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ON CURVE-FLAT LIPSCHITZ FUNCTIONS AND THEIR
LINEARIZATIONS

GONZALO FLORES, MINGU JUNG, GILLES LANCIEN, COLIN PETITJEAN,
ANTONIN PROCHAZKA, AND ANDRES QUILIS

ABSTRACT. We show that several operator ideals coincide when intersected
with the class of linearizations of Lipschitz maps. In particular, we show that
the linearization fof a Lipschitz map f : M — N is Dunford-Pettis if and only
if it is Radon-Nikodym if and only if it does not fix any copy of L;. We also
identify and study the corresponding metric property of f, which is a natural
extension of the curve-flatness introduced in [5]. Further, we show that fis
compact if and only if it does not fix any copy of ¢;.

1. INTRODUCTION

The Lipschitz-free space F(M) over a pointed metric space M is a Banach space
that is built around M in such a way that M is isometric to a subset §(M) of
F (M), and 0-preserving Lipschitz maps from (M) into any other Banach space X
uniquely extend to bounded linear operators from F(M) into X (see Section 2.1
for details and references). It follows that, given two metric spaces M, N, for any
0-preserving Lipschitz map f : M — N there exists its canonical linearization
IR F(M) — F(N) which is a bounded linear operator, called Lipschitz operator
hereafter. The mapping M — F(M) and f — j?is a functor between the category of
pointed metric spaces together with 0-preserving Lipschitz maps and the category
of Banach spaces together with bounded linear maps. In order to gain a better
understanding of either of these categories, it is intriguing to study both

A) the relation between the metric properties of M and the linear properties
of F(M), as well as
B) the relation between properties of f and corresponding properties of f.

For example, in the direction A) it has been shown in [5, Theorem C]: For a complete
M it is equivalent
(i) M is purely-1-unrectifiable (plu),
(i) F(M) has the Radon-Nikodym property (RNP),
(i1i) F(M) has the Schur property (SP),
(tv) Ly is not isomorphic to a subspace of F(M).
In this paper, we aim to proceed in the direction B), i.e. we want to study the
part of the free functor acting on morphisms. Our main result is the following
extension of the aforementioned Theorem C of [5]:
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Theorem 1.1. For a O-preserving Lipschitz map f : M — N between complete
pointed metric spaces M and N, the following are equivalent:

(i) [ is curve-flat (CF), that is, for every K C R compact and every Lipschitz
map v: K — M,

i TG, 16(0)

voR |z~ ]

(ii) [ is a Radon-Nikodym (RN) operator.
(iii) f is a Dunford-Pettis (DP) operator.
(iv) f does not fix any copy of L.

=0 for A-almost every x € K.

We will prove Theorem 1.1 in Section 3 (the equivalence of (i), (iii) and (iv))
and in Section 4 (the equivalence of (i), (ii) and (iv)).
Theorem 1.1 is indeed an extension of [5, Theorem C] because of the functoriality
mentioned above (in particular since I/d\M = Idy(ar)) and since we have
(i) M is plu if and only if Idy; : M — M is CF,
(ii) X has the RNP if and only if Idx : X — X is RN,
(iii) X has the SP if and only if Idx : X — X is DP,
(iv) L is isomorphic to a subspace of X if and only if Idx : X — X fixes a
copy of Ly.

In the subsequent sections we explore some other operator properties which
extend properties of Banach spaces through similar equivalences. Namely, notice
that it is true that X has the RNP if and only if Idx : X — X is a strong Radon-
Nikodym operator (strong RN). In Section 5 we study the possibility of adding the
item “f is strong RN” to the equivalence of Theorem 1.1. While we show that this
is not possible in general (i.e. there exists curve-flat f such that f is not strong
RN; see Example 5.3), we show that for compact countably 1 rectifiable M such
equivalence holds true (see Proposition 5.1).

Also notice that X has the SP if and only if Idx : X — X factors through a
Banach space Z with the Schur property. We do not know whether the item “]?
factors through a Schur space” could be added to the equivalence of Theorem 1.1.
In Section 6 we make several remarks in this respect. In general it is not possible to
add an item claiming “f : M — N factors through a plu complete metric space”,
i.e. there exists curve-flat f which does not factor through any complete plu
space (see Example 6.8). Notice that if each curve-flat function factored through a
complete plu metric space, Theorem 1.1 could be obtained by direct application of
[5, Theorem C]. Thus, the above example shows that such a naive approach does
not work in general. In fact, we characterize those compact metric spaces M such
that every curve-flat f : M — N factors through a plu complete metric space (see
Theorem 6.5). It happens precisely when the second dual of the space of uniformly
locally flat functions is the space of curve-flat functions. From a metric viewpoint,
this happens exactly when collapsing all curve fragments in M leads to a plu space.

In Section 7 we address another topic in the direction B) as described above. It
has been proved in [2]: For complete metric spaces M, N and a Lipschitz f : M — N
the following are equivalent:

a) f is weakly compact,
b) f is compact.
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Here we prove that when fdoes not fix any copy of /1 then it is a compact operator.
Thus we can extend the above characterization by adding the following equivalent
items:

c) f is strictly singular,
d) f is Asplund,
e) f does not fix any copy of £1.
Finally, in an appendix, we discuss a short proof due to Sylvester Eriksson-Bique
of Theorem A in [5] and its relation to our proof of Theorem 1.1.

2. PRELIMINARIES

Throughout the paper, we will use the letters M, N for metric spaces. If p € M,
r > 0 and S a non empty subset of M, we will use the notation:

B(p,r) ={x € M | d(z,p) <r}

d(p,S) = inf{d(z,p) : z € S}
[S], ={x € M :d(z,S) <r}

rad(S) = sup{d(0,z) : x € S}.

The letters X,Y are reserved for real Banach spaces. As usual, X* denotes the
topological dual of X, and £(X,Y) is the space of all bounded operators from X
to Y. Additionally, Bx and Sx denote the closed unit ball and the unit sphere of
X, respectively. If S C X then conv(S) stands for the convex hull of S. Ordinarily,
Ly = Ly([0,1]) represents the Banach space of Lebesgue integrable functions from
[0,1] to R. The Lebesgue measure is denoted by A. Similarly, {; = ¢;(N) is the
space of absolutely summable sequences in R. To indicate that X is isometrically
isomorphic to Y, we use the notation X =Y.

2.1. Lipschitz-free spaces. By a pointed metric space we mean a metric space M
containing a distinguished point, denoted 0 and called a basepoint. It is well known
that while the basepoint is needed in order to elegantly formulate the following
definitions and properties, the particular choice of this point is inconsequential.

If M and N are pointed metric spaces then Lip, (M, N) stands for the set of all
Lipschitz functions f : M — N such that f(0) = 0. If N = X is a real Banach
space, then Lip, (M, X) naturally becomes a Banach space when equipped with the
Lipschitz norm:

. 1/ () = f(y)llx
Vf € Lipy(M, X), [If]l S T )
In the case X = R, it is customary to shorten the notation to Lip,(M) := Lip, (M, R).
Next, for x € M, we let dpr(z) € Lipy(M)* be the evaluation functional defined
by (0a(x), f) = f(x), for all f in Lipy(M). It is readily seen that dp : @ € M —
0 (x) € Lipy(M)* is an isometry. The Lipschitz-free space over M is then defined
as the closed linear span of all such evaluation functionals:

F(M) :=spanl'l {§(z) : © € M} C Lipy(M)*.

A classical reference on Lipschitz-free spaces is [42].
Let us first recall the universal extension property of Lipschitz-free spaces. Let
X be a Banach space and f € Lipy(M,X). Then there exists a unique f €
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L(F(M), X) such that f = f o &y, That is, we have the following commutative
diagram:

M— o x

Moreover || f|lzxmy,x) = Ifllz- In particular, Lipy(M,X) = L(F(M), X) and
F(M) is an isometric predual of Lipy(M), that is Lipy(M) = F(M)*.

From the previous factorization, one easily deduces another fundamental feature
of Lipschitz-free spaces that we describe now. If M, N are pointed metric spaces
and f : M — N is a basepoint preserving Lipschitz map, then there exists a
unique bounded linear operator f: F(M) — F(N) such that the following diagram
commutes:

T N

S

F (M) ?—}'(N).

Moreover, we have that ||ﬂ| = ||f||z- Operators of the form f are commonly referred
to as Lipschitz operators or, more pragmatically, as linearizations of Lipschitz maps.
It is noteworthy that the adjoint of f: F(M) — F(N) is the “pre-composition by
f: operator acting between the respective spaces of Lipschitz functions, that is
(f)* = Cy: g € Lipy(N) — go f € Lipy(M).

We also wish to recall some further important features of Lipschitz-free spaces.
Firstly, note that, on bounded subsets of Lip,(M), the weak* topology coincides
with the pointwise topology. Next, if 0 € K C M, then F(K) = Fp(K) where:

Fur(K) == span{oy (@) | ¢ € K} € F(M).

Under this identification, the support of v € F(M) is the smallest closed subset
K C M such that v € Fp(K). It is denoted by supp(y). For further details, we

refer to [0, 8]. If x # y € M, then the elementary molecule my,, € Sr(ar) is defined
by:
o(x)—46
- (x) —dy)
d(z,y)

Finally, we will invoke McShane-Whitney’s extension theorem at various places.
In essence, it allows one to extend a real valued Lipschitz map defined on a subset
S C M to the whole space M without increasing its Lipschitz constant; see e.g.
[12, Theorem 1.33].

2.2. Preliminaries on operators and operator ideals. In this paper we will
deal with the following well known operator ideals:

e Dunford-Pettis operators. An operator T : X — Y between Banach spaces is
Dunford-Pettis (or completely continuous) whenever it is weak-to-norm sequen-
tially continuous. Equivalently, T'(WW) is a norm-compact subset of ¥ whenever
W is a weakly compact subset of X. We will denote by DP the operator ideal in
the sense of Pietsch [37] of Dunford-Pettis operators and by DP(X,Y) the set of
all DP operators from X to Y.
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e Radon-Nikodym operators. An operator T': X — Y between Banach spaces
is called Radon-Nikodym operator if T takes bounded X-valued martingales into
martingales which converge pointwise almost everywhere (see also Section 2.4
below). For equivalent definitions see [20] and references therein. We will denote
by RN the operator ideal of Radon-Nikodym operators and by RN(X,Y") the set
of all RN operators from X to Y.

e Operators factoring through a Banach space with the Schur property.
Partially following the notation of [37], the ideals of these operators will be called
Op(SP). While it is clear that Op(SP) C DP, the opposite inclusion does not
hold. Indeed, the following can be extracted from the monograph of Pietsch [37,
Proposition 3.1.8] (where the ideal of Dunford-Pettis operators is denoted by
0 or some similar letter): the canonical injection T': C([0,1]) — Lo([0,1]) is
Dunford-Pettis since it is weakly compact and since C([0,1]) has the Dunford-
Pettis property; but fails to factor through a Schur space. Indeed, if there existed
a Schur space X and two operators R: C([0,1]) = X and S: X — L2([0,1]) such
that T'= S o R, then R would be weakly compact as C([0, 1]) has property (V)
of Pelczynski [34] and S would be Dunford-Pettis. However, as a composition
of a weakly compact map with a Dunford-Pettis map, T would be a compact
operator, yielding a contradiction.

Operators factoring through a Banach space with the RNP. Partially fol-
lowing the notation of [37], the ideals of these operators will be called Op(RN P).
Again we clearly have that Op(RNP) C RN. And again the opposite inclusion
does not hold: an example is constructed in [24] of a RN operator which does
not factor through any space with the RNP.

Operators factoring through an Asplund space, Asplund operators. An
operator T: X — Y is said to be an Asplund operator if its adjoint operator is
Radon-Nikodym. Equivalently, T" is Asplund if it factors through an Asplund
space [20, 11].

Strictly singular operators. An operator T : X — Y between Banach spaces
is strictly singular if for every infinite-dimensional subspace Z C X the restriction
T, is not an isomorphic embedding. In other words: For any € > 0 and any
infinite dimensional subspace Z of X, there exists u € Sz such that ||[Tu| < e.

Operators not fixing any copy of ¢; (respectively, Li). An operator T :
X — Y does not fix any copy of ¢; (respectively, L) if there is no subspace
Z C X which is isomorphic to ¢; (respectively, Li) and such that T'[, is an
isomorphic embedding.

