N
N

N

HAL

open science

On Kazhdan-Yom Din asymptotic Schur orthogonality
for K-finite matrix coefficients
Anne-Marie Aubert, Alfio Fabio La Rosa

» To cite this version:

Anne-Marie Aubert, Alfio Fabio La Rosa. On Kazhdan-Yom Din asymptotic Schur orthogonality for
K-finite matrix coefficients. 2024. hal-04781699

HAL Id: hal-04781699
https://hal.science/hal-04781699v1

Preprint submitted on 15 Nov 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04781699v1
https://hal.archives-ouvertes.fr

arXiv:2304.11417v2 [math.RT] 8 Aug 2024

On Kazhdan-Yom Din’s Asymptotic Orthogonality
for K-finite matrix coefficients of tempered
representations

Anne-Marie Aubert, Alfio Fabio La Rosa

Abstract

In a recent article, D. Kazhdan and A. Yom Din conjectured the validity of an
asymptotic form of Schur’s orthogonality for tempered, irreducible, unitary repre-
sentations of semisimple groups defined over local fields. In the non-Archimedean
case, they established it for K-finite matrix coefficients. The purpose of this
article is to prove the analogous result in the Archimedean case.
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1 Introduction

Let G be a semisimple group over a local field, let K be a maximal compact subgroup
of G. We fix a Haar measure on GG, denoted dg. If H is the Hilbert space underlying a
unitary representation of G, let Hx denote the space of K-finite vectors and H the
space of smooth vectors.

In their recent work [10], D. Kazhdan and A. Yom Din conjectured the validity
of an asymptotic version of Schur’s orthogonality relations. It should hold for matrix
coefficients of tempered irreducible unitary representations of GG, generalising Schur’s
well-known orthogonality relations for discrete series.

Following their article, we fix a norm on the Lie algebra g of G. By [10], Claim 5.2,
we can choose it so that AdK acts unitarily on g. We define the function

r: G — Rxo, 1(g) = log (max{[[Ad(g)]lep, [IAd(g™")llop})


http://arxiv.org/abs/2304.11417v2

so that, given r € R+, we can introduce the corresponding ball
Ger:={g€Glr(g) <r}.
Given this set-up, we are in position to state their conjecture.

Conjecture 1.1 (Kazhdan-Yom Din, Asymptotic Schur’s Orthogonality Relations).
Let G be a semisimple group over a local field and let (7, H) be a tempered irreducible
unitary representation of G. Then there exist d(7) € Z>o and f(r) € R such that,
for all vy, v2,v3,v4 € H, the following holds:

lim rd—l(ﬂ)/c (m(g)v1, v2){(m(g)vs, va) dg = %70<1)1,’L)3><1)2,’U4>.

r—00

<r

Assuming that the matrix coefficients involved are K-finite, one has the following
result:

Theorem 1.2 ([I0], Theorem 1.7). Let (w, H) be a tempered, irreducible, unitary
representation of G and K be a maximal compact subgroup of G. Then there exists
d(7) € Z>¢ such that:

(1) If G is non-Archimedean, there exists f(m) € Rsq such that, for all vy, va, v3,v4 €
Hy, we have

1 oo oD !
hm-——[;fﬂmmmﬁw@wamMg—nghwwmw%

T—00 Td(ﬂ')

(2) If G is Archimedean, for any given non-zero vi,vs € Hg, there exists C(vy,vq) >

0 such that .
tin e [ I(nto)or,en)Pdg = Con, )
Ger

r—00 Td(ﬂ')

In the non-Archimedean case, the proof of (1) is achieved by first establishing the
validity of the analogous version of (2). The polarisation identity allows the authors of
[10] to define a form

D('a'a'a'):HKXHKXHKXHKHC

via the prescription

. 1 —
D(U1,U2,U3,U4) = lim —/ <7T(9)U17U2><7T(9)U37U4>dg-
Ger

r—00 'rd(ﬂ')

In [10], Section 4.1, this form is shown to be G-invariant and one would like to
invoke an appropriate form of Schur’s lemma to argue as in the standard proof of
Schur’s orthogonality relations. That is, for fixed v, vy € Hg, one defines the form

D(',’Ug,',’l}4)2 HK X HK —C
and, for fixed vy, v3 € Hg, the form

D(v1,-,v3,+): Hx x Hx — C.



One applies Schur’s lemma to these forms, which implies that each such form is
a scalar multiple of the inner product on H. Upon comparing them, one obtains the
desired orthogonality relations.

The appropriate version of Schur’s lemma in the non-Archimedean case is provided
by Dixmier’s lemma, which can be applied since in the non-Archimedean setting the
subspace of K-finite vectors Hg and the subspace of smooth vectors H* coincide, the
latter being equipped with the structure of a Fréchet representation of G, which is
irreducible since H itself is irreducible.

The purpose of this article is to prove that the analogue of (1) in Theorem
holds in the Archimedean case. As explained in [10], Section 4.2, it suffices to prove
the result for real semisimple groups (Theorem F4)).

Theorem 1.3. Let (w,H) be a tempered, irreducible, Hilbert representation of a
connected, semisimple Lie group G with finite centre. Let K be a maximal compact
subgroup of G. Then there exists f(7) € Rs¢ such that, for all v1,ve,vs,v4 € Hg, we
have

lim L/G<T<7T(9)Ula712><7T(9)U3=U4> dg = %<U17U3><U27U4>-

T—00 rd(W)
We need to modify the strategy above to account for the fact that the space of
K-finite vectors of a Hilbert space representation (m, H) of a real semisimple group
does not afford a representation of G. It is, however, an admissible (g, K )-module.

Our approach relies crucially on the admissibility of irreducible, Hilbert representa-
tions of reductive Lie groups, a foundational theorem proved by Harish-Chandra. The
theory of admissible (g, K)-modules then provides us with the appropriate version of
Schur’s lemma for (g, K)-invariant forms (Definition [ZTT]).

Hence, we are reduced to verify that D(-,vs,-,v4) and D(vy,-,vs,-) are, indeed,
(g, K)-invariant. Having established this, to conclude the proof of Theorem [[3] we
can argue as in [10, Section 4].

From now on, to make the notation look more compact, given a Hilbert represen-
tation (7, H) of G and vectors v,w € H, we set

Po,w(9) = (m(g)v, w).

Let 7 denote the following action of g on the smooth vectors H> of H:

d
w(X) = Ew(exp(tX)v)h:O, forve H* and X € g.

For connected, semisimple Lie groups with finite centre, K-invariance is a conse-
quence of g-invariance (Proposition Z.14)). Therefore, the problem is establishing the
g-invariance. Explicitly, we prove the following (Proposition [.2]).



Proposition 1.4. Let G be a connected, semisimple Lie group with finite centre and
let (7, H) be a tempered, irreducible, Hilbert representation of G. Then, for all X € g,
and for all vy, v9,v3,v4 € Hg, we have

r—00 Td(ﬂ' r—oo rd( 7")

lim / ¢7‘r (X)v1, 'uz( )¢’U3,U4( )dg = — lim / ¢U1,U2 TI'(X v3,v4( )d
and

lim / Qb'm7 X)’Uz( )¢v3 04( )dg - r~>oo Td ﬂ.) / ¢'u1 v2 v3 TI'(X)'U4( )d .

T—00 rd(ﬂ'

The key observation is that, by exploiting the theory of asymptotic expansions
of matrix coefficients of tempered representations both with respect to a minimal
parabolic subgroup P = M AN and with respect to the standard (for P) parabolic
subgroups of GG, the expression

T—00 rd(ﬂ'

lim / D (X)v1,v0 )¢v3,v4 (9) dg

reduces, roughly, to a sum of finitely many terms of the form

/ (Dot (s, (B3 (X )01, 1), Ty (1, 7 (k)03 04) 12 a1y
K

Here, M) comes from a standard parabolic subgroup Py = M)Ay, Ny, of G. We denote
my, ay,, Ny, the Lie algebras of My, Ay,, N»,, respectively. The functions I'y ;, 'y, m,
as functions of my, are analytic and square-integrable and arise from the asymptotic
expansion of the matrix coefficients ¢z (x)v, v, and @u; 0., Tespectively, relative to Pi.
The subscript in Py is meant to indicate that the parabolic subgroup is obtained, in
an appropriate sense, from the datum of A. Moreover, (1) and (u, m) are related in
a precise way.

We shall elaborate on these points later on. For the moment, let us point out that
we reduced the initial problem to showing that, for every X € g, and for all relevant
pairs (A, 1) and (u, m), the integral

/ (Tt (s, w1 (B3 (X)01,102), Ty (i, (k)3 04)) 2 (a1
K

equals
—/ (Cxi(ma, m(k)vr, wa), Uy (mox, 7(R) 70 (X )vs, wa)) L2 (ary ) dke-
K

We will prove that, if (A1) and (u, m) satisfy a certain condition (to be explained
below), the functions I'y ;(-, v1,w2) and T'jy (-, vs, wa) are, in fact, Z(gc)-finite, with
Z(gc) denoting the centre of the universal enveloping algebra of the complexification g¢
of g, and K N M-finite. It will then follow from a theorem of Harish-Chandra (Theo-
rem [2.17) that they are smooth vectors in the right-regular representation (R, L?(M)))



OfM)\ .

The idea is to combine this observation with an appropriate form of Frobenius’
reciprocity (Theorem 2.24)), due to Casselman, to construct (g, K)-invariant maps

Tw,: Hx — Indp, g (Hoy May, )y T, (v) (k) (M) = Txu(ma, 7(k)v, we)
and

Tw42 Hig — Ind?)\)KA(HG-,A|aAO)7 Tw4(’l)l)(]€)(m>\) = I‘,\7l(m>\,7r(k)v',w4).

Here, the subgroup P, is the parabolic subgroup opposite to Py. The notation
Indp, x(Hy, A ay,) stands for the space of K-finite vectors in the representation in-
duced from the (my @ ay,, K N My)-module

Ha ® CA"])\() “Pxo
for an appropriately chosen admissible, unitary, sub-representation (o, H, ) of (R, L?(M))).

To apply the required form of Frobenius’ reciprocity, we need to show that the maps
Swo: Hy — Hy ® C,\\”O —pagr Swy (V) (M) = Tx(m, v, w2)

and
Swy: Hk — H, ® CMMO*”AO’ Sw4(U’)(m)\) = I‘)\)l(m)\7vl7w4)

descend to (my @ ay,, Ky)-equivariant maps on Hg /ny,Hi. Establishing this result is

the technical heart of the article.

Assuming it, the integral

/ <I‘>\,l(m>\, W(k)ﬁ'(X)Ul, wg), Flhm(m)\? 7T(/€)U3, w4)>L2(M>\) dk
K
is nothing but
<IndﬁA (Ua /\|ﬂ>\0 )(X)F)\J(mkv V1, w2)7 F,u,m (m)\a U3, w4)>1ndﬁ>\ (G’,)\‘n)\o )

where (-, '>I“dﬂ (0:Mar,) is the inner product on Indp, (0, Alq,,). We will see that this
makes sense since the inducing data ensure unitarity. The sought equality will then
follow from the skew-invariance of the inner product on a unitary representation with
respect to the action of the Lie algebra.

To explain how the functions T'y;(-,v1,v2) and T\ (-, v3,v4) arise, we need to
recall the main features of the asymptotic expansions of K-finite matrix coefficients
of tempered representations. If ¢, ., is such a matrix coeflicient, then its asymptotic
expansion relative to the minimal parabolic subgroup P of G can be thought of as a
sum indexed by a countable collection

A= {(\ Dhree, tezn <ty



The set € is a collection of complex-valued real-linear functionals on Lie(A) depending
on (m,H) and not on the particular choice of v,w € Hg. It is the set of exponents
of (m, H). The number n is the rank of G and Iy, too, depends on (7, H) only.

The term indexed by (A,1) is multiplied by a complex coefficient ¢y ;(v,w). The
choice of v,w € Hg determines the pairs in C for which ¢y ;(v,w) # 0. If X € &, there
exists at least a pair of v,w € Hg such that, for some | € Z% with |I| < I, we have
exi(v,w) # 0.

