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A B S T R A C T

This work aims to introduce a groundbreaking approach by directly computing the Fokker–Planck equation,
providing a mesoscopic scale orientation indicator based on the 2D-probability density function (PDF) of
the fibers’ orientation state. Unlike conventional methods that rely on pre-averaged quantities and closure
approximations, our method offers enhanced accuracy and information preservation. The model’s enhanced
accuracy can be served as a foundational tool for future studies, enabling the development of comprehensive
models describing the fluid-flow coupling problem with precision. Consequently, this advancement facilitates
the simulation of real-case scenarios, such as the dynamic motion of fibers during the injection phase
of molten thermoplastics within a mold cavity. The novelty of this work lies in its application of the
Streamline-Upwind/Petrov–Galerkin (SUPG) finite element method, on both orientation and physical spaces.
Our model shows the potential to improve the understanding and prediction of fiber behavior in industrial
applications, offering valuable insights into process optimization and design. Implemented within a finite
element framework, a comprehensive investigation is conducted into the effects of mesh refinement, time
scheme, and time stepping on the computational modeling of the PDF evolution, aiming to strike an optimal
balance between model precision and computational efficiency. The validation tests were conducted for the
case of simple shear flow to examine the influence of the interaction coefficient 𝐶𝐼 and the fiber shape factor
𝜆 on the resolution of the probability distribution function. The numerical results demonstrate the evolution
of fiber orientation over time under Poiseuille flow conditions.
. Introduction

Thermoplastics reinforced with short fibers have gained prominence
n engineering, notably in automotive applications, offering a path
o weight reduction and cost efficiency while optimizing mechanical
ttributes [1,2]. The microstructure generated during manufacturing
ignificantly influences the material’s properties [3,4]. For injection-
olded parts, fiber orientation profoundly impacts mechanical charac-

eristics, including tensile strength [5,6]. Consequently, predicting fiber
rientation using numerical methods has been a critical research fo-
us [7–9]. Prioritizing the study of fiber orientation is essential, provid-
ng a foundational understanding before delving into the complexities
f flow-fiber coupling.

The bibliographic work [10,11] has highlighted the complexity of
he phenomena that govern the orientation of fibers. In the pursuit of

∗ Corresponding author.
E-mail address: luisa.rocha-da-silva@ec-nantes.fr (L. Silva).

predicting and simulating fiber orientation, various orientation evolu-
tion models have been proposed across different scales, encompassing
meso, micro, and macroscales. These models aim to reveal the intricate
rotational dynamics and behaviors exhibited by discontinuous fibers.
At the microscale, a singular model described through the Jeffery
equation, is employed to explore the individual dynamics of fiber ori-
entation, with intersections among fibers omitted. This study [12] was
one of the first to describe the orientation dynamics of a particle, while
providing a simplified yet insightful representation of the orientation
dynamics of ellipsoidal particles within a flow. Its model is written as:

𝐩̇ = −𝝎.𝐩 + 𝜆(𝐄.𝐩 − 𝐄 ∶ 𝐩⊗ 𝐩⊗ 𝐩) (1)

where 𝐩 is the unit vector that describes a single fiber orientation, 𝐩̇ is
the material derivative of p, 𝐄 and 𝝎 are the strain rate and vorticity
vailable online 14 July 2024
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tensors respectively, and 𝜆 is the shape factor which depends on the
eometry of the fiber:

𝐄 = 1
2
(∇𝐮 + ∇𝐮𝑇 )

= 1
2
(∇𝐮𝑇 − ∇𝐮)

𝜆 =
𝛽2 − 1
𝛽2 + 1

(2)

where 𝐮 is the fluid velocity vector and 𝛽 is the aspect ratio of the
fiber (length/diameter). However, its effectiveness hinges on certain
assumptions like rigid ellipsoidal shapes, uniform velocity changes,
and adhesive fluid-particle contact. As a result, its accuracy might be
limited when dealing with intricate flow patterns, complex particle
geometries, or particle interactions.

In commercial software, a model at macroscale is employed, involv-
ing the use of the second-order orientation tensor 𝐚𝟐 as the principal
variable for characterizing fiber orientation. This tensor is defined as
the moment of the probability distribution function 𝜑 [13], which
expresses the probability of finding a fiber with an orientation between
(p and dp) at time t, as it must satisfy conditions of periodicity,
normalization, and continuity.

𝑃 = ∫

𝐩+𝑑𝐩

𝐩
𝜑(𝐩)𝑑𝐩 (3)

Furthermore, orientation tensors in (2D) possess intriguing properties,
such as they are completely symmetrical (𝐚𝐱𝐲 = 𝐚𝐲𝐱) and their trace is
nitary (𝑎𝑥𝑥+𝑎𝑦𝑦 = 1). The diagonal terms of 𝐚𝟐 signify fiber alignment
elative to the coordinate directions x and y, whereas off-diagonal ele-
ents quantify orientation distribution asymmetry. Therefore to model
article motion within semi-concentrated solutions on a macroscopic
cale, the orientation state is described through a phenomenological
pproach allowing for the evolution of the orientation tensor. This
odel, proposed by Folgar and Tucker [14], is represented in the

ollowing form:
𝐷𝐚𝟐
𝐷𝑡

= (𝐚𝟐.𝝎 − 𝝎.𝐚𝟐) + 𝜆(𝐄.𝐚𝟐 + 𝐚𝟐.𝐄 − 2𝐄 ∶ 𝐚𝟒) + 2𝐶𝐼 𝛾̇(𝐈 − 3𝐚𝟐) (4)

here 𝛾̇ is the generalized shear rate, and 𝐶𝐼 is the interaction coeffi-
ient. Nevertheless, this model possesses a drawback, necessitating the
pplication of a closure approximation. It is needed as a dependency
f the lower even order fiber orientation tensor on the tensor of the
ext higher even-order is recurred, as the fourth order tensor in Eq. (4)
s a function of a six-order tensor and so forth. Consequently, different
losure approximations have been proposed in the literature [8,15–17],
ut often resulting in inaccuracy and loss of information.

To mitigate the limitations associated with employing models at
oth the micro and macroscale, the development of a mesoscopic evo-
ution model is necessary to describe the orientation behavior of a fiber
opulation. This model is governed by the Fokker–Planck equation,
equiring the solution of the distribution function 𝜑 which offers a
horough and precise description of the orientation state of a suspension
t a given material point.

Advani and Tucker [18] addressed the Fokker–Planck equation
hrough the application of finite difference method and implicit time
ntegration. They employed central differences for 𝐩 derivatives and

Gauss–Seidel relaxation for computations at each time step. But no-
tably, re-normalization of the PDF 𝜑(𝐩, 𝑡) was necessary due to bound-
ary conditions imposing zero values at angles 0 and 𝜋. However, this
implies negligible probabilities for fibers oriented at both angles, a
simplification that may not always hold.

Chinesta and co-workers [19,20] employed the meshless particle
method for discretizing the Fokker–Planck equation dominated by ad-
vection. This approach has been extended to handle a convection–
diffusion equation where diffusive behavior is described by random
motions [21,22]. Nonetheless, its applicability was constrained to cases
involving minimal diffusion effects, as the large number of particles
2

required for solution stabilization rendered this technique impractical
for intricate industrial applications.

Galerkin methods employing spherical harmonics as basis func-
tions within orientation space [23–25] demonstrate efficiency and
notable performance in situations characterized by a dominant diffu-
sion regime. However, such approaches are less advisable for challenges
driven by advection-dominated transport phenomena. This is due to
the potential requirement of a considerable number of modes/moments
to achieve positivity preservation for probability distribution functions
exhibiting sharp peaks [26].

