal forms of system (L29) at 0 and at oo is the same
and equal to

diag(—¢,0), {=v —2xa. (1.30)
See the background material on formal normal forms, Stokes matrices and isomonodromic
deformations in Subsection 2.3.

Theorem 1.21 [8, subsection 6.2] The four-parameter family of linear systems (I.29) is
analytically foliated by one-dimensional isomonodromic families defined by the following
non-autonomous system of differential equations:

7 a—2x(l+2xa)

Xs = 2s
ay = —2sx + %({ +2xa) . (1.31)
;=0

For every £ € R the function (1.7), i.e.,

__als) _ als)
w(s) := 2ox(s) ~ 0(s) (1.32)

satisfies Painlevé 3 equation (IL.8) with ¢ replaced by —¢ along solutions of (I.31):

N2 / 2 1 1
W' = (U)) _K_ng_+(2£_2)_+w3——, (1.33)
w S S S w
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Remark 1.22 In fact, isomonodromicity was proved in loc. cit. for systems obtained from
(CZ9) by adding the scalar matrix —1/d to the matrix N in (L29). But addition of the
latter term changes neither projectivization (Riccati equation), nor isomonodromicity. The
differential equation (L3T]) is Hamiltonian with the time s-depending Hamiltonian function

) 2

a a Iya
X9 2 -2 (1.34)
S 4s S

H(Xaaas) =

see [27, proposition 1.14]. Representations of Painlevé equations as Hamiltonian systems
were found by J.Malmquist [46] (for all, except Painlevé 3) and by K.Okamoto [48, p. 265]
(for all, including Painlevé 3). The above Hamiltonian representation of Painlevé 3 equation
(C33) with Hamiltonian (L34 can be obtained from Okamoto Hamiltonian representation
by a variable change: see [27], remark 1.15].

We will be dealing with the linear systems obtained from ([.29) by change of sign at ¢:

K R
Y = (—8—2 +—+ SN) Y, (1.35)
z z

1 ~ _ _a
= (3 0) 2= (" D) v=( Y
0 0 5 xXa X 3

Note that for y = 0 system (L35]) coincides with system (L23)) where ¢ is replaced by —¢.
Therefore, it is equivalent to the conjugate Heun equation (L26]) on E = Y5(z), analogously
to the similar statement on ([23]) and Heun equation (L2H), see the end of Subsection 1.4.

Analogously to the above discussion, the parameter space of family (L35 is foliated by
isomonodromic families given by solutions of system of differential equations (LL6), along
which the function w(s) satisfies Painlevé 3 equation (L§]).

1.6 Plan of proof of main results

The proof of main results is based on analytic theory of linear systems with irregular
non-resonant singularities: formal normal forms, Stokes phenomena (canonical solutions
in Stokes sectors and monodromy-Stokes data) and isomonodromic deformations. The cor-
responding background material is recalled in Subsection 2.1.
In Subsection 2.2 we prove Proposition We will deduce it from a more general
proposition dealing with general linear systems of type
(K R .

Y = (;—l—;%—N)Y, K, R, N are 2 x 2 — matrices, (1.36)
having irregular non-resonant Poincaré rank 1 singular points at 0 and at co. It states that
a system has a vector polynomial solution, if and only if two appropriate canonical solutions
coming from 0 and from oo coincide and form a solution holomorphic in C, and then it is a
unique polynomial solution. Its degree is equal to the corresponding residue eigenvalue of
the formal normal form at co.
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In Subsection 2.4 we prove Theorem describing the set of parameters of those
systems (LL3]) that have polynomial solutions as the union of the zero loci Sy + = {P, + = 0}.
To do this, in Subsection 2.3 we introduce and study a more general class of systems
([C34), the so-called class S, which contains systems ([LH]), and show that class S coincides
with the class of those systems ([L30) that have a symmetry of the type (Yi(z),Ya2(z)) —
24(Ya(271),Y1(271)); for systems (LX), the latter ¢ coincides with the ¢ in (IH). We show
that if a polynomial solution of a system (L)) exists, then it is either invariant, or anti-
invariant under the above symmetry, and then deduce that the parameters (x,a, s) of the
system lie in Sy 4, respectively Sy . And then we prove the converse.

For the proof of Theorem [L.T4] we consider analytic extensions of appropriate canonical
sectorial solutions of a system (] at 0 and at co to the base point zy = 1 along paths
oy L and azl in C! going from appropriate Stokes sectors to zo; the sectors and the paths
are permuted by the involution z ++ 27! (such sector and path collections will be called
symmetric). Taking projectivizations of the vector values at zy of thus extended solutions
yields four points qig,g20, 1o, @200 € CP! = C. The collection of the four points Qjp
taken together with the monodromy operator (up to natural PSLy(C)-action) is called the
monodromy-Stokes data, see Subsection 2.1. We consider yet another point ¢}, that is the
image of the point ¢jo under the projectivized monodromy of system (LH]) acting on the
space of projectivized initial conditions (local solutions) at zg. In other terms, take the
analytic extension of the solution ®(z) of the Riccatti equation (the priojectivization of our
system (LH)) with the initial condition ®(zy) = ¢19 along a counterclokwise circuit around
the origin. Set ¢}, to be the value of thus extended solution at z.

Our goal is to construct a parametrization of each surface Sy, by the complement of
C: x C to an analytic hypersurface (curve). In Subsection 2.5 we show that (L3) has a
polynomial solution, if and only if £ € N and the monodromy-Stokes data is parabolic and
non-degenerate. Parabolicity means that some of the above points ¢;, coincide, namely,
G20 = (100, the monodromy is unipotent and its projectivization fixes qo9. Non-degeneracy
means that the collection q1o/, 10, q20, @200 consists of at least three distinct points. We
describe in similar terms all the systems ([L30]) that are gauge equivalent to systems (L)
with polynomial solutions.

In Subsection 2.6 we show that a parabolic non-degenerate monodromy-Stokes data is
uniquely determined by the cross-ratio

(420 — q10) (910 — G200)

R = .
(g20 — q200)(q10 — (ﬁo)

Then we show that two systems of type (LH) with the same ¢ having a polynomial solution
coincide up to parameter sign change (x,a) — (—x, —a), if and only if they have the same
parameter s and the same cross-ratio R (constructed for given paths o, the same for
both systems). This already yields a local parametrization of surfaces SZ 4 by coordinates
(s, R) € C*x C (though we will not prove that at this place). But R is not uniquely defined:
it depends on homotopic classes of paths g, oc-

In order to obtain a global parametrization of surfaces SZ +, in Subsection 2.7 we first
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construct a holomorphic family of vector bundles & r = & r ¢ with meromorphic connec-
tions on C depending on two parameters (t,R) € C x C, set s := €', and a continuous
family of pairs of paths g and s going from zp = 1 to appropriate Stokes sectors at 0
and at oo respectively and permuted by the involution z +—+ z~! that satisfy the following
statements:

1) the connections have irregular non-resonant Poincaré rank 1 singular points at 0 and
at oo with formal normal forms

diag(—3,0)  di
Y = ( iog(—5.0) dlag(m)) Y at o0, (1.37)
z z
Y = <diag(0, g) + M) Y at oo (1.38)
z

2) the above-mentioned Stokes sectors are those for the above normal forms;
3) the monodromy-Stokes data defined by the above paths ag, o are parabolic non-
degenerate, and the corresponding cross-ratio is equal to R;
4) two bundles & r and & g/ with connections are analytically gauge equivalent, if and
only if
(', R") = (t,R) + (2win,2n), n € Z.

Parabolicity implies that each bundle with connection has a meromorphic flat section with
only one pole, at infinity, which is a vector polynomial of degree ¢ in a trivializing chart on
a neighborhood of infinity.

In Subsection 2.8 we take the quotient of the parameter space by the translation by the
vector (27, 2), which leaves invariant the coordinate & := miR — t. We get a holomorphic
family of bundles with connections parametrized by (s, &) € C* x C, where all the bundles
are distinct: pairwise gauge non-equivalent. It follows from a well-known theorem, see [45],
proposition 4.1], [IT}, appendix 3], [49, theorem 2.2, p.449], that the subset Triv, C C* x C
of those parameters that correspond to holomorphically trivial bundles is the complement
to an analytic hypersurface (curve). They correspond to linear systems of type (IL36]) on
the Riemann sphere. Parabolicity of the monodromy-Stokes data implies that the systems
in question are gauge equivalent to systems of type S having a vector polynomial solution
and the above formal normal forms. As is shown in Subsection 2.3, a system of type S
with the above formal normal forms is gauge equivalent to a system of type (L), if and
only if it satisfies the following line non-coincidence condition: the eigenlines of the main
term matrices at 0 and at co corresponding to non-zero eigenvalues are distinct. Krasing
yet another curve from the subset Triv, consisting of those systems that do not satisfy the
line non-coincidence condition, we get a new open and dense subset Trivy C C* x C of
those points that correspond to systems gauge equivalent to systems (L5 with polynomial
solutions; for every point (s, &) € Trivj the corresponding system ([LH) is uniquely defined up
to sign change (x,a) — (—x,a). This yields biholomorphic parametrizations of the surfaces

7+ by Trivy. Afterwards we show that the complement C* x C\ TrivY is an analytic curve,
by’ proving that potential non-extendability points of the closure of the second erased curve
are isolated and hence, removable by Shiffman Theorem, see [52] and [23], subsection 4.4].
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In Subsection 2.9 we deduce regularity of the surfaces S7 and rationality of their s-
fibers from their parametrization and finish the proof of Theorem [[LI4l Theorem
(irreducibility of surfaces Sy 1+ and of the polynomials Py +) is proved in Subsection 2.10.
Smoothness of the spectral curves I'7 . and the genus formula are proved in Subsection 2.11.

1.7 Open problems

A list of open problems on model of overdamped Josephson junction, on its four-dimensional
extension (L2T), its isomonodromic foliation given by (I31]) and related questions is pre-
sented in [8, section 6].

For every r € Zq set

LI = L.N{A > 0}, A, :=the ordinate of the highest simple intersection in L.,

A:={B=r}, Sr=AN{A>A}.

The connectivity conjecture, see [26], conjecture 1.14], states that the intersection
L} N A, coincides with the ray Sr, and thus, is connected. By [8, corollary 6.1 and remark
6.2], it is reduced to a pure real-algebro-geometric conjecture on the real spectral curves I'y,
see [8, conjecture 6.3], which we reformulate here in the following slightly stronger form.

Conjecture 1.23 1) For every ¢ € N the intersection of the real spectral curve I'y defined
in (LII) with the domain {\ + y? > 0} contains a unique connected component I'j whose
points correspond to differential equations (CZI) on T? with the rotation number £. Its
other components correspond to positive rotation numbers that are less than £.

2) The projection (A, ) = A + 2 maps the component I'; diffeomorphically onto R ..

Problem 1.24 Study real (complex) determinantal surfaces Sy + and their real (complex)
isomonodromic foliations given by real (complex) solutions of system of differential equations
(CH). For which real initial conditions (ag,so) in the hyperplane {x = 0} (corresponding
to model (L2I)) of Josephson junction) the corresponding real solutions (x(s),a(s)) of (L6
return back to the hyperplane {x = 0} for some s > sy and for infinitely many s > s¢7 In
other words, study the definition domain of the Poincaré first return map (and its iterates)
to the above hyperplane for the real isomonodromic foliation (L]).

It is known that returns to the hyperplane {x = 0} corresponds to simple poles with residue
1 of the solution of Painlevé equation (L)) governing the solution of (L) in question, see
[8, remark 6.14]. Few solutions of Painlévé 3 equation, e.g., the tronquée solutions, see [44],
are bounded on a semi-interval [C,+00), and hence, have no poles there.

Problem 1.25 Describe those solutions of (L) whose graphs lie in Sy 4 and that corre-
spond to tronquée solutions of the corresponding Painlevé 3 equation (L8]).
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2 Proof of main results

2.1 Background material: Stokes phenomena, monodromy—Stokes data
and isomonodromic deformations

The following material on irregular singularities of linear systems and Stokes phenomena is

contained in [3, 4, [, 33 37, [53].