For any standard (for P) parabolic subgroup P = M'A’N’ of G, the matrix co-
efficient ¢, ,, admits a similar asymptotic expansion. It can be thought of as a sum
indexed by a countable collection

A = {(v, Q)}oee, a€Z% 1l <qo"

Here, r < n is the dimension of A’, the set £ consists of complex-valued real-linear
functionals on Lie(A’). On regions on which both the expansion relative to P and the
expansion relative to P’ are meaningful, by comparing the two it turns out that the
element in &’ are precisely the restrictions to Lie(A’) of the elements in £ and, making
the appropriate identifications following from A’ C A, each ¢ is the projection to ZZ
of an [ appearing in the expansion relative to P. B
While in the expansion relative to P the term indexed by (A,l) is multiplied by the
complex coefficient ¢y (v, w), the term indexed by (v,q) in the expansion relative to
P’ is mutiplied by a real-analytic function

(v, w) s M — C.

We need one more piece of information to explain how the functions I'y ; (-, v1,v2) and
T\ m (-, v3,v4) arise: the construction of d(r) in [I0]. The idea is as follows. We can
think of A\ € £ as an n-tuple of complex numbers (A1, -, A,). It can be shown that
there exist a finite sub-collection & C £ such that, for every A € &, there exists Ae&
such that A

A— A eZL,.

Moreover, any two distinct elements in & are integrally inequivalent: their difference
does not belong to Z™. By a result of Casselman (Theorem B.2]), for every A e & and
for every i € {1,...,n}, we have

Rej\i S 0

and it is clear that this holds for every A € £.

For (A1) € A, we introduce the set Iy := {i € {1,...,n}|Re); < 0}, we define

dp(\ 1) =I5+ 2L (1)

i€l

and we take the maximum, dp, as (A, 1) ranges over all the pairs with A € &.



We can proceed analogously for every standard parabolic P’ and obtain a non-
negative integer dp:. The maximum over all P’ is d(r).

Now, given A € &, identifying I, with a subset of the simple roots determined
by an order on the root system (g, a), we can construct a standard (for P) parabolic
subgroup Py = M)Ay, N», associated to I. We will show that if (\,]) € A satisfies
A € & and dp(A,1) = d(w), then I'y (-, v1,v2) is precisely the function ¢/ (-, v1,v2)

with v := Aq, , where ay, := Lie(Ay,), and g equal to the projection of I to ZI;O.

Finally, we mentioned that in the integral
[ Onatmmn,wk)or, ), Ly w20 d
K

the pairs (A, 1) and (g, m) must be related in a precise way. First of all, (u,m) € A
satisfies p € & and dp(p,m) = d(m). In addition, we must have Iy = I, (so that
Py = P,) and Aq,, = pfa,,- The last condition, together with the unitarity of the
representation (o, H,) introduced above, is precisely what insures that Indp, (c, A|a,, )
is unitary.

Implementing the strategy sketched above requires gathering a number of interme-
diate results. Several are inspired from the chapter in [IT] on Langland’s classification
of tempered representations. Here is a more detailed outline of the article.

Section 2: The first part includes a discussion of the (g, K')-module version of
Schur’s lemma (Theorem 213]). In the second part, we recall the result of Harish-
Chandra establishing that smooth, Z(gc)-finite, K-finite, square-integrable functions
on reductive groups are smooth vectors in the right-regular representation (Theorem
216). As a consequence, we prove that, on such a function, the action of g through
differentiation is the same as the action of the Lie algebra through the right-regular rep-
resentation (Proposition [218)). After stating the basic facts on parabolically induced
representations that we need, we discuss Casselman’s version of Frobenius’s reciprocity

(Theorem 2:24)).

Section 3: In the first part, we recall the theory of asymptotic expansions of ma-
trix coeflicients of tempered representations both with respect to a minimal parabolic
subgroup and with respect to standard parabolic subgroups. We then explain in de-
tail how the functions I'y ;(-, v1,v2), T'pm(-, v3,v4) arise. We begin by introducing an
equivalence relation on the data indexing the asymptotic expansion relative to P of the
K-finite matrix coefficients of a tempered, irreducible, Hilbert representation (m, H).
This equivalence relation is motivated by construction of d(7) in [I0] and it is meant
to exploit the criteria for the computation of asymptotic integrals in Appendix A in
loc. cit. Imposing the conditions on (A,l) and (u,m) that we discussed above, we
identify the functions I'y ;(-, v1,v2) and T'y (-, v3, v4) with the coefficient functions in
the asymptotic expansion relative to Py of ¢y, v, and ¢y, ., (Proposition B4). We
then prove that they are smooth vectors in (R, L?(M,)) (Proposition 3.6). Combining
Proposition with the technical Lemma 3.7 and Lemma [B.8 we are in position to



construct unitary, admissible, finitely generated representations (o1, H,, ) and (o2, Hy, )
whose direct sum is the unitary, admissible, finitely generated representation (o, H,)
introduced above (Proposition BI0).

Section 4: Having gathered the results we need, we prove Proposition [[.4] (Propo-
sition [£.2)). We begin with a computational Lemma which shows that second identity
in Proposition [[4] follows from the first (Lemma ). The first part of the proof of
Proposition consists of an application of the considerations in Appendix A of [I0]
and a series of integral manipulations (justified in Lemma [3]) aimed at showing that
the integral

lim
e ()

/ ¢’U1 ,V2 (g)avg,w; (g) dg
Ger

can be computed in terms of a sum of integrals of the form
/(1",\7l(m,\,7r(k)vl,wg),fu,m(m,\,w(k)vg,w4)>dk
K

with the pairs (A, 1) and (u,m) both belonging to A with A\, u € &, In = Iy, Ala,, =
/L|a>\0 and
dP(Av l) = dP(u7m) = d(ﬂ-)

We explained how to construct the unitary, finitely generated, admissible repre-
sentation (o, H,) needed to apply Casselman’s version of Frobenius’ reciprocity. The
discussion following Proposition B.I0] therefore gives (g, K )-equivariant maps

Tw,: Hx — Indp, (0, Mlarg )s T (V) () (mn) == Txi(mn, w(k)v, wo)
and
Tw,: Hx — Indp (0, May, )y T (0)(k)(mx) = Ty m(ma, m(k)v, wa).

The condition Ala,, = pifa,, and the fact that, by the definition of Iy, the functional
Alay, is totally imaginary, shows that

/K<F/\,l(m/\a7T(/€)U1,wz)fu,m(m,\,w(k)vg,w4)>dk

is equal to
<Tw2 (ﬂ'(X)lﬂ), Tw4 (v3)>1ndﬁ)\ (o,A] ax )-

The (g, K)-equivariance of T, gives
<Tw2 (W(X)’Ul)u T’w4 (’U3)>Indp>\ (o,A] axg ) = <Indﬁ>\ (Uu )‘| axg )Twz (vl)a Tw4 (’U3)>Indﬁ>\ (o, “xg )s
by Corollary we have

(Ihdﬁk (05 Maxy s X)L, (v1); Ty (Us)hndﬁA (@Alay,)
= — (T, (v1), Indgp, (0, Alay, , X) T, (V3))ndp, (0.2]a,)



and the (g, K)-equivariance of T,,, gives
<Tw2 (vl)v Ind?A (Ua /\|u>\0 ) X)Tw4 (v3)>1ndﬁ/\ (U,>\|n/\0) = <Tw2 ('Ul), Ty 7:r()()v3>1mdﬁ/\ (U,>\|ﬂ/\0 )s
thus completing the proof of Proposition .2

Finally, we proceed as explained in the first part of the Introduction to prove The-

orem [[.3] (Theorem [4.4)).

Acknowledgements: We would like to thank the anonymous referee for pointing
out a serious gap in the previous version of the article.

2 Recollections on Representation Theory

Our presentation of the theory of (g, K)-modules follows [17]. To discuss its basic fea-
tures, we need to gather some results on unitary representations of compact groups.
We begin by recalling the basic notions in the study of representations of topological
groups, which we always assume to be Hausdorf.

First, following [17], Section 1.1, let G denote a second-countable, locally compact
group, equipped with a left Haar measure dg, and let V' denote a complex topolog-
ical vector space. We denote by GL(V') the group of invertible continuous endomor-
phisms of V. A representation of G on V is a strongly continuous homomorphism
m: G — GL(V). Let (7, V) denote the datum of a representation of G. A subspace
of V which is stable under the action of G through 7 is called an invariant subspace.
A representation is said to be irreducible if the only closed invariant subspaces are
the trivial subspace and V itself.

If (H,(-,-)) is a separable Hilbert space, a representation = of G on H is termed a
Hilbert representation. If, in addition, G acts by unitary operators through 7, the
representation is said to be unitary.

Next, following [I4], Section 10, we introduce the basic features of the theory of
vector-valued integration.

Let (X, dz) be a Radon measure space, let H be a Hilbert space and assume that
f+X—H
is measurable. The function f is integrable if it satisfies the following two conditions:

(1) Forallv € H,
/ [{f(z),v)]dx < .
X

(2) The map v — [ |(f(z),v)|dz is a bounded conjugate-linear functional.



If f: X — H is integrable, then, by the Riesz’ representation theorem, there exists
a unique element in H, denoted
[ 1@z
X
such that, for all v € H, we have
([ f@ds.v) = [ (r6@).0)do.
X X

Proposition 2.1. Let (X, dz) be as above. Let H, FE be Hilbert spaces,
f+ X — H a measurable function and T': H — E a bounded linear operator. Then
the following holds:

(1) 1t
[ 1 @de < .
X
then f: X — H is integrable.
(2) If f: X — H is integrable, then so is Tf : X — E. Moreover,

T(/X f(:c)d:c) :/XTf(:c)d:c.

Proof. See [14], Proposition 10.8 and Proposition 10.9. O

Now, let (7, H) be a unitary representation of G. Let v € H and f : G — H be
such that the map

g~ flg)m(g)v

is integrable. Let 7(f)v denote the unique element in H such that, for all w € H, we
have

(n(f), w) = /G £(9)im(g)v, w) dg.

Proposition 2.2. Let (7, H) be as above. If f € L}(G), then, for all v € H, the map
g — f(g)m(g)v is integrable and the prescription

w(f): H— H, v 7(f)v
defines a bounded linear operator.
Proof. See [14], Proposition 10.20. O

With the integral operators introduced in Proposition at our disposal, we have
all the tools needed to state the main results on the unitary representations of compact
groups.

Let K be a compact group. Let K denote the set of equivalence classes of irreducible
unitary representations of K. If (w, H) is a unitary representation, for each v € K let
H(v) denote the closure of the sum of all the closed invariant subspaces of H in the
equivalence class of . We refer to H(v) as the v-isotypic component of H.

10



Proposition 2.3. Let K be a compact group. Let (m, H) be an irreducible unitary
representation of K. Then H is finite-dimensional.

Proof. See [17], Proposition 1.4.2. O

Given Proposition [2.3] we can associate, to each v € K , the function

Xy K — C, x4(9) := try(g),

the character of ~.

Recall that if {(m;, H;)|i € I} is a countable family of unitary representations of a
topological group G, we can construct a new unitary representation of G, the direct
sum, on the Hilbert space completion of the algebraic direct sum of the H;’s. We refer
the reader to [I7], Section 1.4.1, for the details of this construction. We let

SPRL
iel

denote the direct sum of the family {(m;, H;)|i € I}, dropping explicit reference to the
7Ti’S.

Proposition 2.4. Let K be a compact group. Let (m, H) be a unitary representation
of K. Then (m, H) is the direct sum representation of its K-isotypic components; that

is,
H=H().

'yef(

Moreover, let a, denote the function

ay (k) = dim(7)5 (k):

Then the following holds:
H(y) = m(oy)H.

Proof. See [17], Lemma 1.4.7. O

Proposition 2.5. Let K be a compact group. If (7, H) is a Hilbert space representa-
tion of K, then there exists an inner product on H that induces the original topology
on H and for which K acts unitarily through .

Proof. See [17], Lemma 1.4.8. O

We are finally ready to introduce (g, K)-modules.