We will also briefly consider the class of strong Radon-Nikodym operators (which
does not form an ideal). An operator T : X — Y between Banach spaces is a strong
Radon-Nikodym operator if T(Bx) is a RNP set. Recall that a closed bounded
subset C' of a Banach space X is called a Radon-Nikodym set (RNP set, in short)
if for every probability space (2,3, P) and any vector measure m : ¥ — X such
that the set {m(B)/P(B) : B € X, P(B) > 0} is contained in C, there exists
a Bochner-integrable Radon-Nikodym derivative f : @ — X such that m(B) =
f p [ dP for every B € ¥. It is known that if 7" is strong Radon-Nikodym, then it
is Radon-Nikodym (see [20]) while the converse is not true in general (considering
any quotient map from ¢; onto ¢p). Notice that a Banach space X has the RNP if
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and only if the identity operator on X is strong Radon-Nikodym, equivalently, the
closed unit ball of X is a RNP set.

Finally, for a finite measure space (€2, %, 1), a bounded operator T': Lq(u) = Y
is said to be representable if there exists g € L>(u,Y) such that:

Vh € Li(p), T(h)= /thd,u.

2.3. Preliminaries on curve-flat Lipschitz functions. A Lipschitz curve in a
metric space M is a Lipschitz map v: K — M where K is a compact subset of the
real line. We warn the reader that our use of the term “Lipschitz curve” differs
from a more traditional meaning where the domain of v would be required to be an
interval. The next concept has been introduced in [5, Definition 5.21] for functions
with values in R. We say that a Lipschitz map f: M — N is curve-flat if for every
Lipschitz curve v: K — M,

i W (@)), fF(v(y)))

VR |z =y

=0

for A-almost every x € K, where A denotes the Lebesgue measure on R. We will
use the following notation

CFo(M,N) :={f € Lipy(M,N) : f is curve-flat}.

If N = R we abbreviate the notation by letting CFo(M) := CFo(M,R). Let us
mention that a routine argument shows that CFo(M,Y") is a closed subspace of
Lipy(M,Y) when Y is a Banach space. We will see in Proposition 2.2 below that
CFo(M) is even weak™-closed.

The curve-flat functions are close relatives of (but should not be confused with)
uniformly locally flat functions, that is functions f such that

AU, )

d(zy)—0  d(z,y)
Ay

=0.

We will use the following notation
lipg(M, N) := {f € Lipy(M, N) : f is uniformly locally flat} .

If N =R we let lipy(M) := lipy (M, R).

We always have lip,(M, N) C CFo(M, N) but equality might not hold. Indeed,
consider M = {0} U {L : n € N} together with the metric d inherited from R, then
d(-,0) € CFo(M) \ lipy(M).

In this paper, we will handle curve-flat functions through equivalent descriptions
based on classical results from metric geometry, namely Kirchheim’s theorems [31].
For the convenience of the reader, let us state the relevant results to be used in the
sequel. From now on, H' stands for the Hausdorff 1-measure.

Theorem (Area Formula, [31, Corollary 8|). Let A be a Borel subset of R and
v : A — M be a Lipschitz map. Let the metric differential of v at x € A be the
nonnegative number:

MD(y,2) = lim D@2 W)

, whenever this limit exists.
vz |z —y



ON CURVE-FLAT LIPSCHITZ FUNCTIONS AND THEIR LINEARIZATIONS 7

For eachy € v(A), |y~ (y)| € [1, 0] denotes the cardinality of the preimage v~ *(y).
Then

[auptgyara = [ pte)an )
A v(A)
Consequently, M D(~,z) = 0 for A\-almost every x € A if and only if H*(v(A)) = 0.

Kirchheim’s lemma. For every metric space (M,d) and every Lipschitz map
v:A— M with A C R Borel and H'(v(A)) > 0, there exists a compact subset
S C A with \(S) > 0 such that v[g is bi-Lipschitz.

The previous lemma does not appear explicitly in but can be easily derived from
[31]; for further details, see [5, Lemma 1.11]. We can now present the desired
equivalent formulations of the curve-flat property.

Proposition 2.1. Let f: M — N be a Lipschitz map between metric spaces. The

following assertions are equivalent :

(1) f is curve-flat;

(ii) for every Lipschitz curve v: K — M, H'(f oy(K)) = 0.

(iii) for every bi-Lipschitz curve v: K — M, H'(f o vy(K)) = 0.

(iv) for every Lipschitz curve v: K — M and every Lipschitz map g : N — R,
H(go for(K))=0.

Proof. The equivalence (i) <= (ii) follows from the Area formula. The implica-
tions (i4) = (i44) and (i4) = (iv) are obvious. Let us prove the contrapositive
of (i) = (ii). Assume that there exists a Lipschitz curve v : K — M such
that H!(f o v(K)) > 0. By Kirchheim’s lemma, there exists a compact subset
A of K such that H'(A) = A(A) > 0 and f o y[, is bi-Lipschitz. Obviously
(Y14)"r = (forla)to f1y(ay is Lipschitz. So vy : A — M is the desired bi-
Lipschitz curve. The proof of (iv) = (ii) is similar: Let v : K — M a
Lipschitz curve such that H!(f o y(K)) > 0. Apply Kirchheim’s lemma to ob-
tain A C K such that H'(A) > 0 and f o y[, is bi-Lipschitz. Then define
g:= (fovyls)™t: foy(A) = A and extend g to N using McShane-Whitney’s
extension theorem. We denote this extension by g. Now observe that ¢ is Lipschitz
on N and such that H'(go fo~(A)) = H'(A) > 0, which is precisely the negation
of (iv). O

Proposition 2.2. For any metric space M, the space CFo(M) is weak*-closed in
Lipy(M).

Proof. By Krein-Smulian theorem, it is enough to show that Bcr,(ar) is w*-closed.

So let f € BCFO(M)w . Clearly, |[f|l, < 1. Let us assume that f ¢ CFo(M).
Then, by Proposition 2.1 there exists a Lipschitz curve v : K — M such that
H(f o y(K)) > 0. Thus by Kirchheim’s lemma we may as well assume that
A(K) > 0 and f o~ is bi-Lipschitz. Let C > 0 be the co-Lipschitz constant of f o+,
ie, Clz —y| <|fovy(x)— foy(y)| for every z,y € K. We apply Lebesgue’s density
theorem to obtain a point a € K\ {max K} where the density of K is 1. Now, given
any g € Bep, ) and t € K N (a, max K], note that if & is a McShane-Whitney’s
extension of g oy to [a, max K| then :

gor() —gortall _ 1t Ao, 1)\ )
el [l ae) < i, 2R
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Since the density of K at a is 1, this last quantity goes to 0 as t — a+. In particular,

fir < Linar) LD 30019 €

[t — al 2

is a w*-open neighborhood of f which does not intersect with Bog, () if ¢ is chosen

close enough to a. Thus f ¢ BCFO(M)W*. This contradiction shows that Bep,(ar)
is w*-closed. (]

‘We conclude this section with the next central definition.

Definition 2.3. A metric space M is said to be purely I-unrectifiable (plu for
short) if H'(y(A)) = 0 for every A C R and every Lipschitz map v : A — M.

It is well known that, thanks to Kirchheim’s lemma, M is purely 1-unrectifiable
if and only if M contains no curve fragments, that is, no image of a bi-Lipschitz
embedding v : K — M, where K C R is compact with A(K) > 0. This, together
with Proposition 2.1, shows that M is plu if and only if Idy; € CFo(M, M). We
even get the following curious corollary.

Corollary 2.4. If M is any metric space such that CFo(M) is w*-dense in Lipy (M),
then M is purely 1-unrectifiable.

Proof. We get by Proposition 2.2 and by the hypothesis that CFo(M) = Lipy(M).
Thus, applying Proposition 2.1 (iv), we get Idy € CFy(M, M), and so M is plu.
O

2.4. Preliminaries on martingales. Let (2, .4,P) be a probability space and let
X be a Banach space. We denote by L1 (2, A, P; X) the space of (equivalence classes
of) Bochner measurable functions f : Q — X such that [, [|f||x dP < oo equipped
as usual with the norm

1l e apx) = Ellfllx] = /Q 1£]lx dP.

In the sequel, we will suppress notation and write simply Lq(X), or L1 (A; X) when
the o-algebra A needs to be emphasized.

We recall that a sequence (M), in Li(A; X) is called a martingale if there
exists an increasing sequence (A,)%2, of o-subalgebras of A (called a filtration)
such that for each n > 0, M, is A,-measurable and satisfies

M, =E* (M, 1),

where E4» denotes the X-valued conditional expectation relative to A, (see e.g.
[38, Section 1.2]). We say moreover that (M,)>2, is uniformly integrable if the
sequence of non-negative random variables (||M,| x)52, is uniformly integrable.
More precisely, this means that (|| M,||x)52, is bounded in L;(R) and that, for any
€ > 0, there is a 6 > 0 such that

VAe A, PA)<d§ = sup/ | M| x dP < e.
n>0J A
We will need the following characterization of Radon-Nikodym operators.
Lemma 2.5. Let X and Y be Banach spaces. A bounded operator T : X — Y is

Radon-Nikodym if and only if for every uniformly integrable X -valued martingale
(M), (T(My,)), converges in L1(Y).
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The proof of the “if” implication follows the exact same lines as the proof of [38,
Proposition 1.33]. We include it below for convenience.

Proof. When (M,,) C L1(X) is uniformly integrable the hypothesis and Vitali Con-
vergence Theroem (see [10, Exercise 10 (b) on p. 133]) imply that the sequence
(T'(M,))n converges in Li(Y).

It remains to prove the “if” direction. To this end, we fix a bounded X-valued
martingale (M), and claim that (T'(M,)), converges almost everywhere. For a
fixed ¢t > 0, define the following stopping time:

g _ { inf{n > 0: || M,| >t} if sup, |M,] >t,
=

00 otherwise.

By [38, Lemma 1.32], (M,as,)n is a uniformly integrable martingale. Hence, by
assumption, (T(Muas,))n converges in L;(Y) and, thanks to [38, Theorem 1.30],
converges almost everywhere. Notice that if w € Q is such that Si(w) = oo,
then Myas, = M, for every n € N. We will prove that P({S; = oo}) goes to 1
as t goes to infinity, which readily implies that (T(M,,)), itself converges almost
everywhere, and therefore concludes the proof. By Doob’s maximal inequality (see
[38, Corollary 1.29]), one has:

M,
P({S; < o0}) =P({sup || M,|| > t}) < w

t
This probability can be made arbitrarily small by choosing t large enough, which
implies that P({S; < co}) goes to 0 as t goes to infinity, as desired. O

2.5. General preliminaries. Here we aim to state a general version of a well
known principle that weakly null normalized sequences stay away from any finite
dimensional subspace.

Lemma 2.6. Let X be a Banach space. Let o be a Hausdorff locally convex topol-
ogy on X such that ||-|| is lower semi-continuous and let (D,) C X be a bounded
sequence such that D, — 0 in 0. Then for every finite dimensional Y C X, we
have that

inf,, || Dyl

—

Proof. Let (yn,) CY be such that ||D,,, — yn, | — liminf, dist(D,,Y). Moreover,
by finite dimension of Y and the fact that o is locally convex and Hausdorff we can
assume that y,, — y in norm. It follows that

|Dn, — vl = liminf dist(D,,Y).

liminf dist(D,,,Y) >

And so

(1) lyl| < limninf dist(D,,,Y)

by the lower semi-continuity of ||-|| since D,, —y — —y in o by the hypothesis.
Also

(2) mf | Dy | = [yl < liminf(| Dy, || = [|y[[) < lim || Dy, =yl = lim inf dist (Dn, Y).
Thus summing (1) and (2) gives

inf,, | Dy||

< liminf dist(D,,Y).
2 n
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d

It is well known that topologies which satisfy the hypothesis of the lemma are for
instance the weak topology w = o (X, X*) or, more generally, any topology o(X, S)
where S is subspace of X* which is norming for X, meaning that for all z € X,
lz]lx = sup{z*(z), «* € Bx~ N S}.

In particular, for a Banach space X, denote S C L. (9, A, P, X*) the normed
linear space of X*-valued simple functions, i.e. measurable functions with only
finitely many distinct values. This space is easily seen to embed isometrically into
(L1(A, X))* (see [17, p. 97]).

