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Optical spectra of silver clusters and
nanoparticles from 4 to 923 atoms from
the TDDFT+U method

Mohit Chaudhary 1,2 & Hans-Christian Weissker 1,2

The localized surface-plasmon resonances of coinage-metal clusters and
nanoparticles enable many applications, the conception and necessary opti-
mization of which require precise theoretical description and understanding.
However, for the size range from few-atom clusters through nanoparticles of a
few nanometers, where quantum effects and atomistic structure play a sig-
nificant role, none of the methods employed previously has been able to
provide high-quality spectra for all sizes. The main problem is the description
of the filled shells of d electrons which influence the optical response decisi-
vely. We show that the DFT+U method, employed with real-time time-depen-
dent density-functional theory calculations (RT-TDDFT), provides spectra in
good agreement with experiment for silver clusters ranging from 4 to 923
atoms, the latter representing a nanoparticle of 3 nm. Both the electron-hole-
type discrete spectra of the smallest clusters and the broad plasmon reso-
nances of the larger sizes are obtained. All calculations use the value of the
effectiveU parameter that provides good results in bulk silver. The agreement
with experiment for all sizes shows that the U parameter is surprisingly
transferable. Our results open the pathway for calculations ofmany practically
relevant systems including clusters coupled to bio-molecules or to other nano-
objects.

Noble-metal clusters and nanoparticles are employed in an over-
whelming number of applications and research domains1–5. In parti-
cular, there is enormous interest in their optical properties, mostly
connected to the localized surface-plasmon resonances (LSPRs) and
their tuning and application, which creates a natural link to the field of
nanoplasmonics and quantum plasmonics6–8. The coupling of metal
clusters with, for example, organic molecules, the exploitation of field
enhancements between clusters9 or around edges and tips10 as in
surface-enhanced Raman spectroscopy11, and the applications of the
clusters as sensors12 call for a predictive and very precise theoretical
description. However, a longstanding problem has been exactly the
precise description of the coinage-metal clusters’ optical spectra and

surface-plasmon resonance energies, necessary in order to model and
analyze the interaction for instance with biomolecules.

Any description of such interactions clearly needs to take into
account all the quantum effects at play as well as the effects of the
atomic structure and of chemical bonds present in the systems.

The well-known principal problem for the coinage metals is the
proper description of the filled d shell of electrons. Interband transi-
tions from the d electrons into states above the Fermi energy appear in
the spectra of bulk silver at about 4 eV, and of gold at about 2 eV13. In
addition, in the presence of a LSPR, the d electrons are polarized inside
the material by the field created by the collective oscillation of the
delocalized electrons, opposing the latter14–18. This leads to a screening
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which shifts the LSPR energy to lower energies16. The opposite polar-
izations are easily seen in the induced densities at the plasmon
energy17,18. The d electrons are strongly localized around the atom
cores, unlike the delocalized s electrons thatproduce the spill-out over
the classical particle radius that produces a red-shift of LSPR
energies19–21. This leads to the concept of a layer of reduced screening
of the d electrons at the surface of the clusters. The interplay of these
two effects determines the size-dependence of LSPR energies of
clusters in vacuum16,22,23.

For large nanostructures, purely classical approaches do well24–26

(Mie theory in the case of spherical nanoparticles). For smaller parti-
cles, hydrodynamic27 and other non-local classical approaches28 have
tried to include at least part of the relevant surface and quantum
effects with some success. To include quantum effects for inter-
mediate sizes, jellium-based calculations of Time-Dependent Density-
Functional Theory (TDDFT) obtain excellent results for, e.g., the size
dependence of LSPR energies, but at the price of ignoring atomistic
structure and interfacial details16,23. The smallest clusters, however, are
clearly quantum systems with discrete electronic states which neces-
sitate a full atomistic quantumdescription. Early on, very small clusters
have been described by quantum-chemistry methods like the
equation-of-motion coupled-cluster approach29.

Today, TDDFT (using pseudopotentials or similar descriptions of
the electron–ion interaction) has become the workhorse of calcula-
tions on clusters, but it hasn’t achieved, until now, the predictive
quality over the full size range of clusters and nanoparticles that is
needed. In particular, the approximations involved in the description
of exchange and correlation effects (functionals and kernels),might be
well adapted to strongly localized systems where short-range effects
play an important role, or else to more extended systems where long-
range interactions are important30,31. Over the full size range interest-
ing for the clusters and nanoparticles, we have both regimes, which in
additionmight be combined in the same system, as in the caseof active
tips and edges of a cluster, of tiny clusters attached to larger NPs, or in
the interaction of nanoparticles with molecules.