Definition 2.6. Let G be a connected, semisimple Lie group with finite centre. Let g
denote its Lie algebra. Let K be a maximal compact subgroup of GG, which we fix from
now on, with Lie algebra €. A vector space V', equipped with the structure of g-module
and K-module, is called a (g, K)-module if the following conditions hold:

11



(1) Forallv e V, for all X € g, for all k € K,

kEXv=Ad(k)Xkv

(2) For all v € V, the span of the set
Kv:={kv|k € K}
is a finite-dimensional subspace of V', on which the action of K is continuous.

(3) Forallve V, forall Y €&,
4 tY)|i=o =Y
T eXP V=0 v.

We remark that (3) implicitly uses the smoothness of the action of K on the span
of Kv. This follows from the fact that a continuous group homomorphism between Lie
groups is automatically smooth.

Let V and W be (g, K)-modules and let Homg x (V, W) denote the space of g-
morphisms that are also K-equivariant. Then V and W are said to be equivalent if
Homyg, g (V, W) contains an invertible element.

A (g, K)-module V is called irreducible if the only subspaces that are invariant
under the actions of g and K are the trivial subspace and V itself. In this case, we
have the following theorem:

Theorem 2.7. Let V be an irreducible (g, K)-module. Then the space
Homg i (V, V) is 1-dimensional.

Proof. This is the result actually proved in [I7] Lemma 3.3.2, although the statement
there says Homg g (V, W), for an unspecified W. We believe it is a typo. O

Let V be a (g, K)-module. Since, given each v € V', the span of Kv, say W,,, is a
finite-dimensional continuous representation of K, we can use Proposition 2.5 and then
apply Proposition 2.4] thus decomposing W, into a finite sum of finite-dimensional K-
invariant subspaces of V. For v € K, we let V() denote the sum of all the K-invariant
finite dimensional subspaces in the equivalence class of . Then the discussion above

implies that
V=P v
vef(

as a K-module, with the direct sum indicating the algebraic direct sum. A (g, K)-
module V is called admissible if, for all v € K, V() is finite-dimensional.

Given a unitary representation (m, H), there exists a (g, K )-module naturally asso-
ciated to it. To define it, recall that a vector v € H is called smooth if the map

g~ m(g)v
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is smooth. Let H*° denote the subspace of smooth vectors of H. It is a standard fact
that the prescription

#(X) = %w(exp(tX))mt:o,

for v € H* and X € g, defines an action of g on H*>. Recall that a vector v € H is
K-finite if the span of the set

m(K)v :={m(k)v|k € K}

is finite-dimensional. Let Hy denote the subspace of K-finite vectors of H. By [17],
Lemma 3.3.5, with the action of g so defined and with the action of K through m, the
space Hx NH® is a (g, K)-module. The representation (w, H) is said to be admissible
if Hg N H* is admissible as a (g, K)-module and (7, H) is called infinitesimally
irreducible if Hx N H* is irreducible as a (g, K)-module. It is in general not true
that a K-finite vector is smooth. However, if (7, H) is admissible, we have the following
result:

Theorem 2.8. Let G be a connected, semisimple Lie group with finite centre. Let
(m, H) be an admissible representation of G. Then every K-finite vector is smooth.

Proof. See the proof [17], Theorem 3.4.10. O

In light of the following fundamental result of Harish-Chandra, Theorem 2.8 will
play an important role in this article.

Theorem 2.9. Let G be a connected, semisimple Lie group with finite centre. Let
(m, H) be an irreducible, Hilbert representation of G. Then (m, H) is admissible.

Proof. See [13], Theorem 7.204. O

In the following, given a unitary representation (w, H), we will write Hg for the
(g, K)-module Hx N H* even if (w, H) is not admissible. We believe it will not cause
any confusion.

We are now in position to prove the version of Schur’s lemma for sesquilinear forms
that we will use in Section 3. It is given as Corollary 2.I3 below. First, we need:

Theorem 2.10. Let G be a connected, semisimple Lie group with finite centre. Let
(m, H) be an admissible Hilbert representation of G. Then (m, H) is irreducible if and
only if it is infinitesimally irreducible.

Proof. See [17], Theorem 3.4.11. O
Definition 2.11. Let V and W be (g, K)-modules. A sesquilinear form
B(,):VxW-—C
is (g, K)-invariant if it satisfies the following two conditions:
(i) For all k1, ke € K and all v,w € V we have

B(kiv, kaw) = B(v,w).
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(i) For all X € g and all v,w € V we have
B(Xv,w) = —B(v, Xw).

Theorem 2.12. Let G be a connected, semisimple Lie group with finite centre. Let
V be an admissible (g, K')-module. Suppose that there exist a (g, K )-module W and a
non-degenerate (g, K )-invariant sesquilinear form

B(-,): VxW —C.
Then W is (g, K)-isomorphic to V.

Proof. This is [17], Lemma 4.5.1, except for the fact that our form is sesquilinear.
To account for it, we modify the definition of the map T in the reference by setting,
for a given w € W, T(w)(v) = B(w,v) for all v € V. This defines a map from W
to V obtained by sending w to T(w) which, by the argument in the reference, is a
(g, K)-isomorphism. O

The next corollary is proved by adapting to our case the argument in [4], Proposition
8.5.12, and using the beginning of the proof of [I1], Proposition 9.1.

Corollary 2.13. Let G be a connected, semisimple Lie group with finite centre. Let
(m, H) be an irreducible, admissible, Hilbert representation of G. Then, up to a con-
stant, there exists at most one non-zero (g, K)-invariant sesquilinear form on Hg. In
particular, if (w, H) is irreducible unitary, then every such form is a constant multiple

of <'a >
Proof. The irreducibility of H implies that of Hg, by Theorem and by Theorem

238 Let B(-,-) be a (g, K)-invariant sesquilinear form. Consider the linear subspace
Vo of Hi defined as

Vo :={v € Hg|B(v,w) =0 for all w € Hg }.

Since B(:,-) is non-zero, Vj is a proper subspace of Hg. Since B(:,-) is moreover
(g, K)-invariant, it follows that V; is a (g, K)-invariant subspace of H, hence, by the
irreducibility of Hg, it must be zero. Analogous considerations for the subspace

VO .= {w € Hg|B(v,w) =0 for all v € Hg}

imply that B(-,-) is non-degenerate. By Theorem [2.12] the map v — T'(v), T'(v)(-) :=
B(v,-), is a (g, K)-isomorphism. Since H is irreducible, the space Homg i (Hg, Hg ) is
1-dimensional by Theorem [Z7]1 Now, let B’(-,-) be another such form, with associated
isomorphism 7’. Then T(T')~! = cI, for some ¢ € C. For the last statement, the
unitarity of (w, H) implies that (-,-) is a (g, K)-invariant non-degenerate sesquilinear
form and Theorem 2.9 with the discussion above, implies the result. o

Since we are assuming that G is connected, proving (g, K)-invariance reduces to
proving g-invariance. Indeed, by Theorem 2.2, p. 256, in [9], any maximal compact
subgroup K of G is connected. Therefore, by [12], Corollary 4.48, the exponential map

exp:t— K

is surjective.

14



Proposition 2.14. Let G be a connected, semisimple Lie group with finite centre.
Let V be a (g, K)-module, let

B(-,):VxV —C
be a g-invariant sesquilinear form. Then B(:,-) is K-invariant.

Proof. Given any pair of vectors v,w € V, we can find a finite-dimensional sub-
space of V| say W, which contains both and on which K acts continuously through
a representation 7. The restriction of the bilinear form B(-,-) to W is continuous.
To prove that B(n(k)v,n(k)w) = B(v,w) for all k € K, it suffices to prove that
B(n(k)v,w) = B(v,m(k~")w) for all k € K. Given k € K, let X € € be such that
k = exp(X). We begin by writing

B(n(k)v,w) = B(mw(expX)v, w).
Since 7(expX) = exp7 (X )v, we obtain
B(w(expX)v,w) = B(expm(X)v, w).
The continuity of B(-,-) on W gives
B(expm(X)v,w) = expB(7(X)v, w).
By the g-invariance of B(-,-), we have
expB(7(X)v, w) = expB(v, 7(—X)w)

and, finally,
expB(v, 7(—X)w) = B(v, m(exp(—X))w).

O
Let us recall that any locally compact Hausdorff group G acts on the Hilbert space
L?(G) by the prescription
R(g)f(z) := f(zg).

The representation so obtained is unitary and if G is a Lie group the notion of
smooth vectors in L?(G) makes sense. In the next section, we will need a criterion to
establish that certain functions are smooth vectors in L?(G). We will make use of the
following notion:

Definition 2.15. Let G be a Lie group and let (7, H) be a Hilbert representation of
G. The Garding subspace of H is the vector subspace of H spanned by the set

{r(f)vlve H, feCZ(G)}.

Proposition 2.16. Let G be a Lie group with finitely many connected components,
let (w, H) be a Hilbert representation of G. Then every vector in the Garding subspace
of H is a smooth vector in H.

Proof. See [17], Lemma 1.6.1. O
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Recall that f € C°°(Q) is called Z(gc)-finite if it is annihilated by an ideal of Z(gc)
of finite codimension. The criterion we need is the following result of Harish-Chandra:

Theorem 2.17. Let G be a group in the class H as in [10], p. 192. Let f € C°(G)
be K-finite and Z(gc)-finite. Then there exists a function h € C°(G) which satisfies
h(kgk=') = h(g) for all k € K and for all g € G and such that fxh = h. If f € C>~(Q),
in addition, is square-integrable, then f is a smooth vector in L?(G).

Proof. The first statement is [16], Proposition 14, p. 352. The second conclusion follows
from the observation found at the beginning of the proof of Corollary 8.42 in [I1] that
f is in the Géarding subspace of L?(G) and it is therefore smooth by Proposition 216!
That f is indeed in the Garding subspace of L?(G) follows from the equality

R(h)f = f*h,
where h(x) = h(z~') and from the first statement. O

Proposition 2.18. Let G be a group in the class H. Let f € C*°(G) be K-finite,
Z(gc)-finite and square-integrable. Then, for every X € g, we have

Xf=RX)f

where X f: G — C is defined as
d
Xf(g) = = [f(gexp(tX))] t=o0 (2)
Proof. By Theorem 217, there exists h € C2°(G) such that

f=fxh.

From the equalities
Xf=X(fxh)=f*Xh

and o
f+*Xh=R(Xh)f,
we obtain o
Xf=R(Xh)f.
Since o . 3
R(Xh)f =R(X)R(h)f
and ~
R(h)f=f*h=F,
we conclude .
X[f=R(X)f.
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We will apply Proposition to the group M in the Langlands decomposition
of a parabolic subgroup P = M AN of a connected semisimple Lie group with finite
centre. A group M of this form will not be connected, semisimple in general. However,
it belongs to the class H by [0], Lemma 9, p. 108.

We briefly recall the construction of parabolically induced representations. We refer
the reader to [13], Chapter XI, for a more thorough account.

Let G be a connected, semisimple Lie group with finite centre and let P = M AN be
a parabolic subgroup of G. The group Kj; := K N M is a maximal compact subgroup
of M. Let A be a complex-valued real-linear functional on a and let (o, H, ) be a Hilbert
representation of M. We define an action of G on the space of functions

{f € C(K, H,)| f(mk) =c(m)f(k) for all m € Kp; and all k € K}

by declaring

Indp (0, A, 9)f (k) := eI ED o (m(kg)) £ (k(kg)),
where, if ¢ = kman for some k € K, m € M, a € A, n € N, we set k(g) := k,
m(g) := m, h(g) := log(a), n(g) := n. The symbol p denotes half of the sum of the
positive restricted roots determined by a counted with multiplicities. On this space of
functions, we introduce the norm

1 ooy = ( /K 1 £(k) 2 k)t

and, upon completing, we obtain a Hilbert representation of G which we denote
Indp(o, A). We will denote Indp k,, (0, A) the space of K ps-finite vectors in Indp (o, A).