Consider a two-dimensional linear system
K R
Y = (—2+—+N>Y, Y = (Y1,Y,) € C?, (2.1)
z z

over a neighborhood of zero in C,. Here K, R, N are complex 2 X 2-matrices. We consider
that K has distinct eigenvalues A9 # Aog, and N has distinct eigenvalues Moo # Aoso- By
definition, the two latter conditions on eigenvalues are equivalent to the condition that the
singular point 0 (respectively, oo) of system ([2.1]) is irregular non-resonant of Poincaré rank
1. The matrix K is conjugate to K= diag(A10, A20), K= Ho 'KHy, Hy € GLy(C), and
one can achieve that K = K by applying the constant linear change (gauge transformation)
Y =HpY.

Recall that two systems of type (Z1]) are analytically equivalent near the origin, if one
can be transformed to the other by linear space coordinate change Y = HO(Z)SN/), where
Hy(z) is a holomorphic GLy(C)-valued function on a neighborhood of the origin. Two
systems (1)) are formally equivalent at the origin, if the above Hy(z) exists in the class
of invertible formal power series with matrix coefficients. Analytic (formal) equivalence
at infinity is defined analogously, with ”"power series” being Laurent series containing only
non-positive degrees of z.

System (2.]) is formally equivalent at the origin to a unique formal normal form

. (E R\e - . =
v — <§ + 7()) Y, K = diag(A19, A20), Ro = diag(b10,ba0), (2.2)
Ry s the diagonal part of the matrix Ho 'RHp. (2.3)

The matrix coefficient K in system (2J]) and the corresponding matrix K in 22) are
called the main term matrices, and R, fio the residue matrices at the origin. However the
normalizing series Hy(z) bringing (2] to (22) generically diverges. At the same time,
there exists a covering of a punctured neighborhood of zero by two sectors 58 and SY
with vertex at 0 in which there exist holomorphic G'Ly(C)-valued matrix functions Hj.o(z),

j =0,1, that are C'°° smooth on 52 N D, for some r > 0, and such that the variable changes

Y=H j;o(z)f/ transform (Z)) to (Z2)). This Sectorial Normalization Theorem holds for the
so-called Stokes sectors. Namely, consider the rays issued from 0 and forming the set

Ao — A
{Re % = 0}. (2.4)
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They are called imaginary dividing rays or Stokes rays. A sector S;-] is called a Stokes sector,
if it contains one imaginary dividing ray and its closure does not contain the other one.

A A
Let W (z) = diag(e™ = 2010, e~ "% 2%20) denote the canonical diagonal fundamental ma-
trix solution of the formal normal form ([2.2)). The matrices X{(z) := Hj,0(z)W (z) are
fundamental matrix solutions of the initial system (Z.I]) defining solution bases in S? called

the canonical sectorial solution bases. Here we choose the branches Wy(z) = Wg (z) of the
matrix function Wy(z) in S? so that W (z) is obtained from W{(z) by counterclockwise
analytic extension from S to SY. And we define the branch W§(z) of Wy(z) in S9 := S
obtained from W{(z) by counterclockwise analytic extension from Sy to SJ. This yields
another canonical matrix solution X3 (z) := Ho.o(2)Wg(2) of system (ZI)) in S§, which is
obtained from X{(z) by multiplication from the right by the monodromy matrix exp(2m'§0)
of the formal normal form ([2.2)). Let 52 i+
tion S? 10 S;-], j =0,1, that is crossed when one moves from S? to S;-] 1 counterclockwise,
see Fig. 3. The transition matrices Cpo, C19 between thus defined canonical solution bases
X,

denote the connected component of the intersec-

X3 (2) = X3(2)Cop on 5871, X2(2) = X§(2)Cyp on 5?72, (2.5)

are called the Stokes matrices at the origin.
The above formal normal form and sectorial normalization theorems also hold at infinity.
Namely, the formal normal form at infinity is

Y = <N + R—°°> Y, N = diag(Aoo; Moo ); Roo = diag(bioe, baoo)- (2.6)

z

Here Ao and Aoy, are the eigenvalues of the matrix N.
In more detail, let Hy, be a matrix such that H.,. 'NH, = diag(Aoo, A20o). Then

R is the diagonal part of the matrix Ho ' RH..

The Stokes rays at infinity are defined by the equation
{Re()\loo — )\QOO)Z = 0}. (2.7)

Example 2.1 Let K = diag(A19, A20), and let Aog — A\jg > 0. Then the Stokes rays are
the positive and negative imaginary semiaxes. The Stokes sectors S and Sy covering C*
satisfy the following conditions:

- the sector S contains the positive imaginary semiaxis, and its closure does not contain
the negative one;

- the sector SY satisfies the opposite condition. See Fig. 3.
The Stokes matrices Cyy and Chg are unipotent upper and lower triangular respectively.
Case of singular point at infinity with Moo — Moo > 0 is treated analogously. The Stokes rays
are the same, and the Stokes sectors also can be choosen the same, as above. But at infinity,
the Stokes matrices Cpoy, Cioo are oppositely-triangular: unipotent lower (respectively,
upper) triangular.
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Figure 3: Stokes sectors at the origin in the case, when \jg — Ayp € R.

Recall that the monodromy operator of system (ZI]) acts on the space of local solutions
(initial conditions) at a base point zy € C* (or on the space of solutions in a given simply
connected domain (sector) in C*) by analytic extension along a counterclockwise circuit
around the origin. It is well-known that in the canonical basis in the sector Sg at p e 0,00
the monodromy matrix is given by the following formula, see [33], p.290]:

M = Mporm pC1,' Cg,) (2.8)

. 2mib 2mib
My orm,p = diag(e“™"7, e“™72p)

is the monodromy matrix of the formal normal form at p. Formula (28) together with
unipotence of the Stokes matrices implies that

det M = det Myorm p = exp(2mi Tr R). (2.9)

Remark 2.2 (see [8, remark 2.3]). The canonical solutions Y (z) of system (Z1I) on a Stokes
sector Sf (which are the columns of the fundamental matrix solution Xj) are numerated
by the eigenvalues Ay, of its main term matrix at p (or equivalently, by the eigenvalues
bsp of the residue matrix of the corresponding formal normal form). The projectivized

canonical sectorial solutions ®(z) = %8 (which take values in CP* = Cg) are the unique

solutions of the Riccati equation corresponding to (2.I]) that are holomorphic on S;’ and
extend continuously to p. The value of an extended projectivized canonical solution at
p is the tautological projection to CP' = C of the eigenline Ly, of the main term matrix
corresponding to the eigenvalue Ay,: the eigenvalue numerating the solution of linear system.
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Definition 2.3 [8] definition 2.7]. Consider a linear system £ of type ([21)). Fix a point
29 € C* and two pairs of Stokes sectors (53, S?), (S5°, S5°) for the main term matrices
K at 0 and N at oo respectively. Fix two paths «;, in C* numerated by p = 0,00, going
from the point zg to a point in Sh. Let fip, fa, be a canonical sectorial solution basis for
the system £ at p in Sj. Consider the analytic extensions of the basic functions fy, to the
point zg along the paths oy 1. Let w: C*\ {0} — CP! denote the tautological projection.
Set ¢ := %, B

Qkp = (frp(20)) € CP! = Cog. (2.10)

Let M denote the monodromy operator of the system L acting on the local solution space
at zo (identified with the space C? of initial conditions at z) by analytic extension along
counterclockwise circuit around zero. The tuple

(g, M) == (q10, 420, Q1005 G200} M) (2.11)

taken up to the next equivalence is called the monodromy—Stokes data of the system L.
Namely, two tuples (¢, M), (¢/, M") € (CP')* x GLy(C) are called equivalemﬁ, if there exists
a linear operator H € GLy(C) whose projectivization sends gy, to q;gp and such that H 1o
M oH =M.

Remark 2.4 [8, remark 2.8] The monodromy—Stokes data of a system (2.I]) depends only
on the homotopy class of the pair of paths (g, @) in the space of pairs of paths in C*
with a common (variable) starting point zp and with endpoints lying in given sectors 58
and S§° respectively.

Here and in what follows two linear systems on C are said to be gauge equivalent, if they
are “constant gauge equivalent”: obtained one from the other by constant linear variable
change Y — HY, H € GLy(C). Gauge equivalence of holomorphic vector bundles with
meromorphic connections is defined analogously, with H being a holomorphic bundle iso-
morphism.

Theorem 2.5 [8, theorem 2.11]. Two linear systems of type (21) are gauge equivalent,
if and only if they have the same formal normal forms at each singular point and the same
monodromy-Stokes data (defined by a given collection of sectors and paths). In this case
each linear automorphism of the fiber C? x {2} sending the monodromy-Stokes data of one
system to that of the other system extends to a gauge equivalence of systems. Here both
monodromy-Stokes data correspond to the same sectors and path collections.

Definition 2.6 A family of linear systems (2.I]) with irregular non-resonant singular points
at zero and at infinity is isomonodromic, if the eigenvalues of the residue matrices of formal
normal forms at their singular points and the monodromy—Stokes data remain constant:
independent on the parameter of the family.

%Here is an equivalent group-action definition. The group PSL2(C) acts on T x GL2(C) by action
h : qkp — hgrp on points in C = CP' and conjugation M + hMh™' on matrices. The monodromy-Stokes
data is the PSLa(C)-orbit of a collection (g, M) under this action.
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Remark 2.7 In the case under consideration (two singularities of Poincaré rank 1) the
above definition given in [8, definition 3.1] is known to be equivalent to the classical def-
inition saying that a family of systems is isomonodromic, if the monodromy matrix (in
appropriate canonical sectorial basis), Stokes matrices, the transition matrix between two
canonical bases at zero and at infinity, and the above residue eigenvalues in normal forms
are constant: see [§, proposition 2.9]. It is well-known that if a family of systems (ZII)
depends continuously on a parameter from a connected manifold, then constance of the
monodromy-Stokes data automatically implies constance of the residue eigenvalues of the
formal normal forms.

2.2 Degree of polynomial solution. Proof of Proposition

Proposition 2.8 A system (211) with Poincaré rank 1 irregular non-resonant singular
points at O and at oo has a vector polynomial solution, if and only if each its main term
matriz at 0, co has a zero eigenvalue, the corresponding residue eigenvalue of the formal
normal forms is zero at 0 and a number { € Z>o at oo, and the corresponding canonical
sectorial solutions at zero and at infinity coincide (up to constant factor) and holomorphic
in C*. In this case the polynomial solution is unique, coincides with the above canonical
solution and has degree £.

Proof At each singular point p = 0, co the corresponding main term matrix has at least one
non-zero eigenvalue A\ (non-resonance). In each Stokes sector S the corresponding canonical
solution has type of an exponential function times a monomial (of some not necessary integer
power) times a function holomorphic in S that extends continuously to p. The Stokes
sector S contains a subsector S’ (lying on appropriate side from the Stokes ray contained
in S) where the exponential function tends to infinity exponentially, as z — p, z € 5"
Therefore, if a polynomial solution exists, then its restriction to S’ has smaller growth. In
other words it is asymptotically dominated by the above “exponential” canonical solution.
But it is a well-known fact from the Stokes phenomena theory that if in some sector S’
one solution of a two-dimensional linear system (Z) dominates another solution, then the
smaller, dominated solution is a canonical sectorial solution, and it is canonical in each
Stokes sector containing S’. Namely this fact explains unipotence and triangularity of the
Stokes matrices. Therefore, the polynomial solution is canonical at both singular points
p = 0,00. It corresponds to zero eigenvalue of the main term matrices, being meromorphic,
and the corresponding residue eigenvalues of the formal normal forms are clearly zero at 0
and a number ¢ € Z>( at infinity (equal to the degree of solution). Conversely, if there exists
a solution holomorphic on C* that is canonical at each singular point and corresponds to
zero eigenvalue of both main term matrices and the above-mentioned residue eigenvalues of
the formal normal form, then it is clearly polynomial of degree ¢. Uniqueness of polynomial
solution follows from the above exponential growth and domination argument. Proposition
is proved. O

Proposition follows immediately from Proposition
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2.3 Symmetric systems of class S and their monodromy—Stokes data

For a 2 x 2-matrix K let K% denote the matrix obtained from K by conjugation by the
(1) (1) , 1.e., obtained from K by transposition of diagonal terms and
transposition of off-diagonal terms.

transposition matrix

Definition 2.9 A linear system is of class S, if it has the type

K
Y = <2_2 + ? - Ktt) Y, Ri2=—Ra. (2.12)

Example 2.10 Every system (L33]) is of type S.