Several studies [27–29] have employed an approximation approach
to incorporate Fokker–Planck resolution within a finite volume frame-
work, yielding promising outcomes. However, in scenarios with height-
ened convection dominance and the presence of sharp gradients, the
SUPG finite element method can offer advantages. This method is
particularly proficient at managing strongly aligned orientation states,
which frequently arise in practical situations involving fibers with
quasi-infinite shapes (𝜆 → 1). Moreover, FEM-SUPG facilitates the
mplementation of adaptive mesh refinement, allowing the concentra-
ion of finer meshes in regions of interest. This refinement strategy,
s exemplified in situations of solution concentration for specific fiber
rientations, can substantially reduce computational expenses while
levating solution accuracy.

This study presents a new numerical approach using FEM-SUPG
o solve the Fokker–Planck equation, focusing on fiber orientation
ynamics. While currently restricted to orientation mechanisms, the
ramework holds potential for future coupling simulations. Section 2
utlines the methodology for computing the evolution equation of the
robability distribution function in a 2D domain, detailing the refor-
ulation and discretization via full FEM-SUPG of the Fokker–Planck

quation. Section 3 presents numerical outcomes, including validation
ests and assessment of parameter influences on the probability distri-
ution function solution. The study concludes by discussing prospects
or determining the fourth-order tensor and its integration within the
tokes equation. Additionally, the presented analysis showcases the
volution of fiber orientation within the context of Poiseuille flow
onditions, serving as a foundational study poised to pave the way
or a comprehensive examination of the intricate fluid-flow coupling
henomenon in future work.

. Mathematical modeling

.1. Fokker–Planck equation

Generally, in statistical mechanics, the Fokker–Planck equation is
efined as a partial differential equation that describes the temporal
volution of the probability density function of the particle’s velocity
nder the impact of drag forces. In short fiber reinforced thermoplastic
rocessing, fibers can orient in different directions induced by the
njection flow. Prager [30] was the first to get interested in the statistics
f particle orientations by defining an orientation distribution function.
n kinetic theory, a complete description of the orientation state of the
omposite requires calling an orientation distribution function 𝜑(p,t)

which, as discussed above, expresses the probability of a fiber for
having a certain orientation p at time t. From Bird et al. [31], if 𝐩̇
(dp/dt) denotes the material time derivative of p, then the conservation
quation of 𝜑 is written, neglecting the Brownian motion of the fibers
s follows:
𝜕𝜑
𝜕𝑡

= −∇𝐩 ⋅ (𝐩̇𝜑) (5)

This equation is valid in the particular case of dilute fiber suspensions.
On the other hand, in the case of semi-diluted or concentrated fiber
suspensions, the hydrodynamic type interactions should be taken into
account by adding in Eq. (5) a term analogous to a pseudo-Brownian
diffusivity. In order to take into account fiber interactions, Folgar
and Tucker [14] added to the Jeffery equation a phenomenological
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Fig. 1. Illustration: time evolution of PDF with 𝛥𝑡 = 0.5 s, 𝛾̇ = 1 s−1, 𝜆 = 0.8, and
𝐶𝐼 = 0.01, for a simple shear flow.

diffusion term. Consequently, the time evolution of particles can be
expressed generally as [13]:

𝐩̇𝐹𝑇 = −𝝎.𝐩 + 𝜆(𝐄.𝐩 − 𝐄 ∶ 𝐩⊗ 𝐩⊗ 𝐩)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐩̇𝐽𝑒𝑓𝑓𝑒𝑟𝑦

−
𝐷𝑟
𝜑

∇𝜑 (6)

By combining Eq. (5) with Eq. (6), the well known Fokker–Planck
equation is introduced as:
𝜕𝜑
𝜕𝑡

= −∇𝐩 ⋅ (𝐩̇𝜑) +𝐷𝑟∇2
𝐩𝜑 (7)

where 𝐩̇ is the orbital velocity and 𝐷𝑟 is the rotary diffusivity coeffi-
cient. The expression of the latter is given in [13]:

𝐷𝑟 = 𝐶𝐼 𝛾̇ (8)

where 𝐶𝐼 is empirically determined and describes the rate of interac-
tion. After all the Fokker–Planck Eq. (7) expresses the rate of change
for the PDF 𝜑, using the Jeffery equation for a single fiber (1) and the
continuity Eq. (5). Fibers are molded as independent random variables
with identical distribution and zero mean. Each interaction results in a
change of orientation in both fibers. So the right hand side of Eq. (7)
is the sum of two contributions: the convection and the diffusion parts.
An illustration of PDF time evolution is shown in Fig. 1.

2.2. Reformulation of Fokker–Planck equation

2.2.1. Equation recasting
The Fokker–Planck equation usually presents challenges in evalu-

ating its parameters, and the higher number of dimensions involved
results in often prohibitively high computational costs. To address this
issue, this section describes the methodology employed to reduce the
complexity of Eq. (7), thereby minimizing the computational burden
of its resolution. Notably, in this study, The Fokker–Planck equation
is addressed within a 2D orientation domain, where the probability
distribution function is described on a circle, and it can be solved for
each single spatial node in the spatial domain (fluid domain). So at
first, Eq. (7) is reformulated. Through the knowledge that divergence is
a linear operator and using the product rule derived from the ordinary
differentiation rules of calculus [32], the convective term is expanded
and expressed in the following form:

∇𝐩 ⋅ (𝐩̇𝜑) = 𝐩̇.(∇𝐩𝜑) + 𝜑∇𝐩 ⋅ 𝐩̇ (9)

Acknowledging that the orientation of a vector is defined as the angle
formed by its line segment with the horizontal axis, the representation
of a single fiber’s orientation is achieved, as mentioned earlier, through
3

Fig. 2. 2D polar domain where all the possibilities of a fiber orientation exist.

the use of the normal direction vector, denoted as 𝐩. So 𝐩 defined
in a polar coordinates is described as function of angle (𝜃 in 2D)
and radius (𝑟 = 1). Consider a fiber initially oriented at an angle
𝜃0 and gradually rotated to an angle 𝜃1. Fig. 2 illustrates the fiber
orientations at 𝜃 = 𝜃0 and 𝜃 = 𝜃1 denoted by 𝐩𝟎 and 𝐩𝟏, respectively. By
determining the slope (gradient) of 𝐩 using trigonometric expressions
related to the polar angle, the change in 𝐩 direction representing the
fiber orientation corresponds to the change in its angle of rotation.
Thus, an association between 𝐩 and 𝜃 is established as ∇𝐩 = ∇𝜃 .
Consequently, in the 2D case, 𝜑 can also be expressed as a function
of the orientation angle 𝜃. Combining this expression with Eq. (9), the
reformulated Fokker–Planck equation is obtained:
𝜕𝜑
𝜕𝑡

+ 𝐩̇.(∇𝜽𝜑) + 𝜑.∇𝜽𝐩̇ −𝐷𝑟∇𝜃 ⋅ (∇𝜃𝜑) = 0 (10)

2.2.2. Angular velocity calculation
The orbital velocity 𝐩̇ contributes to fiber motion, both in terms

of rotation and deformation. Thus, the first term in Eq. (10) leads
to pure rotation of the fibers, the second term generates deforma-
tion(elongation) which causes also a rotation and the third term con-
tributes to only elongation. This can be mathematically proven by
simple calculations of each term of 𝐩̇. Taking for example a simple 2D
shear flow in the 𝑥 direction, its velocity profile can be given by:

𝐮 =
[

𝑢𝑥
𝑢𝑦

]

= 𝛾̇ .
[

𝑦
0

]

