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ABSTRACT

Context. Type II Cepheids are old pulsating stars that can be used to trace the distribution of an old stellar population and to measure
distances to globular clusters and galaxies within several megaparsecs, and by extension, they can improve our understanding of
the cosmic distance scale. One method that can be used to measure the distances of Type II Cepheids relies on period-luminosity
relations, which are quite widely explored in the literature. The semi-geometrical Baade-Wesselink technique is another method that
allows distances of radially pulsating stars, such as Type II Cepheids, to be measured if the so-called projection factor is known.
However, the literature concerning this parameter for Type II Cepheids is limited to just a few pioneering works.

Aims. In determining projection factors for eight nearby short-period Type 1I Cepheids, also known as BL Her type stars, we aim to
calibrate the Baade-Wesselink method for measuring distances for this class of stars.

Methods. Using the surface brightness-colour relation version of the Baade-Wesselink technique, we determined the projection factors
and radii of eight nearby BL Her type stars. We adopted accurate distances of target stars from Gaia Data Release 3. Time series
photometry in the V and Ks bands have been collected with two telescopes located at the Rolf Chini Cerro Murphy Observatory
(former Cerro Armazones Observatory), while spectroscopic data have been obtained within dedicated programmes with instruments
hosted by the European Southern Observatory.

Results. The measured projection factors for the stars with good quality data are in the range between 1.21 and 1.36. The typical
uncertainty of projection factors is 0.1. The mean value is 1.330 + 0.058, which gives the uncertainty of ~4%. The main sources of
uncertainty on the p-factors are statistical errors of the Baade-Wesselink fit (related to the dispersion and coverage of light and radial
velocity curves) and parallax. In the case of radii, the biggest contribution to the error budget comes from the Ks band photometry’s
systematic uncertainty and parallax. The determined radii allowed us to construct the period-radius relation for BL Her stars. Our
period-radius relation is in good agreement with the previous empirical calibration, while two theoretical calibrations found in the
literature agree with our relation within 20-. We also confirm that BL. Her and RR Lyr stars obey an apparent common period-radius

relation.

Key words. stars: distances — stars: Population II — stars: variables: Cepheids

1. Introduction

Radially pulsating stars, such as Cepheids (classical, Type II,
or anomalous) and RR Lyrae, serve as very important dis-
tance indicators. What makes them very special is that there are
two completely independent methods of determining distances
to these stars that take advantage of their pulsational nature.
The respective period-luminosity relations of pulsating stars
(Leavitt Law; Leavitt 1908) make them widely usable as very
precise standard candles (e.g. Gieren et al. 2005; Ripepi et al.
2017; Riess etal. 2021; Beaton et al. 2016; Bhardwaj 2020;
Breuval et al. 2023; Sicignano et al. 2024). In particular, the

* Corresponding author; pwielgor@camk.edu.pl

period-luminosity relation for classical Cepheids is used in the
most precise distance ladder to determine the Hubble Constant
(Riess et al. 2023). On the other hand, the semi-geometric
Baade-Wesselink (BW) method (it is also sometimes called
the Baade-Becker-Wesselink or parallax-of-pulsation method;
Baade 1926; Becker & Strohmeier 1940; Wesselink 1947) can
be applied to measure the distance to the radially pulsating
star by comparing variations of the physical (inferred from
integration of the radial velocity curve) and apparent angu-
lar size (obtained from photometry or interferometry). Dif-
ferent versions of the BW method have been applied by
many authors to obtain distances and sizes of pulsating stars
(e.g. Balona 1977; Burki & Meylan 1986; Gieren et al. 1998;
Rastorguev & Dambis 2011; Groenewegen 2013; Ripepi et al.
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2014; Mérand et al. 2015). This method requires prior knowl-
edge of the so-called projection factor (p-factor), which trans-
lates the radial velocity measured from spectra into the velocity
of the expanding or contracting atmosphere of the star (pulsa-
tional velocity). The value of the p-factor is the result of the pro-
jection of the pulsational velocity from a given part of the visible
stellar disc on the line of sight. Due to limb darkening, velocity
gradients in the atmosphere, and other factors, the value of the p-
factor is difficult to model (see, e.g., Nardetto et al. 2011, 2014,
and references therein). An accurate calibration of this param-
eter is crucial to achieve high accuracy on distances measured
with the BW method.

Empirical determination of the projection factor requires
prior knowledge of the distances of a sample of stars of
a given class. While parallaxes of a number of classical
Cepheids and RR Lyrae stars were measured by HIPPARCOS
and the Hubble Space Telescope, the Type II Cepheid distance
scale was based on parallaxes of just two stars before Gaia
(Matsunaga et al. 2009; Benedict et al. 2011). The Gaia space
mission (Gaia Collaboration 2016) is a game-changer, and the
last data release (Data Release 3, DR3, Gaia Collaboration 2021;
Lindegren et al. 2021b) contains parallaxes of several dozens of
Type II Cepheids within 5kpc. In Wielgdrski et al. (2022), we
used Gaia DR3 parallaxes of 21 Galactic Type II Cepheids to
determine period-luminosity relations with an accuracy of ~5%.

Different versions of the BW analysis have been used to
determine radii of Type II Cepheids assuming the value of
the p-factor (e.g. 1.36, Balona 1977; Burki & Meylan 1986;
Balog et al. 1997). The literature concerning p-factors of Type
II Cepheids is limited to just some pioneering works (Feast et al.
2008; Breitfelder et al. 2015; Pilecki et al. 2018). Two stars anal-
ysed in these papers are peculiar W Virginis (pW Vir) stars,
which are believed to be members of binary systems, which
is a quite strong limitation for using them as precise distance
indicators. Feast et al. (2008) used the HIPPARCOS parallax of
« Pav in an analysis that is similar to what is presented in this
paper and obtained a very low p-factor value of 0.93+0.11.
Breitfelder et al. (2015) analysed x Pav with the Spectro-Photo-
Interferometry of Pulsating Stars code (SPIPS) Mérand et al.
2015), which utilises multiband photometric and interferomet-
ric datasets and models of stellar atmospheres to determine the
angular size of the star, and they obtained p = 1.26 +0.07.
We note that « Pav is believed to belong to the pW Vir class
(Matsunaga et al. 2009; Wielgérski et al. 2022); however, no
signature of a companion has been found so far. On the other
hand, Pilecki et al. (2018) performed a very detailed analysis
of pW Vir found by the Optical Gravitational Lensing Experi-
ment (OGLE, Udalski et al. 2008; Soszynski et al. 2008) project
in the Large Magellanic Cloud, which is a known eclipsing
binary. The value of the projection factor obtained in that study
is 1.30+£0.03.

