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Abstract: In a groundbreaking work, [34] proved the minimax optimality of deep neural networks with ReLu
activation for least-square regression estimation over a large class of functions defined by composition. In this
paper, we extend these results in many directions. First, we remove the i.i.d. assumption on the observations,
to allow some time dependence. The observations are assumed to be a Markov chain with a non-null pseudo-
spectral gap. Then, we study a more general class of machine learning problems, which includes least-square
and logistic regression as special cases. Leveraging on PAC-Bayes oracle inequalities and a version of Bernstein
inequality due to [31], we derive upper bounds on the estimation risk for a generalized Bayesian estimator. In
the case of least-square regression, this bound matches (up to a logarithmic factor) the lower bound in [34].
We establish a similar lower bound for classification with the logistic loss, and prove that the proposed DNN

estimator is optimal in the minimax sense.

Keywords: Deep neural networks, minimax-optimality, Bayesian neural network, PAC-Bayes bounds, oracle

inequality.

1 Introduction

Since almost 20 years, deep neural networks (DNN) are the most efficient predictors for most large-scale
applications of machine learning, including images, sound and video processing, high-dimensional time-series
prediction, etc. [6]. However, a complete theory of deep learning is still missing. In particular, until recently,
it was not understood why deep networks perform better than other nonparametric methods in classification
or regression problems. In a groundbreaking work, [34] defined a set of functions that are composition of
dimension-reducing smooth functions. He derived the minimax rate of estimation for this class of functions. A
very important fact is that this rate can be reached by deep ReLU networks, but not by more classical methods
such as wavelets. Since then, these results were extended in many directions. The smoothness of the function

was defined in terms of Holder spaces, this was extended to Besov spaces by [37]. Also, while the estimator
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used in [34] is frequentist, similar results were proven for Bayesian deep networks by [33] [36] [7, [8, @], from
independent observations. For deep learning from non-i.i.d. data, we refer to [25] [24] for some recent advances
on nonparametric regression and for [19] 20] 21} 22], for some recent results on classification and regression,
and where the optimality of the bounds established is unclear. In this new contribution, we perform the
PAC-Bayes approach for deep learning from Markov chains and deal with a setting that includes classification

and nonparametric regression.

More precisely, we extend the results of [34] in two directions. First, we relax the independence assumption
on the observations. Instead, the observations can be sampled from a Markov chain with a positive pseudo-
spectral gap. Then, we study a more general class of learning problems, that includes least-square regression
but also classification with the logistic loss. We propose a generalized Bayesian estimator for which, we derive
an upper bound on the excess risk. In the case of least-square regression, this bound matches (up to a
logarithmic factor) the lower bound in [34]. We are not aware of similar lower bounds on the excess risk in
the logistic regression case, so we derive such a bound, which matches (up to a logarithmic factor), our upper
bound.

Generalized Bayesian methods are an extension of Bayesian estimation available when no likelihood is
available (or, when we do not want to assume that the likelihood is actually connected to the true, unknown
data-generating process). In this case, we replace the negative log-likelihood by a loss function similar to
the ones used in machine learning. This approach is discussed in depth by [23]. It can be motivated by
the fact that such estimators are obtained by minimizing upper bounds on the generalization error known as
PAC-Bayes bounds [28]. It was actually observed empirically that the minimization of PAC-Bayes bounds
for neural networks lead to good results in practice [I5], B2, 13| 12]. It appears that, PAC-Bayes bounds can
also be used to derive oracle inequalities and rates of convergence in statistics [10, [I7]. In the i.i.d. setting,
PAC-Bayes oracle bounds were actually proven to lead to minimax rates for least-square regression in various
nonparametric classes of functions, including the class of compositions structured Holder functions studied in
[34], see, for instance, [111 [35] 27]. We refer the reader to [I] for a comprehensive review on PAC-Bayes bounds,

oracle inequalities and applications to neural networks.

PAC-Bayes bounds were extended to non-i.i.d. settings under various assumptions: mixing, weak-dependence,
Markov property, among others. The PAC-Bayes oracle inequalities in [3] lead to slow rates of convergence for
weakly-dependent time series. It is to be noted that one of the applications covered in the paper are (shallow)
neural networks. Faster rates were proven in [2], under more restrictive mixing assumptions. More recently, [4]
derived PAC-Bayes bounds for Markov chains via a-mixing coefficients. Here, we prove a new PAC-Bayes
oracle inequality for Markov chains. It is based on a version of Bernstein inequality due to [31] that turned
out to be very useful in machine learning [I6]. We then apply it on the class of compositions based on Holder
functions to derive our rates of convergence for the DNN estimators. Note that, the generalized-Bayes esti-
mators in [3] 2, 4] require some prior knowledge on the strength of the dependence between the observations
to be calibrated optimally. Our results are no different, in the sense that we need to know a lower bound a
priori on the pseudo-spectral gap of the observations to calibrate our estimator properly. However, thanks to
some recent advances on the estimation of the mixing time of Markov chains [26 18] [39], which itself provides

bounds on the pseudo-spectral gap, we can actually get rid of this assumption in some specific cases.

The paper is organized as follows. In a first time, we describe the setting of our general learning problem,

and the main assumptions: Section[2l The generalized Bayesian estimator is described in Section Bl Section []
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established our PAC-Bayesian oracle inequalities as well as the excess risk of the Bayesian DNN estimator on
the class of Holder functions and the compositions structured class. Applications to nonparametric regression

and classification are carried out in Section Bl All the proofs are gathered in Section

2 Setting and notations

Let us first introduce a few notations and conventions used in the paper. We let N denote the set of natural
integers. Give a set A, we let |A| denote its cardinality. For all z € R, [z] denotes the smallest integer

> x and |z| denotes the largest integer < x. For any vector z = (z1,---,24)7 € RY, |lz| = 1123<Xd|17i|7
71/7

|zlo = Z?Zl I(xz; # 0). We let M, ,(R) denote the set of matrices of dimension p x ¢ with coefficients in

R. For any = = (z;,) € Mp4R), we put ||z|| = max Yooy lwigl. For all x = (z1,---,x4) € R? and
<i<p
B=(Bi, - .Ba) €NI, af = xfl S azgd. For (ay) and (b,) two sequences of real numbers, we write a,, < b,

if there exists a constant C' > 0 such that a,, < b, for all n € N. Also, we set a,, < b, if a,, < b, and b, < ay,.

~

Given d € N, and F4, Ey two subsets of separable Banach spaces equipped with norms || - ||z, and || - || g,
respectively, F(E1, F2) denotes the set of measurable functions from E; to Es. For any function h : By — Es
and U C FEq,

[hlloc = sup [[A(2)]| &, [|Pllso,u = sup [|h(z)]|E, and
r€E, zeU

h —h
Lip,(h) == sup [hz1) = hlzs)lle, for any a € [0, 1].

e1,aa€Ey, mAzs |1 T1 — T2l|F,
For any L > 0 and « € [0,1], Aq xc(E1, F2) (simply Aq x(E1) when E; C R) denotes the set of functions
h: EY — E for some u € N, such that ||h|lc < 0o and Lip,(h) < K. When a = 1, we set Lip, (k) = Lip(h)
and A1(E1) = A11(E1,R).

2.1 Setting

Let us consider the supervised learning framework with training sample D,, = {Z; = (X1,Y1),--+,Z, =
(Xn,Yn)}. D, is a trajectory of a stationary and ergodic process {Z; = (X;,Y:), t € N}, with values in
Z = X x ), where X is the input space and ) the output space. We let P, denote the probability distribution
of D,,. In the sequel, we will deal with the case where {Z, = (X;,Y};), t € Z} is a Markov process. Also,
assume that X C R% and Y C R%, with d,, dy € N.

Let £: R% x ) — [0,00) a loss function. For any h € F(X,)), define the risk,
R(h) = Ez, [¢(h(Xo),Yo)]. (2.1)
Denote by h* € F(X,)), a target predictor (assumed to exist), satisfying,
R(h*) = inf R(h). 2.2
()=, _int  R(h) (22)

Define for all h € F(X,)), the empirical risk,

> o(h(Xi), V7). (2:3)
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The aim is to build from the training sample D,,, a learner /f\zn, that achieves the smallest excess risk, given by

Also denotes for all h € F(X,)),

~

In the following, we set £(h,z) = £(h(x),y) for all z = (2,y) € X x Y and h € F(X,)).

