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Assessing many-body methods on the potential energy surface of the (H2)2
hydrogen dimer

Damian Contant,a) Michele Casula, and Maria Hellgren
Sorbonne Université, MNHN, UMR CNRS 7590, IMPMC, 4 place Jussieu, 75005 Paris,
France

(Dated: October 5, 2024)

The anisotropic potential energy surface of the (H2)2 dimer represents a challenging problem for many-body
methods. Here, we determine the potential energy curves of five different dimer configurations (T, Z, X,
H, L) using the lattice regularized diffusion Monte Carlo (LRDMC) method and a number of approximate
functionals within density functional theory (DFT), including advanced orbital-dependent functionals based
on the random phase approximation (RPA). We assess their performance in describing the potential wells,
bond distances and relative energies. The repulsive potential wall is studied by looking at the relative stability
of the different dimer configurations as a function of an applied force acting along the intermolecular axis. It
is shown that most functionals within DFT break down at finite compression, even those that give an accurate
description around the potential well minima. Only by including exchange within RPA a qualitatively correct
description along the entire potential energy curve is obtained. Finally, we discuss these results in the context
of solid molecular hydrogen at finite pressures.

I. INTRODUCTION

The hydrogen molecule is among the simplest chemi-
cal systems. It is often considered in numerical studies
for the purpose of testing approximate many-electron ap-
proaches. Close to equilibrium, the chemical bonding is
strong and effects of correlation play a minor role. How-
ever, by increasing the nuclear separation, electrons tend
to localize on the ions and an accurate description of
static correlation becomes essential. The stretched H2

molecule is, therefore, a simple, yet severe, test case for
methods that aim to capture strong correlation.1–4

The weak anisotropic interaction between two hydro-
gen molecules also poses a challenge to approximate
methods due to a subtle interplay between van der Waals
(vdW), exchange, and electrostatic forces. According
to CCSD(T) calculations, the lowest energy (H2)2 con-
figuration is T-shaped with a dissociation energy of 52
K, while the highest energy configuration is linear (L-
shaped) with a dissociation energy of 14 K.5,6 In-between
the T and L orientations are additional stationary points:
the parallel H-shaped dimer, the crossed X-shaped dimer
and the tilted Z-shaped dimer (see Fig. 1). The poten-
tial barriers between these configurations are, however,
small enough for the dimer to always exist in a mixture
of different configurations.7–9 An isotropic potential en-
ergy surface (PES) has been determined experimentally,
giving a potential well minimum of 30-40 K, and an es-
timated binding energy of 4-6 K.10

Besides the interest in studying H2 and (H2)2 as a play-
ground where different types of electronic interactions are
present, these systems can be seen as elementary units
of a more general interaction, involved in the formation
and stability of condensed phases of hydrogen. At low
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temperature and ambient pressure, hydrogen molecules
form a solid which, similarly to the (H2)2 dimers, con-
sists of essentially freely rotating molecules.11–13 At fi-
nite pressures, the rotational motion is suppressed and
well-defined molecular crystals are observed.14–16 Vari-
ous high-pressure phase transitions occur, notably the
II-III phase transition, in which the hydrogen molecules
become subject to strong in-plane interactions, forming
a layered structure with polarized H2 units.17–21 The H2

molecular bond is, eventually, expected to dissociate with
the formation of a metallic atomic phase.22–25 In contrast
to the stretched H2 molecule and the weakly interacting
(H2)2 dimer, the properties of the crystal phases are de-
termined at high compression, where the nature of chem-
ical bonding and the role of electronic correlation are
less explored.26,27 In this context, Diffusion Monte Carlo
(DMC) is often used as a benchmark method for its ca-
pability of including electron correlation in a very flexible
way by preserving a high level of accuracy across diverse
interaction regimes.28 In Refs. 21 and 29, a number of
functionals within density functional theory (DFT) were
benchmarked on the high-pressure phases of solid hydro-
gen. The results obtained proved to be very sensitive to
the choice of functional; for example, the predicted tran-
sition pressures of the II-III phase transition are spread
within an interval as large as 200 GPa, and it is not al-
ways clear why some approximations work better than
others.
In order to gain further insights, we have, in this work,

carried out an extensive analysis of the performance of
different methods on the PES of the isolated (H2)2 dimer:
at equilibrium and at finite compression. Accurate refer-
ence results have been generated with the DMC method
in the lattice regularized flavor (LRDMC).30 Several
methods/approximations have been tested, specifically a
number of relevant functionals within DFT (BLYP,31,32

B3LYP,33,34 B3LYP-D3,35 PBE,36,37 PBE0,38 vdW-
DF,39,40 vdW-DF241), the Hartree-Fock (HF) method,42
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and the orbital-dependent RPA (random phase approxi-
mation) and RPA + exchange (RPAx) functionals.43–51

The paper is organized as follows. In Sec. II, we in-
troduce and discuss the employed theoretical methods,
in particular the more advanced DMC and RPA-based
methods. We also provide the computational details of
our calculations. In Sec. IIIA, we discuss the results (dis-
sociation energies, bond distances and relative energies)
obtained on five different (H2)2 dimer configurations (T,
Z, X, H, L) around equilibrium geometry. In Sec. III B,
we study the evolution of the results under the applica-
tion of a compressive force acting along the intermolecu-
lar axis. Finally, we present our conclusions in Sec. IV.

II. THEORY AND COMPUTATIONAL DETAILS

In this Section, we briefly review the many-body meth-
ods employed in this work, focusing on the DMC method
and RPA-based approximations. We also give a compre-
hensive account of the computational details for the full
set of calculations presented in Sec. III.

