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The Sylvester question in R%: convex sets with a flat floor.
Jean-Francois Marckert & Ludovic Morin

Univ. Bordeaux, CNRS, Bordeaux INP, LaBRI, UMR 5800, F-33400 Talence, France

Abstract

Pick n independent and uniform random points Uy, ..., U, in a compact convex set K of R¢ with
volume 1, and let P}f] (n) be the probability that these points are in convex position. The Sylvester
conjecture in R? is that ming P;f) (d +2) is achieved by the d-dimensional simplices K (only).

In this paper, we focus on a companion model, already studied in the 2d case, which we define in
any dimension d: we say that K has F as a flat floor, if F is a subset of K, contained in a hyperplan P,
such that K lies in one of the half-spaces defined by P.

We define QIF<(n) as the probability that Uy,---, U, together with F are in convex position (i.e.,
the U; are on the boundary of the convex hull CH({Uy,---,U,} U F})). We prove that, for all fixed F,
K — Q£(2) reaches its minimum on the "mountains" with floor F (mountains are convex hull of F
union an additional vertex), while the maximum is not reached, but K — QIF((Z) has values arbitrary
close to 1. If the optimisation is done on the set of K contained in F x [0,d] (the "subprism case"),
then the minimum is also reached by the mountains, and the maximum by the "prism" F x [0, 1].
Since again, QII;(Z) relies on the expected volume (of CH({V1, V»} U F})), this result can be seen as a
proof of the Sylvester problem in the floor case.

In 2d, where F can essentially be the segment [0, 1], we give a general decomposition formula for
Qllz(n) so to compute several formulas and bounds for different K. In 3D, we give some bounds for
Qg(n) for various floors F and special cases of K.

1 Introduction and main results

Let d = 2 be a fixed integer. Throughout the paper, the space R? is equipped with an orthonormal
basis ey,---, e4, and its associated coordinate system.

For n = 1, we say that an n-tuple of points u[n] = (uy,..., u,) € (RY)" is in convex position if {u1, - , u,}
forms the vertex set of a convex polytope. For any compact convex domain K in R? with non-empty
interior and for any n € N, we let Ug be the uniform distribution on K, and let Ug(n) be the product
measure (of n iid random variables U[n] = (Uy,-- -, U,) with common distribution Ug).

Finally, we let Pf)(n) be the probability that an n-tuple of points U[n] with distribution Ug (n) is in
convex position.

The very first problem in the study of Pl(f)(n) was posed by Sylvester [26] in 1864 (see Pfiefer [22]
for a history of this problem) and consisted in determining the probability that 4 random points in the
plan, are in convex position. This problem evolved over time into computing the convex domains K that
minimize or maximize the probability P}?) (4). Blaschke [5] provided the answer to this question in 1917,
by proving that the lower bound is reached when K = A is a triangle, and the upper bound when K = O

is a disk, namely

2 35
_ p@ (2) (2) _
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In larger dimensions, an analogous problem exists. Since d + 1 random points are in convex position
with probability 1, the question is whether we may optimize the quantity P}?) (d+2) ? As a generalization
of Blaschke’s proof, the upper bound P;(d) d+2)= Pg,)l (d +2) is true whereas the following d-Sylvester’s
question

@ () (d)
PM(d+2) <Py (d+2) spod(d+2),

(A% and O denote respectively a simplex and an ellipsoide of volume 1) remains a conjecture due to the
lower bound. In general, the quantity P}?) (d + 2) satisfies

PP (d+2) =1~ (d+2)ENoly(Simplex(Uy, -+, Ugs1))), (1.1)

and this formula may be understood as the fact that Uy, -, U442 are not in convex position if and only
if one of the U; is in the convex hull of the others. Hence, the problem of optimizing K — P}f) (d+2)is
equivalent to the problem of optimizing K — —E(Vol;(Simplex(Uy, -+, Ug4+1))).

This problem seems to be out of reach for the moment, and then, we will turn our attention to another
problem, which has a common flavour for many reasons, which should become clear gradually.

Definition 1.1. Let K be a compact convex set of R%, for some d = 2, and F be a subset of R%~'. We say that
F is the floor of K if K is contained in the half space {xz = 0}, and if its intersection with the hyperplane
xg =01is F x{0}.

Hence, the floor of K exists if K intersects the hyperplane R9-1 x {0} and lies above it. By definition, a
floor F is always a compact convex set of R?~!. For the sequel, we will need to distinguish two families of
convex sets (see Fig. :

Definition 1.2. « We say that a convex set K with floor F is a sub-prism if K is a subset of F x [0, H] for some
H=0.

» We denote by SubPrism(F) the set of convex sets K, that are sub-prisms with floor F, and such that
Vol4(K) = 1.

In the following, we will say that Floor(K) x [0, H] is a prism.

In geometry, the word "prism" is often used in 3D to identify a polyhedron that is equal to the convex
hull of two (non-coplanar) polygons, image of each other by a translation. In this case, each face other
than F is still a polygon. It will not be the case here, since we do not necessarily assume that F is a
polytope (it can be smooth, for example).

The second family we introduce is:

Definition 1.3. We denote by CCSF(F) the set of Compact Convex Set K with Floor F, and such that
Vol (K) = 1.

Convention: Throughout the paper, F will be a compact convex set of R?~! such that
Voly_1 (F) = 1. (1.2)

Since affine maps preserve both convexity and the uniform distribution, this is not a real restriction.
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Figure 1: Two compact convex sets of R® with the same floor F; the second one is a mountain. Both of
them are subprisms. The third one is not a subprism, it is an element of CCSF(F).

A modified Sylvester question in the fixed floor case. Let us fix a floor F, which will always be assumed
to be a compact convex set (of volume 1) in R9-1, For any K € CCSF(F), denote by Qg (2) the probability
that the convex hull of the set formed by the floor of K (that is, the domain F), and two random points
taken independently and uniformly in K contains these two points on its boundary.

We will motivate this question further in[Section 1.3} but for the moment, observe that the problem of
optimizing K — Qg (2) has the same flavour as that of K — P}?) (4) due to an analogue of the Efron formula
[10]; indeed, by the same reasoning as for we have:

Qx(2) = I—ZE(VoId(CH({U}UF)), (1.3)

where U is uniform in K. The two quantities P}f) (d +2) and Qg (2) are the first "non trivial quantities" in
both cases.
We then introduce a geometrical object:

Definition 1.4. For a point z with positive last coordinate zg = 0, we call mountains with apex z, the
compact convex set
Mountaing(z) = CH({z} U F).

Of course, Mountaing(z) has floor F, and since Vol ;_; (F) =1,
Vol;;(Mountaing(2)) = z4/d. (1.4)
One of the main contributions of this paper are the two following theorems:

Theorem 1.5. [Optimisation in the set SubPrism(F)]. Let d = 2, F be a compact convex set in R4~ such
thatVoli_1(F) = 1. For all sub-prism K € SubPrism(F),

QUnitMountain(z) = QK(Z) = QUnitPrism 2),

where the UnitPrism is the prism F x [0, 1] and a UnitMountain identifies any mountain with floor F with
volume 1.
Moreover,

QUnitMountain(z) = 1-2/(d+1) (1.5)
QUnitPrism (2) 1- 1/d, (1.6)

both of which do not depend on F.



