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ABSTRACT

Context. The Baade–Wesselink (BW) method, also known as the pulsation parallax method, allows us to estimate distances to indi-
vidual pulsating stars. Accurate geometric parallaxes obtained by the Gaia mission serve us in the calibration of the method and in the
determination of its precision. This method also provides a way of determining mean radii of pulsating stars.
Aims. The main aim of this work is to determine the scatter and possible dependence of p-factors of RR Lyrae stars on their pulsation
periods. The secondary objective is to determine the mean radius-period relations for these stars.
Methods. Our calibrations for RR Lyrae stars are based on photometric data gathered at the Cerro Murphy Observatory and parallaxes
from the Data Release 3 of the Gaia space mission. We obtained spectroscopic data specifically for this project using high-resolution
spectrographs. We used the infrared surface brightness (IRSB) version of the method that relies on a surface brightness–color relation
that is dependent on the (V − K) color. It allows us to estimate stellar angular diameters, while tracing variations of the stellar radius
using measurements of the stellar radial velocity obtained from spectroscopy. We present results based on four different empirical
surface brightness–color relations, with three relations for dwarfs and subgiants and one for classical Cepheids.
Results. We present our calibration of projection factors and determination of the mean radii for nine Galactic RR Lyrae stars. We
obtained a spread of p-factors of around 0.07–0.08 for our sample of RR Lyrae stars from the solar neighborhood. However, depend-
ing on a given SBCR, we also found relations between the p-factor and the pulsation period for RRab stars with a root mean square
(rms) scatter around the relation of around 0.05, but with relatively large uncertainty on the relation parameters. We also present rela-
tions between the mean radius and period for RR Lyrae pulsating in the fundamental mode with an rms scatter around the relation
of 0.012 R⊙. We observe a clear offset between p-factors obtained using the IRSB technique (with a mean p value between 1.39 and
1.45) and values inferred using the SPIPS tool. This confirms that different implementations of the BW method are sensitive to various
components of the p-factor. On the other hand, we obtain a similar scatter for p, as observed in a previous study based on the SPIPS
tool. Our period–radius relations are in a good agreement with both the inference based on SPIPS and theoretical predictions.
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1. Introduction

The Baade–Wesselink (BW) method (Baade 1926; Wesselink
1946), originally proposed as a testing tool of the pulsation
hyphothesis for Cepheids, allows for the determination of mean
radii and geometric distances of individual radially pulsating
stars. Conceptually, the foundation of the method lies in the infer-
ence based on the analysis of variations of both the stellar radius
and the angular diameter. The two parameters are connected via
a simple geometric relation:

θ(ϕ) =
2R(ϕ)

r
=

2
[
R0 + ∆R(ϕ)

]
r

= 2ϖ
[
R0 + ∆R(ϕ)

]
, (1)

⋆ Based on excerpts from the PhD thesis (Zgirski 2022).
⋆⋆ Corresponding author; bzgirski@astro-udec.cl

where θ is the angular diameter of a star at a given pulsation
phase ϕ, R – the stellar radius, r is the distance, and ϖ – is the
corresponding parallax. R0 is the radius of the pulsator corre-
sponding to (an arbitrarily chosen) ϕ = 0, while ∆R corresponds
to its variations in time.

Variations of the stellar radius may be traced using spectro-
scopic measurements of radial velocities:

∆R(ϕ) = −
∫

p
[
vr(ϕ) − vr,0

]
dϕ, (2)

where vr(ϕ) is the measured radial velocity, vr,0 is the systemic
(average) radial velocity obtained from the integration of the
radial velocity curve over the whole phase, and p is a projection
factor (also known as the p- factor). It is a parameter that trans-
lates apparent radial velocities into stellar pulsation velocities
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that correspond to the derivative of the stellar radius. A proper
calibration of the p-factor and its dependence on intrinsic stel-
lar parameters are essential for accurate distance determinations
based on this method. Nardetto et al. (2007) divided the p-factor
into a product made up of the following components:

– p0, the geometrical projection factor, which is an integral
of the pulsation velocity of the stellar line-forming region
(observed using spectroscopy) projected onto the line of
sight and weighted by the stellar surface brightness.

– fgrad, a ratio of the gas velocity of the photosphere (observed
using interferometry or photometry) and the gas velocity of
the line-forming region.

– fo−g, a ratio of the pulsation velocity and the gas velocity of
the photosphere.

The BW method was used before most notably for classical
Cepheids. Among works published during the previous decade,
Storm et al. (2011) calibrated a relation between Cepheids’
p-factors and pulsation periods. The authors also established
period-luminosity (PL) relations for classical Cepheids based
on their BW distances. Gieren et al. (2018) investigated the
dependence of Cepheids’ PL relations on metallicity through the
determination of distances to single stars in the Milky Way and
the two Magellanic Clouds based on the dependence of p-factor
on pulsation period from Storm et al. (2011). A lot of effort
has been put to calibrate the method for Cepheids in order to
obtain distances with the precision of a few percent. However,
Trahin et al. (2021) found no correlation between p-factors and
the pulsation period or the metallicity for a sample of 63 classi-
cal Cepheids from the Milky Way based on their Gaia parallaxes.
The authors obtained a large scatter (around 12%) of values of
projection factors, which could indicate larger complexity behind
the simple reduction of the problem to one calibrated parameter.

Meanwhile, another species of classical pulsators, RR Lyrae
stars, which are significantly fainter than classical Cepheids,
have also been considered as important distance indicators.
With ages greater than 10 Gyr (Catelan & Smith 2015), they
trace a different (old) stellar population and can be found in
(sub-)systems where classical Cepheids are not present, such as
globular clusters or dwarf spheroidal galaxies. They have been
utilized in distance determinations since the work of Shapley
(1918), where the size of the Milky Way and the position of
the Sun in the Galaxy were estimated by the author based on
a study of RR Lyrae stars in a number of globular clusters. In the
context of the cosmic distance ladder, where long-range distance
determination methods are calibrated using more accurate short-
range methods, RR Lyrae stars are one of the calibrators of the
tip of the red giant branch technique used in the determination of
the most important cosmological parameter: the Hubble constant
(Freedman 2021).