Recent studies of p-factors for classical Cepheids
(Trahin et al. 2021) and RR Lyrae stars (Brasetal. 2024)
with SPIPS and using accurate parallaxes from the Gaia
satellite mission have revealed quite a big scatter (~10%) and no
clear correlation of p-factors with the period. On the other hand,
Gallenne et al. (2017) in their analysis of classical Cepheids
in the Large Magellanic Cloud with SPIPS obtained a quite
significant linear dependence of the p-factor on the period. The
observed large scatter (not compatible with the statistical errors
of the measured p-factors) of p-factors could be the result of the
non-uniform datasets used in the analysis (different instruments
and epochs of observations); cycle-to-cycle variations of the
radial velocity amplitude (Andersonetal. 2016; Anderson
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2016); the gradient of the velocity in the stellar atmosphere
(Nardetto et al. 2017); or even envelopes composed of dust
or ionised gas surrounding these stars (Kervella et al. 2009;
Hocdé et al. 2020; Nardetto et al. 2023; Hocdé et al. 2024).
This may also suggest that using a single parameter to translate
the observed radial velocity into the pulsational velocity of the
stellar atmosphere is too great of a simplification, but we believe
that there is still some space for improvements both in the data
and methodology. Comparing projection factors for different
types of pulsating stars with different physical properties can
also be very helpful in improving our understanding of stellar
atmospheres.

In this study, we present the very first determination of the
p-factor for Type II Cepheids of the BL Her subclass using
the surface brightness-colour relation (SBCR) version of the
BW method (Barnes & Evans 1976; Fouque & Gieren 1997).
Our sample consists of eight stars, but it will be expanded
in the future, which should allow us to check the intrinsic
scatter of the p-factor and its dependence on other parame-
ters. This work is part of a series of papers on the Araucaria
project (The Araucaria Project 2023) devoted to the calibra-
tion of primary distance indicators using nearby stars and is
based on observations made at the Rolf Chini Cerro Murphy
Observatory (OCM; formerly the Cerro Armazones Observa-
tory; Ramolla et al. 2016) and Gaia parallaxes. Thanks to the
use of uniform datasets, as described in Section 2, we minimised
the influence of systematic errors on our results. In Section 3, we
present our methodology, and Section 4 presents our results and
discussion. We summarise our work in Section 5.

2. Data
2.1. Optical and near-infrared photometry, reddening, and
periods

The photometric data were collected between March 2017 and
March 2020 with two telescopes located at OCM. Near-infrared
time series data in the J, H, and Kg passbands, collected with
the IRIS camera (Hodapp et al. 2010) installed on the 0.8-metre
telescope, have been published in Wielgérski et al. (2022). In
this work, we used the Kg band data only. We supplemented our
Ks band measurements for SW Tau with data from Feast et al.
(2008), collected with a photometer installed on the 0.75-
metre telescope at the South African Astronomical Observatory
(SAAO). The IRIS photometry is in the Two Micron All Sky
Survey (2MASS, Skrutskie et al. 2006) system, and we trans-
formed the SAAO photometry to the 2MASS system using for-
mulae from Koen et al. (2007). The systematic uncertainty of the
Ks band light curves was estimated in Wielgorski et al. (2022) to
0.02mag.

Optical photometry in the Johnson B and V passbands were
obtained with the VYSOS16 0.4-metre telescope located at
OCM (Ramolla et al. 2013) with a pixel scale of 0.77 arcsec/px
and a 41.2" x 25.5’ field of view. Nine dithered images were cor-
rected for dark current and flatfielded with the standard IRAF
routines (Tody 1993) and then matched and stacked into one
final frame using Sextractor (Bertin & Arnouts 1996); SCAMP
(Bertin 2006); and SWARP (Bertin 2010). Aperture photome-
try was made with a dedicated pipeline based on the Astropy
Python library (Astropy Collaboration 2018), and DAOPHOT
(Stetson 1987) was transformed to the standard Johnson-Cousins
system using secondary standards from the synthetic all sky
catalogue described in Gaia Collaboration (2023), which was
created based on Gaia low-resolution spectra. The synthetic
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catalogue was standardised with Landolt (1992) standard fields,
and the authors estimated its accuracy with secondary stan-
dards from the ‘Stetson collection’ (for details see section 3.2
in Gaia Collaboration 2023) to be at the level of ~0.02 mag. We
adopted this value as the systematic uncertainty of our transfor-
mations. We selected as secondary standards three to ten stars
with a brightness comparable to the target star and a wide range
of colours. The (B — V) colour term of our transformations to the
standard system is —0.04 for the B band and zero for the V band.
The B and V band photometric data are presented in Table 1.

We adopted periods published in Wielgdrski et al. (2022)
and presented in Table 2. In the case of SW Tau, the period
given in the table is for H/D = 2435500.0, and we applied the
period change of —1.15x107% s/yr from Devlen & Acar (2017) to
improve the quality of curves, in particular to phase the K band
measurements from IRIS and Feast et al. (2008) and by exten-
sion to minimise the spread of the final fit.

Our light curves are quite well sampled, but in some cases
we decided to fit templates to our measurements in the V
band. Templates were created using photometry of a given star
in the V band from the All Sky Automated Survey (ASAS;
Pojmarnski 2004) or from the All Sky Automated Survey for
Supernovae (ASASSN; Shappee et al. 2014; Jayasinghe et al.
2018), depending on the quality of the photometry from a
given source. The ASAS or ASASSN photometry was phased
with a period given in Table 2 and approximated with Akima
splines (Akima 1970), implemented in the SciPy Python library
(Virtanen et al. 2020). The template light curve was then fit
(amplitude, phase shift, and mean magnitude) to our measure-
ments using y> minimisation. In Figure 1, we show the exem-
plary photometry used to create the template.