Again, since invertible affine maps preserve convexity and the uniform measure, this result applies to
"non vertical prism".

Remark 1.6. The bound Qg (2) < Qunitprism (2) holds even if K is not convex. The proof we will give entails
that if K can be written as Uzcr{z} x [0, G(z)] where G(z) is the height at z, then under the only hypothesis
that G is measurable and satisfies | rG(2)dz =1, then in this case Qk (2) < QunitPrism (2).

Theorem 1.7. [Optimization in the set CCSF(F)]. Let d = 2, F be a compact convex set in R~ such that
Vol,_1(F)=1. Forall K € CCSF(F),

QUnitMountain(Z) = QK(Z) <1,

and there exists an element of CCSF (F) such that Qg (2) = 1—a, for all a > 0, and none such that Qg (2) = 1.

1.1 Related results in 2D

Under the quantity P}?) (n) lie many other questions. Can we compute P}?) (n) for some specific do-
mains K? Can we optimize P;g) (n) on K for other values of n? How does an n-tuple of points U[n] with
distribution Ug (1) behaves when conditioned to be in convex position ?

To date, the overwhelming majority of answers to these problems have been given when d = 2.

0 F 1 0 F 1 0 F 1

Figure 2: A subprism convex domain with floor [0, 1] x {0}; in the first picture the 3 points are in convex
position, but they are not in convex position together with F, since, as shown in the second picture, the
convex hull of the union of F and of the three points does not contain all these objects on its border. In
the third picture, they are in convex position together with F. In the 2D-case, instead of F, one can require
equivalently that the two extremities of the segments (instead of F), together with the other points, forms
the vertex set of a convex polygon. In a general dimension, one can replace F by its extremal points.

For example, a natural generalization of Sylvester’s problem when d = 2 would be
2 2 2
Py (n) s P (n) < PS5 (n),

for any compact convex set K of R?. The case n = 5 was proved by Marckert and Rahmani [18], but n > 6
is still a conjecture (but one finds in [18] an explicit formula to compute Pg) (n).

As for the computation of P;?) (n), several results are known. If K is a parallelogram or a triangle, Valtr
(27, 28] computed two exact formulas for all n = 3:

2"(3n-3)!

1 (2n-2
Cml((n-1)H3"

2
n—l) and P(AZ)(n) =
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Figure 3: Buchta’s method to compute the probability that the n points Uy, -- -, U, are in convex position

in a parallelogram. Push the sides of the initial parallelogram inside, and stop them when they hit a point.
In the end, each of the four sides contains a point (the 4 points are not necessarily different). This forms
2, 3 or 4 triangles, all of which have 2 marked points at their boundaries. The U; are in convex position,
if all the other points belong to a triangle, and if all the points inside a triangle, together with the two
marked points are in convex position.

In dimension d = 2, a fixed floor F can only be a nonzero segment. Thus, Qg (n) is the probability that
n points in K are in convex position, together with both extremities of F. In fact, an important tool
for these results relates to the 2d-floor case. Indeed, a classical method to compute Pg(n) consists "in
shrinking K", e.g., by pushing the boundaries inwards (as in [7], Marckert [17], Morin [21} [20], see also
Fig. 3), until some points among the U; are "hit". This defines several regions, which either must not
contain any points, or must bound a compact convex domain containing a subset of the U; that must
be in convex position together with the two extremities of a segment (these extremities being some U;
discovered when pushing the boundaries). Up to an affine map, this latter domain is a compact convex
set with a floor. In [7] and [21},20], the zones are triangles, while in [17] they are the interior of some arcs
of disk parameterized by an angle 6.
Some important asymptotic results also involve this type of tool, such as Barany’s formula [2], who
proved that for any compact convex domain K c R?,
5 1
lim_n? (PP (m)" = 2 e*AP" (K)%,
n—+oo 4
where AP*(K) is the supremum of the affine perimeters of all convex sets S < K. In the case where K is
a polygon, this logarithmic equivalent was refined into a true equivalent by Morin [21},[20]. Both authors
used the well-known case when K is a triangle, due to Bardny, Rote, Steiger and Zhang [4]:

n

th:=Qa(n) = 1.7)

nln+ 1!

Again, the notation "Q" refers to the floor case when P refers to the classical one.

Other questions then arise. Do we know other values of Qk(n)? Can we optimize Qg (n) for values
of n = 3 ? In this paper, we give a recursive formula for Qx (n) in the 2d-case which allows to recover the
triangle case (Theorem 3.3), to compute exact values in the case where K is a square (denoted by ¢,, see

Proposition 3.4) or a parabola (Theorem 3.5) above the segment F (denoted by p,), namely

127+l d 1 2n
= an e T——— .
Prn= s@en+2)! =+ n



Of course, a rewording of[Theorem 1.5|in the 2d-case gives immediately that

1
= SQK(Z)SCIZ:E-

W~

However, two additional independent elementary proofs will be given in More generally, we
believe that,

Conjecture 1.8. Foralln =3, and all K € CCSF([0,1]),
th < Qg(n) < qn-

1.2 Bounds and universal bounds in dimension 3

When d > 2, exact results for the computation of Qx(n) or P;?) (n) are rare. Most of the known results
were obtained when K = Qd, the Fuclidean unit ball in dimension d. The value of Pg)s (5) (thatis, 5

points in the 3d-ball) was computed by Hostinsky [14], before a general formula for Pg; (d+2) was found

by Kingman [15]. Miles [19] proved that limg_ ., P(Od; (d +3) =1, and later conjectured that for all m > 4,

lim;_ P(Od; (d + m) =1, a conjecture proved by Buchta [6].

Even in dimension 3, very little is known. The most classical and simplest results in dimension 2 have
no analog in dimension 3 (however, Buchta & Reitzner [8] computed the expected volume of the convex
hull of 7 iid uniform points taken in the tetrahedron).

The last section of this paper tries to remedy this problem by providing bounds in the floor case. In
Theorem 4.1} we will prove that for any floor F the unit mountains M with floor F, we have
2" lﬂ[ 1

Qum(n) =

When F is a triangle, such a mountain is a tetrahedron 7. In this case, we also obtained an upper bound

(and an improved lower bound) in[Theorem 4.7|and|Theorem 4.8} and so we give two explicit sequences
(uy) and (¢,) such that

0, =QY(n) < up, for n=0. (1.8)

1.3 Motivation

In fact, there are several motivations for studying these "floor case questions".

nIn 2d, an important tool in the study of points in convex position are convex chains in a triangle
(with two vertices of the triangle being elements of this chain). They appear in under some forms in
most of papers devoted to points in convex position: Bardny & al. [4]e Valtr [27} 28], Buchta [7], Morin
120, 21]. These objects correspond to "2D floor cases" (actually, 2D mountains) in the present paper
(and in Marckert [17], the decomposition is also based on bi-pointed segments, that correspond to some
compact convex sets with a floor as well). The reason, is that, as already explained, it is natural in most
situations to cut the random convex chain under stud between well-chosen points; this allows workinf
in a simpler form (a triangular shape, in general), and the "floor" is another way to understand how we
fix two boundary points. We can infer the global behavior of these global chains, from these simpler
chains in triangles (see e.g. [2] for the limit shape theorem, and Morin [20] for asymptotics, and Gaussian



fluctuations around the limit shape). Of course, these triangles we discuss here are the same object as
our 2d mountains, and in [17] the author works in domains decomposed as segments surrounded by an
"arc of circle".

