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ON CONGRUENT ISOMORPHISMS FOR TORI

ANNE-MARIE AUBERT AND SANDEEP VARMA

Abstract. Let F and F ′ be two l-close nonarchimedean local fields, where l is a positive integer,
and let T and T′ be two tori over F and F ′, respectively, such that their cocharacter lattices can
be identified as modules over the “at most l-ramified” absolute Galois group ΓF /I

l

F
≅ ΓF ′/I

l

F ′
.

In the spirit of the work of Kazhdan and Ganapathy, for every positive integer m relative
to which l is large, we construct a congruent isomorphism T(F )/T(F )m ≅ T′(F ′)/T′(F ′)m,
where T(F )m and T(F ′)m are the minimal congruent filtration subgroups of T(F ) and T(F ′),
respectively, defined by J.-K. Yu. We prove that this isomorphism is functorial and compatible
with both the isomorphism constructed by Chai and Yu and the Kottwitz homomorphism for
tori. We show that, when l is even larger relative to m, it moreover respects the local Langlands
correspondence for tori.

1. Introduction

1.1. A crude version of the main result. Two nonarchimedean local fields F and F ′ are said
to be l-close, where l is a positive integer, if OF /p

l
F ≅ OF ′/p

l
F ′ , where O? stands for the ring of

integers of ?, and and p? for the maximal ideal of O?.
If F and F ′ are l-close, then P. Deligne ([Del84]) constructs an isomorphism ΓF /I

l
F → ΓF ′/I

l
F ′

now known as a Deligne isomorphism, where Γ? denotes the Galois group of a chosen separable
closure over ?, and I l? stands for the l-th upper ramification filtration subgroup of the inertia
subgroup I? ⊂ Γ?. If further F and F ′ have finite residue fields, Kazhdan isomorphisms (see
[Kaz86]), pioneered by D. Kazhdan and studied by various others, notably by R. Ganapathy (see,
e.g., [Gan15] and [Gan22]), allow us to relate harmonic analysis on reductive groups over F to
that on reductive groups over F ′. Thus, for instance, one could hope to study local Langlands
correspondence for a group over F ′ by using local Langlands correspondence for a group over F ,
if the latter is known.

One has a good understanding of Kazhdan isomorphisms for split groups, by [Kaz86] and
[Gan15]. For reductive groups that may not be split, Kazhdan isomorphisms have been constructed
by Ganapathy in [Gan22]. However, a lot of the properties of these isomorphisms remain to be
studied, and such a study is being pursued by Ganapathy and her collaborators.

In the present paper, we will stick to tori, and investigate questions related to Kazhdan isomor-
phisms T(F )/T(F )m ≅ T

′(F ′)/T′(F ′)m for tori, when F and F ′ are l-close and T′/F ′ is a transfer
of T/F , that is, we have an identification X∗(T) = X∗(T′) of character lattices, or equivalently
an identification X∗(T) = X∗(T′) of cocharacter lattices, as modules over ΓF /I

l
F , identified via

[Del84] with ΓF ′/I
l
F ′ , under the implicitly imposed assumption that I lF acts trivially onX∗(T) and

I lF ′ on X∗(T′). Here the filtrations {T(F )m}m≥0 and {T(F ′)m}m≥0 are the minimal congruent
filtrations of T(F ) and T(F ′), respectively, as defined in [Yu15].

A crude version of our main result, which we will state in greater detail in Theorem 1.2.1 below,
is as follows:

Theorem 1.1.1. Suppose a local field F is l-close to a local field F ′, and a torus T′/F ′ is a
transfer of a torus T/F . Then:

(i) If l is large relative to m, then there exists a (necessarily unique) “congruent” isomorphism
T(F )/T(F )m → T′(F ′)/T′(F ′)m.

(ii) These isomorphisms are suitably functorial.
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(iii) They are compatible with the isomorphisms constructed by Chai and Yu (see [CY01]) and
with Kottwitz homomorphisms for tori (see [Kot97, Section 7] and [KP23, Section 11.1]).

(iv) If l is even larger relative tom, these isomorphisms respect the local Langlands correspondence
for tori.

1.2. Statement of the main result — more precise version. Now we state our main result,
Theorem 1.2.1 below, in terms of objects and notation defined in later sections, especially Section
2; however, let us give an introduction to the main objects involved:

(i) If we say (F,T) ↔l (F
′,T′) (see Notation 2.3.1(viii)), we roughly mean that F and F ′ are

discretely valued Henselian fields with perfect residue field that are l-close to each other
(F ↔l F

′), and that the torus T′ over F ′ is a transfer of the torus T over F .
(ii) For (F,T) as above, h(F,T) is a positive integer from [CY01, Section 8.1], sort of upper-

bounding the nontriviality of the smoothening process required to arrive at the Néron model
of T.

(iii) We will be interested in “congruent isomorphisms” T(F )/T(F )m → T′(F ′)/T′(F ′)m (Defi-
nition 3.1.3(ii)). These are isomorphisms of abelian groups.

(iv) Interpolating the T(F )m, withm varying over nonnegative integers, are the “minimal congru-
ent filtration subgroups” T(F )r of J.-K. Yu, with r varying over nonnegative real numbers.

(v) Each torus T determines a relation “m≪T l” meaning that l is sufficiently large relative to
m and the Herbrand function of a minimal splitting field for T (see Notation 2.3.1(vii)).

Our more precise version of Theorem 1.1.1 is as follows; note that it has individual assertions
that are more precise versions of the corresponding assertions of Theorem 1.1.1.

Theorem 1.2.1. (i) Suppose (F,T) ↔l (F
′,T′), set h = h(F,T), and suppose m is a positive

integer, with 0 <m + 3h(F,T)≪T l. Then there exists a (unique) congruent isomorphism

T(F )/T(F )m → T′(F ′)/T′(F ′)m.

Moreover, if m + 3h(F,T) + 1 ≪T l, then this isomorphism respects the minimal congruent
filtration, i.e., takes the image of T(F )r to that of T′(F ′)r, for 0 ≤ r ≤m.

(ii) The isomorphisms of (i) satisfy the following functoriality. Whenever (F,Ti) ↔l (F
′,T′i)

for i = 1,2, with the same underlying F ↔l F
′, and 0 <m + 3h(F,Ti)≪Tj

l for i, j ∈ {1,2},
and we are given homomorphisms T1 → T2 and T′1 → T′2 inducing the same homomorphism
X∗(T2) =X∗(T′2) →X∗(T′1) =X∗(T1), the following diagram is commutative:

T1(F )/T1(F )m //

��

T2(F )/T2(F )m

��

T′1(F
′)/T′1(F

′)m // T′2(F
′)/T′2(F

′)m

,

where the vertical arrows are as in (i), and the horizontal arrows are induced by the homo-
morphisms T1 → T2 and T′1 → T′2.

(iii) In the setting of (i), we have the following compatibility with the Chai-Yu isomorphisms and
Kottwitz homomorphisms, in the sense that the following diagram is commutative:

(1) T(F )b/T(F )m //

��

T(F )/T(F )m //

��

(X∗(T)IF )
ΓκF

��

T′(F ′)b/T
′(F ′)m // T′(F ′)/T′(F ′)m // (X∗(T

′)IF ′ )
Γκ

F ′

,

where T(F )b (resp., T(F
′)b) denotes the maximal bounded subgroup of T(F ) (resp., T(F ′)),

the left vertical arrow is induced by the Chai-Yu isomorphism of [CY01, Theorem 8.5], the
middle vertical arrow is as in (i), the right vertical arrow is induced by the ΓF /I

l
F = ΓF ′/I lF ′-

equivariant identification X∗(T) =X∗(T′), and the second horizontal arrow of either row is
the Kottwitz homomorphism.
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(iv) In the setting of (i), if F and F ′ are complete and their residue field κF = κF ′ is finite, and
we assume the stronger inequality 0 <m+4h(F,T)≪T l, we have the following compatibility
with the local Langlands correspondence for tori. We have a commutative diagram

(2) Hom(T(F )/T(F )m,C
×)
� � //

��

H1(WF /I
l
F , T̂)

≅ Dell

��

Hom(T′(F ′)/T′(F ′)m,C
×)

� � // H1(WF ′/I
l
F ′ , T̂

′)

,

where the horizontal arrows are given by the local Langlands correspondence for tori, the
left vertical arrow is induced by the isomorphism T(F )/T(F )m → T′(F ′)/T′(F ′)m of (i),
and the right vertical arrow is obtained by combining the Deligne isomorphism WF /I

l
F ≅

WF ′/I
l
F ′ together with the ΓF /I

l
F ≅ ΓF ′/I lF ′ -equivariant identification T̂ = Hom(X∗(T),C×) =

Hom(X∗(T
′),C×) = T̂′. Here, to make sense of the top row (to which the bottom row is

analogous), part of the assertion, implicitly, is that the image of the subset

Hom(T(F )/T(F )m,C
×) ⊂ Homcts(T(F ),C

×)

under the local Langlands correspondence is contained in the subset of H1(WF , T̂) obtained

by inflation from H1(WF /I
l
F , (T̂)

I
l
F ) =H1(WF /I

l
F , T̂).

If further T is weakly induced in the sense of [KP23], i.e., satisfies the condition (T) of [Yu15],
i.e., becomes an induced torus after base-change to some tamely ramified extension, one can replace
h(F,T), h(F,T1) and h(F,T2) by 0 in the above statements.

1.3. The case of split tori. The case of split tori is an obvious extension of the GL1-case covered
by [Del84], and is a very special case of [Kaz86].

1.3.1. Deligne’s triples. We first digress to remark on some fine print. For all these considerations,
choosing isomorphisms is important to ensure that various constructions are well-defined. Thus,
Deligne works not with isomorphisms OF /p

l
F ≅ OF ′/p

l
F ′ of truncated discrete valuation rings,

but rather with slightly more rigidified data in the form of isomorphisms (OF /p
l
F ,pF /p

l+1
F , ǫ) →

(OF ′/p
l
F ′ ,pF ′/p

l+1
F ′ , ǫ

′) of triples, where ǫ is the obvious map pF /p
l+1
F →OF /p

l
F , and ǫ

′ is analogous.

Fixing such an isomorphism is what lets one construct the Deligne isomorphism ΓF /I
l
F ≅ ΓF ′/I lF ′

of [Del84] and show that it is well-defined up to an inner conjugation.

1.3.2. The case of GL1, from [Del84]. First, if T = GL1/F and T′ = GL1/F
′ compatibly, the

required isomorphism, say when m = l, is the isomorphism

(3) F ×/(1 + plF ) → F ′
×
/(1 + plF ′)

constructed by Deligne from the realization F ↔l F
′, in a canonical manner starting from the

truncated data, in [Del84, Section 1.2]. A more concrete but slightly less obviously canonical
description for (3) requires it to

● restrict to (OF /p
l
F )
× ≅ (OF ′/p

l
F ′)
× on O×F /(1 + plF ) = (OF /p

l
F )
×, and

● send the image of a uniformizer ̟F to that of a uniformizer ̟F ′ whenever ̟F and ̟F ′

are compatible under pF /p
l+1
F → pF ′/p

l+1
F ′ .

1.3.3. General split tori. When T and T′ are split but otherwise general, the datum relating T′

to T amounts to just an isomorphism X∗(T) → X∗(T′) of abelian groups, say χ ↦ χ′. Then our
isomorphism T(F )/T(F )m → T′(F ′)/T′(F ′)m is defined so as to match the images of t ∈ T(F )
and t′ ∈ T′(F ′) precisely when for each χ ∈ X∗(T) identifying with χ′ ∈ X∗(T′), the images of
χ(t) and χ′(t′) correspond under (3).

For general tori, in the spirit of the above discussion, we find it convenient to specify the
isomorphism T(F )/T(F )m → T′(F ′)/T′(F ′)m by forcing compatibilities that characterize it.
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1.4. Standard and congruent isomorphisms. In addition to the congruent filtration sub-
groups T(F )m, we will need the “naive” filtration subgroups T(F )naiver (r ≥ 0):
(4) T(F )naiver = {t ∈ T(F )b ∣ valF (χ(t) − 1) ≥ r, ∀χ ∈X∗(T)},
for a suitable extension valF of the normalized discrete valuation on F .

When (F,T) ↔l (F
′,T′), one defines:

(i) for 0 < r≪T l, a standard isomorphism T(F )/T(F )naiver → T′(F ′)/T′(F ′)naiver to be one that
matches the images of t ∈ T(F ) and t′ ∈ T′(F ′) whenever χ(t) and χ′(t′) have images that
match under a suitable extension of (3) (see Definition 3.1.3(i) for more details).

(ii) a congruent isomorphism T(F )/T(F )m → T′(F ′)/T′(F ′)m to be an isomorphism induced
by a standard isomorphism after passage to maximal unramified extensions (see Definition
3.1.3(ii) for more details).

Standard isomorphisms are unique when they exist, and have good functoriality properties,
compatibility with the Kottwitz homomorphism, and (in the case of complete fields with finite
residue field) compatibility with the local Langlands correspondence. Congruent isomorphisms
inherit the first three of these four properties, and under stronger assumptions the fourth too.

Like with [Gan22], we too make use of an argument following the construction of the Kottwitz
homomorphism for tori (see [KP23, Proposition 11.1.1]): the following simple yet not entirely
obvious fact gets us started (Proposition 3.3.1).

Proposition 1.4.1. If (F,T) ↔l (F
′,T′), F is strictly Henselian, and 0 < r≪T l, then a standard

isomorphism T(F )/T(F )naiver → T′(F ′)/T′(F ′)naiver exists.

The difficulty is that we cannot see an obvious way to descend this to the non-strictly-Henselian
case, without going through congruent isomorphisms. This difficulty is what motivates congru-
ent isomorphisms for us, notwithstanding their unpleasantness: indeed, if F̃ /F is a maximal

unramified extension and F̃ ↔l F̃
′ “lies over” F ↔l F

′, then a “Galois invariant” isomor-
phism T(F̃)/T(F̃ )m → T′(F̃ ′)/T′(F̃ ′)m, on taking Galois invariants, gives us an isomorphism

T(F )/T(F )m → T′(F ′)/T′(F ′)m: T(F̃ )m has trivial Gal(F̃ /F )-cohomology, being sort of pro-
unipotent over the (perfect) residue field of OF ([KP23, Proposition 13.8.1]).

1.5. Using the work of Chai and Yu. Thus, the main question now becomes: when can a stan-
dard isomorphism T(F̃ )/T(F̃)naiver → T′(F̃ ′)/T′(F̃ ′)naiver induce an isomorphism T(F̃ )/T(F̃)m →

T′(F̃ ′)/T′(F̃ ′)m? This seems to require a much deeper ingredient: the spectacular work of Chai
and Yu ([CY01]).

Under the assumption m+ 3h(F,T)≪T l of Theorem 1.2.1, Chai and Yu construct a canonical

isomorphism T ft ×OF
OF /p

m
F → T ′ft ×OF ′

OF ′/p
m
F ′ , where T ft is the finite type Néron model of

T, and T ′ft that of T′. The properties that characterize their isomorphism are implicit in their
construction. A careful examination of their construction, together with a few arguments that are
tedious but not difficult (see Proposition 3.5.1), tells us that their isomorphism T ft ×OF

OF /p
m
F →

T ′ft ×OF ′
OF ′/p

m
F ′ is characterized by the fact that, upon evaluating on OF̃ /p

m

F̃
=OF̃ ′/p

m

F̃ ′
, it is in-

duced by a restriction of a standard isomorphism T(F̃ )/T(F̃)naive
m+h(F,T) → T′(F̃ ′)/T′(F̃ ′)naive

m+h(F,T).

This is the key observation that lets us construct congruent (and hence also standard) isomor-
phisms outside the strictly Henselian and “weakly induced” cases.

Thus, more generally, we define a Chai-Yu isomorphism to be an isomorphism T ft×OF
OF /p

m
F →

T ′ft×OF ′
OF ′/p

m
F ′ that, when evaluated atOF̃ /p

m

F̃
=OF̃ ′/p

m

F̃ ′
, is induced by a standard isomorphism

T(F̃ )/T(F̃)naiver → T′(F̃ ′)/T′(F̃ ′)naiver for some 0 < r ≪T l such that T(F̃ )naiver ⊂ T(F̃ )m and

T′(F̃ ′)naiver ⊂ T′(F̃ ′)m. The existence of a Chai-Yu isomorphism easily gives the existence of a
congruent isomorphism that is tautologically compatible with the Chai-Yu isomorphism.