Corollary 2.7. Let X be a Banach space and let (D,) C L1(X) be a bounded
sequence such that D, — 0 in o(L1(X),S). Then for every finite dimensional
Y C L1(X), we have that

inf,, || D]l

5 .
Proof. Tt follows from the definition of the Bochner-Lebesgue space that the space
S of simple functions is norming for L;(X). As we already mentioned it can be
easily deduced that || - || is o(L1(X), S)-lower semi-continuous. We can thus apply
Lemma 2.6 to get the desired conclusion. O

lim inf dist(D,,,Y) >

3. DUNFORD-PETTIS LIPSCHITZ OPERATORS
In this section we prove the first “half” of Theorem 1.1.

Theorem 3.1. Let M, N be complete pointed metric spaces and let f € Lipy(M, N).
Then the following properties are equivalent:

(1) f is curve-flat,
(2) [ is Dunford-Pettis,
(8) f does not fix any copy of L.

The majority of this section is dedicated to showing that (1) implies (2) in
Theorem 3.1. Indeed, as we will later see in its proof, (2) implies (3) is direct since
L, contains a normalized weakly null sequence, while (3) implies (1) follows from
Kircheim’s Lemma and Godard’s work on Lipschitz-free spaces over subsets of the
real line.

This section is divided into three subsections. In the first one we address (1)
implies (2) of Theorem 3.1 in the case where M is any compact metric space,
leveraging a profound result established by D. Bate [10]. In the second, we deal
with the general case thanks to a compact reduction principle along the lines of [9].
In the last subsection we use both previous results to finally prove Theorem 3.1.

3.1. f is curve-flat implies f is Dunford-Pettis: The compact case. As
previously mentioned, a key ingredient in this setting is a result due to D. Bate
[10]. To ensure clarity and ease of reference, we will present this result in its entirety.
First, let us introduce some notation.

Definition 3.2. Given € > 0 and 0 > 0, we say that a Lipschitz map f: M — N
is e-flat at radius 0 if d(f(z), f(y)) < ed(x,y) for all x,y € M with d(z,y) < 6. Tt
is e-flat if it is e-flat at radius € for some 6 > 0. Denote by lipg(M) the set of e-flat
Lipschitz functions in Lipy(M). Note that if £1 < &3, then lipg* (M) C lipg? (M).
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In the next lemma, if t € K C R and v : K — M is Lipschitz, then Lip(y,t)
stands for the pointwise Lipschitz constant of v at t, defined as:

d(y(t
Lip(v,t) := lim sup d0v(), (@) ),7(3:))
Tt |t - J}|
Lemma 3.3 ([10, Lemma 3.4]). Let M be a compact metric space, let X be a
Banach space which contains M isometrically. Let § > 0 and let x* € X*. Suppose
that every bi-Lipschitz curve v: K — X satisfying

(x* o) (t) > §||z*||Lip(v, t), H'-ae. intc K

also satisfies H (y(K)N M) = 0.

Then, for every € > 0, there exists a Lipschitz function g: X — R such that:
lo(@)=gW)|  |z"(x)=z"(y)|
lz—yll = lz—yll

lgllz < llz*[|(1 +34),
o |z*(x) —g(z)| < e for allx € X, and
o there exists 0 > 0 such that g[,; is 30-flat at radius 6.

+ 3||z*||d for every x # y € X. In particular,

Clearly, if 0 € M C X, the function g from the above lemma can be also assumed
to satisfy g(0) = 0. This is how we will use it below. The next lemma and its proof
are essentially contained in Section 3 of [10]. We present a direct proof here for
clarity and convenience.

Lemma 3.4. If M is compact then Bcepyary C Bhpg(M)w for every T > 0.

Proof. Let f € CFo(M) with || f||r < 1, and let 7 > 0. Since the weak* topology
coincides with the topology of pointwise convergence on norm-bounded subsets of
Lipy (M), it suffices to show that for every n > 0, there exists a function g € lipg (M)
with ||g||Lip < 1 such that |f(z) — g(z)| < 27 for all z € M.

We start by showing that the linear extension of f, i.e. the map f: F(M) — R,
satisfies the hypothesis of Lemma 3.3 for every § > 0. Suppose that v: K — F(M)
is a bi-Lipschitz curve satisfying

(foy)(t) >0l fLip(v,t),  H'-ae inte K.

We may of course assume that f # 0, so that the right-hand side is everywhere
strictly positive. Now, arguing by contradiction, suppose that H!(v(K) N M) > 0.
Clearly A := v~ 1(y(K)NM) C K has positive measure, and the curve y[ ,: A — M
is bi-Lipschitz with values in M. Since f is curve-flat, we obtain that (fovy|,) (¢) =
0 almost everywhere in A, which is a contradiction.

Now, we can apply Lemma 3.3 to f, with ¢ =  and § = 6(r,7) > 0 to be
determined later, to obtain § € lips’(M) with [|g]l; < (1 4+ 30) and such that
|g(z) — f(z)] < n for all z € M. We only need to normalize § to get the result.
Indeed, consider g = ﬁg. Then g also belongs to lipg‘s(M) and now ||g||r < 1.
Finally, we have for any = € M:

o) = F@)] < 13— f@)| + (1 - 152 ) lata)]

§n+(1—i?26y1+3®wdkﬁ

= 1 + 30rad(M).

z 7}, we obtained the desired conclusion. [

Consequently, for § = min {§7 Sra(;?(M)
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We can now prove the main result of this subsection. We will employ a gliding
hump type argument inspired by Kalton’s proof that the Lipschitz-free space over
a snowflaked metric space has the Schur property ([29, Theorem 4.6]). For the next
proof, recall the notation [S]s := {z € M : d(x,S) < 6} for S a non empty subset
of M and § > 0.

Proposition 3.5. Let M and N be metric spaces with M compact, and let f €
Lipo(M, N). If f is curve-flat, then f: F(M) — F(N) is Dunford-Pettis.

Proof. Suppose that f: M — N is a curve-flat Lipschitz map with ||f|Lip = 1.
We will prove by contradiction that f: F(M) — F(N) is Dunford-Pettis. Suppose

there exists a weakly null sequence (v)x C F(M) such that ||f(y)|| = 1 for all
k € N. We may assume without loss of generality that the support of 4 is finite
for all k € N. Choose a decreasing sequence of positive numbers (e, ), such that
Yonen < i. We will construct, by induction, a bounded sequence of functions

(¢n)n C Lipy(M) and a subsequence (7, )n such that:
(1) ¢ is (31, €;)-flat at some positive radius 0 < 6,, < 1,
() llenll <1+ 320, &, and
(3) <(pn>7kj> > % - Z?:l g forall j=1,...,n.

~

For the initial step, let 5, = ~1. Since || f(71)]| = 1, there exists a Lipschitz
function g € Lipy(NV) such that (g1, f(71)> =1={g10f,71). The function g o f is
curve-flat, so by Lemma 3.4 there exists ¢1 € By, () such that (p1,mMm) >1—¢e1
and such that ¢ is £1-flat at some radius 6; € (0,1).

Let us fix n € N and suppose we have constructed vy, and ¢; for every j < n.
Fix 7 > 0 to be determined later. By compactness of M, there exists a finite set
En41, containing the support of vy, for all j = 1 <n, and such that M = [E,;1];.

Since f(Fp41) is finite as well, F(f(Ep+1)) is finite-dimensional. Given that

~

(f(7k))k is a normalized weakly null sequence, Lemma 2.6 gives that

tim nf dist(Fl), F(F(Fa 1)) > 5.

Therefore, combining with the Hahn-Banach separation theorem, we can find
knt1 > kn and gny1 € Lipg(N) with [lgni1lle < 1, gnt1(f(Ens1)) = {0} and
(gnt1, f(Vensn)) > & — 7. Since (vx)y is weakly null, we may assume as well that

<§0n77kn+1> <T.
The map gn4+1 o f € Lipg(M) is curve-flat, and satisfies

1
(gngy10 f)(u) =0, forallue E,y1, and (gni10 f,Yk) > 57T

Therefore, thanks to Lemma 3.4, it can be approximated by a function h,1 €
Lipg(M) with ||hp41]|z < 1 and such that:

o |hpt1(u)| < 27, for all w € M,

b <hn+1a7kn+1> > % — 27,

® (hpy1, ;) <T7forall j=1,...,n, and

® h,411s e,41-flat at some radius 6,1, which can be chosen so that 0 < 6,11 < 6,,.
Now, define ¢,+1 = @n + hpt1. Let us check that ¢, 1 satisfies conditions

(1), (2) and (3). First, condition (1) is clear since ¢, is (> ., €;)-flat and hy,4q is

en+1-flat. Next we estimate its Lipschitz constant. Let x,y € M. If d(z,y) < Oy,
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then, since ¢, is (Y., &;)-flat at radius 6,,:
[Pn1(z) = Pns1(®)| < len(@) = on ()] + [hns1(2) = hnga (y)]

< (En:s + l)d(%y)
=1

Otherwise, if d(z,y) > 6,, then:
[Pnt1(2) = En1 (W) < len(@) = @n ()] + [hns1 (@) + [Pnia (y)]

(1+Z€Z> z,y +497;ld(:17 Y)

= (1 + Zei T 491)d(x,y).
i=1 n

Therefore, we conclude that ||p,41|lz < (1 +> e+ 49L).

Finally, let us examine the estimates in (3). If j < n:

1
(Pnt+157k,) 2 (PnsVey) = [, Y, )| > 9 Zfi -
Simultaneously, we have:

1
<<p"+1”yk"+1> z <h”+1”7kn+1> - |<30nv'7kn+1>| > 2 37

Choosing 7 so that 45 < €41 yields condition (2). In particular, this implies
37 < &p41, thereby proving (3) as well. The induction process is now complete.
To conclude, passing to a subsequence if necessary, we may assume that (¢, )y
converges to a Lipschitz map ¢ € Lipy(M) in the weak* topology. For a fixed j € N,
we have that (o, Vk,) > 3 — > peq €k > + whenever n > j. Therefore, (3, vx,) > %
for all j € N. This is a contradiction with the fact that (vx,); is weakly null. O

3.2. Compact determination of Dunford-Pettis operators. Once we have
established that (1) implies (2) in Theorem 3.1 for compact metric spaces, we pro-
ceed to extend this result to general metric spaces thanks to the following compact
reduction result:

Proposition 3.6. Let M, N be complete metric spaces, and let f € LlpO(M N).
The property “f is Dunford-Pettis” is compactly determined, that is, f is Dunford-

Pettis if and only if for every compact K C M such that 0 € K, f[K is Dunford-
Pettis.

Proof. One direction is clear: If f is Dunford-Pettis, then so is f/[; for every
K C M compact containing 0. The converse will follow from the compact reduction
principle described in [9]. Suppose that f : M — N is a Lipschitz map such that
f[; is Dunford-Pettis for every K C M compact containing 0. Let (v,), C F(M)
be weakly null. We will prove that (f(7,)) is norm-null. Let W = {v, : n € N}
and fix e > 0. By [9, Theorem 2.3], there exist a compact K C M containing 0 and
a linear mapping T : span(W) — F(K) such that
o ||p—Tul| <eforall pe€W,and
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e there is a sequence of bounded linear operators Ty, : F(M) — F(M) such

that Ty, — T uniformly on W.
A classical exchange of limits argument (see [9, Corollary 2.4] for more details) yields
that the sequence (T (7)), is weakly null in F(K). Since f[, is Dunford-Pettis,

|l f(Ty)]] — 0. So there exists ng € N such that for every n > ng, ||f(Ty.)|| < e.
By the triangle inequality we obtain:

v >no, 17O < IF 1m = Tynll + 1F @)l < (1£1lz + De.

Since € > 0 was arbitrary, this proves that (f(wn))n is norm-null, and therefore f
is Dunford-Pettis. O

We now have all the ingredients to prove the main result of the section.
3.3. Proof of Theorem 3.1.

Proof of Theorem 3.1. The implication (1) = (2) follows from Propositions 3.5
and 3.6, while (2) = (3) is direct since the unit sphere of L; contains a weakly
null sequence.