The computation of P}f) (d +2) becomes much more difficult as soon as d = 3, and most likely due to
the fact that there is no convenient decomposition suitable for a combinatorial approach. For example, if
one draws 7 iid uniform points Uy, - - -, Uy, in the 3D cube, and if one pushes the faces of the cube inward
until they hit a point in U[n], then one gets a parallelepiped with marked points, and this structure does
not seem to be helpful for further decomposition of the problem! (For example, if each of the 6 faces
contains a distinct point, then, the complement of the convex hull of these points is still connected, and
it seems difficult to make any progress from there).

However, because of the success and simplicity of the study of the "floor case in 2D", it is natural to
try to understand the floor case in 3D, and in the following dimensions.

s Take a compact convex set K of dimension d, and let d + 2 iid uniform points Uy, -, Ug42 into K.
Let S;;, be the convex hull of Uy, - -+, U, and Hy, be the affine space of dimension 7 — 1 containing S;,.
We have

PDd+2) = 1-(d +2)E(Vo|d(CH(Sd+1)))

d+?2
1- TE(VoId_l(CH(Sd)) x D(Uqy1, Ha))

where D(U,41, Hy) is the Euclidean distance of Uz, from the hyperplan H; (for more information, see
e.g. Kingman [15], who computed P}f) (d +2), where K is the unit Euclidean ball in R?).

To solve the Sylvester problem, it is natural to try to understand the typical (joint) behavior of the
two random variables Vol;_; (CH(S,)) and D(Uy.1, Hy). If we draw a small picture, we see that H; cuts
K into two parts P; and P,, and U, will fall into one of these parts, proportional to its d-volume. Up
to an affine map, H, plays the role of a floor, and conditional on H (and of the part P; in which Uy,
arrived) D(Ug41, Hy) has the same distribution "as the height of a random pointin P;", which we will see
throughout the rest of the paper, up to a constant, is the probability that two points in P, are in convex
position in the floor problem in P;.

Trying to understand what kind of part maximizes the height expectation — and we proved that they
are mountains — can be seen as a step towards solving the Sylvester problem.

1.4 Related results about the convex hull of random points

In this paper, we focus on the probability of points being in convex position. An important number
of results instead concern the behavior of the convex hull of random points. The two topics are related by
many ways. Let Cild) (K) be the convex hull of 7 iid uniform points chosen in K, where d is the dimension
of the ambient space.

In this matter, we can cite Rényi & Sulanke [24] for the computation of the expectation on the number
of vertices of C,(f) (K) (observing a logn behavior when K is a polygon, and an n'’3 behavior, when K is
smooth). Groeneboom [11] for a central limit theorem for the number of vertices of Cilz) (K) when K is
a polygon, or a disk (variance expansion and Berry-Esseen bound when K is a polygon can be found
in Gusakova & al. [12], for large deviations in general 2D compact convex sets, see Vu [29], Calka and
Schreiber [9]).



In higher dimensions, precise results concerning the number of vertices, and number of facets have
also been obtained (see e.g. Reitzner [23], Bardny and Reitzner [3] ). See Majumdar & al. [16] for a survey
written in 2010.

2 Optimization of Qg (2) in the multidimensional case

Consider an element K taken in CCSF(F) or in SubPrism(F), and take U a uniform random point
inside K. Set H = Uy, the last coordinate of U, seen as a height, and let Z = (Uy,---,U4-1) the d -1
first coordinates. If K is in SubPrism(F), then Z € F almost certainly, while this may not be the case for
K e CCSF(F).

Consider the "layer of K at level ¢", defined by

Layer () = K n (R4 x (1)),

and consider its volume
Li (1) := Volg_1(Layerg (1)).

It is clear that Lk is null outside the compact set [0, mg] where mgx = max{z; : z € K} is "its maximal
height". By standard calculus

mg
Vol (K) = f Lx(ndt=1,
0
and in fact, L is the density of the random variable H.

Lemma 2.1. Let K € CCSF(F) (which includes SubPrism(F)), then

+o00 t
k@ =1 —2f L (D) ~at. 2.9)

0 d

Proof. By (1.3),
+o00o t
Qk(2) =1-2E(Volz(Mountaing(Z, H))) =1-2E(H/d) = 1—2[ LK(t)Edt. (2.10)
0
O
Hence, in the case of unitary mountains,

LUnitMountain(t) =(1- t/d)d_l ]l[O,d] (1), (2.11)

and then QunitMountain(2) = 1 — 2de (1-t/d)%! édt =1- ﬁ, as announced. In the case of UnitPrism,
Lunitprism (£) = 110,11 (2), so that Qunitprism(2) =1 — 2f01 édt =1-1/d as announced.
We will first establish|Theorem 1.5} and then|{Theorem 1.7

2.1 SubPrism case: proof of Theorem 1.5
2.1.1 Proofs of[Theorem 1.5; upperbound

Each element K € SubPrism(F) is characterized by its top function Gx defined by

GK : F - [Oy +OO)

(2.12)
z=(z1,*,24-1) — Gg(2):=supiyeR,(z1,"--,24-1,¥) €K}



since

K=/ [(zo,--- ,zd_l,O),(zo,~~~,zd_l,GK(z))]. 2.13)
zeF
Thus, if K € SubPrism(F), both Gk and K characterize each other. Moreover, a function G: F — R is
the top function of a compact convex set K in SubPrism(F) iff it is nonnegative, concave, and satisfies
JrG(r)dz=1.
Recall that for U = (Z, H) uniform in K, and by (2.10), Qx(2) = 1 —2E(H/d). The density of Z is Gx on
F while, given Z, H is uniform on [0, Gk (z)], so that E(H | Z = z) = Gk (z)/2. Hence

Gi (2)
F d

G

k@ = 1—2[ Gk (2) Z(iz)dz:l— dz. 2.14)
F

From here the proof of the upper bound is quasi-immediate:

G3(z)-1 —1)2 _
QUnitprism (2) — Qx(2) = f Gx@-1, _ f Gk@ -V, f @Gx@=2) ;.
F d F d JF d )

=0

2.1.2 Proof of[Theorem 1.5/and of[Theorem 1.7llowerbound

The proof we give is valid in CCSF(F), and since the lower bound is reached for unitary mountains
(for any two unitary mountains M; and M>, Qaz, (2) = Qp, (2)), some of which are in SubPrism(F), the
proof that follows is valid in SubPrism(F) too.