Proposition 2.11 A linear system (21) has type S, if and only if it admits a symmetry
of the type
L: (Vi(2), Ya(2) = 2 (Va(="1), Vi (271)), (2.13)

In this case one has
¢ =TrR. (2.14)

Proof The transformation (Y1, Ys,2) + (Y2, Y1, 27 1) sends graphs of solutions of a system
1) with matrices K, N, R to graphs of solutions of the new system of similar kind with
the new matrices

~ 15 1 5 —1 0 1

K=—-PNP*, N=—PKP ", R=—PRP™"; P:= 10/ (2.15)
Multiplication by 2* adds ¢Id to R. The statement saying that I is a symmetry of the initial

equation (2J]) is equivalent to the equality that the new matrices thus obtained are equal
respectively to K, N and R:

K=-PNP'!=_N" R=_-PRP'+/(Id=—R"+/(Id. (2.16)

The last equation is equivalent to the fact that the off-diagonal elements of the matrix R
are opposite and £ = Tr R. This proves the proposition. |

Recall that the canonical basic solutions of a system (ZII) at a point p € {0,00} in
a Stokes sector S are numerated by the eigenvalues \1,, g, of the corresponding main
term matrix K (respectively, N). Or equivalently, by the eigenvalues by;, ba, of the residue
matriz] of the corresponding formal normal form (2.2)), see Remark

4The main term matrix eigenvalues are always distinct (the singularity in question in non-resonant), and
hence, numerate the canonical basic solutions. But the residue matrix eigenvalues may coincide. One can
say that they numerate the canonical basic solutions, only if they are distinct.
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Definition 2.12 Let a linear system (2.I]) have irregular non-resonant singular points of
Poincaré rank 1 at the origin and at infinity. Let (¢; M) = (10,420, 9100, §200; M) be its
monodromy-Stokes data defined by the base point zy = 1, sectors 58 and S3° that are
permuted by the involution z — 27!, and paths g, as going from zy to 58 and Sg°
respectively and permuted by the same involution. (The latter pairs of sectors and paths will
be called symmetric.) We say that the monodromy-Stokes data (¢, M) is (1,1)-symmetric,
if there exists a linear involution o : C? — C2 with eigenvalues 1, —1 (i.e., conjugated to the
above permutation matrix P) that conjugates the monodromy transformation with a scalar
multiple of its inverse, and such that the projectivization of the involution ¢ permutes gg
and @2 and permutes ¢og and ¢ioc. In this case

oMo' = exp(2ni Tr RYM 1,
where R is the residue matrix of the system (21I), which follows from (Z2.9).

Remark 2.13 Let in a system (2)) the differences Agg — A10, A2oc — A1oo Of the eigenvalues
in the main term matrices K and N be real-proportional. (This is true, e.g., for systems of
type S, where the eigenvalue collections differ by sign.) Then the Stokes ray collections at the
origin and at infinity are permuted by the involution z — z~!. This implies that the Stokes
sector collections at 0 and at co can be chosen so that S? and S]Qo be also permuted by the
same involution for every 7 = 0,1. Therefore, one can define the monodromy-Stokes data
by paths o and a, permuted by the same involution, and the notion of (1,1)-symmetric
monodromy-Stokes data is well-defined.

Theorem 2.14 A linear system (21]) is gauge equivalent to a linear system of type S, if
and only if
(Moo 200 D100 b200) = (—A20, —A105 b10,b20), (2.17)

and its monodromy-Stokes data (q10, 920, 100, G200; M) (numerated by the eigenvalues Aip,
A205 Aloos A2co and constructed from some given symmetric pairs of sectors and paths) is
(1,1)-symmetric. (In this case it is (1,1)-symmetric for every symmetric pairs of sectors
and paths.) By definition, equality (2.17) means that its formal normal forms at the origin
and at the infinity are respectively

v’ — (diag(Mo,)\zo) L diag(b1o, b2o)

22 z

)Y at 0,

diag(blo s bgo) >
¥4

Y = <— diag(A20, A10) + Y at oo.

Proof Let us prove the statements of the theorem for a system of type S. First let us prove
ETI0). Equality {Aoo, A2so} = {—A20, —A10} follows from definition. Let us numerate the
latter eigenvalues so that Ao = —Aog, Aase = —A19. Let H be the matrix diagonalizing
K: H'KH = diag(\10, A20), and let P be the permutation matrix, see (ZI5). One has
P? = Id. The matrix PHP diagonalizes the matrix N = —K*% = —PKP:

PlH'PINPHP = —P'H 'KHP = — diag(\a0, Mo) = diag( Moo, Aaoo)-
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One has
diag(b1g, byo) = the diagonal part of H 'RH,

diag(b1se, b2so) = the diagonal part of P"'H 1P 'RPHP.
One has P"'RP=—-R+ (Tr R)Id, by definition and since Rj9 = —R;. Therefore,

diag(bioo, b2so) = —(the diagonal part of P™'H 'RHP) + (Tr R)Id

= — diag(bzo, b1o) + (Tr R)Id = diag(b10, b2o)-

Let us prove symmetry of the monodromy-Stokes data. First let us show that
PMP~! =¥\t (=TrR. (2.18)

Indeed, the monodromy operator M acts on the space of initial conditions in C? = C2? x {1}
at zgp = 1 so that an initial condition Y is sent to the analytic extension of the corresponding
germ of solution to 1 along a counterclockwise circuit around the origin. Let us write its
matrix in the standard basis (1,0), (0,1). The transformation ([2I3)) is a symmetry of
system (2.1)) (Proposition 2ZIT]). It is the composition of the three following operations:

(i) the space variable change Y +— PY (constant gauge transformation), it conjugates
the monodromy by the involution P;

(ii) the time variable change z — 271, it changes the monodromy to its inverse;

(iii) multiplication by the function z¢, it multiplies the monodromy by the scalar factor
e27ri€_

Therefore, the transformation I given by (2I3]) on the space of vector functions sends
solutions of the initial system (with monodromy matrix M) to solutions of the new system
whose monodromy matrix is equal to e2™*PM~1P~1. The latter matrix coincides with M,
since both systems coincide (I is a symmetry). This proves (2.I8)).

Let us now prove that the transformation I sends canonical solutions to canonical so-
lutions. For every p = 0,00 the transformation (i) sends canonical solutions at p of the
initial system to canonical solutions of its image at the same point p, and the numeration
by eigenvalues \j, is preserved. The transformation (ii) sends a canonical solution at 0
corresponding to the eigenvalue \jo in a Stokes sector S” to the canonical solution of the
transformed system at oo in the Stokes sector S that is the image of the sector S° under the
involution z — z~!, and the corresponding eigenvalue of the main term matrix at infinity is
equal to —\jp = A2_j . This follows from Remark This implies that the projectiviza-
tion of the operator P is an involution Ce — Cq permuting qip and gose and permuting g
and ¢10. This together with (ZI8) implies symmetry of the monodromy-Stokes data.

Let us now prove the converse. Let for a given system (2.]) the eigenvalue equalities
[I7) hold, and let the monodromy-Stokes data defined by some symmetric pairs of sectors
and paths be (1,1)-symmetric. Let us prove that (2] has type S. Let o : C2 — C2 be the
corresponding linear involution making their symmetry. Applying a gauge transformation
we can and will consider that o = P. Set ¢ = Tr R. Then transformation (2.13) sends the
initial system (ZI)) to a system of similar kind, let us denote it by (Z1])’, with the same
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monodromy-Stokes data. This follows from the above discussion on action of the operations
(i)—(iii). At each singular point the eigenvalues of the main term matrices in both systems
are the same, and the eigenvalues of the residue matrices of the formal normal form are the
same. In both systems they numerate the monodromy-Stokes data in the same way. This
follows by construction and (ZI7). Finally, systems (Z1]) and (ZI])’ have the same formal
normal forms and monodromy-Stokes data. Hence, they are gauge equivalent: obtained one
from the other by constant linear change Y +— HY, H € GLo(C) (Theorem 2.5]).

We choose coordinates (Y7,Ys) in C2, let & = % denote the corresponding coordinate

on CP! = C, so that the representatives (410, 9205 Q1005 G200; M) of the monodromy-Stokes
data of systems (2.]]) and (ZJ])’ coincide. Let us show that H is scalar: a multiple of the
identity. The action of the operator H on the space of initial conditions C2 = C? x {1}
preserves the monodromy-Stokes data. This implies that its projectivization preserves the
points g;, and their images under the projectivized monodromy: the monodromy of the
Riccati equation corresponding to (ZT]). Let the total number of distinct points among the
points g;, and their latter images be greater than two. Then the projectivized operator
H preserves at least three distinct points in C, and hence, is identity. Thus H is scalar,
and the above variable change multiplies Y by a constant. This scalar change does not
change the underlying linear system. Hence, systems (2.I]) and (21’ coincide, and thus,
the transformation I, see ([2I3)), is a symmetry of system (Z1]). Therefore, [21)) is a system
of type S (Proposition 2.TT]).

Let us consider the opposite case: the above number of distinct points is at most two. For
every given p = 0, co the points q1,, g2, are distinct, being projectivized initial conditions of
two linearly independent basic solutions of (21). This implies that {q10, 920} = {¢100s 9200}
and the projectivized monodromy either preserves each g;p, or permutes g1, and gg,. The
second case is impossible. Indeed, otherwise, if ¢i9 and ¢o¢p were permuted by the projec-
tivized monodromy, then in the canonical basis at 0 the monodromy matrix of system (2.1])
would have zero diagonal terms. But at least one of them should be nonzero and equal to an
eigenvalue ¢?™%i0 of the monodromy of the formal normal form (follows from ([Z8)), opposite
triangularity and unipotence of the Stokes matrices), — a contradiction. In the first case,
when the projectivized monodromy preserves each gj,, the monodromy of linear system is
diagonal in the canonical sectorial basis at p. Hence, the corresponding Stokes operators are
trivial, by their opposite triangularity and (2.8]) (as in [28] proof of lemma 3.3]). And this
holds at both points p = 0, co. This together with Remark 2.2 implies that the projectivized
canonical solutions g;,(z) = mo fj,(2), i.e., the solutions of the Riccati equation with initial
conditions g;o at zp = 1, are meromorphic on the whole Riemann sphere, and their values at
each point p = 0,00 are the two distinct eigenlines of the corresponding main term matrix
(K or N). This implies that the graphs {® = gjo(2)}, j = 1,2, are disjoint rational curves
in Cg x C, parametrized by C, via projection. But they may be disjoint only if gjo = const.
Indeed, otherwise, if some gjo is non-constant, then the intersection index of graphs would
be positive, by Kiinneth Formula for product homology and bi-degree argument, see the
proof of the same statement at the end of [8, proof of proposition 4.8], — a contradiction.
Hence, g10(z) and go0(z) are constant. Applying a gauge transformation, we can and will
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consider that gi9p = 0, g2 0 = 0co. Then the matrices in linear system (2ZI)) are diagonal, as
in loc. cit., and the system is obviously of type S. Theorem 214l is proved. O

Lemma 2.15 A system of type S where the main term matriz K has distinct eigenvalues
(non-resonance condition) is gauge equivalent to a system of type (1.33), if and only if in
(2-17) one has Ao = bag = 0 and the following line non-coincidence condition holds:

(*) the eigenlines Lig, Loso of the main term matrices at 0 and at oo respectively cor-
responding to non-zero eigenvalues Ao and Aase = —A10 are distinct.