To show that (3) = (1), we proceed by contrapositive. Thus, suppose that
f is not curve-flat. By Proposition 2.1 there exists K C R compact, v: K — M
bi-Lipschitz such that H!(f o y(K)) > 0. By Kirchheim’s lemma, there exists A
compact, A C K such that A\(A) > 0 and f o[, is bi-Lipschitz. Now, thanks to
Godard’s work [25], F(A) is isomorphic to Ly. As y[4 and fo~[,4 are bi-Lipschitz,
7/[2 and f/O—WA are isomorphisms from F(A) onto F(y(A)) and F(f o v(4)),
respectively. Since m = fo 7, it follows that f[ F(+(4)) 1s an isomorphism from

F(v(A)) onto F(f ov(A)). This proves that f fixes a copy of L;. O

Remark 3.7. It has been proved in [12] that if T : L1 — L; is not Dunford-Pettis,
then it fixes a copy of ¢1(f2). The equivalence of (2) and (3) in Theorem 3.1 shows
that linearizations of Lipschitz maps which are not Dunford-Pettis satisfy a stronger

property.

4. RADON-NIKODYM LIPSCHITZ OPERATORS
In this section, we prove the second “half” of Theorem 1.1.

Theorem 4.1. Let M, N be complete pointed metric spaces and let f € Lipy(M, N).
Then the following properties are equivalent:

(1) f is curve-flat,
(2) f is Radon-Nikodym,
(8) f does not fix any copy of L.

Note that the proof of (2) == (3) is trivial as there exists a L;-bounded
martingale in Lq(L;) which does not converge almost everywhere. On the other
hand, (3) = (1) is shown in Theorem 3.1 already. Hence, it only remains to deal
with the implication (1) = (2), which will be the focus of the present section.

The strategy to show (1) = (2) is the same as the one we followed in Section 3:
first we show that it holds in compact metric spaces, and then we prove that the
property “f is Radon-Nikodym” is compactly determined. In both results we will
be dealing with Banach space valued martingales and quasi-martingales.
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Recall that a stochastic process (S,), in Li(A, X) adapted to a filtration (A4,,)
is said to be a quasi-martingale if

oo

S IEA (S = S| < 0.
n=1
We refer to [38, Remark 2.16] for more details about quasi-martingales.

Lemma 4.2. Let X be a Banach space, (M) be a bounded and uniformly inte-
grable quasi-martinagle in L1(X) and denote Dy, := M,, — M, _1 (with My := 0).
Then D,, — 0 in o(L1(X),S) where S denotes the space of simple functions in

Proof. Let g € S be fixed. Note that the set {g(w) : w € Q} is a finite set; thus
generates a finite dimensional subspace E of X*. Let us fix a basis {z},...,z}} of
E. Due to finite dimensionality, there exists C' > 0 such that max; |\;| < C|z*||
for every a* = Zle Xz} € E. If w € Q then we can write g(w) = Zle Ai(w)x?
for some A\(w) € R, i = 1,..., k. Notice that (zf o M,,), is a scalar valued,
bounded, and uniformly integrable quasi-martingale for each i = 1, ..., k. Therefore
it converges in Ly (see [38, Remark 2.16]). This readily implies that each (zfoDy,),
goes to 0 in Ly as n — oco. We conclude with the following estimates:

(9.0 < [ Itg(w), Du(w)| aB()
k
< [ Sl -loi o D)l aPw)

k
< Clglw Y-, [ I o Dae)] dP(e) = 0. O
=1

4.1. Proof of the compact case of Theorem 4.1. Here we will deal with the
compact case. Up to the use of martingales, the proof will largely resemble that of
Proposition 3.5 which established the implication “f € CFy” — “fe DP” (see
Remark 4.5 for an in-depth comparison).

Proposition 4.3. Let M and N be metric spaces with M compact, and let f €
Lipo(M, N). If f is curve-flat, then f: F(M) — F(N) is Radon-Nikodygm.

Proof. We assume that there is a bounded uniformly integrable martingale (M,,) C
Ly (F(M)) such that (fo M,,),, does not converge in L1 (F(N)).

Let D, = M,1+1 — M,. Up to passing to a subsequence and multiplying by a
positive constant, we may assume that |[f o D] > 1 for every n € N. We will
employ a gliding hump argument to show that (M,,) is not bounded.

Let us fix ¢ > 0. First, using a standard approximation technique, we may
assume that (M,)22, is adapted to a filtration (A,,)22, where each A, is finite
(see the proof of [5, Proposition 4.3] for more details). Next, by density of the
finitely supported elements in F(M), we may replace (M,), with a stochastic
process (M,,), adapted to (A,)2, satisfying

e M, is constant on each atom of 4,, and not just essentially constant,

e M, (w) is finitely supported for every n € N and w € Q,

o (M), is L1(F(M))-bounded,
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e ||[foD,| > 1, where D,, := M, 11 — M, for every n € N,
o for every n < i, |EA~(M;) — M|z, < min(27",¢).

Notice that (M), is still uniformly integrable and the last condition implies
that (M), is a quasi-martingale. By Lemma 4.2, we have that the sequence
(Dy)y is o(Ly(F(M)),S)-null, where S denotes the space of simple functions in
Loo(Q, F(M)*) C L1 (0, F(M))*.

Now choose a decreasing sequence of positive numbers (g,,), in such a way that
> nen < 5. We will construct, by induction, a bounded sequence (¢,), and a
subsequence (Dy, ), such that:

(1) on € Li(Ag, 1, F(M))" = Loo (A, 11, Lipy (M),
(2) Forevery w € Q, p,(w) is (3, €;)-flat at some positive radius 0 < 6,, < 1,
(3) llgnll <1+ 377, &, and
(4) {¢n, Dy,) > % -y eiforalli=1,...,n.

For the initial step, let Dy, = D;. Since ||[f o Di|| > L, there exists a map
91 € Loo(Az,Lipy(N)) with [|g1]| = 1 such that (g1, foDy) > 5. Notice that

(g1.Fo D) = /Q (91(), F(D () dP = /Q (61(w) o £, Dy (w))dP.

For each w € Q, the function g1 (w) o f is curve-flat. So by Lemma 3.4, there exists
a simple function ¢y € Lo (A, Lipg(M)) such that ||| < 1, (¢1,D1) > 2 — &
and finally ¢ (w) is e1-flat at some radius 6; € (0,1) for every w € Q.

Let us fix n € N and suppose we have constructed Dy, and ¢; for every i < n.
Fix 0 <7< 1—16 to be determined later. By compactness, there exists a finite set
E,, 11 containing

U U (supp(Wi, () Usupp(M 41 ()

i=1weN

and such that M = [E,41],.
Since f(Ey41) is finite as well, F(f(En+1)) is finite-dimensional. Notice that for
each g € L1(Ag, +1,F(N))* = Loo(Ag, +1,Lipy(N)), we have

(g, T oDy = /Q (9(w) o f, Di(w))dP — 0,

where the convergence is guaranteed thanks to Lemma 4.2. Thus, applying Corol-
lary 2.7 to (f o D)k, Ak, +1 and F(f(En+1)), we observe that
infy, || o Dyl 1
2 — 4

So there exists k1 > k,, such that dist(onEknJrl L1 (Ag, 41, F(f(Eptr))) > 2—7.
Since f o Dy, ., € Li(Ayg,,,+1,F(N)), by Hahn Banach separation theorem, there
exists gni1 € Loo (A, yi+1,Lipg(V)) with [[g,41]] < 1 such that
* (nt1, L1(Ak, 11, F(f(Ent1)))) = {0}, and
b <gn+17 fo Dkn+1> > % - T
Knowing (Dy) is o(L1(F(M)), S)-null, we may assume that [{¢n, Dy, )| < T.

For every w € Q, the map ¢p4+1(w) o f € Lipy(M) is curve-flat, and satisfies that

(gnt1(w)o f)(u) =0, forall ue Epiq,

lim inf dist(f o Dy, L1 (Ag, 41, F(f(Eny1))) >
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because gp+1 vanishes on Ly ( Ak, +1, F(f(En+1)). In particular, keeping in mind
the construction of F, 1, we also observe that

o~

(gusr Jo D) = /Q (gne1(w) © . D, (w))dP = 0

forall i =1,...,n. Moreover:

{gn+1, foﬁkn+l> - /Q<9n+1(w) o f, D, (w))dP > % —T.

Therefore, thanks to Lemma 3.4 and because g,,+1 is finitely valued, there is h,, 1 €
Loo(Ak, .1 +1, Lipg(M)) with ||h,41]] < 1 and such that:

[(hpt1(w),d(u))| < 27, for all w € M and all w € Q,

[(hpi1, Dy,)| < 7 foralli=1,...,n,

(hn+1,D,pyy) > 5 —27 > £, and

hin+1(w) is e,41-flat at some radius 6,41, which can be chosen so that 0 < 6,41 <
0,,, for every w € €.

Now, define ¢y, +1 = ¢n + hny1. Let us check that ¢, 41 satisfies conditions (2)
to (4). First, condition (2) is clear since ¢, (w) is (31, €;)-flat at radius 6,41 and
hpt1(w) is e,41-flat at radius 0,,41.

Next, the estimation used in the proof of Proposition 3.5 shows that for every
w € Q, |ont1(w)lr < (1 +> e+ 4%). Taking the maximum over w € Q, we
obtain (3) if 7 is chosen small enough.

Finally, let us examine the estimates in (4). If i < n:

<(pn+17ﬁki> > <<pmﬁki> - ‘<hn+1aﬁki>

1 n
>Z—2€i—7.
i=

Simultaneously, we also have:

_ _ — 1
<<Pn+1’Dkn+1> 2 <hn+17Dkn+1> - |<S07L7Dkn+1>| > Z — 37

Choosing 7 so that 45~ < £, yields conditions (3) and (4). The induction process
is now complete. '

If we denote hy = ¢ then it is clear that ¢; = > _, h,, for every i € N. By the
point (3) above we have that [|¢;|| < 2 =: C for every i. Observe that
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C|| Dk > E <<nllhn,D,€ >>
.
(

E

Z (R, B (B, 44 >> ( hmEA’“” (le)>>

n=1

i

=E (Y (hn,Dy,) ) — (Z hn,Mk,lH—EAknﬂ(Mk,;H»)
n=1

n=1

+E (zl: <hn, Mkn — E'Ak” (Mkb)>>

n=1

> % -¢ <Z [Tk 1 = Bt (M) || + D [ M, — B2 (M) )
n=1 n=1
i 1 1 i
28—C<;2kn+1+2kn) >g 2

Since i was arbitrary, this contradicts the assumption that (M;) is bounded in
Ly (F(M)). O

4.2. Compact determination of RN operators. Just like Dunford-Pettis oper-
ators, we claim that the property “fis Radon-Nikodym” is compactly determined.
The method of the proof follows the lines of the compact determination of the RNP
for Lipschitz-free spaces (see [, Corollary 4.5]).

Proposition 4.4. Let M, N be complete metric spaces, and let f € LlpO(M N).
The property “f is Radon-Nikodym” is compactly determined, that is, f F(M) —
F(N) is Radon-Nikodym if and only if for every compact subset K of M containing
0, f/h\( is Radon-Nikodym.

Proof. The “only if” implication is clear. We will prove the contrapositive of the “if”
direction. Suppose that f : M — N is a Lipschitz map such that f: F(M)— F(N)
is not Radon-Nikodym. By Lemma 2.5, there exists a bounded uniformly integrable
martingale (My,),, in Ly (F(M)) such that (f(Mn))n does not converge in Ly (F(N)).
So there exists some § > 0 such that

(3) limiup ||f(Mn) - J?(Mm)”Ll(f(N)) > 0.

By [5, Proposition 4.2] (with e = 4”?”L7 and using the fact that (M,,) has the
mean Kalton property thanks to [5, Proposition 4.3 and Remark 4.4]), there exist a

compact subset K of M containing 0, bounded linear operators Ty, : F(M) — F(M)
and a map T : (M), — L1 (F(K)) such that

1)
(4) :‘éIR)IHMn —T(Mn)||L1(F(M)) < s



ON CURVE-FLAT LIPSCHITZ FUNCTIONS AND THEIR LINEARIZATIONS 19

and
(5) dim sup [ Th(Mn) = Tl any = O
As demonstrated in the proof of [5, Corollary 4.5], we can observe that the

sequence (T'(My))n is a Ly (F(K))-bounded martingale using (4).