The BW method for RR Lyraes provides an independent
alternative to distance determinations to old stellar systems
that are based on period-luminosity(-metallicity) relations for
these stars (e.g. Pietrzyński et al. 2008; Szewczyk et al. 2008;
Szewczyk et al. 2009; Karczmarek et al. 2015, 2017; Zgirski
et al. 2023). Distance determinations to individual stars based on
the well-calibrated BW method could yield much more accurate
spatial distributions of pulsators than what is possible to obtain
using period-luminosity relations (e.g., Jacyszyn-Dobrzeniecka
et al. 2017). In the face of the problematic calibration of p-factors
for classical Cepheids, a question has arisen as to whether RR
Lyraes could provide less scattered and more predictable values
of the factor. In principle, RR Lyrae stars are challenging for the
BW analysis as their pulsation periods are short and their periods

may change significantly over many pulsation cycles (Catelan &
Smith 2015; Jurcsik et al. 2012). The light curves of a significant
number of these stars undergo the Blazhko modulation (Blažko
1907; Jurcsik et al. 2018). Thus, RR Lyrae stars require data col-
lection during similar epochs in temporally compact observing
campaigns.

In the 1980s and early 1990s, a series of works devoted to
the estimation of mean absolute magnitudes (bolometric and
visual) of field Galactic RR Lyrae stars and their dependence on
metallicity was published. Stellar angular diameters were esti-
mated based on the notion of the visual surface brightness, S V
(Wesselink 1969, reevaluation by Manduca & Bell 1981), a quan-
tity that depends on the effective stellar temperature and the
bolometric correction in the V band.

In one of these series of papers (Carney & Latham 1984;
Jones et al. 1987a,b, 1988a,b, 1992; Jones 1988; Carney et al.
1992), the authors assumed values of p-factor from between
p = 1.30 and 1.36. In their second paper (Jones et al. 1987a),
they introduced an analysis that relied on estimating the stellar
apparent bolometric magnitude and effective temperature using
the (V −K) color. The authors estimated that this specific method
should yield an accuracy of determination of the absolute mag-
nitude of an RR Lyrae star of about 0.1 mag. In the same work,
the authors recognized the influence of shock waves appearing
in the atmospheres of RR Lyrae variables (Hill 1972), which
manifested itself as a bump near the minimum brightness in the
V- light curve, and the corresponding anomalous measurements
of radial velocity. All this resulted in a poor correspondence
between changes of radius derived from the radial velocity curve
and changes in the angular diameter derived from spectroscopy
for pulsation phases affected by the shock. Such phase inter-
vals, apparently affected by shocks, were rejected in that and the
following works.

In another series (Cacciari et al. 1989a, 1989b; Clementini
et al. 1990), the authors used (V − I) and (V −R) colors to derive
angular diameters of stars. They assumed p = 1.36. Then, Liu
& Janes (1990a) performed a similar analysis as Jones et al.
(1987a) and, assuming p = 1.32, they derived absolute magni-
tudes of 13 field RR Lyrae stars. In their next paper (Liu & Janes
1990b), they determined absolute magnitudes of four stars from
the globular cluster M 4.

In yet another series of papers (Fernley et al. 1989, 1990a,b;
Skillen et al. 1989, 1993), a different (but qualitatively simi-
lar) approach was taken than that derived from the work of
Manduca & Bell (1981). Specifically, this is the infrared (IR)
flux method of Blackwell & Shallis (1977) that utilizes the
well-covered ultraviolet, optical, and near-infrared (NIR) pho-
tometry for the purpose of determination of angular diameter at
a given pulsation phase. The authors calibrated mean absolute
magnitude–metallicity dependencies for field Galactic RR Lyrae
stars in the V and K bands. They used p = 1.33 and noted its
3% uncertainty by comparing their results with those of other
researchers.

Storm et al. (1994a) estimated BW distances to globular clus-
ters M 5 and M 92 based on the analysis of two RR Lyrae stars
in each of the clusters. The authors also relied on the (V − K)
color and stellar atmosphere models in their estimation of stel-
lar angular diameters. They applied p = 1.30. In another work,
Storm et al. (1994b) performed the BW analysis of the RR Lyrae
star V9 from the globular cluster 47 Tucanae. In their distance
determination, they assumed p = 1.36. The authors also derived
stellar masses and absolute magnitudes in the V and K bands in
both works.
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More recently, Jurcsik et al. (2017) applied the BW method
to determine distances to 26 RR Lyrae stars from the globular
cluster M 3 based on the dependence of effective temperature
and log g on the optical color (V − I) from atmospheric mod-
els of Castelli & Kurucz (2003). The authors applied p = 1.35,
as modeled by Nardetto et al. (2004). In a later work, Jurcsik &
Hajdu (2017b) studied the BW method for Blazhko RR Lyrae
stars from M 3. They showed that distances derived to these
stars are not reliable as there is a large discrepancy between
the changes of the angular diameter and radius of a Blazhko
star. Obtained distances varied with different modulation
phases.

Since Gaia parallaxes of stars from the Milky Way became
available for the community, they have been providing an excel-
lent opportunity for semi-phenomenological and phenomeno-
logical determinations of p-factors of the Galactic RR Lyraes
with accuracy much higher than ever before. Bras et al. (2024)
determined p-factors for 17 RR Lyrae stars based on Gaia DR3
parallaxes using the SPIPS code (Mérand et al. 2015) that relies
on the analysis of radial velocities, multiband photometry, and
stellar atmosphere models. The authors obtained a mean p =
1.236 ± 0.025 and the scatter of p-factors of σ ≈ 7%.

As noticed in the literature (e.g., Gieren et al. 2013), p-factor
values depend on implementation of the BW method. It certainly
hints the complexity of this parameter. It’s different physical
components are not easy to split observationally in an explicit
way that gives coherent results for different approaches to the
method. It suggests that different implementations of the BW
method do weight or highlight the different components assem-
bling the p-factor in a different way, meaning that each particular
implementation of the method requires its own specific cali-
bration of the p-factor and its hypothetical dependence on the
pulsation period.