(11)

where 𝐮 has one non-zero component, 𝑢𝑥, whose gradient is perpen-
dicular to the velocity itself and equal to 𝛾̇. For that case, this implies
that Eq. (10) can be solved separately for every single spatial node as
the velocity gradient is constant over the domain, which means that all
fibers orient themselves with the same rotation rate. Firstly, vorticity
and deformation tensors are computed from expressions (2), knowing
that (∇𝑢)𝑖𝑗 is expressed as 𝜕𝑢𝑖∕𝜕𝑥𝑗 in index notation (with 𝑖, 𝑗 ∈ [x, y]),
and then plugged into Jeffery’s part of Eq. (6) to calculate each term of
𝐩̇, respectively. The components of the vector p are expressed in polar
coordinates and the expressions of the first two terms in Eq. (6) can be
determined:

𝐄.𝐩 = 1
2

[

0 𝛾̇
𝛾̇ 0

]

.
[

cos 𝜃
sin 𝜃

]

= 1
2
𝛾̇
[

sin 𝜃
cos 𝜃

]

𝝎.𝐩 = 1
2

[

0 −𝛾̇
𝛾̇ 0

]

.
[

cos 𝜃
sin 𝜃

]

= 1
2
𝛾̇
[

− sin 𝜃
cos 𝜃

]
(12)

The third term is re-written in a simpler manner form to facilitate
its calculation, without necessarily computing the third order tensor
resulting from the tensor product between the three unit vectors 𝐩:

𝐄 ∶ 𝐩⊗ 𝐩⊗ 𝐩 = (𝐩𝑇 .𝐄.𝐩).𝐩 (13)

where 𝐩𝑇 is the transposed vector of 𝐩. Then, similarly:

(𝐩𝑇 .𝐄.𝐩).𝐩 = 𝛾̇(cos 𝜃 sin 𝜃).
[

cos 𝜃
sin 𝜃

]

(14)

A vector field is defined as a function that maps points to vectors, thus
the fields in Eqs. (12)–(14) which describe the physical motions of a
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Fig. 3. 𝐩̇-effect applied to fiber motion: (a) pure rotation (Eq. (12)); (b) elongation+rotation (Eq. (12)); (c) pure elongation (Eq. (13)).
Table 1
Representation of vector fields.

Fields
𝜃 0 𝜋/4 𝜋/2 𝜋

𝐄.𝐩 (0, 𝛽) (𝛽
√

2
2

, 𝛽
√

2
2

) (𝛽, 0) (0,−𝛽)

𝜔.𝐩 (0, 𝛽) (−𝛽
√

2
2

, 𝛽
√

2
2

) (−𝛾̇ , 0) (0,−𝛽)

(𝐩𝑇 .𝐄.𝐩).𝐩 0 (𝛾
√

2
2

, 𝛾
√

2
2

) 0 0

fiber, can be sketched by plugging some coordinates of different points
as shown in the following table (see Table 1), where 𝛽 = 𝛾̇/2 and
𝛾 = 𝛾̇(cos 𝜃 sin 𝜃). Starting from the configuration presented in Fig. 2,
contributions of the three terms on the vector fields are drawn in Fig. 3.
Furthermore, the vector field corresponding to Eq. (14) and the unit

vector 𝐩 are shown to be co-linear, physically meaning that the fiber
experiences only deformation considering the effect of Eq. (14). This
implies that this term can be negligible if fibers are very stiff. Hence,
equation Eq. (8) is recast as follows:

𝐩̇ = −𝝎.𝐩 + 𝜆(𝐄.𝐩) (15)

With the help of Eqs. (2), (15) is written in the index notation where 𝐄𝑖𝑗
and 𝝎𝑖𝑗 are the components of the strain rate and the vorticity tensors
respectively. This results in:

𝐩̇ =
[

cos 𝜃(𝜆𝐸𝑥𝑥 − 𝜔𝑥𝑥) + sin 𝜃(𝜆𝐸𝑥𝑦 − 𝜔𝑥𝑦)
cos 𝜃(𝜆𝐸𝑦𝑥 − 𝜔𝑦𝑥) + sin 𝜃(𝜆𝐸𝑦𝑦 − 𝜔𝑦𝑦)

]

(16)

where (𝜔𝑥𝑥 = 𝜔𝑦𝑦 = 0). As aforementioned, the rotational effect of
𝐩̇ is only sought in order to predict the fiber orientation. Thus, the
angular velocity 𝜃̇, which is the rate of change of angle in time, is
determined in order to compute the fiber rotation. As seen in Fig. 4, 𝐩̇
4

Fig. 4. Projection of 𝐩̇.

can be decomposed into radial and tangential orientation velocities by
projecting it on unit vectors 𝐕𝐫 and 𝐕𝐭 respectively. So, the projection
of 𝜃̇ is determined from the following formula:

𝑝𝑟𝑜𝑗𝐕𝐭
𝐩̇ = (

𝐩̇.𝐕𝐭
‖

‖

𝐕𝐭‖‖
2
).𝐕𝐭 (17)

where (‖
‖

𝐕𝐭‖‖
2 = 1) in case of the unit circle. Eq. (16) is plugged into

expression (17), 𝐩̇ is projected and 𝜃̇ is computed as follows:

𝜃̇ = 1
2
cos2 𝜃(𝜆𝐸𝑥𝑦−𝜔𝑦𝑥)−

1
2
sin2 𝜃(𝜆𝐸𝑥𝑦−𝜔𝑥𝑦)+𝜆 cos 𝜃 sin 𝜃(𝐸𝑦𝑦−𝐸𝑥𝑥) (18)

The final form of the reformulated Fokker–Planck equation, which will
be later discretized in the 𝜃-space, is:

𝜕𝜑
𝜕𝑡

+ 𝜑∇𝜽𝜃̇ + 𝜃̇(∇𝜽𝜑) −𝐷𝑟∇𝜃 ⋅ (∇𝜃𝜑) = 0 (19)
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Fig. 5. Projecting 2D to 1D discretization domain.
Table 2
Nodal connectivity matrix.
Element Topology

1 1,2
2 2,3
. .
. .
. .
N N-1,N
N N 1

2.3. Discretization of Fokker–Planck equation

2.3.1. 2D-1D configuration
Initially, the configurational domain is represented by a unit circle

in the 2D plane, to reduce the complexity and the computational effort.
The 2D domain is converted into a 1D domain by projecting the unit
circle into a 1D segment whose length is 2𝜋, as shown in Fig. 5. As seen
in Table 2, the numbers of nodes and elements are equal, and the last
node is connected to the first node.

2.3.2. Finite element approach
As mentioned previously, there are a large number of studies in the

literature concerning the numerical calculation of fiber orientation by
solving the Fokker–Planck equation (FPE). On the contrary, few of them
were able to get an accurate solution while maintaining its stabilization.
The discretization of the geometries plays a key role for an accurate
resolution of the FPE. The initial step is the definition of a proper
computational domain (see Fig. 5), representing as good as possible the
characteristics and shape of the simulated problem. So, the FEM was
used in this work to compute the FPE which allows theoretical studies
such as uniqueness, existence, consistency, and stability of solution
to be performed, due to its strong mathematical developments. Also
it assists in taking advantages from techniques like parallelization,
a technique that use full capacity of the modern day computers for
obtaining quick results, which have also been developed for enhanc-
ing in particular the FEM discretization technique; the parallelization
technique will be advantageous especially for futur works related to
the flow-fiber coupling problem. So in order to solve Eq. (19), the
SUPG approach [33] instead of the standard Galerkin method, as the
latter either produces excessive numerical diffusion, or non-physical
oscillations as a first order differential operator also appears for FPE.
The SUPG consists in disturbing the test functions for the convection
terms by adding a term which is similar to the artificial diffusion:

𝜑̃𝑠𝑢𝑝𝑔 = 𝜑̃ + 𝛾𝜃̇ ⋅ ∇𝜑̃ (20)

where 𝛾 is a stabilizing coefficient that controls the artificial diffusion,
expressed as:

𝛾 = ℎ
̇ 𝐷𝑟

(21)
5

(2|𝜃| + 2 ℎ )
where ℎ is the mesh size. To begin with, the various spaces needed
to express the weak formulation of FPE’s physical problem, are in-
troduced. The spaces used in ICI-tech (solver libraries from Centrale
Nantes, France) are recalled:

• 0(𝛺𝜃): the space of functions continuous on 𝛺𝜃
• 1(𝛺𝜃): the space of polynomials of degree 1 on 𝛺𝜃
• 2(𝛺𝜃): the Lebesgue space of square-integrable functions on 𝛺𝜃

2(𝛺𝜃) = {𝑤,∫𝛺𝜃

𝑤2𝑑𝛺𝜃} (22)

• 1(𝛺𝜃): the Sobolev space of functions whose order 1 derivatives
belong to 2(𝛺𝜃)

1(𝛺𝜃) = {𝑤 ∈ 2(𝛺𝜃), 𝐷𝑤 ∈ 2(𝛺𝜃)} (23)

Thus, the spaces for the PDF and its arbitrary function are defined as:

 = {𝜑 ∈ 1(𝛺𝜃)}

 = {𝜑̃ ∈ 1(𝛺𝜃), 𝜃̇ ⋅ ∇𝜑̃ ∈ 1(𝛺𝜃)}
(24)

Galerkin’s variational formulation of the problem is then constructed
by multiplying Eq. (19) by the test function 𝜑̃(𝑥) ∈  and integrating
over the entire domain 𝛺𝜃 , results in:

(𝜕𝑡𝜑, 𝜑̃) + (𝛾𝜃̇ ⋅ 𝜕𝑡𝜑,∇𝜃𝜑̃) + (∇𝜃 𝜃̇ ⋅ 𝜑, 𝜑̃) + (𝜃̇ ⋅ ∇𝜃𝜑, 𝜑̃)

+(𝜃̇ ⋅ ∇𝜃𝜑, 𝛾𝜃̇ ⋅ ∇𝜃𝜑̃) +𝐷𝑟(∇𝜃𝜑,∇𝜃𝜑̃) = 0 (25)

where the notation (⋅, ⋅) defines the scalar product in the sense of the
2(𝛺𝜃):

∀(𝑢, 𝑣) ∈ 2(𝛺𝜃), (𝑢, 𝑣) = ∫𝛺𝜃

𝑢𝑣𝑑𝛺𝜃 (26)

To solve this problem, the domain is discretized and broken down into
simplexes  formed by 1D-elements (see Fig. 5). Thus, the preceding
spaces of continuous functions are approximated on  by discrete sub-
spaces of finite dimensions constituted by piece-wise continuous linear
functions.
ℎ = {𝜑ℎ|𝜑ℎ ∈ 0(𝛺𝜃),∀, 𝜑ℎ| ∈ 1()}

ℎ = {𝜑̃ℎ|𝜑̃ℎ ∈ ℎ}
(27)

The full-discrete Galerkin problem consists of finding 𝜑ℎ ∈ ℎ such as
𝜑̃ℎ ∈ ℎ for the following problem:

(𝜕𝑡𝜑ℎ, 𝜑ℎ) + (𝛾𝜃̇ ⋅ 𝜕𝑡𝜑ℎ,∇𝜃𝜑ℎ) + (∇𝜃 𝜃̇ ⋅ 𝜑ℎ, 𝜑ℎ) + (𝜃̇ ⋅ ∇𝜃𝜑ℎ, 𝜑ℎ)

+(𝜃̇ ⋅ ∇𝜃𝜑ℎ, 𝛾𝜃̇ ⋅ ∇𝜃𝜑ℎ) +𝐷𝑟(∇𝜃𝜑ℎ,∇𝜃𝜑ℎ) = 0 (28)

The approximation of the solution on an element is determined using
the values at the nodes. Then the solution is approached by:

𝜑ℎ| =
𝐷
∑

𝑖=1
𝜑𝑖(𝑡)𝑁 𝑖(𝑥)

𝜑̃ℎ| =
𝐷
∑

𝜑𝑗 (𝑡)𝑁 𝑗 (𝑥)

(29)
𝑗=1
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where 𝑖 represents the node, 𝑁(𝑥) the shape function on that node
and 𝐷 the number of nodes in the -simplex. The existence of a
time derivative in the FPE requires a time discretization. The FPE
problem is solved at different instants of the time, separated by a time
step 𝛥t. The choice of 𝛥t at each instant needs to be well thought to
capture the time rate of change of fiber orientation required by both the
variational formulation and 𝜃-space discretization. Thus, three different
temporal discretization schemes (backward Euler, Crank–Nicolson and
Rosenbrock) were implemented and compared with each other (see
Section 3). Eventually Eq. (29) is introduced into Eq. (28), which
generates a linear system of algebraic equations.

So once the stabilized weak formulation is well written, the equiva-
lent matrix formulation is deduced. In ICI-tech, the method adopted for
the resolution of the system is an iterative method of conjugate gradient
type resolution. To do this, the library PETSc is used. PETSc [34] is a
library of algorithms for solving linear and non-linear systems, both
sequentially and in parallel, using iterative numerical methods. In the
context of solving partial differential equations such as the ones in
the article, PETSc offers interesting methods including preconditioners.
Local arrays are created in ICI-tech as local solvers. Subsequently,
PETSc supports them for preconditioning. A preconditioner, using an
incomplete factorization method called the decomposition ILU(𝑘) of a
matrix A in the form A=LU, is used. The parameter 𝑘 makes it possible
to control the filling ratio of the hollow matrix (sparse matrix), thus
making it possible to solve even problems of a poorly conditioned
nature. It should be noted that the resolution time with such an iterative
process varies according to the number of iterations performed at the
end of the resolution. C++11 is used as a programming language to
write the FEM code of solving the probability distribution function.

3. Numerical results: solving the Fokker–Planck equation for fiber
orientation

3.1. Validation tests

In this section, we conduct a validation study using a simple shear
flow case characterized by a constant generalized shear rate (𝛾̇ = 1𝑠−1).
The primary objectives of this validation are to confirm the accuracy
of the computed angular velocity obtained from Eq. (18) and to verify
the reliability of the numerical solution of the Fokker–Planck equation.
This validation includes assessing the normalization condition and
investigating the influence of the shape factor 𝜆 and the interaction
oefficient 𝐶𝐼 on the numerical results.

.1.1. Normalization condition
The 2D orientation distribution function is introduced, as described

bove, to represent the probability of finding a fiber between the angles
𝜃 and 𝜃 + 𝑑𝜃), given as:

= ∫

𝜃+𝑑𝜃

𝜃
𝜑(𝜃)𝑑𝜃 (30)

oreover, the integral over all possible orientations of the distribution
unction must be equal to unity satisfying the normalization condition
nduced by the definition of a probability:

= ∫

2𝜋

0
𝜑(𝜃)𝑑𝜃 = 1 (31)

he latter expression was verified, as illustrated in Fig. 6. When solving
pure convection Fokker–Planck equation (𝐷𝑟 = 0) across the entire

omain 𝛺𝜃 , the integral of the probability distribution function exhibits
emarkable constancy, remaining close to 1 throughout varying time
for different shape factors 𝜆. When examining Fig. 6, it becomes

vident that the error is extremely small, fluctuating within the order
f 10−11 for all different shape factors 𝜆. Notably, a distinct pattern
s observed in the error plot for the case of 𝜆 = 1, where significant
6

luctuations occur compared to other shape factors. This behavior
rises due to the physical phenomenon of fiber concentration or high
radient in the resolution of the Fokker–Planck equation (see Fig. 8).
n this particular case, the fibers tend to align at a certain moment,
eading to a concentration of the solution at a specific orientation
ngle. Nonetheless, despite the fluctuations, the error magnitude re-
ains remarkably small and within the order of 10−11 across all shape

actor values, as this observation also highlights the effectiveness of
he SUPG finite element method in stabilizing critical cases involving
onvection-dominated problems, thereby ensuring the preservation of
he normalization condition.