Moreover, the sequence (T (M,))y, is uniformly integrable for each k since each
Ty is bounded operator. Also, condition (5) then implies that (T(M,)), is an
Ly (F(K))-uniformly integrable martingale. But we have

. N - )
limsup || f o T(M,) — f o T(My,)|| L, (r(ny) > )

n,Mm—00

by (3) and (4), so (f/[;(T(Mn)))n cannot converge in Ly (F(N)). According to

Lemma 2.5 again, this shows that f[, : F(K) — F(N) is not Radon-Nikodym,
completing the proof. |

Finally we prove the main theorem of the section.
4.3. Proof of Theorem 4.1.

Proof of Theorem 4.1. By Theorem 3.1, we only need to show (1) = (2) and
(2) = (3). The first implication follows by Propositions 4.3 and 4.4. The contra-
positive of the second implication is clear, since L; fails the RNP, and thus there
exists an Li-valued bounded martingale which does not converge almost surely. [

Before closing this section, let us comment on the similarities in the proofs of
Propositions 3.5 and 4.3.

Remark 4.5. In the proofs of Propositions 3.5 and 4.3 we use a gliding hump type
argument in order to derive a contradiction with the fact that a particular sequence
(a weakly null sequence in Proposition 3.5 and a uniformly integrable martingale
in Proposition 4.3) is not convergent in norm. In fact, the inductive process of
both proofs can be unified and generalized for sequences in L1(X) that are scalarly
convergent in L; but not convergent in L;(X). Let us expand on this statement.

Following the terminology of [18], a sequence (X,,), of X-valued random vari-
ables in Li(X) is scalarly convergent in Ly if for every x* € X*, the sequence
(z* o X,,) of scalar random variables in L is convergent in norm. Note that we
may identify any weakly convergent sequence in a Banach space X with a sequence
of random variables in L (X) scalarly convergent in L; in a natural way. Indeed,
given such a sequence (z,,), in X, let Q be any nonempty set, put A = {0, Q}, and
consider P as the trivial (and unique) probability measure on A. Then, Li(€, X)
is isometrically isomorphic to X with the isometry ¢(x) = zlq for every = € X.
Moreover, the sequence given by S,, = x,1q € L1(€, X) is scalarly convergent in
L, if and only if (x,), is weakly convergent. Notice as well that every bounded
and uniformly integrable martingale is also scalarly convergent in L; (see e.g. [38,
Corollary 1.16]).

With this in mind, we could first generalize Lemma 4.2 to sequences of random
variables that scalarly converge in L;. Then, following the proof of Proposition 4.3
with minimal changes, we could prove the following statement:

Fact 4.6. Let M be a compact metric space and let f: M — N be a curve-flat
Lipschitz function. Suppose (X,)n is a sequence of F(M)-valued random variables
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in L1 (F(M)) adapted to a filtration (Ay,)y, of finite sub-c-algebras, such that (X, )n
is scalarly convergent in Ly but | foDy| > 1 for alln € N (where D,, = X,, 11 — X,
for all n € N). Then, given a decreasing sequence of positive numbers (£,), such
that >, en < %, there exists a bounded sequence (¢n)n and a subsequence (D, )n
such that:

(1) ¢n € Li(Ap, 41, F(M))" = Loo (A, +1, Lipg(M)),

(2) For everyw € Q, p,(w) is (Y i, i)-flat at some positive radius 0 < 6, < 1,

(3) llenll <1+ 37, i, and

(4) (on,Di,) > 2 =" & foralli=1,...,n.

Since, as commented above, both weakly convergent sequences and uniformly
integrable martingales are modelled by random variables that scalarly converge in
L1, this fact could be used as a Lemma for both Propositions 3.5 and 4.3. Although
this would shorten this article and allow us to avoid using similar arguments in both
proofs, we chose not to follow this structure. This is mainly due to the fact that
Proposition 3.5 can be shown without mention of random variables, and using the
approach explained in this remark would arguably obscure the main idea of its
proof.

Moreover, note that the extra properties of weakly convergent sequences in
Proposition 3.5 and martingales in Proposition 4.3 are needed at the end of the
proofs of the respective results. Certainly, it is not true in general that if f: M — N
is a curve-flat Lipschitz function between compact metrics spaces and (X,,), is a
sequence of random variables in Lq(F(M)) that scalarly converges in L, then
(fo Xp)n converges in Ly (F(N)). Indeed, let M be an infinite compact purely
l-unrectifiable metric space, and let f: M — M be the identity function. Then
f is curve-flat, but since F(M) is infinite-dimensional, by [18, Corollary 4.4] there
exists a sequence (X,,), in Ly (F(M)) that is scalarly convergent in L; but that ad-
mits no a.e. convergent subsequence, which in particular means that (X,,), cannot
converge in the norm of Ly (F(M)).

5. REMARKS ON STRONG RADON-NIKODYM AND REPRESENTABLE LIPSCHITZ
OPERATORS

In this section, we discuss two classes of Lipschitz operators (strong Radon-
Nikodym and representable Lipschitz operators, see Section 2.2) which, in some
cases, can be added to the list of equivalences of Theorem 1.1.

5.1. Strong Radon-Nikodym Lipschitz operators. We start by showing that
strong Radon-Nikodym and Radon-Nikodym Lipschitz operators are indeed the
same provided the underlying metric space in the domain is compact and countably
1-rectifiable.

Following [21, Definition 3.2.14, Page 251] (see also [22, Section 3.2]), a metric
space M is countably 1-rectifiable if there exist a countable collection of subsets
A; C R and Lipschitz maps ~; : 4; — M such that H' (M\ (UZ ’y,»(Ai))) = 0.
Clearly, any subset of R is countably 1-rectifiable. Notice also that M is purely 1-
unrectifiable if and only if every countably 1-rectifiable subset of M is H'-negligible.

Proposition 5.1. Let M be a compact metric space which is countably 1-rectifiable,
let N be any metric space and let f € Lipy(M, N). The following are equivalent.

(1) f(M) is H'-negligible.
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(2) f is strong Radon-Nikodym.
(3) f does not fix a copy of L.

Proof. (1) = (2). Since M is compact and H!(f(M)) = 0, f(M) is complete
and purely l-unrectifiable. Thus, [5, Theorem C] implies that F(f(M)) has the
Radon-Nikodym property. Since f(B}-( a)) is contained in F(f(M)), this yields
that fis strong Radon-Nikodym.

(2) = (3). This implication is true in general, since every strong Radon-
Nikodym operator is Radon-Nikodym, and, as we discussed in the proof of Theo-
rem 4.1, such an operator cannot fix a copy of L.

(3) = (1). We do not use the compactness assumption on M for this implica-
tion. Suppose that H!(f(M)) > 0. Since M is countably 1-rectifiable, there exist a
countable collection (A4;);cs of subsets of R and Lipschitz maps +; : A; — M such
that H! (M\ (Uie] 'yi(Ai))) = 0. Since f is Lipschitz,

(00 F(Uria)) < 1 (70N (U n(40))

< Il w1 (M (U i(40)) = 0.
i€l

Therefore, by o-additivity of H!, there exists i € I such that H!(fo~;(4;)) > 0.
By Kirchheim’s lemma, there exists a compact subset B of A; such that A(B) > 0
and (f o;)[p is bi-Lipschitz. Thus v;[p : B — v(B) and fl,, (g : 7%(B) —
f o v(B) are both bi-Lipschitz as well, and in particular 'yjig and fTw(\B) are
isomorphisms onto their respective range. On the other hand, since A\(B) > 0,
Godard’s work [25] implies that F(B) contains an isomorphic copy E of L. Thus
@(E) is also an isomorphic copy of Lj. Restricting ]?to this copy of L; yields
the desired result. (]

Remark 5.2. It is worth noting that the equivalence between (1) and (3) in Propo-
sition 5.1 holds when M is only assumed to be complete and not necessarily com-
pact. Indeed, we already pointed out that our proof of (3) = (1) does not need
the compactness of M. Conversely, let M be a complete countably 1-rectifiable set,
and suppose that f(M) is H!-negligible for a given f € Lip,(M, N). It is clear that
f(K) is also H!'-negligible for any compact K C M. Then, (if moreover 0 € K)
by Proposition 5.1 and Theorem 1.1, we see that f/[; is Dunford-Pettis. As K can
be any compact subset of M such that 0 € K, we can apply Proposition 3.6 to
conclude that fis Dunford-Pettis, and thus cannot fix a copy of L.

Notice however that completeness of M is necessary. For instance, consider
M =Qn[0,1], N =10,1] and f = Idp;. Then f is conjugate to the identity on Lq;
so it fixes a copy of L; while the set f(M) = M is countable and thus H!-negligible.

Thanks to Theorem 1.1, Proposition 5.1 shows in particular that, if M is a
compact countably l-rectifiable metric space, then f: F(M ) — F(N) is Radon-
Nikodym if and only if is strong Radon-Nikodym. However, this is not true if M is
only assumed to be complete, as shown by the following example.

Example 5.3. Let N be a complete, separable and non-purely l-unrectifiable
metric space, with diameter not greater than 1 (e.g. the unit interval in R). Let
(zk)x be a countable dense subset of N, and let p: N — N = N2\ {(n,n): n € N}
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be an enumeration. Write p(n) = (¢(n)1, p(n)s2) for each n € N. Consider T the
unique R-tree with only one branching point 0 € T and with branches B,, := [0,1+
d(Zy(n),» Tp(n),)] for every n € N. Denote by e, 1) the point in B, at distance 1
from 0, and by e(,, 2) the point in B, at distance 1+d(xy (), , Ze(n),) from 0 and thus
at distance d(Ty(n),» Tp(n),) from e, 1y . Let M =, cyiem,1), €m,2)} U{0} C T,
with the R-tree distance inherited from T'. It is clear that M is a complete metric
space. Then, for every pair k1 # ko € N, if we choose n = ¢~ 1(k1, ko), it holds
that dy(2k,, Tr,) = dr(€n,1), €(n,2)). Then we define f: M — N as f(0) = 0,
flem,1) = Ty(m),> and f(e(n,2)) = Ty(n),. Since the diameter of N is not greater
than 1, it follows from the tree structure of M that f is 1-Lipschitz. Then, using
that (xy)x is dense in N, it easily follows that C'y = (f)* is a linear isometry. Hence,
f is a linear quotient from F(M) onto F(N). This implies that f is not strong
Radon-Nikodym, since F(N) fails the RNP. However, fis Radon-Nikodym because
M is purely 1-unrectifiable (so, F(M) has the RNP), and thus fis trivially curve-
flat. Finally, since M is countable, we have H!'(M) = 0 and so M is countably
1-rectifiable.

5.2. Representable Lipschitz operators. In this subsection we work with com-
pact subsets of the real line, since it is in this context where we can properly deal
with representable operators between Lipschitz-free spaces. Indeed, given a com-
pact subset A of R, thanks to Godard’s work [25], there exists a finite measure p4
on A such that F(A) is isometrically isomorphic to Ly (14). Thus, any Lipschitz op-
erator f : F(A) — F(N) is conjugate to a bounded operator T : L1(pa) — F(N).
More precisely, if ® : Li(ua) — F(A) denotes Godard’s isometry, then Ty := fo .
We can thus study when the operator T’ is representable, based on the properties
of f.

Our main result in this subsection is based on the following general fact. Al-
though it is not commonly found explicitly stated in the literature, it is well-known
among specialists. For the convenience of the reader, we provide some detailed
explanations.

Lemma 5.4. Let (2,3, 1) be a finite measure space and Y be a Banach space.
Then a bounded operator T : L1(u) — Y is representable if and only if it is Radon-
Nikodym.

Proof. Assume that T : Li(u) — Y is Radon-Nikodym. Let us define the vector
measure G : ¥ — Li(p) by G(E) := 1g. Then G is of bounded variation; indeed
its variation |G| is nothing but u. By the characterization of RN operators (see
[20, p. 461]), To G : ¥ — Y admits a Bochner integrable density, i.e., there exists
g € Li(p,Y) such that T(1g) = [, gdu. This proves that T is representable thanks
to [17, Lemma II1.1.4]. Conversely, suppose that T is representable. By Lewis-
Stegall theorem (see e.g. the proof of [17, Theorem I11.1.8]), T' factors through ¢;:
There exist T : Li(p) — 41 and Ty : ¢4 — Y such that the following diagram
commutes

Ly(p) -V
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Since ¢ has the RNP, we have that T is (strong) Radon-Nikodym. Since the class
of Radon-Nikodym operators is an operator ideal [33, Theorem 5], we conclude that
T is Radon-Nikodym. O

We now obtain the following corollary. Note that several more items could be
added to the equivalence therein according to Theorem 1.1.