The photometry was corrected for the interstellar extinc-
tion using values of the colour excess E(B — V) pub-
lished in Wielgdrski et al. (2022), which are based on
Schlafly & Finkbeiner (2011) reddening maps and the dust
model in the Milky Way from Drimmel & Spergel (2001).
To calculate the total extinction in V and Ks bands, we
used Cardelli et al. (1989) and O’Donnell (1994) reddening
law, assuming Ry =3.1. The adopted values of E(B — V) are
also presented in Table 2. The statistical uncertainty given
in Schlafly & Finkbeiner (2011) is below 0.01 mag, but we
assumed the uncertainty of the E(B — V) values to be at the level
of 0.02 mag.

2.2. Spectroscopy

Radial velocities were measured from spectra collected between
2016 and 2023 within dedicated programmes with four high res-
olution (40 000-100 000) spectrographs hosted by the European
Southern Observatory (ESO). We used CORALIE, installed on
the 1.2m ‘Swiss’ Leonhard Euler telescope at La Silla Obser-
vatory (Queloz et al. 2000); HARPS, installed on the 3.6m
telescope at La Silla Observatory (Pepe et al. 2000); FEROS,
installed on the 2.2m MPG/ESO telescope at La Silla Obser-
vatory (Kaufer & Pasquini 1998); and UVES, installed on the
8.2m VLT UT2 (Kueyen) telescope at the Paranal Observatory
(D’Odorico et al. 2000, filler programme).

In the case of HARPS and UVES spectra, we used the stan-
dard reduction pipelines (instrumental calibrations and wave-
length solution) offered by ESO and downloaded processed
spectra from the ESO archive. The CORALIE and FEROS spec-
tra were reduced with CERES pipeline (Brahm et al. 2017), which
proved to give good results for these two instruments. If needed,
we merged the echelle orders with a custom Python script devel-

Table 1. New optical photometry of the Type II Cepheid sample anal-
ysed in this paper.

Star Filter HJD m Om
(days) (mag)  (mag)
BL Her \% 2458342.531808 9.792  0.005
BL Her \% 2458344.533328 10.386  0.005
BL Her %4 2458346.538110  9.894  0.005
BL Her Vv 2458347.533630 10.441 0.005
BL Her \%4 2458348.547888 10.470 0.005
BL Her %4 2458349.540027 10.226  0.005
BL Her Vv 2458350.536321 9.963  0.005
BL Her \%4 2458351.534698 10.227 0.005
BL Her %4 2458352.530724 10.548 0.005
BL Her Vv 2458353.525130 10.319 0.005
BL Her \%4 2458355.525918 9.837  0.005
BL Her %4 2458356.519569 10.601  0.005
BL Her Vv 2458357.494819 10.330 0.005
BL Her \% 2458358.495066 10.001  0.005
BL Her \% 2458359.495035 9.770  0.005
BL Her Vv 2458368.551779 10.090 0.005
BL Her B 2458342.525882 10.045 0.009
BL Her B 2458344.527333  10.929 0.006
BL Her B 2458346.532184 10.188 0.006
BL Her B 2458347.527763 10.979  0.005
BL Her B 2458348.531766 11.041 0.005

Notes. The full version of this table is available as supplementary mate-
rial in a machine readable format at the CDS.

oped by our team and normalised spectra by modelling con-
tinuum with polynomials (after excluding the most prominent
lines). As shown by Nardetto et al. (2008) and Borgniet et al.
(2019), the selection of the analysed spectral lines has an impact
on the obtained value of the p-factor. To homogenise the spectra
from all instruments, we restricted the analysis to the wavelength
range between 450 nm and 650 nm. Moreover, we used a mask
to exclude telluric lines and problematic regions (such as gaps)
present in some spectra.

Radial velocities were measured using the cross-
correlation function (CCF) implemented in iSpec software
(Blanco-Cuaresma et al. 2014) using Coelho etal. (2005)
synthetic spectra as templates. We also tried the Broad-
ening Function (BF) technique implemented in Ravespan
(Pilecki et al. 2017), but it gave virtually identical results. The
important concern that quite significantly impacts the obtained
results is the selection of the function to model the CCF, as
the profiles of lines for pulsating stars are asymmetric in some
phases. We decided to use the Gaussian profile to be consistent
with Trahin et al. (2021) and Bras et al. (2024), but we also
tried a bi-Gaussian profile and first moment as described in
Nardetto et al. (2017), and we discuss the influence of this
choice on the results. The typical uncertainty of our radial
velocity measurements is 0.2 km/s. We did not observe any
obvious systematic shift between the measurements from differ-
ent instruments. The measured radial velocities are presented in
Table 3.

2.3. Distances

Similar to Wielgdrski et al. (2022), we used parallaxes from
Gaia DR3 with the position, magnitude, and colour-dependent
zero-point offset calculated with the dedicated Python code
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Table 2. Periods, parallaxes, parallax zero-point offset, Gaia G-band magnitude and (Bp — Rp) colour index, and reddening for the analysed Type

II Cepheids.
Name P w ZPO GGaia (Bp—Rp) EB-V)
(days) (mas) (mas)  (mag) (mag) (mag)

(1 @) 3 4 (&) (6) @)

VY Pyx 1.239957 3.9495+0.0186 —-0.0237 7.11 0.81 0.048 =0.02
BL Her 1.30743  0.8469+0.0179  0.0016 10.17 0.74 0.067 £0.02
KZ Cen 1.52006  0.3024 +0.0153 -0.0224 12.37 0.74 0.084 +0.02
SW Tau 1.58355* 1.2244+0.0222 -0.0103 9.62 0.98 0.252+0.02
V971 Aql 1.62453  0.4400+0.0219 -0.0175 11.78 091 0.174 +£0.02
V439 Oph  1.89298  0.4753+0.0163 —-0.0103 11.89 1.15 0.268 =0.02
RT TrA 1.94612 1.0162+0.0162 -0.0021 9.68 0.92 0.112+0.02
FM Del 3.95498 0.2300+0.0135 -0.0174 12.27 0.92 0.087 +0.02

Notes. Period for HJD =2435500.0, period change —1.15 x 107 s/yr

0.4 0.6 0.8 1.0

Phase

0.2

0.0

Fig. 1. ASAS photometry used to create the V band light curve template
for BL Her star. The green line is the Akima spline fit.

described in Lindegren et al. (2021a). We increased the statis-
tical uncertainties of the parallaxes given in the Gaia catalogue
by 10% as suggested by Riess et al. (2021) to account for pos-
sible excess uncertainty. The values of the parallaxes and zero-
point corrections as well as the Gaia G-band magnitudes and
(Bp — Rp) colour index used to calculate the zero-point correc-
tions are given in Table 2.