We focus on deep neural networks (DNN) predictors, with activation function o : R — R. Let L € N,
p= (po,p1, - ,pr+1) € NEF2. A DNN, with network architecture (L, p) is any function of the form,

hg : RPO — RPEHL o hy(x) = A1 00, 0Apoo_10Ap_10---007 0 A1(x), (2.6)

where for any £ = 1,--- | L+1, Ay : RP¢=* — RP* ig an affine application defined by Ay(z) := Wz + b, for given
weight matrix W, € My, | ,,(R), a shift vector by € RP* and oy : RP* — RP¢ is an element-wise activation map

defined as o4(2) = (0(21), -+ ,0(2p,))T for all z = (21, ,2,)T € RP, and
0= (VeC(Wl)Ta bclrv T aveC(WLJrl)Tv szrl)a (27)

is the network parameters (weights), where vec(W) is obtained by concatenating the column vectors of the
matrix W and T denotes the transpose. In our setting here, py = d,, (input dimension) and pr4+1 = d,, (output

dimension). So, the total number of network parameters is

L+1 L+1
MLp =Y _DeXPi1+ Y P (2.8)
=1 =1

Let Hy,q,,q, denotes the set of DNNs of the form (2.6 with d, dimensional input, d, dimensional output,
with activation function o. For any h € Hs. 4,,4, With a neural network architecture (L, p), denote depth(h) = L
and width(h) = 1lzl€a<XLpg, respectively the depth and width of h. For any L, N, S, B, F' > 0, consider the sets,

Hod,,a,(L,N) = {ho € Ho,d,.4,, depth(h) < L, width(h) < N},
Hod,,d,(L, N, S,B) = {hg € Ho,a,.a,(L,N), |00 < S, [|0]| < B}, (2.9)
Hodyd,(L,N,S,B,F) = {helx, h € Hoa,.a,(L,N,S,B), ||h]lsc,x < F}. (2.10)
Let L, N > 0. For any h € Hs.4,,4,(L, N), the maximum number of parameter of A is,
nrN:=N(N+1)(L+1). (2.11)

For any h € Ho,4,,4,(L, N), we will consider in the sequel, #(h) as a np, y-dimensional vector by adding 0 if

not. For any active set Z C {1,2,--- ,nr n}, define the corresponding class of sparse DNNs by,
Ho’7dw7dy (L, N,I) = {hg S Hg7dw7dy (L, N), 0; =0if ¢ §é I}, (2.12)
Hody,d, (L, N, B, 1) = {h@ € Hood,,a, (L, N, Z), ||0] < B}, (2.13)
Ha’ydzﬁdy(LvaBvFvI) = {h9 EHﬂﬁda:,dy(LvaBvI)v ||h’||007/"( SF}? (214)

where 6 := (01, ,0 )T. In the sequel, for a DNN hy, denote,

yYnp N
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2.2 Markov chains and pseudo-spectral gap

We assume that Z = {Z; = (X:,Y};), ¢ € N} is a stationary and ergodic Markov process with transition
kernel K and stationary distribution 7. K can be then viewed as a linear operator K on L?(7) defined as
(K [)(2) :==Eg.,(f) for all f € L?(). For any such operator F on L?(r), we can define

Sy(F) :={\ € C: (M — F) is not invertible on L*(7)}, (2.16)

where I denotes the identity operator on L?(m). The spectral gap of F is given by,

1 —sup{\ € So(F): XA #1} if eigenvalue 1 has multiplicity 1

V(F) = { 0 otherwise. (217)

We will refer to v(K) simply as the spectral gap of the chain Z. Now, define the time reversal of the kernel

K by,

K*(z,du) := %w(du). (2.18)

Therefore, the linear operator K* is the adjoint of the linear operator K on L?(w). Define 7,s, called the
pseudo spectral gap of K see [31], as

Vps = rggf{%v((K*)’“K’“)}. (2.19)

The exact assumptions for our theorem will be discussed below in detail. However, the main assumption on
K will be that ,, > 0. This condition is weaker than the assumption v(K) > 0, as discussed in Remark 3.2
of [B1]. Let us now briefly discuss examples where this assumption is satisfied. In order to do so, we introduce

the more classical notion of mixing time.

For the process Z = {Z; = (X;,Y:), t € N}, the mixing time for some € > 0 is defined as,

tmix(€) := min {t €N, sup||K(z,-) — 7||rv < e}, and tmix 1= tmix(1/4), (2.20)
zZEZ

where K'(z,-) is the t-step transition kernel (i.e. the distribution of Z;|Zy = z), and || - ||7v denotes the total
variation distance between two probability measures (1, Q2 defined on the same state space (Q,F) and is

given by,
Q1 — Q2ll7v := sup|Q1(A) — Q2(A)|. (2.21)
AcF

[31] derived relations between mixing time and pseudo spectral gap (Propositions 3.3 and 3.4).

Exemple 2.1. Assume that the chain (Z;) is uniformly ergodic, that is, there are constants C >0 and p < 1
such that

sup||K'(z,") — 7||lrv < Cp'.
z€EZ

In this case, Proposition 3.4 in [31)] shows that Yps > 1/2tmiz. Thus, we have tm(€) < [log(C/e€)/log(p)] and
in particular, vps > 1/2t i = [log(4C)/log(p)] > 0.
When the set Z is finite, any irreducible and aperiodic Markov chain is immediately uniformly ergodic [T7]].

Ezamples of uniformly ergodic chains on infinite state-space are also well known [T7]]].
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3 Prior distribution and Gibbs estimator

Let L, N,B > 0. For a given active set Z C {1,2,--- ,np n}, the prior IIz on the networks parameter of the
DNNs class Ho,4,,4,(L, N, B,T) is set as the uniform distribution on

Se={0= (61,60, x) €[-B,BI"™ 6, =0ifigT}. (3.1)

Let us define the mixture of the uniform priors Sz as,

ny N —1
—q nrp N . —n
In= E s g < : ) lz/Cs with Cy:=(1—s"N)/(s — 1), (3.2)
=1 IC{1,2,nr, N},

|Z|=i

where s > 2 is a sparsity parameter. The Gibbs posterior probability distribution IT)(:|D,,) based on II is
defined via,
I1,(df|D,,) o exp ( — Ry, (8))11(dh), (3.3)

where A > 0 is the so-called temperature parameter and the empirical risk defined in (Z3]). For any A > 0,

the corresponding weight @\,\ and predictor h » are drawing from the posterior distribution, that is,
9)\ ~ H)\(-|Dn), and h)\ = hé} (34)

For L, N, B, F,S > 0, if we consider the DNN class 4,4, (L, N, B, F) or Hs.4,.a,(L, N, B, S, F), 0, is defined
as above, where for any 7 C {1,2,--- ,nr n}, the prior IIz on the networks parameter of H5,q, 4,(L, N, B, F,T)
or Hod,,a,(L,N,S,B,F,T), is set as the uniform distribution on Sz (given in (B.I])).

4 Oracle inequality and excess risk bounds

4.1 Oracle inequality

We consider the process Z = (Z;)en (with Z; = (X, Y;)) with values in Z = X x ) C R% x R% and assume:

(Al): Z = (Z;)ten is a stationary and ergodic Markov process with transition kernel K, stationary distribution

7 and pseudo spectral gap vps > 0.

Consider the learning problem of Y; from X; based on the observations D, = {Z; = (X1,Y1), -, Zn =
(Xn,Yn)}. We carry out the PAC-Bayes approach on the class of DNNs predictor in (ZI0) and set the

following assumptions on the input space, the loss and the activation.

(A2): X C R% is a compact set.
Under (A2), we set,
Kx = sup ||z]|. (4.1)
TeEX

(A3): There exists K, > 0, such that, for the DNN class Hs 4,.4,(L, N, B, F'), for L, N, B, F' > 0, we have for
all h € Hod,.q,(L, N, B, F) and (z,y) € Z, [((h(z),y) — (b (z),y)| < Ke|h(z) — h*(2)].

(A4): There exists I, > 0, such that o € Ay i, (R). Moreover, o is either piecewise linear or locally quadratic
and fixes a segment I C [0, 1].
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(A5): There exists K > 0, such that the target function defined in (22)), satisfied h* € Ay x(X).

Let us recall that, a function g : R — R is g is locally quadratic (see also [29], [30]) if there exits an interval
(a,b) on which g is three times continuously differentiable with bounded derivatives and there exists t € (a, b)
such that ¢'(t) # 0 and ¢”(t) # 0. (A4) is satisfied by the ReLU activation and several other activation

functions, see, for instance [19].

