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A B S T R A C T

This study deals with the experimental, theoretical and numerical investigation of the nonlinear viscoelastic
response of magnetically soft magnetorheological elastomers (commonly known as 𝑠-MREs and denoted here
simply as MREs) subjected to combined magnetic and simple shear loads. We consider a fairly soft mechanically
MRE. The experiments show a strong effect of the magnetic field on the resulting viscosity and hence
dissipated energy expanded by the material during a simple shear cycle. Moreover, the effect of frequency
on the response is weak indicating strongly nonlinear viscous effects similar to non-Newtonian fluids. An
analytical magneto-viscoelastic model is proposed exhibiting magneto-mechanical coupling at both equilibrium
and non-equilibrium energies as well as on the dissipation potential. The model is calibrated by solving in a
semi-analytical way a simplified boundary value problem (BVP) of an infinite thin MRE strip embedded in
an infinite air domain. These simplified solutions are cross-validated by full-field finite element simulations
of the experimental setup showing very good agreement between the experimental data and model estimates.
This illustrates the validity of the simplified material model for the proposed experimental setup and sets the
ground for a more universal experimental protocol to characterize properly the finite strain response of MREs
more generally.
. Introduction

The present work deals with the modeling and experiments of the
arge strain viscoelastic response of isotropic, magnetically soft mag-
etorheological elastomers (𝑠-MREs) subjected to combined magnetic
nd simple shear loads. 𝑠-MREs or simply MREs here more generally
ave gained a lot of thrust the last years owing to their interesting
oupled response at finite strains (Ginder et al., 1999; Diguet et al.,
010; Danas et al., 2012) as well as their fine control of surface
atterning via instabilities (Psarra et al., 2017, 2019) or actuation in
iomedical devices (Dorn et al., 2021; Moreno-Mateos et al., 2022).
ore recently, novel MREs using permanently magnetizable particles

such as NdFeB) have been proposed (Stepanov et al., 2014, 2017)
o trigger higher torques at smaller applied fields (Kim et al., 2018;
ukherjee et al., 2021; Mukherjee and Danas, 2022; Yan et al., 2023;

tewart and Anand, 2023).
The literature in these materials is growing with an extremely fast

ace and it is beyond the goal of this work to carry out such a review

∗ Corresponding author at: LMS, CNRS, École Polytechnique, Institut Polytechnique de Paris, Palaiseau, 91128, France.
E-mail addresses: konstantinos.danas@polytechnique.edu (K. Danas), mnakano@smarttech-lab.com (M. Nakano), gael.sebald@insa-lyon.fr (G. Sebald).

but it is important to note that there are still numerous aspects of these
materials that are yet to be understood or modeled in connection with
experiments. One such aspect pertains to their viscoelastic response
at finite strains and large magnetic fields. Finite strain viscoelasticity
in the absence of magnetic fields is a rather old subject in mechanics
with seminal works found already in the 50–60’s (Green and Rivlin,
1957; Pipkin and Rogers, 1968) and much later using an internal
variable formalism (such as the one that will be used in the present
study) (Le Tallec et al., 1993; Bergström and Boyce, 1998; Reese and
Govindjee, 1998; Kumar and Lopez-Pamies, 2016). In the context of
composite materials and homogenization, one may refer to the works
of Francfort and Suquet (1986), Lahellec and Suquet (2007), Diani
et al. (2013), Chatzigeorgiou et al. (2016) and Idiart et al. (2020) for
small strain viscoelasticity and Ghosh et al. (2021) for large strain
viscoelasticity.

In turn, very little and much more recent work has been done
in the context of magneto-viscoelasticity from the modeling point of
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Mechanics of Materials 200 (2025) 105187 
view (Jolly et al., 1996; Saxena et al., 2014; Hossain et al., 2015;
Garcia-Gonzalez and Hossain, 2020; Haldar, 2021; Rambausek et al.,
2022; Lucarini et al., 2022; Gonzalez-Saiz and Garcia-Gonzalez, 2023;
Stewart and Anand, 2023). Some of these studies are theoretical or
umerical and very few of them attempt to compare with correspond-

ing experiments. In turn, there exist some experiments that study the
viscoelastic response of MREs under combined magneto-mechanical
loads most of them in the context of 𝑠-MREs (Stepanov et al., 2007,
2014; Hiptmair et al., 2015; Sebald et al., 2017; Lucarini et al., 2022;
Pierce et al., 2024) and only very few for ℎ-MREs (Yan et al., 2023)
but not extensively).

In most of these studies, the experimental magneto-mechanical
setup involves an air gap between the magnetic source and the MRE
and as a consequence the fields in the MRE specimen are highly
heterogeneous (Lefèvre et al., 2017; Moreno-Mateos et al., 2023) while
the response exhibits strong structural effects or shape effects (Diguet
et al., 2010). Those two combined make the modeling analytically
mpossible since the boundary value problem (BVP) at hand has no
xplicit solution. In turn, use of a full field finite element (FE) simu-

lator coupled with an optimization method that would allow for the
calibration of material parameters is currently also out of reach. This
s mainly a consequence of the extremely long computation times
nvolved in magneto-mechanical problems that require – especially in
his case of complex experimental boundary conditions – the modeling

of all parts of the setup as well as a large portion of the surrounding
air (Moreno-Mateos et al., 2023). And this is even the case in two-
dimensional calculations. It is therefore understandable that still this
problem remains up to date largely open.

Motivated by those observations and lack of a robust viscoelastic
model for soft MREs in the literature, we propose in the present work
 combined experimental–theoretical–numerical analysis that allows
o model several features present in viscoelastic soft MREs subjected
o large simple shear strains and large magnetic fields. The main
ifference of the present study lies in the use of the experimental setup
f Sebald et al. (2017), which we will show is capable under careful

analysis to deliver the actual material response free from boundary and
pecimen shape effects. The experimental data are then confronted with
he semi-analytical solution of a simplified but rigorous BVP allowing us
o calibrate efficiently a general MRE material model with viscoelastic
ffects. In order to cross-validate the assumptions involved in the
implified BVP, we carry out additional full-field FE simulations of the

actual experimental setup showing the consistency of the model but
lso revealing several heterogeneities of the local magneto-mechanical
ields that however do not affect the average measured response. This
ast step – omitted in most of the studies in the literature – allows
o close the loop of the modeling approach and lift any possible
ncertainties related to magnetic edge and corner effects as well as
on-uniformities that may develop due to large strains and specimen
hape effects.

The manuscript is organized as follows. In Section 2, we intro-
duce the principal mechanical and magnetic quantities needed for
he analysis of the magneto-mechanical problem. In Section 3, we

describe the experimental setup together with material fabrication and
resent a small but representative set of experimental results allowing
o reveal the main features of the material response. Section 4 describes
he mathematical formulation of the model in the context of finite
agneto-viscoelasticity, whereby the energy density and dissipation
otential are defined. With this at hand, in Section 5, we propose a sim-

plified BVP that combined with the previous model definitions allows
for the semi-analytical incremental solution of the problem under simple
shear loads and normal magnetic fields. An optimization process is set
in place to allow the calibration of the various material parameters
with a selection of the experimental data. Section 6 describes a full-
field finite element (FE) BVP simulation of the experimental setup using
the previously identified magneto-viscoelastic model thus allowing to
probe the assumptions made in the simplified BVP. Finally, we conclude
the manuscript discussing potential extensions of the present work and
future directions in the context of magneto-viscoelasticity.
 s

2 
2. Kinematics and magnetostatics

For simplicity in presenting the main field quantities of the problem,
we consider a deformable, magneto-active solid with volume 0 ()
n its reference (current) configuration. The magneto-active solid is
onsidered in the present work as a homogeneous material described

by coupling energy densities and a dissipation potential to be defined in
detail in Section 4 . The boundary of the solid is assumed to be smooth
nd is designated by 𝜕0 (𝜕), while  (𝐧) denotes the unit normal on
0 (𝜕) in the reference (current) configuration.

In the present formulation, we consider as primary variables

(i) the mechanical displacement field 𝐮(𝐗), which relates the current,
𝐱, and reference, 𝐗, position vectors via 𝐱 = 𝐗 + 𝐮(𝐗),

(ii) the magnetic vector potential field 𝐀(𝐗) defined in the reference
configuration.

This allows to write the deformation gradient 𝐅 and Lagrangian mag-
netic flux 𝐁 as

𝐅 = 𝐈 + Gr ad𝐮(𝐗), 𝐁(𝐗) = Cur l𝐀(𝐗). (1)

Here, 𝐈 is the second-order identity tensor and both Gr ad and Cur l
operators are defined with respect to the reference position 𝐗. The
deformation gradient 𝐅 must satisfy the impenetrability condition 𝐽 =
det 𝐅 > 0 at all times and positions. The above definitions satisfy
automatically compatibility and the absence of magnetic monopole
condition, i.e.,

Curl𝐅 = 𝟎, Div𝐁 = 0, (2)

as well as jump conditions across perfect interfaces (or boundaries)
uch that

[[𝐅]] × = 0, [[𝐁]] ⋅ = 0. (3)

We introduce next the first Piola or engineering stress 𝐒 and the
magnetic field strength (or H-field) 𝐇 as conjugate fields to 𝐅 and
𝐁, respectively. Conservation of linear and angular momentum (and
in absence of mechanical body forces and inertial effects) as well as
Ampère’s law (in the absence of electric currents or charges) lead to
the pointwise differential equations

Div 𝐒 = 𝟎, Cur l𝐇 = 𝟎, (4)

and jump conditions across perfect interfaces (or boundaries)

[[𝐒]]  − 𝐓 = 𝟎, [[𝐇]] × = 𝟎. (5)

Here, 𝐓 denotes the mechanical traction in the reference configuration.
Use of standard push forward transformations allows to write the

tress and magnetic fields in the current configuration, i.e., their Eu-
erian counterparts read (Ogden, 1997; Dorfmann and Ogden, 2004;

Kankanala and Triantafyllidis, 2004)

𝝈 = 1
𝐽
𝐒𝐅𝑇 , 𝐛 = 1

𝐽
𝐅𝐁, 𝐡 = 𝐅−𝑇𝐇. (6)

For later use in presenting the results, one may also define the current
magnetization vector 𝐦 via the constitutive relation

𝐛 = 𝜇0(𝐡 +𝐦) or 𝐦 = 1
𝜇0

𝐛 − 𝐡, (7)

where 𝜇0 is the magnetic permeability of vacuum, air or non-magnetic
olids.

This last expression is a definition of the magnetization vector in the
current volume  , which however is not defined on its boundary 𝜕 .
By definition 𝐦 = 𝟎 in a non-magnetic body. This implies that as a
quantity is insufficient to describe the presence of magnetic lines (in
the sense of Maxwell) in the surrounding air or in a non-magnetic solid.
Henceforth, we will focus on the original Maxwell fields 𝐁 and 𝐇 that
re related via linear and/or nonlinear constitutive laws, while 𝐦 will

7). In fact,
erve as a quantity that can be readily computed by Eq. (
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Fig. 1. Scanning electron microscope (SEM) image of the as fabricated isotropic MRE
sample.

in Mukherjee et al. (2021), Mukherjee and Danas (2022) and Danas
(2024), it was shown that 𝐦 may be directly related to an internal
state variable in the general case of dissipative magnetic solids, which is
beyond the scope of the present work that focuses only on magnetically
soft (i.e., non-dissipative) MREs.