For small silver clusters, the importance of long-range exchange
effects has been shown32, and range-separated hybrid functionals
provide spectra in excellent agreement with experiment33,34. However,
these calculations are numerically cumbersome and today limited to
sizes of up to ≈ 150... 200 atoms34,35. In addition, the published results
for one of the largest attainable clusters (Ag147) seem to overestimate
the LSPR energy with respect to available experiment (Ref. 34,
cf. Fig. 3).

For larger clusters, local and semilocal functionals like the simple
local-density approximation (LDA)36 and different generalized-
gradient approximations (GGA)37–39 have been the most widely used
approximations until now18,40–43, along with meta-GGA functionals for
larger gold clusters44 and the GLLB-SC functional (SC standing for
“solids and correlation”)45,46. The latter seems to be well adapted to
large clusters with a clear plasmonic resonance but does less well for
sizes below about 100 atoms47. In addition, a number of approximate
schemes based on TDDFT have been developed in order to reduce the
numerical effort and more easily attain larger systems, like the DFTB48

and approximate TDDFT algorithms49.
The use of the simple functionals results, in general, in the filled d

shells positioned too close to the Fermi energy and, due to the
resulting overestimation of the screening of the LSPR by the d elec-
trons, underestimates the LSPR energies18,50–52.

What is needed is a method which selectively improves the
description of the d electrons while avoiding the costly introduction of
Hartree-Fock exchange as in the hybrid functionals. This can be
achieved by the DFT+U method as introduced by Anisimov, Liech-
tenstein, and coworkers53–56 which corrects DFT calculations for pro-
blems mostly related to the over-delocalization of the d electrons,
resulting from the self-interaction problem that follows from the

incomplete cancellation of the Coulombic terms when approximate
density functionals are used.

It has been demonstrated that for bulk metals, the DFT+U
approach provides good dielectric functions that have then been used
in classical calculations of the optical responseof large nanoparticles57.
However, this approach raises the usual questions of transferability
and of the validity of the very concept of the dielectric function for
small clusters. Coviello et al. have recently extended this approach to
magnetic elements58. Explicit DFT+U calculations do not seem to have
been published for noble-metal clusters.

In the present work, we use the DFT+U approach53–56 and its
extension time-dependent DFT+U (TDDFT+U) to obtain spectra of
silver clusters in good agreement with available experiments over the
full size range spanning from few-atom clusters like Ag4 through
nanoparticles of about 1000 atoms (Ag923 with more than 10,000
active electrons, about 3 nm in diameter, presently certainly inacces-
sible for calculations with hybrid functionals). In particular, this
includes the discrete electron–hole-type spectral features of the
smallest clusters as well as the plasmonic response of larger ones,
including the LSPR’s complex size dependence and the oscillation-like
behavior of small clusters due to shell-closing effects— even though
significant differences between different measurements exist, notably
between low-temperature rare-gas-embedded clusters and gas phase
measurements, which complicates the comparison and limits its pre-
cision. The calculated results are obtained using the same value of the
effective U for all sizes, showing surprising transferability of this
parameter. The numerical effort of the DFT+Umethod is only slightly
higher than that of the comparable pure DFT calculations. Our results
demonstrate that DFT+U is an efficient and transferable method to
model the electronic response of Ag clusterswhich will enable precise,
predictive TDDFT calculations of many clusters, cluster+molecule
hybrid systems, and cluster-assembled materials.

Results and Discussion
The DFT+U method corrects DFT calculations for problems mostly
related to the over-delocalization of the d electrons, arising from the
self-interaction errors due to the incomplete cancellation of the Cou-
lombic terms when approximate density functionals are used. The
main effect when applying the correction to the filled d states in silver
is their downward shift with respect to the Fermi level and their
increased localization.

In thepresentwork,weapply theDFT+Umethod in its rotationally
invariant formulation59 using the octopus code60, where the pseudo-
wavefunctions serve as localized basis. DFT+U is used for the ground-
state calculations and in the subsequent time-evolution (real-time,
RT)61 TDDFT+U calculations, carried out to obtain theoptical spectra60.
We use a constant value of the effective U of 4.0 eV. This choice was
motivated by the findings of Avakyan et al., who obtained a good
agreement with the experimental dielectric function of bulk silver
using this value57.