Proof Each system ([33]) obviously satisfies equality Agg = bgp = 0 and condition (*).
Let us prove the converse. The permutation operator P permutes the eigenlines L1y and
Lo, see (2I6) and the above proof of the first part of Theorem 214l Applying a gauge
transformation Y — HY with H commuting with P preserves the class S of linear systems,
since it does not change relations (2.I6]). We can apply H commuting with P that sends the
eigenline Lo to the first coordinate line, and then Lo is sent to the second coordinate line,
since they are distinct, by (*). This yields another system of class S with upper-triangular
matrix K and lower-triangular matrix N = —K®. Therefore, the new system has type

(L33), by (2I6). This proves the lemma. O

Corollary 2.16 A system (21) is gauge equivalent to a system of type (I.33), if and only
if the following conditions hold:

a) equalities (2.17) hold, and Aag = Moo = 0, bag = baog = 0;

b) the monodromy-Stokes data constructed from some given symmetric pairs of sectors
and paths is (1,1)-symmetric;

¢) the above line non-coincidence condition (*) holds.

In this case monodromy-Stokes data defined by arbitrary symmetric pairs of sectors and
paths are (1,1)-symmetric.

Proof Each system ([L35]) obviously satisfies statements a) and c), and statement b) follows
by Theorem [ZT4l Conversely, let a system (ZT]) satisfy conditions a)—c). Then it is gauge
equivalent to a system of class S, by symmetry of monodromy-Stokes data and Theorem
2141 The latter system is gauge equivalent to a system of type (L35]), by Lemma2T5 The
corollary is proved. O

2.4 Polynomial solutions and determinantal surfaces. Proof of Theorem
1.12]

Everywhere below we consider that s # 0.

Proposition 2.17 Let ¢ € Z>o. The transformation (2Z13) is an involution sending each
vector polynomial solution Y (z) of system (IL.33) (if any) to £Y (z).
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Proof The fact that (2.13]) is an involution is obvious. It is a symmetry of system (L35]),
by Proposition 2.1 and since (L30) is a system of type S, see Example 210 If a polynomial
solution exists, then it is unique (up to constant factor) and has degree ¢ (Proposition [Z8]).
The transformation (ZI3]) preserves the space of vector polynomials of degree at most ¢
and acts there as a linear involution sending a solution of (IL3%]) to a solution. Therefore,
the unique polynomial solution is its eigenvector with eigenvalue +1. O

Proposition 2.18 A vector polynomial Y (z) = (Y1(z),Y2(2)) is a solution of linear system
(L), if and only if it satisfies the system of two following equations with at least one choice
of sign =+:

(Y1(2),Ya(2)) = £25(Ya(z71), Y1 (z71)) (2.19)

Y3(2) = (52 + 902V + (35 + 5)Ya(2) (2.20)

Proof Let a vector polynomial Y (z) be a solution of system (LI). Then equation (Z.I9)
holds for some choice of sign +, by Proposition 217 Substituting thus found Yi(z) =
+2'Y5(271) to the second line of (L) yields ([220). Conversely, let a vector polynomial
Y (z) be a solution of system of equations (Z19) and (Z20). Then the second line of system
(CH) holds, as in the above argument. It remains to show that its first line holds as well.
Differentiating Y7 (z) = £2/Y5(27!) and substituting (Z20) yields
1 _ _

Y{(z) = vie) # Y, (2.21)
az
2
Substituting the equality Y5(271) = £27¢Y1(2) to the latter right-hand side and substituting
everything to (ZZI)) yields the first line in (H):

_ _ — — — S —
T2V (27 = =2 (= 4 sy) 2 Ya(z) T £ 2(xaz+§)Y2(z b,

{—xa s a | SX
- 2—22)Y1(Z) - (5 + ;)Yz(z)-

Yi(z) = (
O

Proof of Theorem It suffices to show that existence of polynomial solution of
system of equations (Z.19) and (220) for a given choice of sign =+ is equivalent to the inclusion
(x,a,s) € Sg+. The space of polynomial solutions of equation (ZI9) is isomorphic to the
space of polynomials Ya(z) of degree at most ¢ via the correspondence Y (z) = £2°Y5(271).
A given polynomial Ys(z) = Zﬁ:o cjz) of degree at most ¢ is a solution of (Z20), if and
only if its coefficients satisfy the following relations, corresponding to equality of degree j
terms in (Z20) for j =0,...,¢:

a ) s

E(5 -+ +sxce—5) + (xa = (7 + 1))ej1 + 5¢; = 0. (2.22)

Here we set ¢, = 0 for k ¢ {0,...,¢}. System of relations ([222)) is equivalent to the
statement that the vector of coefficients (co, .. ., ¢¢) lies in the kernel of the matrix Gy y£+Ga .
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Therefore, existence of polynomial solution of system of equations ([219)), ([2:20)) is equivalent
to the statement that the latter matrix has zero determinant, i.e., (x,a,s) € Sp+. This
together with Proposition .18 implies the statement of Theorem [L.I12] O

Remark 2.19 The above proof of Theorem [[.12] remains valid for £ = 0 and yields a proof
of Proposition for s # 0. Indeed, for ¢ = 0 equation ([2.22)) becomes £sxcg + 5¢9 = 0
and has a non-zero solution, if and only if y = :F%-

2.5 Systems with polynomial solutions. Parabolicity of the monodromy-
Stokes data

Definition 2.20 We deal with an abstract monodromy-Stokes data: a collection (q10, 420, q100s 42003 M),
where ¢j, € Co = (CP[IYI:Y2], b = %, 410 # G20, Qlco 7 @200, and M € GL2(C) is a non-
degenerate linear operator acting on the space 6%17Y2’ called the monodromy operator. The
above collection is taken up to equivalence from the definition of the monodromy-Stokes
data. We say that an abstract monodromy-Stokes data is parabolic, if gag = 10, and the
projectivized monodromy operator is either a parabolic transformation C — C that fixes
only the point goo, or the identity. Set ¢}, to be the image of the point gi9 under the
projectivized monodromy transformation. A parabolic monodromy-Stokes data is called
non-degenerate, if among the four points ¢}y, q10, g20, g200 at least three points are distinct.

Remark 2.21 Consider a monodromy-Stokes data of linear system (Z1]) defined by sym-
metric pairs of sectors and paths. If the monodromy-Stokes data is parabolic, then it is
automatically (1,1)-symmetric. This follows from the fact that every conformal involution
o : C — C fixing ¢20 = q100 (e.g., the one permuting g19 and gao,) conjugates each parabolic
transformation fixing goo (e.g., the projectivized monodromy) with its inverse. Namely, if
we choose the coordinate w on C so that gag = co and the origin is the second fixed point of
the involution o, then o(w) = —w, the projectivized monodromy is a translation w — w+u,
and hence, o conjugates it with its inverse w +— w — u.

Here we prove the following theorem.

Theorem 2.22 A system (21) with irregular non-resonant singular points of Poincaré
rank 1 at 0 and at oo is gauge equivalent to a system of type (I2) having a non-constant
polynomial solution, if and only if it satisfies the following conditions:

a) (Moos A2o0} b1oo, b200) = (—A20, —A10; b10,620), A20 = Ao = 0, bag = baoe = 0.

b) l:=big = b1 € N.

¢) The monodromy-Stokes data defined by sectors and paths permuted by the involution
z % 1s parabolic non-degenerate.

d) The above line non-coincidence condition (*) holds.

In this case Statement c) holds for monodromy—Stokes data defined by arbitrary sym-
metric pairs of sectors and paths.
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Proof First let us prove that each system ([LB) with a non-constant polynomial solution
satisfies statements a)-d). Statements a) and d) hold for each system (LH]). Statement
b) follows from Proposition Let us now prove parabolicity of the monodromy-Stokes
data. The monodromy operator has unit determinant, since it is the product of unipotent
matrices and the monodromy of the formal normal form, i.e., the formal monodromy, see
[23), and the formal monodromy is equal to diag(e%”, 1) = Id, since ¢ € N. Hence, the
monodromy is unipotent: it has unit determinant and at least one unit eigenvalue, which
corresponds to the polynomial solution (fixed by the monodromy). The value at z = 1
of the projectivized polynomial solution is equal to q290 = ¢is0, and it is a fixed point of
the projectivized monodromy, by the above similar statement on the monodromy. This
together with unipotence of the monodromy implies parabolicity of the monodromy-Stokes
data. Let us prove its non-degeneracy.

Suppose the contrary: among the points gjp, ¢}y at most two are distinct. Then gip =
Q200 = g» SINCE @10 7 G20 = loos Jlco # G200, G20 18 a fixed point of the projectivized
monodromy transformation, and thus, the image ¢}, of the point ¢;o under the projectivized
monodromy is distinct from gog. Therefore, g190 = G200, G20 = G100, and they are fixed by the
projectivized monodromy. Thus, the corresponding linear system is gauge equivalent to a
diagonal system, as at the end of the proof of Theorem T4l Hence, x = a = 0, and thus,
system (L)) is diagonal. But then it has no non-constant polynomial solution, since it is
the direct sum of one-dimensional equations Y{ = (—5% + f—zxa)yl’ Yy = (& + 3)Ys, and
none of them has a non-constant polynomial solutuon, — a contradiction.

Let us prove the converse: assyming conditions a)-d), let us show that the system
1) in question is gauge equivalent to a system (L) having a non-constant polynomial
solution. We already know that the system is gauge equivalent to a system (LH), by
Corollary 2ZT6 the monodromy-Stokes data is (1,1)-symmetric, see Remark 221l Thus, we
consider that our system is of type (LHl). Its projectivized canonical solutions corresponding
to the eigenvalues \og = Ao = 0 at the origin and at infinity paste together to the
projectivization of just one solution Y'(z) of linear system, since ga29 = ¢100 (parabolicity).
The projectivized solution Y (z) is fixed by the projectivized monodromy, since the latter
fixes qoo (parabolicity). Hence, Y (z) is a canonical solution of linear system, and the
monodromy multiplies Y (z) by a constant factor. The formal residue eigenvalues at 0 and
at oo corresponding to Y (z) are respectively bog = 0 and b1o, = ¢, by definition, and ¢ € N
by assumption. This together with (2.8]) implies that in the canonical sectorial solution basis
at the origin the monodromy is triangular and Y (z) is its eigenvector with unit eigenvalue.
Thus, Y (2) is holomorphic on all of C*. Recall that the canonical solution Y (z) corresponds
to zero main term eigenvalues at 0 and oo. This together with the above formal residue
eigenvalue statement imply that Y (z) extends holomorphically to the origin and has growth
of order z* (times a non-zero constant vector), as z — co. Hence, it is a nonconstant vector
polynomial solution. Theorem is proved. O

In what follows we use the following general property of bundles with connections having
parabolic monodromy-Stokes data.
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Proposition 2.23 Let a holomorphic vector bundle £ on the Riemann sphere C, be equipped
with a meromorphic connection with irregular non-resonant singular points at 0 and at co
with formal normal forms

o
o (R0 0y

22 z

Y = (diag(O, %) + diag(t,0)

>Y at 0o.
z

Let 58 and Sg° be Stokes sectors at 0 and at oo respectively that are permuted by the
involution z — 2z~ 1. Let a and e be paths from 1 to 58 and S§° respectively that are also
permuted by the same involution.

1) The connection has a meromorphic solution (i.e., a flat section), if and only if ¢ € Z
and the monodromy-Stokes datcﬁ (410,920, Q100> G200) defined by the paths oy, p = 0,00 and
indezed by the main term eigenvalues —3, 0, 0, 5, is parabolic. In this case the meromorphic
solution is unique up to constant factor and is holomorphic on C.

2) Let a meromorphic solution exist. Then the bundle with connection is diagonal, i.e.,
a direct sum of one-dimensional holomorphic vector bundles with connections, if and only
if the monodromy-Stokes data is degenerate.

Proof A meromorphic solution f should coincide with a canonical solution at the origin
and at infinity that corresponds to zero eigenvalue of the main term matrix: thus, these
solutions are pasted together, and hence, go9 = ¢100- This together with the equality bog = 0
implies holomorphicity on C and uniqueness. The corresponding eigenvalue of the residue
matrix of the formal normal form should be integer, by meromorphicity. Hence, ¢ € Z.
Therefore, at each singular point 0, co the formal monodromy is trivial, and at least one of
the Stokes matrices is also trivial, since the canonical solution f is meromorphic. Hence, the
monodromy of the connection is unipotent, by (28]). This together the equality ga0 = ¢100
implies parabolicity of the monodromy-Stokes data. The converse is proved analogously to
the above proof of Theorem Statement 1) is proved.