For all L, N,B,F >0 and Z C {1,2,--- ,n N}, define,

07 € argmin R(6), (4.2)
0eSt

where Sz is defined in [BI]). Also, let us set the Bernstein’s condition:

(A6): The Bernstein’s condition for some K > 0 and € [0,1] : For all § € Sz,
* 2 * K
Ex [ (0(ho(X0), ¥5) = £(h*(X0),¥7)) | < K (R(O) = R()" (43)

(AT): Local quadratic structure of the excess risk: There exists two constants Ko = Ko(Zo, 4, h*),e0 =
Eo(Zo,g, h*) > 0 such that,
R(h) = R(h*) < Kollh = h*|13 py. (4.4)

for any measurable function h : R% — R% satisfying ||h — h*[|cc,x < €0; Where Py, denotes the
distribution of Xy and

=12, = [ I5) = 1)1, (),
for all ¢ > 1.

0% in ([A2)) is well defined, since Sz is compact and the function § — R(0) is continuous. The following theorem
provides a non-asymptotic oracle inequality of the excess risk. It is essentially an extension of Corollary 3
from [35] to the case of Markov chains. The proof relies on Paulin’s version of Bernstein’s inequality [31]
together with standard PAC-Bayes tools [10} [].

Theorem 4.1. Assume that (A1)-(A5) and (A6) with k = 1 hold and take

NYps
_ 4.

32K + 10’ (4.5)
where K is given in ({.3). Consider the DNNs class Hy,a,,a,(L, N, B,F) for L,N,B,F >0, and N defined
as in [34). Then, for all 6 € (0,1), with P, @ I1x-probability at least 1 — &, we have

—_

£(6y) < min (35(9}) + 7;1 [|I|L10g (max(n, B,ng n)) + 10g(1/5)]> +

T IC{1,2,,nL,N} ps

3,
n

for some constant =, independent of n, L, N, B, F,~yps and ICy.

Note that, to compute the estimator that depends on A, we need to know the spectral gap 7,5, or an upper
bound on it. This is not always a realistic assumption. However, recent strem of work to estimate this quantity
on a single trajectory [26] [I8] [39], when the state space is finite. Using Theorem 2.1 in [39], we obtain the

following result.
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Corollary 4.2. Under the same assumptions as in Theorem[[.1], assume that X x Y is finite, and let 7 denote
the stationary distribution of the data, and 7, = min,exxy 7(z). Assume m, > 0. Take

NYps
=___ P8 4.6
32K +10° (4.6)

where K is given in ([4.3) and Aps is the estimator of vps in [39]. Then, there is a constant ¢ > 0 such that,

as soon as 9

)
s 7356

log
Vs T T YpsO

for all § € (0,1), with P, & IT)-probability at least 1 — 26, we have

25

£(6y) < min (35(9}) + 3K
n

S [IIILlog (max(n, B,nz,n)) + 10g(1/5)]> +

NYps

for 21 as in Theorem [{.1]

4.2 Excess risk bound on the Holder class

In the sequel, we consider a class of Holder smooth functions. Let U C R% (with d € N), 8= (B1,---,84)T €
NY, oz = (21, ,2q)7 €U, set

918l
aﬂlflil,' .. ,aﬂd{'[;d'

d
8] =B and 0° =

i=1
For any s > 0, the Holder space C*(U) is the set of functions h : U — R such that, for any 3 € N with
18] < |s], 10°hloe < oo and for any 8 € N* with |8] = [s], Lip,_(4(8°h) < oc. This space is equipped with
the norm

Alles @y = Z 10°h]loe + Z Lip,_ |, (9°h). (4.7)
0<|BI<s] |B|=Ls]

For any s >0, U C R% and K > 0, consider the set,

cMU) = {h eci(U), |h

covy <K} (4.8)

Now, we deal with the network architecture parameters L,,, N,, B,, F,, that depend on the sample size
n. An application of Theorem 1] together with a tight control of £(6%) on the Holder’s class leads to the

following result.

Theorem 4.3. Assume that (A1)-(A5), (A6) with « = 1, (A7) hold and that there exists s, > 0, such
that h* € C*X(X). Take \ as in (4.3). Consider the DNNs class Ho.a,,d,(Ln, Nn, Sn, Bn, Fn) with L, =

A(s+dg

logn, N,, < n2sizdz, Sy = nErE logn, B, <n 51 and F, > 0. Then, for all 6 € (0,1), with P, ® IT-

probability at least 1 — §, we have for n > 56(2+d’”/5),

3
£ < Ez( log”n n ICg—i-log(l/(S)),

2s
n2s+dz n

for some constant Zo independent of n and Ky, and where gq is given in the assumption (A7).

Therefore, the rate of the excess risk of hy = h, is of order O(n~ T (logn)?).
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4.3 Excess risk bound on a compositions structured Holder class

For this purpose, we assume that the target function h* belongs to a class of composition structured functions,
defined by [34].

Let d,r € N with d > 7, s,K > 0 and a,b € R with a < b. Denote by C3*([a,b]?) the set of functions
f :[a,b]? — R satisfying:

e f is a r-variate function i.e. f depends on at most r coordinates;
o fcC**([a,b]?), defined in (LS.
Let q e N, d= (do, s ,dq+1) € N9*+2 with do = d; and dq+1 = dy, t= (to, s ,tq) € Net1 with t; < d; for
alli=0,---,q, 8= (S0, ,8¢) € (0,00)7" and K > 0. Following [34], define the class of functions:
G(g.,d,t,s,K) := {h =9q0-90 9i = (9ij)j=1, diss [ai, bi]% = [ait1, bip1]h !, with
gij € Cf;”c([ai, b;]%), for some a;,b; € R such that |ag|, [b;| < K,Vi=1,--- ,q}. (4.9)

For the class G(q,d,t,s,K), define:

q 287

Bf =B H min(Bg,1) for all i = 0,--- ,¢; and ¢, := max n 2Pt (4.10)
=0, q

k=i+1

The next theorem provides a bound of the excess risk of the estimator ﬁ,\, for structured composite target

function, in the case X = [0, 1]%=. Here again this is obtained by an application of Theorem EIl

Theorem 4.4. Set X = [0,1]%. Assume that (A1)-(A3), (A6) with k = 1, (A7) hold and that h* €
G(q,d,t,s,K) for some composition structured class, and take A as in [{-3]). Consider the DNNs class
Hody,dy (Lns Nn, Sn, Bn, Fy) where o is the ReLU activation function and with:

L, = Cylogn, N,, < no,, S, < nd,logn, B, =B >1,F, >max(K,1), (4.11)

for some constant Co > Y1 log, (4max(t;, s;)) and where ¢y, is defined in {{10). Then, for all 6 € (0,1),
with P, ® IIx-probability at least 1 — §, we have

n ICz—l-log(l/zi))7

E(r) < Zs(6n(logn)® n

for some constant Z3 independent of n and ICy.

So, when h* belongs to a class of Holder compositions functions, the rate of the excess risk of ﬁ,\ = h% is of
order O(¢,(logn)?).

5 Examples of nonparametric regression and classification

5.1 Nonparametric regression

Consider the nonparametric time series regression,

Y't:h*(Xt)—f—Et, teN, (51)
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with (X¢,Y;) € X xY C R% xR (d, = 1), where h* : R% — R is the unknown regression function and (&;)¢en
is a sequence of i.i.d. centered random variable and for all t € N| ¢, is independent of the input variable X;.
The goal is the estimation of h*, based on the observations {(X;,Y;)}1<i<n, generated from (5.1). We perform
the quasi-Bayesian DNN estimator proposed above, with a DNNs class Hs.4,,d, (Ln, Nn, Sn, By, ) and the

square loss function.

In this subsection, assume that {(X¢,Y;) }ien is a stationary and ergodic Markov process and that X and
Y are compact sets. Hence, the assumptions (A1)-(A3) hold. Also, (A6) with x = 1 holds if we deal with a
network architecture parameters L, N,,, By, F,, with F,, = F' > max(K, 1). Note that, in this framework with
the square loss, (A7) holds automatically. Therefore:

e If the activation function o satisfies (A4) and h* € C**(X) for some s,k > 0, then, the result of
Theorem [4.3] holds.

e For X = [0,1]%, if h* € G(q,d,t,s, K) for some composition structured class, then the result of Theorem
A4 is applied with the ReLU deep neural networks.