.1.2. Influence of 𝜆-parameter
Fig. 8 shows the variation of the angular velocity for different values

f 𝜆 parameter. When 𝜆 = 0, the fiber is represented by a circular
hape (Fig. 7), and it rotates with an uniform circular motion as the
ngular velocity remains constant at any angle 𝜃. The fibers will keep

subsequently rotating over themselves with a steady velocity if fibers do
not intersect. As for 𝜆 = 1, the case where the fibers are assumed quasi-
infinite, the angular velocity is zero at 0 and 𝜋. Therefore, the fibers
that are oriented in the direction of the velocity field will not rotate.
This is logical as the velocity gradient along the 𝑦-axis does not affect
the rotation of fibers as their thickness tends to be zero. Therefore,
we conclude that fibers initially oriented at a small angle with respect
to the flow, will take longer to rotate in the case of shear flow if 𝜆
alue is close to 1. In other words, it could be verified that the angular
elocity values will be the highest for 𝜆 = 1 when 𝜃 ∈ ]𝜋/4,3𝜋/4[ ∪

]5𝜋/4,7𝜋/4[. It is also noticeable that the maximum angular velocity
is always at 𝜋∕2 and 3𝜋∕2 where the torque exerted by the flow on
a fiber is at its maximum and the latter state is perpendicular to the
velocity streamlines.

The Fokker–Planck equation has been computed in order to deter-
mine the probability distribution function that evolves over time to
understand the change of fiber orientation with respect to time. The
Fokker–Planck equation is an advection-diffusion equation, where the
advection term represents the deterministic dynamics of the fibers,
and the diffusion term represents the stochastic effects due to the
interaction between the fibers. To evaluate the Fokker–Planck equation,
we initialize a probability distribution function at time 𝑡 = 0 that
haracterizes a scenario wherein the fibers are aligned as depicted in
ig. 9. This alignment scenario is characterized by fibers being oriented
round angles 0 and 𝜋, where the specific angular ranges are defined

as follows: 𝜋 − 𝑐𝛥𝜃 to 𝜋 + 𝑐𝛥𝜃 for fibers oriented around 𝜋, and range
that spans from 0 to 0 + 𝑐𝛥𝜃 and from 2𝜋 − 𝛥𝜃(1 + 𝑐) to 2𝜋 − 𝛥𝜃 for
fibers around 0. This range accounts for the periodicity in the domain
t angle 0, where 2𝜋 − 𝛥𝜃 returns to 0, signifying that the angle 2𝜋
s equivalent to the angle 0. Thus, the complete representation of the
otal probability for this alignment scenario is defined by the integral
quation:

𝑡𝑜𝑡𝑎𝑙_𝑎𝑙𝑖𝑔𝑛𝑒𝑚𝑒𝑛𝑡 = 𝑃 (𝜃 ≤ 0 + 𝑐𝛥𝜃) + 𝑃 (𝜃 ≥ 2𝜋 − 𝛥𝜃(1 + 𝑐))

+𝑃 (𝜋 + 𝑐𝛥𝜃 ≥ 𝜃 ≤ 𝜋 + 𝑐𝛥𝜃)
(32)

n this expression, 𝑃𝑡𝑜𝑡𝑎𝑙_𝑎𝑙𝑖𝑔𝑛𝑒𝑚𝑒𝑛𝑡 gives us the representation of the
otal alignment within +∕− 𝑐. Then, the Fokker–Planck equation is
esolved, and from its solution of the probability distribution function,
he probability of finding fibers oriented around angles 0 and 𝜋 is
omputed at each time step. The range is deliberately kept small with
c = 32 and 𝛥𝜃 = 2𝜋

2048 ) in order to effectively capture the variation of
the probability of finding aligned fibers over time. The shape factor
of fibers plays a significant role in the evolution of the probability
distribution function over time as it is shown in Fig. 10. Starting
with an initial distribution function that depicts a unidirectional fiber
orientation case, where most of the fibers (about 90%) are oriented
with angles spanning both 0 and 𝜋, the probability distribution function
decreases proportional to different values of shape factor of fibers over
time. Physically, the fibers tend to orient faster around 0 and 𝜋 as
the shape factor gets smaller (𝜆 → 0) representing a more circular
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Fig. 6. Time evolution and error analysis of 𝜑 integral for different 𝜆: ensuring normalization.
Fig. 7. 𝜆-effect on fibers shape.
Fig. 8. Variation of 𝜃̇ versus 𝜃.

shape of fibers, compared to fibers with a shape factor approaching 1,
which is consistent with previous results (see Fig. 8). This is due to the
fact that with shape factors (𝜆 → 1) represent more elongated fibers,
they have a greater tendency to remain aligned and oriented in the
direction of the flow, in this case in both 0-direction and 𝜋-direction,
for a longer period of time. Conversely, fibers with small shape factors
tend to orient slower than fibers with quasi-infinite shape factors when
far from angles 0 and 𝜋, which leads to a slower alignment with the
initial angles 0 and 𝜋. This interpretation holds true in the absence
of the diffusion term. However, when the diffusion term is included,
depicted in Fig. 10, fibers with shape factors closer to zero undergo
subsequent rotation until the probability distribution function becomes
more uniform, indicating a more isotropic orientation. In contrast,
7

Fig. 9. Initialization of probability distribution function at 𝑡 = 0 with c = 32 and
𝛥𝜃 = 2𝜋

2048
.

fibers with a shape factor (𝜆 = 1) tend to remain aligned with angles 0
and 𝜋, serving as a counterforce to the diffusion term, even though a
decrease of the peak of the probability distribution function near angles
0 and 𝜋 occurred, but still resulting in a higher probability of finding
fibers oriented in both angles 0 and 𝜋 compared to the case of shape
factors less than 1. These results demonstrate the important role of the
shape factor in the evolution of fiber orientation over time.

3.1.3. Influence of 𝐶𝐼 -parameter
An analysis is also done on the effect of the diffusion term on the

fiber orientation to understand how it affects the probability distribu-
tion function. Thus, Fig. 11 represents the evolution of the probability
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Fig. 10. Time evolution of the total probability of finding fibers oriented around angles
0 and 𝜋 for different 𝜆.

Fig. 11. Time evolution of the total probability of finding fibers oriented around angles
0 and 𝜋 for different 𝐶𝐼 .

Fig. 12. Variation of the probability distribution function 𝜑 at time t = 10 s for
different 𝐶𝐼 .

distribution centered around 0 and 𝜋 with some degree of spread 𝑐𝛥𝜃
with (c = 32 and 𝛥𝜃 = 2𝜋

2048 ) by solving the full Fokker–Planck equation
(advection-diffusion equation), with different interaction coefficients
8

Fig. 13. Fibers orientation for the Poiseuille flow case.