In the following, K is an element of CCSF(F), and M is a unitary mountain in CCSF(F). Using , it
suffices to prove that

E(Hy) < E(Hyy) (2.15)

where Hg and H)s denote the respective random variable heights of a point Ux and Uj, taken uniformly
in K and M. For any non-negative random variable X, we have E(X) = f P(X =1)dt. Since

oo} t
P(Hg = 1) :f Lix(s)ds=1 —f Lx(s)ds,
t 0
we have
+00 t
E(Hp) —E(Hgk) :f (f LK(S)—LM(S)dS)dt. (2.16)
0 0
To prove (2.15), it suffices to show that
Lemma 2.2. We have
Bx(t) = By(t) forallt 2.17)

where ,

t
BK(t):f Li(s)ds, BM(t)Z[ Lu(s)ds
0 0

are the volume of K and of M below level t.



Lemma 2.3. Let K be an element of CCSF(F), and my its maximal height. For every (11, s, t2) such that
0<1f <s< 1 <mg, wehave

1 h—s 1 S—1h
Ly (s)a1 = p— Ly (t)d1 + p

LK(tz)ﬁ, (2.18)
2— 11 2— 1

1
which is equivalent to say that s — Lk (s) -1 is concave. For a unitary mountain M (with maximal height

d) fortel0,d],
d

A ¢
LM(t):(l—E) , BM(t):l_(l_E)
and then

1 fo—S IR 51 1
r Ly ()41, (2.19)
1

1 . .
and hence, t — Ly;(s)a-1 is linear.

Proof. Fix three heights 1,5, such that 0 < f; < s < t» < mg. Since K is convex, any line intersecting
both Layerg(#1) and Layerg () intersects also Layery(s), and then

h—S S—1h
Layerg(s) o Layerg(#1) + Layerg (%2), (2.20)
h— h—h
(since each element z € Layerg(s) can be written as :22—_;1 z1+ tsz__ttll zy for some z; € Layerg (1) and z; €

Layerg(#2)). By the Brunn-Minkowski inequality (see e.g. Schneider |25} Section 6.1]) applied to the d — 1
dimensional layers, we get
s—h

Layerg (¢ ))+Vo|”‘1 (
h—1h Yerxth d-1 h—h

I:
Vol 2

Layerg(£2) (2.21)

_1
(Layerg(s)) = Vol 47|

1
d-1
d-1
and since Vol,_; (cLayerg (1)) = ¢?~'Vol,_; (Layer (1)), we get (2.18). The other statements are just exer-
cises.

O

To complete the proofs of the lower bound parts of [Theorem 1.5/and of [Theorem 1.7 it remains to

prove Lemma|2.2

Proof offLemma 2.2 There is nothing to prove if K is a unit mountain: we will assume that K is not a unit
mountain, so that its maximum height satisfies mg < d.
Consider the map ¥ : R* — R
W (1) := Lig()@T — Ly (1) 71,

We claim that there exists t* € (0, mg) such that W () is non-negative on [0, £*], non-positive on (t*, mg).
The main argument will be the concavity of ¢t — LK(t)ﬁ and of t — —LM(t)ﬁ (notice the sign):
there is only a tiny complication that comes from the fact that the first one is concave on [0, mk] (and
null thereafter), while the second is concave on the larger interval [0, d] (and null thereafter).
To prove the claim we need three facts:
* By and (2.19), ¥ is concave on [0, m] (and negative on (mk, d), and null thereafter),
* We have meK Lx(dt=1> fomK Ly (8)dt, so that there must exist some ¢ such that Lg (%) > Lys(#) in
(0, mg), so that ¥ must be positive somewhere on (0, mg)
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¢ In the extremities, we have ¥ (0) = 0 and W (mg) can be:

— either positive, and since W () < 0 on (mg, d) the claim holds for t* = mg,

—or ¥(mg) <0, in which case, by concavity, there is a single cancellation time ¢* on (0, mg), and ¥ (¢)
is non-positive on (t*, d].
This proves the claim.

Since the map x — x'/D is non-decreasing (on R*), the claim is also valid for the map ®(1) :=
Li () — Ly (7).

Therefore the map r — Bk (t) — By (), whose derivative is ®(t), is non-decreasing on [0, #*] and non-
increasing on [t*,d]. Since Bg(0) — By;(0) = Bx(d) — Byp(d) = 0, these variations properties imply that
t — By (t) — By (1) is non-negative on [0, d] (and null after that). O

2.1.3 Proof of[Theorem 1.7|upper bound

The main idea is to construct a wide trapezoid T} with a very small height, so that random points
inside have small heights. The first base of the trapezoid is B; := F x {0} and the second one is By :=
(cpF) x {h} for h > 0, and cy, a real number (depending on h), and the trapezoid T}, is the convex hull
of the two bases (and has floor F). Since Vol;_;(By) = cfll_l, and since we want Vol,(Ty) = 1, we set
cp=02/h- Y@= When h goes to zero, ¢y goes to +oo. Take a > 0. For U = (Z, H) uniformly taken in
Ty, E(H) < hand then Qr,(2) =1-2E(H)/d =21-2h/d =1 - a, for h > 0 small enough.

It remains to show that Qg (2) = 1 is impossible: since K has a non-empty interior, for U = (Z, H)
uniform in K, H is almost surely positive, and then E(H) > 0.

3 2D - considerations.

In the 2D case, we will make a great use of top functions, which are simple concave functions. We
focus on convex domains having floor F := [0, 1] x {0}, belonging to SubPrism(F), which prosaically means
that they are contained in the rectangle

Rect:=[0,1] x [0, 2].

We denote by Conca the set of concave functions G : [0,1] — R* such that fol G(x)dx = 1. The set
Conca and SubPrism(F) can be identified by associating with each K its top function (and reciprocally, to
a function G € Conca, the domain below its graph

Dg:=1{(x,y) : y<x}nRect

(see if needed the beginning of|Section 2.1.1). Since it is more convenient to work with functions in the
sequel, we will use the notation

Qy := Qo ().
3.1 General decomposition formula for Qg (n)

The main message of this section is that there exists a formula that allows to compute QS: the formula
is recursive and uses some elements Q! where H are defined using a part of the graph of G. Let us
introduce the material devoted to the expression of this decomposition.
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First, take ¢ € [0,1] and consider the two segments S; := [(0,0), (f,G())] and S, := [(£,G(8)),(1,0)].
Consider L(t), the points that are in D and above the segment S;; similarly, let R(f) those that are in D¢
and above Sy. Formally,

L(1)

oy s0sxs t,yzi;G(t)}nDG, (3.22)

R(1) {(x,y) :tsxs1,y2G(t)+%(G(1)—G(t))}nDG. (3.23)

In what follows, we will sometimes write LE(¢) and R°(¢) to clarify the dependence of these sets on G. For
any E c R?, we will also use the notation |E| standing for the Lebesgue measure of the set E ; hence

IL(B)|+|R(B)|=1-G(n)/2.