A. Quantum Monte Carlo

Continuum quantum Monte Carlo (QMC) methods
employed in this work rely on determining the best pos-
sible representation of the unknown ground state wave
function of the system. At the variational Monte Carlo
(VMC) level, the wave function ΨVMC is expressed as a
product of a Jastrow factor and a determinantal part, as
follows:

ΨVMC(R) = e−J(R) det[Φ(r↑i , r
↓
j )], (1)

where J is the Jastrow function, Φ is a geminal function
representing the spatial part of an electron singlet,52,53

R is an all-electron coordinate, and rσi is the position of
the i-th electron with spin σ included in R.
The geminal Φ is expanded on a contracted Gaussian

basis set made of 6 geminal embedded orbitals (GEO) of
hybrid character,54 developed on a 4s2p1d primitive basis
set. The geminal expansion covers a variational freedom
ranging from the single Slater determinant (SD), yielded
by its lowest-ranked expression, to a multi-determinant
expansion with zero seniority, obtained within the anti-
symmetrized geminal power (AGP) ansatz.55,56 In this
work, we exploited the single Slater representation of the
geminal and investigated the geminal’s capability of de-
scribing static correlation through an expansion beyond
the single Slater determinant.57,58 In the constrained SD
form, Φ has been built starting from Kohn-Sham orbitals
generated by DFT within the local density approxima-
tion (LDA).59 In a subsequent optimization step, these
one-body orbitals have been fully relaxed within the Jas-
trow correlated SD ansatz.
The Jastrow function J has been developed by in-

cluding both the exponential one-body function u1b

H-shaped
[parallel (D2h)]

Rinter

T-shaped
[perpendicular (C2v)]

L-shaped
[linear (D∞h)]

Z-shaped
[tilted (C2h)]

X-shaped
[crossed (D2d)]

Figure 1. Schematic representation of the five different (H2)2
configurations considered in this study. The intermolecular
distance Rinter is defined as the distance between the center
of mass of the H2 molecules.

(u1b(riN ) = (1 − exp(−ariN ))/a, where riN is the
electron-nucleus distance and a is a variational parame-
ter) as well as the Padé two-body function u2b (u2b(rij) =
0.5rij/(1 + brij), where rij is the electron-electron dis-
tance and b is a variational parameter). These two func-
tions respectively fulfill the electron-nucleus cusp condi-
tion and the unlike-spin electron-electron cusp condition.
For describing higher order correlations, a further term
is added to J including up to 4-body (i.e. 2 electrons
and 2 nuclei) correlations. It is developed in a way sim-
ilar to the geminal function Φ, this time expanded on
a 2s2p1d basis set made of Gaussian orbitals for all el-
ements except for the second s component and for the
radial part of the second p component of the basis set,
for which Gaussian times r2 orbitals have instead been
chosen. A more comprehensive description of the Jas-
trow correlated wave function presented in Eq. 1 can be
found in Ref. 60. Once the LDA orbitals are loaded into
the correlated wave function, ΨVMC is then optimized
by energy minimization within the stochastic reconfigu-
ration (SR) scheme.61,62 The Jastrow function J is first
relaxed in terms of both the linear coefficients and the
basis set exponents. For the latter, the SR approach is
supplemented by the information on the energy curva-
ture through the linear method.63 We thus obtain the
best Jastrow correlated wave function with frozen LDA
orbitals (JDFT). We can then proceed further by relax-
ing both the Jastrow and the determinantal part, relying
again on the linear method as energy minimizer. After
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3

this step, we get the optimal one-body orbitals in pres-
ence of Jastrow correlations. We thus lose any depen-
dence on the LDA starting point and get the best ΨVMC

in the Jastrow correlated SD form (JSD). The last step,
applied in this work only to some limited cases, is to re-
lease the lowest-rank condition of the geminal in Eq. 1,
in order to introduce AGP correlations (JAGP).52

The variational energy of the different ΨVMC flavors,
namely JDFT, JSD, and JAGP, is computed by VMC. It
is further projected towards the ground state energy by
means of the DMC framework in the LRDMC scheme.30

Was the fermionic sign problem not present in the sys-
tem, DMC would be exact. This is not the case except
for a single H2 molecule, whose LRDMC energy is exact
because the spatial part of its ground state wave function
is nodeless.64 For the other cases analyzed here, i.e., the
different supramolecular (H2)2 configurations, the fixed
node approximation (FNA) has been used in our LRDMC
calculations, leading to projected wave functions sharing
the same nodes as the previously optimized ΨVMC, called
in this context trial wave function65. This approxima-
tion preserves the upper bound property of the LRDMC
energies, which can therefore be systematically lowered
by improving the quality of the nodes. For our system,
we compared the DFT, SD, and AGP nodes in same se-
lected cases, by studying their impact on the correspond-
ing FNA-LRDMC energies, with the aim of assessing any
residual bias coming from the FNA in our benchmark
QMC results.

Other sources of bias in the LRDMC method are the
energy dependence on the lattice space discretization of
the Laplacian (alatt) and the finite walker population
bias. They can both be corrected systematically. For
the former, we performed an accurate extrapolation
of the dissociation energy as a function of alatt. We
found that a lattice space of alatt = 0.125a0, with a0
the Bohr radius, is enough to provide energies whose
discrepancy from extrapolated dissociation curves is
within our statistical target error of 1 K (see Fig. 1 in
the supplementary material (SM)66). The last bias is
due to the finite walker population. For the LRDMC
branching step, we used a fixed population algorithm
with 256 walkers, yielding nearly unbiased energies. The
residual bias, of the order of a fraction of a Kelvin, is
removed by an energy extrapolation based on walkers
reweighting.67

Previous works on various systems have proven the
very high accuracy of the LRDMC method.68–70 The
same approach used here has already been applied on
a related H4 molecular complex made of four hydro-
gen atoms interacting in a square arrangement, show-
ing that DMC outperforms standard quantum chemistry
methods.71,72 We can therefore expect DMC to deliver
benchmark quality results on (H2)2 dimers as well. To
perform our QMC calculations, we have employed the
TurboRVB package60 throughout all the steps, from the
generation of initial LDA orbitals using a built-in DFT

driver to the final LRDMC simulations.