Note that, for regression problem with the Gaussian error &;, square loss and X = [0, 1]%, [34] proved
that, the lower bound for the minimax estimation risk over a class G(q,d,t,s,K) is ¢, (up to a constant).
Unfortunately, Theorem does not cover the Gaussian error case as they would require )V = R to be not

compact, a setting in which the quadratic loss is not Lipschitz. This can however be fixed.

Lemma 5.1. Assume (B.1) with h* € CSN(X) for some s,KC > 0, (g¢)ten is i.i.d. N(0,0%) distributed. For

any 6 > 0, define the event
~ 2
Qs = { sup V| < K+U\/210g—n} .
1<t<n 1)

Then P(5) > 1 4.

Proof. Fix o« > 0 and € > 0. By using the Markov’s inequality, we have,

P ( sup |e¢| > e) < Z]P’(|at| >e€) < 22]?(5,5 >e€) = 2ZP(eXp(aat) > exp(ae))

1<t<n t=1 t=1 t=1

n

<2 ZE[exp(ast —ae)] =2 Z exp(a?o?/2 — ae).

t=1 t=1
For a fixed e, the function a — a?0?2/2 — ae reaches its minimum when o = ¢/0? and thus,
2

P ( sup |e¢| > 6) < 2nexp ( - 26—2) (5.2)
o

1<t<n

Putting § = 2nexp ( — €2/20?), (E2) gives

P ( sup |e¢| > o4/ 2log 2%) < 4. (5.3)

1<t<n

Finally, since h* € C**(X), it holds a.s. that, |Y;| < |h*(Xy)| + |et] < [|h*]|oo,.x + |6:] < K + |e¢]. Thus, the
result follows from (B.3)). |
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Therefore, consider a DNN class Hg,q, .4, (Ln, Nn, Bn, Fr) for Ly, Np, B, > 0 and F,, = F > max(K, 1).
From Lemma 511 it holds on Qs that, all the variables Y; (¢ € N) belong to the compact set [—K —

ov/2log %",IC + o4/2log 27"] and thus, for h € Ho4,.d4,(Ln, Nn, Bn, F) and y € [-K — 04/2log %",IC +
oy/2log 2],

[0(h(x),y) — €(0" (x), )| = |(h(z) —y)* = (A" (z) — y)?|
<12y = h(zx) = h*(2))(h(z) — h*(2))|

2/C+20\/210g7 (x) — h*(2)|,

that is, we have Assumption (A3) with K, = 3K+ 204/21og 27" + F. Thus, on this set, we can apply Theorem
E4 with F,, = F > max(K,1). Thus, in this setting, we obtain, with probability at least 1 — 24,

3K + 204/2log 22 + F + log(1/6)

n

£(Bx) < Zs (#u(logn)? + ) < 24 (onlogny? + 2E),

for some Z4 > 0 independent of n. Thus, the convergence rate of £(6) matches (up to a log® n factor) with
the lower bound of [34]. Which shows that, the Bayesian DNN estimator hy = hg, for the least squares

nonparametric regression is optimal in the minimax sense.

5.2 Classification with the logistic Loss

Consider a stationary and ergodic Markov process (X, Y;):eny with distribution Pz, (Zy = (X0, Yp)) and with
values in X x {—1,1} C R% x R (that is, d,, = 1) satisfying for all x € X,

Y| Xy =z ~2B(n(x)) — 1, with n(z) = P(Y; = 1|X; = 2), (5.4)

where B(n(x)) denotes the Bernoulli distribution with parameter n(z). We focus on the margin-based logistic
loss function given by, £(y,u) = ¢(yu) for all (y,u) € {—1,1} x R and with ¢(v) = log(l 4+ e~ ), Vv € R. For
any predictor h : R% — R, we have,

R(h) = E[6(Yoh(Xy))] = /X o o) apz )

Here, we assume that X is a compact set and deal with a class of bounded deep neural networks Hody,d, (Lyny Nyy Spy B,y F)
with F,, = F > max(K,1). So, the assumptions (A1)-(A3) and (A6) with xk = 1 are satisfied; see for instance
[5] in the case of (A6).

Let us check (A7). The target function, with respect to the ¢-loss is given by (see also Lemma C.2 in [40])
is the function h* : X — [—00, 0], defined by:

00 if n(x) =1,

W (x) = {log (250 if y(x) € (0,1), (5.5)

—00 if n(x) = 0.
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Let z € X such that (z) € (0,1). For any measurable function h : R% — R, we have,

E[¢(Yoh(X ))IXo—x} — E[¢(Yoh*(X0))|Xo = «]

=n(2)(h(z)) + (1 —n(z))¢( — h(z)) —n(2)o(h*(z)) — (1 —n(x))d( — h*(z))
1 1
:77(17)@5(}1(1’)) ( )( h(z ) (7)log — (@) (1—77(35))10%1_777(36)
nlx) 12 _1 .
< <|n(2) —1og ()] < <lh(@) = b* (@), (5.6)

where the inequality (5.6) holds from the Lemma C.6 in [40]. With the convention 0 x oo = 0, the inequality
(E8) holds for n(x) =1 or n(x) = 0. Hence,

R(h) — R(h*) = E[¢(Yoh(X0))] — E[¢(Yoh™(X0))] < <E[|h(X0) — h*(Xo)[?] = %Hh - h*||§,PXO-

<lg
8
Thus, (A7) holds with Ko = £. Therefore:

e If (A4) holds and h* € C*X(X) for some s, K > 0, then, the result of Theorem is applied.

e For X = [0,1]%, if h* € G(q,d,t,s, K) for some composition structured class, then the result of Theorem
A4l is applicable with the ReLU deep neural networks.

The next theorem provides a lower bound of the excess risk on a class of composition structured functions.

Theorem 5.2 (Lower bound for classification). Set X = [0, 1]% and assume that (Xy, Y3 )en satisfying (5-4) is
a stationary and ergodic Markov process. Consider a class of composition structured functions G(q,d,t, 3, K)
with t; < min(dp, . ..,d;—1) for all i. Then, for sufficiently large IC, there exist a constant C' > 0 such that

inf sup [R(?Ln) — R(h*)] = Coy, (5.7)
Tin h*€G(q,d,t,8,K)

where the infimum is taken over all estimator ?Ln, based on (X1,Y1), - ,(Xn,Ys) generated from ([5.7) and
¢n, is defined in (£-10).

Theorem 4.4l and show that, for the classification problem of Markov processes with the logistic loss,
the quasi-Bayesian DNN predictor is optimal (up to a 1og3n factor) in the minimax sense, on the class of

composition structured functions.

6 Proofs of the main results

6.1 Some technical lemmas
The following lemmas are useful in the proofs of the main results.

Lemma 6.1. (Paulin [31)]). Consider a trajectory (Z1,---,Zy) of a process Z = (Zy)ien with values in Z
and assume that (A1) holds. Let f € L?(r) such that, there exists C > 0 satisfying | f(z) — Er(f)| < C for all
ze€ Z. Set Vi := Vars(f) and S =37, f(Z;). Then, for all 9 € (0,7ps/10), we have,

Ex(exp(¥S)) < exp <M -9 (1 - 1019)_1) (6.1)

Vps Vps
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Lemma 6.2. Assume that (A1), (A3), (A5) and (A6) hold. Consider the DNNs class Hgy,a,,4,(L, N, B, F,T)
for LLN,B,F >0,7T C{1,2,---,n n}. Forall X e (O,n-wps/lo) and 0 € Sz we have,

NYps NYps

max (E[exp (A(E,(0) - £()))]. E[exp (A(E(0) — £,(0)))]) gexp<16“25(9>” (1- m)l), (6.2)

where K,k are given in assumption (A6).

Proof. Let 6 € Sz. We have,

A
=
|
o
=
I
=)
3
=
|
=)

n(P) — R(0) + R(h")

= % > (6(ral(X), Yi) = €(h*(X), Y3) = Ex[e(ho(X1), Y2)] + B l0(k" (X1),Y1)]) = % > an(Z),

i=1
with Z; = (X;,Y;), go(2) = £(ho(z),y) —L(h* (), y) —Ex [£(he(X1), Y1) | +Ex [¢(h*(X1),Y1)] forall z = (z,y) €
Z =X x Y. We will apply Lemma to the process (Z;)ieny with the function gy, satisfying E.(gg) = 0.
According to the Bernstein’s condition, we have,
Vars[g6(Z1)] = Ex[(96(21))°]
2(Ex [(£(ho (X1), Y2) = (A" (X1), Y1) "] + (Bt (ho(X2), Y1)] = Ex[e(h (X1), V1)) )
AE, [(£(ho(X1), Y1) — £(h*(X1),Y1))°] < 4KE(0)".