3. Material fabrication and experiments

3.1. Fabrication of soft isotropic MREs

We fabricate the mechanically and magnetically soft magnetorhe-
ological elastomers (MREs) by dispersing carbonyl iron particles (CIP
CS, BASF) of 6-8μm average diameter in an elastomer matrix com-
posed of silicone rubber and silicone oil (378 364, Sigma-Aldrich Co.
Ltd.). The composition of the fabricated isotropic MRE tested for the
characterization is as follows; carbonyl iron (70 wt%, 24.07 vol%),
silicone rubber (15 wt%, 33.75 vol%), and silicone oil (15 wt%, 42.18
vol%). The silicone rubber is made from the base material and curing
agent (KE-1241 and CLA-9, Shin-Etsu Chemical Co. Ltd.) mixed with a
weight ratio of 10:1, respectively. The addition of silicone oil decreases
the mechanical modulus (modulus of transverse elasticity) of the pure
elastomer matrix down to approximately 13 k Pa. During the fabrication
process, we first mix and stir in a beaker the carbonyl iron particles,
silicone rubber and silicone oil at defined concentrations. Subsequently,
we place the mixture in a vacuum chamber to eliminate air bubbles.
We pour the vacuumed mixture into a non-magnetic mold of internal
dimensions of 65 mm × 12 mm × 2 mm allowing to obtain a rectangular
sheet MRE sample. During the curing process, we continuously rotate
the mold by use of a servo motor at 60 rpm to avoid the settlement of
the iron particles. In addition, the sample is heated with a heat gun set
at 80 ◦C for 60 min to accelerate the curing. A typical microstructural
image of the fabricated isotropic MRE sample obtained by a scanning
electron microscope (SEM, VE-9800, Keyence) is displayed in Fig. 1,
where we observe a fairly uniform and isotropic dispersion of the iron
particles in the elastomer matrix.

3.2. Experimental setup

The characterization bench (shown in Fig. 2a) consists of a
rectangular-shaped electromagnet comprising a yoke made of lami-
nated electrical steel with a cross section of 12 mm × 50 mm and an
excitation coil (wire diam.= 0.6 mm, 𝑁 = 1730 t ur ns, 𝑅 = 22.9 Ω), as
shown in Fig. 2b. The yoke has a 5.8 mm air gap opening allowing to
sandwich two MRE samples in-between separated by a mechanically
stiff magnetic steel plate of 1 mm thickness. We bond the MRE samples
3 
to the upper and lower yoke and steel plate, respectively using adhesive
layers of 0.2 mm thickness, as sketched in Fig. 2c. The horizontal
displacement of the magnetic steel plate generates a shear straining
of the MREs. We actuate the magnetic steel plate using a slider-
crank system with a speed-controlled motor, employing an imposed
sinusoidal displacement which can reach a maximum value of 2 mm
(leading to a maximum of 100% shear strain for the 2 mm thickness
samples) at a frequency ranging between 0.3–10 Hz. We measure the
horizontal displacement of the steel plate with a laser sensor of 0.2 μm
resolution (LC-2440, Keyence) with a laser displacement meter (LC-
2400, Keyence). In turn, the force exerted on the two MRE samples
is measured as the force acting on the oscillating plate by a load cell of
nonlinearity within ±0.02% RO (LUH-50KF, Kyowa, Tokyo, Japan) with
a dynamic-strain amplifier (DPM-711B, Kyowa, Japan). We generate
the magnetic induction field in the gap by powering the excitation coil
with a constant current (of precision ±0.01A). The static magnetic field
is monitored by a Hall sensor of a Gauss meter (Model 502, Nihon Denji
Sokki Co. Ltd., Tokyo, Japan) inserted between the yoke and the MRE
sample under test. The apparent shear strain in MRE is calculated by
dividing the measured plate displacement with the MRE sample height
ℎ = 2 mm. The corresponding engineering shear stress is evaluated by
dividing the measured force by the combined contact area between the
two MRE samples and the steel plate, i.e., by 2𝐴, where 𝐴 = 12 × 50 mm2.

3.3. Experimental data

Fig. 3 presents a reduced set of representative experimental data
with the aim to reveal the main effects of the loading triplet, i.e., (a)
the applied magnetic field 𝑏0, (b) the shear strain amplitude 𝛾0 and (c)
the frequency f . Those observations will directly guide the modeling
effort of the following sections. Specifically, we observe in Fig. 3a that
the magnetic field leads to a substantial increase of the dissipation and
thus of the viscosity at a fixed shear strain amplitude 𝛾0 = 0.4 and
frequency f = 1 Hz. In addition, we observe a significant increase of
the stress–strain slope at 𝛾 = 0 and during unloading at 𝛾 = ±𝛾0. Those
two slopes together with the viscosity increase are evidence of the
intrinsic coupling of the equilibrium, non-equilibrium and dissipative
parts of the material and thus need to be addressed during the modeling
effort. Fig. 3b examines the effect of the shear strain amplitude 𝛾0 at
a fixed magnetic field 𝑏0 = 0.5T and frequency f = 1 Hz. We observe,
in particular, a notable change of the stress–strain slope at 𝛾 = 0, with
that slope increasing inversely with 𝛾0, known as Payne effect (Payne,
1961; Lion, 1996; Höfer and Lion, 2009). This effect has already been
observed in various experimental data for MREs (Jolly et al., 1996;
Sorokin et al., 2014; Sebald et al., 2017; Vatandoost et al., 2020; Wang
et al., 2023) and was found to be a strong function of the magnetic
field. This slope change, in practice, implies a form of a memory effect
(which however is reversible in long times) of the MRE with respect
to the peak strain. This feature is obviously of extreme complexity and
in the present work a simplified approach will be considered in the
following sections to provide model predictions valid for symmetric
cyclic loads only. Finally, Fig. 3c shows the effect of the frequency
f for a fixed magnetic field 𝑏0 = 0.5T and shear strain amplitude
𝛾0 = 0.4. We observe that for the range between f = 0.5–5 Hz there
is practically a negligible effect of the frequency on the shear stress–
strain curves, which implies a form of non-Newtonian fluid response.
This specific effect, which is observed even in the absence of the applied
magnetic field (as shown later in Fig. 9a), will require special attention
and departure from the classical quadratic viscoelasticity potentials
proposed in the literature over the past forty years.

4. Thermodynamics and constitutive modeling

This section provides the kinematic and constitutive relations nec-
essary for the description of the nonlinear magneto-viscoelastic MRE
response. The only source of dissipation in the present problem is
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Fig. 2. Electromagnet consisting of rectangular-shaped yoke with one air gap to place two sandwiched MRE samples on both sides of a magnetic steel plate. (a) Picture of the
experimental setup. (b) Sketch of the electromagnet with the characterization bench and (c) 2D sketch of the bench and MRE sample dimensions.

Fig. 3. Experimental shear stress–strain data. (a) Effect of the applied magnetic field 𝑏0 = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.8T for frequency f = 1 Hz and shear strain amplitude 𝛾0 = 0.4.
(b) Effect of the shear strain amplitude 𝛾0 = 0.1, 0.2, 0.3, 0.4 for frequency f = 1 Hz and applied magnetic field 𝑏0 = 0.5T. (c) Effect of the frequency f = 0.5,1,5 Hz for shear strain
amplitude 𝛾0 = 0.4 and applied magnetic field 𝑏0 = 0.5T.

Mechanics of Materials 200 (2025) 105187 

4 



K. Danas et al.

e
C

p
C

t
s

C

d

f
𝐁
d
m
N

f

f
d

S
t
A
c
d
t

i

t

e
t

o

t

m
b

s
s

Mechanics of Materials 200 (2025) 105187 
the viscoelasticity of the MRE, as we ignore any magnetic dissipative
ffects, which are extremely small in the present materials containing
IP particles. Following standard literature in the context of mechanical

viscoelasticity (Le Tallec et al., 1993; Bergström and Boyce, 1998;
Reese and Govindjee, 1998; Kumar and Lopez-Pamies, 2016), we first
introduce as an internal variable the second-order viscous deformation
gradient tensor 𝐅𝚟, such that the total deformation tensor 𝐅 may be
written as

𝐅 = 𝐅𝚎𝐅𝚟 or 𝐅𝚎 = 𝐅𝐅𝚟−1. (8)

Following this definition and for later use, we define the corresponding
right Cauchy–Green total, elastic and viscous tensors, respectively, as

C = 𝐅T𝐅, C𝚎 = 𝐅𝚎T𝐅𝚎, C𝚟 = 𝐅𝚟T 𝐅𝚟, 𝐅𝚟T = 𝐅𝚟. (9)

It is important to note at this point that we assume that all rotations
are associated only with the elastic part of the deformation gradient 𝐅𝚎

following the seminal works of Le Tallec et al. (1993) and Bergström
and Boyce (1998).1 This readily leads to the symmetry of the viscous
art 𝐅𝚟 and thus to 𝐅𝚟 =

√

C𝚟. Note that C ≠ C𝚎 C𝚟 but instead
= 𝐅𝚟 C𝚎 𝐅𝚟 =

√

C𝚟C𝚎
√

C𝚟.
Next, we introduce the spatial velocity gradient 𝐋 as

𝐋 = 𝐅̇𝐅−1 = 𝐋𝚎 + 𝐋𝚟 = 𝐅̇𝚎𝐅𝚎−1 + 𝐅𝐅𝚟−1𝐅̇𝚟𝐅−1. (10)

where 𝐋𝚎 and 𝐋𝚟 are the elastic and viscous velocity gradients, respec-
tively. We assume following that all rotations are associated only with
he elastic part 𝐋𝚎 such that 𝐋𝚟 may be directly related to a viscous
train-rate 𝐝𝚟 thus leading to
𝐝𝚟 = 𝐅𝐅𝚟−1𝐅̇𝚟𝐅−1 or 𝐅̇𝚟 = 𝐅𝚟𝐅−1𝐝𝚟𝐅, (11)

which may be shown to be symmetric as a consequence of the assump-
tion of rotation-free 𝐋𝚟. By direct algebraic manipulations and use of
the symmetry of 𝐅𝚟, we have that Ċ𝚟 = 2𝐅̇𝚟𝐅𝚟 = 2𝐅𝚟𝐅̇𝚟 and thus by
substitution in (11), one gets
̇ 𝚟 = 2C𝚟𝐅−1𝐝𝚟𝐅. (12)

This last expression provides an alternative option to work with the
internal variable C𝚟 instead of its original form 𝐅𝚟. Moreover, 𝐝𝚟 will be
efined later in Section 4.5 via a dissipation potential and its evaluation

requires the complete constitutive viscoelastic model.