1.6. The organization of the paper. In Section 2, we define notation and recall some material,
as well as provide some simple arguments such as an explanation as to why various results of
[Del84], though stated for “local fields” (quotient fields of complete discrete valuation rings with
perfect residue field) automatically extend to the case of Henselian discretely valued fields with
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perfect residue fields. This extension is convenient because our arguments involve passage to
maximal unramified extensions, which preserves Henselian-ness but not completeness. We also
review the result of Chai and Yu of interest to us, stating their isomorphism and articulating the
characterization implicit in their work, in Theorem 2.5.3.

In Section 3, we study standard isomorphisms, congruent isomorphisms and Chai-Yu isomor-
phisms. Much of the content of this section has been summarized above.

In Section 4, we restrict to the case of tori that are weakly induced in the sense of [KP23]. These
tori are much simpler than general tori. In this case, one can construct a Chai-Yu isomorphism
under the milder, natural, assumption 0 <m≪T l (Proposition 4.2.2), which is what lets us replace
h(F,T) by 0 in the statement of Theorem 1.2.1 for weakly induced tori.

Finally, in Section 5, we put things together and prove Theorem 1.2.1.

Acknowledgements. We are grateful to Radhika Ganapathy, whose work, especially [Gan15]
and [Gan22], is the primary inspiration for this paper. We also thank Tasho Kaletha, Arnaud
Mayeux, Gopal Prasad and Dipendra Prasad for helpful and educative discussions as well as
encouragement. The recent appearance in literature of the book [KP23] proved propitious to the
writing of this paper, by allowing us to make several simplifications and improvements.

2. Notation and review.

2.1. Discretely valued Henselian fields. We will abbreviate “discretely valued Henselian field”
to “DVHF”. We will be interested in DVHFs with perfect (but not necessarily finite) residue fields,
unlike [Del84], which additionally imposes completeness. This is because we will need to pass to

maximal unramified extensions F̃ of fields F of interest (see [Ber93, just before Corollary 2.4.6];
valued Henselian fields are the quasi-complete fields of [Ber93, Definition 2.3.1 and Proposition
2.4.3]), and doing so preserves only Henselian-ness, not completeness.

2.1.1. Objects associated to a DVHF. For a DVHF F , we will denote by OF its ring of integers,
pF ⊂OF the maximal ideal of OF , κF =OF /pF its residue field, and valF the normalized discrete
valuation of F as well as its own extension to any algebraic extension of F . Given a field F , it
will often be implicitly understood that a separable closure F sep has been chosen. For a DVHF F ,
we will write ΓF and IF respectively for the absolute Galois group Gal(F sep/F ) and the inertia
group of F , and ΓE/F for the Galois group of any Galois extension E/F . Let ΓκF

= ΓF /IF ; it is
isomorphic to the absolute Galois group of κF . In case κF is finite, ΓκF

is topologically generated
by a Frobenius element, and we will write WF ⊂ ΓF for the Weil group, namely the inverse image
in ΓF of the subgroup of ΓκF

abstractly generated the Frobenius element. Given a DVHF F

with perfect residue field, we will often be interested in separable finitely ramified extensions E/F ,
which may not be finite or Galois. In such a situation, we will use without further comment that E
is also a DVHF with perfect residue field (thus, κE is algebraically closed if E contains a maximal
unramified extension of F ), and denote by e(E/F ) the associated ramification degree.

2.1.2. Passage to completion. Write F̂ for the completion of any DVHF F ; it is a complete DVHF.
Let F be a DVHF. For the following, we refer to [KP23, Proposition 2.1.6] and [Ber93, Proposition
2.4.1]. If E/F is a finite separable extension, noting that E is also a DVHF, the obvious map

E⊗F F̂ → Ê of rings is an isomorphism. We have an equivalence of categories between the category
extF of finite separable extensions of F and the analogous category ext F̂ , given by E ↦ Ê, so
that choosing an embedding of F sep into F̂ sep ∶= (F̂ )sep gives a canonical identification ΓF → Γ

F̂
.

2.1.3. Ramification theory. We assume the setting and notation from Subsubsection 2.1.2 above,
but assume also that κF is perfect. Let E/F be a finitely ramified separable extension. For each
r ∈ [−1,∞), we have the “lower ramification (equivalence) relation” Ξr on HomF−alg(E,F sep) as
in [Del84, (A.3.3)] (whose Ru is our Ξr), under which σ and τ are equivalent if and only if for some
(or equivalently, any) finitely ramified Galois extension M/F contained in F sep and containing a
normal closure of E, we have valM(σ(x) − τ(x)) ≥ e(M/E)(r + 1) for all x ∈ OE . When E = M
is Galois, the lower ramification subgroup Gal(E/F )r ⊂ Gal(E/F ) is the equivalence class of the
identity element under Ξr, which is then just “lies in the same Gal(E/F )r-coset”.
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Choosing any M as above, Gal(M/F ) has a well-defined transitive action on the set of Ξr-
equivalence classes, so that they all have the same cardinality. This cardinality is easily seen to
be bounded above by e(E/F ) for r > −1: if σ, τ ∈ HomF−alg(E,F sep) belong to the same class
under Ξr with r > −1, it is an easy exercise to see that they agree on the maximal unramified
subextension of E/F . For r > −1, let 1 ≤ gr ≤ e(E/F ) be the cardinality of each Ξr-equivalence
class (our gr is the ru of [Del84]). This also lets us define the Herbrand function associated to
each finitely ramified separable extension E/F by the familiar integral as in [Del84, (A.4.3)], for
r ∈ [0,∞):
(5) e(E/F )−1r ≤ ϕE/F (r) = ∫

r

0
dt/(g0/gt) ≤ r.

ϕE/F is a piecewise linear self-homeomorphism of [0,∞). In fact, one can show that this also
defines a self-homeomorphism of [−1,∞), but we will only be interested in its values on [0,∞).
Let its inverse be ψE/F , another self-homeomorphism of [0,∞).

The following allow us to reduce the study of ϕE/F and ψE/F to the case where E/F is finite
and F is complete:

● For any subextension E○/F of E/F with e(E○/F ) = e(E/F )— note that there exist finite
such E○/F — we have ϕE/F = ϕE○/F and ψE/F = ψE○/F . To see this, make use of the same
argument that was used above to prove that gr ≤ e(E/F ) for r > −1, to see that the value
of gr associated to E/F equals that associated to E○/F .
● If E/F is finite, it is easy to see that the identification

HomF−alg(E,F sep)→ Hom
F̂−alg(Ê, (F̂ )sep)

respects each of the equivalence relations Ξr, so that ϕE/F = ϕÊ/F̂ and ψE/F = ψÊ/F̂ as

functions [0,∞) → [0,∞).
We claim that for finitely ramified separable extensions E2/E1/F , we have ϕE2/F = ϕE1/F ○

ϕE2/E1
, or equivalently ψE2/F = ψE2/E1

○ψE1/F . To see this, reduce using the arguments above to
the case where E2/F is finite, and then to the case where F,E1 and E2 are complete, then to the
case where E2/F is Galois, and use [Del84, (A.4.1) and Proposition A.4.2].

For E/F finitely ramified separable, define the “upper ramification relations” Ξr ∶= ΞψE/F (r). If

E/F is Galois, this is the “belongs to the same coset” relation for the upper ramification subgroup
Gal(E/F )r ∶= Gal(E/F )ψE/F (r) ⊂ Gal(E/F ).

When E/F is finite, it is easy to check that HomF−alg(E,F sep) → Hom
F̂−alg(Ê, (F̂ )sep) pre-

serves the “lower ramification relations” Ξr, and hence (using ψE/F = ψÊ/F̂ ) also the “upper

ramification relations” Ξr. The Ξr have the following advantage: if E/F is a finite extension and
M/F is a finite Galois extension in F sep containing a normal closure of E, then Ξr is the same as
“lies in the same Gal(M/F )r-orbit”: to see this, pass to completion and use [Del84, (A.3.2) and
the last sentence of A.4]. This nice behavior under quotients lets us give ΓF an upper ramification
filtration {IrF }r≥0: by definition, the upper ramification filtration subgroup IrF ⊂ ΓF is the sub-
group of elements that map to Gal(M/F )r for each finite Galois subextension M/F of F sep/F .
Each such map IrF → Gal(M/F )r is then seen to be surjective. The isomorphism ΓF → Γ

F̂
maps

IrF to Ir
F̂
and quotients to an isomorphism ΓF /IrF → Γ

F̂
/Ir
F̂
, for each r ≥ 0. The objects associated

to F that we have defined above (ψE/F , I
r
F etc.) are intrinsic, and their definitions did not make

use of the embedding F sep ↪ F̂ sep.

2.1.4. At most l-ramified extensions. Let F be a DVHF with perfect residue field, and l a nonneg-
ative integer. A separable (algebraic) extension E/F will be called at most l-ramified if for every
finite subextension E○/F of it, the relation Ξl associated to E○/F is trivial. Using [Del84, Proposi-
tion A.6.1], this can be shown to be equivalent to requiring that I lF fixes any F -algebra embedding

E ↪ F sep. Let (extF )l denote the category of finite at most l-ramified (and hence separable by
definition) extensions of F . The discussion in the previous subsubsection implies that the functor

E ↦ Ê from Subsubsection 2.1.2 induces an equivalence of categories (extF )l → (ext F̂ )l. The
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category of the ind-objects of (extF )l is equivalent to the category of the algebraic (not necessarily
finite or finitely ramified) at most l-ramified extensions of F .

Remark 2.1.1. Here are some properties of a finitely ramified at most l-ramified extension E/F ,
that will be used without further comment in what follows:

(i) l(1) ∶= ψE/F (l) is an integer, equal to e(E/F )(l+1)−valF (the different of E/F )−1 if E/F is
finite (reduce to the case of E/F finite, and see around [Del84, Proposition A.6.1]; this uses
that E/F is at most l-ramified). Note also that l ≤ l(1) ≤ le(E/F ), with the latter equality
holding if and only if E/F is tamely ramified (use, e.g., (5) and the previous sentence).

(ii) I lF = I l(1)E : reduce to the case where E/F is finite, and note that for any finite Galois extension

M/E we have Gal(M/F )l ⊂ Gal(M/E), and then:

Gal(M/F )l = Gal(M/E)∩Gal(M/F )ψM/F (l) = Gal(M/E)ψM/E○ψE/F (l) = Gal(M/E)ψE/F (l).

2.2. The Krasner-Deligne theory ([Del84]).

2.2.1. Deligne’s triples. In Subsubsections 2.2.2 and 2.2.3 below, we will write T for the category
of triples (A,m, ǫ) as in [Del84, Sections 1.1 and 1.4]: A is a truncated discrete valuation ring with
perfect residue field, m is a free A-module of rank 1, and ǫ∶m → A is an A-module epimorphism
from m to the maximal ideal of A. For an object S = (A,m, ǫ) in this category, l(S) will denote
the length of A as an A-module.

For each object S = (A,m, ǫ) of T of length say l, Deligne has defined a category (extS)l in
[Del84, Definition 2.7], which we will refer to in this subsection. Its objects are the “finite flat”
objects over S in T satisfying an “at most l-ramified” condition, but its morphisms are only certain
equivalence classes of morphisms in T.

2.2.2. Deligne’s triple Trl F associated to F . If F is a DVHF with perfect residue field, and l a
positive integer, we will write Trl F for the object (OF /plF ,pF /pl+1F , ǫ) in T, where ǫ∶pF /pl+1F →

OF /plF is induced by the inclusion pF ⊂OF .
[Del84, Theorem 2.8] says that if F is complete, then Tr extends to a well-defined functor from

(extF )l to the category (extTrl F )l (see Subsubsection 2.2.1), which is in fact an equivalence of
categories. However, even when F is not complete, using the equivalence of categories (extF )l →
(ext F̂ )l (Subsubsection 2.1.4) and the tautological isomorphism Trl F → Trl F̂ , we formally get an
equivalence of categories (extF )l → (extTrl F )l. Moreover, it is immediate that this equivalence

of categories has an intrinsic description independent of F̂ , exactly as the one used for F̂ in
[Del84, Theorem 2.8]. In particular, any isomorphism Trl F → Trl F

′ determines an equivalence
of categories (extF )l → (extF ′)l; this takes each E in (extF )l to some E′ in (extF ′)l such
that we have an isomorphism TrelE = TrelE

′ in the category (extTrl F )l = (extTrl F ′)l, where
e = e(E/F ) = e(E′/F ′).
2.2.3. Close local fields. The notation F ↔l F

′ will mean not only that F and F ′ are DVHFs with
perfect residue fields that are l-close in the sense that we have an isomorphism OF /plF ≅OF ′/plF ′
of rings, but also that the following additional data have been chosen:

● An identification Trl F = Trl F ′ has been chosen in T, as also an equivalence of categories
U ∶ (extF )l → (extF ′)l as in Subsubsection 2.2.2 above, which then as in [Del84, Section
3.5], determines the inner class of an isomorphism ΓF /I lF ≅ ΓF ′/I lF ′ .
● An identification ΓF /I lF = ΓF ′/I lF ′ from the inner class mentioned above has been chosen

by means of a choice of a fixed isomorphism U((F sep)IlF ) → (F ′sep)IlF ′ over F ′, as follows:
ΓF /I lF = AutF−alg((F sep)IlF ) U→ AutF ′−alg(U((F sep)IlF )) = AutF ′−alg((F ′sep)IlF ′ ) = ΓF ′/I lF ′ ,

where U ∶ (extF )l ≅ (extF ′)l is now extended to the level of the ind-objects.
We refer to [Del84, Section 3.5, especially Section 3.5(c)] for some of the details, which

do not need the assumption that F is complete.

This involves choices of F sep and F ′
sep

among other things, changing which will change associated
objects in an appropriate sense, e.g., up to an inner automorphism for Galois groups.
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2.2.4. A variation. Given F ↔l F
′, it will be helpful to consider the following variant of U .

Let (extF )l,+ be the category of embeddings E ↪ F sep, where E/F is finitely ramified and at
most l-ramified. Similarly, we have (extF ′)l,+. These categories have the following advantage
which is important for us: between any two objects in them is either a unique morphism, or
none at all, depending on whether the stabilizer of the former in ΓF or ΓF ′ contains that of
the latter. Clearly, U , considered at the level of ind-objects, defines an equivalence of categories

U+∶ (extF )l,+ → (extF ′)l,+; it sends E ↪ F sep to U(E) ↪ U((F sep)IlF ) → (F ′sep)IlF ′ ↪ F ′
sep

,

where U((F sep)IlF ) → (F ′sep)IlF ′ is part of the datum F ↔l F
′. Moreover, it is an easy exercise

to describe when E′ ↪ F ′
sep

is isomorphic in (extF ′)l,+ to U+(E ↪ F sep): this is so if and only if
E ↪ F sep and E′ ↪ F ′

sep
have the same stabilizer in ΓF /I lF = ΓF ′/I lF ′ .

Upshot: the datum of an extension E′/F and an isomorphism U(E) → E′, is the same as that of
an embedding E′ ↪ F ′

sep
with the same stabilizer as E ↪ F sep in ΓF /I lF = ΓF ′/I lF ′ .

2.2.5. Close extensions of close local fields. Given F ↔l F
′, we will typically need to work with

realizations E ↔l(1) E
′ involving finitely ramified at most l-ramified extensions E and E′ of F

and F ′ with U(E) ≅ E′, where l(1) = ψE/F (l) is an integer. We will use without further mention
that, for any such E′, we have ψE/F (l) = ψE′/F ′(l): use the discussion in [Del84, Section 1.5.3]
(expressing ψE/F (l) in terms of truncated data).

Let us describe how a choice of an isomorphism U(E) → E′ gives a realization E ↔l(1) E
′. As

in [Del84, Construction 3.4.1] (and using a direct limit argument to reduce to the case of finite
extensions), this choice determines an isomorphism Trl(1)E → Trl(1)E

′; by Subsubsection 2.2.2
above this does not need the assumption that F is complete. Moreover, we have obvious choices
of the additional data needed to upgrade this to a realization E →l(1) E

′, as follows. An analogue
UE of U for this isomorphism can be obtained by restricting U to extensions of E and thinking of
U(E)→ E′ as an identification, which we can also use to choose F sep and F ′

sep
as algebraic closures

of E and E′, and get an identification UE((F sep)Il(1)E ) = U((F sep)IlF ) → (F ′sep)IlF ′ = (F ′sep)Il(1)E′ .

Remark 2.2.1. The above construction of E ↔l(1) E
′ has the following properties, which will be

used without further mention in what follows:

(i) ΓE and ΓE′ , as realized in E ↔l(1) E
′, identify with the stabilizers of E ↪ F sep in ΓF

and E′ ↪ F ′
sep

in ΓF ′ , and the resulting isomorphism ΓE/I l(1)E → ΓE′/I l(1)E′ is simply the

restriction of ΓF /I lF → ΓF ′/I lF ′ .
(ii) We get a bijection

(6) ΓE/F → (ΓF /I lF )/(ΓE/I l(1)E
)→ (ΓF ′/I lF ′)/(ΓE′/I l(1)E′

)→ ΓE′/F ′ ,

which is an isomorphism of groups if E/F is Galois, in which case these groups act compatibly
on Trl(1)E = Trl(1)E′ over Trl F = Trl F ′.