In this work, we present determinations of p-factors using
the NIR surface brightness technique. We compare the results
with the recent determinations of Bras et al. (2024) relying on
the different implementation of the BW method. Relying on the
state-of-the-art Gaia parallaxes, the method also allows us to
obtain an accurate determination of the radius of a RR Lyrae
star. It is one of the most fundamental parameters that constrains
stellar effective temperatures, gravity, and masses in theoretical
models. We derived period–radius (PR) relations that serve as
a sanity check of our inference and are easy to compare with
theoretical predictions, such as those of Marconi et al. (2005,
2015).

Our long-term project includes photometric and spectro-
scopic observations of hundreds of different species of Galactic
variable stars, important distance indicators. However, in this
work we present our IR surface brightness (IRSB) analysis for
RR Lyrae stars with the densest coverage of their light and
radial velocity curves to date. All of these stars are at dis-
tances up to 1.4 kpc with their parallaxes determined accurately
based on data from the Gaia space mission. We expect to
analyze a larger sample of RR Lyraes, with the aim of the cal-
ibration of the period-luminosity-metallicity relations and the
Baade–Wesselink method, after gathering more datapoints in
the course of our observing campaigns. The determination of
p-factors and mean radii for nine RR Lyrae stars shown here
allows us to present and test our method, and draw initial con-
clusions based on the first calibration of the IRSB technique
for field RR Lyrae stars from the solar neighborhood that is
based on accurate parallaxes. This technique does not rely on
stellar atmosphere models, but empirically calibrated surface
brightness–color relations instead.

2. The IRSB technique

The (near-)infrared surface brightness (IRSB) technique is a spe-
cific implementation of the BW method that relies on the notion
of the visual surface brightness, as defined by Barnes & Evans
(1976):

FV = 4.2207 − 0.1V0 − 0.5 log θ, (3)

where V0 is the dereddened V-band magnitude. Alternatively,
another definition of the visual surface brightness may be found
in the literature:

S V = V0 + 5 log θ. (4)

Having an estimation of the surface brightness, we may
determine the angular diameter. In the literature, we may find
many different surface brightness–color relations (SBCRs), typ-
ically calibrated on the basis of interferometric measurements.

In their, original work, Barnes & Evans studied phenomeno-
logical relations between FV and different optical colors. Out of
all studied combinations, the dependence of the surface bright-
ness on the (V −R) color yielded the smallest scatter. The authors
also found that the relation depends very little on the reddening.

An NIR SBCR for classical Cepheids was studied by Welch
(1994). The author found even smaller scatter around the rela-
tion based on the (V − K) color than in the case of colors
based on optical bands. As argued in that work, SBCRs based
on bluer optical bands, namely, U and B, are more strongly
affected by line blanketing and surface gravity. The long wave-
length baseline of the (V − K) color ensures good temperature
sensitivity.

Fouqué & Gieren (1997) established improved NIR surface
brightness–color relations for classical Cepheids (using V − K
and also J −K as surface brightness indicators) based on a larger
number of interferometrically measured angular diameters of
giants and supergiants, which had become available in the liter-
ature after 1994. They applied their FV vs. (V − K) calibration to
a significant number of Cepheids which are members of Galac-
tic open clusters (Gieren et al. 1997) which clearly demonstrated
the superiority of the (V − K) color index over optical colors
as a surface brightness indicator. Using this on a larger sample
of Milky Way Cepheids, they established a K-band PL relation
which, compared to the corresponding LMC Cepheid relation,
yielded an LMC true distance modulus of 18.46 (Gieren et al.
1998) which is very close to the modern canonical LMC dis-
tance derived from late-type eclipsing binaries (Pietrzyński et al.
2019).

Since then, a number of works devoted to calibrations of
SBCRs based on the (V −K) color for different stellar luminosity
classes have appeared. Although no SBCR has been calibrated
for the horizontal branch stars such as the RR Lyrae stars, these
relations depend only slightly on gravity, as shown, for instance,
by Di Benedetto (2005). They are also practically independent
of metallicity and depend only very slightly on the reddening
(Thompson et al. 2001; Pietrzyński et al. 2019). In our work, we
applied four literature SBCRs and we compare results obtained
on their basis:

– Kervella et al. (2004a) established a relation for dwarfs and
subgiants based on interferometry, FV (Dwar f ) = (3.9618 ±
0.0011) − (0.1376 ± 0.0005)(V − K)0.

– Kervella et al. (2004b) provide a SBCR for classical
Cepheids, FV (Ceph.) = (3.9530 ± 0.0006) − (0.1336 ±
0.0008)(V − K)0.
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– Graczyk et al. (2021) report a relation for dwarfs and sub-
giants based on Gaia EDR3 parallaxes and analysis of
eclipsing binaries, S V = 2.521+ 1.708× (V − K)0 − 0.705×
(V − K)2

0 + 0.623 × (V − K)3
0 − 0.239 × (V − K)4

0 + 0.0313 ×
(V − K)5

0.
– Salsi et al. (2021) give a relation for late-type (F5/K7) sub-

giants and dwarfs based on interferometry: FV = (−0.1404±
0.0014)(V − K)0 + (3.9665 ± 0.0025).

The relations provided by Graczyk et al. (2021) and Salsi et al.
(2021) are already compatible with the 2MASS system. Also,
Kervella et al. (2004a, 2004b) report relations with the K
band corresponding to the NIR SAAO photometric system. We
transformed the K2MAS S band into KS AAO using transformation
equations given in the work of Koen et al. (2007). The rela-
tion from Kervella et al. (2004b) is the only one among those
applied that was calibrated for an explicitly non-matching lumi-
nosity class as a sanity check of our analysis. As stated above,
such relations should not be significantly dependent on gravity
and metallicity.

The presented SBCRs have different (V − K) color validity
domains, depending on the spans of colors of their calibrating
stars. When it comes to stars from our sample, their minimum
(V − K) color is between 0.41 mag and 0.89 mag and their maxi-
mum (V − K) color is between 1.05 and 1.48 mag. In the case of
the relations by Kervella et al. (2004a) and Graczyk et al. (2021),
we are in the corresponding validity domains; namely, the above
colors are in the span of colors of calibrators of SBCRs (Fig. 5
in Kervella et al. 2004b and Fig. 9 in Graczyk et al. 2021 works).
In the case of the SBCR of Kervella et al. (2004b), as shown
in Fig. 5 of that work, the validity domain corresponds to the
(V − K) from the (1; 2.3) interval. When it comes to the SBCR
of Salsi et al. (2021), the corresponding validity domain is also
(V − K) ∈ (1; 2.3), as given in Table 5 therein. For the most part,
we are not in the validity domain in these two latter cases.