In the sequel, we perform a decomposition at any ¢ € [0, 1] along L(¢) and R(¢) and deal with the uniform

®,
G
Si
1 52
0 F 1 F

t
Figure 4: Introduction of the domain L(#) and R(¢)

distribution in these domains which have respective floors S; and S.

We would rather work with the fixed floor F = [0, 1] x {0} and functions in Conca, therefore we map
these domains at a suitable position using affine maps (that preserve both convexity and the uniform
distribution). Note that for ¢ € (0,1) one can find:

« a unique affine map ®*’ with positive determinant, that sends S; on F and L(z) inside Rect, preserves
vertical lines, and such that |®%/(L(1))| = 1; let N(L(1)) be the top function of ®"*(L(¢)) (the prefix "N"
stands for normalized)

¢ a unique affine map ®** with positive determinant, sending S, on F and R(¢) in Rect, preserving verti-
cal lines, and such that |®®?(R(#))| = 1. Let N(R(¢)) be the top function of ®®*(R(1)).

The sequence (QY, n = 0) obeys the following decomposition

Theorem 3.1. For any function G € Conca, anyn =0,

n-1
Q= (”nfll) f GOQNHOQYR®, 1L ™IRO dr. (3.24)
m=0 0

Remark 3.2. allows to express QC(n) in terms of QVRY (m) and QNP (n—1-m) where
NR(t) and NL(t) are relatively simple functions of the initial function G. In order to derive a close formula
for Q%(n), it is morally necessary that the class of domains NL(t) and NR(t) appearing in the decompo-
sition remains under control. This is the case if the class of functions is stable by composition by affine
functions (as constant, linear, quadratic functions are).
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Proof. The proofis inspired by the comb formula in [18].

Consider the family of maps G, : x — (1-1)G(x). For A = 0 the graph of G, is the same as that of G. As
A moves from 0 to 1, the family of domains D% decreases for the inclusion partial order, and eventually,
at time A = 1, becomes flat. Let Uy,---, U, be iid uniform in D®. Let A* = sup{A > 0:Uy,---,U, € D%}.

0 F 10 F 1

Figure 5: Families of map G* (decreasing as A grows). Representation of the images NL(t) and NR(¢) of
L(r) and R(¥) by the affine maps that transport the "floor segments" of both domains onto F, that send
vertical lines onto vertical lines, and that vertically rescale the domain so that |[NR(#)| = |[NL(¢)| = 1.

Almost surely A* € (0,1), and for 1* = A there is a single (uniform index) i* € [1, n] such that U;~ € dD%,
Now, the set of points Uy, - -+, U, together with (0,0) and (1,0) are in convex position if and only if none of
them lies in the interior of the triangle with vertices (0,0), (1,0), U;x, and if the points of [1, 7] \ {i*} can
be partitioned in two parts P;, P, such that all the points with indices in P; lie in LG () and are in convex
position together with the extremities of S; (computed in DC1), and all those of P, lie in RE(t) and are in
convex position together with the extremities of S, (computed in D),

We claim that, for U; = (X;, ;)

n n-1 1 pl _
Q=2 X f f ("m1)|L<t)|’"|R<t>|"—m‘1 NLOQNED p(i* = k, X;x € ddPp+ (1) (3.25)
0 JO

k=1m=0

where P« stands for the law of A*. This formula is valid because:

—when one finds U;+ in dGy~, the other points are uniformly distributed in D%*. We search for the
probability that these points are in convex position (together with together with (0,0) and (1,0) and U;+),
and avoid the triangle (0,0), (1,0), U;x. By applying the affine map (x, y) — (x,1/A) that sends D% over
DY, we are back to the original problem with 7 — 1 points that must fall partly in L(¢), and partly in R(#):
this is why even if we have contracted D¢ into D", the initial function G still plays a role in the definition
of the left and right domains L(t) and R(?).

Now, we claim that

P(i* =k ,X;« edr) =(1/n)G(r)dt. (3.26)

Indeed, in order to sample U; = (X;, ¥;) uniformly at random in DY, one can proceed as follows: sample
X; according to G and then set Y; = G(X;) V; where V; is uniform on [0, 1] (all the V; are independent, and
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independent of the X;). In this representation, i* is the index i of the largest V;, and the remaining X; are
still independent and have distribution G. Injecting (3.26) in Formula (3.25), allows to see that the sum
over k can be simplified, and the integral over A can be factorized, and gives 1.

O

3.2 Exact computation for some particular shapes
3.2.1 The bi-pointed triangular case

Consider the triangle A defined by the concave map of area 1, G(¢) = 2¢ (on [0, 1]), with floor F =
[0,1] x {0}. Let
th = Qa(n)

be the corresponding bi-pointed probability. Let us recover the following theorem due to Bardny, Rote,
Steiger and Zhang [4] (see also Gusakova and Théle [13] for recent results on the number of points on the
convex hull of {Uy,---,U,} U{(0,1), (0,0)} where the U; are iid uniform random points #z in the triangle).

Theorem 3.3. Foralln =1, we have

2}’l
ty=———— 3.27
" n'(n+1)! ( )
The eight first terms of this sequence (starting with ty) are
11 1 1 1 1 1
1)]-}_v_y Tan ) » ) (328)
3 18 180 2700 56700 1587600 57153600
Recall that for all @, b > 0,
1
ﬁuhm::]‘ﬁ“%l—ﬂqut:anYM[Ha+bL (3.29)
0
Proof. For each ¢, L(t) is flat and R(t) is triangular and has area |R(t)| = 1 — t. We then have
th/ CHA-0""ty1 dr=2p2,n)tp—
0 n-1
and using (3.29), we conclude (since (2, n) = 1/(n(n+1))). O
3.2.2 The bi-pointed square case
In a square S = [0, 1]? with floor F = [0,1] x {0}, set g,, = Qs(n).
Proposition 3.4. Foralln =0 we have
B 1 2n (3.30)
qn_n!(n+1)! nl )
The eight first terms are

5 7 7 11 143 143

36’ 288" 2400’ 43200 8467200’ 162570240

1
1; 1) )
2
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Proof. We have G(t) =1 forall t € [0,1], R(¢) is a triangle with area ¢/2, L(¢) a triangle with area (1 — 1)/2.
Still using (3.29), we have:

n—1 n-1 1
Gn = tktn_l_k[ t/12)k1-0/2)kFDgr (3.31)
=0\ k 0
nmlip—1 1 1 1 “lp-1\{n+1
B ,CZ:O( k )(k+1)!(n—k)!ﬁ‘n!(n+1)!kzzo( k )(n—k)’ (5:32)

to conclude, observe that this last sum is (2:) because one can partition the set of subsets of size n of
{1,---,2n}, with respect to their numbers k of elements belonging to {0,---,n — 1} (and then, k ranges
fromOton-1). O

3.2.3 The bi-pointed parabola case

Consider the parabolic function G : x — 6x(1 — x); its area is 1, and of course, G is in Conca. Let
pn = QY be the probability that 7 iid point taken uniformly in D, together with (0,0) and (1,0) are in
convex position.