(iii) Suppose L/F is a finitely ramified at most l-ramified extension ‘containing’ E/F . Then any
extension L′/F ′ together with an isomorphism U(L) → L′ determines an extension L′/E′
(via E′ → U(E) → U(L) → L′), together with an isomorphism UE(L) = U(L) → L′, and
vice versa. Given any such L′ and U(L) → L′, it is easily verified that the realization
L↔ψL/F (l) L

′, obtained using the above construction starting from F ↔l F
′ and U(L)→ L′,

is the same as the realization L ↔ψL/E(ψE/F (l)) L
′, obtained using the above construction

starting from E ↔ψE/F (l) E
′ and UE(L) = U(L)→ L′.

However, it seems inconvenient to keep track of fixed isomorphisms U(E) → E′, or even to
keep referring to U . This is why we had Subsubsection 2.2.4: the discussion there shows that,
given E ↪ F sep in (extF )l,+, any E′ ↪ F ′

sep
with the same stabilizer as it in ΓF /I lF = ΓF ′/I lF ′

determines a unique isomorphism U(E)→ E′, and hence a realization E ↔l(1) E
′.

Notation 2.2.2. If a realization F ↔l F
′ is understood, and we talk of compatible embeddings

E ↪ F sep and E′ ↪ F ′
sep

, we will mean that E/F and E′/F ′ are finitely ramified at most l-ramified
extensions, and that E ↪ F sep and E′ ↪ F ′

sep
have the same stabilizer in ΓF /I lF = ΓF ′/I lF ′ . Thus,

the compatible embeddings E ↪ F sep and E′ ↪ F ′
sep

give a realization E ↔l(1) E
′, where

l(1) = ψE/F (l), “lying over” F ↔l F
′.
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Remark 2.2.3. By the above discussion above, Remark 2.2.1 can be stated in terms of compatible
embeddings, with, in particular, Remark 2.2.1(iii) taking the following shape (with a slight change
of notation): if L1/L2/F are finitely ramified at most l-ramified extensions, and Li ↪ F sep and
L′i ↪ F ′

sep
are compatible embeddings for i = 1,2, then L′1 ↪ F ′

sep
is the composite of L′2 ↪ F ′

sep

with an embedding L′1 ↪ L′2. Moreover, with l1 = ψL1/F (l) and l2 = ψL2/F (l) = ψL2/L1
(l1), the

realization L2↔l2 L
′
2 produced from F ↔l F

′ is the same as the L2 ↔ψL2/L1
(l1) L

′
2 produced from

the L1↔l1 L
′
1 in turn produced from F ↔l F

′.

2.2.6. Relating the multiplicative groups of close local fields. Suppose that F ↔l F
′, and that

we have embeddings L1 ↪ L2 ↪ F sep, with L1/F and L2/F finitely ramified and at most l-
ramified. Assume that for i = 1,2, Li ↪ F sep and L′i ↪ F ′

sep
are compatible embeddings, so

that L′1 ↪ F ′
sep

factors through L′2 ↪ F ′
sep

(Remark 2.2.3). Set li = ψLi/F (l) for i = 1,2. The

inclusion L×1 ↪ L×2 induces L×1/(1 + pl1L1
) → L×2/(1 + pl2L2

), because l2 = ψL2/L1
(l1) ≤ l1e(L2/L1), by

Remark 2.1.1(i). Part of the datum defining the map Trl1 L1 → Trl2 L2 (as in [Del84, Section 1.4])

is an OL1
/pl1
L1
-linear map pL1

/pl1+1
L1
→ (pL2

/pl2+1
L2
)⊗e(L2/L1) that sends a generator of the source

to a generator of the target as an OL2
/pl2
L2
-module. The description of L×i /(1 + pliLi

) (i = 1,2) in

terms of Trli Li, given in [Del84, Section 1.2] as the group of homogeneous units of the graded

OLi
/pliLi

-algebra ⊕n∈Z(pLi
/pli+1Li

)⊗n, implies that the map L×1/(1 + pl1L1
) → L×2/(1 + pl2L2

) can be
described in terms of the extension Trl1 L1 → Trl2 L2, as obtained by putting together the various

(pL1
/pl1+1L1

)⊗n → (pL2
/pl2+1L2

)⊗e(L2/L1)n (this does not use the completeness of F or of the Li).

Using the isomorphism Trli Li → Trli L
′
i, we get an isomorphism L×i /(1 + pliLi

) → L′i
×/(1 + pli

L′
i

).
Now it is clear that, whenever F ↔l F

′ and we have L1 ↔l1 L
′
1 and L2↔l2 L

′
2 as above, we have

an obvious commutative diagram:

F ×/(1 + plF ) //

��

L×1/(1 + pl1L1
) //

��

L×2/(1 + pl2L2
)

��

F ′
×/(1 + plF ′) // L′×1 /(1 + pl1L′

1

) // L′2
×/(1 + pl2

L′
2

)

.

By the discussion at the end of Subsubsection 2.2.5, if some Li/F is Galois, then the vertical arrow
in the above diagram involving Li is invariant under ΓLi/F = ΓL′i/F ′ .
Notation 2.2.4. Let F be a DVHF with perfect residue field, and L/F be an algebraic extension.
For r, l > 0, we say that r ≪L l (or l ≫L r), if L/F is finitely ramified, at most l-ramified, and
satisfies that r ≤ ψL/F (l)/e(L/F ) (usually l will be an integer for our purposes).

Note that, if F ↔l F
′, r≪L l, and L↪ F sep and L′ ↪ F ′

sep
are compatible extensions, then with

l(1) = ψE/F (l), the isomorphisms OL/pl(1)L →OL′/pl(1)L′ and L×/(1+ pl(1)L )→ L′
×/(1+ pl(1)L′ ) induce

isomorphisms OL/p⌈e(L/F )r⌉L
OL →OL′/p⌈e(L/F )r⌉L′

OL′ and L
×/(1+p⌈e(L/F )r⌉

L
) → L′

×/(1+p⌈e(L/F )r⌉
L′

).
2.3. Notation related to tori over DVHFs.

Notation 2.3.1. (i) Henceforth we will subscripting to indicate base-change: the base-change
of a scheme X/S to S′ will be denoted by XS′ .

(ii) For any torus T over a field F with a chosen separable closure F sep, we will denote by X∗(T)
and X∗(T) respectively the character lattice and the cocharacter lattice of the base-change
TF sep of T to F sep, viewed with the obvious action of Gal(F sep/F ) on these. If an embedding
E ↪ F sep is understood from the context, where E/F a separable extension splitting T, we
may use it to view each χ ∈X∗(T) as a homomorphism TE → Gm/E, χ(t) as an element of
E× for χ ∈X∗(T) and t ∈ T(E), etc.

(iii) If T is a torus over a DVHF F with perfect residue field, its ft-Néron model and connected
Néron model (see [KP23, Definition B.8.9]) will be denoted by T ft and T , respectively (thus,
we follow [Gan22] in writing T for the T 0 of [KP23]).

(iv) If T is a torus over a DVHF F with perfect residue field, then T(F )b ⊂ T(F ) will denote its
maximal bounded subgroup; thus, T ft(OF ) identifies with T(F )b.
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(v) Let T be a torus over a DVHF F with perfect residue field. We will consider three filtrations
of T(F ):

{T(F )naiver }r≥0, {T(F )stdr }r≥0 and {T(F )r}r≥0.
For {T(F )naiver }r≥0 (defined in (4)), we have for each r ≥ 0:

(7) T(F )naiver = {t ∈ T(F )b ∣ valF (χ(t) − 1) ≥ r, ∀χ ∈ X∗(T)}
(here, each χ(t) is valued in F sep, and we recall that the normalized valuation valF is canon-
ically extended to algebraic extensions of F ). The filtration {T(F )stdr }r≥0, is the standard
or Moy-Prasad filtration of T(F ) (see [KP23, Definition B.5.1]):

(8) T(F )stdr = {t ∈ T(F )0 ∣ valF (χ(t) − 1) ≥ r, ∀χ ∈X∗(T)},
where T(F )0 is the Iwahori subgroup of T(F ) as defined in [KP23, Definition 2.5.13], a
subgroup of finite index of T(F )b (which can be strictly contained in T(F )b). The filtration
{T(F )r}r≥0 is the minimal congruent filtration of T(F ), originally introduced by Yu in
[Yu15], but interpreted as in [KP23, Section B.10]. We have T(F )stdr = T(F )0 ∩ T(F )naiver

for each r ≥ 0, and one can check that T(F )naive0 = T(F )b. If r = m is an integer, then
T(F )m is the group of OF -points of what is defined in [KP23, Definition A.5.12] as the
m-th congruence subgroup scheme of T (this is what the “congruent” of “minimal congruent
filtration” refers to). By [KP23, Remark A.5.14], it also equals ker(T (OF ) → T (OF /pmF )),
and hence is what [Gan22] denotes as Tm.

(vi) In the setting of (v) above, if E/F is a finitely ramified separable algebraic extension, we set
T(E)naiver ∶= TE(E)naiver . In slight contrast, if E/F is unramified (algebraic), we let T(E)r be
Tr(OE), where Tr is the r-th minimal congruence filtration group scheme of T from [KP23,
Definition B.10.8(3)] (thus, T(E)r ∩ T(F ) = T(F )r, but we do not know if T(E)r equals
TE(E)r).

(vii) Let T be a torus over a DVHF F with perfect residue field, and let r, l > 0. We say that
r≪T l (or l≫T r), if there exists a (finitely ramified at most l-ramified) extension L/F that
splits T, such that r≪L l (see Notation 2.2.4; usually l will be an integer for our purposes).

(viii) If we write (F,T) ↔l (F ′,T′), we will mean that F ↔l F
′, and that T,T′ are tori over

F,F ′ such that the actions of I lF on X∗(T) and I lF ′ on X∗(T′) are trivial (in other words,
T and T′ are “at most l-ramified”), and that an isomorphism X∗(T) → X∗(T′) has been
chosen that is equivariant for the actions of ΓF /I lF = ΓF ′/I lF ′ (recall that the identification
ΓF /I lF = ΓF ′/I lF ′ is part of the datum defining F ↔l F

′).
(ix) Suppose F ↔l F

′, and that E ↪ F sep and E′ ↪ F ′
sep

are compatible embeddings, so
(see Subsubsection 2.2.5) we have E ↔l(1) E

′, where l(1) = ψE/F (l). Suppose further
that (F,T) ↔l (F ′,T′) and (E,S) ↔l(1) (E′,S′) extend our F ↔l F

′ and E ↔l(1) E
′,

respectively. Then we will implicitly work with realizations (E,TE) ↔l(1) (E′,T′E′) and
(F,R ∶= ResE/F S) ↔l (F ′,R′ ∶= ResE′/F ′ S′), extending E ↔l(1) E

′ and F ↔l F
′, obtained

from the following identifications:
(a) X∗(TE) = X∗(T) → X∗(T′) = X∗(T′E′), which is equivariant for ΓF /I lF = ΓF ′/I lF ′ and

hence for ΓE/I l(1)E
= ΓE′/I l(1)E′

; and

(b) X∗(R) = IndΓF

ΓE
X∗(S) = IndΓF /I

l
F

ΓE/I
l(1)

E

X∗(S) = IndΓF ′ /I
l

F ′

ΓE′ /I
l(1)

E′

X∗(S′) = IndΓF ′

ΓE′
X∗(S′) =X∗(R′),

where we recall that S and S′ are at most l(1)-ramified, use the discussion of (i) and

(ii) of Remark 2.2.1, and use the canonical identifications X∗(R) = IndΓF

ΓE
X∗(S) =

Z[ΓF ]⊗Z[ΓE] X
∗(S) and X∗(R′) = IndΓF ′

ΓE′
X∗(S) reviewed in Remark 2.3.2 below.

As usual, the above notation will be adapted in obvious ways: for any torus T1 over any DVHF
F ♭, we will make sense of T ft

1 and T1(F ♭)m, etc.

Remark 2.3.2. Let E/F be a finite separable field extension, S/E a torus, and R ∶= ResE/F S.

Let us recall the canonical realization X∗(R) = IndΓF

ΓE
X∗(S), where ΓF = Gal(F sep/F ) and ΓE =

Gal(F sep/E). We have a “universal”, surjective, homomorphism RE → SE , which, at the level of
A-valued points for an E-algebra A, is the map R(A) = S(E ⊗F A)→ S(A), obtained by applying



ON CONGRUENT ISOMORPHISMS FOR TORI 11

the functor S to the multiplication map E⊗F A→ A of E-algebras (where E⊗F A is an E-algebra
via the first factor). This map has a well-known universal property: for any multiplicative type
group scheme T over F , base-changing to E followed by composition with RE → SE gives us
a functorial bijection between homomorphisms T → R and homomorphisms TE → SE . Hence,
composition with the injection X∗(S)→X∗(R) dual to RE → SE gives a functorial identification
HomΓE

(X∗(S),X∗(T))→ HomΓF
(X∗(R),X∗(T)) (the notationX∗(T) extends to the case where

T is a multiplicative type group scheme). Hence Frobenius reciprocity gives an identification

X∗(R) = IndΓF

ΓE
X∗(S) = Z[ΓF ]⊗Z[ΓE]X

∗(S).
Remark 2.3.3. We will often use without further comment the following nice property of the
naive filtration (Notation 2.3.1(v)): for any injective homomorphism T1 ↪ T2 of tori over a DVHF
F with perfect residue field, r ≥ 0, and a finitely ramified separable extension E/F , T1(F )naiver =
T1(F ) ∩T2(F )naiver = T1(F ) ∩T2(E)naivee(E/F )r. For the first equality, use that X∗(T2) → X∗(T1)
is surjective. For the second, recall that by the convention in Notation 2.3.1(vi), each Ti(E)s is
defined using the normalized discrete valuation on E.

2.4. Weil restriction for tori across close local fields. The following lemma is implicit in
the last sentence of [CY01, Section 3.6].

Lemma 2.4.1. Suppose (F,T) ↔l (F ′,T′). Let L ↪ F sep and L′ ↪ F ′
sep

be compatible embed-
dings, with L/F finite, so that by Notation 2.3.1(ix), we have a realization (F,R) ↔l (F ′,R′),
where R = ResL/F TL and R′ = ResL′/F ′ T′L′. Then the “diagonal” inclusions T ↪ R and T′ ↪ R′

induce the same (necessarily surjective) homomorphisms X∗(R) =X∗(R′)→X∗(T′) =X∗(T).
Proof. L′/F ′ is also finite, so the statement makes sense. By the universal property of ResL/F , the
“diagonal” map T ↪ R is the unique homomorphism that, when base-changed to L and composed
with RL → TL, yields the identity map TL → TL. Dually, X∗(R) → X∗(T) is the unique
homomorphism of ΓF -modules that, when viewed as a homomorphism of ΓL-modules and pre-
composed with the “universal” ΓL-module homomorphism X∗(T) ↪ X∗(R), yields the identity.

In the previous sentence, we can replace ΓF by ΓF /I lF = ΓF ′/I lF ′ and ΓE by ΓE/I l(1)E = ΓE′/I l(1)E′ ,
where l(1) = ψL/F (l). Since an analogous assertion applies for (F ′,T′), we are done. �

2.5. A review of some results of Chai and Yu. Unfortunately, we will need to quote from
the proofs, and not just the lemmas, of [CY01]. Therefore, we summarize what we will need from
that paper in this subsection.

Notation 2.5.1. (i) If T is a torus over a DVHF F with perfect residue field, and L/F is
a finite Galois extension splitting T, we will denote by h(F,T, L) the nonnegative inte-
ger h(OF ,OL,ΓF ,X∗(T)) defined as in [CY01, Section 8.1, just before the lemma]. If
L/F is a minimal splitting extension for T, i.e., isomorphic to the fixed field of the kernel
of ΓF → Aut(X∗(T)), we write h(F,T) = h(F,T, L). By [CY01, Lemma 8.1], whenever
(F,T) ↔l (F ′,T′), L ↪ F sep and L′ ↪ F ′

sep
are compatible extensions, and h(F,T, L) <

⌊ψL/F (l)/e(L/F )⌋, we have h(F,T, L) = h(F ′,T′, L′) and h(F,T) = h(F,T′): indeed, if we
set h = h(F,T, L) and e = e(L/F ), then L′/F ′ splits T′ (minimally if L does), and we have
an identification Tre(h+1)L ≅ Tre(h+1)L′ over Trh+1 F ≅ Trh+1 F ′, feeding into the hypothesis
of [CY01, Lemma 8.1].