Proposition 2.19. Let G be a connected, semisimple Lie group with finite centre and
let P = M AN be a parabolic subgroup of G. Let A be a complex-valued, real-linear,
totally imaginary functional on a and let (o, H,) be a unitary representation of M.
Then Indp(c, A) is a unitary representation of G.

Proof. See [13], Corollary 11.39. O

Corollary 2.20. Let G be a connected, semisimple Lie group with finite centre and
let P = M AN be a parabolic subgroup of G. Let A be a complex-valued, real-linear,
totally imaginary functional on a and let (o, H,) be a unitary representation of M.
Then, for every fi, fo € Indp k,, (0, A) and for every X € g, we have

(Indp (0, X, X) 1, fo)tndp(on) = — (1, Indp (0, X, X) f2)tndp (o,0)-

Proof. This is a consequence of Proposition [2.19 and the skew-invariance of the inner
product on a unitary representation with respect to the action of the Lie algebra on
the space of smooth vectors ([I8], p. 266). O

Next, we recall a form of Frobenius’ reciprocity originally observed by Casselman.
We first need some preparation.

First of all, we record the following.
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Lemma 2.21. Let G be a connected, semisimple Lie group with finite centre and let
P = M AN be a parabolic subgroup of G. If V is a (g, K)-module, then V/nV can be
equipped with the structure of an (m @ a, K;)-module in such a way that the quotient
map

q:V—V/nV
is (m @ a, Kr)-equivariant.

Proof. Tt suffices to show that if v € V is of the form v = Xw for some w € V and
X € n, then, for all £ € Kj;, we have

Ev enV,

and, for all Y € m & a, we have
YvenV.

Let £ € K,,,. We have
v =¢Xw=Ad(¢) X w,
and, since Ky, being contained in M, normalises n by [I2], Proposition 7.83, it follows

that Ad(£)X € n.

Let Y € m @ a. We have
Yvo=YXw=[Y,X]w+ XYuw.

The second term in the RHS belongs to nV because X € n and the first belongs to nV
because n is an ideal in p = m @ an by [12], Proposition 7.78. O

Let us recall that a (g, K)-module is finitely generated if it is a finitely generated
U(gc)-module. We say that a Hilbert representation (m, H) of G is finitely generated
if Hy is finitely generated. We record the following result of Casselman.

Theorem 2.22. Let G be a connected, semisimple Lie group with finite centre and let
P = MAN be a parabolic subgroup of G. Let V' be an admissible, finitely generated
(g, K)-module. Then V/nV is an admissible, finitely generated (m & a, Ks)-module.

Proof. See [17], Lemma 4.3.1. O

Corollary 2.23. Let G be a connected, semisimple Lie group with finite centre and
let P = MAN be a parabolic subgroup of G. If V is an irreducible (g, K)-module
admitting an infinitesimal character, then V/nV is an admissible, finitely generated
(m @ a, Kpr)-module.

Proof. By [9], Theorem 2.2, p. 256, K is connected. By [I3], Theorem 7.204, V is
admissible. Combining [13], Example 1, p. 442 and [13], Corollary 7.207, it follows
that V is finitely generated. The result now follows from Theorem 2.22] O

Let p, m, a and n denote the Lie algebras of P, M, A and N, respectively.
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Let (o, Hy) be an admissible and finitely generated Hilbert representation of M
which is unitary when restricted to Kj;. Let A be a complex-valued real-linear func-
tional on a. Consider the (m @ a, Kjs)-module H?)KM defined as

A -
HG’,K]\/[ R HG’,K]\/[ ® CA‘i’p

where the pair (m, Ks) acts on Hy x,, and a acts on Cyy, via the functional A + p.

If V is a (g, K)-module and T' € Homg g (V,Indp ,, (0, X)), then we can define an
element T’ € Hommpaga i, (V/0V, H

o, Km

) by setting

T(v) :=T(v)(1).

Theorem 2.24. Let G be a connected, semisimple Lie group with finite centre. Let
V be a (g, K)-module. Let (o, H,) be an admissible and finitely generated Hilbert
representation of M which is unitary when restricted to Kj; and let A be a complex-
valued real-linear functional on a. Consider the (m® a, Kjs)-module H 3 K, Lhen the
map

Homg x (V. Indp,x,, (0, ) — Homwaa ry (V/0V, H) i), T T

o

is a bijection.
Proof. See [I7], Lemma 5.2.3 and the discussion preceding it. O

For clarity, we point out that the formulation in [I7] seems to contain some typos
and so we modified it following [8], Theorem 4.9.

The inverse of the map T +— T is constructed as follows (see [17], Lemma 5.2.3 and
Lemma 3.8.2. Alternatively, [§], Theorem 4.9). }
Let S € Hommaa, i, (V/0V, H?)KM). Then we obtain an element S € Homg x (V,Indp ,, (0, \))
by setting B
5(0)(k) = S(a(kv),

where ¢: V' — V/uV denotes the quotient map. Then the inverse of T — T is given
by the map

Homumea iy, (V/0V, HY 1o ) — Homg x (V,Indp x,, (0, \)), S+ S.

o, Km

3 Asymptotic behaviour of representations

We begin by collecting the fundamental facts concerning asymptotic expansions of ma-
trix coefficients of tempered representations. We refer the reader to [I1], Chapter VIII,
for a more thorough exposition of the topic.

Let G be a connected, semisimple Lie group with finite centre, let K be a fixed max-
imal compact subgroup of G corresponding to a Cartan decomposition of g as g = £¢®p.
Let P = M AN denote the minimal parabolic subgroup of G with Lie algebra p. Given
a maximal abelian subspace a of p, we call A the corresponding subgroup of P and M
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the centraliser of A in K. We fix a system A of simple roots of the root system (g, a),
we use AT to denote the corresponding set of positive roots.

Let a™ denote the set {H € ala(H) > 0 for all & € A}. Then the subset of regular
elements G**8 of G admits a decomposition as G**8 = Kexp(a™)K and G itself admits
a decomposition G = Kexp(at)K.

We write A = {ay,...,a,} and we identify it with the ordered set {1,...,n} in
the obvious way. We adopt the following notation to simplify the appearance of the
expansions we are going to work with.

For H € a and | € %, we set a(H)' := [}, a;(H)".

If A is a real-linear complex-valued functional on a, since, for every H € a, we have

AH) = Nai(H)
i=1
for some A1,..., A\, € C, we will often identify A with the n-tuple (A1,..., ).

The next result is concerned with the expansion of K-finite matrix coeflicients
relative to P.

Theorem 3.1. Let G be a connected, semisimple Lie group with finite centre and let
(m, H) be an irreducible, Hilbert representation of G. Then there exist a non-negative
integer [y and a finite set of real-linear complex-valued functionals on a, denoted &,
such that, for every v, w € Hg, the restriction to exp(a™) of the matrix coefficient ¢y 4,
admits a uniformly and absolutely convergent expansion as

Go.w(expH) = e PH) Z Z Z a(H) ePMRE) (ey 4 (v), w),

Ne€o 1€ZLyill|<lo KEZZ,

where each cyx_x; : Hx — Hpg is a complex-linear map and p, denotes half of the
sum of the elements in A" counted with multiplicities.

Proof. By [13], Theorem 7.204, the representation (w, H) is admissible and therefore
has an infinitesimal character. By [I1], Theorem 8.32, we have the stated expansion
for any 7-spherical function (in the sense of [11], p.215) F' on G of the form

F(g) = Eyn(g)En,

where 7 and 7 are sub-representations of

|k = @ nyy

veK

T = @ nyy and 7 1= @ Ny

YEO1L YEO2

of the form
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for finite collections ©1, 04, € K , and F1, Fy are the orthogonal projections to 7y, s,
respectively. In this expansion, the set &, the maps cy—x,; and the number /y depend
on 7 = (71, 72) and we can expand ¢, ,, provided that v € 7 and w € 2. To obtain an
expansion valid for every v,w € Hg and with F', [y and the cy_j,; independent of T,
we appeal to [2], Theorem in 8.8, which we can apply since (7, H) is finitely generated
by [13], Corollary 7.207. O

We recall that if v, v/ are real-linear complex-valued functionals on a such that v—v/
is an integral linear combination of the simple roots, then we say that v and v/ are
integrally equivalent.

The set & has the property that if A\, \' € & with A £ X, then A\ and X are not
integrally equivalent.

If v and v/ are integrally equivalent and v — v/ is a non-negative integral combi-
nation of the simple roots, we write v > v/, thus introducing an order relation among
integrally equivalent functionals on a.

Ifk e Zgo is such that the term
a(H)le()‘_k)(H) (ex—g,1(v), w)

is non-zero for some A € & and for some v, w € Hg, then we say that v := (A—k) is an
exponent. The exponents which are maximal with respect to the order relation intro-
duced above are called leading exponents: & is precisely the set of leading exponents.

The following result is used crucially in [I0] and in the following.

Theorem 3.2. Let (7, H) be an irreducible, tempered, Hilbert representation of G.
Then every A € & satisfies
Re/\i S 0

for every i € {1,...,n}.

Proof. See [11], Theorem 8.53. Strictly speaking, in loc. cit. the theorem is formulated
under some restrictions on G, but it is a convenient reference since we are adopting the
same normalisation of the exponents. See [I], Proposition 3.7, p. 83, or [2], Corollary
8.12, for proofs for more general groups. o

We now turn to asymptotic expansions of matrix coefficients of (7, H) relative to
standard (for P) parabolic subgroups of G. We follow [I1], Chapter VIII, Section 12.

Given a subset I C {1,...,n}, and recalling that we identified A with {1,...,n}, we
can associate to it a parabolic subgroup

Pr = MiAjeNpe

of G containing P in such a way that g_, C my if and only if a € I (with m; denoting
the Lie algebra of My). For the details, we refer the reader to [12], Chapter VII and
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[11], Proposition 5.23.

First, we introduce the basis {H1, ..., H,} of a dual to A. We define the Lie algebra

ar as
ar = » RH;
icl
and the group Ar as

Ap = exp(z Ray).

iel
We can then write a = a; ® a;c and A = AjAj.. The groups Ny and Nje correspond
to the Lie algebras

ny = Z gg and nye = Z 93-

BEAT:Blq,c=0 BEAT:Bla. #0
We have
p=pr+pre
with .
pri=g Z (dimgg)

2
B€A+5B|n10 =0

and analogously for pre. Denoting My ; the group corresponding to the Lie algebra
my=modar Bn; dny,
the group M7 is then given by
My := Zk(are)Mo 1.

Finally, K; := KN Mj is a maximal compact subgroup of M; and M A; Ny is a minimal
parabolic subgroup of Mj.

Theorem 3.3. Let G be a connected, semisimple Lie group with finite centre and let
(m, H) be an irreducible, Hilbert representation of G. Let C be a compact subset of M7
satisfying K;CK; = C. Then there exists a positive real number R depending on C
such that, for every m € C and for every a = expH € Ay which satisfies o;(H) > logR
for every i € I¢, we have

v (mexpH) = e~ <N "N a(H) 1Dl (m, v, w)

vEES qGZIZCO:\q\Sqo

for every v,w € Hg. Here, £ is a countable set of real-linear complex-valued func-

tionals on aje, each cf’q extends to a real analytic function on M; and satisfies

ety (Eamé,v,w) = ¢y (mm(&), w(& Hw)
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for every &1,& € K. Moreover, for every m € M; and w € Hg, the map
P
Hxg — C, v ¢l (m,v,w)
is complex-linear and, for every m € M and v € Hg, the map
P
Hg — C, w ¢} (m,v,w)
is conjugate-linear.

Proof. For a 7-spherical function F as in the proof of Theorem [B.1] the result follows
from [I1], Theorem 8.45. To obtain an expansion independent of 7, it suffices to prove
that each F,_,,. is independent of 7.