In order to obtain a continuous course of the radial velocity
curve and V- and K-band magnitude measurements at the same
phase, we obtained the radial velocity curves and V-band light
curves using Akima splines (Akima 1970, implementation in the
Python package of SciPy by Virtanen et al. 2020). Akima splines
are piecewise functions made out of cubic polynomials and we
chose them instead of fitting Fourier series because they do not
oscillate in gaps between data points. We performed interpola-
tions between bins where each bin’s value is an average of nearby
datapoints. While the Akima spline is generally not a periodic
function, we applied the interpolating algorithm for three courses
of data, namely, for the span of phases ϕ ∈ [−1, 2]. We then
determine (V − K) color for each K-band observation epoch and
integrate the radial velocity curve. The phase zero point corre-
sponds to the highest brightness in the V–band. For each value of
the integral, the corresponding V-band magnitude and (V − K)
color were taken. Thus, we were able to fit a relation between
the estimated values of angular diameters and values of the
integral:

θ(x) = pϖx + θ0, (5)

where x = −2
∫

[vr(ϕ) − vr,0]dϕ. The slope of such relation is a
product of the p-factor and the stellar parallax while the intercept
corresponds to the angular diameter for ϕ = 0.

Following a similar analysis perfomed previously for classi-
cal Cepheids (e.g. Storm et al. 2004), we performed linear fits of
θ(x) relations based on the linear bisector (Isobe et al. 1990). This
method finds a line that bisects two linear ordinary least-squares
fits OLS(X|Y) and OLS(Y|X).

In addition to the above slope and intercept of the fit, we were
able to estmate the mean radius of an analyzed star:

⟨R⟩ =
θ0
2ϖ
+ ⟨∆R⟩ =

θ0
2ϖ
− p

1∫
0

ϕ∫
0

[
vr(ϕ′) − vr,0

]
dϕ′dϕ. (6)

The undoubted advantage of the IRSB method is its weak
dependence on the reddening. Assuming a linear form of SBCR,
we may analitically trace the propagation of the E(B − V) error
and its influence on derived angular diameters and thus p-factors
and stellar radii. If we consider the SBCR in the following linear
form:

FV = α + β(V − K)0. (7)

Based on Eq. (3) and the above assumption, we may show that
any additional reddening ∆E(B − V) that affects our photometry
scales the derived angular diameter as:

s =
θ′

θ
= 10

2RV∆E(B−V)
[
0.1−β

(
1− AK

AV

)]
, (8)

where θ′ is the angular diameter resulting from photometry
affected by the additional reddening of ∆E(B − V), AV is the
total extinction in the V band, AK is the total extinction in the
K band, and RV =

AV
E(B−V) is the reddening law. When fitting rela-

tion (5), any shifts in reddening will effectively scale the whole
ordinate axis, while ϖ and x stay the same. The following ratios
correspond to each other as:

s =
θ′

θ
=

p′

p
=
θ′0
θ0
=
⟨R⟩′

⟨R⟩
, (9)

where primed quantities all correspond to values derived based
on photometry affected by the additional reddening. By plugging
RV = 3.1 and AK

AV
= 0.117 (Cardelli et al. 1989) into Eq. (8) and

using the SBCR of, for instance, Kervella et al. (2004a), where
β = −0.1376, we obtain:

s = 100.133∆E(B−V). (10)

For example, any error in the reddening estimation of ∆E(B −
V) = 0.1 mag would correspond to s = 1.031 and would result
in the shift of p of up to 0.05 for p < 1.61. Since field RR
Lyrae stars analyzed in this work populate the Galactic halo, a
more realistic1 reddening uncertainty would be ∆E(B − V) =
0.02 mag. This corresponds to the scaling factor of s = 1.006.
For such a value, p < 1.62 could be falsified by a wrong estima-
tion of the reddening by less than 0.01 and ⟨R⟩ = 6R⊙ would be
shifted by 0.036R⊙.

3. Data

All data adopted for this project, both photometric and
spectroscipic, were gathered during simultaneously performed
observing runs in order to ensure the proper phasing of data
points using identical time zero points and periods.

For the purpose of this work, we collected V- and K-band
magnitudes as well as the radial velocity measurements of nine
non-Blazkho RR Lyrae stars from the solar neighborhood. Eight
stars from the sample are RRab stars while one of them (AE Boo)
is a first-overtone pulsator.
1 The mean difference between E(B − V) estimations from two differ-
ent sources for RR Lyrae stars from our sample is 0.018 mag (Table 1).
We further estimate the influence of the reddening uncertainty on the
derived parameters for each star independently.
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Table 1. RR Lyrae stars analyzed in this work.

OBJ Period d ϖ mas [Fe/H] dex E(B − V) mag E(B − V)G mag

U Lep 0.5814789 0.989 ± 0.017 −1.81 ± 0.17 0.029 0.05
RX Eri 0.5872453 1.723 ± 0.023 −1.45 ± 0.15 0.053 0.08
SV Eri 0.713877 1.361 ± 0.024 −2.22 ± 0.02 0.078 0.09
AE Boo 0.3148921 1.143 ± 0.019 −1.62 ± 0.08 0.023 0.00
BB Eri 0.5699097 0.722 ± 0.024 −1.66 ± 0.04 0.043 0.05
V467 Cen 0.5514041 1.255 ± 0.023 −0.57 ± 0.01 0.050 –
V Ind 0.4796017 1.506 ± 0.019 −1.62 ± 0.01 0.040 –
WZ Hya 0.5377182 1.029 ± 0.016 −1.48 ± 0.02 0.069 0.05
SX For 0.6053423 0.868 ± 0.015 −2.20 ± 0.02 0.012 –

Notes. The table contains corresponding stellar pulsation periods, metallicities, Gaia parallaxes, and E(B − V) values applied in the dereddening
process. Metallicities adopted from Crestani et al. (2021) work. The last column E(B−V)G contains reddening values from Green et al. (2019) used
for the estimation of the reddening error.