Let in the above assumptions the bundle with connection be diagonal. Then the solutions
of the connections in one-dimensional subbundles are canonical solutions at both singular
points: the origin and the infinity. This implies that the connection is analytically equivalent
to its formal normal form, and its monodromy is trivial, as is that of the normal form.
The projectivizations of the above solutions are holomorphic sections of the projectivized
ambient bundle on C*. Their values at z = 1 are the points ¢;, from the monodromy-Stokes
data. This together with the previous statement implies that q190 = q200, G20 = q100- Hence,
the monodromy-Stokes data is degenerate. The converse is proved analogously to the proof
of Theorem O

®The notion of monodromy-Stokes data is well-defined for connections in not necessarily trivial bundles
over the Riemann sphere that have irregular non-resonant singular points of Poincaré rank 1 at 0 and at co.
In our case, when the eigenvalue collections of the main term matrices differ by sign, the notion of parabolic
monodromy-Stokes data is also well-defined.
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2.6 Local parametrization by formal invariant s and cross-ratio R

Definition 2.24 Let (10,920 = @100, @200; M) be an abstract non-degenerate parabolic
monodromy-Stokes data. Its characterizing cross-ratio is the cross-ratio of the four points
4205 4105 G0 9200, See Definition 2200

R — (920 — 410) (910 — G200)

(420 — q200) (@10 — dh) (2.23)

Proposition 2.25 Fach abstract non-degenerate parabolic monodromy-Stokes data is uniquely
determined by its characterizing cross-ratio, up to multiplication of the monodromy operator
by scalar factor.

Proof The cross-ratio R defines the four points g0, ¢jg, 920, 200 On the Riemann sphere
C up to Mébius transformation. Except may be for some of the cases, when some of them
coincide. Let us check that this statement remains valid in case of coincidences as well.
Indeed, 10,200 # G20 = G10o- One has ¢}y # goo: the point ¢, is the image of the point
q10 # @20 under the projectivized monodromy, which fixes the point gog. Therefore, the
only a priori possible coincidences are either q19 = 200, O ¢y = @200, OF ¢}y = q10: only
one coincidence may take place, since the total number of distinct points among qig, ¢,
420, G200 1S at least three (non-degeneracy). In the case, when ¢19 = ¢2o0, One has R = 0.
In the case, when ¢}, = g2, one has R = 1. In the case, when ¢}, = 10, one has R = oo.
This yields three distinct values for R for the three possible coincidences.

Let us first assume for simplicity that 19 # ¢200- Then applying a Mobius transfor-
mation we can and will consider that gag = o0, q19 = 0, 200 = 1. Then in the coordinate
on C = C\ {g20}, which will be denoted by w, the projectivized monodromy operator is a
translation w — w 4 u, u € C. One should have ¢}, = q10 + u = u, since ¢, is the image
of the point ¢q19 = 0. Therefore,

R Po—qo 1

q10 — 910 u
Thus, the correspondence R +— wu is bijective, and the projectivized monodromy can be
restored from R, as does u. The case, when ¢i190 = @20, i-€., R = 0, is treated analogously.
Namely, in this case ¢}y # ¢10, g20 (non-degeneracy). Applying a Mdbius transformation, we
consider that g20 = ¢100 = 00, 10 = 200 = 0 and ¢}y = 1 in the standard affine coordinate w
on C = C\ {ga0}. Then the projectivized monodromy is the translation w ~ w + 1. Hence,
the value R = 0 determines the monodromy-Stokes data uniquely up to multiplication of
the monodromy by scalar factor. Proposition 2.25 is proved. O

Theorem 2.26 Two systems of type (1L2) with s # 0 having a polynomial solution of degree
¢ > 1 coincide up to the parameter change (x,a) — (—x, —a), if and only if the correspond-
ing values of the paramer s and the cross-ratio R (constructed for given symmetric pair of
homotopic classes of paths o) are the same for both systems.
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Proof If two systems of type (LI) are gauge equivalent, then the gauge equivalence is
given by a matrix of the type diag(1,£1). Indeed, the gauge equivalence matrix should be
simultaneously upper- and lower-triangular, since the conjugation by it should preserve the
(opposite) triangular types of the matrices K and S, and each one of the latter matrices
has distinct eigenvalues. Therefore, the gauge transformation is given by a diagonal matrix
A = (A1,A2). Tt acts on the residue matrix by multiplying its off-diagonal terms =+a

+1
by ratios of eigenvalues: by the numbers <ﬁ—;) . Thus transformed residue matrix has

opposite off-diagonal elements, as does the initial matrix, if and only if the latter ratios
are equal to +£1. That is, if and only if A = diag(1,£1) up to scalar factor. The gauge
transformation in question does not change s, and it multiplies both y, a by the same
number +1. It does not change the monodromy-Stokes data, and hence, the cross-ratio R.
Conversely, let two systems ([LH) with polynomial solutions of degree ¢ > 1 have the same
parameter value s, and let the corresponding monodromy-Stokes data have the same cross-
ratio. Then the corresponding monodromy operators are the same. Indeed, one of the Stokes
matrices at the origin is trivial: this holds for every irregular non-resonant Poincaré rank 1
singularity, whenever one of the canonical solutions is holomorphic on C*; in our case the
polynomial solution is such a solution. Therefore, in a canonical sectorial solution basis at 0
the monodromy is a triangular matrix with the same eigenvalues, as the formal monodromy,
by @38). The eigenvalues of the formal monodromy are e = 1 and ¢ = 1. Thus, the
monodromy of system (LI) in question is unipotent. Then it is uniquely determined by
the projectivized monodromy, which in its turn is uniquely determined by the cross-ratio R
(Proposition 2.20]). Finally, the complete monodromy-Stokes data is uniquely determined
by the cross-ratio R. Thus, the systems in question have the same formal normal forms
at each singular point p = 0,00 and the same monodromy-Stokes data. Hence, they are
gauge equivalent, by Theorem This together with the above characterization of gauge
equivalent systems (LI) implies that the systems in question are obtained one from the
other by the simultaneous sign change (x,a) + (—x, —a). This proves Theorem O

2.7 Realization of parabolic monodromy-Stokes data by vector bundles
with connections

Our goal is to prove Theorem [[LT4] which states that each determinantal surface Sy 4 is
biholomorphically parametrized (outside the locus {s = 0}) by the complement of C* x C
to an analytic hypersurface (curve), and its fibers {s = const # 0} are rational curves
parametrized by finitely punctured fibers {s} x C. The results of the previous subsection
together with [I1], appendix 3, lemma 1] imply that the parameters (s,R) yield a local
biholomorphic parametrization of each surface S7,. But the value of the parameter R
depends on the homotopy class of its defining pair of paths «g, a and the corresponding
Stokes sectors S3, Sg°; the paths and the sectors should be permuted by the involution
2+ 2~ As s makes one turn around the origin, the Stokes sectors turn, the endpoints of
the paths (which lie in the Stokes sectors) also turn, and the homotopy class of each path
changes. Therefore, as s makes a turn while R remains constant, the monodromy-Stokes
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data defined by the initial paths (and hence, the underlying system) changes in general.
To construct a global biholomorphic parametrization of the surfaces Sy ., we pass to the
universal covering C; over the punctured line C},

of Stokes sectors Sg,n S{ﬁ and paths ag ¢, @so¢. Then we construct a holomorphic family

s = €', and construct continuous families

&, r of holomorphic vector bundles with connections over C., parametrized by (t,R), with
formal normal forms (L37)) and (IL38) at 0 and at oo respectively, whose monodromy-Stokes
data defined by the above paths and sectors is parabolic and has cross-ratio R. We show
that two bundles & r and £y »/ with connections are gauge equivalent, if and only if

", R') = (t,R) + (2min,2n), n€Z. (2.24)

Afterwards, in the next subsection we pass to the quotient of the space C; x Cr by the cyclic
group generated by the translation by the vector (27i,2) and get a family of bundles with
connections parametrized by C x C. We show that all the parameters in C* x C except for
an analytic hypersurface (curve) correspond to trivial bundles equipped with linear systems
of type (LLA]) with polynomial solutions. This will yield a biholomorphic parametrization of
each surface Sy, by the above parameters.

The above-mentioned families of sectors and paths are

58 = {Imt —argz € (5 +6 37” )}, S35 ={Imi+argz € (-3 4 37” — o),

o (1) = UM o (1) = ag(T), T € [0,1]. (2.25)

They are permuted by the involution z — 27!, and the sectors are Stokes for the formal
normal forms (L37) and (L38) respectively. This follows from definition.

Theorem 2.27 For every £ € N there exists a two-dimensional holomorphic vector bundle
E =& over C, x C; x Cr such that for every t € C, set s := €', and every R € C the
restriction &y = Ey0 of the bundle € to C, = C, x {(t,x)} is equipped with a meromorphic
connection depending holomorphically on (t,x) that has formal normal forms

v <diag(—%,0) N diag(¢,0)

z

)Y at 0,

diag(¢
"= (diagm, ) 4 Qsle0)

) Y atoo (2.26)
2 z

and satisfies the following statements:

a) The monodromy-Stokes data of the connection defined by the above Stokes sectors
and paths is parabolic and has the given cross-ratio R.

b) Two bundles & r, Ev rr with connections corresponding to two distinct (t,R) and
(t',R") are analytically equivalent, if and only if relation ([2:-24)) holds.
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Proof Fix a /& N. Set

N[o

o (2\*
dg:dg(S) :%<g> ez,

We consider the following model linear systems depending on parameters s € C*, u € C:

¢ 0
diag(—%,0)+ udy 0

Y = 5 Y  over the disk Ds = {|z| < 2}; (2.27)
z z
4 udg
, . s 0 0 _
Y’ = | diag(0, 5) +—~—2 1Y over C\ L (2.28)
z

These systems have the prescribed formal normal forms (226) at the origin and at the
infinity respectively. It is easy to check that their monodromy operators in appropriate
local solution bases are given by lower (upper) triangular unipotent matrices with triangular
elements being equal to +u. We paste them together over the annulus

A::{%<|z|<2}:D2ﬂ(@\ )

1
2
in appropriate way depending on (¢, R), preserving the differential equations as connections
on trivial bundles, in order to obtain a holomorphic vector bundle & r with connection
having the desired cross-ratio R of the monodromy-Stokes data. Recall that R is the cross-
ratio between appropriate analytic extensions of canonical sectorial solutions. To define the
gluing, we first find the canonical solutions and their analytic extensions to zg = 1 along
the paths o H oz;o{t and find monodromy matrices of systems ([2.27)), [2.28]). To this end,
let us introduce the paths

Bot(T) = (1 —T)age(1) = (1 — T)ei(lmt-f—n)’

1 _ 1 e—i(Im t4) ’

- Boi(r) 1—7

a1 1
Tp,t = 5p,t Oy, 4

Boo,t(T)

Each v, is a path from the point p to 1.

We will deal with functions defined on a disk U C C* centered at zy = 1. For every
z € U by 7p,t,. we will denote the composition of the path «,; from p to 1 with the straight
path from 1 to z.