A

Let m € M; and write m = &a;& for some ay € A_}r, where A}r is the positive
Weyl chamber, and some &7, & € K. Since

F_pe (ma,v, w) =F,p. (ara,m(&1)v, 7T(§2_1)w)7

re-labeling things, it suffices to prove that F,_,,.(-,v,w) is independent of 7 as a

function on A_}"AIC. By [11], Corollary 8.46, the functional v € &z is the restriction
of an element in the set of exponents £ in the expansion relative to P and this set is

independent of 7 by [2], Theorem 8.8. Therefore, it remains to prove that each 0531 is

Py
v,q
a function on A}r is independent of 7. Given a; € A;r, we can find a compact subset

C of M7 containing and aj such that K;CK; = C, and a positive R depending on C,
such that for every H € ajc satisfying «;(H) > logR for every i € I¢, the expansion
of ¢y (ara) relative to P and the expansion relative to Pr are both valid. Comparing
them as in [I1], p. 251, it follows that expansion relative to Py is completely determined
by the expansion relative to P and the latter is independent of 7 by Theorem Bl O

independent of 7. Since ¢}» is analytic on M7y, it suffices to prove that 0531(~, v, W) as

For every v € &;, the term
oz(H)qe(pr”)(H)Ci{Z(m, v, w)

is non-zero for some v, w € Hgx and some m € M. The set £; is the set of exponents
relative to Pr.

We are ready to define the functions of the form I'y ; discussed in the Introduction.

The first step consists in associating a standard (for P) parabolic subgroup of G to
each \ € &.

Let (7, H) be an irreducible, tempered, Hilbert representation of G and let A € &.
We set I := {i € {1,...,n}|Re\; < 0} which we identify with the subset Ay of A
defined as

Ay = {ai S A|Z S I)\}.

The construction of standard parabolic subgroups from the datum of a subset of A
assigns to I the standard parabolic subgroup Py defined by Py := Pr,. It admits a
decomposition

Py = M)A)\,Ny,,
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where

A>\o = A[;
The subgroup M admits a decomposition
My = K\A\K),
where
A)\ = Ab\
and
Ky .= KN M,.

The group A decomposes as A = Ay A,,. We write a) and ay, for a;, and arg, respec-
tively. Similarly, we write px and py, for pr, and prg, respectively.

We are going to introduce an equivalence relation on the data indexing the expansion
of ¢y 4 relative to P. The definition is motivated by the construction of d() in [10].
Let v,w € Hg. We have

bow(expH) =737 37 a(H) XLy (H)
A€o LEZY 2|1 <lo

where

@KJIU(H) = Z e_k(H)<C>\—W(U1)’U2>'
keZy,

The terms in this expansion are indexed by the finite set
C:={(A\Direeo, tezz gilti<to- (3)

We introduce a relation on C by declaring that (A, 1) ~ (1, m) if I = I, May, = #ay,
and reslil = resyem.

It is clear that ~ is an equivalence relation. We denote [, [] the equivalence class
containing (A, ).

We can therefore re-group the expansion of ¢, ,, as follows:

Gow(expH) = e P 3™ a(Hy ) PoeMen o) N g ()Nl e (1),
nlec/~ (W, I)eEN]

(4)

where

l)\o = res];h O‘(Hko)lko = H O‘i(Hko)liv 13\ = reshl’, a(H)\)lg\ = H O‘(Hk)lé

icIs i€l
and H = H)y, + H, corresponds to the decomposition

+— qF +
a’ =a, Day.
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We are also implicitly using the fact that a(H)" = a(H))*a(H)y,)? which follows
from writing H with respect to the basis dual to A.

Let us assume that [\, 1] € C/ ~ satisfies
dp(A, 1) = d(m),
where dp(A,1) is defined by ().
For H) € a;\r, we set
T (expHy, v, w) := e~ U Z oz(HA)l,* Xl (HA)Q)K}?Z, (H)y). (5)
(A IEN]

Before establishing the properties of I'y ;, let us pause to explain the motivation
behind the condition on the equivalence class [A,{]. The discussion that follows will be
used only in Section 4. The reader who prefers to do so can skip to Proposition [3.4]
without any loss of continuity.

Let vy, v9,v3,v4 € Hg. We will be considering integrals of the form

1 — .

o B(H) _ ,—B(H))dim

Thj& a0 /a+ buy v, (expH ), ,, (expH) | | (e e )mes dH,
<r BeA+

where

af,:=a"N{H €a|B(H) <rforal g€ AT} (6)

Treating these is the content of Appendix A in [10]. We remark that our region of
integration is defined as to exclude the subset of at where at least one of the simple
roots vanishes. It is a set of measure zero.

We want to interpret Lemma A.5 in [I0] in group-theoretic terms.

Let us consider the matrix coefficients ¢y, », and ¢y, v, By @), on AT :=exp(a™)
they can be expanded as

Guron(expH) = e P N7 a(Hy oMo o) 5™ gty (1)

\iec/~ (LI E[N]
and
Gug s (expH) = e 7 N q(Hpyy o etlene o) N g (). (8)
[n,m]eC/~ (v, m/)€[p,m]

where, for (X, 1I') € [A,1], we set
W3R (H) = a(Hy)h e a5 2 (1)

and similarly for (', m’) € [u, m].
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Let [\,[] € C/ ~ and [, m] € C/ ~ be such that I\ = I, Ala,, = p|a,, and
d(r) = 1L+ 7 + ma).
i€l
In view of the first condition, the third is equivalent to the requirement
dp(A\ 1) =d(nm) and dp(p, m) = d(n).
Consider the summand
6_2P(H)a(H)l/er/e()‘/"’?)(H)@K}:ﬁzifiﬁ, (H)

in the expansion of the product ¢y, v,@,, ,, on A*.

Taking into account the factor e=2°(!) and the fact that the term

Q(H) := H (eB(H) _ e—B(H))dimgﬁ (9)
BeAT

is incorporated in the function ¢ in [I0], Lemma A.5 (compare section 4.7 in loc. cit.),
this lemma shows that, as r — oo, the integral

L[ e g gy XA D G T (O () dH
pd(m) e ) pom
tends to
C(\ 1 205 (Hx) | guvzg s o H))Q\(Hy) dH
(A, 1,m) n Y | o (HX)SU(H ) dH )
A
where .
ON(Hy) = H (ePUHN) — e=AHA))dimgs (10)
peaf
with

AT :={Be A+|[3|MO =0}
and the quantity C'(\,1,m) is given by

C(A1,m) = / a(Hy, )Mo T0 dH), (11)
{HeAy, lext’X (H)eAL,}

Now, summing over all (\,1’) € [\, 1] and over all (¢/,m’) € [u, m], we obtain that
the integral over AL, of

o—20(H) Z Z a(H)lurm/e(er?)(H)(1)1;}:;252?:;’: (H)QUH),
WIne  (wsm!)elp,m]

upon multiplying by rd% and letting r — oo, equals

C(\1,m) / +e_2p*(H*) > > [w;&;;ﬁ@ﬁfj;’; lax (H\)Q\(H)) dH .
AX (VADEND (! m)€[p,m)
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Finally, since

Oy (Ha) = Y e M (ey g (v1),v2),
keZIZAO
and similarly for ® 3", the integral above equals

C(A, l,m)/+ T i(expHy, v, w)f#_,m(epo)\, v, w)Q\(Hy) dH ).
A)\

If [\ 1], [p,m] € C/ ~ fail to satisfy any of the three conditions Iy = I, May, = #a,
and
dp(A 1) = d(m) = dp(p, m),

then, for every (X,1’) € [A,l] and for every (1, m') € [u, m], by the considerations in
the proof of Claim A.6 and Lemma A.5 in [I0], the integral

1
pd(m)

um’(

/ e—2p(H)a(H)l +m/ J(N )(1117)(1)%”2(1)”'g iy H)Q(H)dH

vanishes as r — oo.

Therefore, the equivalence classes [\, 1] € C/ ~ for which Iy ; is defined are precisely
the ones that may contribute a non-zero term to the expression

lim / Duyvs (epo)(;bv3 s (expH)Q(H) dH.

r—00 rd TF)

Throughout the rest of this section, we fix an irreducible, tempered, Hilbert repre-
sentation of a connected, semisimple Lie group GG with finite centre.

To study the properties of I'y ;, we begin by showing that it is equal to a function
of the form ¢/ . More precisely, we have:

Proposition 3.4. Let v,w € Hg. Let [A\,l] € C/ ~ be such that
d(m) = dp(A,1),
Set v := Ala,, and g := l,. Then, for every H) € a)’, we have

Txi(expHy, v, w) = ¢} y(expH )y, v, w).

Proof. For every Hy € aj\r, we can find a compact subset C of M) such that K\CK) =
C and which contains Hy, and a positive real R > 0 such that if Hy, € ajo satisfies
a;(Hy,) > logR for every i € I§, then the expansion of ¢, ., with respect to P and the
expansion with respect to Py are both valid at H = Hy + H),. Comparing them as in

[11], p.251, we see that

P — H
Ly (expHy, v, w) = E E e *)\IIK,“Z,(HA).
A’€5o:)\’|u>\0:v U:|l'|<lp and l'/\[):q
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Since, by definition of 'y ;(-, v, w), we have

Tx(expHy, v, w) = e~ PHA) Z UL (Hy),
(VI)EN

recalling the definition of the equivalence relation that we imposed on C, we only need
to show that the set
{Ne 80|X|M0 =v}

is equal to the set
{)\ S 50|I>\/ = I, and >‘/|ﬂx0 = )\|a>\0}-

Because of the assumption on [A,[], for every X" € & such that X'|s, = v, we have
Re)) # 0 for every j € I). Indeed, if there existed a j € Iy for which Re\; = 0, we
would have

115/ 2 1+ |I3]

and, since [} = [,, this would imply

dp(N, 1) > |I§| + > 21, > dp(A,1) = d(),

i€ls,

contradicting the maximality of d(w). Since, by Theorem B2, we have ReX] < 0 for
every i € {1,...,n}, this concludes the proof. O

Theorem 8.45 in [II] and the discussion at the beginning of p. 251 in loc. cit.
now show that 'y ;(-, v, w), being equal to 0531, extends to an analytic function on My,
which we denote again I'y ;(-, v, w). If we decompose M) as

My = K\MyK,

and if we write m € M) as m = &expH)&1 for some &1,& € K and some H) € E,
then we have
Ty i(m,v,w) = 1",\7l(epo>\,w(fl)v,w(fg)flw)

Px (-, v,w) exhibits the same behaviour.

because ¢,

We want to prove that I'y (-, v, w) belongs to L?(M,) and it is Z(my¢)-finite. An
application of Theorem ZIT will imply that I'y ;(-, v, w) is a smooth vector in L?(M)).
Similar ideas appear in [I1], Chapter VIII, and in [15].

We recall that there exists an injective algebra homomorphism

ppy 2 Z(gc) — Z((my @ ay,)c) = Z(myc) @ Ulaxr,c)

which turns Z(myc) ® U(ax,c) into a free module of finite rank over up, (Z(gc)) by
([6], Lemma 21).
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Proposition 3.5. Let v,w € Hk. Let [\, l] € C/ ~ be such that
d(m) =dp(\1).
Then Ty (-, v,w) belongs to L?(M)).

Proof. We argue as in the proof of [15], Lemma 4.10. By the proof of Proposition
B4 we have Re)] < 0 for every )\ appearing in the expansion of Ty (-, v, w) on Aj\r

and for every i € I,. Since I'y (-, v,w) is analytic on A}, we can apply [7], Theorem
4 and then argue as in [2], Theorem 7.5, to establish the desired square-integrability

on H The square-integrability on M, follows from combining the decomposition
of My as M, = K ,\A;\FK », the corresponding integral formula and the fact that if
m = &expH)\&s, for some H)y € a;\" and some &1,& € K, then

Ty i(m,v,w) =Ty (expHy, m(&1)v, w(ﬁg)flw).

Proposition 3.6. Let v,w € Hg. Let [A,l] € C/ ~ be such that
d(m) =dp(\1).
Then, for every X € U(myc) and for every m € My, we have
XTxi(m,v,w) =Ty 1 (m,7(X)v,w).

Moreover, the function I'y ; (-, v, w) is a smooth vector in the representation (R, L*(M)))
of M)\.