Theorem 3.5. For all n =0 we have

12n+1

= (3.33)
6(2n+2)!

Pn

Proof. In this case,
IL(6)] = 2 and |R(8)| = (1 - 1)3.

Moreover, L(t) (resp. R(t)) can be sent on D¢ using an invertible affine map, so that NL(t) = NR(¢) = G.

We then have by|Theorem 3.1} pp =1, and forn =1,

" n-1 ! 3k 3(n—-k-1)
Pn= Z PkPn—l—kf GHrr"1-1 dt. (3.34)
k=0 k 0
Replacing G(¢) by 6¢(1 — ) (inside this integral) and using (3.29), we get
n=llp—1 1+3K)!1+3(n-k-1))
= _1-k X6 . 3.35
Pn ];0( k )pkpn 1-k % @) ( )

To prove that the sequence (p,) given in (3.33) satisfies this formula, it suffices to assume that it does so
for all k < n (for some n = 1), and to prove that it does so for n as well. To do this, replace in the rhs py by
125+1/(6(2k + 2)!) and a quick inspection shows that this is sufficient to establish that

3n+1| 4 _"il 2+3k) 2 [2+3(n-k-1) 2 (3.36)
n-1/@Bn+1) Z\ k [3k+2{ (m—k-1) [2+3(n—-k-1) '

(we have slightly modified the formula to highlight the expressions that we discuss now). Now, we claim
that this formula is just a consequence of the fact that the number of paths with step +2 or —1, of length
3N +k, that hits —k (with k > 0) for the first time at time 3N + k is counted by (*"¥) £ so that the
lhs of counts the number of paths hitting position —4 for the first time at time 37 + 1 while the
rhs decomposes the convolution of pairs of paths, each of them hitting —2 at their ends, and having a
cumulative number of steps equal to 3n + 1. Hence, the formula is valid for n, and by induction, for all

n. O
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3.3 Barany’s analogues in the 2d-floor case

It is a well-known result, due to Barany[1], that in any convex set K with non-empty interior, the
convex hull of 7 iid uniform points taken in K, conditioned to be in convex position, converges for the
Hausdorff distance dg in probability to a (unique) deterministic convex domain Dom(K) inside K. The
domain Dom(K) can be characterized both as the aforementioned limit, or as the only domain among all
convex subsets of K realizing the maximum of a quantity called the affine perimeter AP. This maximum
will be denoted by AP*(K). However, fixing a floor [0,1] to K does not affect this property ! In fact, we
have the following proposition:

Proposition 3.6. Consider a convex domain K € CCSF([0,11), and let Uy, ..., Uy, be an n-tuple of points
with distribution Uk (n), conditioned to be in convex position together with (0,0),(1,0). There exists a
unique set S K, with S € CCSF([0,11]), such that

dp(CH({UY,..., Uy U [0,11), 5) 272 0, (3.37)
Proof. A segment has an affine perimeter of zero, i.e. for any K € CCSF([0,1]), the affine perimeter of
K is actually the affine perimeter of its "convex" boundary above [0, 1]. Hence, with this property and
Bérany’s result [1], it is clear that there exists a unique set S c K, with S € CCSF([0,1]), which realizes
AP*(K) = AP(S) and, once more by Barany’s, the convex hull of an n-tuple of points with distribution
Uk (n), conditioned to be in convex position together with (0,0), (1,0), converges in probability for the

Hausdorff distance to the "convex" boundary of S above [0, 1]. O

If K is a polygon, the boundary of Dom(K) is composed of finitely many parabola arcs. In the fixed
floor case, if A is the triangle of vertices (0,0), (1,0), (1/2,2), for n iid uniform points taken in A and con-
ditioned to be in convex position together with (0,0), (1,0), the convex hull of these points converges
for the Hausdorff distance to the convex set whose boundary is composed of the parabola of equation
t — —41> + 4t and the segment [0, 1]. We denote by LS this convex set (standing for "Limit Shape"). This
parabola is the only one contained in A whose extremities are tangent to A at (0,0) and (0, 1). Hence, an

immediate corollary of is:

Corollary 3.7. Let U[n] be n points with distribution U (n) conditioned to be in convex position together
with (0,0), (1,0). We denote by s, the probability that U[n] are in convex position under their limit shape
LS. We have

( 2)" pn 2-4" 1 N

Sn=1—- —_——— ~  — .

T8t nH1 (i nme 2

Proof. Tt is standard computation combined with Area(LS) =2/3. O

Let us give another example: among all convex subsets of LS, LS has the largest affine perimeter, so
that the convex hull of an n-tuple of points with distribution Uy 5(n), conditioned to be in convex position
together with (0,0), (1,0), converges to the boundary of LS.

The domain Dom(K), and its affine perimeter AP(Dom(K)) = AP* (K) appear in another famous result
of Barany|[2], which states that

2(p2) lfn_)e_Z(AP*m)f‘
(PR ) = S i (3.38)

But as a direct consequence of this latter formula, this other result still holds in the 2d-floor case!
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Proposition 3.8. Consider a convex domain K € CCSF([0, 1]). We have

n? (Qr ()™ n?ooe;(%)g_ (3.39)
3.4 Optimisation of Qg (2) in 2D: a second simple proof
In 2D, for all K € SubPrism(F) for F = [0, 1] x {0}, by[Theorem 1.5, we have
Ir = Qk(2) = go. (3.40)

In this section we give an independent proof of the lower bound (we have no simpler proof than the gen-
eral upper bound given in[Section 2.1.1). Again, we will use the set Conca to parameterize the elements
in SubPrism(F). We want to prove that Qg = 1y, and since f; corresponds to Qf with H: t — 2t, it suffices

to prove that
1

1
QZGz[ G(t)(l—G(t)/Z)dth 2t(1-2t/2)dt=1t, for Ge Conca
0 0

which is then equivalent to

1 1
sz(t)dtsf 0%dt, for Ge Conca. (3.41)
0 0

We may (and we will) assume that G is different from the map ¢ — 2t.

First, we claim that holds if G is in Conca, the subset of Conca constituted by non-decreasing
functions. Indeed, in this case, there exists a unique t* € (0, 1) solution to G(t*) = 2t*. Since both G and
t— 2t integrate to 1 on [0, 1]

t* 1
f (G(x) —2x)dx=[ 2x-Gx)dx.
0 *

Now since ¢ — G(¢) +2¢ is non-decreasing, and G(f) — 2t is non-negative on [0, t*], negative on [t*,1], by
setting v* = G(t*) + 2t*, we get

1 t* 1
fGZ(t)—(Zt)Zdt f (G(t)—2t)(G(t)+2t)dt+f (G(t) -21)(G(H) +20)dt (3.42)
0 0 t*
t* 1
v* (G(H)-2ndt+ v*f (G(t)-2ndt=0. (3.43)
0 t*

I\

Which implies the claim.