We consider a range of clusters and nanoparticles representative
of the clusters studied in the available literature. It comprises (i) small
to medium-sized clusters, the optimized structures of which corre-
spond to the geometries used in Refs. 33 and 34 in order to ensure
meaningful comparison with the previous calculations. These struc-
tures correspond mostly to those found by Chen et al.62 and are, pre-
sumably, the lowest-energy structures of their respective sizes.
Furthermore, we consider icosahedral structures as found in many
experiments. In particular, the icosahedral structure has been found to
be the most stable geometry for the Ag55 cluster

63. These icosahedral
clusters are nearly spherical and particularly popular in theoretical
studies because they allow for a series of sizes (13, 55, 147, 309, 561,
923... atoms) without any change of symmetry or morphology, and
there are no questions as to how to cut the clusters out of the bulk fcc
lattice (facets...) Nonetheless, while small icosahedra are both
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expected and also found in experiments63, the five-fold symmetries
cannot exist in the bulkmaterial and the icosahedra becomemore and
more strained with size. This induces a crossover64, where larger
clusters exhibit a preference for fcc-based structures. Consequently, in
addition to the icosahedra, we consider a number of nearly spherical
fcc-based clusters, i.e., clusters cut out of the fcc bulk lattice.

The calculated results are shown in Figs. 1, 2, 3 alongwith available
experimental results. The experimental spectra of the smaller, mostly
non-spherical clusters shown in Fig. 1 have been obtained in different
experiments on size-selected clusters in rare-gas matrices at low
temperatures. They have been taken directly fromRefs. 65 and 66, and
they contain an experimental intricacy: the respective rare-gas matri-
ces are generally assumed to induce a dielectric red-shift of the spec-
tra, which means in turn that in order to compare between
experiments in different rare gases or with clusters in vacuum, these
shiftsmustbe corrected. Thedetails of these shifts have beendiversely
discussed in the literature in the past66–69. For instance, while for the
intermediate sizes between 20 and 100 atoms, shifts of around 0.17 eV
for Ne and0.29 eV for Ar have been suggested and applied by different
authors, they do not seem to apply for the smallest clusters65,69,70. Our
work does not intend to resolve this issue, but we provide in the
supplementary information section 1 a more extensive discussion of
the subject and on the question as to how it impacts the comparison
with our calculated data. We show, in particular, that on the energy
scale of Fig. 1, the good agreement does not depend on the details of
these shifts.

The spectra of the smallest clusters in Fig. 1 containmultiple peaks
mostly reflecting electron–hole-type excitations. The agreement of the
calculationswith these spectra is very good, themultiple peaks (at least
below 5 eV) are well reproduced. Starting from about 20 atoms all the
way up to 92 atoms, a clear broad LSPR band arises in the absorption
spectra, with peak energies lying within the range of 3.80 and 4.01 eV.

However, we have not yet entered the scalable size range, as the size-
dependence is not yet smooth and monotonous. Deviations from a
smooth size-dependence originate from electronic or atomic shell-
closings as discussed below, as well as from deviations of the clusters
from spherical symmetry. Such deviations give rise to both energy
shifts and the occurrence of additional peaks and shoulders in the
spectra. This is similar to the aspect-ratio dependence in elongated
particles, which has been described classically already by Gans in his
seminal papers in 1912 and 191571,72.More recently, thebehavior of small
nano-rods has been studied using TDDFT73,74; a discussion distin-
guishing classical and quantum-mechanical effects can be found in ref.
28. The effect on the small clusters is exemplified for the case of Ag58 in
the supplementary information, supplementary Fig. S7. The geometry
of the cluster corresponds to the icosahedral Ag55 structure, with three
more atomsbonded to the same facet62.While theAg55 structure is very
close to spherical, Ag58 presents an elongated cluster, which leads to
different resonance energies along the three different directions75,76

and, in turn, to additional peaks or shoulders in the spectra. This can be
seen very clearly in both the calculated and the measured spectrum of
Ag58. Broadening effects can then determine how clearly the different
peaks are visible in the overall spectrum. For the spectra of these small
and medium-sized clusters, the agreement between experiment and
calculation is good, the remaining differences are of the order of 0.1 eV
(cf. the discussion in the SI). The comparisonwith previous calculations
is shown in the supplementary Figs. S4, S5.