4.1. Power balance and governing equations

Considering isothermal conditions, we define an energy density
unction that depends on the deformation gradient 𝐅, the magnetic flux
, and the internal variable via 𝐅𝚟, denoted as 𝑊 (𝐅,𝐁,𝐅𝚟). The local
issipation density  is given as the difference of the external power 
inus the rate of change of the internal energy 𝑊̇ , i.e., (Coleman and
oll, 1974; Rambausek and Danas, 2021; Lucarini et al., 2022)

 =  − 𝑊̇ =
(

𝐒 − 𝜕 𝑊
𝜕𝐅

)

⋅ 𝐅̇ +
(

𝐇 − 𝜕 𝑊
𝜕𝐁

)

⋅ 𝐁̇ − 𝜕 𝑊
𝜕𝐅𝚟

⋅ 𝐅̇𝚟 ≥ 0. (13)

Owing to the arbitrariness of 𝐅̇ and 𝐇̇, we employ the standard
Coleman–Noll–Gurtin argument to arrive at the well-established con-
stitutive relations

𝐒 = 𝜕 𝑊
𝜕𝐅

, 𝐇 = 𝜕 𝑊
𝜕𝐁

. (14)

The last term in Eq. (13), establishes the consistency conditions allow-
ing to define the evolution of 𝐅𝚟 (or equivalently C𝚟) by use of the
generalized standard material (GSM) (Halphen and Son Nguyen, 1975)
ormalism, such that
𝜕
𝜕𝐅̇𝚟

+ 𝜕 𝑊
𝜕𝐅𝚟

= 𝟎. (15)

1 This assumption is not absolutely necessary and one may show that the
inal energy and dissipation potential is effectively a function only of C𝚟 as
iscussed in Kumar and Lopez-Pamies (2016).
5 
The thermodynamic conditions presented in this section together with
the field equations and interface/boundary conditions introduced in
ection 2 define the entire set of equations that need to be considered
o solve a general boundary value problem in magneto-viscoelasticity.
n incremental variational formulation of the problem may also be
onstructed based on these local set of equations. For brevity this is not
emonstrated in the present manuscript, but the reader is referred to
he general magneto-viscoelastic formulation presented in Rambausek

et al. (2022) for more details.
Neglecting inertia and mechanical body forces, the set of govern-

ng equations for the unknown displacement field 𝐮(𝐗, 𝑡) and mag-
netic vector potential 𝐀(𝐗, 𝑡) in a general boundary value problem in
magneto-viscoelasticity is summarized as:
⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

Div 𝐒 = 𝟎, Cur l𝐇 = 𝟎, (𝐗, 𝑡) ∈ 0 × [0, 𝑇 ]
[[𝐒]]  − 𝐓 = 𝟎, [[𝐇]] × = 𝟎 (𝐗, 𝑡) ∈ 𝜕0

𝑇 ,𝐻 × [0, 𝑇 ]
𝐒 = 𝜕 𝑊

𝜕𝐅
, 𝐇 = 𝜕 𝑊

𝜕𝐁
, (𝐗, 𝑡) ∈ 0 × [0, 𝑇 ]

𝜕
𝜕𝐅̇𝚟

+ 𝜕 𝑊
𝜕𝐅𝚟

= 𝟎, (𝐗, 𝑡) ∈ 0 × [0, 𝑇 ]
𝐮(𝐗, 𝑡) = 𝐮0(𝑡) (𝐗, 𝑡) ∈ 𝜕𝐮

0 × [0, 𝑇 ]
𝐀(𝐗, 𝑡) = 𝐀0(𝑡) (𝐗, 𝑡) ∈ 𝜕0

𝐴 × [0, 𝑇 ]
𝐅𝚟(𝐗, 𝑡) = 𝐈 (𝐗, 𝑡) ∈ 0 × [0]

(16)

4.2. Constitutive relations

The materials analyzed in this work are isotropic and exhibit even
magneto-mechanical coupling, i.e., the response is independent of the
direction of the applied magnetic field. In addition, both 𝑊 and 
need to satisfy frame indifference (Kumar and Lopez-Pamies, 2016;
Mukherjee et al., 2021). A straightforward and elegant way to satisfy
hese conditions is to express the energy density and dissipation in

terms of properly chosen isotropic invariants. First, we define the set
of invariants that will be used in the present work (this set not being
xhaustive). This set comprises the minimum number of invariants
hat are deemed necessary to model the present MRE material and

is inspired directly from the previous homogenization-guided model
f Mukherjee et al. (2020).

We write first with the mechanical invariants

𝐼1 = 𝐅 ⋅ 𝐅 = trC, 𝐽 =
√

det C = det 𝐅, 𝐼𝚎1 = trC𝚎, 𝐽 𝚎 =
√

det C𝚎

= det 𝐅𝚎, 𝐼𝚟1 = trC𝚟. (17)

The above definitions readily imply that 𝐽 𝚟 = det 𝐅𝚟 = 𝐽∕𝐽 𝚎. The
corresponding magnetic and magneto-mechanical invariants read

𝐼4 = 𝐁 ⋅ 𝐁, 𝐼5 = 𝐁 ⋅ C𝐁, 𝐼6 = 𝐁 ⋅ C2𝐁, 𝐼𝚎5 = 𝐁 ⋅ C𝚎 𝐁. (18)

These invariants are the standard ones employed usually in the context
of 𝑠-MREs (Mukherjee et al., 2020), while 𝐼𝚎5 is proposed here addi-
ionally in order to couple the viscoelastic strains with the magnetic

fields.
Following earlier work in the context of magneto-elasticity (Lefèvre

et al., 2017, 2020; Mukherjee et al., 2020), we assume an additive
decomposition of 𝑊 of the form

𝑊 (C,𝐁,C𝚟) = 𝜌0𝛹
𝚎𝚚 (C,𝐁) + 𝜌0𝛹𝚗𝚎𝚚 (C𝚎,𝐁) + 1

2𝜇0𝐽
𝐁 ⋅ C𝐁. (19)

Here, 𝜇𝟶 is the magnetic permeability of vacuum, 𝜌0𝛹𝚎𝚚 and 𝜌0𝛹𝚗𝚎𝚚

correspond to the equilibrium and non-equilibrium parts, while the
last term serves to describe the background magnetic energy present
in all domains including the air domain, as well as magnetic and non-

agnetic solids. It allows for the magnetic field lines to travel in the
ackground space. In turn, the dissipation potential is assumed to be, in

general, a function of 𝐅̇𝚟 and the current value of 𝐁 but will be further
pecialized for convenience to be a direct function of 𝐝𝚟 defined in (11),
uch that
(𝐅̇𝚟;𝐅,𝐅𝚟,𝐁) = (𝐝𝚟;𝐁). (20)
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Fig. 4. Diagram of the rheological model of magneto-viscoelasticity proposed in this
study.

In the following, we propose specific choices for these energy densities
nd dissipation potential. Fig. 4 shows the diagram of the different en-
rgy and dissipation terms that follow, including the relevant coupling
etween mechanics and magnetism.

4.3. Equilibrium energy

We begin by prescribing the equilibrium part of the energy, which
is directly inspired from the work of Mukherjee et al. (2020) and is
further decomposed into a purely mechanical, purely magnetic and a
oupling magneto-mechanical part as

𝜌0𝛹
𝚎𝚚 (𝐅,𝐁) = 𝜌0𝛹

𝚎𝚚

𝚖𝚎𝚌𝚑
(𝐼1, 𝐽 ) + 𝜌0𝛹𝚎𝚚

𝚖𝚊𝚐(𝐼5) + 𝜌0𝛹𝚎𝚚

𝚌𝚘𝚞𝚙𝚕𝚎
(𝐼4, 𝐼5, 𝐼6). (21)

Specifically, one may choose any form for the mechanical energy
hat is available in the literature. In the present work, we choose to
ork with the Lopez-Pamies hyperelastic model (Lopez-Pamies, 2010)
eeping only one term, i.e.,

𝜌0𝛹
𝚎𝚚

𝚖𝚎𝚌𝚑
(𝐼1, 𝐽 ) = 31−𝛼

2𝛼
𝐺(𝐼𝛼1 − 3𝛼) − 𝐺 ln 𝐽 + 𝐺′

2
(𝐽 − 1)2. (22)

Here, 𝐺 and 𝐺′ are the Lamé shear and compressibility moduli, and 𝛼 >
0.5 in order to satisfy automatically polyconvexity. This last restriction
is not absolutely necessary in the strict sense but is a useful property
for materials that are rank-one convex as is the case of isotropic soft

REs.
The purely magnetic energy is given in terms of the hypergeometric

unction, i.e.,

𝜌0𝛹
𝚎𝚚
𝚖𝚊𝚐(𝐼5) = − 𝜒

2𝜇𝟶 (1 + 𝜒)
𝐼5 21

⎡

⎢

⎢

⎣

1
𝑘
, 2
𝑘
, 1 + 2

𝑘
,−

(

𝜒
√

𝐼5
(1 + 𝜒)𝜇𝟶𝑚𝑠

)𝑘
⎤

⎥

⎥

⎦

,

(23)

with 𝜒 and 𝑚𝑠 denoting the magnetic susceptibility and magnetization
saturation of the MRE, respectively.

The coupling energy is chosen of the form

𝜌0𝛹
𝚎𝚚

𝚌𝚘𝚞𝚙𝚕𝚎
(𝐼4, 𝐼5, 𝐼6) = 𝜌0 𝛿(𝐼

𝚟

1)
[

(1 + 𝜃)𝜓̂(𝐼4) + (1 − 𝜃)𝜓̂(𝐼6) − 2𝛹̂ (𝐼5)
]

,

(24)

with 𝜃 ∈ [−1, 1] and

𝜌0𝜓̂(𝐼𝑖) =
𝜇𝟶 𝛽1 (𝑚𝑠)2

2𝛽2
ln
[

1 + 𝛽2
𝐼𝑖

(𝜇𝟶𝑚𝑠)2

]

, 𝑖 = 4, 5, 6. (25)

In these expressions, 𝛽1 > 0 and 𝛽2 > 0 are calibration parameters. The
form of the coupling function (25) is the same with that in Mukherjee
et al. (2020) except that we keep only one term inside the log function.

In turn, 𝛿(𝐼
𝚟

1) ∈ [0, 1] is a bounded function of an additional internal
ariable 𝐼

𝚟

1, which describes the history of the viscoelastic strains and
n particular of the first viscous invariant 𝐼𝚟1 = trC𝚟 defined over a
ymmetric cycle as

𝛿(𝐼
𝚟

1) = 1 − 𝑞𝚟𝑠 t anh
[

103 𝑞𝚟0
(

𝐼
𝚟

1 − 3
)]

, 𝐼
𝚟

1(𝑡) = max
𝑡>0

𝐼𝚟1 (𝑡),

𝚟 𝚟
𝑞𝑠 ∈ [0, 1], 𝑞0 > 0. (26)

6 
In this last equation, 𝑞𝚟0,𝑠 are calibration parameters satisfying the above
nequalities. This function allows to model the observed Payne effect,
.e., change of the apparent slope of the stress–strain experimental
urves with respect to the overall applied strain. The bounded character
f 𝛿(𝐼

𝚟

1) ranging between zero and unity together with the bounded
range of 𝜃 interpolation parameter in (24) guarantees that the coupling
nergy 𝜌0𝛹

𝚎𝚚

𝚌𝚘𝚞𝚙𝚕𝚎
(𝐼4, 𝐼5, 𝐼6) remains bounded for finite values of C and

. We note here that the function (26) is a mere choice sufficient for
the present study but may become inaccurate for more complex loading
states and thus this part of the energy needs to be further improved
in the future. In particular, this choice is considered to be insufficient
o describe the expected decrease of the Payne effect at large times.

Nevertheless, this function may be easily modified in future studies if
additional experimental data along this direction become available.

Remark. We would like to remark at this point that the split of the
nergy into a magnetic part, defined via 𝜌0𝛹

𝚎𝚚
𝚖𝚊𝚐 in (23), and a coupling

part, defined via 𝜌0𝛹
𝚎𝚚

𝚌𝚘𝚞𝚙𝚕𝚎
in (24), allows to effectively split the energy

contributions to the magnetization and the magnetic stress, respec-
tively. This provides ample flexibility during the modeling approach
allowing to calibrate magnetostrictive/Maxwell-stress effects indepen-
dently without affecting the magnetization amplitude response. This is
 requirement in the case of (quasi-)incompressible MREs as has been
iscussed in several experimental observations (see for instance the
re-stress independent magnetization response in Danas et al. (2012),
hich is also true for hard MREs as discussed recently in Yan et al.