The renormalised unit weight error (RUWE) and goodness
of fit (GOF) parallax quality parameters given in the Gaia cat-
alogue (see Table 2 in Wielgdrski et al. 2022) for the anal-
ysed stars are well below the limits for good quality parallaxes
(RUWE < 1.4, GOF < 12.5, Lindegren et al. 2021b). The dis-
tances of the stars in our sample are between 250 pc and 4500 pc,
with a mean value of 900 pc and typical error of ~2%.

3. The IRSB Baade-Wesselink method

Our implementation of the BW method is similar to the approach
presented in Stormetal. (2011) and Gieren et al. (2018). It
relies on the angular diameters determined from the SBCR
(Barnes & Evans 1976) calibrated for the (V — K;) colour
index (IRSB technique, Fouque & Gieren 1997). The angular
diameters determined this way very weakly depend on red-
dening, metallicity, or surface gravity (Fouque & Gieren 1997;
Kervella et al. 2004a; Gieren et al. 2018; Pietrzynski et al. 2019;
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Thompson et al. 2001; Salsi et al. 2022). The surface brightness
Fy is defined as follows:

Fy() = 4.2207 - 0.1Vo(¢) — 0.5 log (s), (1)

where Vj is the unreddened V band magnitude and 6 is the
angular diameter. Calibrations of the SBCR have been made
for different types of stars by, for example, Welch (1994),
Fouque & Gieren (1997), di Benedetto (1998), Kervella et al.
(2004b,a), Challoufetal. (2014), Pietrzynskietal. (2019),
Graczyk et al. (2021), Salsi et al. (2021) from interferometric
measurements of angular diameters or eclipsing binaries with
known distances. There is no specific relation calibrated for Type
IT Cepheids (which are giants of F-G spectral type) available, so
we decided to use the relations from Kervella et al. (2004a, here-
after KO4a); Kervella et al. (2004b, K04b); Salsi et al. (2021,
S21); and Graczyk et al. (2021, G21), which are presented in
Table 4. We decided to use these relations because they are
independent and very precise (dispersion ~1-2%) and cover
the colour range of the analysed Type II Cepheids. These rela-
tions are calibrated for classical Cepheids, dwarfs, and subgiants,
and such an approach allowed us to test the influence of the
uncertainty of the surface brightness on the obtained results.
The relations are also presented in Figure 2 together with the
colour index range covered by each star during the pulsation
cycle.

The light and radial velocity curves were phased with HJD
set to the maximum of brightness in the V band. We then fit the
Akima spline polynomials (Akima 1970), implemented in the
SciPy Python library (Virtanen et al. 2020) or template (created
from ASAS or ASASSN data), to the V band light curve and
radial velocity curve. We found the mean radial velocity V, by
integrating the radial velocity curve, and then we calculated the
following integral:

. bi

a6 = 22 = [T 0= v, e, @)
which gave us the displacement (in kilometres) of the physical
radius AR(¢;) over the pulsation phase but divided by the projec-
tion factor p. We found the mean value of AR’(¢;) and subtracted
it from the above integral to obtain the displacement relative to
the mean radius of the star.

From the model of the V band light curve, Kg band mea-
surements, and the reddening correction, we obtained the unred-
dened (V — K5s), colour index for the phases corresponding to the

phases of the Kg band measurements. From the selected SBCR,
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Table 3. New radial velocity measurements of the sample Type II Cepheids analysed in this paper.

Star HJD Vi ov, Vic ) Instrument
(days) (km/s)  (km/s) (km/s) (km/s)
BL Her 2457901.69869132  18.11 0.20 25.95 18.17 HARPS
BL Her 2457901.77199208 -2.07 0.13 -0.98 -2.10 HARPS
BL Her 2457902.68274749  20.32 0.07 18.17 20.36 HARPS
BL Her 2457903.75918934  10.23 0.08 12.32 10.19 HARPS
BL Her 2457914.67843204  36.17 0.13 32.12 36.22 HARPS
BL Her 2457914.76888472  20.27 0.32 26.88 20.27 HARPS
BL Her 2457915.62648906  12.07 0.06 12.01 12.09 HARPS
BL Her 2457915.72868948  18.09 0.06 16.44 18.14 HARPS
BL Her 2457916.67453464 8.31 0.06 8.24 8.29 HARPS
BL Her 2458233.77712936  26.60 0.28 29.33 26.59 HARPS
BL Her 2458240.78722272 3.05 0.05 -1.86 3.11 CORALIE
BL Her 2458240.8691601 6.04 0.05 4.90 6.02 CORALIE
BL Her 2458240.92456825 8.57 0.04 7.41 8.58 CORALIE
BL Her 2458241.78463846 —10.76  0.16 -8.45 -10.81 CORALIE
BL Her 2458241.86983985 —8.34 0.13 -8.51 -8.30 CORALIE
BL Her 2458242.82536589  36.15 0.07 32.66 36.17 CORALIE
BL Her 2458243.87606979  16.88 0.05 17.38 16.92 CORALIE

Notes. Measurements were obtained from a cross-correlation function modelled with Gaussian (V,.¢), centroid (V,.¢), and bi-Gaussian (V, ). The
full version of this table is available as supplementary material in a machine readable format at the CDS.