(ii) Suppose (F,T)↔l (F ′,T′). Let L/F be an at most l-ramified finite Galois extension splitting
T, and assume that L ↪ F sep and L′ ↪ F ′

sep
are compatible embeddings. Recall that we

have (F,R ∶= ResL/F TL) ↔l (F ′,R′ ∶= ResL′/F ′ TL′) (see Notation 2.3.1(ix)). Whenever
0 <m≪L l, [CY01, the proof of Proposition 8.4(ii)] gives us an isomorphism

(9) Rft ×OF
OF /pmF →R′ft ×OF ′

OF ′/pmF ′ ,
(we recall that Rft (resp., R′ft) is the finite type Néron model of R (resp., R′)). Explicitly,
the identification OL/pmFOL = OL′/pmF ′OL′ (from L ↔ψL/F (l) L

′) allows us to identify both

sides, at the level of A-valued points for an OF /pmF =OF ′/pmF ′-algebra A, with
A↦ Hom(X∗(T), ((OL/pmFOL)⊗OF

A)×) = Hom(X∗(T′), ((OL′/pmF ′OL′)⊗OF ′
A)×).
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Remark 2.5.2. Assume the setting of Notation 2.5.1(ii). The following is from [CY01, Section
8.1].

(i) Note that ResOL/OF
Gm has an obvious realization as a closed subscheme of the affine space

A
[L∶F ]+1/OF associated to the free OF -module OL⊕OF of rank [L ∶ F ]+1 (with some chosen

basis). Using a compatible basis of OL′⊕OF ′ , we have ResOL′ /OF ′
Gm ↪ A

[L∶F ]+1/OF ′ . Note

that the obvious isomorphism (A[L∶F ]+1/OF ) ×OF
OF /pmF → (A[L∶F ]+1/OF ′) ×OF ′

OF ′/pmF ′
restricts to the isomorphism ResOL/OF

Gm ×OF
OF /pm+1F → ResOL′ /OF ′

Gm ×OF ′
OF ′/pm+1F ′

defined as in (in fact as a special case of) Notation 2.5.1(ii).
(ii) Choosing bases {χi = χ′i} of X∗(T) = X∗(T′), we can realize Rft, which sends an OF -

algebra A to Hom(X∗(T), (OL ⊗OF
A)×), as a product of copies of ResOL/OF

Gm indexed

by {χi = χ′i}, giving using (i) an embedding Rft ↪ A
dimT([L∶F ]+1)/OF , as a closed sub-

scheme. Similarly, we get R′ft ↪ A
dimT([L∶F ]+1)/OF ′ . It is immediate that the obvious

isomorphism (A[L∶F ]+1/OF ) ×OF
OF /pmF → (A[L∶F ]+1/OF ′) ×OF ′

OF ′/pmF ′ restricts to the iso-

morphism Rft ×OF
OF /pmF →R′ft ×OF ′

OF ′/pmF ′ of Notation 2.5.1(ii).

The following is one of the main results of [CY01]:

Theorem 2.5.3 (Chai and Yu). Let (F,T) ↔l (F ′,T′). Suppose m is a positive integer such
that m + 3h(F,T, L) ≪L l, for a fixed at most l-ramified finite Galois extension L/F splitting T
(which exists since (F,T) ↔l (F ′,T′)). Let L ↪ F sep and L′ ↪ F ′

sep
be compatible embeddings,

so that (F,R ∶= ResL/F TL) ↔l (F ′,R′ ∶= ResL′/F ′ TL′). Set h = h(F,T, L). Then there exists a

unique isomorphism T ft ×OF
OF /pmF → T ′ft ×OF ′

OF ′/pmF ′ satisfying the following property: for

some (or equivalently, any) compatible embeddings F̃ ↪ F sep and F̃ ′ ↪ F ′
sep

, where F̃ /F is
a maximal unramified extension, evaluating this isomorphism (resp., (9)) at OF̃ /pmF̃ = OF̃ ′/pmF̃ ′
(resp., OF̃ /pm+hF̃

= OF̃ ′/pm+hF̃ ′
) gives us the right-most (resp., the left-most) vertical arrow of an

obvious commutative diagram

(10) R(F̃ )b/R(F̃)m+h

��

T(F̃ )b/T(F̃ )naivem+h
? _oo //

��

T(F̃ )b/T(F̃ )m

��

R′(F̃ ′)b/R′(F̃ ′)m+h T′(F̃ ′)b/T′(F̃ ′)naivem+h
? _oo // T′(F̃ ′)b/T′(F̃ ′)m

.

Here, we have identified T ft(OF̃ ) with T(F̃ )b, and hence T ft(OF̃ /pmF̃ ) with T(F̃ )b/T(F̃ )m, etc.

That the left vertical arrow induces the middle vertical arrow, and the inclusions T(F̃ )naivem+h ⊂
T(F̃ )m and T′(F̃ ′)naivem+h ⊂ T′(F̃ ′)m needed to make sense of the right horizontal arrows in the two
rows, are part of the assertion.

The above description is not present right at the point of statement of [CY01, Theorem 8.5],
but can be assembled from various parts of [CY01]. To help the reader do so, we will give more
references later in this subsection. To this end, we now make some preparation.

The following assertion is a special case of [CY01, Proposition 4.2], understood using [CY01,
the proof of Proposition 8.4(iii)]:

Proposition 2.5.4 (Chai and Yu). Let F ↔l F
′. Let X,X′ be smooth algebraic schemes over

OF ,OF ′ , W ⊂ XκF
and W′ ⊂ X′κF ′

closed smooth subschemes, and Y,Y′ the dilatations of W,W′

on X,X′. Assume that, for some 0 ≤m < l, we are given an isomorphism X×OF
OF /pm+1F → X′×OF ′

OF ′/pm+1F ′ over OF /pm+1F =OF ′/pm+1F ′ , that on tensoring with κF = κF ′ identifies W with W′. Then
there is a unique isomorphism Y ×OF

OF /pmF → Y′ ×OF ′
OF ′/pmF ′ over OF /pmF =OF ′/pmF ′ with the

following property: for some (or equivalently, any) compatible embeddings F̃ ↪ F sep and F̃ ′ ↪

F ′
sep

, where F̃ /F is a maximal unramified extension, it maps the image of y ∈ Y(OF̃ ) ⊂ X(OF̃ )
in Y ×OF

OF /pmF (by which we mean its image in Y(OF̃ /pmF̃ )) to that of y′ ∈ Y′(OF̃ ′) ⊂ X(OF̃ ′)
in Y′ ×OF̃ ′

OF̃ ′/pmF̃ ′ whenever X ×OF
OF /pm+1F → X′ ×OF ′

OF ′/pm+1F ′ does so.
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References for the proof. First we address the uniqueness, assuming the existence. It is imme-
diately seen that F̃ ′/F ′ is automatically a maximal unramified extension. Given y ∈ Y(OF̃ ) ⊂
X(OF̃ ), its image in X(OF̃ /pm+1F̃

) = X′(OF̃ ′/pm+1F̃ ′
) has image in X(κF̃ ) = X′(κF̃ ′) that belongs

to W =W′. Thus, any y′ ∈ X′(OF̃ ′) that lifts this image (such y′ exist as X′ is smooth) belongs
to Y′(OF̃ ′) ⊂ X′(OF̃ ′). Thus, Y ×OF

OF /pmF → Y′ ×OF ′
OF ′/pmF ′ is pinned down on the image of

Y(OF̃ ) in Y(OF̃ /pmF̃ ). Now the uniqueness follows by the schematic density of this set of points,

as asserted in [CY01, Lemma 8.5.1], which applies since Y is smooth (see [BLR90, Section 3.2,
Proposition 3], or [KP23, Lemma A.5.10] or [?, Proposition 2.16]). Note that this argument does
not use the completeness assumption of [CY01, Section 8].

Now we discuss the existence. The non-dependence on F̃ ↪ F sep and F̃ ′ ↪ F ′
sep

is easy. Write
X = SpecC and X′ = SpecC′, for anOF -algebra C and anOF ′-algebra C

′. Then X×OF
OF /pm+1F →

X′ ×OF ′
OF ′/pm+1F ′ is dual to the inverse of an isomorphism C/pm+1F C → C′/pm+1F ′ C′. Let the

subscheme W ⊂ XκF
⊂ X be defined by an ideal IW generated by ̟F , g1, . . . , gs, where ̟F ∈OF is

a uniformizer, and g1, . . . , gs ∈ C. Then the subschemeW′ ⊂ X′ is defined by the ideal IW ′ generated
by ̟F ′ , g

′
1, . . . , g

′
s, where ̟F ′ ∈ OF ′ is a uniformizer matching ̟F under OF /pm+1F = OF ′/pm+1F ′ ,

and where g′i matches gi under C/pm+1F C → C′/pm+1F ′ C′ for 1 ≤ i ≤ s.
Over the isomorphism C/pm+1F C = C′/pm+1F ′ C′ of OF /pm+1F =OF ′/pm+1F ′ -algebras lies an isomor-

phism

(11)
C[x1, . . . , xs]

(̟Fx1 − g1, . . . ,̟Fxs − gs)
⊗OF

OF /pm+1F →
C′[x1, . . . , xs]

(̟F ′x1 − g′1, . . . ,̟F ′xs − gs)
⊗OF ′

OF ′/pm+1F ′ ,

induced by sending xi to xi for each i. The ring C[x1, . . . , xs]/(̟Fx1−g1, . . . ,̟Fxs−gs), modulo its
̟∞F -torsion, is the coordinate ring OF [Y] of Y (see, e.g., [KP23, the discussion of Remark A.5.9]).
A similar assertion applies with F ′ in place of F . While OF [Y] ⊗OF

OF /pmF and OF ′[Y′] ⊗OF ′

OF ′/pmF ′ are quotients of the left-hand side and the right-hand side of the isomorphism (11), it is
not obvious that (11) induces an isomorphism between these quotients. Nevertheless, it does so,
by [CY01, Proposition 4.2], as we now explain.

We will superscript with [m] to denote base-change to OF /pmF or OF ′/pmF ′ . In particular,

I
[m]
W = IW ⊗OF

OF /pmF . Since IW ⊃ ̟FOF [X], we get ̟m
F IW ⊃ ̟

m+1
F OF [X]. This allows us to

identify I
[m]
W = IW /̟m

F IW with I
[m]
W ′ = IW ′/̟m

F ′IW ′ . One considers the following diagram:

(C[x1, . . . , xs]/(̟Fx1 − g1, . . . ,̟Fxs − gs))[m] //

��

(⊕t≥0 Symt
C[m]I

[m]
W )

(̟F )
//

��

(OF [Y])[m]

��

(C′[x1, . . . , xs]/(̟F ′x1 − g′1, . . . ,̟F ′xs − g′s))[m] //(⊕t≥0 Symt

C′[m]
I
[m]
W ′ )

(̟F ′)
// (OF ′[Y′])[m]

where the top middle term refers to the homogeneous localization of ⊕t≥0 Symt
C[m]I

[m]
W at the

homogeneous element of degree 1 given by the image of ̟F ∈ IW , so that its spectrum is an open
subset of the scheme Bl′(X,W) ×OF

OF /pmF defined as in [CY01, Section 4.2.1]. Thus, the right
square and its commutativity, and the fact that the right vertical arrow is an isomorphism, follow
from the canonicity description of [CY01, Section 4.2.1]. The top left arrow maps the image of xi
to gi/̟F for each i, and the bottom left arrow is similar, so that the commutativity of the left
square is clear.

Thus, (11) indeed quotients to an isomorphism OF [Y] ⊗OF
OF /pmF → OF ′[Y′] ⊗OF ′

OF ′/pmF ′ ,
i.e., an isomorphism Y ×OF

OF /pmF → Y′ ×OF ′
OF ′/pmF ′ . It remains to show that this morphism

is as described in the proposition, so let y, y′ be as in it. It suffices to show that f(y) = f ′(y′) in
OF̃ /pmF̃ = OF̃ ′/pmF̃ ′ whenever f and f ′ match under (11). Without loss of generality, f and f ′ are

both represented by xi for some 1 ≤ i ≤ s. But since we have ̟Ff = gi and ̟F ′f
′ = g′i, this follows

from the fact that gi and g
′
i match each other under C/pm+1F C → C′/pm+1F ′ C′, as do ̟F and ̟F ′

under OF /pm+1F →OF ′/pm+1F ′ , so that gi(y) and g′i(y′) match under OF̃ /pm+1F̃
→OF̃ ′/pm+1F̃ ′

. �
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References for the proof of Theorem 2.5.3. The uniqueness follows as in the proof of Proposition
2.5.4. Using the latter argument of [CY01, Remark 8.6] (OF /pmF , T ft ×OF

OF /pmF and Rft ×OF

OF /pmF remain unchanged when F is replaced by its completion), together with [KP23, Proposition

2.3.4(2)], from which it follows that T ft(OF̃ ) = T(F̃ )b is dense in the analogous group associated
to the completion of F (so that the source and target of middle vertical arrow are unchanged when
we replace F by its completion), we may and shall assume that F and F ′ are complete. This is
being done so that we may use results from [CY01, Section 8].

We will denote by Ti and Ri the integral models T i for T and Ri for R from [CY01, Sections 3.2,

3.4, 3.6]. By definition, R0 ∶= Rft, where R ∶= ResL/F TL, and T0 (see [CY01, Section 3.6]) is the

schematic closure of T in R0. Thus, T0 is the standard model of T in the sense of [KP23, Section

B.4]. If Ti and Ri are defined, then Ti+1 (resp., Ri+1) is the dilatation of a smooth subscheme

Zi ⊂ Ti ×OF
κF on Ti (resp., Wi ⊂ Ri ×OF

κF on Ri). Further, Ti can be realized as the schematic

closure of T in Ri ([CY01, Lemma 3.5]). We have similar objects (T′)i and (R′)i associated to
T′/F ′.

By [CY01, Corollary 8.2.4], or rather its proof, thanks to the inequalities ψL/F (l)/e(L/F ) > 2h
and ψL/F (l)/e(L/F )−h ≥m+h, the isomorphism R0 ×OF

OF /pm+hF → (R′)0 ×OF ′
OF ′/pm+hF ′ given

by (ii) of Notation 2.5.1 restricts to an isomorphism T0 ×OF
OF /pm+hF → (T′)0 ×OF ′

OF ′/pm+hF ′ ,

as the following two sentences explain. Recall the chains of inclusions of closed subschemes T0 ⊂
R0 ⊂ A

dimT⋅([L∶F ]+1)/OF and (T′)0 ⊂ (R′)0 ⊂ A
dimT⋅([L∶F ]+1)/OF ′ from [CY01, Section 8.1 and

the beginning of Section 8.3], reviewed in Remark 2.5.2. The isomorphism R0 ×OF
OF /pm+hF →

(R′)0×OF ′
OF ′/pm+hF ′ from (ii) of Notation 2.5.1 has been observed to be a restriction of the obvious

identification of affine spaces A
dimT⋅([L∶F ]+1)/(OF /pm+hF ) = A

dimT⋅([L∶F ]+1)/(OF ′/pm+hF ′ ), and the

isomorphism T0 ×OF
OF /pm+hF → (T′)0 ×OF ′

OF ′/pm+hF ′ is constructed in [CY01, Corollary 8.2.4]
to also satisfy this property.

Since T0(OF̃ ) ⊂ R0(OF̃ ) identifies with the inclusion T(F̃ )b ⊂ R(F̃ )b, and T(F̃ )naivem+h = T(F̃ ) ∩
R(F̃ )m+h, and similar assertions hold for F ′, the above paragraph implies that we indeed have a
well-defined middle vertical arrow of (10) making the left square of that diagram commute.