The canonical sectorial basic solutions of system (2.27) at 0 in S&t numerated by the
main term matrix eigenvalues —5 and 0 will be denoted by f1o, f2o. Similarly the canonical
basic solutions of system ([2Z.28)) at oo in S5 numerated by the main term matrix eigenvalues
0 and § will be denoted by fis0, f2oo-
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Proposition 2.28 1) The analytic extensions to the disk U of sectorial solutions fio, fao of

system (2.27) and fioo, f2oo for system (228) along paths oy and oo Tespectively (after
their appropriate normalizations by constant factors) are given by the following formulas:

s s(l_
fro(z) = (367D, d"u/ ¢le2ede),  fan(z) = (0,1), (2.29)
Y0,t,z
fioo(2) = (25,0), mawzww%/ ¢~ ezCgg, es=mD)y, (2.30)
Yoo,t,z

2) In the above canonical bases the monodromy matrices My, Mo, of systems (2.27) and
(2.28) respectively are equal to

My = (i ?) . My = (é 1;) . (2.31)

Proof The vector functions fay and fi~ are clearly solutions of systems ([2.27)) and (228))
respectively. They are obviously canonical, since they are respectively holomorphic at zero
and meromorphic at infinity. Let us show that the other vector functions fig, foso are
canonical. First let us prove their well-definedness: convergence of the corresponding in-
tegrals. The integral in (229) has subintegral expression Céfleg(%_l), which has singular
point at the origin. It is taken along the path 7o, ., which goes out from the origin in the
straightline direction with azimuth Im¢ 4 7 with respect to the real axis (as does the path
ﬁa tl) Therefore, along the latter straightline part of the integration path one has

et eRet

S
20 2[¢leilmtrm T 2|¢]”

arg( = Imt + ,

Therefore, the subintegral exponent is a flat function along the path ~; . at the origin,
and hence, the integral in ([2.29) converges. Convergence of the integral in (230) is proved
analogously. The fact that the vector functions fip and fas, are solutions of systems (227
and ([228) respectively is proved by straightforward differentiation. Let us prove that their
analytic extensions along the paths ap; and as; are the canonical sectorial solutions in
Sg,t and SG% respectively that are numerated by the main term matrix eigenvalues —3 and
5. Let us prove this statement for fio: for the vector function fo, the proof is analogous.
It suffices to prove the latter statement for the backward analytic extension along 7, tl,z of
the vector function fig towards a point w € 7y . close to the origin with argw = Imt 4 .
The backward extension is given by the integral (229) taken along the straightline segment
[0,w]. The integral is flat in w, as is the subintegral function, see the above discussion, and
the first component in fio is also flat for the same reason. Therefore, fig(w) = o(1), as
w — 0 with argw = Imt + 7, while fog = (0,1). The canonical solution in 587,5 is uniquely
determined by the condition that it should tend to zero, as w — 0 along a ray along which
ez is flat, since the other canonical basic solution (0, 1) does not tend to zero. Hence, fig
is a canonical solution.
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Now for the proof of the proposition it remains to calculate the monodromy. Clearly the
monodromy acts trivially on the functions fop and fi. Let us calculate the monodromy
images of the other functions fi9 and fooo. As z makes one courterclockwise circuit around
the origin, the integral in (Z29)) changes by the additive constant

—1 = 2w s S

= e i) =d

2
This together with ([Z29) implies the formula for the monodromy matrix My in (Z3T]).
Similarly, as z makes a counterclockwise circuit, the integral in ([230) is changed by the
additive constant equal to 2wie”2 times the Laurent coefficient at ¢~ of the function
s ERY4
¢~ D3¢ The latter Laurent coefficient is equal to %. Thus, the resulting additive
constant is equal to d;l. This implies the formula for the monodromy matrix My, in

2mie” 2 Resg(z

(Z23T)). Proposition 228 is proved. O
Let

V0(2) = (fi0, f20)(2), Y (2) = (fioo, f20e)(2)

denote the fundamental matrices formed by the canonical solution bases (2Z29) and (2.30)
of systems (2.27) and ([228) respectively. Here the vector functions f;,(z) are treated as
columns of the corresponding matrix JP. Their monodromy matrices My and M, given by

[231)) are conjugated:

1 ) 0 1 1 0
Mo =V " MyV¢, Ve := (1 0)\—¢c 1) (2.32)
Here ( is an arbitrary complex number. Therefore, the rescaled fundamental matrix
V¥(2) = V()0 (2.33)

of system (Z28) has the same monodromy matrix M, as the fundamental matrix }°(z).
Now we paste the fundamental matrices JY(z) and Y*°(z) together over the annulus
A := Dy \ D1 in order to paste the systems ([2.27) and (228) to get a holomorphic vector
2

bundle with connection induces by the pasted systems. Namely, the direct products

)

./—"0 ::(C2 XDQ, Jroo ::(C2 X (E\

NI

are identified as follows: for every z € A,
(v,2) € Fp is equivalent to (w,z) € Fu, if and only if

V= Xpue(2)w, Xpuc(z) =2°(2) (3700(2«)) o (2.34)

Here the matrix function X, ¢(2) is defined by ([Z34)) for z close to 1, and for the other z
it is defined by its analytic extension along a path going from 1 to z in the annulus A.
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Proposition 2.29 1) The matriz function X, ¢(2) is holomorphic on the annulus A, and
it depends holomorphically on the parameters (t,u,() € C3.
2) The corresponding gluing (2.54) pastes the direct products Fo x C3 ¢ and Fog X C?u(

to a holomorphic vector bundle over C, x (C?,u,C’ which will be denoted by £ and treated as

a holomorphic family of holomorphic vector bundles &, ¢ on C,

3) Gluing ([2-33)) sends the connection on Foo defined by system (2.28) to the connection
on Fy defined by (2.27), and hence, induces a meromorphic connection V¢ on each bundle
Eiu,c; the family of connections Vi, ¢ depends holomorphically on the parameters (t,u,().

4) The monodromy-Stokes data of each connection Vi, ¢ defined by the paths agy and
Qoo t 15 parabolic. It is non-degenerate, if and only if (u,() # (0,0), and in this case the
corresponding cross-ratio is equal to

¢
u

R == (2.35)
Proof Holomorphicity of the matrix function X, ¢(z) on the annulus A, i.e., its single-
valuedness (independence on path of analytic extension) follows from coincidence of mon-
odromy matrices of the fundamental matrices VY0 and Y*°: as z makes a counterclockwise
circuit around the origin, both fundamental matrices are multiplied by My, and in the ra-
tio Xpuc(z) = YO(Y>°)~!, this My cancels out. This proves Statement 1), which in its
turn (together with holomorphicity of the fundamental matrices in the parameters ¢, u, ()
implies Statement 2). Gluing (234) sends each column of the fundamental matrix solu-
tion Y*° of system (Z28) to the corresponding column of the fundamental matrix solution
WY of system ([Z27)), by definition. Hence, it pastes the systems to one meromorphic con-
nection in the bundle &, ¢, which depends holomorphically on the parameters, as do the
systems and the fundamental matrices. The second columns of both fundamental matrices
are canonical solutions fi~ and fog, and they are pasted together. This implies parabolic-
ity of the monodromy-Stokes data of the pasted connection. Its non-degeneracy criterium
(u,¢) # (0,0) follows from construction.

Let us now calculate the cross-ratio R of the monodromy-Stokes data in the case, when
(u,¢) # (0,0). To do this, let us find the values fj,(1) of the canonical solutions after
identification (Z34) in the trivial bundle chart Fy and their projectivizations ¢;, and the
point ¢j,. Note that

?OO = (f2oo - (flooa floo) : (236)

the columns of the fundamental matrix J> are the vector functions foco—C f100 and f1o0, by
(232)) and [233). And they are identified with fi9 and fag. Therefore, fi(1) is identified
with foo(1), and fano(1) is identified with f10(1) + (f20(1). Let fi9(z) denote the result of
counterclockwise analytic extension of the vector function fi19(z) considered as a germ of
vector function at z = 1. One has

Fio(1) = fro(1) + wfao(1),

by formula (2.31]) for the monodromy matrix My. Thus, in the chart Fo, the four points
4205 105 G0s G200 are the projections to CP' = C of the four vectors fao(1), fi0(1), fi0(1) =
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f10(1) + wfoo(1), fro(1) + Cf20(1) ~ fano(1). In the basis fip(1), foo(1) (let (wi,w2) denote
the corresponding coordinates on C?) the latter vectors are (0,1), (1,0), (1,u), (1,¢). Their
projections to CP! = Cp, ® = z—?, are the points oo, 0, u, (. Their cross-ratio (2.23)) is

equal to % This proves (Z35]) and finishes the proof of Proposition [2.20] O

Proposition 2.30 For every givent € C two holomorphic vector bundles with connections
(Etues Viue)s (v ¢ty Vi cr) corresponding to the same t and some (u,(), (v, ") # (0,0)
are holomorphically gauge equivalent, if and only if the corresponding cross-ratio are the
same, i.e., if and only if [u: (] = [ : '] as points of the projective line CP*.

Proof The bundles in question have the same formal normal forms at each singular point.
The paths ayp, p = 0, 00, defining their monodromy-Stokes data are the same for both sys-
tems, since they depend only on ¢t. Therefore, the bundles are gauge equivalent, if and only if
their monodromy-Stokes data are the same. Thus, gauge equivalence implies the cross-ratio
equality. Let us prove the converse. Recall that the cross-ratio defines the monodromy-
Stokes data uniquely up to multiplication of the monodromy operator by constant factor
(Proposition 2225]). In both connections the monodromy operators are unipotent. There-
fore, equality of cross-ratios implies coincidence of the monodromy-Stokes data, and hence,
gauge equivalence. Proposition is proved. O

In what follows the gauge equivalent bundles & ,, ¢ with the given value R := % will be
denoted by one and the same symbol

5t,7€ = 5t7u,<, R = E
U

Proposition 2.31 The family of vector bundles & form a holomorphic vector bundle
over C, x Cy x Cr, which will be denoted by &, with a holomorphic family of meromorphic
connections over C, with irreqular nonresonant singular points at zero and at infinity.

Proof The vector bundle family & , ¢ form a holomorphic vector bundle (denoted &) over
C x Cy x (Ci,c \ {(0,0)}) with a holomorphic family of connections over C. Namely, the
bundle £ is defined by gluing 234 of two trivial bundles C2 x Dy x C; x (C2\ {(0,0)})
and C? x (@\D_%) x Cy x (C2\ {(0,0)}): the gluing matrix function X ,¢(2) is holomorphic

in (z,%,u,(). Consider the tautological bundle 7 : C2 A\ {(0,0)} — CP!'=Cg, R = %, and
its two sections 0g, 0o Over the two affine charts C = {R # oo} and {R # 0}:

o0:R— (1,R), o1:R~ (R 1).

Let £° and £ denote the pullbacks of the bundle £ under the maps (z,t, 7&) = (2,t,0p(R)),
p =0, c0. This yields two holomorphic vector bundle families & r over C, with p = 0, o0,

R # 0,00. For every (t,R) € C? with R # 0 the bundles 5273 and &% are isomorphic as
holomorphic bundles with connections. The isomorphism is uniquely determined by nor-
malization so that in the trivializing chart F° it sends the solution fog(z) = (0,1) of the
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connection in one bundle to the same solution of the connection in the other bundle. Unique-
ness follows from non-degeneracy of the monodromy-Stokes data. Indeed, the restriction to
the fiber C x {z = 1} of the projectivized isomorphism should map the set {g20, q10, @10 G200 }
corresponding to one connection to the similar set corresponding to the other connection.
The collection of points in each set is at least three, by non-degeneracy. This defines the
projectivized isomorphism uniquely. Thus, the bundle isomorphism is uniquely defined up
to constant factor, and the latter factor is uniquely defined by the above normalization.
The isomorphism thus constructed depends holomorphically on the parameters, as does
the monodromy-Stokes data. Therefore, the isomorphism family thus constructed pastes
the bundles £° and £ together to one holomorphic vector bundle €. Proposition 231] is
proved. O

Lemma 2.32 Two bundles & and &y g with connections are holomorphically gauge
equivalent, if and only if relation (2-24) holds.

Proof Clearly, the bundles with connections are gauge equivalent, if and only if they
have the same formal normal forms and the same monodromy-Stokes data (or equivalently,
the same cross-ratio R) defined by one and the same pairs of paths and Stokes sectors.
Coincidence of formal normal forms is equivalent to the equality saying that s = e’ is equal
to s’ = e!'. This holds, if and only if ¢ —t = 27n, n € Z. The above monodromy-Stokes
data of bundles & r and & g/ are defined by two different pairs of paths: (ag¢, o) and
(¢, (oo ) Let us show that the monodromy-Stokes data defined by the first pair of paths
is the same for both connections, if and only if R — R = 2n. To do this, we use the next
proposition, which shows how does the cross-ratio change when we replace its defining paths
apt by apy, p=0,00.