Proof. For a given X € U(myc) and every g € G, we have

X(b'u,w (g) = (bfr(X)v,w (g)

Therefore, the restriction of X ¢, ,(-) to MyA,, satisfies

X(b'u,w (ma) = (bfr(X)v,w (ma)

Given m € M, we can find a compact subset C' of M) containing m such that
K)\CK), = C and a positive R depending on C such that if
a = expH € A;\"O satisfies a;(H) > logR for every i € I, then ¢ (x)y,w(ma) may be
expanded with respect to Py. Since X € U(myc), the restriction of X ¢y, 4, (+) to My Ay,
can also be computed as the action of the differential operator X on the restriction
of ¢p(:) to MrAy,. For m € My and a € Aj\ro as above, we expand the function
so obtained with respect to Py and, as in the proof of (4.8) in [I5], because of the
convergence of the series, we can apply the differential operator term by term. By
comparing the resulting expansion with the expansion of ¢ (x)v . (ma), and invoking
Corollary B.26 of [11], we obtain

P, _ P .
Xclj?[‘] (ma v, w) - CIJ?(‘] (m7 7T(X)’U, ’LU)
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for every v € &1 and every q € ZI;O. The first statement now follows from choosing v
and ¢ as in Proposition [3.4l B

For the last statement, we need to show that I'y ;(+, v, w) is annihilated by an ideal
of finite codimension in Z(myc); the result will then follow from Theorem 217 Let
J be the kernel of the infinitesimal character of (w, H). Then J is an ideal of finite
codimension in Z(gc). As observed in [5], p.182, the inverse image Jn, along the
inclusion

Z(m,\c) — Z(m)\(c) @U(ay,c), X — X®1
of the ideal generated by pp, (J) in Z(myc) ® U(ax,c) is an ideal of finite codimension
in Z(myc). This follows from the fact that the ideal generated by up, (J) is of finite
codimension in Z(myc) ® U(ay,c), since Z(myc) ® U(ax,c) is a free module of finite
type over up, (Z(gc)) by [6], Lemma 21. Denoting up, (J)¢ the ideal generated by
wp, (J), we see that Jy,, is precisely the kernel of the homomorphism

Z(myc) — (Z(mxc) @ Ulax,c))/ppy (1) X = (X @ 1) + pp, (J)°.

This exhibits Ju, as an ideal of finite codimension in Z(myc). Now, if X € Jn,, then
X ®1 belongs to pp, (J)¢. Hence X ® 1 can be written as

X@1=Y Yiup, (%)
=1

with Y; € Z(my¢) ® U(ax,c) and Z; € J. For every i € {1,...,r}, by (8.68) in [11], p.
251, the differential operator up, (Z;) annihilates the function

Fyp,, (ma,v,w) = Z ciﬁz(m,v,w)a(H)qe(”_p*O)(H).
a:lal<qo
Therefore, X ® 1 annihilates it, as well. On the other hand, by the first of the proof,
we have
(X @ 1) Fy—p,, (ma,v,w) = Z cf%(m,7'T(X)v,w)oz(H)qe(”fmo)(H).
a:lal<qo

Since the LHS vanishes identically on M)Ay, , it follows that

cf_jl(m, (X)v,w) =0

for every m € M. Choosing v and ¢ as in Proposition B4, we find that Ty ;(-, v, w) is
annihilated by Ji, . O

Let w € Hg. The next two technical lemmata, together with Proposition 3.6l will
be used to prove the (my @ a, K )-equivariance of the map

Sy Hy — L*(My) ®(C>“ax0 Sw()(m) =T (m,v,w).

—PXxo’

We are not claiming that for every w € Hg this map is non-zero: the only thing we
need to know is that, whenever w € Hy is such that S, is not identically zero, then
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Sy is (my @ a, K))-equivariant. Having established this, we show that the existence
of an admissible, finitely generated, unitary representation (o, H,) of M which will
allow us to apply Theorem in the way we explained in the Introduction. This is
the content of the last two results of this section.

Lemma 3.7. Let v,w € Hg. Let [A,l] € C/ ~ be such that
d(m) =dp(\1).
Then, for every X € ay, and every m € M), we have

Dai(m, #(X)v,w) = (Aay, = pro)(X)Eai(m, v, w).

Proof. We write m € My as m = &ax&s for some &1,& € K, and some ay € E
Then we have

Ty i(m,7(X)v,w) =Tx (ax, w(ﬁl)#(X)v,w(fgl)w).

Recalling that
7(&)7(X)v = 7(Ad(§1) X)m(&1)v,

since M) centralises ay, ([I2], Proposition 7.82) and K is contained in M), we have
Daiax, 7(€)7(X)v, m(6 w) = Taulax, 7(X)m(€1)v, 765 w).

Therefore, re-labeling things, it suffices to prove that for every X € ay, and for every
ay € A;r, we have

Pailax, T7(X)v,w) = (May, — Pro) (X)Tai(an, v, w).

Moreover, since I'y;(-,v,w) is analytic, it suffices to prove the identity for every
ay € Ai_

Let a)y = expH) € Aj\r. Then there exist a compact subset C' of M, contain-
ing ay and such that KyCK, = C, and a positive R depending on C such that,
for all Hy, € a;\ro satisfying o;(Hy,) > logR for every i € I§, the expansion of
¢ﬁ(X)U7w(aAeXpHAO) relative to P and the expansion of ¢,A,(X)vﬁw(a,\epo,\0) relative
to Py are both valid.

Setting H := Hy + H), for Hy, as above, the first expansion gives

SrxrowEH) =Y S a@) O PUID (e (i (X ), w)

e€ [ezgo:\ﬂglo

By linearity we can assume that X = H; for some i € I, where H;, we recall, is the
element in ay, dual to to the simple root a;.

Differentiating term by term and taking into account the computation

H; [a(H) e300 | = fia(H) = eC=00 4 (N, = p)(Hy)a(H)'e A=,
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where e; is the element in ZZ%, having 1 as its i-th co-ordinate and 0 as every other
co-ordinate, we observe that the only terms in the expansion

dow(H) =) D a(H) eI e (), w)
A€E LeZl :|l|<lo
that after differentiation by H; € ay, can contribute a term of the form
ca(H)ze(;\_”)(H) (ex.1(v), w),
with ¢ € C, to the expansion of ¢ (x)uw(H), are precisely
a(H)Ze(S‘fp)(H) (c5.i(v), w) and a(H)He"e(S‘*p)(H) (ex1(v), w).
Assume A € & and | € Z%, with |I| <o satisfy
dp(A, 1) =d(m).

Then, if the term
Q(H)lJreie(/\fp)(H) (ex(v),w)
appeared in the expansion of ¢, ., (H), we would have
dp(\1+e) > [I5] + Y 2l =dp(A,1) =d(n),
il
contradicting the maximality of d(w). This reasoning shows that in the expansion
Gt )00 (arexpHy,) = Y > a(Hyy) e o) (ay, 7 (H; v, w)
velr IS
9€Z5y:lal<q0

relative to Py, the term indexed by (v, q) with v = A4, and ¢ = [, satisfies

CEZ(G‘)\’ 7:‘-(I{i)vv ’LU) = ()\|a>\0 - p)\o)(Hi)cii}(a)\v v, ’LU)
Indeed, the comparison in [I1], p. 251, shows that

a(Hy, ) e =)o) D (ay 7t(Hy)v, w)

is the sum of all the terms in the expansion of ¢;(g,)y,w(H) relative to P which are
indexed by couples (), 1) satisfying
Marg, = Alay, and Iy, = Iy,
and, as we saw, these are the terms of the form
(Alar, = o0 (H)a(H) eX =00 (e 5(0), w).
Finally, since

Py

y)q(a>\7 v, ’U})

Ty i(an,v,w) =c
by Proposition 3.4l we obtain

Daiax,v,w) = (May, = pxo) (Hi)Daulax, 7(Hi)v, w).

32



Lemma 3.8. Let v,w € Hg. Let [\, ] € C/ ~ be such that
d(m) =dp(A1).
Then, for every X € ny, and every m € My, we have
Ty (m,7n(X)v,w) =0.

Proof. We write m € My as m = &a)&s for some £1,& € K, and some a) € A_;\r
Then we have

Cai(m, #(X)v,w) = Tay(ax, m(&)w (X))o, 7(&5 Hw).

Recalling that
m(&)7(X)v = 7(Ad(&1) X)m(&1)v,

since M normalises ny, ([12], Proposition 7.83) and K is contained in M), we have
Daiax, 7(€)7(X)v, 7(6 w) = Taulax, 7(X )w(€1)v, 76 w)

for some X’ € ny,. Therefore, re-labeling things, it suffices to prove that for every

X € ay, and for every ay € A_i', we have
F)\ﬁl(a)\, #(X)v, w) =0.
Moreover, since I'y;(-,v,w) is analytic, it suffices to prove the identity for every

ay € A;\r

Let ay = expH) € Aj\r. Then there exist a compact subset C' of M, contain-
ing Hy and such that KxCK, = C, and a positive R depending on C such that,
for all H, € a;\ro satisfying «;(Hy,) > logR for every ¢ € If, the expansion of
¢ﬁ(X)U7w(aAeXpHAO) relative to P and the expansion of ¢,A,(X)vﬁw(a,\epo,\0) relative
to Py are both valid.

Setting H := Hy + H), for Hy, as above, the first expansion gives

brcww) = Y ) eI g (i (X)), w)
reg ez :|l|<lo

and the second gives

Gi(x)0.w(arexpHy,) = > ST a(Hy,) TP H) e (a7 (X ), w)

veer 1§
a€Z2y:lal<qo

By [11], Corollary 8.46, each v — py, in the second expansion is of the form :\|ﬂ>\0 — Pro

for some exponent X in the first expansion. Therefore, it suffices to prove that if A € &
and [ € Z%, with [I| <l satisfy

dP(Av l) = d(ﬂ-)v
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then no term with exponent A— p for which 5\|ll r = AMa Ao @Ppears in the first expansion.
Indeed, if we can show this, since by the comparison in [I1], p. 251, the term

a(Hy,) e =P20) ) oD (ay, 7t(X v, w),

for v = Ala,, and gx, = ), is the sum of all the terms in the expansion of ¢z (x)u,w(H)
relative to P which are indexed by couples (A, 1) satisfying

Mary = Alay, and Iy, = I,

it would follow that

65?1(00\7 7T(X)’U, U}) =0,

and therefore
l—‘)\)l(a)\, #(X)’U, w) =0.

By linearity we can assume that X € g_,, for some ¢ € I§ ([11], Proposition 5.23).

Computing as in [2], Lemma 8.16, we have
Gr(xy0,w(@) = (F(Ad(a) X)m(a)v,w) = —e~* D, 2 (x)(a).

Hence every exponent in the expansion of ¢;(x)yw(a) relative to P is of the form
A=) —e¢; for some X € £. Now, if there existed X' € & with

(N = ei)lar, = Alax,

we would have

Re()\’ — ei)i = Re/\l =0

since i € I§. This means that Re\, > 0, a contradiction. Indeed, since (m, H) is
tempered, the real part of every co-ordinate of each leading exponent is at most zero
by Theorem and it follows that the same property holds for every element in &.
This concludes the proof. O

Lemma 3.9. Let w € Hi. Let [\,1] € C/ ~ be such that
d(m) =dp(\1).

Then there exists a collection {(6, Hp) }gco of orthogonal irreducible sub-representations
of L?(M)), the direct sum of which we denote (o, H,), such that the image of the
(my, K)-equivariant map

Sw: Hx — L2(M)\)KA, Sy (v)(m) =T 1 (m, v, w)
is the (my, K )-module H, g, .

Proof. The map S, is well-defined by Proposition For every ¢ € K and every
m € My, we have

Sw(m(§)v)(m) = Txi(m, w(§)v, w) = Txi(mé, v, w) = R(§)Sw(v)(m).
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By Proposition 3.6}, for all X € my and for all m € My, we have
Sw (T (X)v)(m) = XT'y 1(m, v, w)

and, by Proposition 218 we have

XTxi(m,v,w) = R(X)Ty ;(m, v, w).

Therefore .
Sw(F(X)v)(m) = R(X)Sw(v)(m)

and this concludes the proof that S, is (my, K))-equivariant.