A positive integer δ is introduced in [CY01, Section 8.5], and it is observed that δ ≤ h. As
observed there (the invocation of [CY01, Lemma 5.5]) and using our assumption that m + 3h ≤ l,
working with F ′ instead of F does not change δ. Thus, as observed at [CY01, the beginning of

Section 8.5.2], T ft equals Th and T ′ft equals (T′)h.
Rh and (R′)h are obtained from R0 and (R′)0 by a series of h dilatations. At the i-th step, one

inductively assumes given an identification Ri−1 ×OF
OF /pm+h+1−iF → (R′)i−1 ×OF ′

OF ′/pm+h+1−iF ′ ,

and dilatates Ri−1 and (R′)i−1 with respect to the same subscheme of Ri−1 ×OF
κF = (R′)i−1 ×OF ′

κF ′ to get Ri and (R′)i, yielding by Proposition 2.5.4 an isomorphism Ri ×OF
OF /pm+h−iF →

(R′)i×OF ′
OF ′/pm+h−iF ′ (see [CY01, Proposition 8.4]). It therefore follows from h-many applications

of Proposition 2.5.4 that there is a unique isomorphism Rh×OF
OF /pmF → (R′)h×OF ′

OF ′/pmF ′ that
maps the image of y ∈ Rh(OF̃ ) ⊂ Rft(OF̃ ) to that of y′ ∈ (R′)h(OF̃ ′) ⊂ R′ft(OF̃ ′) whenever the

image of y maps to that of y′ under R0 ×OF
OF /pm+hF → (R′)0 ×OF ′

OF ′/pm+hF ′ (these applications

are justified by the fact that the Ri and the (R′)i are smooth, unlike the Ti and the (T′)i).
It is argued in [CY01, Section 8.5.2] that Rh ×OF

OF /pmF → (R′)h ×OF ′
OF ′/pmF ′ restricts to an

isomorphism T ft ×OF
OF /pmF = Th ×OF

OF /pmF → (T′)h ×OF ′
OF ′/pmF ′ = T ′ft ×OF ′

OF ′/pmF ′ . Hence,
under this isomorphism, the image of y ∈ T ft(OF̃ ) ⊂ Rft(OF̃ ) maps to that of y′ ∈ T ′ft(OF̃ ′) ⊂
R′ft(OF̃ ′) whenever, under the middle vertical arrow of (10), the image of y maps to that of y′.
This makes sense of the right square of (10) and gives its commutativity. �

Note that in the above proof, the implicit assertions such as that T(F̃ )naivem+h ⊂ T(F̃ )m have been

implicitly taken care of. This could be compared with the easier containment T(F̃ )naiver ⊃ T(F̃)r
(use [KP23, Propositions B.10.4 and B.10.13]), which can be proper for tori that are not “weakly

induced”. In any case, let us record the containment T(F̃ )naivem+h ⊂ T(F̃ )m, since it applies in
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greater generality (without assuming m + 3h(F,T) ≪T l), and does not need the strength of
[CY01, Proposition 4.2] (i.e., of Proposition 2.5.4):

Lemma 2.5.5. Let T be a torus over a DVHF F with perfect residue field. Assume that h ∶=
h(F,T) < ⌊ψL/F (l)/e(L/F )⌋ for some at most l-ramified finite Galois extension L/F splitting T.

Then for any positive integer m, we have T(F̃ )naivem+h = T(F̃ )stdm+h ⊂ T(F̃ )m.

Remark 2.5.6. In the situation of the above lemma, we claim that whenever F ↔m+h F ′,
and F̃ ↪ F sep and F̃ ′ ↪ F ′

sep
are compatible embeddings, where F̃ /F is a maximal unramified

extension, we also have an analogous containment T′(F̃ ′)naivem+h = T′(F̃ ′)stdm+h ⊂ T′(F̃ ′)m: this is
because h(F,T) = h(F ′,T′) by the discussion of Notation 2.5.1(i).

Proof of Lemma 2.5.5. It suffices to show that T(F̃ )naivem+h ⊂ T(F̃ )m, since it will then follow that

T(F̃ )stdm+h ⊂ T(F̃ )naivem+h = T(F̃ )naivem+h ∩T(F̃ )m ⊂ T(F̃ )naivem+h ∩T(F̃ )0 = T(F̃ )stdm+h.
Let R = ResL/F T. Since the connected Néron model T is obtained from T ft by dilatating

with respect to the identity component of the special fiber, it follows that the group T(F̃)m =
ker(T (OF̃ ) → T (OF̃ /pmF̃ )) also equals ker(T ft(OF̃ ) → T ft(OF̃ /pmF̃ )). The kernel of Rft(OF̃ ) →
Rft(OF̃ /pm+hF̃

) equals R(F̃ )m+h, which equals R(F̃ )naivem+h by [KP23, Corollary B.10.13] (and the

equality R = Rft).

We will use notation from the above (outline of) proof. It suffices to show that, if t ∈ T0(OF̃ )
has trivial image in Rft(OF̃ /pm+hF̃

) = R0(OF̃ /pm+hF̃
), then t has trivial image in Rh(OF̃ /pmF̃ ) (and

hence belongs to ker(T ft(OF̃ ) → T ft(OF̃ /pmF̃ ))). Indeed, one shows by induction on 0 ≤ i ≤ h
that t has trivial image in Ri(OF̃ /pm+h−iF̃

). The induction step is as in the arguments around

and below (11) in the proof of Proposition 2.5.4: if the coordinate ring of Ri is C, write the
coordinate ring of Ri+1 as a quotient of C[x1, . . . , xs]/(̟Fx1 − g1, . . . ,̟Fxs − gs), and note that
the induction hypothesis that f(t) ∈ ̟m+h−i

F OF̃ for all f ∈ C implies f(t) ∈ ̟m+h−i−1
F OF̃ for all

f ∈ C[x1, . . . , xs]/(̟Fx1 − g1, . . . ,̟Fxs − gs). �

Note that the proof of the above lemma shows that we can replace h = h(F,T) by any i such

that Ti = T ft, with Ti as in the proof of Theorem 2.5.3 (e.g., i could be the δ of that proof).

3. Standard, congruent and Chai-Yu isomorphisms

3.1. The definition of standard and congruent isomorphisms.

Notation 3.1.1. Let (F,T) ↔l (F ′,T′), and let r > 0. Elements tT(F )naiver ∈ T(F )/T(F )naiver

and t′T′(F ′)naiver ∈ T′(F ′)/T′(F ′)naiver (or by abuse of notation, t ∈ T(F ) and t′ ∈ T′(F ′)) are said
to be standard correspondents of each other if for some (and hence by Lemma 3.2.1 below, any)
compatible embeddings L ↪ F sep and L′ ↪ F ′

sep
, such that L splits T and r ≪L l (see Notation

2.2.4), the following holds: for every χ = χ′ ∈ X∗(T′) = X∗(T), χ(t) and χ′(t′) have images that

match under the isomorphism L×/(1+p⌈e(L/F )r⌉L )→ L′
×/(1+p⌈e(L/F )r⌉L′ ) (described below Notation

2.2.4).

Remark 3.1.2. (i) Note that the condition in Notation 3.1.1 does not change if t or t′ is
replaced by another element of tT(F )naiver or t′T′(F ′)naiver (this follows from the definition
of the naive filtration subgroups T(F )naiver and T′(F ′)naiver ).

(ii) We will see in Lemma 3.2.1 below that, in the setting of Notation 3.1.1, every element of
T(F )/T(F )naiver has either a unique standard correspondent in T′(F ′)/T′(F ′)naiver , or none
at all (and vice versa). This will sometimes be used without further comment in what follows.

Definition 3.1.3. Let (F,T)↔l (F ′,T′).
(i) Let r > 0 be a positive real number. An isomorphism T(F )/T(F )naiver → T′(F ′)/T′(F ′)naiver

of abelian groups is said to be a standard isomorphism if it maps every element of its source
to a standard correspondent of it.
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(ii) Let m be a positive integer. An isomorphism T(F )/T(F )m → T′(F ′)/T′(F ′)m is said to
be a congruent isomorphism if for some (or equivalently by Lemma 3.4.1(i) below, any)

compatible embeddings F̃ ↪ F sep and F̃ ′ ↪ F ′
sep

, where F̃ /F is a maximal unramified

extension, and some r > 0 such that T(F̃ )naiver ⊂ T(F̃)m and T′(F̃ ′)naiver ⊂ T′(F̃ ′)m, the given

isomorphism is a restriction of an isomorphism T(F̃ )/T(F̃)m → T′(F̃ ′)/T′(F̃ ′)m, which in

turn is induced by a standard isomorphism T(F̃ )/T(F̃)naiver → T′(F̃ ′)/T′(F̃ ′)naiver associated

to (F̃ ,TF̃ )↔l (F̃ ′,T′F̃ ′).
(iii) Let m be a positive integer. An isomorphism T ft ×OF

OF /pmF → T ′ft ×OF ′
OF ′/pmF ′ is said

to be a Chai-Yu isomorphism if for some (or equivalently by Lemma 3.4.1(i) below, any)

compatible embeddings F̃ ↪ F sep and F̃ ′ ↪ F ′
sep

, where F̃ /F is a maximal unramified

extension, and some r > 0 such that T(F̃ )naiver ⊂ T(F̃ )m and T′(F̃ ′)naiver ⊂ T′(F̃ ′)m, the iso-

morphism T(F̃ )b/T(F̃)m → T′(F̃ ′)b/T′(F̃ ′)m obtained by evaluating the given isomorphism

at OF̃ /pmF̃ =OF̃ ′/pmF̃ ′ is induced by a “restricted standard isomorphism” T(F̃ )b/T(F̃)naiver →

T′(F̃ ′)b/T′(F̃ ′)naiver , namely, one that maps each element of its source to a standard corre-

spondent of it, for the realization (F̃ ,TF̃ )↔l (F̃ ′,T′F̃ ′).
The following remark helps make sense of the above definition.

Remark 3.1.4.

(i) Note that, by definition, a standard isomorphism T(F )/T(F )naiver → T′(F ′)/T′(F ′)naiver

does not exist unless 0 ≤ r ≪T l, i.e., r ≤ ψL/F (l)/e(L/F ) for some finitely ramified at
most l-ramified separable extension L/F splitting T. Similarly, a congruent isomorphism

T(F̃ )/T(F̃)m → T′(F̃ ′)/T′(F̃ ′)m or a Chai-Yu isomorphism T ft ×OF
OF /pmF → T ′ft ×OF ′

OF ′/pmF ′ does not exist unless there exist r ≥ 0 such that l ≫T r, T(F̃ )naiver ⊂ T(F̃)m and

T′(F̃ ′)naiver ⊂ T′(F̃ ′)m (these latter conditions force r ≥m, since T(F )r ⊂ T(F )naiver ).

(ii) In Definition 3.1.3(ii), the notion of restriction from T(F̃ )/T(F̃)m to T(F )/T(F )m makes

sense, because T(F̃ )m ∩T(F ) = T(F )m (see Notation 2.3.1(vi)). For L/F finitely ramified
separable with e = e(L/F ), since T(L)naiveer ∩ T(F ) = T(F )naiver (Remark 2.3.3), we may
restrict from T(L)/T(L)naiveer to T(F )/T(F )naiver .

(iii) To relate the definition of a Chai-Yu isomorphism to isomorphisms constructed in [CY01],
see Proposition 3.5.1 below.

3.2. Some first properties of standard isomorphisms.

Lemma 3.2.1. Let (F,T) ↔l (F ′,T′), and let r > 0. If t ∈ T(F ) and t′ ∈ T′(F ′) satisfy the
conditions in the definition of a standard correspondent (Notation 3.1.1) with respect to some
choice of L ↪ F sep and L′ ↪ F ′

sep
(with L/F finitely ramified, such that L splits T and r ≪L l),

then it satisfies those conditions with respect to any other such choice, say L1 ↪ F sep and L′1 ↪
F ′

sep
. Moreover, every element of T(F )/T(F )naiver has either a unique standard corresondent in

T′(F ′)/T′(F ′)naiver , or none at all.

Proof. We first prove the former assertion. Assume first that L/F is minimal, i.e., isomorphic
to the fixed field of ker(ΓF → Aut(X∗(T))). In this case, L ↪ F sep factors as the composite
of L1 ↪ F sep and some F -algebra embedding L ↪ L1. Moreover, L′ is automatically a minimal
splitting extension for T′, and we similarly get L′ ↪ L′1 ↪ F ′

sep
. In this case, the lemma follows

from the commutative diagram of Subsubsection 2.2.6. A similar argument, with the roles of L
and L1 swapped, reduces the case of general L to that of minimal L: note that replacing L with
a smaller splitting extension increases ψL/F (l)/e(L/F ), and hence preserves the relation r≪L l.

To see the uniqueness assertion, setting e = e(L/F ) = e(L′/F ′) and recalling that T(F )/T(F )naiver ⊂
T(L)/T(L)naiveer , use the identifications

T(L)/T(L)naiveer

≅
→ Hom(X∗(T), L×/(1+p⌈er⌉L )) ≅→ Hom(X∗(T′), L′×/(1+p⌈er⌉L′ ))

≅
→ T′(L′)/T′(L′)naiveer ,

where the first map is t ↦ (χ ↦ χ(t)), and note that t and t′ are standard correspondents if and
only if they define the same element of this identified object. �
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Remark 3.2.2. Assume the setting of the above lemma.

(i) If T/F is split, a unique standard isomorphism T(F )/T(F )naiver → T′(F ′)/T′(F ′)naiver exists:

T(F )/T(F )naiver → Hom(X∗(T), F ×/1 + p⌈r⌉F ) = Hom(X∗(T′), F ′×/1 + p⌈r⌉F ′ )→ T′(F ′)/T′(F ′)naiver .

(ii) For general T, there is either a unique standard isomorphism

T(F )/T(F )naiver → T′(F ′)/T′(F ′)naiver ,

or none at all. Indeed, choose compatible embeddings L ↪ F sep and L′ ↪ F ′
sep

, with L/F
a splitting extension for T such that r ≪L l. Set e = e(L/F ) = e(L′/F ′). If the standard
isomorphism T(L)/T(L)naiveer → T′(L′)/T′(L′)naiveer associated to (L,TL)↔ψL/F (l) (L′,T′L′)
(made sense of using Notation 2.3.1(ix)) restricts to an isomorphism T(F )/T(F )naiver →
T′(F ′)/T′(F ′)naiver , then this restriction defines a standard isomorphism. If not, there is no
standard isomorphism T(F )/T(F )naiver → T′(F ′)/T′(F ′)naiver .

Lemma 3.2.3. Standard isomorphisms have the following functoriality. Let (F,Ti) ↔l (F ′,T′i)
for i = 1,2, with the same underlying F ↔l F

′, and let r > 0. Let f ∶ T1 → T2 and f ′ ∶
T′1 → T′2 be homomorphisms inducing the same homomorphism X∗(T′2) = X∗(T2) → X∗(T1) =
X∗(T′1) at the level of character lattices. Then, if standard isomorphisms Ti(F )/Ti(F )naiver →
T′i(F ′)/T′i(F ′)naiver exist for i = 1,2, they are the vertical arrows of the following commutative
diagram:

T1(F )/T1(F )naiver

f
//

��

T2(F )/T2(F )naiver

��

T′1(F ′)/T′1(F ′)naiver

f ′
// T′2(F ′)/T′2(F ′)naiver

.

Remark 3.2.4. The lemma would be immediate if we had r ≪L l for some L/F splitting both
T1 and T2. We are not making this assumption, hence the longer proof.

Proof of Lemma 3.2.3. The assertion of the lemma is equivalent to the following statement: if
t1 ∈ T1(F ) is a standard correspondent of t′1 ∈ T′1(F ′), then t2 ∶= f(t1) ∈ T2(F ) is a standard
correspondent of t′2 ∶= f ′(t′1) ∈ T′2(F ′).

First, we consider a slightly different situation. We make the stronger assumption that there
exists a finite separable extension L/F , splitting both T1 and T2, such that r ≪L l. However, we
do not impose the assumption that either of the standard isomorphisms is well-defined. Choose
compatible embeddings L↪ F sep and L′ ↪ F ′

sep
.

Under these assumptions, the following claim is formal: if t1 ∈ T1(F ) is a standard correspon-
dent of t′1 ∈ T′1(F ′), then f(t1) ∈ T2(F ) is a standard correspondent of f ′(t′1) ∈ T′2(F ′).

Now consider the general case. Let T3 ⊂ T2 be the image of f , and T′3 ⊂ T′2 that of f ′. Thus,
X∗(T3) ⊂ X∗(T1) is the image of X∗(T2) → X∗(T1), and similarly with X∗(T′3). We have an
obvious realization (F,T3)↔l (F ′,T′3).

We have r ≪T3
l, since any splitting field of either of T1 or T2 also splits T3. However, we

cannot assume that there exists a standard isomorphism T3(F )/T3(F )naiver → T′3(F ′)/T′3(F ′)naiver .
Nevertheless, if t1 ∈ T1(F ) is a standard correspondent of t′1 ∈ T′1(F ′), then letting t2, t3 be the

images of t1 in T2(F ) and T3(F ), and t′2 and t′3 those of t′1 in T′2(F ′) and T′3(F ′):
● t3 is a standard correspondent of t′3: apply the above claim with T1 → T2 and T′1 → T′2
replaced by T1 → T3 and T′1 → T′3; and
● hence t2 is a standard correspondent of t′2: apply the above claim with T1 → T2 and
T′1 → T′2 replaced by T3 → T2 and T′3 → T′2.