Proposition 2.33 Let £ be a holomorphic vector bundle with connection on C having for-
mal normal forms (2Z28) at the origin and at infinity that is not “diagonal”, i.e., not a
direct sum of one-dimensional holomorphic bundles with connections. Let the connection
have a meromorphic solution. Let s be the corresponding parameter from the formal normal
forms. For every value t = Ins of the logarithm let oy, p = 0,00, be the paths defined in
(223), and let Ry denote the characteristic cross-ratio of the corresponding monodromy-
Stokes data. One has

Ritori = R + 2. (2.37)

Proof When we add 27 to t, the new path ag; is obtained from the old one by multi-
plication by counterclockwise circuit. This means that the analytic continuation along the
new path oy i of the canonical sectorial solution fio (flat section with respect to the con-
nection) is obtained from that for the old path by applying the inverse of the monodromy.
Similar statement holds for a; and fas: the new foo, is obtained from the old one by
applying the monodromy. Recall that the monodromy-Stokes data defined by the paths aq
and o+ are parabolic and non-degenerate, by Proposition We consider that fo, is
not proportional to fio; the opposite case is treated analogously (and can be also deduced
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by passing to limit in a family of pasted bundles with connections). Thus, ¢2s # ¢10,
and q10, ¢20, 200 are distinct. Choosing appropriate coordinate on C we consider that the
monodromy-Stokes data for the old ¢ are given by

q10 =0, g20 = Q100 = 0, @19 = U, 200 = 1.
Then for the new ¢ one has
/
q10 = —U, q20 = qloc = 9, q19 = 0, @200 = 1+ u,

by the above path and monodromy argument. Therefore, the old cross-ratio (2.23)) is equal

to %, and the new one is equal to % + 2. This proves the proposition. O
Proposition 2.33] together with the above argument implies Lemma [2.32] O
Propositions 229, 2.30, 23T and Lemma 2.32] together imply Theorem 227 O

2.8 Quotient bundle family. Global parametrization of surfaces Sy

Consider the quotient of the space C; x Cr by the action of the cyclic group generated by
the translation F' by the vector (27i,2). The quotient space (C x C)/F is identified with
Cj; x C¢, and the quotient projection is

T (6, R) = (s = ¢!, € = TR —t).

Lemma 2.34 There exists a holomorphic vector bundle & over C,xCtx @5 with a family
of meromorphic connections over C, such that the bundle £ = (& Rr) is its pullback under
the propection z x (t,R) — z X m-(t, R).

Proof For every (t,R) and (¢, R') = F"(t,R), n € Z, there is a unique isomorphism
of the corresponding bundles &z and & r/ with connections up to scalar factor. This
isomorphism can be normalized as in the proof of Proposition 2.31], and then it depends
locally holomorphically on the parameters (¢,R), as in the same proof. This implies the
lemma analogously to the same proof. O

Consider the bundle & as a family of holomorphic vector bundles 6275 over C, with
connections. Let ¢ € N be the corresponding parameter in the formal normal forms of the
connections. Set

Trivy := {(5,£) € C* x C | the holomorphic bundle 58,5 is trivial},

Y= (C* x C) \ Trivy.

Let X, C Triv, denote the subset of those (s,§) for which in the corresponding connection

in the trivial bundle on C the line non-coincidence condition does not hold: that is, the

eigenline of the main term matrix at 0 with the eigenvalue —3 coincides with the eigenline

of the main term matrix at infinity with the eigenvalue 3.

42



Theorem 2.35 1) The subset Trivy C C* x C is the complement to a complex analytic
hypersurface (curve) ¥g: a complex analytic subset of pure codimension 1.
2) The subset ¥’ C Trivy is also a complex analytic hypersurface (curve), in particular,
the subsets Trivy and
Trivy := Trivy \X' € C x C¢

are both open connected and dense in C% x C.

3) For every (s,§) € Trivy the trivial bundle é’;g with connection is analytically gauge
equivalent to a system of type (L) having a polynomial solution. The parameters (x,a) of
the corresponding system (I17) are uniquely determined up to sign change (x,a) — (—x, —a)
and (x,a) # (0,0).

4) Thus defined two-valued map T : Triv) — (C;ms associating to each (s,&) the param-
eters of the corresponding system (L7) from Statement 3), has two holomorphic branches
T+ bijectively parametrizing the two determinantal surfaces SZi = {det(G1s(x,a,s) £

Gayu(x,a,s)) =0} \ {s =0} by the domain Trivi C C* x C.

Proof The subset Trivy C C* x C is non-empty. Indeed, the set Sp+ U Sy of systems
([CH) with polynomial solutions is non-empty, their monodromy-Stokes data corresponding
to symmetric sectors and paths are parabolic, and the corresponding parameters (s,¢)
clearly lie in Trivy. This implies that ¥, is an analytic hypersurface, by [45], proposition
4.1] (see also its short proof in [I1), appendix 3]); see also a more general [49] theorem 2.2,
p.449]. The set 3 is the set of those parameters (s,§) € Trivy that correspond to those
connections in trivial bundle where appropriate main term matrix eigenlines coincides. This
is a non-trivial codimension one condition, since the complement Trivy = Triv,\¥, has a
non-empty interior. Therefore, ¥ is a complex hypersurface in Triv,. Statements 1) and
2) are proved.

Proposition 2.36 The surfaces S} . are disjoint from the s-azis {x = a = 0}.

Proof Way 1. System (LI) with x = a = 0 is diagonal with main term matrices
diag(—3,0) and diag(0, 5) at zero and at infinity respectively. Therefore, if s # 0, then
it has no vector polynomial solution, being the direct sum of one-dimensional equations
with solutions zfe2= and e2?.
Way 2. For x = a = 0 one has Gy ¢ = 0, and Gy = Gy ¢+ Gy is upper-triangular with
S

non-zero diagonal elements 5 and % Hence, its determinant is non-zero. O

Statement 3) follows from Theorems and 226t inequality (x,a) # (0,0) follows
from Proposition

Let us prove Statement 4). First, each point (sg,&p) € Trivy has a neighborhood where
the map 7 : (s,€) — (x,a,s) has two local holomorphic branches. This follows from [I1],
appendix 3, theorem 2|, which implies holomorphicity of normalized trivialization of the
bundle & ¢ in the parameter (s,£) and hence, holomorphicity in (s,&) of the family of
linear systems thus obtained (images of the connections) in the trivialized bundle. The
above two holomorphic branches clearly differ by sign (Statement 3)), and hence, their
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images lie in different surfaces Sy i, since the latter surfaces are permuted by the sign
change (x,a) — (—x,—a). The parameter subset Trivy is open and connected, being the
complement of the manifold C* x C to the union 3, U >;. Therefore, analytic extension
of each initial holomorphic branch of the map 7 along every path in Trivj may lie only in
one of the surfaces Sy +. This together with the above statement implies that each branch
yields a global holomorphic map

Tx : Trivg — S7 . = Se+ \ {s = 0}. (2.38)

Its bijectivity follows from Statement 3) and the fact that each system (LI) with s # 0
having a polynomial solution has non-degenerate parabolic monodromy-Stokes data and
hence, corresponds to a connection defined by some (s, ) € Triv) (Theorem [Z22). Theorem
is proved. O

2.9 Regularity and rationality. Proof of Theorem [1.14

Lemma 2.37 The surfaces S§ are disjoint regular submanifolds in C3\ {s = 0} diffeo-
morphically parametrized by the bijective maps Ty given by (2.38). In particular, they are
connected and hence, irreducible.

Proof The maps 7+ are holomorphic and bijective. The surfaces SZ . are analytic subsets
in C3\ {s = 0}. To prove that they are submanifolds, it suffices to show that the maps
T+ are immersions, and it suffices to prove this for one sign, say "+”. (Their connectivity
(hence, irreducibility) follows from connectivity of the parametrizing domain Trivj.) To
this end, we fix some (sp,&p) € Trivy and consider the new local coordinates (s, R) on its
neighborhood, where R = —in~1(¢£ +t) is the characteristic cross-ratio of the monodromy-
Stokes data corresponding to the paths gy, oy, t = Ins. Set (xo,a0,50) = T+(s0,&0) €
7+ We claim that the value of the cross-ratio R is well-defined on all systems (@3
with parameters (x,a,s) close enough to (xo,ao,So), and it is a holomorphic function of
(X, a,s). Indeed, recall that R is the cross-ratio of the points g20, 10, ¢}gs ¢200, Where i,
G20, G200 are projectivizations of the values at z = 1 of the canonical solutions f1g, f20, f2c0,
and ¢}, is the projectivization of the value at 1 of the image of the solution fjp under the
monodromy. All the above four points ¢ depend holomorphically on the parameters of the
system, as do the canonical solutions. Therefore, R is holomorphic. This yields an inverse
map (x,a,s) — (s, R) holomorphic on a neighborhood of the point (xo,ao,so) in C3. It
is inverse to T;: its pre-composition with 75 is the identity. This implies that 7. is an
immersion.
Let us show that the surfaces SZO, , are disjoint. Suppose the contrary: they are inter-
sected at some point (xo, aog,S0), So # 0. One has (xo,a0) # (0,0), by Proposition 230
and

(Xo,ao,SQ) = 7;:(80,&}:) for some f:t c E

But £, = &_, since they are equal (up to known multiplicative and additive constants)
to the characteristic cross-ratio of parabolic monodromy-Stokes data of one and the same
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linear system ([LH) with parameters (xo, ao, So), defined by the same pair of paths. Thus,
two distinct maps 71 take the same value (xo, ag, sg) at the point (sg, &, ), and they differ
by signs of (x, a)-components. Hence, xo = ap = 0. The contradiction thus obtained proves

Lemma 2371 O

Proposition 2.38 The surfaces Szi are fibered by regular rational curves (finitely punc-
tured Riemann spheres) of degree 20+ 1 over the s-azis punctured at the origin. There exists
adeN,d<20+1, such that for all but a discrete subset Coll, C C} of values s the s-fiber
of the surface SZ o+ has exactly d distinct punctures, and for s € Coll, the corresponding
number of punctures is less than d.

Proof For every s # 0 let X5+ denote the s-fiber: the preimage under the projection
Ty 2 SpL — Cs. It is a non-empty algebraic curve. Indeed, it is the zero locus of the
polynomial Py 4 (x,a,s) with fixed s and variable (x,a). The latter polynomial in (x,a) is
non-constant for every s: substituting x = 0 we get the polynomial Qg+ (p,7) = det(Gy £
r1d) defining the curve I'y . (up to constant factor), u = §, » = §. This is a polynomial
of degree ¢ > 0 in r, and hence, is non-constant. Thus, the set X+ is a non-empty
zero locus of a polynomial, and hence, an algebraic curve. Therefore, is parametrized
(bijectively except for possible singularities) by a punctured compact Riemann surface. The
punctures correspond to the intersections of the projective closure m with the infinity
hyperplane, which will be denoted by H. Each puncture comes with multiplicity equal to
the corresponding intersection index of the compact curve m with H. Therefore, the
total number of punctures with multiplicities is bounded by the degrees of the curves m
Their degrees are no greater than the degree of the polynomials P, 1, which is no greater
than 27 4+ 1.