IN

IN

So, for any ¥ € (0,7,s/10), it holds from Lemma G.1] that,

E, {exp (19299(%))} <exp <w -9 (1 - }:;:9)1) (6.3)
Hence, for any A € (O, n- 7,,5/10)7 we get,
Er[exp (MEn(6) — £(6)))] = Ex [ exp (% gge(zi))] < exp (16A1§Z(9>“ (1- :ng)_l) (6.4)

Similar arguments yield,

£ ((e10) - £,0))] < e (1AL (1 200 ),

NYps N7Yps

for all A € (O, n- 7p5/10); which completes the proof of the lemma. |

Let (E, A) be a measurable space and p1, pe two probability measures on this space. Define the Kullback-
Leibler divergence of py with respect to ua by,

d
/log (ﬂ)dul it pn < po,
dpi2

%) otherwise,

KL(p1, p2) = {

where the notation p1 < g means ”uq is absolutely continuous with respect to ps”. The following lemma is

classical for PAC-Bayes bounds, the proof can bee found in [10].
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Lemma 6.3. Let (E, A) be a measurable space, p a probability measure on (E, A) and h : E — R a measurable

function such that [ expoh du < oco. With the convention oo — co = —oco, we have,

log (/exp oh du) = sup (/hdy - KL(v, u)),

where the supremum is taken over all probability measures v on (E, A). In addition, if h is bounded from above

(6.5)

on the support of u, the supremum in [G67) is reached for the Gibbs distribution v = g, with j—i x exp oh.
The following lemmas are also needed.
Lemma 6.4. Assume that (A1), (A3), (A5) and (A6) with k = 1 hold and consider the DNNs class

Hod,,d, (L, N, B,F,T) for L,N,B,F >0,Z C{1,2,---

on Sz such that p < II. For any A\ € (O, %ﬁtlo) and 0 € (0,1), we have with probability at least 1 — 0,

,nrN}. Let p be a D, -dependent probability measure

. 1 o o~ 1 dp
< — et
£@) < o £.(0) + A(1og(1/5)+10g(dn(e))ﬂ. (6.6)
NYps — 10
where 0 is distributed according to p.
Proof. Let 6 € Sz, A€ (0,n-7,s/10) and § €]0,1[. We have from Lemma 6.2
~ 16X2KE(6) 10X\ -1
E 0) —E,.(0 < 1-— .
{exp [M(E(O) - £.(0))]} < exp ( — ( mps) )
Therefore,
16K )\? =
ESexp | (A— ———————<)E(0) — XL (0) — log(l/é)] } <. (6.7)
{ [( NYps (1 — %:‘S) )

Let us recall that IT is a prior probability measure on Sz. From (G.1]), we have

[ 16K \2 . ]
/E{ exp (/\ Wy )5(9) ~ A&, (0) — log(1/8) }dn(e) <,
L ps NYps i
and by the Fubini’s theorem,
[ 16K \2 . ]
]E{ /exp (r- i %))5(9) _ 2B () — Tog(1/6) dH(G‘)} <5,

Hence, for any data-dependent probability measure p absolutely continuous with respect to II, we have

E{ /exp l(A - %)5(9) &, (6) — log(1/5) — log (3—1’;(9))

NYps

dp(9)} <9, (6.8)

with the convention oo x 0 = 0. Recall that, P, denotes the distribution of the sample D,,. The inequality

[©3) can also been written as,

EDn~Pn]E§~p{ exp [(/\ T
ps

16K \?

(1~

10A
NYps

7))~ 28.0) ~tox(1/9) 1o (50)
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Therefore, from the inequality exp(Az) > 1,50, we get with P,, ® p-probability at most 4,

16K\ ~ o~ 1 dp ~
- > - — .
( o &))5(9) > E.0)+5 <log(1/5) +log (o (9)))
nYps
. "Yps . _ s B

Since A € (O, 6K + 10), we have with P, ® p-probability at least 1 — 4,

. 1 o o~ 1 dp

NYps — 10X

This completes the proof of the lemma. |

Lemma 6.5. Assume that (A1), (A3), (A5) and (A6) with k = 1 hold and consider the DNNs class
Hody,d, (L, N, B,F,T) for L,N,B,F >0, C{1,2,--- ,np.n}. Let p be a D, -dependent probability measure

on Sz such that p < II. For any X\ € (O, %ﬁflo) and 0 € (0,1), we have with probability at least 1 — 0,
~ 1 16 KA
£0)) < —ory [(1 e /5 V(6 (KL(p, m +log(1/8))|,  (6.10)
NYps — 10
where By ~ T\ (-|Dy).
Yps

Proof. Let A € (O 10) and ¢ € (0,1). Apply Lemmal6.4 for the posterior distribution II)(-|D,,) < II

"16K +
with the corresponding Radon-Nikodym density
dI\(0]D,) _ exp (= ARa(9)) 6.11)
dI1(6) [exp (= AR, (0))dIL(0)
So, in addition to Lemma [6.3] we have with probability at least 1 — ¢,
N 1 [ 1 . N
E(0y) < — R En(0y) + X <log(1/5) — AR, (0)) — 1og/exp (- ARn(G))dH(9)>
1l——— L
NYps — 10
1 | _
nYps — 10X
< L Bu(h*) + 2 1og(1/6) — s /\/ ~ KL(p. 1)
- 1cI1\ mn N - u k)
B 1— ﬂ L A & p.,p<£)H P
NYps — 10
1 .
< — i *
= TGN p;}gn R, (™) + X <1og 1/6) + /\/ +KL(p,H)>
NYps — 10 )
1 ~ 1
< — i - .
<y [ Eorioto) + <log<1/5> +KL(p, H)) (6.12)

NYps — 10\
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Let p a probability measure on Sz such that p < II. From Lemma [6.2] we have

16K \2E(6) (1 10x )—1)

NYps N7Yps

E{ exp [/\(é\n(H) —&£(0))]} <exp (

Therefore,

E{ exp lAfn(e) A1+ %)5(9) - log(l/é)] } <5, (6.13)

and from the Fubini’s theorem,

E{/exp [/\fn(e)—)\(l—i-ﬂ)é(@)—log(1/5) Il

— (9)} <. (6.14)

Hence, in addition to the Jensen’s inequality,

Ep, lexp </ [Aén(o) - /\(1 + %)5(9)} dp(8) — KL(p, IT) — log(l/é))]

—Ep, lexp </ [Aén(o) - )\(1 + %)5(9) - 31’;—((99)) - log(1/5)}dp(9)>]

<Ep, omp [exp <A§n(9) ~A(1+ Wfiﬂm)s(e) - 3?1—((99)) - log(1/5)>]

<Ep, l/exp (Aé\n(e) - /\(1 + ﬂ)é‘(@) - log(1/5)> dri()

<.
NYps — 10X -

Therefore, from the inequality exp(Az) > 1,50, we get with probability at least 1 — 6,

- 16K\ 1
- (0)dp(0) < (14 —20 8)dp(8) + ~ (KL(p, II) + log(1/5)). 1
| E@ap0) < (1+ Z25555) [ E@a0(0) + 5 (KL +10g(1/5) (6.15)
According to (612) and (6.I5]), we get we with probability at least 1 — 24,
~ 1 [ 16K\ ]
P B
ONES — 5w, (1 T—TO /5 Ydp(6 (KL(p,H)+log(1/6))
nYps — 10 ) .
1 ] 16K\ ]
-, (1+ T / £(0)dp(0 (KL(p, 1) + log(1/5))
nYps — 10 ) .

Lemma 6.6. Assume that (A4) and consider the DNNs class Ho,4,.4,(L, N, B, F,T) for L,N,B,F > 0,
IC{1,2,---,nL N} Forallx € R, 0,6 € Sz, we have,

lho(2) = hg(@)] < 202(o(O)] + 2]l + 1) (1 + K, B) max (1, (€, B)*2) 10 — .