The spectra of the icosahedral and of the fcc-based larger clusters
are shown in Fig. 2. These larger clusters all show the expected broad,
smooth LSPR band. In the case of the icosahedral clusters, the size
dependence of the LSPR energy is clearly monotonous, which is not
the case for the fcc-based structures. We note that for the size of
around 300 atoms, the spectrum of the 314-atom fcc cluster is in very
close agreement with the measured gas-phase spectrum of Hövel
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Fig. 1 | Absorption spectra of theoretically found lowest-energy structures of
Agn clusters, where n = 4−92. Blue curves represent the calculated absorption
spectra using time-dependent density-functional theory (TDDFT), with an effective
U correction of 4 eV applied to the 4d electrons (TDDFT+U). The corresponding
structures used for the calculation are shown within each plot. The red curves are
the experimental optical absorption spectra scanned from the references65,66 as
indicated. Consequently, as already carried out in the references, the experimental

curves corresponding to the clusters Ag20 through Ag92 are blue-shifted by 0.17 eV
to account for the neon matrix dielectric effect. For a detailed discussion of these
shifts and their impact on our comparisons, please refer to section 1 of the sup-
plementary information and supplementary Fig. S1. In the case of Ag8, it appears
likely that twodifferent isomers coexist in the samplewhich need to be included in
the calculation in order to reproduce the experimental peaks, as already pointed
out in Refs. 66 and 90. Source Data are provided as a Source data file.
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et al.77 (see inset of Fig. 2), whereas the icosahedral cluster of essen-
tially the same size, 309 atoms, has higher energy.

In general, all the fcc-based clusters that we considered were
found to have LSPR energies lower than the icosahedral ones. A direct
comparison of the calculated spectra between icosahedral and fcc-
based clusters of similar sizes is provided in the supplementary
information (see supplementary Fig. S9). In this comparison, the fcc-
based structures are approximately 0.1 eV lower in energy. For the size
of about 150 atoms, this difference had already been pointed out
previously but not further discussed51, and it is consistent with the
classical calculations of Ref. 78.

In Fig. 3, we show the LSPR energies as a function of inverse radius
for the clusters which have an identifiable LSPR. This permits an
overview of the different results and clearly brings out the size-
dependenceof theplasmons. Theexperimental results aremeasured in
two different types of experiments: in gas-phase (free-beam) experi-
ments or on clusters embedded in rare-gas matrices as described
above. The two types of experiments are consistent among themselves
but differ from each other: the free-beam energies lie consistently
below the shifted measurements on the rare-gas-embedded clusters,
which renews the questions about the matrix-induced shifts. In parti-
cular, it demonstrates immediately the problem in the comparison of
our calculated energies with the experimental points that have been
obtained using the two types of measurements. For that reason, we
present the results of the rare-gas-embedded clusters in Fig. 3 by the
shaded bands ranging from the shifted results to the unshifted (as
measured) results.

The measurements of clusters in free-beam experiments do not
contain the type of matrix-induced shifts as mentioned above for the
clusters in rare-gas matrices. However, a number of effects are
expected to lead to small red-shifts compared to the situation descri-
bed in the calculations. We discuss these effects in the supplementary
information section 2.

The calculated results of the fcc clusters and the small clusters lie
close to or slightly above (up to about 0.2 eV) the band defined by the
different free-beam results. If the TDDFT+U results are correct, this is
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energy. Source Data are provided as a Source data file.
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precisely what one would expect because a number of effects lead to
small red-shifts in the free-beam experiment compared to the ideal
situation of the calculations. These effects include size-distributions,
temperature, negative charges, and the presence of a surrounding
helium droplet in some cases79. They are discussed in detail in sup-
plementary information section 2. By contrast, the series of icosahe-
dral clusters produces higher energies. The difference with respect to
the fcc clusters is interesting, in particular because the icosahedrahave
thenbeenused in a large variety of theoretical studies bymany groups,
see for instance refs. 36,41,47,51,80–82.

Below about 100 atoms, we enter the non-scalable size regime
where each atom counts and shell closings influence the size depen-
dence strongly, as clearly seen in the measurements of Harbich et al.
and Fedrigo et al.68,83. This effect is apparent in our calculations
involving the lowest-energy structures, shown by the black crosses
connected with black dashed lines. In addition to the points extracted
from the spectra shown in Fig. 1, further calculations were performed,
their spectra areprovided in the SI (see supplementary Fig. S2). Clearly,
the three structures Ag18, Ag34 and Ag92 where closed-shell config-
urations are expected show maximum values of the plasmon energy
vs. inverse size. Somewhat exceptionally, the plasmon of Ag58, which
also has a closed-shell electronic configuration (cf. supplementary
Fig. S8), was found to be slightly lower in energy than that of the highly
symmetric Ag55 cluster, which can be attributed at least in part to its
elongated shape (see supplementary Fig. S7). In addition, this is a case
where the electronic shell closing and the structural shell closing (at 55
atoms) interfere with each other. This effect has already been men-
tioned in Ref. 65.