On the other hand, the map 71 parametrizes the curve X 1 biholomorphically by an
open subset Xy C @g, which is the s-fiber of the open subset Trivy C C* x C. Therefore,
X, should be Riemann sphere punctured in no more than 2¢ points. Hence, each X 4 is
a rational curve, and it is regular by biholomorphicity of the parametrization 7L. Distinct
punctures may collide only at a discrete subset Coll, C C* of values s. Indeed, resolution
of singularities of the surface SZ ., which exists by Hironaka Theorem [30], transforms the
(singular) fibration by s-fibers into a singular fibration of a regular surface by rational
curves. Their punctures correspond to their intersections with another algebraic curve: the
image of the intersection of the surface S7, with the infinity plane under the resolution
of singularities. Collisions of the above-mentioned intersections obviously correspond to a
discrete subset of values s. This implies the last statement of Proposition Each curve
S, + is irreducible, being rational. Let us show that it has degree 2+ 1. Indeed, it is the zero
locus of the restriction to the given value s of the polynomial Py 4 (x,a, s) = det(G1 £Ga ).
The highest degree monomial of the latter polynomial in the variables (x,a) with fixed s is
equal to x“*1a® up to sign, which follows from formulas (LI2), (LI3) for the matrices Gy ¢
and G ¢. Therefore, the curve X; + has degree 2(+1, unless the polynomial Py 1 (x, a, s) with
fixed s # 0 has a multiple zero along its irreducible zero locus X5 +. The latter multiple
zero case is impossible. Indeed, in the latter case there would exist another polynomial
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W, +(X,a) vanishing on Xs + and an m € N, m > 2, such that ¥, (x,a) = Pr+(x,a,s)
up to constant factor. Let y®a® be the highest degree monomial of the polynomial Uy .
Then am =4+ 1, fm = ¢, m(a — ) = 1, thus m = 1, — a contradiction. The proposition
is proved. O

Statement 1) of Theorem [[LI4 follows from Lemma 237 and Proposition Its
Statement 2) follows from Proposition2.38 It remains to prove Statement 3). The preimage
7;1(S§i) is the complement of the product C* x C to the union ¥, UX). Let us show
that the latter union is an analytic hypersurface. We already know that >, is an analytic
hypersurface, and X} is an analytic hypersurface in (C* x C) \ ¥y. It remains to show that
the closure E_Z is an analytic hypersurface (if non-empty), i.e., that its a priori potential
singularities contained in ¥, are removable. Here by non-removable singularity we mean a
point where the analytic subset in question does not extend as an analytic subset: a point
where the analytic subset is defined but not regular is considered as removable by definition.
Indeed, it follows from definition and analyticity that the only potential non-removable
singularities are points of the intersection E_’g N 3. The latter intersection points have s-
coordinates lying in the discrete subset Coll, from Proposition 2238 and each intersection
point corresponds to a puncture: lies in the finite complement C\ X s,+ of the corresponding
fiber of Trivy = (C* x C) \ (£,UY}). Hence, each intersection point is isolated. An isolated
intersection point is a removable singularity of the hypersurface 3, by Shiffman Theorem,
see [52] and [23, subsection 4.4]. Therefore, 2_2 is a hypersurface, and hence, so is ¥, U X).
Theorem [[.14] is proved.

2.10 Irreducibility of polynomials and surfaces. Proof of Theorem [1.13

Irreducibility of the surface Sy 4 is equivalent to connectivity of its regular part. Its open
subset S7 | = Sy +\{s = 0} is connected and lies in its regular part (Lemma[2Z37). Thus, to
prove irreducibility, it remains to show that Sy + does not contain the hyperplane {s = 0}.

Proposition 2.39 The polynomial Py does not vanish identically on the hyperplane {s =
0}.

Proof The polynomial Py 4 (0,a,0) is a polynomial in one variable a with highest degree
monomial 2?% up to sign, by formulas (L.I12), (II3)) for the matrices G, and G . O

The surfaces Sy + do not contain the hyperplane {s = 0}, by Proposition This
together with the above argument implies their irreducibility.

Let us prove irreducibility of the polynomial Py +. Its zero locus is an irreducible surface
S¢+. Thus, it remains to show that Sy 4 is not its multiple zero locus. This follows from
the fact that for every fixed s # 0 the zero locus of the polynomial Py 4 (x,a,s) with fixed
s is the s-fiber of the surface SZ +, and it is not its multiple zero locus, as was shown in the
proof of Proposition Theorem is proved.
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2.11 Smoothness of the spectral curves and the genus formula. Proof of
Theorems and

As was shown by I.Netay, Theorem [L6] (smoothness of the curve I') = T',\ {u = 0} C (Cg\,ﬂ)
implies the genus formula given by Theorem Thus, for the proof of the genus formula,
it remains to prove Theorem To do this, we consider the line field on (C?oa,s given by
the system of the second and third differential equations in ([LGl). It is generated by the
vector field

1
v = (Vy, Vg, Us), Uy = 5((1(1 —4x?) 4+ 20x), vy = 2x(a® — §%) — la, vs = s, (2.39)
which will be called the P8 isomonodromic vector field.

Theorem 2.40 Each surface Sy + is tangent to the P3 isomonodromic vector field v.

Proof The surface Sy 4 is described in terms of monodromy-Stokes data: parabolicity and
non-degeneracy conditions, see Theorem [2.22] which are invariant under isomonodromic
deformations. Therefore, it is tangent to the P3 isomonodromic vector field v. O

Smoothness of the curve I'} is equivalent to smoothness of one (or equivalently, both)
components I'y , C (C?%S of its pullback under the map (a,s) — (A = 1(a? — s?), 1 = 3).
The curve I'y , is the complement of the zero locus I'y + = {Qr,+ = 0} to the line {s = 0}.
It is the intersection of the smooth surface SZ , with the hyperplane {x = 0}. The latter
intersection is transversal, since the line field (@) is tangent to SZ 4 and transversal to
the hyperplane {x = 0} outside the line {a = x = 0}. But we already know that SP+
is disjoint from the line {x = a = 0}, by Theorem [[.T4] Statement 1). Therefore, the
line field on (Cia,s given by (L)) is transversal to the hyperplane {x = 0} at points of its
intersection with SZ +, which are exactly the points of the curve FZ 4, by Proposition
Thus, their intersection is transversal. Therefore, the curve I' | is smooth, and hence, so
is I'7. Theorem [L.6] and hence, Theorem are proved. 7

3 Isomonodromic foliations of the determinantal surfaces

Here we study the isomonodromic foliations of the complex surfaces Sy+ for ¢ = 0,1:
foliations by phase curves of the P3 isomonodromic vector field v given by (2.39).
Theorem [2.40] implies the following corollary.

Corollary 3.1 For every £ € N one has
APy +

o = he+Pe+, he+ =he+(x,a,s) is a polynomial. (3.1)
v

Proof The surface Sy + being zero locus of an irreducible polynomial P, 4, and the vector
field v being polynomial and tangent to Sy + (Theorem 240), we get (B.). O

Problem 3.2 For every / find the polynomial multiplier Ay 4 from (BII).

Below we present formulas for the polynomial multipliers hy 4+ for £ = 1,2.
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3.1 Case/=0

For ¢ = 0 the set of those parameters (x, a, s) for which the corresponding system (LH) has
a vector polynomial solution is the union of two planes {x = i%}, both being equipped
with the coordinates (a,s). The isomonodromic foliations of the latter planes are given by
the Riccati equation derived from the second equation in (L.6):

3.2 Case/l/=1

Let us calculate hy +. Afterwards we show that the corresponding isomonodromic foliation
is given by a Riccati equation. We also present a result on monodromy and Stokes operators
of the linear system whose projectivization is the latter Riccati equation.

Proposition 3.3 For { =1 one has

AP+
dv

Proof Let us multiply P; + by +4. We get

1
=h1+P1+, hi+(x,a,s) = iz(l —2x(a £ 5)). (3.2)

Prt = +4P1 1 = (a £ 5)(1 — 4x2) + 4x,

v OPr. + vsapl’i = (1 —4xH)(2x(a* — s*) —a £ 5)

* Oa Os
= (Prs —40)(2x(a T 5) + 1) — 2a(1 — 4x%), (3.3)
Uy az;;i = (—8x(a*s)+ 4)%(&(1 — 4X2) +2x) = (—4x(a £ s) +2)(a(l — 4X2) +2))

= —8x*(a =+ s) +4x + 2a(1 — 4x*) — 4ax(1 — 4x*)(a + 5)
= —8x%(a £ 5) + 4x + 2a(1 — 4x°) — 4ax(7f517i —4x). (3.4)
Summing expressions ([B.4) and B3] yields

dP ~
#’i = —8x%a T 8x%s + 4y + P1+(1—2x(a+ts))+ 16ax? — 4y
—8x2a+8x%s = P +(1—2x(a+5)).
This proves (3.2). O
In what follows we treat only the case ”—"; the case ”+” is then obtained by the sign

change (x,a) — (—x, —a).
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Proposition 3.4 In the coordinates (x,s) on the surface T'y — = {P1 _ = 0} the vector
field (Z239) generates the line field defined by the Riccati equation

1-4x*  x
= 2, 3.5
X 5 . (3.5)
Proof The equation P _ = 0 is equivalent to the formula
4x
a:s—1_4X2. (3.6)

Substituting ([B8.6]) to the first differential equation in (L)) yields

, a—2x(=1+2xa) a(l—4x®)+2x s(1—-4H -2y 1 o X
Xs = = = =—(1-4x°) — =.
2s 2s 2s 2 S
This proves the statement of the proposition. O

The Riccati equation (3.0) is the projectivization of the linear system

w () D)

a function x(s) is a solution of (3.1), if and only if it can be presented as a ratio g—?(s),

where U(s) = (¥1(s), Ua(s)) is a vector solution of (B.7]).
System (B.7)) has Fuchsian singularity at the origin with residue matrix diag(0,—1) and
irregular singularity at infinity of Poincaré rank 1.

Proposition 3.5 The formal normal form at infinity of system (3.7) is

w(E )6 )

2) The Stokes matrices of system (3.7) at infinity are both non-trivial.
3) Its monodromy along circuit around the origin is unipotent Jordan cell.

Proof The free term matrix in (3.7) has eigenvalues 1, —1; the corresponding eigenvectors
are (2,1), (2,—1). Therefore, it is diagonalized by conjugacy as follows:

G5 G006 2)-65)

The same conjugacy brings the residue matrix in [B.7) to
2 2\ /0 0\/2 2\ (-1 1
1 -1 0 -1)\1 -1)  \§ =3/

49

[—=



This implies that the residue matrix of the formal normal form at infinity is diag(—%, —%)
Statement 1) is proved.

The eigenvalues of the monodromy operator of system (B.1) along a positive circuit
around the origin are equal to the exponents of 277 times the residue matrix eigenvalues 0,
—1, since the singular point at the origin is Fuchsian with residue matrix diag(0, —1). Thus,
both monodromy eigenvalues are equal to one, the monodromy is unipotent, and its trace is
equal to 2. On the other hand, the monodromy matrix in an appropriate canonical sectorial
solution basis at infinity is the product of three matrices: the monodromy matrix of the
formal normal form exp(—2midiag(3,1)) = —Id and the inverses of the Stokes matrices;
the latter inverses are unipotent respectively lower and upper triangular of the type

Cfl = (_101 (1)> , C(;l = (é _1CO> ; cp,1 are called the Stokes multipliers,

see (Z.8). The total product of the three matrices in question is equal to

M= <;11 _a i06001)> . (3.9)

Its trace is equal to —(2 4 ¢pcqp). But on the other hand, it is equal to 2, see the above
discussion. Thus, cyc; = —4. This proves Statement 2) of the proposition. Statement
3), which is equivalent to nontriviality of the monodromy (unipotence), follows from non-
triviality of the Stokes multipliers and (B.9)), as in [28]. The proposition is proved. O

3.3 Case /=2

Proposition 3.6 For ¢ =2 one has

dPo +

1
= ho+Pot, ho+(x,a,s) ==%-(2—a2xF1)). (3.10)

8
Proof Set ﬁg,i := £8P> +. One has
Por = (2x £ 1)2(2x F 1)(a® — s?) — 2a(2x £ 1)(6x T 1) + 16,

see (LI,

0T 520y 1P 2y ¥ 1)
=2(a® — )2x £ 1)22x F 1) — 2a2x £ 1)?(2x F 1), (3.11)
Vo 87;% = (2x(a® — %) — 2a)(2x £1)(2a(4x* — 1) — 12y £ 2),
a
P 1
0T = S(all — 4¢) + (@ — )2 E D2 F2) — Sa(Ox £ 1) + 16).
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Therefore

APy . OPot P+ OPot

pa P + vg 5 + vy Oy = A(a® — %) + B, (3.12)
A= (2x £ 1)(2(4x° — 1) +4xa(dx® — 1) — 24x° £ 4x + (a1 — 4x?) + 4x))(6x F 1))
= (2x £ - 12 - al2x F1)). (3.13)
B = —2a*(2x£1)3(2xF1)—4a(2x£1)(a(4x*—1)—6x£1)+4(a(1—4x?) +4x) (—a(6xE£1)+2)
= 202 (4x% — 1)(6x F 1) + 4a(—20x> + 1) + 32x. (3.14)

In order to prove ([B.I0), taking into account formula (B.I3)), it remains to show that
B=(2-a2xF1))(—2a(2x £ 1)(6x F1) + 16x). (3.15)

Opening brackets in ([B.13]), one gets (B.14). This proves ([B.15), and hence, (310). O
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