(2023) and Danas and Reis (2024)).

4.4. Non-equilibrium energy

The non-equilibrium part of the energy is decomposed into a purely
echanical part and a coupling part, such that

𝜌0𝛹
𝚗𝚎𝚚 (𝐼𝚎1 , 𝐽 𝚎, 𝐼𝚎5 ) = 𝜌0𝛹

𝚗𝚎𝚚

𝚖𝚎𝚌𝚑
(𝐼𝚎1 , 𝐽 𝚎) + 𝜌0𝛹𝚗𝚎𝚚

𝚌𝚘𝚞𝚙𝚕𝚎
(𝐼𝚎1 , 𝐽 𝚎, 𝐼𝚎5 ). (27)

Following the work of Rambausek et al. (2022), we assume that the
on-equilibrium part of the energy does not contribute (or only weakly)

on the magnetic response of the MRE. Hence, a non-equilibrium mag-
netic energy is not considered at this point.

The mechanical non-equilibrium part is chosen to take the same
form as the energetic counterpart and reads

𝜌0𝛹
𝚗𝚎𝚚

𝚖𝚎𝚌𝚑
(𝐼𝚎1 , 𝐽 𝚎) = 31−𝛼

(1)
𝚎

2𝛼𝚎
𝐺(1)
𝚎
[(𝐼𝚎1 )

𝛼(1)𝚎 − 3𝛼(1)𝚎 ] −𝐺(1)
𝚎

ln 𝐽 𝚎+
𝐺′
𝚎

2
(𝐽 𝚎− 1)2. (28)

Here, 𝛼𝚎 > 0.5 is a power exponent and 𝐺𝚎 and 𝐺′
𝚎

correspond to the
echanical, non-equilibrium Lamé shear and compressibility moduli.

t is noted that more terms may be considered in the above definition
f deemed required similar to the works of Kumar and Lopez-Pamies

(2016) and Rambausek et al. (2022). In the present case, we will show
that one modulus 𝐺𝚎 and one power exponent 𝛼𝚎 are enough to describe
the experimental data.

We choose the non-equilibrium coupling energy to be of the form

𝜌0𝛹
𝚗𝚎𝚚

𝚌𝚘𝚞𝚙𝚕𝚎
(𝐼𝚎1 , 𝐽 𝚎, 𝐼𝚎5 ) = 𝑔𝚗𝚎𝚚 (𝐼𝚎5 )𝐺

(2)
𝚎

(

31−𝛼
(2)
𝚎

2𝛼(2)𝚎

[

(𝐼𝚎1 )
𝛼(2)𝚎 − 3𝛼(2)𝚎

]

− ln 𝐽 𝚎

)

,

it h 𝑔𝚗𝚎𝚚 (𝐼𝚎5 ) =
𝑞𝚎0𝐼

𝚎

5

1 + 𝑞𝚎0 (𝑞𝚎𝑠 )−1𝐼𝚎5
. (29)

Here, 𝐺(2)
𝚎 has the units of the shear modulus and is introduced for

dimensional consistency, whereby 𝛼(2)𝚎 > 0.5, 𝑞𝚎0,𝑠 > 0 and 𝑔𝚗𝚎𝚚 (𝐼𝚎5 ) ∈
[0, 𝑞𝚎𝑠 ] is a bounded non-dimensional function of a sigmoid character.
Specifically, the parameter 𝑞𝚎0 (with dimensions T−2) serves to describe
the initial response of the function 𝑔𝚗𝚎𝚚 (𝐼𝚎5 ) = 𝑞𝚎0𝐼

𝚎

5 + ((𝐼𝚎5 )
2) ∼ |𝐁|2 +

(|𝐁|4) as |𝐁| → 0. It affects, albeit only weakly (as it should), the
initial magnetization response, while it influences mainly the viscous
unloading stress–strain response. In turn, 𝑞𝚎𝑠 sets an upper saturation
value to 𝑔𝚗𝚎𝚚 (𝐼𝚎) = 𝑞𝚎 as 𝐁 → ∞.
5 𝑠
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Remark. We insist here on the fact that the function 𝑔𝚗𝚎𝚚 (𝐼𝚎5 ) needs
o exhibit a saturating response at large magnetic fields 𝐁 → ∞ as well

as a quadratic dependence on 𝐁 as 𝐁 → 0. Otherwise, discontinuous or
on-physical solutions may appear at the origin 𝐁 = 0, which would
ead to fictitious non-zero magnetic field strength 𝐇 and magnetization

fields even in the absence of an applied magnetic field 𝐁; a response
hat is incorrect for 𝑠−MREs, which can only magnetize when 𝐁 ≠ 0.2

4.5. Dissipation potential

The experimental data presented in Section 3 indicate a very weak
ffect of the frequency and by extension of the strain-rate in the range
f values that have been considered, i.e., 𝑓 = 0.3 − 5 Hz. Given the
inusoidal character of the mechanical excitation and the 40% shear
train amplitude applied, this frequency involves strain-rates spanning
he range [0 − 12] s−1.

This directly implies that the response resembles more that of a
on-newtonian fluid rather than that of a viscoelastic solid. Motivated

by this observation, we propose a dissipation potential of a power-
law form (van Dommelen et al., 2003; Danas et al., 2008b; Danas and
onte Castañeda, 2009; Garcia-Gonzalez and Jerusalem, 2019)

(𝐝𝚟, 𝐼5) =
𝜂(𝐼5)

𝑚(𝐼5) + 1 |𝐝
𝚟
|

𝑚(𝐼5)+1, tr𝐝𝚟 = 0. (30)

From this definition, 𝐝𝚟 is a purely deviatoric symmetric tensor,
hereas 𝜂 is the viscosity coefficient and 𝑚 ∈ (0, 1] the power-law

exponent. When 𝑚 = 1 and 𝜂 is not a function of the viscous strains, the
material becomes linear viscoelastic similar to the works of Le Tallec
t al. (1993), Bergström and Boyce (1998) and Reese and Govindjee

(1998). Instead, in the limit of 𝑚 = 0, the material becomes rate
ndependent (Idiart et al., 2006; Danas and Ponte Castañeda, 2009). For

any value between zero and one, the dissipation potential (30) leads to
 nonlinear with respect to 𝐝𝚟 viscoelastic response, which is that of a
on-Newtonian fluid. Both 𝜂 and 𝑚 are also functions of the magnetic
ield and in particular are assumed to be functions of 𝐼5. It is remarked
hat in addition, one could allow 𝜂 to be a function of the viscous strains
r viscous stress similar to the work of Reese and Govindjee (1998)
nd Kumar and Lopez-Pamies (2016). In the present context, such a
ependence is found to be unnecessary but larger strains or different

loads may reveal such dependence and in that case, one may add it in
he above potential. In turn, the non-linear dependence of 𝐝𝚟 via 𝑚 is
ound to be of critical importance to capture the very weak frequency
ependence.

Using the properties of the derivative of the hypergeometric func-
tion introduced in (23), we propose the following functional depen-
ence on 𝐼5 for 𝜂

𝜂(𝐼5) = 𝜂0𝜂𝐵 , 𝜂𝐵 = 1 +
𝑠𝜂0
√

𝐼5
[

1 +
(

𝑠𝜂0(𝑠
𝜂
𝑠 )−1

√

𝐼5
)𝑝𝜂 ]1∕𝑝𝜂

, 𝜂𝐵 ∈ [1, 𝑠𝜂𝑠 ] (31)

with 𝑠0,𝑠𝜂 > 0, 𝑝𝜂 ≥ 1 and 𝜂0 denoting the viscosity in the absence of a
magnetic field.

Similarly, using the same function (but with different coefficients),
we write the power-law exponent as

2 In the recent literature, coupling functions of a saturation form such
as (but not only) t anh(√𝐼4) or t anh(√𝐼5) have been proposed to couple the
mechanical equilibrium or non-equilibrium parts with the magnetic fields.
This, however, may lead to fictitious magnetization fields at 𝐁 = 0 or
trong dependence of the magnetization saturation with straining, a result

that is in direct contradiction with available experiments such as those
in Danas et al. (2012) and multiple numerical RVE simulations such as Danas
(2017), Mukherjee et al. (2020, 2021), Mukherjee and Danas (2022) and Danas
(2024).
7 
𝑚(𝐼5) = 𝑚0𝑚𝐵 , 𝑚𝐵 =

⎧

⎪

⎨

⎪

⎩

1 +
𝑠𝑚0

√

𝐼5
[

1 +
(

𝑠𝑚0 (𝑠
𝑚
𝑠 )−1

√

𝐼5
)𝑝𝑚]1∕𝑝𝑚

⎫

⎪

⎬

⎪

⎭

−1

,

𝑚𝐵 ∈
[

1
𝑠𝑚𝑠
, 1
]

. (32)

Again, 𝑠𝑚0,𝑠 > 0, 𝑝𝑚 ≥ 1 and 𝑚0 denotes the power-law exponent in the
absence of a magnetic field.

In both cases, the calibration parameters 𝑠𝜂 ,𝑚0 control the increase
(decrease) of 𝜂𝐵 (𝑚𝐵) at small values of 𝐁, whereas the parameters
𝑠𝜂 ,𝑚𝑠 impose an upper (lower) saturation value on 𝜂𝐵 (𝑚𝐵). The powers
𝑝𝜂 and 𝑝𝑚 control how fast the corresponding functions reach the
saturation values. The calibrated response of these functions is shown
later in Fig. 10.

Using the constitutive relation (15) together with the definition for
 in (30), we can write by means of the chain rule
𝜕
𝜕𝐝𝚟

⋅
𝜕𝐝𝚟

𝜕𝐅̇𝚟
+ 𝜕 𝑊
𝜕𝐅𝚟

= 𝟎. (33)

After some straightforward algebra, one can show that

𝜂|𝐝𝚟|𝑚−1𝐝𝚟 = 𝝈𝚟𝚍 with 𝝈𝚟𝚍 = dev
(

1
𝐽
𝜕 𝜌0𝛹𝚗𝚎𝚚

𝜕𝐅
𝐅T

)

= dev
(

1
𝐽
𝜕 𝜌0𝛹𝚗𝚎𝚚

𝜕𝐅𝚎
𝐅𝚟−𝑇𝐅T

)

. (34)

Here, ‘‘dev’’ denotes the deviatoric operator whereby the viscous stress
𝝈𝚟𝚍 is a deviatoric symmetric second-order tensor. This operation is
arried out in order to impose the incompressibility constraint tr𝐝𝚟 =
0 of the dissipation potential (30). One may readily solve for 𝐝𝚟 in
relation (34) to obtain

𝐝𝚟 = 𝜂−
1
𝑚
|𝝈𝚟𝚍

|

1
𝑚−1𝝈𝚟𝚍. (35)

Substitution of this last result in (12) provides an explicit evolution
equation for 𝐅̇𝚟, i.e.,

𝐅̇𝚟 = 𝜂−
1
𝑚
|𝝈𝚟𝚍

|

1
𝑚−1𝐅𝚟𝐅−1𝝈𝚟𝚍 𝐅, (36)

or alternatively for Ċ𝚟, i.e.,

Ċ𝚟 = 2𝜂− 1
𝑚
|𝝈𝚟𝚍

|

1
𝑚−1C𝚟𝐅−1𝝈𝚟𝚍 𝐅, (37)

with 𝝈𝚟𝚍 defined in (34)2. In the present work, following the earlier im-
plementations by Rambausek et al. (2022), we have used the evolution
Eq. (37).