B. Orbital-dependent functionals based on RPA

Common approximate exchange-correlation (xc) func-
tionals within DFT have a dependency on the density,
the gradient of the density, and possibly the kinetic
energy density.73 More advanced functionals, such as
those derived from many-body perturbation theory, usu-
ally incorporate a dependency on the Kohn-Sham (KS)
orbitals,43 which not only provides a better description
of the atomic shell structure, but also substantially im-
proves the quality of the xc energy and xc potential.46,74

The simplest orbital-dependent functionals are the hy-
brid functionals, which mix in a fraction of exact ex-
change into, e.g., a functional of the generalized gradient
approximation (GGA). The PBE0 approximation, which
is based on the PBE functional, includes 25% of exact
exchange.38 However, since there is no strong justifica-
tion for using 25%, this fraction is adjustable. For this
reason, we here instead refer to the generalized PBE0
functional, PBE0α, where α corresponds to the percent-
age of exact exchange included.75 With this notation, the
standard PBE0 functional is written as PBE025. The xc
energy of PBE0α reads:

EPBE0α
xc = − α̃

4

∫
γ(r, r′)v(r− r′)γ(r′, r) drdr′

+(1− α̃)EPBE
x + EPBE

c . (2)

Here, α̃ = α/100, γ is the first order spin-averaged re-
duced density matrix (assuming closed-shell systems),
and v is the Coulomb interaction. The orbital depen-
dence enters via γ, which contains a sum of the occupied
KS orbitals.
Since the KS orbitals have an implicit dependence on

the density via the KS potential, the corresponding xc
potential, vxc = δExc/δn, is obtained by solving the op-
timized effective potential equation (OEP)76,77∫

χs(r, r
′)vx(r

′) dr′ =

−
∫

Vx(r
′, r′′)Λs(r, r

′, r′′) dr′ dr′′,

(3)

where Vx(r, r
′) = − 1

2 v(r − r′) γ(r′, r). The functions
χs and Λs are the independent-particle KS linear den-
sity, and linear density matrix response functions, respec-
tively. The PBE xc contribution is added according to

vOEPα
xc (r) = α̃vx(r) + (1− α̃)vPBE

x (r) + vPBE
c (r). (4)

Hybrid functionals are sometimes implemented within
the generalized KS scheme.78 Instead of solving the OEP
equation, the xc potential is allowed to be nonlocal as
in the HF method. This has, in general, only a small
impact on the density, but leads to a different eigenvalue
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Figure 2. Optimization of the proportion α of exact exchange
included in OEPα. RPA[OEPα] and RPAx[OEPα] data have
been obtained on an isolated H2 molecule at the equilibrium
geometry predicted by RPA[OEP42] (Rintra = 0.742 Å) and
RPAx[OEP48] (Rintra = 0.741 Å), respectively. The total
energy is shifted to align the minimum of the curves with a
zero reference line.

spectrum.79 In order to distinguish these two hybrid func-
tional implementations, we, hereafter, use the notation
PBE0α when referring to the generalized KS scheme, and
OEPα when referring to the KS OEP scheme.

More advanced orbital-dependent correlation energy
functionals can be generated through the ACFDT
(adiabatic connection fluctuation dissipation theorem)
formalism.44,45,80–85 The ACFDT correlation energy is
an exact expression for the KS correlation energy and is
written as

Ec = −
1∫

0

dλ

∫
dω

2π
Tr

{
v
[
χλ(iω)− χs(iω)

]}
, (5)

where χλ is the interacting linear density response func-
tion of a system described by the Hamiltonian

Ĥ[λ] = T̂ + V̂ext + λŴ + V̂λ. (6)

This fictitious Hamiltonian contains a parameter λ that
linearly scales the electron-electron interaction operator
Ŵ , and a potential operator V̂λ that ensures the density
to remain fixed to the physical density for every value of
λ. This implies that V̂λ=1 is zero and that V̂λ=0 is equal
to V̂Hxc, the exact Hartree and xc potential operator. In
Eq. (6), T̂ is the kinetic energy operator and V̂ext is the
external potential operator.

In order to generate approximate correlation energy
functionals from Eq. (5), we need approximate expres-
sions for χλ. A convenient approach for generating such
response functions is time-dependent density functional

theory,86 which leads to a Dyson equation of the form

χλ = χs+χs

[
λv+ fλ

xc

]
χλ = χs+χs

[
λv+

δvλxc
δn

]
χλ. (7)

Approximations to χλ thus originate from approxima-
tions to the linear response xc kernel fxc.

87 Ignoring
xc effects completely yields the RPA, or time-dependent
Hartree, response function, which, through Eq. (5), de-
fines the RPA correlation energy. The RPA is known
to significantly improve the description of the xc en-
ergy. Contrary to most functionals in DFT, it provides a
good description of molecules dissociating into open-shell
fragments by capturing effects of static correlation.1,88

Furthermore, the vdW forces are seamlessly built in.
The RPA can be further improved by including the
exact-exchange kernel, fx, of the time-dependent OEP
approach.89 Inserted into Eqs. (5) and (7) defines the
RPAx approximation to the correlation energy. The
RPAx has been shown to, e.g, improve the quantitative
description of the vdW forces.46–51,90 In this work, we
have applied both RPA and RPAx, non-self-consistently.