𝐶𝐼 to investigate their effects on the solution of the Fokker–Planck
equation. The initial probability distribution function represents a sce-
nario where a large majority of fibers (approximately 90%) are oriented
around angles of 0 and 𝜋. The diffusion term arises from the Brownian
motion of fibers and causes the distribution to spread out over time,
resulting in a decrease in the peak of the distribution. This behavior can
be observed by comparing the solutions of the Fokker–Planck equation
with and without the diffusion term. Fig. 11 demonstrates the effect
of the interaction coefficient on the evolution of the probability of
finding fibers oriented around angles 0 and 𝜋. When the 𝐶𝐼 is set to
zero, the probability exhibits a periodic behavior where it returns to
its initial value after a fixed period of time. However, when the 𝐶𝐼 is
increased, the probability evolves in a way that results in a decrease
in the peak value before flattening out as it is illustrated in Fig. 12.
This is because diffusion acts to smooth out fluctuations in the fiber
orientation and promotes a more uniform distribution of orientations
indicates an isotropic distribution. As a result, the probability distribu-
tion becomes less peaked and more scattered, indicating that the fibers
will be oriented in a wider range of angles meaning that there is no
preferred orientation and the orientation of the fibers is considered to
be random. This effect is particularly evident in the long-term behavior
of the system, where the probability distribution tends to approach a
steady state that is less sensitive to the initial conditions. Thus, knowing
that the diffusion term in the Fokker–Planck equation captures the
stochastic character of the system and describes how the probability
density evolves over time due to random fluctuations, the diffusion
term plays a role in the stabilization phenomenon, by allowing the
system to explore different orientations of the fiber and eventually
converge to a stationary distribution, as the diffusion term represents
the stochastic effects of the fiber–fiber interactions.

3.2. Numerical convergence analysis and computational efficiency

In this section, we showcase numerical results concerning the res-
olution of the Fokker–Planck equation within a Poiseuille flow sce-
nario, depicted in Fig. 13. This scenario is characterized by a position-
dependent generalized shear rate, denoted as 𝛾̇, which varies across the
position 𝑦. Its specific form is expressed as:

𝛾̇ =
8𝑦
𝐻2

𝑉𝑚𝑎𝑥 (33)

where 𝐻 is the distance between the two horizontal parallel plates, 𝑉𝑚𝑎𝑥
is the maximum axial velocity. Throughout this section, the parameter
values remain consistent, with 𝐻 set to 1 m, 𝑉𝑚𝑎𝑥 set to 10 m/s, while
the shape factor 𝜆 is assigned a value of 0.98, and the interaction coeffi-
cient 𝐶𝐼 is held at 0. The scope of these numerical results encompasses
a thorough convergence analysis, focusing on both mesh refinement
and time discretization schemes. Furthermore, a comprehensive com-
parison is drawn to discern the distinct impact of these schemes on
computational efficiency.
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3.2.1. Convergence study: mesh and time discretization schemes
To conduct the numerical convergence study, the computation of

the second-order orientation tensor 𝐚𝟐 was undertaken. This tensor is
derived through the resolution of the Fokker–Planck equation, where
the probability distribution function 𝜑 satisfies the requirements of
periodicity, normalization, and continuity. The computation of 𝐚𝟐 in-
volves integrating dyadic products with the probability distribution
function 𝜑, capturing the spatial average of the double tensor product
of p [35], expressed as follows:

𝐚𝟐 = ∫𝛺𝜃

𝜑(𝜃)𝐩⊗ 𝐩 𝑑𝐩 (34)

Hence, through the calculation of 𝜑(𝜃) using Eq. (19), the planar
orientation of the second-order tensor can be deduced using Eq. (34).
This approach unveils the fiber orientation state within the primary
flow direction, eliminating the necessity for employing closure approx-
imations that can undermine accuracy. Consequently, the components
of the 𝐚𝟐 tensor can be expressed as:

𝑎𝑥𝑥 =
𝑁
∑

𝑖=1
𝜑𝑖 cos2(𝜃𝑖)

𝑎𝑦𝑦 =
𝑁
∑

𝑖=1
𝜑𝑖 sin

2(𝜃𝑖)

(35)

In pursuit of a comprehensive numerical convergence assessment, de-
picted in Fig. 14, the time evolution of the orientation tensor 𝐚𝟐 is
computed at y = 0.5, corresponding to a generalized shear rate 𝛾̇ =
5 s−1 based on Eq. (33). The initial condition is set to represent an
isotropic state, with 𝑎𝑥𝑥 = 𝑎𝑦𝑦 = 0.5, and the period of its evolution is
𝑇 = 4𝜋s. To validate the results, a comparative analysis is performed,
involving a comparison between the obtained numerical results and the
analytical solution derived in [36].

A comparative study, depicted in Fig. 14(a), is initially conducted
using various temporal discretization schemes, seeking to assess the
sensitivity of the obtained numerical solution to various time dis-
cretization approaches. This study reveals that the employment of the
backward Euler scheme ‘‘𝑏𝑒𝑢𝑙𝑒𝑟’’, recognized as a first-order technique,
results in significant loss of information and introduces inaccuracies
that amplify over time, compared to the analytical solution. In contrast,
the Crank–Nicolson scheme ‘‘𝑐𝑛’’ and the Rosenbrock-W scheme ‘‘𝑟𝑜𝑠𝑤’’
exhibit improved performance. The observed discrepancies can be at-
tributed to the inherent limitations of the backward Euler method in
accurately capturing swift variations or oscillatory patterns. The Crank–
Nicolson and Rosenbrock-W methods, distinguished by their respective
local truncation errors of second and third order [37,38], exhibit
similar solution trends, apparent from the overlapping curves. Despite
this, they yield better solutions with less damping, with their curves
approaching the analytical solution and displaying smaller errors.

Fig. 14(b) examines the influence of altering 𝛥𝑡 on the time evolu-
tion solution of 𝑎𝑥𝑥. Employing the Crank–Nicolson time discretization
scheme, the time step order is adjusted across the range of (2 × 10−2 to
2×10−4 s). Interestingly, decreasing the time step does not contribute to
the convergence or enhancement of solution accuracy. This observation
may be attributed to the circumstance that in situations where domi-
nant effects are associated to convection or rapid changes, reducing the
time step might not result in significant improvements, particularly if
the underlying numerical scheme already provides adequate accuracy.

Lastly, an investigation into mesh convergence is conducted, as
illustrated in Fig. 14(c), involving a range of mesh sizes from ( 2𝜋

512
to 2𝜋

2048 ) and using a Crank–Nicolson time scheme. The objective is
to address damping effects in the results. The plot demonstrates that
as mesh refinement is undertaken, the numerical results progressively
align with the analytical solution. Notably, for the case of a mesh
size of ℎ = 2𝜋

2048 , the curves of the analytical and numerical results
oincide, signifying the importance of mesh refinement to mitigate
amping. This necessity arises due to the solution of the Fokker–
lanck equation, which encompasses a probability distribution function
9

Table 3
Computational cost analysis.

h
Scheme

𝐵𝑒𝑢𝑙𝑒𝑟 𝑐𝑛 𝑅𝑜𝑠𝑤

512 0.16 0.172 0.365
1024 0.24 0.265 0.524
2048 0.423 0.469 1

with sharp gradients occurring at different time points around angles
𝜃 = 0 and 𝜃 = 𝜋. Thus, neglecting mesh refinement can lead to
compromised solution accuracy. So to demonstrate the origins of the
damping phenomenon, Fig. 15 captures the evolution of 𝜑 at a time
equals to half the period (𝑡 = 𝑇 ∕2), corresponding to the state of 𝑎𝑥𝑥 at
ts minimum value (𝑎𝑥𝑥 = 0.5), representing randomly oriented fibers.
otably, as the mesh size is reduced, the oscillations in the probability
istribution function become more stabilized, approaching a constant
alue of 1/(2𝜋) with refined meshes. This trend aligns with the isotropic
rientation distribution state, thereby converging toward the analytical
olution.