As observed earlier, this implies the lemma. �

Lemma 3.2.5. Let (F,T)↔l (F ′,T′), and let r > 0. Assume that there is a standard isomorphism
T(F )/T(F )naiver → T′(F ′)/T′(F ′)naiver . Then for all 0 < s ≤ r, this standard isomorphism induces
a standard isomorphism T(F )/T(F )naives → T′(F ′)/T′(F ′)naives , which further restricts to a “re-
stricted standard isomorphism” T(F )b/T(F )naives → T′(F ′)b/T′(F ′)naives , uniquely characterized
by the fact that it sends each element of its source to a standard correspondent of it.
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Proof. Easy, using the following two facts. First, whenever L ↔l1 L
′, the resulting isomorphism

L×/(1+pl1L)→ L′
×/(1+pl1L′) induces, for all 0 < s ≤ l1, an isomorphism L×/(1+p⌈s⌉L )→ L′

×/(1+p⌈s⌉L′ ).
Secondly, given t ∈ T(F ) and a finitely ramified separable extension L ↪ F sep that splits T, we
have t ∈ T(F )b if and only if for all χ ∈X∗(T), the element χ(t) of L× belongs to O×L. �

Lemma 3.2.6. Standard isomorphisms also have the following functoriality. Let (F,T) ↔l

(F ′,T′). For i = 1,2, let Ei ↪ F sep and E′i ↪ F ′
sep

be compatible embeddings, and assume
that there is a factorization E1 ↪ F sep = (E2 ↪ F sep) ○ (E1 ↪ E2), giving an analogous factor-
ization E′1 ↪ F ′

sep = (E′2 ↪ F ′
sep) ○ (E′1 ↪ E′2). Then, if for i = 1,2, standard isomorphisms

T(Ei)/T(Ei)naiveri
→ T′(E′i)/T′(E′i)naiveri

exist (as before, using Notation 2.3.1(ix) to make sense
of the (Ei,TEi

) ↔ψEi/F
(l) (E′i,T′E′

i
)), and r2 ≤ e(E2/E1)r1, then these are the vertical arrows of

the following commutative diagram, whose horizontal arrows are induced by T(E1) → T(E2) and
T′(E′1) → T′(E′2):

T(E1)/T(E1)naiver1
//

��

T(E2)/T(E2)naiver2

��

T′(E′1)/T′(E′1)naiver1
// T′(E′2)/T′(E′2)naiver2

.

Note that we do not assume the existence of any standard isomorphism

T(F )/T(F )naiver → T′(F ′)/T′(F ′)naiver .

Proof. Since r2 ≤ e(E2/E1)r1, the horizontal arrows are well-defined. By Lemma 3.2.5, we may
decrease r1 if necessary, to assume that r2 = e(E2/E1)r1.

Choose compatible embeddings L ↪ F sep and L′ ↪ F ′
sep

for the realization E2 ↔l2 E
′
2 (see

Subsubsection 2.2.5), splitting T, and such that r2 ≪TE2
l2. Thus, we have

r1 = r2/e(E2/E1) ≤ ψL/E2
(l2)/e(L/E1) = ψL/E2

(ψE2/F (l))/e(L/E1) = ψL/E1
(l1)/e(L/E1).

Thus, we also have r1 ≪TE1
l1. Note that L↪ F sep and L′ ↪ F ′

sep
are also compatible embeddings

for F ↔l F
′ (since their stabilizers in ΓF /I lF = ΓF ′/I lF ′ are contained in ΓE2

/I l2
E2
= ΓE′

2
/I l2
E′

2

), and

hence also for E1 ↔l1 E′1. All these descriptions give the same realization L ↔l○ L
′, where

l○ = ψL/E2
(l2) = ψL/E1

(l1) (see Remark 2.2.3).
Thus, by Remark 3.2.2, both the vertical arrows are obtained by restriction from the standard

isomorphism T(L)/T(L)naive
e(L/Ei)ri

→ T′(L′)/T′(L′)naive
e(L/Ei)ri

(with e(L/Ei)ri independent of i), and
the lemma follows. �

Corollary 3.2.7. Let (F,T)↔l (F ′,T′). Let E ↪ F sep and E′ ↪ F ′
sep

be compatible embeddings,
and let r > 0. Assume that E/F is Galois (and hence so is E′/F ′), and that a standard isomorphism
T(E)/T(E)naiver → T′(E′)/T′(E′)naiver , associated to (E,TE) ↔ψE/F (l) (E′,T′E′), exists. Then

this isomorphism is equivariant for the action of ΓE/F = ΓE′/F ′ .
Proof. This is a special case of Lemma 3.2.6. �

3.3. Further properties of standard isomorphisms. In this subsection, we prove less obvious
properties of standard isomorphisms: their existence when F is strictly Henselian, and compati-
bility with Kottwitz homomorphisms and the local Langlands correspondence.

Proposition 3.3.1. Let (F,T)↔l (F ′,T′), and let 0 < r ≪T l. If further F is strictly Henselian
(and hence so is F ′), a standard isomorphism T(F )/T(F )naiver → T′(F ′)/T′(F ′)naiver exists.

Proof. Choose a finite separable extension L/F , splitting T, such that r ≪L l. Without loss of
generality, L/F is minimal such (making L smaller increases ψL/F (l)/e(L/F )), and hence Galois.

Let L↪ F sep and L′ ↪ F ′
sep

be compatible embeddings, so L↔ψL/F (l) L
′. Abbreviate e ∶= e(L/F ).

We have a standard isomorphism T(L)/T(L)naiveer → T′(L′)/T′(L′)naiveer , since L splits T and
er ≤ ψL/F (l). It suffices to show that this isomorphism restricts to an isomorphism T(F )/T(F )naiver →

T′(F ′)/T′(F ′)naiver .
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The isomorphism T(L)/T(L)naiveer → T′(L′)/T′(L′)naiveer is equivariant for ΓL/F = ΓL′/F ′ , by
Corollary 3.2.7, and hence for the action of the product NL/F = NL′/F ′ of the elements of ΓL/F =
ΓL′/F ′ . Therefore, it suffices to show that NL/F ∶ T(L) → T(F ) and NL′/F ′ ∶ T′(L′) → T′(F ′)
are surjective, or equivalently, that the analogous maps ResL/F TL → T and ResL′/F ′ T

′
L′ → T′ are

surjective respectively at the levels of F -rational points and F ′-rational points. This is well-known:
the kernel T0 of NL/F ∶ ResL/F TL → T is connected, and H1(F,T0) = 0 by [KP23, Corollary 2.3.7
and Lemma 2.5.4], since F is strictly Henselian and κF is perfect. �

Proposition 3.3.2. Standard isomorphisms have the following compatibility with Kottwitz homo-
morphisms. Let (F,T)↔l (F ′,T′), and assume that a standard isomorphism T(F )/T(F )naiver →
T′(F ′)/T′(F ′)naiver exists. Then it is the left vertical arrow of the following commutative diagram,
whose horizontal arrows are the relevant Kottwitz homomorphisms, and whose right vertical arrow
is an isomorphism induced by the ΓF /I lF = ΓF ′/I lF ′-equivariant identification X∗(T) =X∗(T′).

T(F )/T(F )naiver
//

��

(X∗(T)IF )ΓκF

��

T′(F ′)/T′(F ′)naiver
// (X∗(T′)IF ′ )Γκ

F ′

(subscripting with IF or IF ′ stands for taking the group of IF -coinvariants or IF ′ -coinvariants).

Proof. To make sense of the right vertical arrow, use that the identification ΓF /I lF = ΓF ′/I lF ′
restricts to an identification IF /I lF = IF ′/I lF ′ and induces an identification ΓκF

= ΓκF ′
.

If T is split, the lemma follows from Remark 3.2.2(i) and the following factorization of the
Kottwitz homomorphism:

T(F ) = Hom(X∗(T), F ×) val→ Hom(X∗(T),Z) =X∗(T).
Choose compatible embeddings F̃ ↪ F sep and F̃ ′ ↪ F ′

sep
, with F̃ /F a maximal unramified

extension. By Proposition 3.3.1, we have a standard isomorphism

T(F̃)/T(F̃ )naiver → T′(F̃ ′)/T′(F̃ ′)naiver

associated to (F̃ ,TF̃ ) ↔l (F̃ ′,T′F̃ ′), which by Lemma 3.2.6 restricts to the standard isomor-

phism T(F )/T(F )naiver → T′(F ′)/T′(F ′)naiver . Since the Kottwitz homomorphism too is defined
by restricting from the maximal unramified extension, we may now replace (F,T)↔l (F ′,T′) by
(F̃ ,TF̃ )↔l (F̃ ′,T′F̃ ′), and assume that F is strictly Henselian.

Now we are in the setting of Proposition 3.3.1. Let L↪ F sep and L′ ↪ F ′
sep

be as in the proof
of that proposition, and set e = e(L/F ). We have a diagram

T(L)/T(L)naiveer

NL/F

vv❧❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧

��

// T′(L′)/T′(L′)naiveer

��

NL′/F ′

uu❦❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦

T(F )/T(F )naiver
//

��

T′(F ′)/T′(F ′)naiver

��

X∗(TL) //

vv

X∗(T′L′)

uu❦❦❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦

X∗(T)IF // X∗(T′)IF ′

,

whose ‘top face’ is given by the proof of Proposition 3.3.1, vertical arrows are the appropriate
Kottwitz homomorphisms, and the ‘bottom’ face consists of obvious maps.

The proof of Proposition 3.3.1 also gives the commutativity of the ‘top face’. The two ‘side
faces’ are commutative by [KP23, Lemma 11.1.4]. The ‘hind face’ (the four terms involving L) is
commutative since the split case of the lemma is known. The ‘bottom face’ is clearly commutative.



20 ANNE-MARIE AUBERT AND SANDEEP VARMA

Since NL/F is surjective, as we saw in the proof of Proposition 3.3.1, it is now easy to see that
the ‘front face’ is commutative as well, which is exactly the commutative diagram the lemma seeks
to prove. �

Proposition 3.3.3. Standard isomorphisms have the following compatibility with the LLC. Let
(F,T)↔l (F ′,T′), and assume that a standard isomorphism T(F )/T(F )naiver → T′(F ′)/T′(F ′)naiver

exists (in particular, r≪T l). Assume further that F and F ′ are complete with finite residue field.
Then we have the following commutative diagram analogous to (2), whose left vertical arrow is
induced by the given isomorphism, and the right vertical arrow is induced by the isomorphism
T̂ =X∗(T) ⊗C

× =X∗(T′) ⊗C
× = T̂′ of modules over WF /I lF =WF ′/I lF ′ :

(12) Hom(T(F )/T(F )naiver ,C×) � � LLC //

��

H1(WF /I lF , T̂)
≅ Dell

��

Hom(T′(F ′)/T′(F ′)naiver ,C×) � � LLC // H1(WF ′/I lF ′ , T̂′)

.

Proof. First suppose T = Gm/F , and T′ = Gm/F ′ compatibly. In this case, the lemma is easy to
see: briefly, the local class field theory map WF → F × sends I lF to 1 + plF , making the horizontal
arrows well-defined (as r ≤ l), and the commutativity of the square follows from the analogous
statement for local class field theory, proved by Deligne (see [Del84, Proposition 3.6.1]). From
this, the case where T is split follows, so we will consider the split case as known.

Let L/F be a finite (say minimal, and hence) Galois extension splitting T, with r ≪L l. Let
χ∶T(F )/T(F )naiver → C

× have image χ′∶T′(F ′)/T′(F ′)naiver → C
× under the left vertical arrow.

Write e = e(L/F ). Since T(F )/T(F )naiver ↪ T(L)/T(L)naiveer , we can extend χ to a homomor-
phism χ1∶T(L)/T(L)naiveer → C

×. It is clear that the homomorphism χ′1 ∶ T′(L′)/T′(L′)naiveer → C
×

obtained by transferring χ1 under the standard isomorphism T(L)/T(L)naiveer → T′(L′)/T′(L′)naiveer

(which exists since L splits T and r ≪L l) has χ′ as its restriction to T′(F ′)/T′(F ′)naiver ⊂
T′(L′)/T′(L′)naiveer (see Remark 3.2.2).

Let ϕχ ∈ H1(WF , T̂), ϕχ′ ∈ H1(WF ′ , T̂
′), ϕχ1

∈ H1(WL, T̂L), ϕχ′
1
∈ H1(WL′ , T̂

′
L′) be the local

Langlands parameters of χ,χ′, χ1, χ
′
1. Write l1 = ψL/F (l) = ψL′/F ′(l).

Since TL is split, and since er ≤ ψL/F (l) = l1, it follows from the split case (discussed at the

beginning of this proof) that ϕχ1
∈ H1(WL/I l1L , T̂) ⊂ H1(WL, T̂) (the inflation map), that ϕχ′

1
∈

H1(WL′/I l1L′) ⊂ H1(WL′ , T̂
′), and that ϕχ′

1
is the image of ϕχ1

under the obvious isomorphism

H1(WL/I l1L , T̂) →H1(WL′/I l1L′ , T̂′).
We will show that ϕχ is the image of ϕχ1

under the corestriction mapH1(WL, T̂) →H1(WF , T̂):
since L/F is Galois, this follows from the construction of the local Langlands correspondence for
tori in [Yu09, Section 7.7] (see especially the definition of ϕT in (c) there). This corestriction

map is a composite H1(WL, T̂) → H1(WF , Ind
WF

WL
T̂) → H1(WF , T̂), where the first map is the

isomorphism given by Shapiro’s lemma, and the second is induced by an appropriate surjection
IndWF

WL
T̂ → T̂, involving a certain sum over representatives forWF /WL: see [Ser02, towards the end

of Section 2.5] (though this reference treats profinite groups, the same applies in our context;WL ⊂
WF is of finite index). Restricted to H1(WL/I l1L , T̂) ⊂H1(WL, T̂), this map is a similarly defined

compositeH1(WL/I l1L , T̂) →H1(WF /I lF , IndWF /I
l
F

WL/I
l1
L

T̂)→H1(WF /I lF , T̂), where this time one uses,

as one clearly may, the Shapiro’s lemma isomorphism H1(WL/I l1L , T̂)→H1(WF /I lF , IndWF /I
l
F

WL/I
l1
L

T̂),
and a sum over representatives for (WF /I lF )/(WL/I l1L ). Similarly, ϕχ′ is the image of ϕχ′

1
under

a composite H1(WL′/I l1L′ , T̂′) →H1(WF ′/I lF ′ , Ind
WF ′ /I

l

F ′

WL′ /I
l1

L′

T̂′) →H1(WF ′/I lF ′ , T̂′).
Now, using the identification WF /I lF = WF ′/I lF ′ ⊃ WL′/I l1L′ = WL/I l1L , the identification T̂ =

T̂′ as modules over WF /I lF = WF ′/I lF ′ , and also using the observation above relating ϕχ1
and

ϕχ′
1
, we conclude that ϕχ is indeed the image of ϕχ′ under the isomorphism H1(WF /I lF , T̂) →

H1(WF ′/I lF ′ , T̂′), finishing the proof of the proposition. �
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3.4. Properties of congruent and Chai-Yu isomorphisms.

Lemma 3.4.1. Let (F,T)↔l (F ′,T′), and let m be a positive integer.

(i) If an isomorphism T(F )/T(F )m → T′(F ′)/T′(F ′)m satisfies the conditions of Definition

3.1.3(ii) with respect to some choice of F̃ ↪ F sep, F̃ ′ ↪ F ′
sep

and r > 0, then so does it
with respect to any other such choice (as in the definition). Thus, there is either a unique
congruent isomorphism T(F )/T(F )m → T′(F ′)/T′(F ′)m, or none at all. A similar assertion
applies to Chai-Yu isomorphisms (Definition 3.1.3(iii)).

(ii) Congruent isomorphisms have the following functoriality. Let (F,Ti)↔l (F ′,T′i) for i = 1,2,
with the same underlying F ↔l F

′, and let m be a positive integer. Let f ∶ T1 → T2 and
f ′ ∶ T′1 → T′2 be homomorphisms inducing the same homomorphism X∗(T′2) = X∗(T2) →
X∗(T1) = X∗(T′1) at the level of character lattices. Assume that congruent isomorphisms
ci ∶ Ti(F )/Ti(F )m → T′i(F ′)/T′i(F ′)m exist for i = 1,2, and form the following diagram:

T1(F )/T1(F )m
f

//

c1

��

T2(F )/T2(F )m
c2

��

T′1(F ′)/T′1(F ′)m
f ′

// T′2(F ′)/T′2(F ′)m

.