4.6. Maxwell stress

For later use in the solution of the simplified BVP in Section 5, we
recall here the definition of the Maxwell stress (Dorfmann and Ogden,
2003). Following the works of Kankanala and Triantafyllidis (2004)
and Danas (2017), we define first the energy function equivalence
𝑊 (𝐅,𝐁,𝐅𝚟) = 𝑊 (𝐅, 𝐽−1𝐅−1𝐛,𝐅𝚟) = 𝑤(𝐅,𝐛,𝐅𝚟), such that

𝑤(𝐅,𝐁,𝐅𝚟) = 𝜌0𝛹
𝚎𝚚 (𝐅,𝐛) + 𝜌0𝛹𝚗𝚎𝚚 (𝐅𝚎,𝐛) + 𝐽

2𝜇0
𝐛 ⋅ 𝐛. (38)

Under a prescribed Eulerian magnetic field 𝐛 (as is the case in our
xperimental setup), the total Cauchy stress may be decoupled in a
echanical and a Maxwell (magnetic) part, such that 𝝈 = 𝝈𝚖𝚎𝚌𝚑+𝝈𝚖𝚊𝚡𝚠.

Recalling that in the present formulation, 𝐛 = 𝐛(𝐅,𝐁) from relation (6),
ne may write

𝝈 = 𝜕 𝑤
𝜕𝐅

|

|

|

|𝐛
𝐅𝑇

⏟⏞⏞⏟⏞⏞⏟
𝝈𝚖𝚎𝚌𝚑

+
( 𝜕 𝑤
𝜕𝐛

⋅
𝜕𝐛
𝜕𝐅

)

𝐅𝑇

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
𝝈𝚖𝚊𝚡𝚠

. (39)

After some straightforward algebraic calculations, we get (Danas, 2017)

𝝈𝚖𝚊𝚡𝚠 = 𝐡⊗ 𝐛 −
𝜇0
2

(

|𝐡|2 − |𝐦|

2) 𝐈 = 𝐡⊗ 𝐛 − 1
2𝜇0

(

|𝐛|2 − 2𝜇0𝐛 ⋅ 𝐡
)

𝐈

1 𝚖𝚊𝚡𝚠 T
=
𝐽
𝐒 𝐅 . (40)
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Fig. 5. Sketch of the simplified BVP consisting of an semi-infinite (along 𝐞1) thin MRE layer subjected to a uniform Eulerian magnetic field 𝐛 = 𝑏0𝐞2 across its thickness and a
imple shear loading along direction 𝐞1 with maximum amplitude 𝐹12 = 𝛾0. The continuity conditions of the magnetic fields together with the fact that the layer is film leads to
he shown known magnetic fields 𝑏2 and ℎ1 in the MRE.
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This last relation will be used in Section 5 to estimate the jump in the
total stress between the MRE layer and the surrounding materials.

5. Simplified boundary value problem (BVP) and model calibra-
tion

In this section, we discuss the calibration of the previously proposed
constitutive model with a selected set of the experiments reported in
Section 3. The proposed model is used subsequently to predict a wider
range of experimental data not used during calibration. Specifically,
the experimental setup described in Fig. 2 requires a direct and re-
ined modeling approach. This is necessary in order to claim that the
roposed model is able to describe the underlying material response.
nlike simpler mechanical experiments, in a magneto-mechanical ex-
eriment, it is extremely difficult to maintain uniform magnetic and
echanical fields throughout the loading process, especially due to

orner effects that localize the magnetic fields and thus lead to hetero-
eneities of both the mechanical and magnetic fields in the material
nder study. This makes the direct modeling of MREs non-analytical

and requires in most of the cases a full-field simulation of the boundary
value problem (BVP) at hand.

In this work, however, we show that the present experimental setup
allows, under careful assumptions, to extract the MRE material response
from the BVP experimental data. In order to validate this property
f the present experimental setup, in Section 6, we cross-validate the

model estimates by analyzing the full BVP using 2D FE simulations.

5.1. Boundary conditions and assumptions

We simplify the experimental BVP by considering that a semi-
infinite (along 𝑋1) thin MRE layer lies between two semi-infinite blocks
of rigid non-deformable magnetic material, as sketched in Fig. 5. The
hird dimension is assumed to satisfy plane-strain conditions with all
agnetic fields equal to zero along 𝐞3. As a consequence, both the

magnetic and mechanical fields are uniform in the MRE specimen. This
assumption is rather strong since we will see in Section 6 that both the
magnetic and mechanical fields exhibit a certain level of heterogeneity,
specially near the free ends of the specimen in the actual experimental
etup (see Fig. 2). Even so, we will show that the force measured by

the experimental load cell corresponds to the average response of the
sample and in particular to the MRE material response as if the fields

ere uniform.
With this assumption in mind, effectively, we replace the complex

BVP with a thin slab of MRE that is infinite in two out of the three
irections, i.e., 𝑋1, 𝑋3 ∈ (−∞,∞). In turn, the MRE is thin in direction
𝑋 and together with the tangential continuity of the magnetic field
2 t

8 
strength 𝐡 (and 𝐇) introduced in (5), one may assume ℎ1 = 0 in the
RE sample throughout the entire deformation process. This is due to

he fact that ℎ1 = 0 in the upper and lower parts of the device (e.g., the
lectrical steel blocks here, neglecting in this analytical treatment of
he BVP additional layers used between the MRE and the electrical steel
arts as shown in Fig. 2c). This assumption becomes increasingly more
ccurate with the reduction of the MRE sample thickness. In addition, a

thin sample allows for a fairly uniform simple shear strain state in the
ure mechanical problem. This does not always mean, however, that
he fields will remain uniform at large strains in the coupling problem
see for instance the work of Lefèvre et al. (2017)).

In turn, the current applied magnetic field in the electrical steel
blocks is 𝐛 = 𝑏0𝐞2 and owing to the normal continuity of the current
magnetic flux, [[𝐛]] ⋅ 𝐞2 = 0 across the MRE sample, 𝑏2 = 𝑏0 also in
the MRE sample in this simplified BVP. Considering further a uniformly
applied shear deformation with maximum amplitude |𝐹12| = 𝛾0 as im-
osed by the experimental device, one may write the current magnetic
nd deformation gradient fields in the MRE material as

𝐛 = 𝑏1 𝐞1 + 𝑏0 𝐞2, 𝐡 = ℎ2 𝐞2, 𝐅 = 𝛾0 𝐞1 ⊗ 𝐞2 + 𝐈. (41)

Use of the transformation rules (6), leads to
𝐁 = 𝐵1 𝐞1 + 𝐵2 𝐞2 = (𝑏1 − 𝑏0𝛾0) 𝐞1 + 𝑏0 𝐞2, 𝐇 = 𝐻2 𝐞2 = ℎ2 𝐞2. (42)

Following the definition for the Maxwell stress in (40) together with
the previous forms of the fields 𝐛, 𝐡 and 𝐅, we get

𝝈𝚖𝚊𝚡𝚠 = 𝑏1 ℎ2𝐞2⊗𝐞1+𝑏0 ℎ2𝐞2⊗𝐞2+𝑝𝚖𝚊𝚡𝚠𝐈, 𝑝𝚖𝚊𝚡𝚠 = 1
𝜇0

(𝑏21+ (𝑏0)2) −𝑏0 ℎ2,

(43)

which leads to the corresponding 1st Piola Maxwell stress

𝐒𝚖𝚊𝚡𝚠 = 𝐵1𝐻2𝐞2 ⊗ 𝐞1 + 𝐵2𝐻2𝐞2 ⊗ 𝐞2 + 𝑝𝚖𝚊𝚡𝚠(−𝛾0𝐞2 ⊗ 𝐞1 + 𝐼). (44)

An important observation in expression (43) is that the Maxwell shear
stress component

𝜎𝚖𝚊𝚡𝚠12 = 𝑆𝚖𝚊𝚡𝚠

12 = 0. (45)

This is a direct consequence of the slender dimension along 𝐞2, which
n turn leads to ℎ1 = 0 and thus to (45). This further implies that
he measured shear stress 𝑆12 in the BVP is free of additional external
agnetic stresses and is only a function of magnetic stresses induced

by particle interactions. This is not true for the remaining components
which have Maxwell contributions.

From the previous analysis and relations (41) or (42), it is clear
hat the only unknown in the present problem is 𝐵 (or equivalently
1
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Table 1
Triplets of input loading parameters for model calibration.
{f (Hz), 𝑏0(T)} ⧵ 𝛾0 0.1 0.2 0.3 0.4

{1, 0} ✓ ✓

{1, 0.3} ✓ ✓

{1, 0.5} ✓ ✓ ✓ ✓

{1, 0.8} ✓ ✓

{5, 0} ✓

{5, 0.5} ✓

𝑏1), which may be solved for incrementally by use of the non-linear
lgebraic equation

ℎ1 = 𝐻1 =
𝜕 𝑊
𝜕 𝐵1

= 0. (46)

The solution of the BVP is first done for 𝐵1 using this last equation
and then the viscous strains are updated from the evolution Eq. (37)
sing a 5th-order Runge–Kutta method (see Kumar and Lopez-Pamies

(2016) and Wijaya et al. (2023) for more details). Once 𝐵1 is evaluated,
one may readily compute the entire stress tensor and magnetic field
strength from (14).

5.2. Model calibration and comparison with experiments

The aforementioned simplified BVP is analyzed numerically using a
ustom made Fortran code that solves the nonlinear algebraic Eq. (46)
ogether with the evolution Eq. (37).

Following closely the experimental loading conditions, we first ap-
ply a magnetic field 𝑏2 = 𝑏0 with a prescribed rate 𝑏̇0 and subsequently
a frequency, f, dependent shear strains, summarized as follows
⎧

⎪

⎨

⎪

⎩

𝑏2(𝑡) = 𝑏̇0 𝑡, 𝑏̇0 = 0.5T∕𝑠, 𝑡𝑚𝑎𝑔 =
𝑏0

𝑏̇0
, 𝑡 ∈ [0, 𝑡𝑚𝑎𝑔]

𝛾(𝑡) = 𝛾0 sin
[

2𝜋 f (𝑡 − 𝑡𝑚𝑎𝑔)
]

, 𝑡𝑚𝑒𝑐 ℎ = 5
4f , 𝑡 ∈ [𝑡𝑚𝑎𝑔 , 𝑡𝑚𝑒𝑐 ℎ + 𝑡𝑚𝑎𝑔]

(47)

It is noted here that the applied magnetic field rate is applied fairly
fast in the experiment but is not exactly controlled and thus is chosen
somehow arbitrarily here. We observe, however, that for the model
onsidered in the present work (especially the non-equilibrium energy
unction in (29), the value of 𝑏̇0 has no particular effect but one should

be cautious since for very soft polymers effects may be present in the
normal stress components as shown in Moreno et al. (2021).

In order to achieve proper convergence for the explicit Runge–
Kutta scheme, we use a time step of 𝛥𝑡 = 0.0005. Note further that
the numerical data that are used to calibrate the model parameters
are those obtained at the time interval 𝑡 − 𝑡𝑚𝑎𝑔 ∈ [3∕4f, 5∕4f]. This
orresponds to the interval 𝛾 ∈ [−𝛾0, 𝛾0] after 3∕4 of a cycle has been
arried out allowing the stabilization of the response.