Corollary 5.5. Let A be a compact subset of R containing 0, let N be a complete
metric space and let f € Lipg(A,N) be given. Recall that ® denotes Godard’s
isomorphism from Ly (ua) onto F(A). Then the following assertions are equivalent.

(1) Ty = fo®: Ly(ua) = F(N) is representable.
(i3) f is Radon-Nikodym.

Proof. Applying Lemma 5.4 we obtain that T is representable if and only if T

is Radon-Nikodym. Since f = T o @' and Radon-Nikodym operators form an
operator ideal, we obtain the desired result. ([l

5.3. Remarks on bounded operators from F(M) to X. Here we are going to
show that there is no analog of Theorem 1.1 for the linearization f : (M) — X of
a Lipschitz map f : M — X, where M is a metric space and X is a Banach space.
This should be no surprise as every bounded linear operator T : F(M) — X is of
the form f for some f € Lipy(M, X).

Proposition 5.6. Let M be a complete metric space, X be a Banach space and
f € Lipy(M, X). Then

feCF feDP

f € RN ——= [ does not fiz copy of L,
and all the implications not shown on the diagram are false in general.
For the proof we will need the following proposition of independent interest.

Proposition 5.7. Let T be an operator ideal and let Space(Z) be the class of
Banach spaces X such that Idx € Z. Then X € Space(Z) implies fx € Z. If, in
addition, Space(T) is separably determined, then Bx € I implies X € Space(Z).
In particular, X has the SP if and only if Bx is DP, and X has the RNP if and
only if Bx is RN.

Proof. The first implication follows since Bx = Idx ofBx and Z is an operator ideal.

To see the second implication, it is enough to show that every separable subspace
Y of X belongs to Space(Z). Fix a separable subspace Y of X and observe the
following commutative diagram

FY) —= F(X)

By iﬁx
Y ———=X

L )
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where ¢ : Y — X is the canonical linear embedding, and Sx and [y are linear
quotient maps which are the left inverses of dx and Jy, respectively. That is,
tofy = fBxot. Write E = (Y) and notice from [27, Theorem 3.1] that there exists
a Godefroy-Kalton isometric linear lifting 7' : Y — F(Y") of the map By, i.e.

Idy = By oT.
Noting :=! : E — Y is bounded as well, we conclude
Idy =1 orofyoT =1"1oBxoroT.

Since Sx € Z, we have that Idy € Z, equivalently, Y € Space(Z).
The last part of the proposition holds as SP= Space(DP), RNP= Space(RN)
and both classes SP and RNP are separably determined. (I

Proof of Proposition 5.6. Taking into account that f = Bx o f, it follows from
Theorem 1.1 that if f is curve-flat, then f is DP, RN and does not fix any copy of
Ly. The converses of the three implications are easily seen to be false. Indeed, if
f : R — R is the identity, then it is not curve-flat, while f : F(R) — R is of rank
one and therefore DP, RN and not fixing copy of L;.

It is a general fact, that neither DP nor RN operators fix copies of L;.

Next, consider Idy, : ¢ — {2 the identity map. Since /2 has the RNP, the
linearization Idy, : F(f2) — f2 is RN (and fixes no copy of Ly). However, Idy, is
nothing else than the quotient map By,; so it is not DP by Proposition 5.7.

Similarly, let X be the Bourgain-Rosenthal space which has the SP but lacks the
RNP [13]. Then Sx is DP (and therefore fixes no copy of Ly) but is not RN by
Proposition 5.7. O

Remark 5.8. The last part of the above proof can be achieved by a much more
elementary example. Let (A4,)52; be an enumeration of the dyadic intervals in
[0,1]. Note that lim, A(A4,) = 0 and define T : Ly = L1([0,1]) = ¢o by Tf =
(f A, [ dN)7Zy. The operator T is easily seen to be DP. Indeed if (fi)x is weakly
null in Ly, then {f;, k € N} is uniformly integrable. It readily follows that (T fx)
is norm null in ¢g. On the other hand, T is not RN. Indeed, For a Borel subset
E of [0,1], define again G(FE) to be the indicator function of E. Clearly, G is an
L;-valued measure that is absolutely continuous with respect to A and T'o G(E) =
(AMENA,))X,. Assume that T is representable, so that there exists g = (g,)5%, €
L1([0,1]; ¢o) such that for all E Borel, T o G(E) = [ gdA. Then, for each n € N,
gn is the indicator function of A,. But, limsup,, g,(t) = 1 for any ¢ € [0,1]. This
is a contradiction showing that 7" is not representable and therefore not RN. Note
finally that, identifying L ([0, 1]) with F([0, 1]) via the linear isometry sending d;
to the indicator function of [0,¢], we can view T as f, where f : [0,1] — cg is the
Lipschitz map defined by f(t) = (A\([0,#] N A,))>%;. Thus we have that f is DP
but not RN.

6. QUOTIENT METRIC SPACES AND FACTORIZATIONS

In general, given an operator T': X — Y between Banach spaces, it is clear that
if T factors through a Schur (respectively RNP) space, then T is Dunford-Pettis
(respectively Radon-Nikodym). However, the converse is not necessarily true, as
we explained in Section 2.2.
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In our context, it is still a natural question whether the conditions fe Op(SP)
(resp. ]? € Op(RNP)), i.e. “f factors through a space with the SP (resp. the
RNP)”, can be added to the list of equivalences in Theorem 1.1. Taking into ac-
count the characterization of Lipschitz-free spaces with the SP (resp. the RNP), we
can also ask whether the stronger condition “f factors through a complete purely
1-unrectifiable metric space” can also be included in Theorem 1.1. In Theorem 6.5,
we will characterize the compact metric spaces M for which this stronger factor-
ization condition holds, for every range space N. Then, we will present a concrete
example showing that the answer is negative in general (Example 6.8). Although
the “factorization through Schur spaces” question remains open, we will provide a
few related observations in the last two subsections.

6.1. Factoring through plu spaces: the compact case. In what follows,
Factp1,(M, N) stands for the set of those f € Lipy(M, N) which factor through
a complete plu space. When M is compact, we can omit to stress the complete-
ness of the plu factor as that is automatic. We always have Factp1,(M,N) C
CFo(M,N) as Idp : P — P is curve-flat for any plu metric space P. For maps
f € Lipg(M, N) and g € Lipy(M, P) we will say that f factors through g if there
exists h € Lipy(P, N) such that f = hog. We will denote Fact,(M,N) the set
of such maps. Given a metric space M, a particular role is going to be played by
the metric space Mj;, defined as the canonical quotient of M where we identify the
points z,y € M such that diip(z,y) = 0 where

diip(,y) :=sup{[f(z) — f(W)| : f € Buip,(m)}-

We equip M, with the metric dip([z], [y]) = dip(2z,y). Let us denote # : M —
M, the canonical quotient map defined by m(x) = [z] for every z € M. Clearly
Iwllz < 1. Tt is well known and easy to see that, given any metric space N,
every f € lipg(M, N) factors through 7 : M — Mp. In other words, we always
have lipy (M, N') C Factz.p -y, (M, N). Since M is compact, [12, Corollary 8.13]
combined with [5, Theorem A] imply that M, is plu. Thus, we arrive at the
following observation.

Proposition 6.1. Let M be a compact metric space and let N be any metric space.
If f €lipo(M,N), then f factors through My, which is compact and plu.

On the other hand, it follows from the results in [5] that, for compact M, given
any plu metric space P, every f € Lipy(M, P) factors through m : M — Mj;,.

Lemma 6.2. Let M be compact and P be plu. Let f € Lipy(M, P). Then f factors
through m : M — My,. More precisely, there exists fiip € Lipy(Mip, P) such that
[ fuplly < fll and f = fipom.

Proof. This follows from [5, Proposition 5.8] and [5, Theorem 5.9]. Here we provide
a more direct proof: We define fi, : My, — P by fip([z]) = f(z). Let 2,y € M.
We have

d(frip([2]), fip([W])) = d(f (@), f(y))
= sup {@(f(2)) — o(f(y)) : ¢ € Biip,p) }
< If Il dip(f], [y])

where we have used [5, Theorem A] and the fact that ¢ o f € lipy(M). This
inequality shows at once that fi, is well defined and that || fup|l, < | fl, O
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Proposition 6.3. Let M be a compact metric space and let N be any metric space.
Then
Factp1y(M,N) = Factr.p -, (M, N).

Moreover, there exists a canonical bijective correspondence between this set
and Lipy(Mip, N). Namely, the pre-composition operator Cr : Lipg(Mip, N) —
Facty1,(M, N), given by u — w o, establishes this correspondence. It moreover
satisfies ||Cr(uw)||, < |Jull,, for every u € Lipy(Miip, N) and

Vf € Facty(M,N), ||C7H ()|, =nf Al gl

where the infimum is taken over all factorizations f = hog through a complete plu
metric space.

Proof. Assume first that f € Lip,(M, N) factors through 7 : M — Mj;p. As men-
tioned before Proposition 6.1, the metric space M, is plu; so f € Factyi, (M, N).

Assume now f € Factyi,(M,N) and that P is a complete plu metric space
such that f = ho g, where g € Lipy(M,P) and h € Lipy(P,N). Since M is
compact, we can write f = ho gy o™ where ||gup||, < /g, by Lemma 6.2. Thus
f € F(J,Ctﬂ—:MHM“p(M, N)

Now observe that, since @ : M — My, is surjective, the map C : u €
Lipg(Myip, N) = wonm € Factpi,(M,N) is injective and [|Cr(u)|l, < ||ul,,
since ||7]|z < 1. The argument above shows that Cj is also surjective with
CY(f) = ho gp with ||C;1(f)HL < ||A|l; llgll- The opposite inequality is clear

as f=C-Y(f)omand ||7||p < 1. O

As we mentioned in Section 2.3, the space CFo(M,Y) is a Banach space. Thus,
the following is obtained as a consequence of Proposition 6.3 and the open mapping
theorem.

Corollary 6.4. Let M be a compact metric space and Y be a Banach space. Then
Cr : Lipg(Miip, Y) = Facty1,(M,Y) is linear, bounded and pointwise-to-pointwise
continuous.

If moreover CFo(M,Y) C Factp1,(M,Y), then Cr is an isomorphism from
Lipy(Mip, YY) into CFo(M,Y).

Proof. The first part of the corollary follows immediately from Proposition 6.3. If
CFo(M,Y) C Factp1(M,Y) then CFo(M,Y) = Factp1,(M,Y), since the reverse
inclusion is always true. We have that ||Cx|| < |7||, and Proposition 6.3 claims
that this map is a bijection from Lip,(Mip,Y) to Factpi(M,Y). Thus, by the
open mapping theorem, C} is an isomorphism. ([

Let us turn to conditions on M guaranteeing CFo(M, N) C Factpi,(M,N).
The next theorem shows that when looking for curve-flat functions which do not
factor through a complete plu space, it is enough to consider functions with real
values. Also, this theorem relates the inclusion CFo(M,N) C Factpi,(M,N) to
the condition that the following natural quotient metric space is plu. Let (M, d)
be a compact metric space and define

vx7y € M? dCF($7y) = Sup{|f($) - f(y)| : f € BCFO(M)}'
We denote Mcp the canonical quotient space of M where we identify the points
x,y € M such that dep(z,y) = 0, which we equip with the metric der([z], [y]) =
dcor(z,y). While, on the first sight, the metric space Mcr seems to be defined using



ON CURVE-FLAT LIPSCHITZ FUNCTIONS AND THEIR LINEARIZATIONS 27

behavior of Lipschitz functions on M, in fact it admits a fully metric definition.
This has been proved in [5, Proposition 5.22]. In particular, the metric spaces M
such that Mgr is plu are those where the iterative process of “removing curve
fragments” stabilizes after at most 1 step.

Theorem 6.5. Let M be a compact metric space. Then it is equivalent

(1) CFo(M) C FCLCtplu(M, R),

(2) CFo(M,N) C Factpiu(M,N) for every metric space N,
(8) The metric space Mcy is compact plu.