Table 4. Surface brightness-colour relations used to estimate the angular diameters of Type II Cepheids.

Abbreviation Relation Calibrating sample Source
K04a Fy = —0.1336 X (V = K)o + 3.9530 classical Cepheids Kervella et al. (2004a)
095<(V—-Ks) <24
K04b Fy =—-0.1377 x (V = K)o + 3.9620 dwarfs and subgiants ~ Kervella et al. (2004b)
05<(V-Ks) <3
S21 Fy =—-0.1404 x (V — K)o + 3.9665 dwarfs and subgiants Salsi et al. (2021)
1<(V-Kg) <3
G21 Fy =-0.0031 x (V - K)g +0.0239 x (V - K)g dwarfs Graczyk et al. (2021)

—0.0623 X (V — K)} + 0.0705 % (V — K)2

~0.1708 x (V — K)o + 3.9666

05<(V-Kg)y <21

we then calculated the surface brightness Fy for a given phase
of Kg band measurements, and then from equation (1), we cal-
culated the angular size 6 (in miliarcseconds) of the star in a
given phase. Relations from Salsi et al. (2021) and Graczyk et al.
(2021) are given for K photometry in the 2MAS S system, but
in the case of Kervella et al. (2004a,b), which are in the SAAO
system, we transformed our Kg band photometry using equations
from Koen et al. (2007).

The angular size for a given phase 6(¢) and the physi-
cal radius R(¢) are connected by the following geometrical
formula:

0(¢;) = 6.7114 x 107~ x 2wR(¢;), 3)

where w is the parallax (in milliarcseconds) and the numerical
constant comes from changing parsec to kilometres and radians
to milliarcseconds (it is in fact simply the inverse of the astro-
nomical unit). Using equation (2), we obtained the following
relation:

0(¢:) = 6.7114 x 107 x 2w(pAR (¢;) + (R)), 4)

where (R) is the mean radius of the star. By fitting a straight line
to this relation, we obtained the projection factor (as a slope) and

the mean angular diameter of the star (the zero point), which is
used to calculate the mean radius.

4. Results and discussion

Figure 3 and Figures A.1-A.7 in Appendix A present the light
and radial velocity curves (panels a,b.d), the (V — Kg) colour
index curve (panel c), the integrated radial velocity (panel e),
and the angular diameter curve based on KO4b SBCR (panel f)
for the analysed stars. Panel g shows the linear relation between
the angular diameter and the integrated radial velocity in cor-
responding phases rescaled using equation (4) to have identi-
cal units in both axes. The slope of the fitted line is simply the
p-factor in such a case, and the zero point is the mean angular
size of the star, which is used to calculate the mean radius. In
panel f, we also plot the integrated radial velocity curve from
panel e, rescaled using equation (4), and the estimated values of
the p-factor and mean radius. In the cases of VY Pyx, SW Tau,
V971 Aql, and V439 Oph, the V band light curve was approxi-
mated with Akima splines, while for BL Her, KZ Cen, RT TrA,
and FM Del, we used a template created based on the ASAS or
ASASSN V band light curve of a given star.
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Fig. 2. Surface brightness-colour relation used to determine the angular

diameters of the analysed stars. The dashed sections denote the colour
index range covered by each analysed star during the pulsation cycle.

Statistical uncertainties on the obtained values of the
p-factors and radii were evaluated in the Monte-Carlo process.
In each simulation, we drew V and Kg band and radial velocity
measurements from normal distributions defined by the original
measurements and related errors and perform the BW analysis.
We repeated this process 2000 times, and from the resulting his-
tograms of the p-factor and radius, we obtained the uncertainties
as the standard deviation of a Gaussian fitted to the histogram.
In Figure 4, we show the scatter plot for the p-factor and mean
radius obtained in Monte-Carlo simulations for V439 Oph and
respective histograms for these two parameters. The Pearson cor-
relation coefficient r for the p-factor and mean radius for each
analysed star is between —0.2 and 0.2, which means that the cor-
relation between these two parameters is very weak.

The obtained values of the p-factors and radii obtained using
different SBCRs with statistical errors resulting from the Monte-
Carlo simulations are summarised in Table 5. As the relation
KO04b covers the whole range of the colours of all analysed Type
II Cepheids and gives in most cases the smallest dispersion of
the final fit, we used it as a reference relation. We used the other
SBCRs to estimate the uncertainty related to the uncertainty of
the surface brightness. In Figure 5, we show for comparison the
relation from panel g of Figure 3 for the star V439 Oph but for
each SBCR used in the analysis.

We tested the influence of the systematic errors of the V and
Ks band photometry, E(B — V), and parallax on our results. We
simply shifted a given curve or parameter by the assumed sys-
tematic value (0.02 mag for V and Ky light curves, and errors
from Table 2 for reddening and parallax), and we repeated the
whole process to find the corresponding value of the p-factor
and radius. The difference between the value obtained with the
original dataset and the value obtained after applying the sys-
tematic shift gave us the uncertainty related to the uncertainty of
a given parameter.

A241, page 6 of 15

The spread of the obtained values of the p-factors and radii
from different SBCRs was adopted as the uncertainty related to
the surface brightness. The obtained uncertainties for every star
are summarised in Table 6. The total errors on the p-factors and
radii are the quadratic sum of the uncertainties detailed in this
Table for each star.

We note that SW Tau is the only star for which we used the
Kjs band photometry from two sources, and we had to apply the
period change to phase the curves. In Figure 6, we plot the rela-
tion from panel f of Figure A.4, but the measurements based on
different Kg band photometry sources are marked with different
colours. The p-factor obtained based only on IRIS data amounts
to 1.26 +0.11, while using photometry from Feast et al. (2008)
gives a value of 1.32 + 0.04. Both values are in agreement within
the statistical error with the value obtained using the combined
IRIS and Feast et al. (2008) data, which amounts to 1.32 + 0.04.
In the case of radii, we obtained 9.29 +0.03 and 9.15+0.01
when we exclusively used IRIS and Feast et al. (2008), respec-
tively. These values differ by ~1.6%, which is most probably
caused by a small systematic difference (0.015 mag) in the Kg
light curves of these two sources.