The corresponding experimental data used for calibration are also
re-processed to have a smoother character as well as in order to make
ure we have a regular interval of the stress measures at pre-defined
hear strains which are exactly the same with that of the numerical
nes. For this, we only keep the upper part of the stress–strain curve
orresponding to 𝛾 ∈ [−𝛾0, 𝛾0]. Those data are then imported in
athematica and are fitted with a higher-order polynomial (usually of

egree 10 or higher) owing to their extremely nonlinear character. The
olynomial is then used to export equally spaced in 𝛾 ∈ [−𝛾0, 𝛾0] data.
hus, the experimental and numerical data are extracted at exactly the
ame shear strain interval and the same exact shear strain increments.

Subsequently, we form an objective error function that reads

𝑂 𝑏𝑗 𝐹 𝑐 𝑛 =
∑

𝑁𝑡𝑟𝑝𝑙

|𝑆𝑛𝑢𝑚12 (1 ∶ 𝑁𝑝) − 𝑆𝑒𝑥𝑝12 (1 ∶ 𝑁𝑝)|

|𝑆𝑒𝑥𝑝12 |

, (48)

where |.| denotes the Frobenius norm of order 𝑁𝑝 corresponding to the
number of time data extracted for a single loading triplet {𝛾0, f, 𝑏0}. We
use a total of 𝑁 = 12 triplet loading states as reported in Table 1.
𝑡𝑟𝑝𝑙 f

9 
Fig. 6. Magnetization response of the MRE material using the exponent 𝑘, magnetic
usceptibility 𝜒 and magnetization saturation reported in Table 2.

The optimization objective function (48) is minimized by use of
the Nelder–Mead and SLSQP (Sequential Least Squares Programming)
optimizers in Python SciPy library to obtain the material parameters
introduced in the previous sections. Both optimizers do not require the
prescription of the Hessian matrix, which is a necessary condition in
our problem since it involves time dependent evolution viscous strains.
In order to reach an acceptable optimized solution, a first estimate of
the material parameters is obtained using the Nelder–Mead simplex
algorithm, which is extremely stable but at the same time exhibits
a very slow convergence especially as we approach to an optimal
solution. Then, the nearly optimal vector obtained from the Nelder–
Mead approach is used as an initial estimate in the SLSQP optimizers,
which converges to a solution in a few iterations (usually less then
fifteen).

Table 2 reports sixteen material parameters as calibrated by the
xperiments. The parameters shown in bold are either adapted for the
elevant particle volume fraction from previous works such as 𝜒 and 𝑚𝑠

reported in Psarra et al. (2017) and Diguet et al. (2019), respectively,
and 𝑘 in Mukherjee et al. (2020), or simply considering that the MRE
is quasi-incompressible for 𝐺′.

Using the parameters reported in Table 2 together with 𝐺(2)
𝚎 = 1 MPa

which was used for dimensional consistency in (29)), we trace the
corresponding magnetization response defined via Eq. (23) in Fig. 6 in
the absence of mechanical strains (i.e. 𝐅 = 𝐈). It is easily observed that
the present data are in the range of applied magnetic flux 𝑏0 ∈ [0, 0.8]T
nd thus lie mostly in the linear part of the magnetization curve,
hereas saturation effects kick in for 𝑏0 ≥ 0.9T. It is however well-
nown by now that approaching magnetic saturation coupling effects
lso saturate and thus the response becomes of less interest in such
roblems.

Fig. 7 compares calibrated and predicted model curves with cor-
responding experimental data for frequency f = 1 Hz and various
applied magnetic fields 𝑏0 and shear strain amplitudes 𝛾0. Overall,
he agreement between the model and the experiments is very good.
he non-elliptical form of the shear stress–strain response is partially
 consequence of the power-law dissipation potential (30) as well as

the non-equilibrium energy function (27). Several observations are in
order. First, we observe that the magnetic field has a pronounced effect
on the dissipation of the MRE, which increases substantially with 𝑏0. (A
more quantitative analysis is discussed later in Fig. 10.) The increase
of the stress with 𝑏0 is a combined effect of viscoelasticity and pure
nergetic (equilibrium) coupling, a feature that is usually ignored in
he literature where the increase of the stress response with magnetic
ield is simply referred to as magnetorheological effect and is usually
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Table 2
Material parameters.
𝐺 (kPa) 𝛼 (–) 𝐺′∕𝐺 (–) 𝜒 (–) 𝜇𝟶𝑚𝑠 (T) 𝑘 (–) 𝛽1 () 𝛽2 (–)

26.93 1.41 500 0.93 0.556 6 0.46 0.695

𝐺(1)
𝚎 (kPa) 𝛼(1)𝚎 (–) 𝛼(2)𝚎 (–) 𝐺′

𝚎
∕𝐺(1)

𝚎 𝜂0 (kPa s) 𝑚0 (–) 𝑞𝚟0 (–) 𝑞𝚟𝑠 (T−2)

29.21 0.96 0.97 500 1.693 0.251 0.013 0.58

𝑞𝚎0 (T−2) 𝑞𝚎𝑠 𝑠𝜂0 (T−1) 𝑠𝜂𝑠 (–) 𝑝𝜂 (–) 𝑠𝑚0 (T−1) 𝑠𝑚𝑠 (–) 𝑝𝑚 (–)

1.42 0.422 10.8 12.15 4.18 1.18 0.3558 1
Fig. 7. Experiments (markers) versus model (continuous lines) predictions for frequency f = 1 Hz and various applied magnetic fields 𝑏0 = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.8T for different
hear strain amplitudes: (a) 𝛾0 = 0.1, (b) 𝛾0 = 0.2, (b) 𝛾0 = 0.3 and (d) 𝛾0 = 0.4. Note the different range in the 𝑦-axes set independently for each plot for better visualization.
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connected to the pure energetic modulus of the MRE. In fact, the pure
nergetic modulus of the MRE is identified in Fig. 7 with the slope
f the curve at 𝛾 = 0 and is obtained in the model by introducing
he equilibrium coupling energy 𝜌𝛹 𝑒𝑞

𝚌𝚘𝚞𝚙𝚕𝚎
in (24). If the MRE were not

iscoelastic then the sole energetic effect on the stress would have been
uch weaker. We observe finally that the unloading stress state after

eaching the maximum applied shear strain amplitude 𝛾 = 𝛾0 depends
trongly on 𝑏0. This otherwise non-trivial dependence is captured by
ntroducing a magneto-mechanical coupling via the non-equilibrium
oupling energy 𝜌𝛹 𝑛𝑒𝑞

𝚌𝚘𝚞𝚙𝚕𝚎
in (29). This energy also affects the fast

ncrease of the viscous and thus total shear stress with applied shear
train. This non-equilibrium slope increases with 𝑏0 as described by the
onlinear saturation-type 𝑔𝚗𝚎𝚚 function introduced in (29)2.

Fig. 8 reports the effect of the applied shear strain amplitude 𝛾0 on
he shear stress response for two applied magnetic fields 𝑏0 = 0.3, 0.5.

e observe that as 𝛾0 increases the shear stress–strain slope at 𝛾 = 0
ecreases. This has been related to the well-known Payne effect in
lastomers and purely mechanical loads. Physically, it corresponds to
 reversible, albeit with limited memory, effect owing to significant re-
onfiguration of the polymer chains. The interesting observation in the
10 
present context is that this effect becomes substantially more significant
with the application of the magnetic field 𝑏0 as can be illustrated by the
relative comparison of the curves for 𝑏0 = 0.3T and 0.5T. This effect is
captured by the proposed model via the use of the internal variable
𝐼
𝚟

1 introduced in the definition of the equilibrium coupling energy (24).
his implies that in the present model this effect is only present when
 magnetic field is applied since it is found to be fairly negligible in
he pure mechanical case. Nevertheless, a similar term with additional
arameters could have been introduced if deemed necessary in the
echanical equilibrium part of the energy defined in (22). Finally,
e recall that the proposition (26) is only valid for symmetric cyclic

loads, whereas a more complex functional form with potentially more
istory/memory variables may be needed for non-symmetric cyclic

loads (see a similar case in pure magnetism discussed in Mukherjee and
Danas (2019)).

Fig. 9 shows the effect of the shear loading frequency upon the
hear stress–strain response for different applied magnetic fields and

shear strain amplitude 𝛾0 = 0.4. As already discussed in Section 3.3,
the present MRE material exhibits a very weak frequency effect, which
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Fig. 8. Experiments (markers) versus model (continuous lines) predictions for frequency f = 1 Hz and shear strain amplitudes 𝛾0 = 0.1, 0.2, 0.3, 0.4 for two applied magnetic field
mplitudes : (a) 𝑏0 = 0.3T and (b) 𝑏0 = 0.5T.
Fig. 9. Experiments (markers) versus model (continuous lines) predictions for three representative frequencies f = 0.5, 1, 5 Hz and shear strain amplitude 𝛾0 = 0.4 for three applied
magnetic field amplitudes : (a) 𝑏0 = 0T, (b) 𝑏0 = 0.3T and (c) 𝑏0 = 0.5T. Note the different range in the 𝑦-axes set independently for each plot for better visualization.
𝜂
f

may also be translated to a low strain-rate effect. This directly implies
hat the response resembles more that of a non-Newtonian fluid or
iscoplastic metal than that of a usual rubber. In order to capture that

effect, we have used the power-law dissipation potential in (13) with
 power exponent 𝑚 < 1. After calibration, we obtain a fairly low
ower-law exponent, 𝑚0 = 0.251 (see Table 2) in the absence of the

magnetic field, as depicted in Fig. 9a. This value implies a very low
rate dependency. As one increases the magnetic field the rate effect
 t

11 
also becomes more important and thus in order to maintain the rate-
independency observed in the experiments, the power exponent needs
to decrease even more as implied by the positive values of the constants
𝑠𝑚0 and 𝑠𝑚𝑠 in Table 2.

In order to quantify and visualize clearly the increase of the viscosity
and decrease of the power-law exponent 𝑚 with the applied magnetic

ield 𝑏0, we show Fig. 10. In part (a) of this figure, we observe that
he calibrated normalized viscosity 𝜂∕𝜂 increases almost ten-fold for
0
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Fig. 10. (a) Normalized viscosity 𝜂∕𝜂0 and (b) power-law exponent 𝑚 shown as a function of the applied magnetic field 𝑏0.
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𝑏0 = 0.8T revealing the strong influence of the magnetic field on
he dissipative response of the MRE material. This viscosity increase
xplains directly the increase of the area enclosed between the shear
tress–strain responses in the previous figures. In turn, in Fig. 10b, we

observe conversely that the calibrated power-law exponent decreases to
even lower values with the increase of 𝑏0 thus leading to a more rate-
independent response. A rather non-trivial observation in the context
of these two curves is that the viscosity 𝜂 has a larger linear range as
compared with the power-law exponent 𝑚. This is attributed to the fact
hat the exponents 𝑝𝜂 = 4 and 𝑝𝑚 = 1 (see Table 2) introduced in the

saturation functions 𝜂𝐵 in (31) and 𝑚𝐵 in (32), respectively, take very
ifferent values. This further reveals a highly non-trivial influence of
he magnetic field in different parts of the dissipation potential.