For the DFT, HF, and PBE0α calculations, we have
used the PWscf package of the plane-wave Quantum
ESPRESSO (QE) code.91 The self-consistent OEPα, as well
as the non-self-consistent RPA and RPAx calculations,
were performed using an updated version of the QE ACFDT
package.51,92–94 For each approximation, we used a PBE
optimized norm-conserving Vanderbilt pseudopotential
for the hydrogen atom.95 We converged energy differ-
ences with an error less than 1 K using a cell-size of 30
Bohr and a plane-wave cutoff of 80 Ry. For the non-self-
consistent RPA and RPAx calculations, a cell-size of 28
Bohr and a plane-wave cutoff of 60 Ry were sufficient. In
the QE ACFDT implementation, the RPA/RPAx correla-
tion energy is expressed in terms of a generalized eigen-
value problem involving the independent-particle KS re-
sponse function. The eigenvalue problem is solved at ev-
ery frequency using iterative diagonalization and density
functional perturbation theory.92–94. In our calculations,
the frequency integral in Eq. (5) was converged with a
grid of 16 frequency points,50 while the RPA and RPAx
response functions (Eq. (7)) were converged with a total
of 20 eigenvalues per electron (see Fig. 2 in the SM66).
PBE orbitals were used to evaluate the non-self-

consistent RPA/RPAx total energy (indicated in square
brackets as RPA[PBE] and RPAx[PBE]). In order to im-
prove the description of the orbitals, we also used hybrid
OEPα orbitals, obtained by solving the OEP equation
(Eqs. (3) and (4)). To identify the appropriate fraction
of exact exchange to use, we optimized the mixing pa-
rameter α on an isolated H2 molecule by minimizing the
total energy in RPA[OEPα] and RPAx[OEPα] as a func-
tion of α (see Fig. 2 and Ref. 21). This corresponds
to a constrained optimization that should yield orbitals
as close as possible to the self-consistent RPA/RPAx or-
bitals. An energy minimum located far above 25% can
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Table I. Equilibrium properties of the five different (H2)2 configurations as predicted by LRDMC and CCSD(T).5,6

Dissociation energy De (K)

T-shaped Z-shaped X-shaped H-shaped L-shaped

LRDMC 53.43(70) 50.46(41) 26.46(39) 19.71(54) 15.14(55)

CCSD(T) [Patkowski et al.]5 55.04 / 25.14 18.23 13.48

CCSD(T) [Lu et al.]6 52.1 48.1 24.3 17.6 14.0

Equilibrium intermolecular distance Req (Å)

T-shaped Z-shaped X-shaped H-shaped L-shaped

LRDMC 3.359(5) 3.380(3) 3.492(4) 3.562(8) 3.729(7)

CCSD(T) [Patkowski et al.]5 3.36 / 3.49 3.57 3.77

CCSD(T) [Lu et al.]6 3.405 3.435 3.585 3.678 3.721

be identified in Fig. 2. RPA predicts an optimized ex-
change fraction of 42% and RPAx a slightly larger frac-
tion, 48%. These values remain similar on the (H2)2
dimer (see Fig. 3 in the SM66). In the following, we will
use these two fractions in our RPA and RPAx calcula-
tions (RPA[OEP42] and RPAx[OEP48]) as a first step
towards full self-consistency.

III. POTENTIAL ENERGY SURFACE OF (H2)2

For a complete description of the PES of the (H2)2
dimer, there are six degrees of freedom to consider:5 the
two intramolecular distances R1

intra and R2
intra, the in-

termolecular distance Rinter, defined as the distance be-
tween the centers of mass of the two H2 molecules, and
three angles describing the relative orientation between
the two H2 molecules. In this work, we have focused on
five different configurations, identified in previous works,
and labelled as the T-, Z-, X-, H- and L-shaped dimers
(see Fig. 1).5,6,96 Rinter was then varied while keeping
R1

intra = R2
intra = Rintra fixed at the value of an isolated

H2 molecule. This so-called rigid rotor approximation
has been found to be valid within the range of intermolec-
ular distances considered.97 All five dimers exhibit a min-
imum along the Rinter potential energy curve, which we
will call the equilibrium or bond distance Req. We note,
however, that it is only the T-shaped dimer that does not
have imaginary vibrational frequencies in the harmonic
approximation.6 We also note that due to the zero point
vibrational energy, the molecule is estimated to exist in a
mixture of configurations with a binding energy as small
as 4-6 K, according to an analytical potential fit.10

A. Dissociation energies

We first determined, for every approximation and
method, the energy and bond distance of the isolated
H2 molecule (see Table I in the SM66). The dissocia-
tion energy of the (H2)2 dimer was then determined as
the difference between the total energy of the dimer at
equilibrium distance Req and twice the total energy of an
isolated H2 molecule

De = Edimer − 2Emolecule. (8)