Proof. In the sequel, we use the following elementary result: Let a > 0 and (b )men, (Um)men two sequences

of non negative numbers such that u,, < aum—1 + bm—1 for all m > 1. Then, for all m > 1,

Uy < @™ ug + me_kakfl. (6.16)
k=1
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Wﬂ: + bg, Ay(x) = Wym + by for all £ =

Consider two neural networks hg, hz as in ([2.8) with Ag( ) =
= ( bl?"' ,VQC(WL+1)T7b,’£+1) ESI

,L+1and 0 = (vec(W1)",b],--- ,vec(Wr41)", b7 4),0
(see also (ZT)). Let z € R%. Set,
2O =70 =z 20 =g,0 Az V) and T = 540 Ay(F V) for any £ =1,--- L+ 1. (6.17)

According to assumption (A4), we have for £ =1,--- | L,

12O = [low 0 A(@“"D)]| < |0 (0)] + Ko || Ac(z“~ D)
< [ (O)] + Ko (IWell 12V + [1bell) < o(0)] + Ko B + Ko Bl|z V.

Therefore, in addition to (G.I6]), we have for all £ =1,--- | L,

L
12 < (Ko B)*|lzl| + (Io(0)] + Ko B) Z
4

(Ko B)* +10(0) Y (Ko B)*

k=1

< (]l + 1)

M- I

(K:UB)k_l

M=

< (llzll +1) Y_(KaB)* +10(0)]

ol
Il
s
Il
A

k
L(|o(0)] + [lz]| + 1) max (1, (Ko B)"). (6.18)

Similarly, we have for all £ =1,--- | L,

120 = ZD | = [lor 0 Au(z) — 01 0 Au(2)]| < Ko || As(2) — A ()]
Ko (W1 = Walllla]| + [lbr = 1)) < Ko (]| + 1)116 = 6].

|20 — FO] = |og 0 Ag(z“D) — 0y 0 Ap(Z V)| < Kol Ap(aD) — A,ZED))|
< Ko l|(We = W)= + Wy (a=1 — 761 + (b — by) |
Ko ([1We = W[l + [[We | 27 = 1| + [[be — bel])
< Ko (2“"V ) + 1)1 = 6] + Ko Blla~D = 71|
< 2, L(lo(0)] + [l + 1) masx (1, (€, B) )10 — 0] + Ko B0 =3¢V, (619)

where (G.I8)) is used in ([6I9). This recurrence relation is also satisfied with £ = 1. Hence, from (G.I6]), we get
forall=1,---,L,

4
20 — 70| < 2K, L(|o(0)] + [|=]| + 1) max (1, (K, B)*) |6 — 6] Z(/CC,B)’H

< 20, L(|o(0)] + ol + 1) max (1, (K, B)¥)[|6 — 9IIZ Ko B)*

< 2K, L2 (|0 (0)] + ||| + 1) max (1, (K, B)*£) (|6 — 4]|. (6.20)
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Therefore, in addition to (6I8]), we have,

lho(z) — hy(x)| = |Apy100r 0 Apoar_10 AL 100010 Ay (x) — Apy100 0 AL oo 10AL 10 0010 Ay(z)]
= |Ap1(@™) = AL EP)] = (Wi (@) = Wra(@P) + bria — bl
< Wigr = Weallllz® ) + [Wega |2 = 25| + b1 — bra|
< (|l= @) + D))o - 6]| + Bll=®) — 5|
< 2L(|o(0)] + |||l + 1) max (1, Ky B)E)[|6 — 0]| + 2K BL? (|0 (0)] + ||=]| + 1) max (1, (K, B)**) (|6 — ]|
< 2L2(|o(0)] + ||| + 1) (1 + K, B) max (1, Ky B)2E) |0 — 6]

6.2 Proof of Theorem 4.1
Let Z C {1,2,--- ,nz,n} and n € (0,1]. Consider the probability measure p := pz, on Sz defined such that,

dpz, 1 .
dHI(H) [10—=0211<n>

where 65 is defined in ([2)). According to Lemma [6.6] (A2), (A3) and the support of p = pz 5, we have,

/5(9)dp(9) _ &3 + /EW [€(ho (1), Y2) — £(hos (X1), Y2)] dp(0)
= £(05) + Ky /Eﬂyhg(xl) = s (X0)] dp(6)
< £(03) + 202K (jo(0)] + Ko + 1) (1 + Ko B) max (1, (K, B)?Y) / 16— 031 dp(6)
< E(03) +2L°K(|o(0)| + Kx + 1) (1 + K, B) max (1, (Ko B)**)n
<&@+ (6.21)
with

1
~ 202(j0(0)[ + Kx + 1) (1 + K, B) max (1, (KK, B)*")n’

n

Now, consider the Kullback-Leibler term in (610). From Lemma 10 in [35], we have,

2sCs B
KL(p,11) = KL{pz,,,11) < [7]log (ZC2225)

, (6.22)

where s > 2 denotes sparsity parameter and Cj is defined in (B2]). So, from (610), (@21 and ([622), we get
with probability at least 1 — ¢,

£y < # (1+ MLI_(?OA) (62 + %) + ; [17/10g (W) + log(1/5)w ,
- NYps — 10 !

By choosing,
__ Mps
32K +10°
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we have with probability at least 1 — 9§,

_ 3K, A(32K + 10
£(0y) < 38(6%) + 2L g[

n NYps

2sCB
|Z|log (78 nr.ne
n

) + log(1/5)}
3K,

< 38(6%) + T;l (171 10g (masx(n, B, s, x)) +log(1/6)] +
ps

(6.23)

where =5 is a constant which is independent of n, L, N, B, F, y,s, K¢. This completes the proof of the theorem,
since the bound in ([623]) holds for all Z C {1,2,--- ,np n}.

6.3 Proof of Corollary

WYps

PK +10° We obtain, with probability 1 — 6,

Follow the previous proof, but use A\ =

- = 3K
E(0N) <307 + - (11 1og (max(n, B,ns,x)) +log(1/0)] + 2.

ps
Now, Theorem 2.1 in [39] states there is a ¢ > 0 such that, for any € > 0, when

1

¢ log ———
O b
TLE0 & TaYps€O

n > 5
Vps€“Tx

log L log
Tx
we have with probability at least 1 — §
[ps — Aps| < €.
Putting € = ,5/2, we obtain, for

2
Y250

log
VisTx T T4 YpsO
with probability at least 1 — ¢,

Aps < ”% (6.24)

Thanks to a union bound, ([6:24) and ([6.24]) hold simultatenously with probability at least 1 —2§. In this case,
pluging ([624)) into ([G24)) gives

- 2F
E(0x) < 3E(07) + —

[|I|L10g (max(n, B,np n)) + log(l/é)} + %’Cé'

ps

6.4 Proof of Theorem [4.3]

We have,
. -
rcpa™B <35(91) - {|I|Ln log (max(n, Bn,nr, N,)) + log(1/5)}>
. . . 51
= e <3 Jnf (R(h) = R(K)) + = ||Z|Ly log (max(n, B, ., )) +log(1 /5)}) ,

where the constant Z; is given in Theorem [l In the sequel, we set:

HU)dm;dy;n = HU,dm,dy (Lnu Ny, Sn, By, Fn) (625)
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Let h € Hod,d,m- Set O(h) = (01, ,0n,, »,) and T = {i € {1,--- ,np, n,}, 0i # 0}. We have,
Jc{1,2,---,np, n,}, 0(h) € Sy and |T| = |0(h)|o < S,. Hence,

re2™ 0 (3 58, (R(ho) = R(W)) + S 1L log (max(rn, B v, )) + 1oB(1/ ‘”D

<3 inf (R(hg) — R(h*)) + =t [|J|Ln log (max(n, Bn,ng, n,)) + log(l/é)}
0eSy n

< 3(R(h) - R(h")) + % [SnLn log (max(n, Bn,nz, v,)) + log(1 /5)] (6.26)

Since (6.26)) is satisfied for all h € Ho.a,,4,,n, We get,

:|[I]

min (3 inf (R(hg) — R(h")) + ! [|I|Ln log (max(n, Bn,n, n,)) + 10g(1/5)]>

IC{1,2,-,nL, N, } 0eSz

< heﬂjgi,dy,n (3(R(h) — R(h*)) + % {S’nLn log (max(n, B, anNn)) + 10g(1/5)}>

—_

<3 il (R(R)— R(v)) + = (S L log (max(n, Bu,ne,,v,)) +log(1/8)].