4.1. Projection factors

The values of the p-factor for the reference K04b relation mostly
range between 1.21 and 1.36, and the results for different SBCRs
are usually in agreement within statistical errors. One signifi-
cantly outlying star, VY Pyx, is the brightest star in our sam-
ple (brighter than 6 mag in Ks) and has a very low amplitude
(0.3 mag in V and Ky). It was observed with the non-cooled neu-
tral density filter, which increased the thermal noise and results
with a low-quality Ks band light curve. These factors result in
the low precision of the fit. The weighted mean value of the
p-factors, including VY Pyx, is 1.330 +0.058, and the standard
deviation amounts to 0.143. When we excluded VY Pyx, we
obtained a weighted mean of 1.314 +0.022 and a standard devi-
ation of 0.054. These mean values of the p-factor are in good
agreement (10°) with the values obtained for peculiar W Vir stars
in Breitfelder et al. (2015) and Pilecki et al. (2017), which are
1.26 +0.07 and 1.30 + 0.03, respectively.

From Table 6, one can see that the most significant sources of
errors on p-factors in most cases are the statistical spread of the
final BW fit, which is connected to the dispersion and coverage
of light and radial velocity curves and can be minimised with
a higher number of measurements, and parallax, which will be
also improved in the future with the final Gaia data release. As
expected, the influence of reddening on the obtained results is
negligible (below 1%). The systematic shift of the V band light
curve gives a change of p-factor below 1%, and for K, it is at
the level of 1.5%. Errors related to the uncertainty of the surface
brightness are at the level of 2-3%.

In Figure 7, we plot the relation between the p-factors and
the logarithms of periods of the analysed stars. The errors of the
p-factors are the total errors from Table 6 (every source of the
error in this table contributes to the observed dispersion of the
p-factors in this plot), and in most cases the measured values
of the p-factors are in agreement with the mean value within
1o. No obvious relation between the p-factor and the period is
visible, so at this stage we can conclude that for short-period
Type II Cepheids, it is sufficient to use the constant value of the
p-factor given above.

Recently, Zgirski et al. (2024) used the same method and
data from identical instruments as in this work to measure the
p-factors of nine RR Lyr stars. They obtained a mean value of
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. V439 Oph
p-factor=1.25 + 0.03
R=10.85 = 0.02 Ro

—-0.004 -0.003 -0.002 -0.001 0.000 0.001 0.002 0.003
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Fig. 3. Baade-Wesselink analysis of V439 Oph. Panels a, b, and d show our V, K, and radial velocity measurements, respectively. Panel ¢ shows
the unreddened colour index curve. Black lines in these plots are Akima splines fitted to the measurements. Panel e shows the integrated radial
velocity curve. Panel f shows the angular diameter measured using the KO4b SBCR. The green line in this panel is the curve from panel e, rescaled
using equation 4 and measured values of the p-factor and the mean radius. Panel g shows the relation between angular diameters from panel f and
corresponding values of the integrated radial velocity from panel e, rescaled using equation (4). The slope of this relation is the p-factor, and the
zero point is the mean angular diameter used to calculate the mean radius of the star.
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Fig. 4. Scatter plot for the p-factor and mean radius from 2000 Monte-
Carlo simulations and respective histograms for both parameters for

V439 Oph.

1.44 +0.03, which is higher than our measurement for Type II
Cepheids by ~20-.

Our mean value of the p-factor can be compared to those
obtained recently for RR Lyrae and classical Cepheids in
Bras et al. (2024) and Trahin et al. (2021) from analysis with the

SPIPS code, which are 1.25 +0.09 and 1.24 + (.14, respectively.
The value obtained in this work for BL Her stars is in 1o~ agree-
ment with these results; however, it is important to note that we
used a different version of the BW method. The dispersion of
the p-factor for BL Her stars, considering the whole analysed
sample, seems to be similar to that of the RR Lyr and classical
Cepheids. If we neglect the outlying star VY Pyx, as its uncer-
tainty is much bigger than that of the other stars and mostly sta-
tistical, we obtain a much smaller dispersion. The size of our
sample is, however, too small to conclusively determine the real
intrinsic dispersion of the p-factor for BL Her stars.

In Section 2, we mentioned that the selection of the function
to model the CCF has quite a significant impact on the obtained
values of the p-factor. Indeed, p-factors of the analysed stars
obtained using radial velocities determined from the CCF mod-
elled with the bi-Gaussian and centroid (Nardetto et al. 2017) are
systematically lower by ~0.01 (~1%) in the case of the centroid
and 0.05 (~5%) for the bi-Gaussian, but the spread of the p-
factors is identical to when we used the Gaussian. Based on this,
we can claim that using a Gaussian to model the CCF is a good
approach for BL Her stars as long as it is used consistently for
the calibration of the p-factor (or p-factor — period relation) and
the distance determination of the BL Her star, which requires
adopting a value for its p-factor. In other words, different imple-
mentations of the IRSB BW technique might require different
p-factor values for the same star.

As described in Section 2, we used Lindegren et al.
(2021a) corrections for the zero-point offset of parallaxes.
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Cepheids.
Name SBCR p (R)
(Ro)
VY Pyx KOd4a 1.72+0.28 8.50+0.04
Ko04b 1.74+0.29 8.38+0.05
S21 1.77+£0.29  8.40+0.05
G21 1.74+0.29 8.41+0.05
BL Her KO4a 1.34+0.09 8.45+0.02
Ko04b 1.34+0.10 8.27+0.03
S21 1.36 +0.11 8.27+0.03
G21 1.33+0.10 8.31+0.03
KZ Cen KOd4a 1.28+0.08 9.42+0.03
K04b 1.35+0.08 9.25+0.03
S21 1.42+0.09 9.26+0.03
G21 1.35+0.08 9.29+0.03
SW Tau KO4a 1.30+0.04 9.38+0.01
K04b 1.32+0.04 9.18+0.01
S21 1.34+0.05 9.17+0.02
G21 1.31+£0.04 9.23+0.01
V971 Aql KO4a 1.35+0.03 9.73+0.01
Ko04b 1.36+0.03 9.58+0.01
S21 1.39+0.03 9.61+0.01
G21 1.36 £0.03 9.62+0.01
V439 Oph  K04a 1.23+0.03 10.98+0.02
K04b 1.25+0.03 10.85+0.02
S21 1.28+£0.03 10.91+0.02
G21 1.23+0.03 10.87+0.02
RT TrA KO4a 1.31+0.04 10.30+0.02
K04b 1.35+0.05 10.13+0.03
S21 1.39+0.06 10.16+0.03
G21 1.35+0.05 10.17+0.03
FM Del KO4a 1.19+0.06 15.28+0.05
Ko04b 1.21+0.07 15.11+0.05
S21 1.24+0.08 15.20+0.06
G21 1.19+0.06 15.12+0.05

Notes. The presented uncertainties are the statistical errors of the BW

fit calculated in the Monte-Carlo simulations.