Our determinations of radial velocities relied on high-
resolution spectroscopy (R > 40000) obtained for the purpose
of this project using the HARPS (Mayor et al. 2003), FEROS
(Kaufer et al. 1999), CORALIE (Queloz et al. 2000), and UVES
(Dekker et al. 2000) spectrographs located at La Silla and
Paranal observatories in Chile between 2016 and 2022. The
spectroscopic data were reduced using dedicated pipelines from
ESO; except in the case of FEROS data, where we used the
CERES pipeline (Brahm et al. 2017). We performed measure-
ments of radial velocities using the RaveSpan code (Pilecki et al.
2012). Measurements based on both the cross-correlation func-
tion (CCF) and the broadening function (BF, Rucinski 2002),
both modeled using a Gaussian, yield virtually the same values
of radial velocities. The typical uncertainty of determination of
radial velocities is about 200 m/s.

Our NIR light curves were already presented in the work on
period–luminosity–metallicity relations for Galactic RR Lyrae
stars (Zgirski et al. 2023). They were obtained using the 0.8 m
IRIS telescope located at the Cerro Murphy Observatory (OCM)
in Chile and equipped with a NIR camera with a HAWAII-1
detector (Hodapp et al. 2010; Watermann 2012), the Ks− band
is very similar to its counterpart from the Two Micron All Sky
Survey (2MASS) system (Skrutskie et al. 2006). We obtained
optical V-band photometry using a 0.4 m Vysos 16 telescope
(Reipurth et al. 2004), with an SBIG STL-6303 camera and a
filter wheel including BV filters, located at the same observa-
tory. We calibrated the photometry using a dedicated reduction
pipeline (Watermann 2012) based on IRAF (Tody 1986), SEx-
tractor (Bertin & Arnouts 1996), and SCAMP (Bertin 2006).
We also used our custom aperture photometry pipeline based on
Astropy (Astropy Collaboration 2013) and DAOPHOT (Stetson
1987). While the K-band photometry was tied to the 2MASS
sytem based on the catalog of Cutri et al. (2003), the V-band
photometry was standardized onto the Johnson-Kron-Cousins
system using magnitudes of comparison stars from the Gaia
synthetic photometry catalog (Gaia Collaboration 2023).

In order to resolve p-factors from the fitted pϖ slopes
of our fitted relations, we adopted Gaia DR3 parallaxes
(Gaia Collaboration 2021) with the corrections drawn from
Lindegren et al. (2021). As shown in our previous work devoted
to period-luminosity relations (Zgirski et al. 2023), our cali-
bration of absolute luminiosities of RR Lyrae stars from the
solar neighborhood based on these parallaxes is coherent with
the Large Magellanic Cloud distance that is based on detached
eclipsing binaries of Pietrzyński et al. (2019), which proves their
accuracy.

Fig. 1. Light and radial velocity curves for U Lep. Plots corresponding
to all stars from our sample are available on Zenodo.

Table 1 lists our sample of Galactic RR Lyrae stars stud-
ied in this work together with pulsation periods, parallaxes, and
metallicities of individual stars. Figure 1 presents light curves
and a radial velocity curve for an exemplary RR Lyrae star from
our sample and the whole collection of plots is available in the
electronic form on Zenodo.

For the purpose of our analysis, just like in our previous work
devoted to NIR period-luminosity relations for RR Lyrae stars
(Zgirski et al. 2023), we dereddened the photometry based on the
E(B−V) color excess values from Schlafly & Finkbeiner (2011).
We integrated these values along the line of sight using the 3D
model of the Milky Way of Drimmel & Spergel (2001). Follow-
ing Cardelli et al. (1989), we applied RV = 3.1 and AK/E(B −
V) = 0.363 in order to deredden the V-band and K-band data for
the purposes of our analysis2. The applied E(B − V) values may
be found in Table 1.

4. Determinations of p-factors and mean radii for
nine RR Lyrae stars

We did not notice any apparent discrepancies between courses of
radial velocity and light curves. Thus, we did not apply any phase

2 Numerical values of measured magnitudes presented in this work
correspond to apparent magnitudes and were not dereddened.
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Table 2. Different p-factor values obtained using different SBCRs.

OBJ p(K2004a) p(K2004b) p(G2021) p(S2021)

U Lep 1.363 ± 0.042 1.298 ± 0.041 1.310 ± 0.040 1.392 ± 0.045
RX Eri 1.472 ± 0.040 1.438 ± 0.039 1.440 ± 0.041 1.492 ± 0.042
SV Eri 1.331 ± 0.054 1.298 ± 0.053 1.297 ± 0.051 1.337 ± 0.056
AE Boo 1.46 ± 0.12 1.38 ± 0.13 1.41 ± 0.13 1.53 ± 0.13
BB Eri 1.476 ± 0.061 1.440 ± 0.057 1.432 ± 0.059 1.484 ± 0.057
V467 Cen 1.425 ± 0.061 1.388 ± 0.058 1.319 ± 0.058 1.367 ± 0.058
V Ind 1.611 ± 0.051 1.570 ± 0.051 1.52 ± 0.052 1.588 ± 0.052
WZ Hya 1.434 ± 0.057 1.411 ± 0.058 1.393 ± 0.061 1.434 ± 0.060
SX For 1.404 ± 0.050 1.362 ± 0.051 1.393 ± 0.050 1.442 ± 0.049

Notes. Kervella et al. (2004a-K2004a); Kervella et al. (2004b-K2004b); Graczyk et al. (2021-G2021); Salsi et al. (2021-S2021).

Fig. 2. Value of the integral of the radial velocity curve and variations of
the stellar angular diameter obtained based on the four SBCRs described
in the text. Plots corresponding to all stars from our sample are available
on Zenodo.

cuts aimed at the exclusion of the potential shocks in the stellar
atmosphere where SBCRs would be significantly different than
for other pulsation phases. Also, we did not perform any kind of
optimization of the scatter of our fits of p-factors based on phase
shifts between different observed curves.