h€Ho,dy,dy,n

Therefore, from Theorem (1] it holds with P, ® IIx-probability at least 1 — § that,

£0) <3 _inf  (R(h)—R(h")) + % [SnLn log (max(n, By, np, n,)) +log(1/0) + 3/@] (6.27)

heHd,dz-,dy,n

1
Set €, = ——=—. Since h* € C*>*(X) for some s, K > 0, then from [19], there exists constants Lo, No, So, By >
n stz
0 such that with
sLg d $So dy A(stdg)
= logn, N, = Ngn%+d=, S, = n%+dz logn, B, = Byn 2+ds | (6.28)

" s+dy, 25 +d,
there is a neural network h,, € Hs 4,,4,,n that satisfies,
[n = h*[loo,x < n.
Set,
Hodydym = 10 € Hordy dyins 1B —h* oo < €0}
Also, recall that ny,, N, = (L, + 1)N2 + L,N,, < 2(L, + 1)N2. Hence, from ([6.27) and in addition to (A7),

we get for n > 56(2+d’”/5),

w

£@) <3 _inf  (R(h)—R(h"))+ S’nLnlog(max(n,Bn,anNn))+10g(1/5)+3l€4

h€Ho dy,dy,n n

< 3Ky _inf [1h — h*H%’PXO + 71 [SnLn log (max(n, Bn,nr,,N,)) +log(1/8) + 3/C4

heHd,dz-,dy,n

<3Ke _inf b — b2 x + % [snLn log (max(n, Bu,nz, n,)) + log(1/) + 3/@}

heHd,dz-,dy,n

,  E1loS Ty (logn)” log (max {n Bon 58, 2( 24 logn + 1) =65 D
< 3Kogj, + -
N Z1llog(1/8) + 3K]
n

3
< Ez< log"n  log(1/9) +/Ce>, (6.29)

2s
n 2s+ds n
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for some constant =y > 0, independent of n.

6.5 Proof of Theorem [4.4]

Set Ho,dz,dy,n = Ho’,dm,dy (Ln7 Nnu Sn7 Bnu Fn) and

HD = {h € Ho,d,.d,n, With architecture (Ly, dz, Ny, -+, Ny, dy)}

Uvdw;dyvn

Let 6 > 0. According to ([G27)), we get with P, ® II\-probability at least 1 — 4,

E@)<3 it (R(h)— R(W))+ =t [snLn log (max(n, Bp,np, n,)) + log(1/6) + 31c4. (6.30)
heH! n

o,dg,dy,n

Since h* € G(q,d,t,s,K), from the proof of Theorem 1 in [34], one can find a neural network h,, € H

o,dg,dy,mn
satisfying
2
hn = B*1%, < C1 max n 2745 = Cign,
i=0,--- ,q

for some constant C; > 0, independent of n. Set,

HE o= (e HD o Il = B e < v/ }.

In addition to the architecture parameter’s in (A1), [6.30) gives with P,, ® II -probability at least 1 — 4,

E@ <3 _inf  (R(h)— R(h")) + =" |SLy log (max(n, B, ns,.w,)) +1og(1/8) + 3K
heH

o,dg,dy,n

<8 i =Ry, + % [SnLn log (max(n, By, np., n,)) +log(1/0) + 3/64
heH

< 3KoChbn + % [02n¢n (logn)® + log(1/8) + 3/@}
= [log(1/8) + 3K4]

n

< 3KoCh¢n + Z1Ca6, (logn)® +
log(1/6 K
o 4 a0 £ he)

n

S EB (¢n (IOg n

for some constants Co, =3 > 0 independent of n.

6.6 Proof of Theorem

Since G(q,d,t,3,K) is a class of bounded functions, it suffices to establish (571) with the infimum taken over
the class of bounded estimators. Let K1 > 0. Cousider a target function h* € G(q,d, t,3,K) and a predictor
h: X — R satisfying ||h]| < K;. Let € X. We have

E[¢(Yoh(Xo))|Xo = 2] — E[¢(Yoh"(Xo))|Xo = ]
=n(x)¢(h(z)) + (1 = n(2))d( - h(z)) = n(@)p(h*(z)) — (1 = n(z))¢( - h*(2))
=n(z)(d(h(x)) = ¢(h"(2))) + (1 = n(2)) (6( = h(x)) — ¢( = n*(2))). (6.31)
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Set Ko := max(K,1). Since the function ¢ is strongly convex on [—Kaq, Kso], there exists a constant C3 :=
C3(K2) > 0 such that for all y,y" € [-Kq, Ko],

$(y) — oY) = (y =)' () + Cs(y — /)%,
where ¢'(y) = 0¢(y)/0y. Hence, (631) gives
E[6(Yoh(X0) X = ] — B[6(Yoh (X0) X = ]

= (@) [(h(z) = k" (2)) ¢’ (h

(x
> (h(2) = h*(2)) [n(@)’ (" (2) = (1= (@) ¢’ ( = B (@))] + Cs (h() — h*(2))™. (6.32)

Consider the function v : [—K2, K2] — R, defined by,

() =n(x)p(a) + (1 —n(x))o(— ). (6.33)

Recall that h* is a target function. We get,

h*(xz) € argmin ().
O[E[—’CQ,’CQ]

So, since 9 is a convex function, it holds that ¢’ (h*(x)) = 0. Therefore, we have from (.32,

2

E[¢(Yoh(Xo))|Xo = 2] — E[¢(Yoh"(X0))|Xo = 2] > C5(h(z) — h*(x))".
That is,
R(h) = R(h*) > C3|[h — h*|13 py, - (6.34)

Thus, to prove the theorem, it suffices to establish that, there exist a constant C' > 0 such that

inf sup  E[|[hn — 13 py,] > Con. (6.35)
hn h*€G(g,d,t,8,K)

We will establish (635) when the observations (X3,Y71), -+, (X,,Y,) are i.i.d. and deduce such lower bound
in the dependent case. To do so, we will apply the Theorem 2.7 in [38].

Consider a class of composition structured functions G(g,d, t,3, A). From the proof of Theorem 3 in [34],
there exists an integer M > 1, a constant £ > 0 depending only on t and 8, and functions h,...,har) €
G(g,d,t, 3, A) such that,

1y = hyli3 = £2¢n, YO < j <k <M. (6.36)
Therefore, the first item of Theorem 2.7 in [38] is satisfied.

Consider model (5.4) with the target function h* in (5.5) and denote by P2 the law of the sample D,,.
For all j =0,---, M, set P]®” = P,?E’_l) where h;) satisfies (5.5) with a parameter function,
J

ni(x)=PY,=1X,=x), Ve e X

) + Cs(h(z) = h*(@))°] + (1= n(2)) [~ (h(z) = h*(@))¢' (= h*(2)) + Cs (h(z) — h*(x))”]
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and denote by P; the distribution of (X;,Y;) (for any i = 1,--- ,n), generated from (5.4) for h* = h(;) in (B.3)).
From Lemma C.19 and the proof of Lemma C.20 in [40], we get forany j=1,---, M,

KL(P;, Po) = /X [nj(fv) log (%) + (1 = n;(x)) log (%)]dpxo (z)

= [ [mtion (=) + (1= (@) o (%) ~mya)log () = (1= (o) o (=5 ) |aPx @)
= [ [s@eo @) + (= n@)o( - ho@) =)0 () = (=) log (=
<5 [ Iho@ = hy@)FdPs, (@) <

1
g”h(J) = o) I3, (6.37)
where the inequality in ([6.37) is obtained by using Lemma C.6 in [40], see also (5.6). Note that, from the

proof of Theorem 3 in [34], the functions h(y, ..., € G(g,d,t, B, A) satisfying (6.36) can be constructed

so that,
M

8M
n > gy = holl3 < —~ log M. (6.38)
j=1

According to ([637) and (G38]), we have (in the i.i.d. case)
1 & n 1
i E KL(PP", PP") = i E KL(P;, Ry) < §1ogM. (6.39)
i=1 =

Thus, the second item of Theorem 2.7 in [38] is satisfied. Hence, one can find a constant C' > 0 such that
(633]) holds. This completes the proof of the theorem.

References

[1] ALQUIER, P. User-friendly introduction to PAC-Bayes bounds. Foundations and Trends®) in Machine
Learning 17, 2 (2024), 174-303.

[2] ALQUIER, P., L1, X., AND WINTENBERGER, O. Prediction of time series by statistical learning: general
losses and fast rates. Dependence Modeling 1, 2013 (2013), 65-93.