However, these corrections are still debated in the lit-
erature (e.g. Groenewegen 2021;

Molinaro et al.

Cruz Reyes & Anderson 2023), and many authors have
suggested that they are overestimated. For comparison, we
repeated the BW analysis without introducing any corrections.
The resulting values of the p-factors are greater by 0.5-5%,
depending on the distance of the star and the size of the
zero-point correction, but they agree within the error bars with
the values obtained when zero-point corrections are applied.
The mean value of the p-factor in this case is greater by 0.03,
but the spread is similar in both cases, so if the observed scatter
of the p-factor is related to the error on parallaxes, applying
corrections from Lindegren et al. (2021b) does not improve the
results.

4.2. Radii

The dominating sources of uncertainty on radii are the Kg
band light curve systematic uncertainty (~2%) and the parallax,
depending on the distance of the star. In the case of VY Pyx, the
closest star in our sample, we obtained a total uncertainty of 2%
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Fig. 5. Relation between the angular diameter inferred from different
SBCRs and the integrated radial velocity rescaled using equation (4)
for V439 Oph.
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line is the fit using the whole dataset.
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Fig. 7. Period — p-factor relation for BL Her stars. The star marked
with a grey point is VY Pyx. The dashed lines denote the weighted
mean values of p-factors including VY Pyx (cyan) and without this star
(magenta).

on the measured radius. For FM Del, the most distant star in our
sample, the total uncertainty is 7%. The uncertainty related to
the V band systematic shift and reddening is negligible, and the
uncertainty related to the surface brightness is at a level of 1%.
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Table 6. Summary of the errors obtained for p-factors and radii for each star.

Name Ostat  OSBCR Oy OKs  OUEB-V) () Ototal  Ostat  OSBCR gy OKs OUEB-V) Tw T total

p-factors

(R) (Ro)

VY Pyx 029 0.02 001 0.03 0.01 001 029 0.05 005 0.03 o0.11 0.05 0.04 0.15
BL Her 0.10 0.01 0.01 0.02 0.01 003 011 003 0.09 0.03 0.13 0.05 0.18 0.25
KZ Cen 0.08 0.06 0.01 0.02 0.01 008 013 003 0.09 0.03 0.15 0.06 052 0.55
SW Tau 0.04 0.02 0.01 0.02 0.01 002 005 003 010 004 0.15 0.06 0.17 0.26
V971 Aqgl 0.03 0.02 0.01 0.02 0.01 0.07 0.08 001 0.07 0.03 0.12 0.06 048 0.50
V439 Oph 0.03 0.02 0.01 0.02 0.01 004 0.06 002 0.06 0.04 0.17 0.07 0.39 0.44
RT TrA 005 0.03 0.01 0.02 0.01 002 0.07 003 007 004 0.13 0.06 0.17 0.24
FM Del 0.07 0.04 0.01 0.02 0.01 008 0.2 005 0.09 0.04 020 0.10 1.04 1.07

Notes. The total errors oy, are the quadratic sum of the statistical errors of the BW fit o, errors related to the uncertainty of the surface
brightness ospcr, errors related to the systematic shift of the V band light curve oy, errors related to the systematic shift of the K band light curve
Ok, errors related to the E(B — V) uncertainty o gs-v), and errors related to the uncertainty of the parllax o-,.
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Fig. 8. Period-radius relation for BL Her type stars and the common relation for BL Her and RR Lyr stars based on radii obtained in this work

(blue points) and in (Zgirski et al. 2024, orange points). For comparison,

we have plotted the relations from the literature: B86 is the empirical

relation Burki & Meylan (1986); G17 and G17(M15) are empirical and theoretical relations from Groenewegen & Jurkovic (2017), respectively;

and D21 is the theoretical relation from Das et al. (2021).

Radii obtained from the parallaxes without applying
Lindegren et al. (2021a) zero-point offset corrections are greater
by 0.5-8% (3% on average), depending on the distance of the
star and the size of correction but are in agreement within the
error bars with values obtained when corrections are applied.
The spread of the measurements around the fitted period-radius
relation is similar to when we use Lindegren et al. (2021a)
corrections.

Figure 8 shows the relation between logarithms of radii and
periods of the analysed stars. The errors of the radii in this plot
are the total errors from Table 6. As expected, stars with longer
periods are bigger, and the relation is linear and quite tight. The
line fitted to this relation is

log(R) = 0.528(+0.031) log P + 0.867(+0.005). 5)

We observed in this figure that two stars with very similar peri-
ods (namely, V439 Oph and RT TrA) differ quite significantly
in radius (about 20). It is rather real (not related to any errors),
as the bigger star (V439 Oph) has a lower effective temperature
(redder colour index what is visible in Figure 2), and thus it is
located closer to the red edge of the instability strip.