Figure 2 presents variations of an integral of stellar radial
velocities and angular diameters, while Fig. 3 shows a fit of linear
bisector to relation between the integrals and angular diame-
ters for an exemplary star from our sample. The collection of
plots for all stars is available on Zenodo. Table 2 presents values
of obtained p-factors and Table 3 presents derived mean radii
depending on a given SBCR.

Error components of fitted parameters associated with sta-
tistical uncertainties of observables (photometric magnitudes,
radial velocities, and parallaxes) were estimated using Monte
Carlo simulations based on the random variations of values
corresponding to individual datapoints within their statistical
uncertainties. In the case of the photometry, we assumed values
of statistical uncertainties to be 0.01 mag. They correspond to
the typically observed scatter on our light curves, and the output
from DAOPHOT yields uncertainties of the aperture photometry
of the order of 2 mmag. Figure 4 presents an example of dis-
tributions of possible p-factors resulting from the propagation

Fig. 3. Fits of linear bisectors to relations between values of the integral
and the angular diameter estimated based on the four SBCRs. Slope of
such a line is a product of the p-factor and the stellar parallax. Plots
corresponding to all stars from our sample are available on Zenodo.

Fig. 4. Distributions of probable values of p-factors for U Lep resulting
from the Monte Carlo simulations obtained for the four SBCRs.

of statistical uncertainties of observables for the four considered
SBCRs. Figure 5 presents analogous distributions of the possible
mean radius values.

In the case of the p-factor, the influence of systematic errors
of photometry on the determination is small, with the approxi-
mate change in p of 0.025 mag−1 for the V band and 0.085 mag−1

for K (we may see it on Fig. 6). For the mean stellar radii, the
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Table 3. Mean radii of stars from our sample obtained using different SBCRs.

OBJ ⟨R⟩ (R⊙)(K2004a) ⟨R⟩ (R⊙)(K2004b) ⟨R⟩ (R⊙)(G2021) ⟨R⟩ (R⊙)(S2021)

U Lep 5.48 ± 0.12 5.59 ± 0.12 5.43 ± 0.11 5.43 ± 0.12
RX Eri 5.45 ± 0.11 5.55 ± 0.11 5.40 ± 0.11 5.41 ± 0.11
SV Eri 6.29 ± 0.13 6.41 ± 0.15 6.23 ± 0.14 6.24 ± 0.14
AE Boo 4.107 ± 0.089 4.207 ± 0.094 4.055 ± 0.090 4.038 ± 0.090
BB Eri 5.51 ± 0.20 5.61 ± 0.21 5.45 ± 0.19 5.46 ± 0.19
V467 Cen 4.83 ± 0.11 4.93 ± 0.11 4.84 ± 0.12 4.83 ± 0.11
V Ind 4.752 ± 0.090 4.854 ± 0.094 4.687 ± 0.087 4.677 ± 0.089
WZ Hya 5.01 ± 0.11 5.11 ± 0.11 4.95 ± 0.11 4.94 ± 0.10
SX For 5.37 ± 0.12 5.46 ± 0.12 5.34 ± 0.12 5.35 ± 0.12

Notes. Kervella et al. (2004a-K2004a); Kervella et al. (2004b-K2004b); Graczyk et al. (2021-G2021); Salsi et al. (2021-S2021).

Fig. 5. Distributions of probable values of mean radius of U Lep result-
ing from the Monte Carlo simulations obtained for the four SBCRs.

Fig. 6. Dependence of the p-factor on the systematic shifts of V- and
K-band light curves for different SBCRs in the case of U Lep.

corresponding errors associated with systematic shifts of light
curves are approximately 0.1 R⊙mag−1 and 0.35 R⊙mag−1 for V
and K, respectively (Fig. 7). We repeated the procedure of the
estimation of this component of uncertainty for each star indi-
vidually. The accuracy of the V photometry, tied up to the Gaia

Fig. 7. Dependence of the mean radius on the systematic shifts of
V- and K-band light curves for different SBCRs in the case of U Lep.

catalog is similar to that of the K-band photometry with its zero
point based on the 2MASS catalog. In both cases, we assumed
the possible 1σ systematic shift of a light curve of 0.02 mag.

The influence of the reddening estimation errors is relatively
small for the IRSB technique, as already mentioned in Sect. 2.
Based on Eq. (10), we estimate the components of statistical
uncertainties of p and ⟨R⟩. In order to quantify any possible red-
dening errors, we recalculated E(B − V) values using 3D dust
maps of the Milky Way by Green et al. (2019) based on Pan-
STARRS1 and 2MASS photometry and Gaia DR2 parallaxes.
Table 1 presents E(B − V)G values from Green et al. (2019) for
six stars from our sample in the last column. We conservatively
assumed the absolute value of the difference between E(B− V)G
and E(B − V) applied in the process of dereddening of our pho-
tometry as the 1σ uncertainty of E(B − V). For the three stars
that were outiside of the Green et al. (2019) maps, we assumed
E(B − V) uncertainties of 0.02 mag.

Finally, the total statistical errors of the derived p-factors and
radii were obtained by the quadratic addition of errors resulting
from the statistical uncertainties of observables, uncertainties
associated with the accuracy of the light curve zero points, and
uncertainties of the reddening estimation. Using an example
of U Lep and the SBCR of Kervella et al. (2004a), we may
divide the statistical uncertainty σp of the determination of its
p-factor and the statistical uncertainty, σR, of the determination
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of its mean radius into the following components associated with
uncertainties of different quantities:

– parallax: σp,ϖ = 0.022, σR,ϖ = 0.093 R⊙,
– radial velocity: σp,RV = 0.015, σp,RV = 0.0003 R⊙,
– V- magnitude (stat.): σp,V = 0.009, σp,V = 0.0018 R⊙,
– K- magnitude (stat.): σp,K = 0.026, σp,K = 0.0053 R⊙,
– V- mag zero point: σp,zpV = 0.005, σp,zpV = 0.019 R⊙,
– K- mag zero point: σp,zpK = 0.017, σp,zpK = 0.069R⊙,
– E(B − V) reddening: σp,E(B−V) = 0.009, σp,E(B−V)
= 0.035 R⊙.

in total, σp = 0.042 and σR = 0.12 R⊙ in that case. We may see
that the biggest components of the uncertainty of the p-factor
are associated with the precision of the K-band photometry and
the uncertainty of the parallax. The smallest components of σp
result from the finite accuracy and precision of the V-band pho-
tometry and the uncertainty of the reddening. The biggest factors
contributing to the error of the mean radius are the uncertain-
ties on the parallax and the accuracy of the K-band photometry,
while the contribution of the precision of radial velocities and
photometry is virtually negligible.