Since li holds in Conca', by symmetry it holds also for non-increasing concave functions. A con-
cave function reaches its maximum on an interval [f4, £*]. On [0, t,], the map G is non-decreasing and
on [t*,1], non-increasing. At least one of this intervals is not reduced to a point. Now, write

1 t* 1
f G(t)zdr:f G*(ndt+ | G*(pdt.
0 0 t*

By a change of variable, fot* G(t)%drt = t* fol G(t*w)?*du and ftl* G:(Hdt = (1—-t*) fol G2(t* + (1 - t9)w).
Since both u — G(t*u)? and u — G2(t* + (1 — t*)u) are monotonous elements of Conca, by the claim,

1 1 1 1
fG(t)zdtz t*f (2t)2dr+(1—t*)f (2t)2dt=f @n?dt,
0 0 0 0

and this ends the proof.
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3.5 Optimisation of Qk(2) in 2D: a third simple proof

We present here a completely different argument, which we tried to extend to any dimension, but
failed to do so. The idea is first to prove that every function G € Conca can be written as a weighted sums
of mountains. More exactly, if G is piecewise linear (and accounts for a polygon whose boundary contains
the segment [0, 1]), it can be written as

G=) AsM; (3.44)
iel

where [ is a finite set, M, is the unit mountains with appex (s;,2), and }_;c; A5, = 1. In general

1
G= f AsMdpu(s) (3.45)
0

where p is a positive Borelian measure with total mass 1 on [0, 1]: a probability distribution. With this re-
sult in hand, since x — x? is convex, and since fol M2 (x)dx = fol (21)%dt (because Qp(2) does not depend
on the position of the apex of the mountains), by convexity of the map G — fﬂl G(x)%dx,

1 1 1 1
sz(x)dxsf Asp(ds)f (2r)2dr=f n?dt.
0 0 0 0

The simplest way to get (3.45) is to prove (3.44) and conclude by density. The simplest conceptual proof is
as follows: set G :=} ;1 A5, M, for some positive (1;) and distinct (s;). Itis easy to see that, forall a € (0,1),
G'(a*)— G'(a™) is zero except at a € {s;, i € I}, and for an element s of this set,

G'(sH-G (s ) =AMy — M) =As(-2/(1—5)—2/5), (3.46)

so that the slope difference at s in G and the weight of the mountains M characterize each other. If there
is a vertex s = 1 (the case s = 0 is treated similarly), then M, (z) = 2¢, so that finally, G(1) = 21, and again
the value of G at 1 (resp. 0) and 1, (resp. Ap) characterizes each other. These considerations allow to see
that any piecewise linear element G of Conca can be written as a sum of weighted mountains, and the
As; are positive (which is visible in (3.46), because a single mountain explains the negative jump of the
derivative of G at s).

This very last point is the core of what makes this argument difficult to generalize to higher dimen-
sions. Indeed, adding multidimensional mountains can generate additional extreme points that are diffi-
cult to handle, and there is nothing as simple as this "difference of slope" that characterizes the "weights"
of mountains in a polygon.

4 Convex sets in 3D with a floor: new results

In 3D, even for the seemingly simplest case as the cube, the tetrahedron with a 2 dimensional floor,
we have no formula for Qg (n) (but Qg (2) can be computed in these cases). To get an idea on the behavior
of Qx(n), we give here some bounds on this quantity.

4.1 A universal lower bound of Qk(7) for mountains in 3D

Theorem 4.1. Letd = 3. Take any floor F (compact convex subset of R? x {0} with area 1), any unit mountain
M with floor F. Foralln =0,

n n 1

Qun) zY,:=— || 4.
" nl;33j-1
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The first terms of the sequence (Yy,), for n = 0, are the following:
l,l,l,i, 1 , 1 ’ 1 , 1 ’ 1
5760 1320 46200 2356200 164934000 15173928000
We will assume all along the proof that the center of mass of F is at (0,0,0).
The idea is as follows: put Uy, --,U, in M, and consider the height of the layers containing these
points hy,---, hy,. The Layer,, is a copy of Layer, rescaled, and placed at level . We have

Layer,,(h) (1-h/3)F+(0,0,h)

Layerp(h) = F+(0,0,h).
The layers are copies of F. If a point z (random or not) falls in a layer, we may associate a factor a(z),
that we will call F-radius, which measures the smallest copy of F (still with center of mass 0) which would

contain it: for z € Layer(h):
a(z) =min{a:a=0,z¢€ (aF)+ (0,0, h)}.

The knowledge of (a(z), h) is not sufficient to recover z, since given these numbers, we only know that z
belongs to the boundary of (a(z)F) + (0,0, h).

Figure 6: An illustration of[Lemma 4.2} on the left, the points (U;) are in convex position above the polyg-
onal floor. Each horizontal slice of the mountain containing a point is a dilatation F’ of F (with center of
mass above that of F), and itself contains a second dilatation F” of F (with center of mass above that of F)
having this point on its boundary (these are the represented by gray lines). The scale factor needed to go
from F to F" is a. On the right figure are represented the 2D points (h;, a;) of the successive heights and
factors of the points, from the bottom to the top. If the 2D points (k;, a;) are in convex position (together
with (0, 1)), then the (U;), together with the floor, are in convex position.

Lemma 4.2. For some valid floor F, consider a sequence of points such zy,---,z, in F x [0,3] such that
0<m3(z1) <--- < m3(zy) (their third coordinates are non-decreasing). If the points

(17 0); (ﬂ(z1),77:3 (zl))r ] (a(zn),ﬂ?)(zn))
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are in convex position in the 2D-rectangle [0, 1] x [0,3], then the z; together with the floor F, are in convex
position inR3.

Proof. The point (1,0) somehow encodes the same information as (a(z), 73(z¢)) for zg a point in F. This
is just a consequence of the fact that under the hypothesis, the points in (0a(z;)F + (0,0, 7z;)) are not in
the convex hull of the other partial layers a(z;)F + (0,0, 73(z)). O

Pick Uy, -+, Uy iid and uniform in M or in P, and let us get to (4.1)

Comparison with "2D-problems". Consider the densities

2xon[0,1] x [0,1], (4.47)
2x1x<q-ys3 0on[0,1] x [0,3]. (4.48)

g1(x,y)
&(x,y)

s Denote by f;(n) the probability that (1,0), (X3, Y1),:--,(Xp, ¥y) are in convex position in [0, 1] x [0, 1],
where the (X;, Y;) are iid and have density g;.

s And similarly let 8, (n) be the probability that (1,0), (X3, Y1), -+, (X}, Y;,) are in convex position in [0, 1] x
[0,1], where the (X;, Y;) are iid and have density g».

Lemma4.3. Foralln=0,

Qp(n)
Qum(n)

v

B1(n),
Ba(n).

IV

Remark 4.4. [t is likely that this lower bound is not so good for small values of n, but better for large ones.
As n — oo, if there exists a limit shape for the (U;) conditioned to be in convex position, then one can expect
that the points (a(U;), 3(U;)) would be close to being in convex position in 2D.