Accurate reference data was provided using the LRDMC
method. In order to evaluate the influence of the quality
of the trial wave function on the results, we have carried
out LRDMC simulations by using trial wave functions
with LDA nodes (JDFT) and with nodes optimized at the
VMC level, obtained by relaxing the one-body orbitals of
the JSD wave function (see Fig. 4 in the SM66). Calcu-
lations have been performed for intermolecular distances
within the range 3.0-4.4 Å for all five dimers, with steps
of 0.2 Å. To reach the target statistical error, namely a
standard deviation for the energy below 1 K, we gener-
ated a total number of LRDMC configurations per walker
as large as 22.5M, yielded by a multi-walker algorithm in-
volving 256 walkers. On general grounds, improving the
quality of the nodes leads to better results. We have
analyzed the quality of the trial wave function by cal-
culating its variance around the equilibrium geometry
for every dimer. On average, we find a variance on the
wave function six times smaller after the VMC optimiza-
tion of the LDA orbitals, about 0.003 Ha2 against 0.018
Ha2. Nevertheless, both values are small, and as illus-
trated in Fig. 4 in the SM,66 the change in the LRDMC
dissociation energies after the nodes optimization is mi-
nor. The nodal bias is within statistical error bars in
the stretched region of the dimers PES beyond 3.5 Å,
while it becomes more sizable in the compressed part of
the dissociation curves, where it exceeds the statistical
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error for the majority of dimers geometries. Indeed, in
the repulsive region JDFT-LRDMC gives steeper walls
than JSD-LRDMC. Nevertheless, the overall quality of
the LDA nodes on (H2)2 systems is already decent, par-
ticularly if one looks at equilibrium properties, where it
yields results compatible with CCSD(T) calculations. To
assess the LRDMC results obtained within the fully op-
timized JSD trial wave function, we then tried to im-
prove the JSD-based results even further by assuming
the wave function to be expressed as JAGP instead of
JSD, on some selected geometry points. We notice that
the JAGP dissociation energies are within error bars from
the JSD energies, with no significant improvement in the
range of intermolecular distances studied here. This is
in line with what stated in Ref. 72. The same obser-
vation can be made when monitoring the change in the
variance of the wave function. While the optimization
of the nodes at the JSD level has led to a decrease of
the variance by more than 80% from the LDA nodes, the
improvement with the AGP is mainly around 20% for a
mild increase in computational burden, but at the cost
of a much more delicate optimization procedure. There-
fore, choosing the trial wave function to be a Jastrow
correlated single Slater determinant already provides us
with a very accurate description of the different hydro-
gen dimers within the LRDMC approach for the range of
distances taken into account in this work. Unless other-
wise specified, the benchmark LRDMC results presented
hereafter will be obtained using a JSD trial wave func-
tion.

To obtain smooth dissociation curves within LRDMC,
we have fitted our data points with a Morse potential
between 3.0 Å and 4.5 Å, by also including the asymp-
totic limit that is two non interacting H2 molecules. The
bootstrap method has then been employed to reliably
estimate the statistical error on the fitting parameters,
given the error in the energy at each geometry point.
From the generated curves, we have been able to deter-
mine the corresponding LRDMC dissociation energy De

and equilibrium distance Req for each H2-H2 configura-
tion (see Table I). These values are in a good overall
agreement with CCSD(T) results.5,6

Despite the high accuracy displayed by LRDMC the
computational cost is high. It is, therefore, interesting to
identify other methods that can offer a better accuracy-
cost ratio.

Next, we generated data with RPA and RPAx. The
potential energy curves of the five different dimers are
presented in Fig. 3. In lack of a fully self-consistent im-
plementation, RPA and RPAx have been evaluated with
PBE and optimized OEPα orbitals (see Sec. II B). We
have also included the corresponding RPAx-optimized
hybrid functional, identified in Fig. 2, for comparison.
The latter is evaluated with orbitals generated by the
nonlocal exchange potential (PBE048) and with orbitals
generated by the local exchange potential (OEP48). We
note that the use of a nonlocal or a local potential be-
comes equivalent for the total energy in the dissociation
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Figure 3. Dissociation curves of the five different (H2)2
configurations (see Fig. 1). RPA[PBE] is compared to
RPA[OEP42], OEP48 to PBE048, and RPAx[PBE] to
RPAx[OEP48].

limit since, for a two-electron system, there is only one
occupied orbital, turning the Fock exchange potential ef-
fectively local. This can be seen in Fig. 3, where the two
hybrid implementations start to merge as the dimer is
stretched beyond a distanceRinter of about 4.2 Å. Around
equilibrium, the results differ by 1-5 K.
For RPA and RPAx, we see significantly deeper po-

tential energy wells when OEPα orbitals are employed,
which suggests that self-consistency is of importance
within these approximations. In RPA, the dissociation
energy increases by more than 25%. This is twice as
much as in RPAx, and, hence, RPA appears even more
sensitive to the choice of input orbitals as compared to
RPAx. We also note that the improved input orbitals
are crucial to observe a minimum in the potential energy
curve of the L-shaped dimer. For simplicity, we will, from
now on, denote RPA[OEP42] and RPAx[OEP48] as RPA
and RPAx, respectively.
A comparison with LRDMC is given in Fig. 4. RPA
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Figure 4. Dissociation curves of the five different (H2)2 con-
figurations (see Fig. 1). RPA[OEP42] and RPAx[OEP48] are
compared to PBE048, PBE025, PBE and LRDMC. The fit-
ted LRDMC curve is represented by black dashes.

is able to recover around half of the dissociation energy.
RPAx improves the results, capturing around 72% of the
dissociation energy. In the case of the (H2)2 dimer, the
RPAx thus gives results similar to the MP2 method.6,96

Full self-consistency could improve results further but,
for capturing the full dissociation energy, it seems neces-
sary to include correlation effects in the xc kernel.
In Fig. 4, RPA and RPAx are also compared to