[3] ALQUIER, P., AND WINTENBERGER, O. Model selection for weakly dependent time series forecasting.
Bernoulli 18, 3 (2012), 883-913.

[4] BANERJEE, 1., Rao, V. A., AND HoNNAPPA, H. PAC-Bayes bounds on variational tempered posteriors
for Markov models. Entropy 23, 3 (2021), 313.

[5] BARTLETT, P. L., JORDAN, M. I., AND MCAULIFFE, J. D. Convexity, classification, and risk bounds.
Journal of the American Statistical Association 101, 473 (2006), 138-156.

[6] BENGIO, Y., GOODFELLOW, I., AND COURVILLE, A. Deep learning. MIT press Cambridge, MA, USA,
2017.

[7] CAsTILLO, I. Bayesian nonparametric statistics, St-Flour lecture notes. arXiv preprint |arXiv:2402.16422
(2024).


http://arxiv.org/abs/2402.16422

24

8]

[16]

[17]

[18]

PAC-Bayes deep neural networks estimator

CASTILLO, 1., AND EGELS, P. Posterior and variational inference for deep neural networks with heavy-
tailed weights. arXiv preprint |arXiv:2406.03569| (2024).

CASTILLO, I., AND RANDRIANARISOA, T. Deep Horseshoe Gaussian Processes. arXiv preprint
arXiv:2403.01737 (2024).

CATONI, O. PAC-Bayesian supervised classification: The thermodynamics of statistical learning. Institute
of Mathematical Statistics Lecture Notes — Monograph Series, 56. Institute of Mathematical Statistics,
Beachwood, OH, 2007.

CHERIEF-ABDELLATIF, B.-E. Convergence rates of variational inference in sparse deep learning. In
International Conference on Machine Learning (2020), PMLR, pp. 1831-1842.

CLERICO, E., DELIGIANNIDIS, G., GUEDJ, B., AND DOUCET, A. A PAC-Bayes bound for deterministic
classifiers. arXiv preprint larXiv:2209.02525 (2022).

CLERICO, E., SHIDANI, A., DELIGIANNIDIS, G., AND DOUCET, A. Wide stochastic networks: Gaussian

limit and PAC-Bayesian training. In International Conference on Algorithmic Learning Theory (2023),
PMLR, pp. 447-470.

Douc, R., MOULINES, E., PRIOURET, P., AND SOULIER, P. Markov Chains. Springer, 2018.

DziuGAITe, G. K., aAND Roy, D. M. Computing nonvacuous generalization bounds for deep (stochastic)
neural networks with many more parameters than training data. In Proceedings of the Conference on
Uncertainty in Artificial Intelligence (2017).

GARNIER, R., LANGHENDRIES, R., AND RYNKIEWICZ, J. Hold-out estimates of prediction models for
Markov processes. Statistics 57, 2 (2023), 458-481.

HELLSTROM, F., DURISI, G., GUEDJ, B., AND RAGINSKY, M. Generalization bounds: Perspectives
from information theory and PAC-Bayes. arXiv preprint |arXiw:2309.04381] (2023).

Hsu, D., KONTOROVICH, A., LEVIN, D. A., PERES, Y., SZEPESVARI, C., AND WOLFER, G. Mixing
time estimation in reversible Markov chains from a single sample path. The Annals of Applied Probability
29, 4 (2019), 2439 — 2480.

KENGNE, W.  Excess risk bound for deep learning under weak dependence. arXiv preprint
arXiv:2302.07503 (2023).

KENGNE, W., AND WADE, M. Penalized deep neural networks estimator with general loss functions
under weak dependence. arXiv preprint larXiv:2305.06230 (2023).

KENGNE, W., AND WADE, M. Deep learning for 1)-weakly dependent processes. Journal of Statistical
Planning and Inference (2024), 106163.

KENGNE, W., AND WADE, M. Sparse-penalized deep neural networks estimator under weak dependence.
Metrika (2024), 1-32.


http://arxiv.org/abs/2406.03369
http://arxiv.org/abs/2403.01737
http://arxiv.org/abs/2209.02525
http://arxiv.org/abs/2309.04381
http://arxiv.org/abs/2302.07503
http://arxiv.org/abs/2305.06230

Alquier and Kengne 25

23]

[34]

[35]

[38]

KNoBLAUCH, J., JEWSON, J., AND DAMOULAS, T. An optimization-centric view on Bayes’ rule: Re-
viewing and generalizing variational inference. Journal of Machine Learning Research 23, 132 (2022),
1-109.

KOHLER, M., AND KRzYZAK, A. On the rate of convergence of a deep recurrent neural network estimate
in a regression problem with dependent data. Bernoulli 29, 2 (2023), 1663—-1685.

Kurisu, D., Fukawmi, R., AND KOIKE, Y. Adaptive deep learning for nonparametric time series regres-
sion. arXiv preprint |arXiv:2207.02546 (2022).

LeEviN, D. A., AND PERES, Y. Estimating the spectral gap of a reversible markov chain from a short
trajectory. arXiv preprintlarXiv:1612.05330 (2016).

Mai, T. T. Misclassification bounds for PAC-Bayesian sparse deep learning. arXiv preprint
arXiv:2405.01304 (2024).

MCALLESTER, D. A. Some PAC-Bayesian theorems. In Proceedings of the Eleventh Annual Conference
on Computational Learning Theory (New York, 1998), ACM, pp. 230-234.

OmnN, 1., AND KM, Y. Smooth function approximation by deep neural networks with general activation
functions. Entropy 21, 7 (2019), 627.

OHN, I., AND KiM, Y. Nonconvex sparse regularization for deep neural networks and its optimality.
Neural Computation 84, 2 (2022), 476-517.

PauLnin, D. Concentration inequalities for Markov chains by Marton couplings and spectral methods.
Electronic Journal of Probability 20 (2015), 1 — 32.

PEREZ-ORTIZ, M., RIVASPLATA, O., SHAWE-TAYLOR, J., AND SZEPESVARI, C. Tighter risk certificates
for neural networks. The Journal of Machine Learning Research 22, 1 (2021), 10326-10365.

PoLsoN, N. G., AND ROCKOVA, V. Posterior concentration for sparse deep learning. Advances in Neural
Information Processing Systems 31 (2018).

ScHMIDT-HIEBER, J. Nonparametric regression using deep neural networks with ReLLU activation func-
tion. The Annals of Statistics 48, 4 (2020), 1875-1897.

STEFFEN, M. F., AND TrRABS, M. PAC-Bayes training for neural networks: sparsity and uncertainty
quantification. arXiv preprint arXiv:2204.12392] (2022).

SUN, Y., SONG, Q., AND LiaNG, F. Learning sparse deep neural networks with a spike-and-slab prior.
Statistics € probability letters 180 (2022), 109246.

Suzuki, T. Adaptivity of deep ReLU network for learning in Besov and mixed smooth Besov spaces:
optimal rate and curse of dimensionality. 7th International Conference on Learning Representations

(ICLR) (2019).

TsYBAKOV, A. B. Introduction to nonparametric estimation. Springer Ser. Stat. New York, NY: Springer,
2009.


http://arxiv.org/abs/2207.02546
http://arxiv.org/abs/1612.05330
http://arxiv.org/abs/2405.01304
http://arxiv.org/abs/2204.12392

26 PAC-Bayes deep neural networks estimator
[39] WOLFER, G., AND KONTOROVICH, A. Improved estimation of relaxation time in nonreversible Markov
chains. The Annals of Applied Probability 34, 1A (2024), 249-276.

[40] ZHANG, Z., SHI, L., AND ZHOU, D.-X. Classification with deep neural networks and logistic loss. Journal
of Machine Learning Research 25, 125 (2024), 1-117.



	Introduction
	Setting and notations
	Setting
	Markov chains and pseudo-spectral gap

	Prior distribution and Gibbs estimator
	Oracle inequality and excess risk bounds 
	Oracle inequality
	Excess risk bound on the Hölder class
	Excess risk bound on a compositions structured Hölder class

	Examples of nonparametric regression and classification
	Nonparametric regression
	Classification with the logistic Loss

	Proofs of the main results
	Some technical lemmas
	Proof of Theorem 4.1
	Proof of Corollary 4.2
	Proof of Theorem 4.3
	Proof of Theorem 4.4
	Proof of Theorem 5.2