We note that the absolute energies do not coincide particularly
well with the shifted published results of the rare-gas-embedded clus-
ters on the very fine energy scale of Fig. 3—our calculated energies lie
within the band defined by the shifted and the unshifted energies, with
differences of up to 0.2 eV. However, the variations, with their maxima
determined by the shell-closings, are well reproduced. In other words,
while the question of the absolute values of the plasmon energies and
the treatment of the matrix-related shifts remains, our calculations
reproduce the effect of the shell-closings on the plasmon energieswell.

On the value of the effective U parameter
For the effective U parameter, we have used the value of 4 eV in all the
calculations presented up to here, thus tacitly assuming that it can be
used for all sizes. In view of the above-mentioned difficulties in the
comparison with the experimental plasmon energies, this assumption
needs to be critically assessed.

To study the effect of a varying effective U, we re-calculated the
spectra with different effective U values for the two smallest icosahe-
dral clusters considered in this work (see supplementary Figs. S10, S11)
and for some of the smallest clusters (supplementary Fig. S12). We
found that to match the range defined by the free-beam experiments
for the icosahedral clusters, effective U values of ~2.5 eV and ~1.0 eV
would be needed for Ag147 and Ag55, respectively. However, such a
decrease of U with decreasing size would produce immediate contra-
dictions: the decrease of U would strongly degrade the comparison
with experiment for the smallest clusters as shown in Supplementary
Fig. S12 (assuming that no strong jumps occur in the hypothetical size-
dependence of U). In addition, it would likewise drastically deteriorate
the comparison with the high-level calculations for the small clusters
by Rabilloud et al.32 using range-separated hybrid functionals.

Finally, it would mean that now the fcc-based clusters would have
plasmon energies well below the range defined by the free-beam
experiments. However, as it is unlikely that the icosahedral clusters are
themost representative for the measured clusters as discussed above,
that would degrade the overall comparison with experiment, keeping
in mind that our calculated results should be at, or slightly above, the
measured plasmon energies.

Hence, the fixed value ofU = 4 eV appears to bewell adapted, and
any residual size dependence ofU is expected to beweak. This, in turn,
is an important result in its own right because it demonstrates a sur-
prising transferability of U: the value determined for bulk silver can be
used for all cluster sizes.

In addition, a self-consistent determination of the U parameter
adapted finely to different situations and also to the different atoms in
a given system would be desirable. We undertook such calculations
using the ACBN0 functional implemented in the octopus code, but
they were unsuccessful and returned unphysical results for unknown
reasons. The resolution of this problem is certainly an avenue for
future research.

Comparison with previous calculations
For larger clusters, as mentioned above, local and semilocal func-
tionals like the simple local-density approximation (LDA), cf. Ref. 36,
and different generalized-gradient approximations (GGA) like the PBE
functional37, the Wu-Cohen38 functional, and the asymptotically cor-
rected LB94 functional39 have been the most widely used approxima-
tions until now18,40–43. Themeta-GGA functional VS98 has been used for
larger gold clusters44. The use of the local and semilocal functionals
results, in general, in the filled d shells being positioned too close to
the Fermi energy and, due to the resulting overestimation of d
screening of the LSPR, underestimates LSPR energies (see supple-
mentary Fig. S3)18,51,52. For larger clusters, Kuisma et al. have employed
the Gritsenko-van Leeuwen-van Lenthe-Baerends solid-correlation
potential (GLLB-SC)45,46 (see supplementary Fig. S5). Their results47 are
only slightly higher than ours for the larger clusters, but the quality of
these results seems to degrade strongly with decreasing size: there is a
clear overestimate of the LSPR in Ag55 with respect to all available
experimental results shown in Fig. 3.

For small clusters, excellent results have been obtained using the
numerically costly range-separated hybrid functionals32,34 (see sup-
plementary Fig. S4). In general, the quality of our spectra is compar-
able with those results. However, interestingly, the largest cluster that
seems to have been published using this method, Ag147, has an LSPR
energy that is distinctly higher than that obtained with TDDFT+U, and
in view of Fig. 3 it seems decidedly too high compared to all available
experiments. In addition, the calculations using the range-separated
hybrid functionals would not be feasible with today’s numericalmeans
for the larger clusters, beyond maybe 200 silver atoms.