Then this diagram is commutative under the following additional assumption: “the same r
can be used to define both the congruent isomorphisms”, i.e., there exists r > 0 such that for
i = 1,2, we have r ≪Ti

l, Ti(F̃ )naiver ⊂ Ti(F̃)m and T′i(F̃ ′)naiver ⊂ T′i(F̃ ′)m, for some choice

of compatible embeddings F̃ ↪ F sep and F̃ ′ ↪ F ′
sep

, where F̃ /F is a maximal unramified
extension.

(iii) Recall the following necessary condition for the existence of a congruent isomorphism

T(F )/T(F )m → T′(F ′)/T′(F ′)m ∶
for some compatible embeddings F̃ ↪ F sep and F̃ ′ ↪ F ′

sep
, where F̃ /F is a maximal unram-

ified extension, and some r ≪T l such that T(F̃)naiver ⊂ T(F̃ )m and T′(F̃ ′)naiver ⊂ T′(F̃ ′)m,

a standard isomorphism T(F̃ )/T(F̃)naiver → T′(F̃ ′)/T′(F̃ ′)naiver induces an isomorphism

T(F̃)/T(F̃ )m → T′(F̃ ′)/T′(F̃ ′)m. This condition is also sufficient.
(iv) Suppose there exists a congruent isomorphism T(F )/T(F )m → T′(F ′)/T′(F ′)m. Then for

all 0 < s ≤m, it induces a standard isomorphism T(F )/T(F )naives → T′(F ′)/T′(F ′)naives .

Proof. To see (i), combine Lemma 3.2.6 (to see the non-dependence on F̃ ↪ F sep and F̃ ′ ↪
F ′

sep
) with Lemma 3.2.5 (to see the non-dependence on r). For the assertion concerning Chai-Yu

isomorphisms, one also uses [CY01, Lemma 8.5.1].
Now we come to (ii). For i = 1,2, the relation r ≪Ti

l easily implies r ≪(Ti)F̃
l, and hence

Proposition 3.3.1 gives a standard isomorphism Ti(F̃ )/Ti(F̃ )naiver → T′i(F̃ ′)/T′i(F̃ ′)naiver . Thus,
(ii) follows from Lemma 3.2.3 and the fact that we can work with the given r (by (i)).

Now we come to (iii). It follows from Corollary 3.2.7 that the standard isomorphism

T(F̃ )/T(F̃)naiver → T′(F̃ ′)/T′(F̃ ′)naiver ,

and hence also the isomorphism T(F̃ )/T(F̃)m → T′(F̃ ′)/T′(F̃ ′)m, is invariant under ΓF̃/F =
ΓF̃ ′/F ′ . Thus, it suffices to show that (T(F̃ )/T(F̃)m)ΓF̃ /F = T(F )/T(F )m (then the analogous

assertion for F ′ will be true as well). This in turn follows if we show that H1(ΓF̃ /F ,T(F̃ )m) = 0,
which is a special case of [KP23, Proposition 13.8.1]. This gives (iii).

It remains to prove (iv). Choose compatible embeddings F̃ ↪ F sep and F̃ ′ ↪ F ′
sep

, where F̃ /F is

a maximal unramified extension. Choose r such that a standard isomorphism T(F̃ )/T(F̃)naiver →

T′(F̃ ′)/T′(F̃ ′)naiver induces an isomorphism T(F̃)/T(F̃ )m → T′(F̃ ′)/T′(F̃ ′)m that restricts to

T(F )/T(F )m → T′(F ′)/T′(F ′)m. Recall that r ≥ m (since T(F̃ )naiver ⊂ T(F̃ )m ⊂ T(F̃)naivem ).
It suffices to show that, whenever t ∈ T(F ) and t′ ∈ T′(F ′) have images that match under
T(F )/T(F )m → T′(F ′)/T′(F ′)m, tT(F )naives and t′T′(F ′)naives are standard correspondents (for
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“level s”). An easy argument reduces this to showing that t and t′ have images that match un-

der the standard isomorphism T(F̃)/T(F̃ )naives → T′(F̃ ′)/T′(F̃ ′)naives (which exists by Lemma
3.2.5 and the fact that s ≤ m ≤ r). Now we are done by Lemma 3.2.5, since there exist

t○ ∈ T(F̃ )m ⊂ T(F̃ )naivem ⊂ T(F̃)naives , and similarly t′○ ∈ T′(F̃ ′)naives , such that tt○ and t′t′○ have

images that match under the standard isomorphism T(F̃ )/T(F̃)naiver → T′(F̃ ′)/T′(F̃ ′)naiver . �

Lemma 3.4.2. Let (F,T)↔l (F ′,T′), and let m be a positive integer. Then there exists associated

to this data at most one Chai-Yu isomorphism T ft ×OF
OF /pmF → T ′ft ×OF ′

OF ′/pmF ′.
Proof. Combine the argument for congruent isomorphisms in Lemma 3.4.1(i) with the schematic

density of the image of T(F̃ )b = T ft(OF̃ ) in T ft ×OF
OF /pmF ([CY01, Lemma 8.5.1]). �

Proposition 3.4.3. Let (F,T) ↔l (F ′,T′), and let m be a positive integer. If there exists a

Chai-Yu isomorphism T ft ×OF
OF /pmF → T ′ft ×OF ′

OF ′/pmF ′, then there exists a congruent isomor-
phism T(F )/T(F )m → T′(F ′)/T′(F ′)m. Moreover, this congruent isomorphism restricts to an
isomorphism T(F )b/T(F )m → T′(F ′)b/T′(F ′)m obtained by evaluating the Chai-Yu isomorphism
at OF /pmF =OF ′/pmF ′.
Proof. Choose compatible embeddings F̃ ↪ F sep and F̃ ′ ↪ F ′

sep
, where F̃ /F is a maximal unram-

ified extension. By the definition of a Chai-Yu isomorphism (Definition 3.1.3(iii)), for some 0 <
r≪T l, there exists a “restricted standard isomorphism” T(F̃ )b/T(F̃ )naiver → T′(F̃ ′)b/T′(F̃ ′)naiver

that induces the isomorphism T(F̃)b/T(F̃)m → T′(F̃ ′)b/T′(F̃ ′)m obtained by evaluating the
given Chai-Yu isomorphism at OF̃ /pmF̃ = OF̃ ′/pmF̃ ′ . There also exists a standard isomorphism

T(F̃ )/T(F̃)naiver → T′(F̃ ′)/T′(F̃ ′)naiver by Proposition 3.3.1, which restricts to the restricted stan-

dard isomorphism T(F̃ )b/T(F̃ )naiver → T′(F̃ ′)b/T′(F̃ ′)naiver , by Lemma 3.2.5.

The restricted standard isomorphism induces an isomorphism T(F̃ )b/T(F̃)m → T′(F̃ ′)b/T′(F̃ ′)m
and hence takes the image of T(F̃)m to that of T′(F̃ ′)m. Hence so does the standard isomorphism

as well, which therefore induces an isomorphism T(F̃ )/T(F̃)m → T′(F̃ ′)/T′(F̃ ′)m. As in the proof

of Lemma 3.4.1(iii), using that H1(ΓF̃ /F ,T(F̃ )m) = 0 = H1(ΓF̃ ′/F ′ ,T′(F̃ ′)m), this isomorphism

T(F̃ )/T(F̃)m → T′(F̃ ′)/T′(F̃ ′)m restricts to an isomorphism T(F )/T(F )m → T′(F ′)/T′(F ′)m,
which is clearly a congruent isomorphism that satisfies the latter assertion of the lemma. �

Now we study the behavior of Chai-Yu isomorphisms with respect to minimal congruent filtra-
tions.

Proposition 3.4.4. Let (F,T) ↔l (F ′,T′), and let m be a positive integer. Fix compatible

embeddings F̃ ↪ F sep and F̃ ′ ↪ F ′
sep

, where F̃ /F is a maximal unramified extension. Assume
that, associated to (F,T) ↔l (F ′,T′), there exists a Chai-Yu isomorphism T ft ×OF

OF /pm+1F →

T ′ft ×OF ′
OF ′/pm+1F ′ (“one higher level”), say induced by some isomorphism T(F̃ )b/T(F̃)naiver →

T′(F̃ ′)b/T′(F̃ ′)naiver as in Definition 3.1.3(iii) (where m + 1 ≤ r ≪T l). Then for all 0 ≤ s ≤m:

(i) The isomorphism T(F̃ )b/T(F̃ )m → T′(F̃ ′)b/T′(F̃ ′)m, obtained by evaluating the given Chai-

Yu isomorphism at OF̃ /pmF̃ =OF̃ ′/pmF̃ ′, sends the image of T(F̃ )s to that of T′(F̃ ′)s.
(ii) At the level of schemes, letting Ts and T ′s be the minimal congruent filtration group schemes

associated to T and T′ of level s, one has a unique isomorphism Ts×OF
OF /p⌊m+1−s⌋F → T ′s×OF ′

OF ′/p⌊m+1−s⌋F ′ of schemes over OF /p⌊m+1−s⌋F = OF ′/p⌊m+1−s⌋F ′ , under which the images of t ∈
Ts(OF̃ ) = T(F̃ )s and t′ ∈ T ′s (OF̃ ′) = T′(F̃ ′)s correspond whenever the Chai-Yu isomorphism

being considered sends the image of t in T ft(OF̃ /pm+1F̃
) = T(F̃ )b/T(F̃ )m+1 to that of t′ in

T ′ft(OF̃ ′/pm+1F̃ ′
) = T′(F̃ ′)b/T′(F̃ ′)m+1.

Proof. We have m + 1 ≪T l (as is implicit in the existence of the given Chai-Yu isomorphism),

i.e., m + 1 ≪L l for some extension L/F splitting T. If L̃ is a compositum of L and F̃ , we have

ψL̃/F (l) = ψL̃/L ○ ψL/F (l) = ψL/F (l), so m + 1 ≪TF̃
l. Fix compatible embeddings L̃ ↪ F sep and

L̃′ ↪ F ′
sep

, the former extending F̃ ↪ F sep. Hence F̃ ′ ↪ F ′
sep

factors through L̃′ ↪ F ′
sep

as well.
Tautologically, L̃↪ F sep and L̃′ ↪ F ′

sep
are also compatible embeddings for F̃ ↔ψF̃ /F (l)=l

F̃ ′.
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Suppose that (i) and the existence assertion of (ii) are known. Then each t as in (ii) has a
corresponding t′ (by (i)) and vice versa (by symmetry); therefore the uniqueness assertion in (ii)
follows from [CY01, Lemma 8.5.1].

The proposition being trivial for s = 0, our first aim is to prove just (i) for 0 < s < 1. By

the definitions of T(F̃)s and T′(F̃ ′)s (see [KP23, Definition B.10.8(2)], and the description in-

volving dilatation in [KP23, the proof of Lemma B.10.9]), and the fact that T(F̃ )b/T(F̃)m+1 →
T′(F̃ ′)b/T′(F̃ ′)m+1 takes the image of T(F̃)1 to that of T′(F̃ ′)1 (because the Chai-Yu isomor-
phism is a morphism of schemes over OF /pm+1F = OF ′/pm+1F ′ ), it suffices to show that for any

homomorphism S → TF̃ with S an induced torus over F̃ , the isomorphism T(F̃ )b/T(F̃)m+1 →
T′(F̃ ′)b/T′(F̃ ′)m+1 takes the image of S(F̃ )s in the source into that of S′(F̃ ′)s under some ho-

momorphism from an induced torus S′ over F̃ ′ to T′
F̃ ′

(we thank Kaletha for informing us that in

[KP23, Definition B.10.8(2)], R varies over induced K-tori; this is why we take S to be an induced

torus over F̃ and not over F ).

The map S → TF̃ factors through the maximal L̃-split (F̃ -torus) quotient of S, since X∗(T) →
X∗(S) has image inside X∗(S)Gal(F sep/L̃). Gal(F sep/F̃ ) permutes some basis for X∗(S), and

hence also the set of Gal(F sep/L̃)-orbits of elements of this basis, and hence also some basis of

the character lattice X∗(S)Gal(F sep/L̃) of the maximal L̃-split quotient of S. Thus, the maximal

L̃-split quotient of S is an induced torus as well, with which we may now replace S, to assume
that S is L̃-split, and in particular at most l-ramified, and satisfying m + 1≪S l.

This gives us a torus S′ over F̃ ′, which is clearly induced and splits over L̃′, and a homomorphism
S′ → T′

F̃ ′
such that X∗(T′) →X∗(S′) identifies with the homomorphism X∗(T) →X∗(S) dual to

S → TF̃ . Since S′ is induced, (i) will follow if we show that T(F̃ )/T(F̃)m+1 → T′(F̃ ′)/T′(F̃ ′)m+1
takes the image of S(F̃ )s in the source to that of S′(F̃ ′)s in the target.

Proposition 3.3.1 shows that standard isomorphisms S(F̃ )/S(F̃)naiver → S′(F̃ ′)/S′(F̃ ′)naiver and

T(F̃ )/T(F̃)naiver → T′(F̃ ′)/T′(F̃ ′)naiver exist, the latter clearly restricting to the isomorphism

T(F̃ )b/T(F̃)naiver → T′(F̃ ′)b/T′(F̃ ′)naiver in the statement of the proposition. Applying Lemma
3.2.3 in the context of the homomorphisms S → TF̃ and S′ → T′

F̃ ′
, and using that the standard

isomorphism S(F̃ )/S(F̃ )naiver → S′(F̃ ′)/S′(F̃ ′)naiver identifies the images of S(F̃ )s and S′(F̃ ′)s
(by Lemma 3.2.5), it follows that the images of S(F̃ )s and S′(F̃ ′)s agree in T(F̃)/T(F̃ )naiver =
T′(F̃ ′)/T′(F̃ ′)naiver .

By the choice of r, the images of S(F̃ )s and S′(F̃ ′)s in T(F̃ )/T(F̃)m+1 and T′(F̃ ′)/T′(F̃ ′)m+1,
respectively, match under the isomorphism T(F̃)b/T(F̃)m+1 → T′(F̃ ′)b/T′(F̃ ′)m+1. Thus, (i)
follows for 0 < s < 1, and hence for 0 ≤ s < 1.

Now let us prove (ii) for 0 ≤ s < 1; this is what necessitated needing a Chai-Yu isomorphism

of level m + 1. The case of s = 0 is immediate: T ft ×OF
OF /pm+1F → T ′ft ×OF ′

OF ′/pm+1F ′ restricts

to an isomorphism T ×OF
OF /pm+1F → T ′ ×OF ′

OF ′/pm+1F ′ , and we have T = T0 and T ′ = T ′0 .
Hence we assume s > 0. Since (i) is known in this case, with m replaced by m + 1, Ts and T ′s
are respectively the dilatations of T = T0 and T ′ = T ′0 with respect to the same subgroup Ws of
T ×OF

κF = T ′×OF̃ ′
κF ′ (identified using the Chai-Yu isomorphism). Now the required isomorphism

Ts×OF
OF /pmF → T ′s ×OF ′

OF ′/pmF ′ , described as in (ii), follows from Proposition 2.5.4, which applies
since this subgroup is reduced and hence smooth over κF = κF ′ , and since T (over OF ) and T ′
(over OF ′) are smooth; note that m = ⌊m + 1 − s⌋. For this step, we needed m + 1 in place of m.
Note that Ts is not a subgroup scheme of T = T0, and [CY01, Proposition 4.2] (summarized in
Proposition 2.5.4) is doing much work here.

Now consider general s with 0 ≤ s <m.
Let us prove (i). If t ∈ T(F̃ )s, and if t′ ∈ T ′(OF̃ ′) has the same image as t in T (OF̃ /pm+1F̃

) =
T ′(OF̃ ′/pm+1F̃ ′

), then since t and t′ have the same image in the special fiber T (OF̃ /pF̃ ) = T ′(OF̃ ′/pF̃ ′),
it follows that t′ ∈ T′(F̃ ′)s−⌊s⌋. Thus, by (ii) in the case where 0 ≤ s < 1 (applied with s − ⌊s⌋
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in place of s), t and t′ have the same image in Ts−⌊s⌋(OF̃ /pmF̃ ) = T ′s−⌊s⌋(OF̃ ′/pmF̃ ′). The condi-

tions t ∈ T(F̃)s and t′ ∈ T′(F̃ ′)s both translate to this image having trivial further image in

Ts−⌊s⌋(OF̃ /p
⌊s⌋

F̃
) = T ′

s−⌊s⌋(OF̃ ′/p
⌊s⌋

F̃ ′
). Thus, (i) follows.

Applying (ii) with s−⌊s⌋ in place of s, and applying Proposition 2.5.4 ⌊s⌋ times (ii) follows (use
that ⌊m + 1 − (s − ⌊s⌋)⌋ − ⌊s⌋ = ⌊m + 1 − s⌋). �

3.5. Relating to the work of Chai and Yu.

Proposition 3.5.1. The isomorphism of Chai and Yu described in Theorem 2.5.3 (the right-most
vertical arrow of (10)) is a Chai-Yu isomorphism.