.2.2. Computational efficiency: impact of refinement and higher order
emporal discretization schemes

A comprehensive computational cost analysis has been carried out,
overing a comparison of various mesh sizes ℎ and distinct time dis-
retization schemes. Notably, the examination of different time steps
as been excluded, as evidenced by the findings in Fig. 14(b), where it
as established that altering the time step does not significantly affect

he accuracy of Fokker–Planck equation resolution. As a result, the
ocus of the time computation comparative study will remain on a fixed
ime step of 𝛥𝑡 = 2×10−2, ensuring a thorough exploration of the impact
f mesh refinement and time discretization schemes on computational
fficiency. The comparative study will be based on the resolution of the
okker–Planck equation for half period 𝑡𝑒𝑛𝑑 = 𝑇 ∕2.

It is worth noting that the computation time for solving the Fokker–
lanck equation on one spatial node (fluid domain) is relatively small.
o better understand the effects of mesh refinement and time schemes,
he comparative study will be conducted relative to the last case,
here the time discretization scheme is considered Rosenbrock-W and

he mesh size ℎ is 2𝜋
2048 , representing the largest computational time

(𝑡𝑐𝑜𝑚𝑝𝑢𝑡𝑒𝑑 = 0.915 s). This approach provides a comprehensive overview
f the computational time impact, serving as a baseline for future work
elated to coupling problems, where the Fokker–Planck equation will
e computed for all spatial nodes in the fluid domain.

Table 3 presents first the relative computational time variations
esulting from transitioning from the backward Euler scheme (𝑏𝑒𝑢𝑙𝑒𝑟) to
he Crank–Nicolson scheme (𝑐𝑛) and the Rosenbrock-W scheme (𝑟𝑜𝑠𝑤).
nterestingly, shifting to the Crank–Nicolson scheme leads to a much
maller increase in computational time than shifting to the Rosenbrock-

scheme. This is observed across all three mesh sizes. On the other
and, with the refinement of the mesh via a decrease in mesh size ℎ, a
ubstantial increase in relative computational time is evident, scaling
y a factor of approximately 1.7 for all cases of temporal schemes.
he combined insights from Fig. 14 and the data within Table 3

ndicate that opting for higher accuracy in solution while maintaining
omputational efficiency is best achieved by employing a mesh size
f ℎ = 2𝜋

2048 coupled with the Crank–Nicolson time discretization
scheme. Notably, the Crank–Nicolson scheme demonstrates enhanced
accuracy results with nearly equivalent computational time compared
to the backward Euler scheme, and it significantly outperforms the
Rosenbrock-W scheme, by consuming almost half the computational
time for providing the same accuracy. Furthermore, for ℎ = 2𝜋

2048 ,
despite its relatively higher computation time, it offers notably better
results compared to the other two mesh sizes. It is noteworthy that
the computational time discrepancy can be managed through the im-
plementation of mesh adaptive methods, which strategically refine the
mesh in specific regions of interest, thereby effectively mitigating the
increased computational time associated with finer mesh sizes.
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Fig. 14. Numerical convergence analysis: second order orientation evolution with varied temporal schemes (backward Euler, 𝑏𝑒𝑢𝑙𝑒𝑟, Rosenbrock-W, 𝑟𝑜𝑠𝑤, and Crank–Nicolson, 𝑐𝑛),
nd time steps and mesh sizes (for Crank–Nicolson time scheme).
s
s

.3. Fourth order tensor computation

The anticipation of fiber orientation in industrial contexts, as previ-
usly elucidated, relies upon a constructed model employing a tensor
ramework. This entails the resolution of the Folgar–Tucker equation to
alculate the temporal evolution of 𝐚𝟐 [8,39–42]. However, the compu-
ational advantage of directly addressing the Fokker–Planck equation
ies in its capacity to compute the higher-order orientation tensor
𝟒 without necessitating recourse to closure approximations. Thus, 𝐚𝟒
s considered to be a better choice than a second-order tensor 𝐚𝟐,
s it provides more detailed information on the distribution of fiber
rientations within the material, which can be used to well understand
he changes in fiber orientation over time and its influence on the flow
uring the injection process. As a result, using the fourth-order tensor
s likely to be more effective in order to resolve the complex coupling
roblem in future work.

In a manner analogous to the computation of the second order
rientation tensor 𝐚𝟐 in (Section 3.2.1), we proceeded to calculate the
ourth order orientation tensor 𝐚𝟒, defined as follows:

𝟒 = ∫𝛺𝜃

𝜑(𝐩, 𝑡)𝐩⊗ 𝐩⊗ 𝐩⊗ 𝐩 𝑑𝐩 (36)

o validate the numerical results, an analytical solution from [36] was
mployed for comparison. The comparative analysis was carried out
nder the conditions of a simple shear flow with a generalized shear
ate 𝛾̇ = 1 s−1, an interaction coefficient 𝐶𝐼 = 0, and two different
hape factor values: 𝜆 = 1 and 𝜆 = 0.98. The initial orientation was
et to an isotropic state. For the numerical Fokker–Planck resolution,
ollowing the insights obtained in (Section 3.2.2), the Crank–Nicolson
10
cheme was used for time discretization, with a time step 𝛥𝑡 of 2×10−2

and a mesh size ℎ of 2𝜋
1024 .

The results, depicted in Fig. 16 for the 𝜆 = 1 case demonstrate a high
level of accuracy, evidenced by the nearly seamless alignment between
the analytical and numerical solutions for all plotted components of 𝐚𝟒.
As for the results presented in Fig. 17, they highlight the behavior of
the numerical solutions for the 𝜆 = 0.98 case. A notably small error is
observed when comparing it with the analytical solution, particularly
within the periodicity zone of the time evolution of 𝐚𝟒, where each pe-
riod of evolution is completed. As previously discussed in Section 3.2.1,
this error is attributed to the damping phenomenon, which can be mit-
igated through mesh refinement. Contrary, this damping phenomenon
is absent in the 𝜆 = 1 case, where the time evolution of 𝐚𝟒 exhibits
non-periodic behavior, and the fibers tend to align over time.

Thus, in both cases of 𝜆 = 0.98 and 𝜆 = 1, the computed results
exhibited significantly improved accuracy with minimal error when
compared to the results obtained from solving the Folgar and Tucker
equation using closure approximations as demonstrated in [36]. This
validates the effectiveness of the direct solver approach using the finite
element method FEM-SUPG to solve the Fokker–Planck equation for
determining the evolution of the fiber fourth-order orientation tensor.
The results also provide confidence in the ability of the approach to
accurately capture the complex coupling between fiber orientation and
flow in the injection process.

4. Flow-induced orientation

To further improve and move on to simulating and predicting fiber

orientation induced by the flow, the Fokker–Planck equation resolution
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has been coupled to fluid dynamics. The preliminary results obtained
presented in this section will be a precursor for further advanced and
detailed investigations in simulating fiber behavior during the injection
process.

In the context of fiber-flow coupling, accurate prediction of system
behavior requires the consideration of multiple length scales. On the
macroscopic scale, fluid flow of is described using conservation of
momentum, under the hypothesis of incompressibility and absence of
inertia effects:
∇ ⋅ 𝐮 = 0 in 𝛺

∇ ⋅ 𝝈 = 0 in 𝛺
(37)

However, for suspensions, definition of the stress tensor involves ac-
counting for the orientation and concentration of fibers, obtained by
solving the Fokker–Planck equation. This information is then incorpo-
rated into the stress constitutive equation to assess fiber influence on
macroscale simulations. Based on the slender body theory [43], the
latter can be expressed in the following form:

𝝈 = −𝑃 𝐈 + 2𝜂(𝐄 +𝑁𝑝𝐄 ∶ 𝐚𝟒) (38)

here 𝑁𝑝 is the rheological coupling coefficient. Conservation equa-
ions are then solved using stable finite elements using a method based
n former works for multiphase flows and for suspension flows [44,45],
y modifying the second-hand side to include fiber contribution.