In comparisonwith these calculations, only the TDDFT+Umethod
yields reliable spectra over the full treatable size range, from the
smallest clusters to the 3 nm nanoparticle of 923 atoms.

Effect of U correction on localization and density of states
While the spectra shown and discussed above are the central result of
our present work, we need to analyze the effect of the U correction on
other observables as well in order to obtain a full understanding of our
results.

In particular, the redistribution of the total electronic density is
shown in Fig. 4, presented as the difference between the total charge
density of the Ag4 cluster calculated using GGA (PBE) with the inclu-
sion of the Hubbard correction of 4 eV and GGA (PBE) without the
correction. This difference is illustrated using an iso-surface plot and a
color-coded slab passing through the plane defined by the four Ag
atoms in the cluster, showing regions of electron density increase and
decrease in red and blue, respectively. The red region exhibits the
characteristic shape of the d orbitals, visually confirming the enhanced
localization of the 4d electrons upon applying the U correction term.

Additionally, the Hubbard U correction shifts the 4d states to
lower energies with respect to the Fermi energy, as it is evident in the
projected density of states (PDOS) of the Ag309 cluster, shown in
Fig. 4b. The correction in the energetic position of the 4d states
ensures that the threshold of the interband transitions from the
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occupied 4d states into higher unoccupied states beyond the Fermi
energy appears at the correct energy.

A comparison with experimental photoemission spectra in sup-
plementary Fig. S6 shows that the d-band edge is well corrected, even
though the width of the d band is somewhat overestimated. The latter
point does not, however, impact the calculation of the spectra and
plasmonenergies strongly, as is evidenced by the results shown above.
In addition, our calculation captures all the important features of the
occupied states above the d band present in the UV photoemission
spectra of Ag55. This shows that, as expected, the main effect of
the inclusion of the U correction is to correct the principal short-
coming of the simple functionals—namely, the incorrect description of
the localized d states, with the d band lying too close to the
Fermi energy and the interband transitions appearing too low in the
spectra, thereby interfering unphysically with the LSPR and over-
estimating the screening of it15,16,18. Thus the correction in turn sig-
nificantly improves the agreement with experimental optical spectra
as shown above.

To quantify the localization effect of the d orbitals, we calculated
the average occupation of the d orbitals for clusters of all sizes with
and without the Hubbard U correction. Our analysis found that the
average occupation of the d orbitals in DFT+U calculations was higher
in comparison to the calculations without U correction, implying
enhanced d-electron localization in agreement with the results shown

in Fig. 4. Additionally, we observe an increase in the average occupa-
tion of the d orbitals with decreasing cluster size.

To gain a deeper understanding of how the different atomic sites
contribute towards the average localization of the 4d electrons, we
analyzed the average occupation of the 4dorbitals shell-wise in thefive
icosahedral structures, which is shown in Fig. 5b. It is evident from the
figure that the d electrons are more localized in the atoms of the two
outermost shells than inside in all cases. Below the two outermost
layers, the localization is roughly constant. This means that the
increase in average localization in Fig. 5a is due to the increasing
surface-to-volume ratio as size decreases.

All these results are coherent with our general understanding of
the d screening of the LSPR. An increase of the localization implies a
reduction of the polarizability of the d electrons, thereby reducing their
screening effect as discussed above. The increased average localization
in DFT+U thus provides a contribution to the blue shift of the plasmon
compared to GGA (PBE). The increase of average localization with
decreasing cluster size and the resulting decrease of the average d
screening in bothDFT andDFT+U are consistentwith the observedblue
shift in the LSPR.

It is interesting to note that the increased localization of the
outermost atoms’ d states, which implies their decreased polarizability
and, hence, a decreased contribution to the overall screening at the
surface, points in the same direction as the above-mentioned effect of
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Fig. 4 | Influence of the U correction on the ground state of Ag clusters. a The
two panels represent the difference in total electronic charge density obtained
using the DFT+U and DFT methods, shown as an iso-surface (top panel) and in a
color-coded slab representation (bottom panel), the slab passing through the
plane defined by the four silver atoms of the Ag4 cluster. In this representation,
green color represents zero difference, while red and blue colors indicate regions