We obtained mean values of p-factors of stars from our sam-
ple of 1.44, 1.40, 1.39, 1.45, and the corresponding root mean
square (rms) scatters of their values of 0.076, 0.078, 0.068, and
0.076 for SBCRs reported by Kervella et al. (2004a), Kervella
et al. (2004b), Graczyk et al. (2021), and Salsi et al. (2021),
respectively. We derived a relation between the p-factor and
log P for RRab stars based on the SBCR of Graczyk et al. (2021),
which yields the lowest scatter of p-factor values among all
considered SBCRs:

log(p)G = (−1.06±0.47)×
[
log(P) + 0.25

]
+1.398±0.022. (11)

While the SBCR of Graczyk et al. (2021) yields, on average,
the lowest value of the p-factor, the zero point of p-factors based
on Salsi et al. (2021) is the largest:

log(p)S = (−1.17±0.46)×
[
log(P) + 0.25

]
+1.453±0.022. (12)

We notice that relatively large uncertainties of slopes do not
allow for any unequivocal statement to be made about the cor-
relation between period and the p-factor. The relation is mostly
constrained by two stars (Fig. 8).

Compared to the previous study of Bras et al. (2024), we
obtain values of p-factors that are systematically larger using
the IRSB technique. The authors report the mean p-factor value
for their sample of 17 stars of p = 1.248 ± 0.022 – this is 0.14–
0.20 smaller than mean values of p-factors obtained in this work,
depending on the SBCR. We have one star in common with the
sample from Bras et al. (2024). It is RX Eri for which Bras et al.
(2024) report pB = 1.25 ± 0.02. In our case, depending on the
SBCR, we obtain values between p = 1.438 ± 0.039 and p =
1.492 ± 0.042. Again, we note that the two implementations of
the BW method are different and they are more sensitive to dif-
ferent components of the p-factor. It confirms that p depends on
the implementation of the BW method for RR Lyrae stars. Bras
et al. (2024) report the rms scatter of p-factor values of 0.09. This
is coherent with values obtained in our analysis (0.07–0.08).

The SBCRs for dwarfs and subgiants yield very similar val-
ues of mean radii (especially based on the most recent works of
Graczyk et al. 2021 and Salsi et al. 2021; see Table 3 and Fig. 7)
and the SBCR of Kervella et al. (2004b), which is the only con-
sidered relation calibrated for classical Cepheids, gives slightly
larger radii. All obtained values are still in good agreement given

Fig. 8. Relations between the p-factor and the pulsation period for RRab
stars based on the SBCRs of Graczyk et al. (2021) and Salsi et al. (2021).
The rms scatters around relations for RRab stars are reported at the bot-
tom.

their uncertainties. The SBCR of Graczyk et al. (2021) gives the
following PR relation:

log
(
⟨R⟩
R⊙

)
G
= (0.75 ± 0.11) ×

[
log(P) + 0.25

]
+ 0.7148 ± 0.0051.

(13)

The period pivot value of log(P0) = −0.25 was used in order to
minimize uncertainties of fitted intercepts and minimize the cor-
relation between the coefficients of the intercept and the slope.
In the case of the Kervella et al. (2004b) SBCR for classical
Cepheids, the relation is as follows:

log
(
⟨R⟩
R⊙

)
K
= (0.73± 0.12)×

[
log(P) + 0.25

]
+ 0.7268± 0.0057.

(14)

Both results are in a very good agreement3 with a theoretical
prediction for RRab stars by models of Marconi et al. (2005):

log
(
⟨R⟩
R⊙

)
M2005

= (0.65 ± 0.03) × log(P) + 0.90 ± 0.03. (15)

In a more recent work, Marconi et al. (2015) derived a well-
constrained PR relation based on the modeling, as follows:

log
(
⟨R⟩
R⊙

)
M2015

= (0.55 ± 0.02) × log(P) + 0.866 ± 0.003. (16)

3 We note that putting pivot log(P0) = 0 in, e.g., Eq. (13) would result
in the relation’s intercept of 0.902 ± 0.033
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Fig. 9. Relations between the radius and the pulsation period for RRab
stars based on the SBCRs of Graczyk et al. (2021) and Kervella et al.
(2004b). The rms scatters around relations for RRab stars are reported
at the bottom.

The zero points of the PR relations derived in this work are in
good agreement and the slopes are still in 2σ agreement with
the above relation.

Bras et al. (2024) found the PR relation for RRab stars in the
following form:

log
(
⟨R⟩
R⊙

)
B2024

= (0.770 ± 0.003) × log(P) + 0.9189 ± 0.0002.

(17)

We may see that both the slopes and the intercepts of PR rela-
tions derived in this work are in a remarkable agreement with
the corresponding relation from Bras et al. (2024). For the single
star common for the two samples, RX Eri, Bras et al. (2024)
obtained the mean radius of ⟨R⟩B = (5.54 ± 0.18)R⊙, while
our IRSB analysis yields the values between (5.40 ± 0.11)R⊙
and (5.55 ± 0.11)R⊙, which again shows a good compatibility
between the two different implementations of the BW method
for the purpose of the radius determination. Figure 9 presents
the two fitted relations between mean radii and pulsation periods
of RRab stars.

5. Discussion and summary

As stressed in the original paper devoted to the Gaia
synthetic photometry (Gaia Collaboration 2023), the
Johnson-Kron-Cousins photometry has been standardized
using the Landolt collection and validated using the Stetson
collection (references therein). As can be seen in their Fig. 3,
the authors recreate V-band magnitudes of stars with the scatter

of about 0.02 mag. It is the same value that has been applied by
us as the expected value of the systematic shift for the V-band
light curves in our error estimation.