PBE025 and PBE, and in Fig. 5, an additional set of ap-
proximations (HF, B3LYP, B3LYP-D3, vdW-DF, vdW-
DF2) are included. The complete set of data for the
equilibrium properties are presented in Tables II, III and
IV, in the SM.
The BLYP and PBE functionals are often used for

studying solid hydrogen and it has been shown that
BLYP performs slightly better than PBE.29 For the
dimers, BLYP clearly gives an inferior description to PBE
(see the SM66 for BLYP results). While BLYP is un-
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Figure 5. Dissociation curves of the five different (H2)2 con-
figurations (see Fig. 1). LRDMC, HF, and various approxi-
mations within DFT have been tested. The fitted LRDMC
curve is represented by black dashes.

able to bind, PBE provides a reasonable, although over-
estimated, dissociation energy. A striking improvement
is found when including a fraction of exact exchange.
The fact that 25% of exact exchange within PBE0 de-
livers such good results is surprising. Hybrid function-
als are well known to encounter difficulties in describing
weakly bonded systems due to missing vdW forces. In
Refs. 5 and 6, an analysis in terms of energy decompo-
sition was carried out in order to understand the nature
of the (H2)2 intermolecular interaction around equilib-
rium. It was found that the exchange repulsion and
the vdW component largely cancel such that the cru-
cial interaction is electrostatic. The anisotropy of this
region of the PES and the relative stability of the dimers
are thus mainly determined by a quadrupole-quadrupole
term. This could be the reason behind the very good per-
formance of the PBE025 functional. Given that RPAx
predicts the optimal fraction of exchange to be 48%, it
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Figure 6. Comparison between different approximation methods of (a) the dissociation energy De of each dimer, (b) their
relative energy ∆E with respect to the T configuration, and (c) their intermolecular bond distance Req.

seems as if PBE025 can compensate for the missing vdW
attractive force by underestimating the fraction of ex-
change.

The B3LYP functional incorporates 20% of exact ex-
change within the BLYP functional. Adding a vdW cor-
rection at the D3 level of theory produces rather accurate
results. Although not as precise as PBE025, B3LYP-D3
appears to provide a better description of the various
energy components as compared to PBE025. However,
functionals that include the nonlocal vdW interaction,
such as vdW-DF and vdW-DF2, strongly overestimate
the dissociation energy.

Results obtained for the dissociation energies, the
intermolecular bond distances and the relative energies,
defined as the difference in energy of a dimer with
respect to the T-configuration taken at equilibrium
distances, are summarized in Fig. 6 and in the SM
(see, e.g., Fig. 5 in the SM). After PBE025, B3LYP-D3
performs the best in terms of a mean absolute error
of the dissociation energies. RPAx and PBE048 also
show good performance in terms of dissociation energies
and give slightly better relative energies. In terms of
bond distances, vdW-DF and PBE are better on the
average, but have a less consistent performance over the
various dimer configurations. Similarly, we note that
PBE, vdW-DF2 and B3LYP-D3 all fail in determining
the correct order of stability by overestimating the
dissociation energy of the L-shaped dimer. It is thus
worth mentioning that the only methods able to give a
qualitatively correct picture of the relative energies are
PBE025, vdW-DF, RPA, and RPAx.

In the next subsection, we will extend the analysis of
the relative stability of the dimers by applying a com-
pressive force along the intermolecular axis. In this way,
the repulsive part of the PES is assessed.

B. Finite compression

Molecular hydrogen condenses on a hcp lattice at low
temperature and ambient pressure.11–13 Calculating the
lattice energy, we expect the performance of the differ-
ent approximations to be similar to that found for the
isolated dimers. However, at finite pressures (100-300
GPa pressure range), intermolecular distances reduce to
1.5-2.5 Å and, hence, the description of the repulsive po-
tential wall becomes more relevant.97–99 In order to gain
insight into the performance of the different approxima-
tions on the high-pressure crystal phases, we here extend
the analysis in Sec. III A to this region of the PES.
Rather than looking at the energy as a function of

the intermolecular distance, E(Rinter), we compare the
potential energy curves at a fixed force applied along
the intermolecular axis, F = −∂E/∂Rinter. To convert
E(Rinter) to a function of the force, we perform a Legen-
dre transformation

E∗(F ) = E(R̃inter) + R̃interF, (9)

where R̃inter and F are coupled through the minimization
of E(Rinter) +RinterF with respect to Rinter, at fixed F .
The quantity E∗ is similar to the enthalpy as defined
for extended systems under pressure. We will, therefore,
interpret the difference, ∆E∗, between different dimer
configurations, as a measure of the relative stability. The
study of ∆E∗ is a natural extension of the analysis of
the relative energies in Sec. III A, which corresponds to
setting F = 0 in Eq. (9).
In Fig. 7, we present the results obtained for ∆E∗ as

a function of the applied force, comparing the different
dimers with respect to the T-configuration, which is the
most stable orientation at equilibrium. We use the same
methods and approximations considered at zero compres-
sion. The scan along Rinter was done with a step size of
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−40

−20

0

20

40

60

80
T→ X

0.0 0.2 0.4 0.6 0.8 1.0
Force F (×103 K/Å)
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0

50

100

150

200

250
T→ L

0 2 4 6 8 10
Force F (×103 K/Å)
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Figure 7. Evolution of the relative stability, ∆E∗, between the T-shaped dimer and the other four orientations (see Fig. 1)
under the action of a weak compressive force (top panels), and under the action of a strong compressive force (bottom panels).