For comparison, we plotted the period-radius relations from
the literature. Burki & Meylan (1986) presented an empirical
relation for Type II Cepheids based on radii measured in their
BW analysis using optical photometry (which is more sensi-
tive to reddening) and assuming a value of 1.36 for the p-factor,
and their relation is in good agreement with our result. Another
empirical relation was published by Groenewegen & Jurkovic
(2017) based on the temperatures obtained from the spectral
energy distribution fitting and luminosities of Type II Cepheids
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in the Magellanic Clouds. This relation was derived for short-
(BL Her stars) and long-period Type II Cepheids (W Virginis
and RV Tau stars), and it predicts radii smaller by ~8%, but this
might be the result of the possibly different mean metallicity
of Type II Cepheid populations in the Magellanic Clouds and
solar neighbourhood (the latter is almost solar, Wielgdrski et al.
2022). The slope of the Groenewegen & Jurkovic (2017) rela-
tion is steeper than ours, but it is in agreement within 20. We
also plotted two theoretical relations. Groenewegen & Jurkovic
(2017) published a theoretical relation that is in fact the relation
from Marconi et al. (2015) based on the non-linear, convec-
tive hydrodynamical models of RR Lyr, which according
to Groenewegen & Jurkovic (2017) is relevant for Type II
Cepheids. We calculated the zero point of this relation for the
solar metallicity. This relation is in a good agreement with the
empirical relation from Groenewegen & Jurkovic (2017) and
also predicts radii smaller by ~8% compared to this work. The
second theoretical relation is from Das et al. (2021) and was
obtained based on non-linear convective models calculated with
the RSP-MESA code (Smolec & Moskalik 2008; Paxton et al.
2019). They considered different input parameters, and we plot-
ted the relation for the most complex convection parameter set.
This relation gives a radii greater by ~5% compared to our anal-
ysis, and the slope is again steeper than that we obtained.

Moreover, we plot in the same figure, the radii of RR Lyr
measured with the data collected with identical instruments and
analysed with the same BW method by Zgirski et al. (2024).
Some authors (e.g. Burki & Meylan 1986; Marconi et al. 2015)
have noticed that these two classes of stars can obey single
period-radius (and period-luminosity) relations. As can be seen
in Figure 8, BL Her and RR Lyr stars can indeed be interpreted
as having a common period-radius relation. We fit a common
line to BL Her and RR Lyr stars, and our result was

log(R) = 0.557(+£0.024) log P + 0.864(+0.009), ©6)
with the slope in perfect agreement with (Groenewegen &
Jurkovic 2017) empirical and theoretical relations and the
(Das et al. 2021) theoretical relation. The exact form of the com-
mon relation, including metallicity dependence, requires more
measurements of the radii and individual metallicities of both
Type II Cepheids and RR Lyr stars.

5. Summary

We used the homogeneous optical and near-infrared photometry
and spectra collected within a short span of time and the SBCR
variant of the BW method to determine projection factors and
radii of eight nearby short-period Type II Cepheids. The obtained
values of the p-factors for good quality data (seven stars) are
between 1.21 and 1.36, with a typical uncertainty of ~7%. The
mean value amounts to 1.330+0.058 (4% uncertainty). The
most significant sources of uncertainty are the dispersion of pho-
tometry and radial velocity curves (statistical uncertainty of the
final BW fit) and Gaia parallaxes. The light and radial velocity
curves can be improved by collecting more data, and Gaia paral-
laxes will be more accurate in the future data release. We did not
observe any significant dependence of the p-factor on the period
of stars.

In the case of radii, the dominant sources of uncertainty are
the systematic uncertainty of the Kg band light curve and paral-
laxes. We derived the period-radius relations for BL Her type
stars and the common relation for BL Her and RR Lyr stars
(using radii of RR Lyr from Zgirski et al. 2024). The obtained
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relation for BL Her stars is in good agreement with the pre-
vious empirical relation from Burki & Meylan (1986) obtained
from BW analysis of Galactic Type II Cepheids. The theoreti-
cal relation from (Groenewegen & Jurkovic 2017) predicts radii
systematically smaller by ~8%, while the relation from Das et al.
(2021) predicts radii bigger by ~5%. The common relation for
BL Her and RR Lyr stars obtained in this work has a slope that
is in very good agreement with theoretical relations.

In the future, we plan to collect data and perform BW anal-
ysis of more nearby BL Her type stars as well as of long-period
Type II Cepheids (i.e. W Vir type stars). This will allow us to
calibrate more precisely both the p-factors and the period-radius
relation.

Data availability
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Appendix A: Figures with the BW analysis
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Fig. A.1. Baade-Wesselink analysis of VY Pyx. For a description of the panels, see Figure A.1.
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Fig. A.3. Baade-Wesselink analysis of KZ Cen. For a description of the panels, see Figure A.1.
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Fig. A.4. Baade-Wesselink analysis of SW Tau. For a description of the panels, see Figure A.1.
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Fig. A.5. Baade-Wesselink analysis of V971 Aql. For a description of the panels, see Figure A.1.

A241, page 14 of 15



Wielgérski, P, et al.: A&A, 689, A241 (2024)

a d g
“ r 20+
a6l ¢ _ 0.1050 o
\ / 4 10t
a L] 1 E
T 98} \x " X
E ' ! <> or
N \ H | 0.1025
100} '\\ Id < 10}
\ .I’
102 > . -20t . 4
0.0 0.5 1.0 0.0 0.5 1.0 0.1000}
¢
b e
c e 0.4t
8.1t 0.0975}
. * ‘02
ERR ¢ P B
R 82}
g 82 ¢ |8 oof £
< * - © 0.0950
5 -o0.2¢
8.3t b ¢ <
LI S
0.0 0.5 1.0 0.0 0.5 1.0 0.0925}
¢ ¢
c f
0.105f .
. s Y
—_ . . R 0.0900
o1l4r ? o.00f / \
S o / \
- . (EB / |
<16 R £ 0.095F /o 'v‘ . 0.0875 oo RT TrA
1 . I .
J . © : L . p-factor=1.35 + 0.05
= el “ ¢ 0.090¢ A R R=10.13 + 0.03 Re
° 0 \"'0.
) K
0.0 0.5 1.0 0.0 0.5 1.0 -0.006  -0.004  —0.002 0.000 0.002 0.004 0.006
¢ [ 2XwxAR'/1AU [mas]
Fig. A.6. Baade-Wesselink analysis of RT TrA. For a description of the panels, see Figure A.1.
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Fig. A.7. Baade-Wesselink analysis of FM Del. For a description of the panels, see Figure A.1.
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