In parallel, we performed a test of the zero point of our
K-band photometry tied to the 2MASS system by calculating
average magnitudes from our light curves and comparing them
with the catalog (single-epoch) values (Cutri et al. 2003). The
mean value of the difference between our average magnitude
and the catalog values is 0.005 mag and the median value is –
0.0003 mag. It indicates that our K-band photometry is indeed
well tied to the 2MASS catalog. However, as the typical magni-
tude error of a single comparison star in the 2MASS catalog is
also about 0.02 mag, we applied this value in the estimations of
error components of p-factors and mean radii corresponding to
photometric zero points of our light curves.

We present results based on four different SBCRs. For two
of them (Kervella et al. 2004a; Graczyk et al. 2021), the validity
domain corresponds to (V − K) colors of stars from our sam-
ple; whereas the SBCRs of Kervella et al. (2004b) and Salsi
et al. (2021) were calibrated for slightly different color spans.
The SBCR of Kervella et al. (2004b) is also the only consid-
ered in this work that was calibrated for classical Cepheids, with
others being calibrated for dwarfs and subgiants. Still, when we
look at results of the determination of the p-factor for the object
U Lep that has extremely low color in our sample with (V − K)
between 0.41 and 1.39, we see that the p-factor obtained from
SBCR for classical Cepheids (Kervella et al. 2004b) is nearer
to the value reported in Graczyk et al. (2021) than what we get
from the other two relations devoted to dwarfs and subgiants.
Generally, p-factors resulting from the relation from Kervella
et al. (2004b) are very similar to those based on Graczyk et al.
(2021). The SBCR of Salsi et al. (2021) yields maximum p-
factor values among all considered SBCRs. On the other hand,
the relation from Graczyk et al. (2021) gives the lowest values of
p. The SBCR of Graczyk et al. (2021) yields the lowest scatter
of p-factor values (0.068), while p obtained based on Kervella
et al. (2004b) have the biggest observed scatter (0.078). Values
of obtained p-factors can be interpreted as ratios of amplitudes
of angular diameter curves and integrated radial velocity curves.
It is also associated with the slope of the relation between the
angular diameter and the value of the integral (Eq. (5)). Relative
changes, namely, the course of the angular diameter curve (and
not its zero point) is crucial for the determination of p. On the
other hand, the mean diameter depends on both the zero point
of the angular diameter and the p-factor (Eq. (6)). Here, the
three SBCRs for dwarfs and subgiants yield similar ⟨R⟩ (with
the relations from Graczyk et al. 2021 and Salsi et al. 2021 giv-
ing virtually the same values) and radii based on the relation for
classical Cepheids are slightly larger.

Nardetto et al. (2023) studied the influence of SBCR’s slope
and zero point on the value of p-factor for the case of the clas-
sical Cepheid η Aql. They found that the choice of SBCR can
influence the value of p at the level of 8%. The authors also
found that the method of determination of radial velocities is cru-
cial for the absolute value of p at the level of 9%. The increase
of E(B − V) color excess by 0.1 mag would decrease the value
of p by about 3%. A possible effect of visual magnitude excess
of 0.1 mag would correspond to only 1.5% of bias in the deter-
mination of the p-factor, while in the case of the same excess in
the K band, the bias would increase to around 6%.

Generally, in the case of the determination of p-factors, the
influence of the uncertainty of the zero point of photometry is
of the order of the magnitude smaller than the uncertainty com-
ponent resulting from the combined influence of the parallax,
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magnitude, and radial velocity statistical uncertainties. Parallax
uncertainty propagation plays a crucial role in determining the
uncertainties of mean radii. As (V − K) color-based SBCRs are
almost parallel to the reddening vector, the reddening uncer-
tainty has virtually negligible contribution to total uncertainties
of p-factors. It plays a bigger (but not dominant) role in the
estimations of mean radii errors.

Bras et al. (2024) obtained p-factors of 17 Galactic RR Lyrae
stars (all of them being fundamental pulsators). The approach
presented in that work differs from the IRSB technique, namely:
instead of using SBCR, the authors rely on the analysis based on
atmosphere models and measurements of many different observ-
ables (i.e., photometry in different bands that probe the stellar
spectrum in given intervals and radial velocities). The analysis
presented there was performed using the SPIPS modeling tool
(Mérand et al. 2015). The values of p-factors presented in the
work of Bras et al. (2024) are systematically smaller than those
derived using the IRSB technique with the mean p-factor value
of Bras et al. (2024) being smaller by 0.14–0.20 (depending on
the SBCR used in the analysis). However, we obtained very sim-
ilar scatter of the p-factor values of around 0.07–0.08, whereas
Bras et al. (2024) reported a value of 0.09 for their sample. In our
case, the scatter for fundamental pulsators drops to 0.05 after the
linear detrending, namely, through the calculation of the rms of
residuals of the linear fit to the Pp relation. However, our linear
Pp relation is not well constrained and the uncertainties on its
parameters are significant. The observed discrepancy in p-factor
determinations yet again hints at the fact that values of p are
dependent on the applied technique. Our determinations of mean
radii of RR Lyrae stars are in good correspondence with both the
theoretical predictions by Marconi et al. (2005, 2015) and results
from the analysis performed by Bras et al. (2024) based on the
SPIPS tool.

The future extension of our sample of RR Lyrae stars from
the solar neighborhood will allow us to better constrain the
parameters of Pp and PR relations for RR Lyrae stars resulting
from the IRSB analysis. We note that all applications of the BW
method are demanding, especially in terms of the observing time
needed for dense coverage of the light and radial velocity curves.

Data availability

Tables containing radial velocity and photometric measure-
ments gathered for the purpose of this work are available
at the CDS via anonymous ftp to cdsarc.cds.unistra.fr
(130.79.128.5) or online https://cdsarc.cds.unistra.
fr/viz-bin/cat/J/A+A/690/A295.

The collection of plots corresponding to all stars from our
sample is available on Zenodo under the following link: https:
//zenodo.org/records/13381583.
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Variable Star Index (VSX) database, operated at AAVSO, Cambridge, Mas-
sachusetts, USA.
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