0.05 Å. To generate smooth curves, the step size was
decreased to 0.005 Å by fitting the data with two dif-
ferent polynomial functions: the first close to the min-
imum identified at zero compression, the second in the
repulsive region down to 2.0 Å. These two fits have then
been merged at 3.0 Å. A finite compression is expected
to change the intramolecular distances R1

intra and R2
intra

as well, if they were allowed to relax. However, in the
range of forces considered here this change is less than
1%.97 We, therefore, focus only on the relative orienta-
tions, and keep the intramolecular distance of the two
hydrogen molecules fixed at Rintra optimized for the iso-
lated H2 molecule (see Table 1 in the SM66).
To obtain a reference data set, calculations were first

performed with the LRDMC method. To save compu-
tational power, the missing data points along Rinter be-
tween 2.0 Å and 3.0 Å were acquired with a step size of
0.2 Å. They were then fitted with a Morse potential us-
ing the bootstrap technique to take statistical errors into
account. Again, separate fits were done around equilib-
rium and in the repulsive wall. They were then merged
at 3.0 Å to obtain a set of data with a decreased step
size of 0.005 Å. The fits capture well the statistical error
associated to every data point calculated with LRDMC,
thus validating the fitting procedure (see Fig. 6 of the
SM66).
We also compared the LRDMC results with the results

obtained by Ree et al. in Ref. 97 that used CISD (Config-

uration Interaction with Single and Double excitations),
and with those obtained by Røeggen et al. in Refs. 100
and 101. The latter results were obtained with EXRHF3,
a geminal-based model whose expansion is truncated at
the double-pair correlation level, which should approach
a full CI result in the (H2)2 system in the complete basis
set limit (see Fig. 6 of the SM66). The good agree-
ment found, especially with EXRHF3, confirms that our
LRDMC results are of high quality and can be used as a
benchmark in the compressed regime.
In the top panels of Fig. 7, the force takes values up to

103 K/Å, and in the lower panels up to 104 K/Å. This
corresponds to intermolecular distances of about 3.6-2.6
Å and 3.6-2.0 Å, respectively (see Fig. 8). Compared to
the results at zero compression, a different picture now
emerges. Most strikingly is the failure of the PBE025
functional, which quickly loses most of its agreement with
LRDMC. A similar result is found for B3LYP-D3 (not
shown in the Figure). Only the RPAx is able to keep
a consistent fairly good agreement with LRDMC over
the whole range of forces, including the correct predic-
tion of R̃inter (see Fig. 8). The RPA, which does not
include the exchange kernel, also performs relatively well
at finite compression, especially under large compressive
forces. On the other hand, most of the DFT function-
als tested present significant disagreements. Clearly, the
inclusion of exact exchange improves the performance of
most functionals. The hybrids PBE025, PBE048 and
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Figure 8. Change in the intermolecular distance of the T-
shaped dimer under the action of a weak compressive force
(top panel), and under the action of a strong compressive
force (bottom panel).

B3LYP (not shown in the Figure) give better results
than PBE and BLYP but, contrary to the picture at zero
compression, PBE048 is now systematically better than
PBE025. We expect that the vdW contribution to the en-
ergy is less relevant for describing the repulsive potential
wall. Hence, a functional that relies on a compensation
between the exchange repulsion and the vdW interac-
tion may lose its performance under compression. This
could be the reason why PBE025 now fails, for exam-
ple. Overall, including a large fraction of exact exchange
seems essential. Even HF performs well under a large
compression. On the other hand, looking at the inter-
molecular distance in Fig. 8, we see that HF predicts too
large values for R̃inter at fixed force. Correlation is thus
not negligible in this regime.
Let us now study how the difference, ∆E∗, or the rela-

tive stability, of the different dimers evolves with applied
force. It is perhaps not surprising to see that the L con-
figuration is the hardest to compress (see Fig. 8 in the
SM66). The H- and X-shaped dimers, both with the in-
tramolecular axes in two different parallel-shifted planes,
are the easiest to compress at large applied force. Eventu-
ally also the Z-shaped dimer becomes easier to compress
than the T-shaped dimer. The configurational preference

thus changes with compression. Within the set (T, Z, X,
H), the T-dimer eventually becomes the least preferred.
It is thus clearly difficult for approximate methods to
accurately capture this evolution. The simpler function-
als in DFT, such as PBE and BLYP, tend to favor the
Z-dimer compared to all the others configurations, al-
ready at small compression. They also strongly under-
estimate the repulsive wall in the L-shaped dimer with
respect to the T-dimer. The same functionals overstabi-
lize the T configuration with respect to the X- and H-
shaped dimers. Similar trends are seen for PBE025, but
a large improvement in the L-shaped dimer is found with
PBE048. Similarly to equilibrium, the vdW-DF func-
tional gives an overall better description of the relative
stability, in particular for the H- and X-dimers. However,
it still favors the Z-dimer with respect to the T-dimer at
small compression, and underestimates the repulsive wall
in the L configuration.
In Ref. 27, it was shown that the main features of

the various phase transitions in the solids can be sim-
ulated with a small cluster. In Ref. 21, RPAx, RPA
and PBE048 were identified among the best performing
approximations for the study of high-pressure molecular
solid hydrogen. This hierarchy of methods agrees well
with our study of the dimers under compression. On the
other hand, it is known that many-body effects tend to
weaken the potential wall in the solid.97 Indeed, while
HF works reasonably well on the compressed dimers, it
strongly overestimates the effect of exchange in solids.102

Most of the model structures for the molecular solids
have been generated with the PBE functional.19 Look-
ing at these structures, we find a predominance of tilted
pairs of H2 molecules, similar to the Z configuration but
with an angle different from 45°. Also H-dimers are rela-
tively common in these structures. Of course, some of the
possible molecular configurations could be less likely to
appear due to stacking constraints. Nevertheless, given
the rather large qualitative errors of the PBE functional
in describing the relative stability of the various dimer
configurations, it is not unlikely that new stable struc-
tures could be found using a more accurate functional.