6. Finite element (FE) simulations and model assessment

The previous model predictions and calibration were done using the
simplified BVP shown in Fig. 5. While this allows for a semi-analytical
esolution of the problem and an efficient calibration procedure, it is

based on the assumption of uniformity of the mechanical and mag-
netic fields throughout the MRE specimen and the fact that tangential
field ℎ1 = 0, which is true for vanishingly thin films. Nevertheless,
he real experimental setup involves additional materials between the
lectrical steel blocks where the magnetic field is present, whereas the
RE layer has a finite thickness of 2 mm. Moreover, the MRE layer

xtends all the way to the boundary of the electrical steel blocks and
hus there exist corner effects amplifying the magnetic field in those
egions and thus affecting locally the magnetic field distributions in the
RE specimens. In order to show unambiguously that the simplified
VP presented in the previous section constitutes a valid assumption
nd delivers accurate predictions for the actual experimental material
esponse, we carry out two-dimensional finite element (FE) simulations
f the actual experimental setup, called henceforth as finite element
oundary value problem (FE-BVP). For this, we have implemented
he previous magneto-viscoelastic model in a user-element subroutine
UEL) in Abaqus (ABAQUS, 2023) and compared the response obtained

by the FE with that of the simplified BVP and the experiments.

6.1. Geometry, meshing and material choice

Starting from the experimental setup, we assume that the out-of-
plane (𝑋3 direction) is under plane-strain conditions (i.e., 𝐹33 = 1,
13 = 𝐹23 = 𝐹31 = 𝐹32 = 0), while the magnetic fields are also zero
𝑏3 = ℎ3 = 𝑚3 = 0. This is a reasonable assumption except of course
near the corners of the device, where magnetic field gradients exist.
Nevertheless, in order to keep the analysis tractable, we focus on two-
dimensions but include all the parts used in the experimental device
12 
including the corners and the surrounding air. Specifically, following
the actual setup presented in Fig. 2c, in Fig. 11, we show the geometry
and the mesh used to analyze the problem at hand. The domain is sub-
ivided into several parts such as the two MRE layers, the stainless steel
non-magnetic), the magnetic steel plate (magnetic) used to impose the
echanical shear load and the electrical steel blocks (also magnetic).

In addition, we introduce a coil type domain (non-magnetic) at the top
and bottom part of the BVP, which in the present case is used to apply
a gradient of the vector potential 𝐴3 along 𝑋1. This is achieved by
simply setting a non-zero value of 𝐴3 = −𝐵2𝑋1 at the right part of the
oil domain and a zero value at the left parts of the coil domains. The
mplitude of 𝐵2 is then raised to the desired value with a ramp and pre-
efined rate 0.5 T/s as in the simplified BVP. What is important in the
resent case is that the electrical steel blocks are as long as the actual

experimental device allowing a fairly uniform distribution of the 𝐛 field
throughout the yoke region. In order to have an even more faithful
description of the experimental setup, we also model the adhesive
layers (non-magnetic), shown in yellow color in Fig. 11. The FE-BVP is
completed by including the surrounding air which is subdivided into a
deformable and an undeformable part. The deformable part, due to the
omplexity of the FE-BVP, is assumed to have a very low mechanical
tiffness, while both in-plane displacements in the undeformable part of
he air are entirely blocked. The geometrical parameters used to for the
E-BVP are summarized in Table 3. We note further that in Fig. 11, the
𝐿1 dimensions of the electrical steel part, MRE, adhesive and stainless
steel layers are all equal. The same holds for the 𝐿1 dimension of the
undeformed and deformed air domains.

Finally, a graded mesh is used for the FE-BVP with a smaller element
ize as one approaches the MRE layers where the strains and mag-
etic fields are concentrated and the corresponding field gradients are
igher. We use 4-node isoparametric bi-linear elements with four Gauss
oints, whereas the hydrostatic part of the energy is under-integrated
t a single Gauss point at the mid of the element. More elaborate
chemes may be applied to deal with the quasi-incompressibility of the

energy but this has been deemed sufficient for the present analysis.
Due to the two-dimensional character of the FE-BVP, we have a total
of three degrees of freedom (d.o.f.) per node, i.e., the two in-plane
isplacements 𝑢1 and 𝑢2 and the scalar magnetic vector potential 𝐴3.

Finally, the mesh comprises a total of 34 675 nodes, which corresponds
to 104 025 d.o.f.

We define next the material laws used to simulate the remaining
parts that make up the FE-BVP. Specifically, we consider that the
electrical steel blocks, stainless steel layers and magnetic steel plate are
substantially stiffer mechanically than the MRE and adhesive layers.
Moreover, the steel plate and electrical steel blocks are ferromagnetic
with negligible hysteresis, while the stainless steel and the adhesive
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Fig. 11. Two-dimensional geometry of the experimental setup. The constituting parts are shown with different colors. The dimensions are also denoted. The mesh near the central
area is shown using four node isoparametric bilinear elements. The magnetic load is applied by specifying the vector potential 𝐴3 = −𝐵2𝑋1 for all 𝑋1 that belong to the ‘‘coil’’
domain. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Table 3
FE-BVP geometrical parameters (mm).
𝐿𝚎𝚜

1 𝐿𝚎𝚜

2 𝐿𝚖𝚛𝚎

2 𝐿𝚜𝚜

2 𝐿𝚊𝚍𝚑

2 𝐿𝚙𝚕𝚊𝚝𝚎

1 𝐿𝚙𝚕𝚊𝚝𝚎

2 𝐿𝚌

1 𝐿𝚌

2 𝐿𝚞𝚗𝚍𝚎𝚏,𝚊
1 𝐿𝚞𝚗𝚍𝚎𝚏,𝚊

2 𝐿𝚍𝚎𝚏,𝚊
2

50 50 2 1 0.2 90 1 10 10 110 51 5.8
layers are non-magnetic. All of these components are assumed to be
purely elastic with no mechanical or magnetic dissipation.

In order to minimize the definition of various materials, we use
the same energy functions with those introduced for the MRE material
but with different properties. Specifically, for all remaining parts we
consider an energy density of the form

𝑊 (𝐅,𝐁) = 𝜌0𝛹
𝚎𝚚

𝚖𝚎𝚌𝚑
(𝐼1, 𝐽 ) + 𝜌0𝛹𝚎𝚚

𝚖𝚊𝚐(𝐼5) + 1
2𝜇0𝐽

𝐁 ⋅ C𝐁. (49)

where 𝜌0𝛹
𝚎𝚚

𝚖𝚎𝚌𝚑
(𝐼1, 𝐽 ) and 𝜌0𝛹

𝚎𝚚
𝚖𝚊𝚐 are given by the same exact expres-

sions defined in (22) and (23), respectively. Nonetheless, the material
properties are chosen differently for the various parts. Those involve
the corresponding Lamé moduli 𝐺 and 𝐺′, the susceptibility 𝜒 and
magnetization saturation 𝑚𝑠. In all materials the powers are set equal
to 𝛼 = 1 thus leading to a pure neo-Hookean response. The specific
values used in the subsequent calculations are summarized in Table 4.
It is important to note that the air domain is further subdivided in more
domains which are smaller in size as we approach closer to the MRE.
This allows to decrease gradually the shear modulus of the air as we
move further away from the MRE specimen. This approach has been
used successfully in Rambausek et al. (2022) to mitigate the artificial
stiffness that may be introduced in the system by considering a non-zero
air shear modulus. Alternative meshfree methods (Kumar et al., 2019)
could allow setting the air stiffness exactly equal to zero in complex
boundary domains.

We also note in passing that the shear modulus of the adhesive
layers is chosen to describe a double face adhesive tape whose modulus
ranges between 1000 k Pa -2000 k Pa. In the present case, we considered a
value of ∼ 1400 k Pa, which corresponds to approximately 50 times that
of the MRE modulus but even 1000 kPa does not alter the results. For
the rest of the metal parts, a value that is 500 that of the MRE is found
to be sufficient to describe the corresponding large stiffness contrast
avoiding at the same time an ill-posed stiffness matrix of the numerical
system. A calculation where all displacements are blocked in those stiff
parts gave no difference. Finally, the shear loading is applied directly
13 
on the entire steel plate in the same exact manner as described in (47).
The simulations are conducted in a cluster using 40 cores per simulation
and their duration ranges between 2 to 5 h each depending on the
amplitude of the applied magnetic field and shear strain amplitude.

6.2. FE results versus experiments and model BVP predictions

Fig. 12 compares the shear stress–strain experimental data (markers
termed as Exps.) with the simplified BVP (continuous lines termed as
Mod.) and the full field FE-BVP (dashed lines termed as FE) predic-
tions. The resulting shear stress and strain in the FE-BVP are extracted
by considering the reaction force in the steel plate similar to the
experimental measurement and divided by the contact area of both
MRE samples. It is worth noting at this point that by considering the
average 1st Piola shear stress in the MRE specimens (instead of the
reaction force in the plate), we get the exact same result indicating
that the surrounding materials (especially the adhesive layer domains)
exhibit a negligible deformation. It is clearly illustrated in that figure
that the FE-BVP delivers almost the same response as the simplified
BVP which has already been shown in the previous section to be in
very good agreement with the experimental data. Yet one can observe
some small differences between the model and the FE data. Those
differences are directly attributed to the heterogeneities in the magnetic
and mechanical fields present naturally in the full field simulations but
being absent in the simplified BVP model problem.

6.3. FE contours and local fields

In order to gain a better understanding of these heterogeneities, we
show next a series of contours and local data of the relevant magnetic
and mechanical fields. All subsequent data and contours consider the
triplet of 𝑏0 = 0.5T, 𝛾0 = 0.4 and f = 1 Hz loading conditions.

We begin by showing in Fig. 13 the local (a) 𝑏2 and (b) ℎ2 fields at
a central region that involves all the MRE specimens and surrounding
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Table 4
Material parameters for remaining components in the FE-BVP.

𝐺∕𝐺MRE (–) 𝐺′∕𝐺 (–) 𝜒 (–) 𝜇𝟶𝑚𝑠 (T) 𝑘 (–)

Electrical steel blocks/steel plate 500 500 500 2.5 4
Stainless steel 500 500 0 – –
Adhesives 50 500 0 – –
Air 0.005 100 0 – –
Fig. 12. Experiments (markers) versus model (continuous lines) and FE (dashed lines) predictions for shear strain amplitude 𝛾0 = 0.4 for applied magnetic field amplitudes
𝑏0 = 0, 0.3, 0.5T and: (a) f = 1 Hz and (b) f = 5 Hz.
Fig. 13. (a) 𝑏2 (T) and (b) ℎ2 (MA/m) contours at 𝛾0 = 0.4, 𝑏0 = 0.5(T) and f = 1 Hz. The contour comprises all the domains including the air showing the magnetic fields extending
outside of the testing region. The black lines are sketched to show the position of the MRE layers and the shearing plate.
14 
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Fig. 14. Shear strain 𝛾 contours at applied magnetic field 𝑏0 = 0.5 (T) and f = 1 Hz. (Top) 𝑡𝑚𝑒𝑐 ℎ = 0 or applied 𝛾 = 0 and (Bottom) 𝑡𝑚𝑒𝑐 ℎ = 1.25 s or 𝛾 = 0.4. The contour comprises
the adhesive layers, MRE and steel plate domains. The yellow lines indicate the boundaries between the MRE, steel plate and the adhesive parts. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
materials. It is demonstrated that the 𝑏2 is fairly uniform in the main
gauge area where the MREs are being tested except near the ends of
the specimen where magnetic field gradients are present due to edge
and corner effects. The steel plate, being longer, seems to maintain a
good magnetic flux continuity even outside the yoke domain. A similar
observation can be made for the ℎ2 field which, contrary to the contin-
uous 𝑏2 field exhibits as expected jumps across the MRE/adhesive/plate
directions. It is also interesting to observe that the magnetic fields
extend well beyond the main testing area, partially due to the magnetic
character of the steel plate.