of electrondensity increase anddecrease, respectively, thus showing the increased
localization. b Projected density of states (PDOS) of Ag309, calculated using DFT
(top panel) and DFT+U (bottom panel) method. The shift of the d band to lower
energies is clearly seen. A comparison with experiment is shown in supplementary
Fig. S6. Source Data are provided as a Source data file.
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Fig. 5 | Occupation analysis of the 4d orbitals with and without the U correc-
tion. a Average occupation of 4d orbitals plotted against the inverse cube root of
the number of particles in a cluster, illustrating two effects: higher average loca-
lization of d electrons when the U correction is introduced, and enhanced average

localization in smaller clusters compared to larger ones. b Shell-wise average
occupation of the 4d orbitals for five icosahedral structures, showing increased
localization of the d electrons in the outer shells, indicating weaker Coulombic
screening on the surface. Source Data are provided as a Source data file.
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the surface layer of reduced d screening due to the spatial localization
of the d electrons around the atom cores. This is evenmore relevant as
it is known that the outermost atomic shell plays an important role in
the determination of the optical properties80.

Themodel of a reduced screening layer generally applied inmany
jellium calculations14,23,84 is, therefore, an effectivemodel that is able to
represent both the localization of the d electrons at a short distance
from the surface and the increased localization around each atom in
the surface layer.

Conclusion
In conclusion, the TDDFT+Umethod provides optical spectra over the
full-size range from few-atom silver clusters to nanoparticles of about
3 nm in diameter, corresponding to about one thousand atoms and
containing ≈10,000 active electrons. In addition to the electron–hole-
type transitions of small clusters, our calculations obtain the broad
plasmon resonances of the larger spherical clusters and their size
dependence. The numerical effort is only slightly larger than that of
pure TDDFT calculations.

Precise comparison with experiment is complicated by incon-
sistencies in the experimental literature and uncertainties about the
cluster structures. Our results for small clusters up to about 100 atoms
reproduce the spectra measured on rare-gas-embedded clusters very
well, including in particular the spectra with multiple peaks. Their
calculated plasmon energies reproduce in particular the oscillation-
like behavior due to electronic shell-closing effects, whereas compar-
ison of the absolute energies is only possible up to remaining differ-
ences of up to about 0.2 eVdue to uncertainties in the treatment of the
matrix shifts needed in the comparison. By contrast, the calculated
plasmon energies of fcc-based nearly spherical clusters are in good
general agreement with (i.e., close to or slightly above) the range
defined by available free-beam experiments. The series of icosahedral
clusters has generally higher plasmon energies.

The TDDFT+U approach is the only method that, at this time,
achieves this degree of agreement with experiment over the full-size
range because the costly range-separated hybrid functionals cannot
realize calculations of clusters beyond ≈ 200 atoms, and the solid-
state-derived meta-GGA calculations that fare well for large clusters
seem to fare poorly below about 100 atoms.

The value of the effective U turns out to be surprisingly transfer-
able for the silver clusters. The same value of 4 eV that had produced
spectra in good agreement with the experiment for bulk silver
was used without any adaptation for all the clusters in the present
work, including the smallest one, Ag4. Tests with different U values
strongly suggest that any residual size-dependent variation of U will
be weak.

To use the full power of the TDDFT+U method, a more precise
comparisonwith the experimentwouldbe desirable.We hope that our
work can motivate further experimental investigations that will con-
solidate the available results and, in particular, help settle the open
questions about cluster-matrix interactions and the resulting shifts.

Clearly, the TDDFT+U method can likewise be used to calculate
systems where the clusters are coupled to each other or to bio-mole-
cules, DNA strands, etc. Our results open the pathway to direct
TDDFT+U calculations of many practically relevant systems and pro-
cesses, including, for instance, medical imaging applications, biomo-
lecule labeling, sensing, and many others.

Methods
Experimental spectra and LSPR energies
Experimental absorption spectraof the clusterswith 20 to92Ag atoms
were scanned from Ref. 34 where they include already a blue shift of
0.17 eV to compensate for the dielectric effect of the neon matrix
present in the original experiment65. The absorption spectra of the
smallest clusters embedded in a neonmatrix were taken directly from

Ref. 66 without any matrix correction, as it was done in previous
publications32,33,66.

For the plot of the LSPR energy vs. inverse radius, Fig. 3, the radius
of the particle was approximated using R = rs*N1/3Å, with rs = 1.626
being the electronic density parameter of bulk silver and N being the
number of Ag atoms. The values of Charlé et al. and Harbich et al. were
scanned from Refs. 68,70,83 and consequently contain a blue-shift of
0.29 eV to compensate the dielectric shift of the Armatrix discussed in
that reference22. The data points from Yu et al.65 were taken from the
table in that reference and were blue shifted by 0.17 eV by us to
compensate for the dielectric shift of the Ne matrix. The values of
Refs. 79, 77, and 84 were taken directly from the references, naturally
with no shifts. For a detailed discussion of the shifts, please refer to the
SI, section 1.