In the proof of Proposition B.6] we showed that, for each v € Hp, the function
(-, v,w) is a Z(my)-finite function in L?(My). By [11], Corollary 8.42, there ex-
ist finitely many orthogonal irreducible sub-representations of (R, L?(M,)) such that
Txi(-,v,w) is contained in their direct sum. It follows that there exists a (not nec-
essarily finite) collection {(0, Hp)}gco of orthogonal irreducible sub-representations of
(R, L*(My,)) such that S, (Hg) is contained in their direct sum. Let (o, H,) denote
the direct sum of the sub-representations in this collection.

We need to show that the image of S, is precisely H, x,. We begin by observing
that, for any given v € Hg, we have I'y ;(-,v,w) € H, k, . Indeed, the K-finiteness of
v implies the existence of finitely many v, ..., v, € Hg such that

R(K\)Tx (-, v,w) € span{Tx (-, v, w)|i € {1,...,7r}}.

Hence, I'y ; (-, v, w) is K -finite and, since it is a smooth vector in (R, L?>(M))) by Propo-
sition 3.6} it belongs to Hy, N L?(M)) i, = H, i, and it follows that Sy, (Hx) C Hy K, -
For the reverse inclusion, the irreducibility of each (0, Hy) implies that S, (Hg) N
Hy k, = Hy i,. Therefore H, i, is contained in the image of S,,, completing the
proof. O

Proposition 3.10. Let w € Hg. Let [A,l] € C/ ~ be such that
d(m) =dp(\1).

T hen there exists an admissible, finitely generated, unitary representation (o, H,) of
My such that the map

Sw()(m) =T 1 (m, v, w)

Sw: Hxk — HU7K>\ X CM“,\O_PM’
is (my @ ay,, K )-equivariant.

Proof. By Lemma [B.9] there exists a unitary representation (o, H,) of M) such that
Sw(Hk) = Hy i, . By Lemma[3.7] for all X € ay, and for all m € M), we have

Su(T(X)v)(m) = (May, = Pr0)(X)Tx1(m, 0,w) = (Alas, = Pr0)(X)Sw(v).
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By Lemma B8 for all X € ny, and for all m € M, we have
Su(T(X)v)(m) =Ty (m, 7(X)v,w) = 0.
We thus obtained an (my @ ay,, K))-equivariant map

Sw: Hx — Hy g, ® (C>\|ﬂA Sw(v)(m) := Ty (m,v,w)

0 —Pxg?
which factors through the quotient map
q: HK — HK/II)\OHK

which is (my @ ay,, K)-equivariant by Lemma [Z27]

Since Hg, being irreducible (and hence admissible by [I3], Theorem 7.204), has
an infinitesimal character, by Corollary 223 the (my @ ay,, Kx)-module Hg /ny, Hg is
admissible and finitely generated. It follows that

Sw(HK) = ]{01}(k ®C>‘|“/\o_p*0

is an admissible and finitely generated (my @ ay,, Kx)-module. The fact that ay,
acts by scalars, implies that H, g, itself is finitely generated (as U(myc)-module) and
admissible. O

Proposition 310 in combination with Theorem [2.24] and the discussion following
it, implies that the map

Ty: Hy — IndﬁMKk(o,Maxo), Tw@)(k)(m) := T (m, 7(k)v, w)

is (g, K)-equivariant. Here, P, denotes the parabolic subgroup opposite to Py and
we recall that the half-sum of positive roots determined by P is precisely —py,. The
observation above follows from the fact that T, = ~w in the notation of the discussion
following Theorem

4 Asymptotic Orthogonality

For a tempered, irreducible, Hilbert representation (7, H) of G, for v,w € H, let
Po,w(g) = (m(g)v, w)

denote the associated matrix coefficient. By (2) of Theorem 1.2, there exists d(7) € Z>¢
such that

r—00 rd(ﬂ')

. 1
lim —/ |¢v)w(g)|2 dg < o0
G<7‘

for all v,w € Hg.

As in [10], Section 4.1, by the polarisation identity and by (2) of Theorem 1.2, the
prescription

. 1
D(Ul,’vg, V3, ’1)4) = Tlggo m

/ ¢U1,U2 (9)51}3,1}4 (g) dg
Ger
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is a well-defined form on Hy that is linear in the first and fourth variable, conjugate-
linear in the second and the third.

We explained in the Introduction that the crucial point is the proof of Proposition
[[4 We begin with the following reduction.

Lemma 4.1. Let G be a connected, semisimple Lie group with finite centre and let
(m, H) be a tempered, irreducible, Hilbert representation of G. If for all X € g and for
all vy, v9,v3,v4 € Hg we have

hm / ¢7T X)'Ul 'Uz( )¢’U3,U4( )dg - hm / ¢’U17’U2 X)'Ug,v4 (g) dg

r—oo rd( 7") r—oo rd( 7")

then the equality

hm / (bvl,ﬂ'(X Uz( )¢U'§ 1}4( )dg - T~>oo Td ﬂ.) / ¢'U1 'U2 'U'g g (g) dg

r—oo pd( rd(m)

holds for every X € g and for every vy, vs,v3,v4 € Hp.

Proof. We write

By ()02 (9) Py (9) = (v1,7(g™ (X )v2) (v3, (g~ )va)

and since (-, -) is Hermitian we have

(w1, (g™ ) (X )v2) (v, (97 1)v4) = Gusws (97 )P (X020 (971)-

Now, since G, is invariant under ¢(g) = g~! and G is unimodular, we have

¢v4yv3 (gil)aﬁ(X)vg,vl (gil) dg = ¢v4yv3 (g)afr(X)vmvl (g) dg
G<r G<7‘
and therefore
(b'ul,fr(X)'uz (9)51)3,1)4 (g) dg = ¢U4,U3 (Q)Eﬁ(x)yz,vl (g) dg
Ger G<r

Applying complex conjugation, we obtain

(bvl (X)) v (g)avg,m; (g) dg = (bfr(X)vg,vl (g)¢v4,v3 (g) dg
G<T G<7‘

Assuming the validity of the first identity in the statement, we can write

: 1 -
lim —)/G ¢#(X)v2,v1 (g)¢'u4,v3 (9)dg = — lim rd(m) / ¢U27U1 #(X)va,vs (9) dg.
<r

r—00 ’r‘d(ﬂ' r—00

Now, since

¢#(X)v2,v1 (9)51}4,1)3 (g) dg = (b'ul,fr(X)'Uz (Q)EUS,M (g) d97
G<T G<7‘
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it follows that

rﬂoo ’I”d(ﬂ' / ¢v1, X)vz )¢v3 v4( )dg = — lim ¢'U21'U1 (g)aﬁ(X)m,vg (g) dg'

T—00 G<
r

Observing that

¢U2,U1 (g)afr(X)m,m (g) dg = ¢#(X)v4yv3 (g)¢v2,v1 (g) dg
Gor Ger

and that, using the invariance of G, under t(g) = g~*

we have

and the unimodularity of G,

¢#(X)v4,v3 (g)avg,vl (g) dg = Poy 02 ( )(b X)v4( ) dg,
G<7‘ G<T‘

we finally obtain

lim / ¢v1 7 ( X)v2( )¢v3,v4( )dg - r—)oo rd( d(m) / (bm,vz ’U3,7T(X)U4( )d :

T—00 rd(ﬂ'
|

Proposition 4.2. Let G be a connected, semisimple Lie group with finite centre and
let (m, H) be a tempered, irreducible, Hilbert representation of G. Then, for all X € g
and for all vy, vs,v3,v4 € Hg, we have

hm / ¢7T X)'Ul U2( )¢v3 v4( ) dg - hm / ¢’U17’U2 X)v3,v4 (g) dg

r—00 Td(ﬂ' T—00 Td(ﬂ'

Proof. The integral formula for the Cartan decomposition, taking into account the
fact that, except for a set of measure zero, every g € G, can be written as g =
koexpHky, for some ky,ke € K and some H € aiT, with air as in (@), shows that

S 640100 (9)y s (9) dg 1 equal to
/K /aﬂ /K D (X)v1 00 (F2exXDHE1) @y, o, (KoexpHE1)Q(H ) dky dH dky
with Q(H) defined in ().
Arguing as in [I0], p. 258, we can interchange the two innermost integrals in the

RHS and, upon multiplying both sides by 7“3‘% and taking the limit as r — oo, the
RHS can be computed as the integral over K x K of

lim / ¢7r(X Yv1,v2 (k2epokl)¢v3 Vg (erXkal)Q(H) dH.

r—00 Td(ﬂ'

By (@) and (®), we obtain

-1
Gus s (RaexpHky) = 7720057 a(Hy, )Mo ) 57 gt D gy
(\eC/~ (N, 1) €[N
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and

-1
Doy vy (koexpHk1) = e—Pr(H) Z a(H,y ) ™o eMlapg (Hug) Z g kDvnm (kg o2 (H).

wm/’
[n,m]eC/~ (v m’)€[p,m]

By [10] Lemma A.5 and Claim A.6, the only non-zero contributions to

: 1 @
lim —— /+ d)ﬁ'(X)vl,vz (kQGXkal)d)'Us,M (kzeXkal)Q(H> dH
al,.

r—00 'rd(ﬂ')

may come from those [A,l] € C/ ~ and those [u,m] € C/ ~ for which Iy = I,
)‘laxo = N'ﬂ/\o and

d(m) = || + 3 (1 +my).

i€l

In view of the first condition, the third is equivalent to requiring that
d(ﬂ-) = dP()‘u l) = dP(N? m)7
where dp(A, 1) and dp(u, m) are defined by ().

By the discussion in Section 3 and by Proposition [3.4], the expression

—00 'rd(ﬂ')

. 1 —
lim ——— ‘/+ ¢7‘r(X)'u1,v2 (kQGXPHk1)¢'U3,'U4 (erpokl)Q(H) dH
L34
is equal to a finite sum terms of the form

C(\1L,m) /+ Dai(expHy, m(ky) 7 (X )vy, w(ky 1 )vo)T o (expHy, (k1 )vs, 7(ky )va)Qn(Hy) dHy,

A

with C(A,1,m) as in (IIJ), the functions I'y; and T, ,, defined as in ({) and Q\(H))
defined as in ([I0).

Taking into account the integration over K x K, we proved that

. 1 _
lim W/K/uz /K¢fr(x)v1,v2(k2eXka1)¢v3,v4(k2eXpH/€1)Q(H) dky dH dks

T—00

is equal to a finite sum of terms of the form

C’()\,l,m)/ / /+ FM(epoA,W(kl)ir(X)vl,ﬂ'(k;l)vg)fuym(epoA,w(kl)vg,w(kgl)m)
K JK Jay
Qx(H)y) dHy dkq dks.

By (1) of Lemma 3 and applying the Fubini-Tonelli theorem, we can interchange the
two innermost integral and we therefore need to prove that

/ /+ / T (expHy, (k)7 (X)vy, ﬂ'(kgl)vg)f‘uym(epoA,w(kl)vg,w(kgl)m)QA(H)\) dki dH )y dko
K Jay JK
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is equal to

—/ /+ / T i(expHy, m(ki)vy, W(k;l)UQ)fuym(GXpH)\,7T(I€1)7.T(X)’Ug,W(kz_l)v4)Q)\(H)\) dki dH ) dko
K ay K

We set

T(expHy, k1, ky ) := Ty g (expy, 7(k1) 7 (X )vr, m(ky )v2)T o m (expHy, w(k1 vz, 7(ky H)vs).