IV. CONCLUSIONS

An accurate description of the potential energy surface
of the (H2)2 dimer represents a challenging problem for
approximate many-electron methods. Capturing the del-
icate balance between exchange, vdW, and electrostatic
forces, both at equilibrium and at finite compression, re-
quires meV accuracy on each component.
In this work, we have carried out accurate LRDMC

calculations and assessed a number of functionals within
DFT, including the advanced orbital-dependent RPA and
RPAx functionals. Our results confirm the difficulties
in capturing the PES of the (H2)2 dimer. Among the
vdW functionals tested, only B3LYP-D3 produces accu-
rate results around the potential well minima. The RPA
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underbinds which is most likely due to the well known
problem of underestimated vdW forces. Including the ex-
change response kernel with RPAx significantly improves
the well depths, but to capture the remaining 25% of the
dissociation energy a response kernel that includes cor-
relation is necessary.

A rather surprising result is the excellent performance
of PBE025 (without vdW correction) around equilib-
rium. This could be due to a cancellation of errors, which,
in this case, would be between missing vdW forces and
an underestimation of the exchange repulsion. Indeed,
at finite compression, the vdW component of the energy
becomes less relevant in favor of the HF exchange, and
PBE025, like most other functionals within DFT, cannot
adapt and lose accuracy. Among the methods tested,
only RPAx is able to give a consistent and satisfactory
performance along the entire potential energy curve.

We also analyzed the performance of the different
methods on the (H2)2 dimers with respect to their per-
formance on the molecular solid phases at finite pres-
sures. We have seen that the hierarchy of methods for the
dimers at finite compression is similar to what is found for
the high-pressure solids. On the other hand, while PBE0-
based hybrid functionals show excellent performance on
the solids as long as the fraction of exchange is properly
tuned, on the dimers they are not sufficient and become
rather inaccurate for certain dimer configurations. The
reason for this difference could be that the structures for
the solids have been generated with the PBE functional,
which may favor orientations of the H2 molecules better
described by this type of functionals. Our analysis shows
that the configurational preference is strongly functional
dependent. Also, many-body effects and changes in the
intramolecular distances are expected to affect the rel-
ative stability of the different (H2)2 orientations in the
condensed phases, making the analysis on the dimers not
directly transferable to the solids. Nevertheless, our anal-
ysis provides an indication of possible limitations in the
performance of commonly applied approximate function-
als.

SUPPLEMENTARY MATERIAL

The supplementary material provides tables containing
the data for dissociation energies, bond distances, and
relative energies with respect to the T-shaped dimer for
the methods tested in this work. It also contains fig-
ures presenting the computational details of the LRDMC,
RPA and RPAx calculations, as well as figures comparing
LRDMC results with available data from the literature.
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logical study of chemical bonds under pressure: solid
hydrogen as a model case. Physical Chemistry Chem-
ical Physics, 19:26381–26395, 2017.

28 L. K. Wagner and D. M. Ceperley. Discovering corre-
lated fermions using quantum Monte Carlo. Reports
on Progress in Physics, 79(9):094501, 2016.

29 R. C. Clay, J. Mcminis, J. M. McMahon, C. Pierleoni,
D. M. Ceperley, and M. A. Morales. Benchmarking
exchange-correlation functionals for hydrogen at high
pressures using quantum Monte Carlo. Physical Re-
view B, 89:184106, 2014.

30 M. Casula, C. Filippi, and S. Sorella. Diffusion Monte
Carlo Method with Lattice Regularization. Physical
Review Letters, 95:100201, 2005.

31 A. D. Becke. Density-functional exchange-energy ap-
proximation with correct asymptotic behavior. Phys-
ical Review A, 38:3098–3100, 1988.

32 C. Lee, W. Yang, and R. G. Parr. Development of
the Colle-Salvetti correlation-energy formula into a
functional of the electron density. Physical Review
B, 37:785–789, 1988.

33 A. D. Becke. Density-functional thermochemistry. I.
The effect of the exchange-only gradient correction.
The Journal of Chemical Physics, 96(3):2155–2160,
1992.

34 A. D. Becke. Density-functional thermochemistry.
III. The role of exact exchange. The Journal of Chem-
ical Physics, 98(7):5648–5652, 1993.

35 S. Grimme, J. Antony, S. Ehrlich, and H. Krieg.
A consistent and accurate ab initio parametrization
of density functional dispersion correction (DFT-D)
for the 94 elements H-Pu. The Journal of Chemical
Physics, 132(15):154104, 2010.

36 J. P. Perdew, K. Burke, and M. Ernzerhof. General-
ized Gradient Approximation Made Simple. Physical
Review Letters, 77:3865–3868, 1996.

37 J. P. Perdew, K. Burke, and M. Ernzerhof. Gener-
alized Gradient Approximation Made Simple [Phys.
Rev. Lett. 77, 3865 (1996)]. Physical Review Letters,
78:1396–1396, 1997.

38 C. Adamo and V. Barone. Toward reliable density
functional methods without adjustable parameters:
The PBE0 model. The Journal of Chemical Physics,
110(13):6158–6170, 1999.

39 M. Dion, H. Rydberg, E. Schröder, D. C. Langreth,
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E. Schröder, and P. Hyldgaard. Spin Signature
of Nonlocal Correlation Binding in Metal-Organic
Frameworks. Physical Review Letters, 115:136402,
2015.
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