The main input into the proof of the above proposition is the following lemma.

Lemma 3.5.2. Consider the setting of Notation 2.5.1(ii). Thus, (F,T) ↔l (F ′,T′), and we
consider (F,R ∶= ResL/F TL) ↔l (F ′,R′ ∶= ResL′/F ′ T

′
L′), where L/F is an at most l-ramified

finite Galois extension splitting T, and L ↪ F sep and L′ ↪ F ′
sep

are compatible embeddings.
Let 0 < m ≪L l. Then the isomorphism R ×OF

OF /pmF → R′ ×OF ′
OF ′/pmF ′ of (9) is a Chai-Yu

isomorphism.

Proof. Note that Rft = R and R′ft = R′. Some of the proof will be written informally, for lightness
of reading.

Let {χi = χ′i}i be a basis for X∗(T) =X∗(T′). It gives an isomorphism R =∏iResL/F Gm,R
′ =

∏iResL′/F ′ Gm. The realization (F,R)↔l (F ′,R′) is then, in an obvious sense, a product of the
obvious realizations ∏i(F,ResL/F Gm)↔l (F ′,ResL′/F ′ Gm).

Further, the isomorphism R ×OF
OF /pmF → R′ ×OF ′

OF ′/pmF ′ given by (9) then becomes the
product of the isomorphisms ResOL/OF

Gm ×OF
OF /pmF → ResOL′ /OF ′

Gm ×OF ′
OF ′/pmF ′ , each of

which is given, at the level of A-points for an algebraA overOF /pmF =OF ′/pmF ′ , by the identification
((OL/pmFOL) ⊗OF

A)× → ((OL′/pmF ′OL′) ⊗OF ′
A)×. It is enough to prove that this isomorphism

is a Chai-Yu isomorphism for (F,ResL/F Gm)↔l (F ′,ResL′/F ′ Gm).
In other words, we may assume that T = Gm, though the chosen splitting extension used to

define R = ResL/F TL = ResL/F Gm is still L/F .
Let F̃ ↪ F sep and F̃ ′ ↪ F ′

sep
be compatible extensions, with F̃ /F a maximal unramified

extension. Since R = ResL/F Gm is an induced torus, it is standard (and easy) that R(F̃ )naivem =
R(F̃ )m. Therefore, keeping in mind Lemma 3.4.1(i), we may take r =m in the definition of a Chai-

Yu isomorphism. It is enough to show that the isomorphism R(F̃ )b/R(F̃ )m → R′(F̃ ′)b/R′(F̃ ′)m
obtained by evaluating R ×OF

OF /pmF → R′ ×OF ′
OF ′/pmF ′ at OF̃ /pmF̃ = OF̃ ′/pmF̃ ′ is a “restricted

standard isomorphism” for (F̃ ,RF̃ )↔l (F̃ ′,R′F̃ ′).
Let L̃↪ F sep (resp., L̃′ ↪ F ′

sep
) be a compositum of L↪ F sep and F̃ ↪ F sep (resp., L′ ↪ F ′

sep

and F̃ ′ ↪ F ′
sep

). It is then immediate that L̃ ↪ F sep and L̃′ ↪ F ′
sep

have the same stabilizer in

ΓF /I lF = ΓF ′/I lF ′ , i.e., are compatible embeddings for F ↔l F
′, and hence also for for F̃ ↔l F̃

′.

Note that m ≪L̃ l (since ψL̃/F = ψL/F ), and that L̃↔ψL̃/F (l)
L̃′ lies over both L↔ψL/F (l) L

′ and

F̃ ↔l F̃
′. Set e = e(L/F ) = e(L̃/F̃). We use L̃/F̃ as a splitting extension for RF̃ .

Thus, if t ∈ R(F̃)b = R(OF̃ ) and t′ ∈ R′(F̃ ′)b = R′(OF̃ ′) have the same image in R(OF̃ /pmF̃ ) =R′(OF̃ ′/pmF̃ ′), it is enough to show that for all χ = χ′ ∈ X∗(R′
F̃ ′
) =X∗(RF̃ ), χ(t) ∈O×L̃ and χ′(t′) ∈

O×
L̃′

have the same image in (OL̃/pemL̃ )
× = (OL̃′/pemL̃′ )

×, i.e., in (OL̃/pmF̃OL̃)× = (OL̃′/pmF̃ ′OL̃′)×.
It is enough to prove this for χ = χ′ running over some basis of X∗(RF̃ ) = X∗(R) = X∗(R′) =

X∗(R′
F̃ ′
). We use the basis {χσ = χ′σ′ ∣ σ = σ′ ∈ ΓL′/F ′ = ΓL/F }, where for each L̃-algebra A,

χσ ∶ (ResL/F Gm)(A) = (L ⊗F A)× → A× = Gm(A) is a restriction of the map L ⊗F A → A that

takes l ⊗ a to σ(l)a, and χ′σ′ has a similar description. Taking A = L̃ and viewing t as an element
of

R(OF̃ ) ⊂ R(OL̃) = (OL ⊗OF
OL̃)× ⊂ (L⊗F L̃)× = R(L̃),
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and similarly with t′, the lemma follows from the following commutative diagram:

(OL/pmFOL) ⊗OF
(OL̃/pmF̃OL̃) //

��

OL̃/pmF̃OL̃

��

(OL′/pmF ′OL′) ⊗OF ′
(OL̃′/pmF̃ ′OL̃′) // OL̃′/pmF̃ ′OL̃′

,

where the top horizontal arrow sends l⊗ l̃ to σ(l)l̃, and the bottom horizontal arrow is analogous.
�

Proof of Proposition 3.5.1. Since the map (9) is a Chai-Yu isomorphism (Lemma 3.5.2), the left
vertical arrow of (10) takes any element of its source to a standard correspondent of it. In

other words, it is a restriction of the standard isomorphism R(F̃ )/R(F̃)m+h = R(F̃ )/R(F̃ )naivem+h →

R′(F̃ ′)/R′(F̃ ′)naivem+h = R′(F̃ ′)/R′(F̃ ′)m+h, which exists by Proposition 3.3.1. Since the maps
X∗(R) =X∗(R′) →X∗(T′) =X∗(T) that are dual to T↪ R and T′ ↪ R′ coincide (Lemma 2.4.1),
it follows from Proposition 3.3.1 and Lemma 3.2.3 that the middle vertical arrow of (10) also
sends each element of its source to a standard correspondent of it (in fact, this gives an alternate
justification for the existence of the middle vertical arrow of (10)). By definition (see Definition

3.1.3(iii)), this implies that T ft ×OF
OF /pmF → T ′ft ×OF ′

OF ′/pmF ′ is a Chai-Yu isomorphism. �

4. The case of weakly induced tori

In this section, we will restrict to a class of tori that includes all induced tori, namely, the
class of tori satisfying the beautiful condition (T) identified in [Yu15], which, following [KP23],
we will refer to as the class of weakly induced tori. For these tori, the standard and minimal
congruent filtrations coincide ([KP23, Corollary B.10.13]). We will show that for weakly induced
tori, standard, congruent and Chai-Yu isomorphisms exist in the “best possible” generality. It will
follow that for these tori, congruent isomorphisms are a special case of standard isomorphisms.

4.1. Weakly induced tori.

Notation 4.1.1. A torus T over a DVHF F is said to be weakly induced if it becomes an induced
torus over some finite tamely ramified extension of F . It is easy to see ([KP23, Remark B.6.3])
that T is weakly induced if and only if X∗(T) has a basis that is permuted by the wild inertia
group I>0F ∶= ⋃r>0 IrF ⊂ IF ⊂ ΓF .

The following lemma is one reason why weakly induced tori are easy to work with.

Lemma 4.1.2. Let T be a weakly induced torus over a DVHF F with perfect residue field. For any
r ≥ 0, we have T(F )r = T(F )stdr , and for any r > 0, we have T(F )stdr = T(F )naiver . Consequently,

using Remark 2.3.3, T(L1)r = (T(L2)e(L2/L1)r)Gal(L2/L1) and T1(F )r = T1(F )∩T2(F )r whenever
r > 0, L2/L1/F is a chain of finitely ramified separable field extensions with L2/L1 Galois, and
T1 ↪ T2 is an injective homomorphism of weakly induced tori over F .

Proof. For the equality T(F )r = T(F )stdr , use [KP23, Corollary B.10.13] (and intersect with T(F )).
For the equality T(F )stdr = T(F )naiver when r > 0, see [KP23, Proposition B.6.4(3)]. �

4.2. Standard, congruent and Chai-Yu isomorphisms for weakly induced tori.

Proposition 4.2.1. Let (F,T) ↔l (F ′,T′), with T assumed to be weakly induced. Suppose 0 <
r≪T l. Then there is a standard isomorphism T(F )/T(F )naiver = T(F )/T(F )r → T′(F ′)/T′(F ′)r =
T′(F ′)/T′(F ′)naiver . If r =m is an integer, then this is also a congruent isomorphism.

Proof. Since T is weakly induced over F , so is T′: I>0F , acting through I>0F /I lF = I>0F ′ /I lF ′ , permutes

a basis of X∗(T) = X∗(T′). Choose compatible embeddings F̃ ↪ F sep and F̃ ′ ↪ F ′
sep

, where

F̃ /F is a maximal unramified extension. Consider the standard isomorphism T(F̃)/T(F̃ )r →
T′(F̃ ′)/T′(F̃ ′)r associated to (F̃ ,TF̃ ) ↔l (F̃ ′,T′F̃ ′) (Proposition 3.3.1). It is equivariant for

ΓF̃ /F = ΓF̃ ′/F ′ (Corollary 3.2.7). Thus, as in the proof of Lemma 3.4.1(iii), the first assertion
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follows if we show that H1(ΓF̃/F ,T(F̃ )r) = 0 = H1(ΓF̃ ′/F ′ ,T′(F̃ ′)r). This is a special case of

[KP23, Proposition 13.8.1]. The second assertion is immediate. �

Proposition 4.2.2. Let (F,T) ↔l (F ′,T′), with T a weakly induced torus over F . Let m be a
positive integer, with m ≪T l. Then there is a unique Chai-Yu isomorphism T ft ×OF

OF /pmF ≅
T ′ft ×OF ′

OF ′/pmF ′ .
Proof. Let m ≪L l for some finite Galois extension L/F splitting T, and let L ↪ F sep and
L′ ↪ F ′

sep
be compatible embeddings. Form (F,R ∶= ResL/F TL)↔l (F ′,R′ ∶= ResL′/F ′ TL′).

By Lemma 3.5.2, there exists a Chai-Yu isomorphism Rft×OF
OF /pmF →R′ft×OF ′

OF ′/pmF ′ . On

the other hand, we also know that T ft ↪Rft and T ′ft ↪R′ft are closed immersions, as a special case
of [KP23, Lemma B.7.11] (this nontrivially uses the fact that T and T′ are weakly induced). This
allows us to make sense of the following claim: that the Chai-Yu isomorphism Rft ×OF

OF /pmF →
R′ft ×OF ′

OF ′/pmF ′ restricts to an isomorphism T ft ×OF
OF /pmF → T ′ft ×OF ′

OF ′/pmF ′ (which we will
show to be the desired Chai-Yu isomorphism).

Since the image of T ft(OF̃ ) is schematically dense in T ft×OF
OF /pmF (by [CY01, Lemma 8.5.1]),

this claim follows if we show thatRft×OF
OF /pmF →R′ft×OF ′

OF ′/pmF ′ takes the image of T ft(OF̃ ) =
T(F̃ )b isomorphically onto that of T ′ft(OF̃ ′) = T′(F̃ ′)b. In other words, if we show that the map

R(F̃ )b/R(F̃ )m → R′(F̃ ′)b/R′(F̃ ′)m, obtained by evaluating Rft ×OF
OF /pmF → R′ft ×OF ′

OF ′/pmF ′
at OF̃ /pmF̃ =OF̃ ′/pmF̃ ′ , induces an isomorphism T(F̃ )b/T(F̃)m → T′(F̃ ′)b/T′(F̃ ′)m.

But by the definition of a Chai-Yu isomorphism, this map R(F̃ )b/R(F̃)m → R′(F̃ ′)b/R′(F̃ ′)m
is a restriction of a standard isomorphism (use Proposition 3.3.1 and Lemmas 3.2.5 and 4.1.2),

and hence restricts to an isomorphism T(F̃ )b/T(F̃)m → T′(F̃ ′)b/T′(F̃ ′)m that is also a restriction
of a standard isomorphism (combine Proposition 3.3.1 with Lemmas 3.2.5, 4.1.2 and 3.2.3).

This not only proves that Rft ×OF
OF /pmF → R′ft ×OF ′

OF ′/pmF ′ restricts to an isomorphism

T ft ×OF
OF /pmF → T ′ft ×OF ′

OF ′/pmF ′ , but also that the restricted isomorphism, evaluated on

OF̃ /pmF̃ =OF̃ ′/pmF̃ ′ , is the isomorphism T(F̃ )b/T(F̃ )m → T′(F̃ ′)b/T′(F̃ ′)m obtained by restricting a

standard isomorphism. Thus, by definition (and Lemma 4.1.2), T ft×OF
OF /pmF → T ′ft×OF ′

OF ′/pmF ′
is a Chai-Yu isomorphism. Its uniqueness follows from Lemma 3.4.2. �

5. Putting things together

Proof of Theorem 1.2.1. In the setting of (i) of the theorem, Theorem 2.5.3, interpreted using

Proposition 3.5.1, gives us a Chai-Yu isomorphism T ft ×OF
OF /pmF → T ′ft ×OF ′

OF ′/pmF ′ . Hence
Proposition 3.4.3 provides us with a congruent isomorphism T(F )/T(F )m → T′(F ′)/T′(F ′)m.
Note that this automatically also gives the compatibility with the Chai-Yu isomorphism (i.e.,
the commutativity of the left square of (1)). The latter assertion of (i) therefore follows from
Proposition 3.4.4. Item (ii) of the theorem follows from Lemma 3.4.1(ii), whose extra condi-
tion is satisfied by taking r to be any real number between m + max(h(F,T1), h(F,T2)) and
min(ψL1/F (l)/e(L1/F ), ψL2/F (l)/e(L2/F )), where L1 and L2 are minimal splitting extensions for
T1 and T2 (use Lemma 2.5.5).

As for (iii) of the theorem, it remains to prove the compatibility with the Kottwitz homomor-
phism (the commutativity of the right-square of (1)). By definition (Definition 3.1.3(ii)) we reduce

to a similar assertion for a suitable T(F̃ )/T(F̃)m → T′(F̃ ′)/T′(F̃ ′)m, with F̃ /F a maximal unrami-

fied extension, which is induced by a standard isomorphism T(F̃ )/T(F̃)naiver → T′(F̃ ′)/T′(F̃ ′)naiver .
Thus, the desired compatibility with the Kottwitz homomorphism follows from the compatibility
of the standard isomorphism with the Kottwitz homomorphism (Proposition 3.3.2).

Now we come to (iv). Set h = h(F,T). The assumption m + 4h ≪T l implies that we have a
congruent isomorphism T(F )/T(F )m+h → T′(F ′)/T′(F ′)m+h, which by Lemma 3.4.1(iv) induces
a standard isomorphism T(F )/T(F )naivem+h → T′(F ′)/T′(F ′)naivem+h , and also induces a congruent iso-
morphism T(F )/T(F )m → T′(F ′)/T′(F ′)m. Since T(F )naivem+h ⊂ T(F )m and T′(F ′)naivem+h ⊂ T′(F ′)m
(Remark 2.5.6), T(F )/T(F )naivem+h → T′(F ′)/T′(F ′)naivem+h induces T(F )/T(F )m → T′(F ′)/T′(F ′)m
as well. Now (iv) is easy to see from Proposition 3.3.3, applied with m + h in place of r.
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Now we address the weakly induced case. Proposition 4.2.1 gives (i) with h(F,T) replaced by
0. Lemma 3.2.3 then gives (ii) with h(F,T1) and h(F,T2) replaced by 0. For the compatibility

with the Chai-Yu isomorphism, first note that a Chai-Yu isomorphism T ft×OF
OF /pmF → T ′ft×OF ′

OF ′/pmF ′ exists (Proposition 4.2.2). In this weakly induced case, the middle vertical arrow of (1)
is a standard isomorphism (Proposition 4.2.1), so the commutativity of the left square of (1)
is automatic from the definition of a Chai-Yu isomorphism. Since the middle vertical arrow of
(1) is a standard isomorphism, its compatibility with the Kottwitz homomorphism is immediate
from Proposition 3.3.2. For the same reason, the compatibility with the LLC is obvious from
Proposition 3.3.3. �
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