(4) The metric spaces Mcr and My, are Lipschitz equivalent.

(5) BCFO(M) - aBlipo(M)w for some o > 0.
(6) CEo(M) C lipg(M)"

Moreover, under any of these conditions, the constant o in (5) can be taken equal
1 and the Lipschitz equivalence in (4) is an isometry. Also the inclusions in items

(1), (2), (5) with oo =1 and (6) are equalities.

Proof. (5) = (4). Recalling the definition of dji, and dcr, observe that, under
assumption (5), we have that for z £y € M

diip(2,y) < dcr(z,y) < adip(z,y).

This implies that Mcr and M, are bi-Lipschitz equivalent.

(4) = (3). Indeed, by Proposition 6.1, Mcp is compact and plu.

(3) = (2) is clear, as for any metric space N, any f € CFq(M, N) factors
through Mcr in a canonical way.

As (2) = (1) is trivial, we claim that (1) = (5). Let f € Bcr, (M) be given.
By Corollary 6.4 there is u € Lipy(Myp) such that [jul|, < ||C;t| and Cr(u) = f.
Let o := HC’;lH. Since My, is compact plu, we have lipy(Miip)** = Lipg(Miip).
So there is a sequence (u,) C aBiip, (M,;,,) Which converges pointwise to u. Thus,
by Proposition 6.3, the sequence w, o 7w converges pointwise (and, being bounded,
also weakly*) to u o m = f which concludes the proof as wu, o € lipy,(M).

Further (5) clearly implies (6). In order to prove (6) = (5), observe that Petunin-
Plicko theorem [30] (see also [26]) yields the following fact: Let X be a separable
Banach space and Z C X™* be a separable normed—c£osed subspace contained in the

set of norm-attaining functionals. Then Z** = Z" isometrically. Indeed, denote

Y =X/Z,. ThenY* = zZ" isometrically. Moreover Z clearly separates points of
Y. Also Z is a subset of norm-attaining functionals on Y. This last claim follows
from the facts that ||z||y. = ||2]|y. and Z C NA(X). It then follows from Petunin-

*

Plicko theorem that Y is isometric to Z*, and therefore Z** is isometric to zZ" .
Thus applying the above fact to Z = lip,(M) — notice that lipy(M) is contained in
the set of norm attaining functionals on F (M) thanks to [15, Lemma 2.3] — we get
CFo(M) Clipg(M)** and (5) follows with o = 1 by Goldstine’s theorem.

The very last claim follows from the facts Factpi, (M, N) C CFo(M, N) in gen-
eral and the weak*-closedness of CFo(M) due to Proposition 2.2. (]

‘We continue with some more concrete conditions on M that are sufficient for the
inclusion CFo(M, N) C Factpi1,(M, N) to hold for every metric space N.
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Proposition 6.6. Let M be compact and countably 1-rectifiable, and N be any
metric space. If f € CFo(M, N) then f(M) is plu. In particular, [ factors through
a compact plu space.

Proof. Theorem 1.1 implies that f does not fix any copy of L; and so H1 (f(M))=0
by Proposition 5.1. Thus f(M) is compact and plu as claimed. O

Remark 6.7. When M is compact and countably 1-rectifiable we have that
Biip, (ar) is weak*-dense in Bop,(ar)- This can be of course seen from Theorem 6.5
combined with Proposition 6.6. But we can also get a bit stronger approximation:
since f(A) = f(A) by compactness, [23, Lemma 4.8] guarantees that there exists a
sequence (¢ ), of locally constant functions in By, 4y such that ¢, — f in the
weak™® topology.

6.2. A curve-flat function which does not factor through a plu space.
The following provides a negative answer to the question of whether the condition
“f € Factyi,” can be added to the list of equivalences in Theorem 1.1.

Example 6.8. There exists a compact M such that CFo(M) ¢ Factyi,(M,R). In
fact we have that each non-constant f € CFo(M) does not factor through any plu
space.

Proof. The example of such M comes from [5, Example 5.25]. Consider the stan-
dard middle thirds Cantor set C C [0,1] and let 8 := logs(2) be the Hausdorff
dimension of C. The Cantor function f : C® — [0,1] is monotone, surjective, and
1-Lipschitz ([19, Proposition 10.1]), where C# denotes the snowflake space. Let
(M, d) be a metric space obtained by “filling in the gaps” of C? with geodesics. In
fact there are many ways to do the above but we equip M by the metric which is
the largest possible among all such metrics. We will not use this particularity until
Remark 6.10. The Cantor function f extends to a 1-Lipschitz map f : M — [0,1]
that is constant on each geodesic. Observe that f is curve-flat because C? is purely
l-unrectifiable and f is constant on each of the countably many geodesics. On the
other hand, note that every locally flat function is constant. Hence, My, = {0}
and so f ¢ Factr.ar— o, (M, R). O

Remark 6.9. It might be an interesting research project to study for which (non-
plu) compacts K there exists compact M such that Mcr = K. For instance, it can
be shown that Mcr corresponding to the space from Example 6.8 is isometric to the
unit interval [0, 1] with the standard metric. Indeed, if f: M — [0, 1] is the extended
Cantor function described in Example 6.8, the function for,: Mcr — [0, 1], where
for, ([2]) = f(x) for all [z] € Mcr, is the desired isometry. To see this, note first
that, since f is curve-flat and 1-Lipschitz, we have that d([x1], [z2]) = dcr(21,22) >
|f(z1)—f(z2)| for all x1, o € M. It is then enough to show that for any given curve-
flat 1-Lipschitz function g € Lip,(M), one has |g(z1) — g(x2)| < |f(z1) — f(x2)| for
all z1,z0 € M. Hence, fix such a function g and two points x1,zo € M. Since g
and f are curve-flat, they are constant on all geodesics of M. Therefore, there exist
F1,%9 € C% € M such that ¢g(i;) = g(x;) and f(&;) = f(x;) for i = 1,2. We may
assume then without loss of generality that x; and xo belong to C? with 1 < 22
(in the real line ordering). Now, using again that g(M) is contained in g(C?), we
get the estimate

l9(z1) = g(x2)| < A([g(1), 9(22)]) < H (([21,22] N C)7) = HI([21,22] N C),
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where ([21,22] N C)? denotes the snowflake of [x1,x2] N C, isometrically contained
in M. Finally, by [19, Proposition 5.5], we have that

[f(@1) = f(z2)] = A(f([21,22] N C)) = HP ([2r1,22] N C),

and the conclusion follows.

Remark 6.10./\Let M be the compact metric space considered in Example 6.8.
We claim that f : F(M) — F(R) factors through ¢; for every f € CFo(M). In
fact, the following much stronger property is true: there exists a compact plu
P C M (such that F(P) ~ ¢1) and a weak® continuous extension operator F :
Lipy(P) — Lipy(M) such that E o R(f)) = f for every f € CFyo(M) where R :
Lipy(M) — Lip,y(P) is the restriction operator. It then follows that f=foR,0E,
where R, : F(P) — F(M) and E, : F(M) — F(P) are the corresponding pre-
adjoints. Indeed, let P = C? and define E as the “affine extension” operator.
In order to check, that this operator is bounded, we observe that E = g* where
g: M — F(CP) is defined as follows: For each x € C® € M, we let g(z) := §(z).
Next, if 2 € M \ C?, then z belongs to a unique geodesic which fills a gap of C?,
say between the points x, z, € C%. In this case, we put A\, = ;((fg’i?) and define
g(x) == (1 = A\z)d(xp) + Azd(x). Tt is not hard to prove that g is 1-Lipschitz. For
instance, let z € M \ C® and y € C”. Suppose that the point z lies in the geodesic
[z, ] with d(z,y) = d(x,z¢) + d(xg,y). Note that

lg(x) = g(zo)ll = I(1 = Xe)d(we) + Aab(r) = (o) || = Aad(e, ) = d(, 20)
and ||g(z¢) — g(y)|| = d(z¢, y) since 2,y € C#. Thus, observe that
lg() =9Il < llg(x) = g(zo)ll + llg(xe) — 9(Y)|| = d(, ) + d(ze,y) = d(z,y).

Where the very last equality follows from our choice of the metric on M. The
other cases being similar, this proves that g is 1-Lipschitz; thus its linearization
g : F(M) — F(CP) is a norm-one bounded linear operator. Finally, F(C?) is
isomorphic to ¢; thanks to [12, Theorem 8.49].

6.3. An excursion to the non compact setting. When M is not necessarily
compact, we still have the next elementary but interesting fact.

Lemma 6.11. Let M, N be metric spaces and f : M — N a Lipschitz function
which factors through a compact purely 1-unrectifiable metric space P, i.e. there
are Lipschitz functions g, h such that the following diagram commutes:

M—t N

%

Then for all z,y € M such that f(x) # f(y) and for alle > 0, there is ¢ € lipy(M)
with ||¢]|, <1 such that

) AF@). F0)
@) =YWl 2 Tara,

Proof. We first observe that
d(f(z), f(y)) = d(h(g(x)), h(g(y))) < [|nll, d(g(z), 9(y))-
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Note that f £ 0, so ||h]|r > 0 and ||g||, > 0. Since P is purely l-unrectifiable and
compact, by [0, Theorem A], there exists ¢ € lipy(P) with [|¢||; < 1 such that

le(g(x)) — (9(¥))| = d(g(2), 9(y)) —<llgl -
We set ¢ = mgo o g and the conclusion follows. (I
Finally, we deal with the case when M is a complete subset of R below.

Proposition 6.12. Let M C R and let N be a metric space, both M and N com-
plete. If f € CFo(M,N), then f factors through a complete purely 1-unrectifiable
metric space.

Proof. If M is bounded, hence compact, Proposition 6.6 yields the conclusion. Next
we will deal with the case when min M = 0 =: ¢ and sup M = +o00. Let (z,) C M
be a strictly increasing sequence with lim z,, = co. We denote M,, = M N[xy_1,Ty]

Lo T1 T2 3 T4

- —o——

(.
/®/ f
h < |
FIGURE 1. The construction of the factorization is best understood
on a picture.

for each n € N. Now by Proposition 5.1 the space f(M,,) is a compact H*-negligible
space. We define a sequence (P,,) of almost disjoint copies of f(M,,). More precisely,
for every n, let i,, : P, — f(M,) be an isometry such that iy, ' (f(z)) = i, 11 (f(zn))
and P, N Poy1 = {i ' (f(zn))}

We have fly, =ino (iy" o fly, ). Now we endow the set P = |J P, with the
following distance dp: for z € P, and y € P, with n,l € N

dP(xay>
(Zn(x)’zn(y))a ifl=n
(Zn(x)v f(xn)) + d(f(xn)vanrl(y))a ifl=n + 1
d(in(), f(2n)) + 350 d(f (), f(@j41)) + d(f(mio1),in(y) i1 >n+2.
We define g: M — Pand h: P— N by
g(x) =i to f(x) ifx e M, and h(x) =i,(z) if x € P,.

Notice that g and h are well-defined, and hog = f. It is not difficult to check that
g is || f]lL-Lipschitz and h is 1-Lipschitz.

Consider the completion @ of P. We claim that @ \ P is empty or a singleton.
Indeed, let (2,) C P such that 2, — . If (2,) C U;cp Pi for a finite set F, then
v € U;ep Pi by compactness of |J;cp Pi. Thus 2 € P. It remains to address the

d
=4qd
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case where no such finite set F' exists. In this case, we will show that g(z,) — x
which will finish the proof of the claim. Let us denote by m,, € N one of the indices
such that z, € P, . We may assume, by passing to a subsequence of (z,), that
(my,) is strictly increasing. Since (z,) is Cauchy, passing to a further subsequence,
we may assume that > dp(z,, zn41) < 0o. Taking into account that z, € P, and
Zn41 € P, observe from the definition of dp that

dP(g(xmn)vg(xmn + 1)+ ey dp(g(xmn+171)7«g(xmn+l))
< dP(Z’ru Zn+2) < dp(Zn, ZnJrl) + dP<Zn+17 zn+2)

for every n € N. This implies that Y dp(g(zn),g(zn+1)) < oo. In particular,
the sequence (g(x,)) converges in (). On the other hand, since dp(zn, g(zm,)) <
dp(zn, zZn+1) by definition of dp, we conclude that g(z,) — 2z and our claim is
proved.