We apply the quotient integral formula ([3], Theorem 2.51) to write the integral

/ / / T(expHy, k1, ky D)Q(H)y) dky dHy, dks
K Jat JK

/// /I(epo,\,glkl,k;l)Q,\(H,\)dgldl%ldH,\dkg
K Jal JE\K JKy

and again to write it as

/ / / / / T(expHy, &1k, & Yy DQN(H)) déy dky dHy, déy dis.
K/Kx JKy Jaf JEK\K JKy

By (3) of Lemma 3] we can appeal to the Fubini-Tonelli theorem to interchange the
two innermost integrals and to obtain

/ / / / / T(expHy, &k, & Ty DQA(H)) dky d€y dHy, d€s dks.
K/Kx JKy Jaf JK\ JEN\K

Now, combining the fact that M,*® = KAl K, the relevant integral formula and the
fact that the complement of M"°® has measure zero in M, it follows that the integral

/ / / / Z(expHy, &1k, & Yoy D)Q(H)) dky d&; dH) dés
Ky Jaf JK\ JK\K

is equal to

/ / T i(ma, (k)7 (X))o, ﬂ'(k;l)vg)f‘uym(m)\, 7(k1)vs, W(kgl)v4) dky dmy.
My JK\K

For k1 € K, we define

Fk1) = (T (ma, (k)7 (X)v1, 7(k3 )v2), Ty (mn, w(k1 vz, w(ky )va)) £z (ary)-

The function f is invariant under left-multiplication by K. Indeed, if
¢ € Ky, then

1—‘>\71(m>\, W(fkl)ﬁ'(X)’Ul, 7T(/€2)’U2) = 1",\7l(m,\§, 7T(/€1)7:F(X)’U1, 7T(/€2)’U2)

and similarly for the I',, ,,-term. Since the right-regular representation of M} is unitary,
we have

(Dxa(mag, m(ka) (X )vr, w(ky  )va), Ly (ma€, m(ka)vs, m(ky Jva)) 2 ary) = £ (k)
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An application of the quotient integral formula ([3], Theorem 2.51) gives

/Kf(kl)dkl _/KA\K/Kf(ﬁkl)dﬁdkl _VOI(K)\)/IQ\K f (k1) dk;.

By (2) in Lemma3 and appealing again to the Fubini-Tonelli theorem, we interchange
the integrals over M, and K\ K to obtain that

o] Tatma ) wm, mks Yoo T mll e, (s o) da i e
K/K» J My JK\K

equals

1 ,
Ty, o700

which, in turn, equals
1 . _ _ :
m/}{/}( /K<l">\,l(m>\,w(kl)w(X)vl,w(k2l)vg),l"mm(m,\,W(kl)vg,w(kQ1)v4)>Lz(MA)dk1 dks.
A

For fixed ko € K, set wy := W(k;l)vg and wy = w(kgl)w;. We reduced the problem
to proving that

/ (D (1m0, 7k )X Y01, 102), o (s (e Y03, 0)) 2oty
K
equals
- / (Dot (. (k)01 12), Ty (0, 7k ) (X )03, w02)) 12 a1y .
K

By Proposition [3.I0 there exists an admissible, finitely generated, unitary representa-
tion (01, Hy, ) of My such that the image of the (my @ ay,, K)-equivariant map

SW2 cHyg — L2(M)\)K>\ (24 C>\|n,\0 SW2 (v)(m) = F)\ﬁl(m, v, ’w2)

—Pxg?

is precisely Hy, k), ® CMMO —p», and an admissible, finitely generated, unitary repre-

sentation (og, Hy,) such that the image of the (my @ ay,, K»)-equivariant map

Sw, : Hx — L*(My) g, ®(C#|MO Cpagr Swa (V) (M) 1= Ty (M, 0, ws)

is precisely Ho, i, @ Cpy), —p,,- Let (0, Hy) denote the direct sum of (o1, H,,) and
0

(02,Hy,). It is an an admissible, finitely generated, unitary representation which re-

stricts to a unitary representation of K. Since )\|aA0 = u|axo, by the same computa-

tions as in Lemma and Proposition [3.10 we obtain

(my @ ay,, K )-equivariant maps

Sw2 cHig — H(7'7K)\ ®(C)\‘a>\0 —prg? Sw2 (’U)(m) = I‘)\)l(m,v,wg)

and

Sw4 cHig — H(7'7K)\ ®(C)\‘a>\0 —prg? Sw4(v)(m) = I‘H)m(m,v,wél)
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factoring through the (my @ ay,, K )-equivariant quotient map
q: Hxk — Hi /ny Hik.
From the discussion following Proposition B.I0l we obtain (g, K )-equivariant maps
Tw, : Hx — Indp, g (0, My, )s T, (v)(k1)(m) := Txi(m, m(k1)v, we)
and
Tw, : Hxk — Indp, g (0, Alay,)s Tw,(0)(k1)(m) == T (m, w(k1)v, wa).

By definition of the inner product on Indg (0, Ala, ), we see that proving the sought
identity is equivalent to proving that

(T (71 (X)01)s Ty (U3)) im0 My ) = =Tz (V1) Towy (71(X)03) ) 1nds (0.2, )+
By the (g, K)-equivariance of T,,, we have
<Tw2 (#(X)’Ul)a Tw4 (U3)>Indﬁ>\ (o, n)\0) = <Indﬁ>\ (07 )‘laxo ) X)Twz (Ul )7 Tw4 (’U3)>Indp>\ (o, A axg )
and, since )\|aA0 is totally imaginary, from Corollary [2.20] we deduce
<Ir.ldﬁ/\ (0'7 >\|a>\0 ) X>Tw2 ('Ul)a Tw4 ('U3>>Imd$A (G’,)\‘n)\o )
= - <Tw2 (’Ul)v Iﬁdfk (Uv )\|u,\0 ) X)Tw4 (’U3)>Indﬁ>\ (Uq>\|u>\0 ).
The result follows from the (g, K)-equivariance of Ty, . O

Lemma 4.3. Let v1, w2, v3, ws € Hg. Let [\ 1], [, m] € C/ ~ be such that I\ = I,
)\|aA0 = /J‘|ll/\0 and d(m) = |I,| + Eieh (I; + m;). Then the following holds:

(1)

/ /+ |1",\7l(epo,\,w(kl)vl,wg)Fu,m(epoA, 7(k1)vs, wq)| dHy dky < 00
K ay

/ / Tt (m, w(k)v1, w2)T o (M, w(k)vs, we)| dmy dk < oo
K \\K J My
(3) For any fixed H) € a), we have

/ / [T i (expHx, m(Ek)vy, wz)fuym(epoA,w(fk)vg, wy)| d€ dk < oo.
K\\K J K

Proof. For (1), we begin by observing that for fixed k € K, the functions I'y ;(expHx, 7(k)v1, v2)
and Ty, .., (expH,\, w(k)vs, v4) are square-integrable on a)” by PropositionB.5 Therefore,
we have

/+ T i (expHa, W(k)vl,U]Q)T‘uym(epo}\,T((k)’Ug, wy)| dmy < 0.
a

A
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Hence, we can define the function

h: K — R>q, h(k) = /+ |1",\7l(epo>\,7r(k)vl,wg)fu7m(epo,\,w(k)U3,w4)| dH

X

and the result will follow if we establish the continuity of h. The K-finiteness of vy

and v3 implies the existence of finitely many K-finite vectors vgl), . ,ng ) and finitely
many K-finite vectors ’Ugl), cee véq) such that
m(k)vy = Zai(k)vy), and mw(k)vs = ij(k)véj)
i=1 j=1

for continuous complex-valued functions a; and b;. Let kg € K. Then
|h(k) = h(ko)]

is majorised by the integral over ai‘ of

[[Txi(expHx, w(k)vi, w2)T ) m(expHy, m(k)vs, wa)|—|Ta(expHy, w(ko)vi, w2)T y m (expHx, m(ko)vs, wa)||.

By reverse triangle inequality, the integrand is majorised by

a1 (expy, m(k)vr, w2)L ym (expHy, m(k)vs, wa)—T'x 1 (expHx, w(ko)v1, w2)T ' m (expH, w(ko)vs, wa)|

which, in turn, is less than or equal to

q
S Jas(k)b; (k) — ai(ko)b; (k)| x i(expH, v, w2) Ty m (expHy, v§”, wa)].

i=1 j=1

We obtained
P q _ _ . — i

) ~h(ko)| < 33 s 0150 ~as (ko B (o)l | Do (expH, of, wa) s (expH, o )]
i=1 j=1 ax

and the continuity follows from the continuity of the a;’s and b;’s.

For (2), we begin by observing that for fixed k € K, the functions I'y ;(mx, 7(k)v1, w2)
and T, (ma, m(k)vs, ws) are square-integrable on My by Proposition B35l Therefore,
we have

|FM(m)\,ﬂ'(k)vl,wg)fmm(m%w(k)vg,w4)| dmy < oo.
My

Hence, we can define the function

h: K — R>q, h(k) :/ [T (max, m(k)vr, wo)Tp m (M, m(k)vs, wa)| dm.
My

Arguing as for (1), we obtain that h is continuous.
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By the right-invariance of the Haar measure on M) and since
Dai(ma, w(€k)vr, w2) = T i(mag, m(k)vr, wa)

for every £ € K (and similarly for the I'y, n,-term), the function A is invariant under
multiplication on the left by elements in K, and it therefore descends to a continuous
function on K\ K, concluding the proof of the first statement.

For (3), given a fixed Hy € a} the function

Ky — C, & Ty (expHx, w(£k)v1, w2)

is continuous. Indeed, let & € K. Since 7(k)v is K-finite, it is in particular K -finite.
Hence, there exist finitely many K-finite vectors vy, ..., v, such that

T

(k) =3 el

i=1

where each ¢; is a complex-valued continuous function on K. Therefore, the quantity
[T\ (expHx, m(§k)v1, wa) — T i(expHy, m(§ok)vr, w2)]

is bounded by

T

> " lei€) = i(€o)I[Tai(expHy, v, ws)]

i=1
and the claim follows from the continuity of the ¢;’s.
The same argument shows that, for fixed H) € aj, the function
K)\ — (Cv 5 g F#am(epo)\a 7(5)1)371,04)

is continuous and it follows that
/ [Ty i(expHy, m(&k)vr, wg)fﬂﬁm(eXpH)\, w(Ek)vs, wa)| d€ < 0.
K

Hence, we can define the function

[+ K =R, f(k)= /K T, (expHy, m(&k)vi, w2)Tpy m(expH, w(§k)vs, wa)| d€

and argue as in the proof of (2). O

We can now complete the strategy outlined in the Introduction. For fixed vy, v4 €
Hy, we define
A'U21'U4 = D(a U2, '7’04)7

which is linear in the first variable and conjugate linear in the second. For fixed
v1,v3 € Hy, we define
BUl;US = D(Uh 5 U3, ')u

which is conjugate-linear in the first variable and linear in the second.
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Theorem 4.4. Let G be a connected, semisimple Lie group with finite centre. Let
(m, H) be a tempered, irreducible, Hilbert representation of G. Then there exists
f(r) € Rsq such that, for all vy, vs,v3,v4 € Hg, we have

1 1

it Tt /G<T<7T(g)v1,v2><7r(g)v3,v4> dg = m<v1703><v2704>-

Proof. Fix vy, vy € Hg. By Proposition [4.2] we can apply Corollary 2.13] to the form
Ay, vs- Hence there exists ¢,, ., € C such that for all v1,v3 € Hx we have

AU27U4 (Ul ) 'U3) = Cyy,vy <U1 , ’U3>.

Similarly, fixing v1,vs € Hg, by Proposition 4.2l and Lemma [A1] there exists a dy, v, €
C such that

B'US;UI ('U4, U2) = dU1,U3 <U47 'U2>,

since the left-hand side is conjugate-linear in the first variable. Hence, since

B'US;UI (U47 U2) = BU1,’U3 (U27 'U4),

we obtain

B'Ul,'ug (UQa U4) = dvl,v3 <’027 'U4>

By definition, we have
D(’Ul, V2, U3, ’U4) = Av2yv4 (vla 1)3) = Bv17v3 (1)2, ’04)7

so, for a vector vg € Hi of norm 1, using (2) of Theorem 1.2, we obtain a real number
C(vo,v9) > 0 such that

D(’UO, Vo, Vo, UO) = C(Uo,vo) = Cupug = d'Uo,'Uo'
Computing D(v1,vp,vs,v0), we have
dUl;US = Cug,vp <U1 ) U3>'

Therefore, we obtained

D(vla V2, 1}3,’04) = Cugp,vg <U1,’L)3><U2,’U4>,

showing that f(r) := does not depend on the choice of v, as required. O

1
C (vo,v0)
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