Hence, in order to finalize the system of equations describing the
ull model, it is also pertinent to reiterate that the Fokker–Planck
11

t

quation is employed to calculate the fiber orientation tensor at discrete
ime steps within each spatial domain. Subsequently, the advection
f fibers by the fluid flow completes orientation determination and
s implemented adding an advection equation in the physical space,
olved using a SUPG-stabilized finite element method, and expressed
s follows:
𝜕𝜑
𝜕𝑡

+ 𝐮∇𝜑 = 0 (39)

To test the method, a square domain with a side length of 1 m
as taken, discretized into 2092 space nodes, as depicted in Fig. 18.
he simulations were conducted under the conditions to obtain a
oiseuille flow, with specified boundary conditions: the pressure at
he inlet 𝑃0 was set to 10 Pa, the pressure at the outlet 𝑃1 was set
o 0 Pa, and a zero-slip boundary condition was imposed on the top
nd bottom wall. The dynamic viscosity of the fluid 𝜇 was defined as
.15 Pa s. Concerning the advection equation, a completely random
iber orientation distribution was enforced at the inlet as a Dirichlet
oundary condition (𝜑 = 1

2𝜋 ). For the Fokker–Planck equation, the
angular domain was discretized with a mesh size ℎ of 2𝜋

4096 . Temporal
discretization employed the Crank–Nicolson scheme, with a time step
𝛥𝑡 of 5 × 10−3 s. The shape factor 𝜆 was set to 0.98, and the interaction
oefficient 𝐶𝐼 was set to 0.1. Finally, the simulations were conducted
or different rheological coupling coefficients (𝑁𝑝 = 0, 𝑁𝑝 = 2, 𝑁𝑝 = 5
nd 𝑁𝑝 = 10).

The prediction of fiber orientation is initially investigated within

he context of an uncoupled flow field scenario (𝑁𝑝 = 0). This scenario
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ssumes a steady flow under Poiseuille flow conditions, where the
treamlines remain parallel both to each other and to the walls. In this
ase, depicted in Fig. 19, the time evolution of fiber orientation within
he flow is firstly illustrated. Notably, the absence of coupling effects
n the conservation equations results in an unchanged velocity profile
ver time, maintaining the parabolic distribution across the 𝑦-direction
n the fluid domain.

The ellipses, representing average fiber orientations, are derived
rom the second-order orientation tensor 𝐚𝟐. The eigenvalues and eigen-
ectors of 𝐚𝟐 dictate the major axes of the ellipse in the 𝑥𝑦-plane,
ndicating the degree of orientation along these directions. The ellipse
olor reflects the eigenvalue magnitude in the 𝜃-direction. White signi-
ies isotropic conditions (𝑎𝑥𝑥 = 𝑎𝑦𝑦 = 0.5), while black represents full

fiber alignment. Close to the centerline axis, fiber orientation appears
quasi-random, whereas near the wall, the ellipses flatten and align.
Additionally, partial alignment arises due to the nonzero value of 𝐶𝐼 ,
reventing perfect fiber alignment along the streamlines, consistent
ith predictions from the Folgar–Tucker model [14]. Moreover, in the
bsence of coupling (𝑁𝑝 = 0), a fiber suspension flowing between plates
an be considered spatially uniform, enabling calculation of dynamic
rientation history along a streamline when moving with the fluid.

When accounting for the coupling effect (𝑁𝑝 ≠ 0), the fiber sus-
ension transforms into a non-Newtonian fluid due to the introduction
f particle stress contributions within the momentum Eq. (38). This
ffect leads to an increase in the total viscosity within the core region,
ltering the flow behavior. The transition to non-Newtonian behavior
s evident in Figs. 20, 21, and 22, where an elevation in 𝑁 corresponds
12

𝑝 a
to a reduction in the maximum velocity. Specifically, as 𝑁𝑝 increases
rom 2 to 10, the velocity profile becomes flatter at its peak, positioned
etween the core region characterized by unaligned fiber orientation
nd the wall where fibers align more closely. This flattening of the
elocity profile signifies the emergence of non-Newtonian behavior
ithin the flow.

In terms of fiber orientation, as fibers are advected into the domain,
hose with smaller 𝑁𝑝 values reach the outlet more swiftly. This aligns
ith expectations, as increased fiber concentration results in slower
dvection. This trend is especially notable when comparing Figs. 19
nd 20 with Fig. 22. Additionally, the flow streamlines become pro-
ressively disturbed proportional to the rise in 𝑁𝑝, gradually returning
o parallel alignment as all fibers approach the outlet. Moreover, the
oupling between flow and orientation demonstrates minimal impact,
rimarily due to the dominance of shear flow within the chosen simple
eometry (square domain).

. Summary and concluding remarks

A novel 2D numerical model has been constructed, embedded
ithin a finite element framework employing the SUPG method as an
lternative to the standard Galerkin method. This model is tailored
o explore the intricate motion of fibers, with the potential for future
ntegration into the broader context of flow-fiber coupling, particularly
ithin the scope of molten thermoplastics during the injection phase
ithin mold cavities. The devised Direct Numerical Simulation (DNS)

pproach is specifically aimed at resolving the Fokker–Planck equation,
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Fig. 17. Analytical vs numerical: a comparative study of fourth order fiber Orientation tensor solutions for 𝜆 = 0.98 and 𝐶𝐼 = 0.

Fig. 18. Square domain: FE mesh.
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Fig. 19. Evolution of fiber orientation within flow: time-dependent changes in fiber alignment and distribution with 𝑁𝑝 = 0.
providing a deeper insight into fiber orientation at the mesoscopic
scale. Unlike conventional methods reliant on pre-averaged quantities
like the second and fourth order orientation tensors (𝐚𝟐, 𝐚𝟒), which
often introduce inaccuracies and information loss due to closure ap-
proximations, this DNS approach offers a more accurate and detailed
representation of fiber orientation dynamics.

The numerical approach accuracy is validated, as a series of rig-
orous validation tests were conducted. The normalization condition,
ensuring the integral of the probability distribution function equals 1,
was consistently met. Exploration of parameter dependencies, such as
𝜆 and 𝐶𝐼 , yielded results consistent with established expectations. A
comprehensive convergence study identified optimal mesh sizes and
time steps, striking a balance between accuracy and computational
efficiency. Furthermore, comparisons with existing literature, including
analytical solutions, underscored the proposed solver’s better precision
and remarkable agreement with theoretical predictions, affirming its
robustness and effectiveness. To extend the proposed approach, the
computed orientation tensors are integrated into the fluid problem,
creating a comprehensive fiber-flow coupling model. Simulations in a
simple geometry under Poiseuille flow conditions are executed to test
the coupling effect while accurately accounting for the dynamic fiber
motion within the flow.
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Fig. 20. Evolution of fiber orientation within flow: time-dependent changes in fiber alignment and distribution with 𝑁𝑝 = 2.
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Fig. 21. Evolution of fiber orientation within flow: time-dependent changes in fiber alignment and distribution with 𝑁𝑝 = 5.
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Fig. 22. Evolution of fiber Orientation within flow: time-dependent changes in fiber alignment and distribution with 𝑁𝑝 = 10.
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