Therefore @) is complete and plu. Since ||h|; < 1 and since N is complete, h
extends to @) with the same Lipschitz constant.

In the case when M is unbounded below as well as above we will get by a similar
argument that @\ P has at most two elements. The details are left to the reader. O

6.4. Factoring through Schur spaces and RNP spaces. We now turn to the
“factorization through Schur or RNP spaces” problem:

Question 1. Let f: M — N be a curve-flat Lipschitz function.

(1) Does it follow that ]?factors through a Schur space?
(2) Does it follow that f factors through a space with the RNP?

This question remains largely open, we only have a few observations. Of course,
as we already mentioned, if f factors through a complete plu metric space then f
factors through a Schur space with RNP. Still in the way of positive results towards
Question 1, we have the following “reduction to bounded sets” principle which we
will apply to several cases.

Proposition 6.13. Let (P) be any property stable under £ sums (such as the
Schur property or the RNP). Let f € Lip, (M, N) such that there exists C > 0 for
which, for every bounded set B C M, flz, gy factors through a space Z that has
the property (P) with flz, gy = ¢ o q where ¢ : Z — F(N) and q : Fp(B) — Z
satisfy ||6|||lq]] < C. Then f factors through a space with property (P).

The proof is based on Kalton’s decomposition [29, Section 4]. In fact, we will use
the similar construction presented in [7, Section 2.2]. For every n € Z and = € M,
let
0 if d(x,0) <2771
27" d(2,0) — 1 if 2771 < d(x,0) <27
2 —27"d(x,0) if 2" < d(z,0) < 2nt!

0 if d(z,0) > 2"+,

Note that [|[A,|lL = 57=r. Let us denote M, = B(0,2"*1)\ B(0,2"7!) so that
supp(A,,) C M,,. Next, for each n € Z, we introduce the pointwise multiplication
operator T), : Lip,(M) — Lipy(M) given by T, (f)(z) = f(x)An(z). As explained
in [7, Section 2.2, T,, defines a weak*-to-weak* continuous linear operator from

Ay (z) =
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Lipy(M) into Lipy(M) with || T,,|| < 5. We will denote by W,,: F(M) — F(M) its
pre-adjoint operator. Notice that:

Ve e M, W,(é(x)) = A (x)d(x).

Since supp(A,,) C M, it is readily seen that supp(W,(y)) C M, for every v €
F(M). Therefore we can view W, as an operator from F(M) to Fpy(M,) =
F(M, U{0}). Now for every v € F(M), one has

Z |[W,v|| < 45]|y|| and moreover = Z Wy
nez nel

where the convergence of the series is in norm. So T : F(M) — (3,,c7 Far(My))
given by

41

vy e F(M), T()=Wa(y))nez,
defines a bounded operator with norm ||T|| < 45.

Proof. Using the notation introduced above, we define S : (ZnEZ fM(Mn))z —
6(F(N)) by:

V(v )n € (Z -FM(Mn)>

nez

. S((vn)n) = (J?TIM(Mn)(%»n'

£y

By assumption, each map f[ Far(M,) factors through a space Z,, with property (P):

Pl rp ()

qn 4

Zn

JGW(A4ﬁ) JT(AU

with ||pn||||gn || < C. Of course, after rescaling, we may as well assume that ||¢,| <1
and ||¢n|| < C. We readily deduce the next factorization for S:

(L Far(M)), : (L(F(N)

1

m (6n)n

( Linez Zn) o

where the operators (gn,), and (¢, ), are well-defined bounded linear operators,
with [[(gn)n] < 1 and |[(¢n)n]| < C. Notice that (3, .5 Zn)g1 has the property
(P), since this property is stable under ¢;-sums. To conclude, we introduce R :
6 (F(N)) — F(N) given by R((ftn)n) = ., in- It is an easy exercise to check
that f = RoSoT =Ro (gu)n o (¢n)noT. 0

Practically speaking, in the Propositions 6.1 and 6.6 concerning Fact,i,, we
haven’t explicitly mentioned it, but the factorizations are actually uniformly
bounded: Let M be a proper metric space and N any metric space. If f €
lipy (M, N), then ffactors through a Schur space with RNP. Indeed, let B C M be
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a bounded set. Then B is compact and f[pz € lipy(B, N). Thanks to Proposition
6.1, we have that the following diagram commutes:

B s N
A /(ffB)lip

Blip

Notice that ||7g] < 1, |(fTe)ipllz < ||f]lz (the upper bounds are not depending on

the choice of B), and By, is plu. Now, Proposition 6.13 concludes that ffactors
through a Schur space with RNP.

On the other hand, suppose that M is a proper metric space which is countably 1-
rectifiable and f € CFo(M, N). Then J?does not fix a copy of L1; so by Remark 5.2
we obtain that f(M) is H!-negligible. It follows that for any bounded subset B of
M, the set f(B) is compact and H!-negligible. Therefore, f satisfies the assumption
in Proposition 6.13. Summarizing, we observe the following corollary.

Corollary 6.14. Let M be a proper metric space and N any metric space.
(1) If f € lipy(M, N), then I F(M) — F(N) factors through a Schur space
with RNP. R
(2) Assuming M is countably 1-rectifiable, if f € CFo(M,N), then [ factors
through a Schur space with RNP.

7. LIPSCHITZ OPERATORS THAT DO NOT FIX A COPY OF {;

We conclude this paper with the discussion of Lipschitz operators that do not
fix a copy of ¢;. In fact, we will deal with a more general setting by considering
the weighted version of Lipschitz operators. Let w : M — R be any map (referred
to as “the weight”). Let f € Lipy(M, N). Inspired by the definition of ﬁ one can
define a linear map wf : span (6(M)) — F(N) by setting

w]?( i aié(gci)) = i a;w(z;)o(f(x;)).
i=1 i=1

When this map is bounded, it has a unique extension still denoted by wf: F(M) —
F(N). Such bounded operators are named weighted Lipschitz operators, and they
are characterized in [3, 11]. It is proved in [3] that wf is compact if and only if it
is weakly compact. The goal of this section is to prove that this is also equivalent
to wf not fixing a copy of ¢1. In turn, this will let us easily show that it is also
equivalent to u)f being strictly singular and to w]? being Asplund.

Theorem 7.1. Let M, N be infinite pointed metric spaces, f : M — N and w :
M — K in such a way that w]? defines a bounded operator. Then the following
assertions are equivalent

(i) wf is compact.
(1) wf is strictly singular.
@0 wf is Asplund.
(iv) wf does not fiz any copy of £1.
Proof. The implications (i) = (ii) and (i) = (iv) are clear. On the other
hand, (i) = (ui7) follows from the fact that every weakly compact operator
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(in particular every compact operator) factors through a reflexive space (see [10]).
The implication (i4i) = (iv) follows from the fact that every Asplund operator
factors through an Asplund space.

We will prove the contrapositive of (iv) = (i) using [3, Proposition 4.1], which
states that wf is compact if and only if

(@) — e )
5= { i)

:x#yeM}

is relatively compact.
Assuming that w is not compact, there exists a sequence (y,,), C S which does
not have any convergent subsequence. Let us express this sequence as:

(2, Yn) '
Since the support of each v, contains at most 2 elements, it follows from [2, The-
orem C] that (v,), does not admit any weakly Cauchy subsequence. Thus, by
Rosenthal’s ¢;-theorem and by passing to a subsequence, we may assume that
(Yn)n is equivalent to the ¢; canonical basis.
At the same time, (mg,, 4, )n cannot have any weakly Cauchy subsequence since

VneN, y,=

wf is weakly continuous and wf(mmy) = 7n. S0, by Rosenthal’s ¢;-theorem
and by passing to a further subsequence if necessary, we may also assume that
(Mg, . )n is equivalent to the ¢; canonical basis. Now, X := span{my,, 4, : n € N}
is isomorphic to £1, and wf[ x is an isomorphism onto its range. ([

It is clear that if fis strictly singular, then for any infinite subset £ C M, f[g
is not bi-Lipschitz. The following example shows that the converse is not true.

Example 7.2. Let M = {0} U (2,)n U (yn)n be a countable metric space, with the
distance defined by:

X, ifp=an, ¢=yn, n€N
d(p,q) = { if p € {zn,yn}, ¢ =0

%"’_% ifpe{xnayn}a qe{xmvym}7n7ém€N~
Essentially, it is a pair of sequences (), (Yn )n converging to 0 at a slower rate than
the distance d(z,, y,) converges to 0. Now, consider the function f: M — [0, 1] de-
fined by f(0) = f(y») = 0and f(z,) = % for all n € N. Note that f is 1-Lipschitz.
Moreover f attains its Lipschitz constant at each pair (2, y,), which means that f
is not uniformly locally flat. Particularly, thanks to [2, Theorem A], this indicates
that fis not compact and so not strictly singular, as shown in Theorem 7.1.

However, for every p > 0 there exists a ng € N such that n%) < p. Straightforward

computations show that if n # m > ng, then

Vp € {an, yn} and Vg € {&m, ym} = d(f(p), f(q)) < pd(p,q).
Therefore f is not bi-Lipschitz when restricted to any infinite subset of M.

APPENDIX: SHORT PROOF OF THEOREM A IN [5]

Theorem A in [5] is used repeatedly along this article. Its original proof in [5]
is fairly complex, and it uses some underlying principles previously used to show
Lemma 3.4 in [10]. In this appendix, we include a short proof of Theorem A in [5]
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based directly on Lemma 3.4 in [10]. This proof was communicated to the authors
of [5] by Sylvester Eriksson-Bique. We are grateful to him for allowing us to include
it in this paper.

Proposition 7.3. Let M be a compact purely 1-unrectifiable metric space. Then

Biip, (ar) s w*-dense in Brip, (ar)-

Proof. Let f in By, (a) and € > 0 be arbitrary. Set fo := f and 6y := diam(M).

Since M is purely l-unrectifiable, fy is curve-flat. Applying Lemma 3.3, as we

did in the proof of Lemma 3.4, we obtain a function f; € Bl' 1 (M) such that
ipg

lfo = fillo < 5 and |fl(§2;$(y)| < |f°(§2;£‘)’(y)‘ + 1 for every x # y € M. Denote
by 6; the radius at which f; is %—ﬂat. Importantly, fi is again curve-flat since M
is purely 1-unrectifiable.
Continuing inductively in this way, we obtain sequences (f,), C Brip,(ar) and

(6)r such that for all n € N and all z # y € M:

(1) fn is 5~-flat at radius 6,,,

(2) [Ifn = fa-1lloc < 5, and

(3) |fn(§2;£7)z(y)\ < |fn71(22;£7)t—1(y)\ + 2% for every z # y € M.

Let f be the limit of (f,), in the topology of uniform convergence. In partic-
ular, (f,)n converges to fo in the weak*-topology and ||f — foolleo < €.

It only remains to show that f., is uniformly locally flat. Let = # y € M and
fix an arbitrary n € N. For any m > n, we have by induction

@) = @] _ 1fal) = fula)] | L

d(z,y) - d(z,y) on’
Taking m — oo yields ‘f‘x’(zz;ij"(z)l < ‘f’L(Zz;J;’)L(z)l + QL Notice that this implies

that || fo ||z < 1. Morevoer, since f, is 5--flat at radius 6, we obtain that fs is
2n¥_1—ﬂa‘c at radius 6,,. As it holds for arbitrary n € N, the map f,, is uniformly

locally flat. [

Let us note that this approach does not work to obtain Theorems 3.1 and 4.1.
Particularly, one may attempt to use a similar argument in Propositions 3.5 and
4.3, approximating a curve-flat function by flatter and flatter functions, and hoping
to take the uniform limit of a sequence of such approximations to obtain a uniformly
locally flat function, whose linearization can easily be seen to be DP and RN respec-
tively (indeed, when M is compact it is a compact operator as shown in [2, 28, 30]).
However, we crucially need each approximation to be again curve-flat in order to
continue the induction, which need not be true outside of the purely 1-unrectifiable
domain case. In fact, this approach simply cannot work, since by Example 5.25
in [5] (also used in Example 6.8) there exists a compact metric space that admits
a non-trivial curve-flat function, but where only constant functions are uniformly
locally flat. Therefore, such a curve-flat function cannot be approximated at all by
a uniformly locally flat function.
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