Geometries
The structures used for the calculations shown in Fig. 1 were taken from
theworks of Schira et al.34 and Anak et al.33. Additional structures, which
were primarily used to calculate more points for the ELSPR-vs.-1/R curve,
were taken from the work of Chen et al.62. The Ag34 structure was
constructed by selectively removing one atom from the Ag35 cluster,
ensuring a roughly spherical overall shape. This newly constructed
structurewhen fully relaxedwith theVASPcodewas found tobeonly 1.3
meV/atom higher in energy than the structure for the same size pro-
vided by Chen et al. The icosahedral and fcc-based geometries were
constructed byus. For consistency, all the structureswere again relaxed
with the VASP code85,86, using the GGA functional as parameterized by
Perdew and Wang for the exchange and correlation87.

Calculations
Both the ground state and the optical absorption spectra of all struc-
tures were calculated using theDFT+Umethod as implemented60 in the
octopus code88. Our investigation uses the rotationally invariant
formulation59 of the DFT+U method where Ueff = U − J is used but
generally referred to as just U. It acts locally on the 4d orbitals at all
Ag atomic sites. Absorption spectra were calculated using real-time
TDDFT+U using the Yabana-Bertsch time-evolution formalism61, which
involves real-time progagation of the wavefunction after a delta kick at
t = 0. We have used the Approximated Enforced Time-Reversal Sym-
metry (aetrs) propagator, with a time step of ≈ 0.0016 fs (0.0024 ℏ/eV)
and a total propagation time of ≈ 26 fs (40 ℏ/eV). For the icosahedral
and fcc-clusters, a shorter propagation time of ≈ 13 fs (20 ℏ/eV) was
used. We use the U value of 4.0 eV for all calculations. This choice was
motivated by the finding that this value provides good dielectric func-
tions for bulk silver57. Apart from the U correction, we used PBE to
approximate the exchange-correlation functional37. The interactions
between the electrons and the ions were described using norm-
conserving Troullier-Martins pseudopotentials89, treating 11 valence
electrons corresponding to the 10 4d electrons and one 5s electron per
Ag atom explicitly. For all the spectra shown in Fig. 1, the grid spacing
was set to 0.18 Å. The so-called minimum radius, which indicates the
radius of spheres around each atom, the superposition of which makes
up the domain used for the calculation, was set to 7.5Å. For the Ag147 to
Ag561 icosahedral clusters, a grid spacing of 0.20 Å and a simulation
radius of 7.5 Å were used, while for Ag923, a smaller radius of 5.0 Å
was employed. This is justified because the differences in the LSPR
energetic position due to the use of smaller radii decreased strongly
with increasing cluster size in our tests, decreasing from 0.05 eV for
Ag55 to 0.01 eV for Ag561, and thus are expected to be negligible for
Ag923. For the fcc-based clusters the spacing and the radius were set to
0.20 Å and 7.5 Å.

The LSPR energies for all the structures were identified by limiting
the evolution time to ≈ 13 fs (20 ℏ/eV), which is equivalent to applying
a larger broadening to the spectra. The plasmon energy was then
identified as the maximum of the peak.
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For calculating the average localization of the d orbitals, we used
the following expression

hn4di=
1
I

XI

j

traceðnj
m,m0 Þ

5
ð1Þ

where I is the total number of atomic sites, nj
m,m0 are the occupation

matrices defined as the density matrix of a localized orbital atomic
basis set {ϕj,m} obtained from the pseudopotential, attached to the jth
atomic site60. From the Kohn-Sham wavefunctions, the occupation
matrix for the jth atom is given by

nj
m,m0 =

X

n

f nhψnjϕj,mihϕj,m0 jψni ð2Þ

where f is the occupation of the nthKS state andmorm0 are the angular
quantumnumbers of the localized atomicbasis set,which in our case is
restricted to the 4d orbitals. For calculating the shell-wise average
occupationof the d orbitals for the icosahedral structures, we used the
same eq (1), taking averages over the atomic sites of one shell at a time.
The first shell refers to the central atom alone.

Reporting summary
Further information on research design is available in the Nature
Portfolio Reporting Summary linked to this article.

Data availability
Source data are provided as a Source Data file. Additional data are
available from the corresponding authors upon request. Source data
are provided with this paper.
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