In the following, we show more quantitative data from the FE-BVP
focusing at the MRE parts only. Figs. 14 and 15 show FE results for the
shear strain 𝐹12 = 𝛾 and the total 1st Piola shear stress 𝑆12 (MPa). It
is interesting to observe in the data and the contours that the shear
strain is more uniform than the shear stress. Focusing on the shear
strain results, we observe a very good reproduction of simple shear state
almost everywhere in the MRE specimen, with very weak dispersion
only visible in the data (Fig. 15a). In turn, the shear stress contour
and data (part (b) of both figures) exhibit a much larger heterogeneity
especially near the corners of the specimen. Moreover, we observe
that this dispersion of 𝑆12 is already present in the first step of the
simulation, that of the application of the magnetic field, where the
strains are negligible. Those non-zero 𝑆12 values are clearly attributed
to the Maxwell stresses due to the magnetic fields and in particular
in the presence of a small but non-zero ℎ1 component. Nevertheless,
as already discussed in the context of the simplified BVP in Section 5,
those stresses are expected to be zero when ℎ1 = 0 in the MRE layer.
This assumption is further analyzed below.

In order to have a more quantitative aspect of the magnetic fields
in the MRE specimens, we show in Fig. 16 all in plane components
(a) 𝑏1, (b) 𝑏2, (c) ℎ1, (d) ℎ2, (e) 𝑚1 and (f) 𝑚2. It is clear from all
these figures that all those fields exhibit a certain level of heterogeneity
right from the beginning of the loading history. Starting from the
𝐛 field components, it is clearly observed that the 𝑏1 field exhibits
a rather notable dispersion attaining ±0.1T, for an applied average
𝑏2 = 0.5T. The corresponding dispersion of the 𝑏2 field is in the range
of (−0.1,+0.05), but with most of the data lying around the average
value. Turning now to the 𝐡 field, which is of paramount importance
in assessing the simplifying assumption in the simplified BVP discussed
in Section 5, we observe that despite the thin dimension of the MRE
layers (𝐿𝚖𝚛𝚎

2 = 2 mm), several regions therein exhibit values of the
tangential component ℎ1 larger than 0.01 MA/m. These non-zero values
are evidently due to the fact that despite its slender geometry the MRE
specimen still has a finite dimension along the 𝐞 direction and this
2
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leads to non-zero shear stresses during the purely magnetic loading
regime and subsequent dispersion during the mechanical loading. Yet,
those ℎ1 values remain reasonably low, thus allowing to have an
average shear stress that is impressively close to that of the simplified
BVP and therefore to the experimental data (see Fig. 12). The ℎ2
field exhibits similar trends and dispersion as the 𝑏2 field. Finally, the
magnetization fields 𝐦 follow very similar behavior with that of the 𝐛
field as expected.

This numerical exercise reveals clearly the complexity of the
magneto-mechanical experiments and the inherent heterogeneities
present in such coupled problems. Yet, this cross-validation of the
simplified model with a full field simulation of the experimental setup
is more often than not ignored in the literature. Most studies to date
assume uniformity of the magnetic and mechanical fields even in
problems that this uniformity was shown to be very far from the truth
as is the case in uniaxial experiments where there is a significant air
gap between the magnetic source and the MRE specimens. These im-
portant points were raised already in Brown (1966) and more recently
in Lefèvre et al. (2017) and Moreno-Mateos et al. (2022). In the latter
study, a series of standard experimental setups where analyzed showing
substantial differences in the measured magnetostrictions. As a result,
several calibrated models in the literature do not correspond directly
to the real material response but to the specific experimental geometry
and material combined together. In passing, we note that a side study of
the magnetostriction and magnetization response of the pure material
is detailed in the Appendix A.

7. Concluding remarks and open questions

In the present study, we have presented a combined experimental–
theoretical–numerical analysis for the constitutive characterization of
the finite strain and large magnetic response of viscoelastic 𝑠-MREs.
We have shown that the simple shear experimental setup proposed
originally in Sebald et al. (2017) is capable of producing sufficiently
uniform mechanical and magnetic fields in the MRE specimen, whose
average corresponds closely to the actual material response. This allows
to use these experimental data to calibrate in a semi-analytical fashion
a magneto-viscoelastic model.

The proposed model includes a set of equilibrium and
non-equilibrium mechanical and magnetic energy densities as well as a
dissipation potential in terms of the viscous strain-rate or equivalently
of the corresponding viscous right Cauchy–Green tensor. The explicit
model is used to solve a simplified BVP which is introduced to ap-
proximate the actual experimental setup. This leads to an efficient and
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Fig. 15. Mechanical shear field data inside the MRE layers in the FE simulations as a function of time (s). (a) Shear strain 𝛾 and (b) engineering shear stress 𝑆12(kPa).
very fast incremental resolution of the magneto-viscoelastic problem
at hand. Use of an optimizer then allows to calibrate the underlying
material parameters by use of a small but carefully chosen set of exper-
imental data. The calibrated model is able to predict fairly accurately
additional experimental data for various frequencies, applied magnetic
fields and simple shear strains.

Specifically, we have found that the magnetic field leads to a signif-
icant increase of the viscosity in the MRE thus increasing substantially
the resulting dissipation under a cyclic load. In addition, for the present
MRE material analyzed, we show that its response resembles closely a
non-Newtonian fluid and thus a power-law dissipation potential with a
rather low value (< 0.25) is required to model viscoelastic response.
Such a low power exponent leads to negligible frequency effects on
the shear stress–strain response. The power exponent is also found (by
use of the calibrated model) to decrease even further with the applied
magnetic field. Furthermore, the experiments exhibit a Payne effect,
which becomes marked with the increase of the magnetic field. An
additional history variable is introduced in the model to capture this
otherwise very complex effect.

In order to validate the modeling approach and in particular the
assumptions made in the context of the simplified BVP, we have im-
plemented the MRE model in a user element (UEL) routine in Abaqus.
This allows for the full-field simulation of the actual experimental BVP,
and thus the cross-validation of the semi-analytical approach. It has
been found that the FE-BVP is in extremely close agreement with the
simplified BVP and by extension with the experimental data. The FE
simulations allow as a by-product to analyze the local mechanical and
magnetic fields in the MRE specimens and the surrounding components
of the device and air. We have found that the while the shear strains are
rather uniform throughout the MRE specimens, the magnetic fields and
by consequence the stress fields exhibit a measurable non-uniformity
despite the rather thin width of the MRE specimen. This heterogeneity,
however, does not affect significantly the average shear stress–strain
response, which is the experimentally measured one. This non-trivial
outcome reveals the complexity of carrying out experiments and even
more of interpreting them in the context of magneto-mechanics. More
often than not those non-uniformities are neglected in the literature
thus leading to models that describe the device and not the actual
material response.

The present experimental setup admits a number of improvements
and extensions that are beyond the scope of the present study. Briefly,
one could add normal mechanical loads to probe the normal Maxwell
stresses and thus provide additional data that could further aid in the
characterization of the material especially if that one is compressible
(which is not the case in the present study). Moreover, additional
sensors may be placed in the front surface of the MRE to measure
the normal ℎ fields and thus provide additional information on the
2
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evolution of the magnetic response throughout the deformation pro-
cess. Finally, from the point of view of the modeling, one can further
fine-tune the Payne effect predictions following perhaps the approach
proposed by Höfer and Lion (2009).

In closing, it is perhaps relevant to remark that the majority of a
large number of recent studies using MREs in the active control of
metamaterials (Pierce et al., 2020; Sim and Zhao, 2023; Leanza et al.,
2024) and mechanobiology (Shou et al., 2023; Gomez-Cruz et al., 2024)
neglect the effect of viscoelasticity. This is perhaps due to its inherent
complexity both experimentally and theoretically but also due to the
lack of available experimental devices and models that will allow the
more precise study of such more complex systems. As has been shown
viscoelasticity may have extremely important effects on the magneto-
mechanical response and change entirely the way we think the material
behaves in time. In this regard, we hope that the present study will yield
a better understanding of the viscoelastic effects in MREs via a properly
designed experimental setup and convey the important message that
mechanical and magnetic heterogeneities need to be taken into account
in order to reach a sound material characterization free from boundary
effects and magnetic field concentrations.

CRediT authorship contribution statement

Kostas Danas: Writing – review & editing, Writing – original draft,
Visualization, Validation, Software, Methodology, Investigation, For-
mal analysis, Conceptualization. Masami Nakano: Writing – review
& editing, Validation, Resources, Methodology, Investigation, Data cu-
ration, Conceptualization. Gaël Sebald: Writing – review & editing,
Investigation, Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Acknowledgments

K.D would like to acknowledge support from C.N.R.S. Ingénierie for
providing the opportunity to spend one year at the ELyTMaX laboratory
at Tohoku University, Sendai, Japan. K.D. would also like to acknowl-
edge the extensive use of the Cholesky cluster at Ecole Polytechnique
for this study.



K. Danas et al. Mechanics of Materials 200 (2025) 105187 
Fig. 16. Magnetic field data inside the MRE layers in the FE simulations as a function of time (s). (a) 𝑏1 (T), (b) 𝑏2 (T), (a) ℎ1 (MA/m), (b) ℎ2 (MA/m), (a) 𝑚1 (MA/m), (b) 𝑚2
(MA/m).
Appendix A. Material magnetostriction after eliminating periodic
Maxwell stress

In this section, we present magnetostriction and magnetization re-
sults obtained by employing the elimination of the material Maxwell
stress similar to the work of Danas (2017). In that work, the goal was to
extract the purely homogenized response of an MRE free from boundary
effects of the specimen. For this, one may extract from the total energy
the part that is created by the Maxwell stresses of the surrounding
material points (considering that the medium is infinite). Fig. A.17
shows magnetostriction (a,c) and magnetization (d) as a function of
time as the applied magnetic field 𝑏 (T) shown for clarity also in part
2
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(b). The applied magnetic field is applied using a sinusoidal signal,
i.e., 𝑏2 = 𝑏0 sin 2𝜋f𝑡 with 𝑓 = 0.5, 1, 5 Hz, 𝑏0 = 2T and 𝑡 > 0. It is
interesting to observe that for higher frequencies, a significant increase
of the magnetostrictive stretches (Fig. A.17a,c) is observed at early
times, while as time grows the stretches stabilize to a value that is
almost insensitive to the frequency. The slower frequency 𝑓 = 0.5 Hz
stabilizes almost immediately after the first cycle, whereas for f = 1 Hz
and 5 Hz multiple cycles are necessary in this theoretical exercise. In
turn, we observe that in Fig. A.17d that the magnetization is insensitive
to the frequency as well as on viscoelasticity in general. This seems to
be a critical component of the present model which is in agreement
with earlier experiments (Danas et al., 2012; Moreno et al., 2021)
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Fig. A.17. (a) Model predictions for the magnetostriction 𝐹22 > 1 > 𝐹11,33 and (b) the applied magnetic field 𝑏2 as a function of time (in sec). (c) Magnetostriction 𝐹22 > 1 > 𝐹11,33
and (d) Eulerian magnetization 𝑚2 (MA.m) as a function of the applied magnetic field 𝑏2 (T) using three frequencies 𝑓 = 0.5, 1, 5.
as well as full-field numerical simulations (Rambausek et al., 2022;
Lucarini et al., 2022).

Appendix B. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.mechmat.2024.105187.

Data availability

Data will be made available on request.
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