Remark 4.5. Similar lower bounds can be computed in higher dimensions (just replaceP(a(U) < a) = a1

in dimension d).

In dimension 3, if K is neither a pyramid, nor an prism, but satisfies Layer (t) = s(t).F (with vertically
aligned center of gravity), and t — s(t) is convex, then again, a comparison with a 2D problem can be
designed (in this case, w3 has density proportional to s*, and a(U), conditionally on w3(U) = h, has density
2x/s(h)? on [0, s(h)].

Proof offLemma 4.3 Taking into account[Lemma 4.2} it suffices to describe the joint laws of (a(U;), 73(U;))

for uniform point Uj;, in the two cases of interest.

nIn the prism case, 73(U;) is uniform on [0, 1] and independent of a(U;). Now, conditional on U €
Layerp(h), U is uniform on this layer, which is isomorphic to F. To compute the law of a(U), we may
work directly on F: for a € [0,1], P(a(U) < a) = P(U € aF) = a?, and then the density of (a(U), 3(U)) is
indeed g;.

aIn the mountain case, 73(U;) has density (1 — y/3)? on [0, 3], since this is the height density, already
discussed several times before. Now, given that U is in Layer,,(), it is again uniform in this layer, which
is isomorphic to (1 — y/3)F, which has F-radius (1 — y/3), and then a(U) will be smaller than this value.
We have P(a(U) < a | U € Layery, (1)) = ala —y/3)2)]1a51_y/3 so that finally, P((a(U),U) € (dx,dy)) =
(I_Zy%)z(l - y/3)2]lx51_y/3dxdy = g (x,y)dxdy as announced. O
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Figure 7: On this representation, one sees that when the point (a, h) with the smallest height 4 is found,
the other points, to be in convex position, must be in the colored zone. The density of the points would
require a third dimension to be drawn, but the probability of finding a given point U; at (a, h) is 2adadh.

Proof of[Theorem 4.1, We will use Lemma [4.3|and establish that ,(n) satisfies the formula announced
for (Y;,).

Let n points Uy, ---, U, with distribution g» in the triangle A with vertices (0,0),(1,0),(0,3) as repre-
sented on Fig.[7| Consider V = (X, H) the U; with the smallest height. The points (U;) together with (1,0)
are in convex position iff all the U; (except V) are in the colored zone represented in Fig. [/} and, with V,
are in convex position. The weight of the colored zone for g» is

)

2 1=ty 3
W(a, h) :fl f I 2xdxdy = a .
h 0 3(1-a)

We claim then that

3 pr1-h/3
Bn = ff 2anW(a,h)"1B,_1dadh (4.49)
0 JO
2 on o noq
. ST —— 4.50
b1 G n!jl:[l3j—1 (4.50)

To finish the proof, we need to explain the following facts: the factor n comes from the fact that any point
can be at position (a, h), the factor W (a, h)"*~! accounts for the presence probability of all other points in
the colored zone, and f,-; accounts for the probability that these points together with V are in convex
position. In order to prove that this last quantity is §,-1, we need to remark the following: let us rescale
the colored region by applying the linear map

x 1l-a
Q:(x,y)— ;,3W(y—h)

which bijectively maps the colored region onto the initial A, and maps vertical lines onto vertical lines.
If U is taken under the density g», and conditioned to be in the colored region, then ®(U) has density g»
on A (since this is the only density null on the axis x = 0, and linear over A, no computation is needed to
make this deduction). O

Remark 4.6. In order to obtain a similar lower bound as|Theorem 4.1| for Qp(n) the Prism P = F x [0,1]
case (in the 3D case), we would need to compute (1 (n), n = 0), but we were not able to succeed to do so.
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4.2 Bound in the tetrahedron case

Consider a tetrahedron T with vertices
A=(0,0,0),B=(1,0,0),C=(0,1,0),D = (0,0,6),

and floor F = CH(A, B, C). The value of Q7(n) does not depend on the side lengths of the tetrahedron (as
long as T is taken non trivial), but note that here the floor area is 1/2: the simplicity of the floor will help
to get a tractable formula in the sequel. Note that for this reason, "the apex" of T, seen as a mountain, is
D and has a height of 6.

The aim of this section is to prove the two following theorems[4.7jand 4.8 that gives two (non trivial)
sequences (¢;) and (u;) such that

(,<Qr(n) <uy for n=0. (4.51)

4.2.1 Computation of a upper-bound.

Theorem 4.7. For any n, we have Qr(n) < u,, where (u,) satisfies the following recursion: ug = 1, and for
n=1,

6 n-1

Y uktn-1-k 4.52)

Up="—F—"—
(n+2)(n+1n =

(so that, in particular u; = Qr(1) =1, up = Qr(2) = 1/2). The first terms from uy to ug are:

L1 11 7 79 337 2069 7033
’72757100° 3500 49000’ 1029000 12348000

Proof. Letus calltop of T, the triangle BCD. We define a floor to top projection, ;: ABC — BCD parallel
to the normal to the floor. Hence, for g = (x, y,0),

ﬂt(CI) = nt(x;yyo) = (x,J/» h(x;J/)),

where h(x,y) =6(1 - (x+ y)) is the height of the top, above q.
Consider now Ty the tetrahedron with vertices A, C, D, 7,(q).
The vertical plane incident to A, D, q,7;(q) intersects the segment (B, C) at the point

[F5+57)

p = ’ )0 ’

X+y x+y

and this plane cuts the initial tetrahedron in two parts. In one of the two half space,one finds the tetrahe-
dron T (q) = A,m+(q), B, D, and in the other side T>(q) = A, m:(q),C, D. We have

1
Vol2(ABC) = 7, Vol (ABp) = , Voly(ACq) =

y
2(x+y) 2(x+y)’

Hence

__Y =
Volg(ADBp)—x+y, Vol3(ADCp) P

and then
Vol3(ABpm(q)) = yh(x,y)/ (6(x+y)), Vol3(ABpm:(q)) = xh(x,y)/(6(x+ y)).
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Figure 8: Representation of g, and 7;(q). The plane incident to A, D, g, w;(q) cuts the initial tetrahedron
in two parts.

Finally set

1-(x+
Vi(x,y) :=Vol3(T1(q)) y o Q-G+y) _

Vol3(ADBp) —Vol3(ABpr(q)) = .

+y X+y
I-(x+y)
Vo(x,y) :=Vols(To(q)) = V0|3(ADCp)—VoI3(ABpn[(q)):x+y—x x+yy =X

The way of reasoning from here is very similar to that which led to "the comb formulas" in [18]. Now,
consider the coordinates of the U; = (X;,Y;, Z;) for the independent uniform random points taken in
T. Conditional on (X;, Y;), Z; being uniform on [0, h(X;, Y;)] can be written as Z; = V; h(X;, ;) with V;
uniform on [0, 1], independent of X;, Y;. Now, consider i* the index i of the maximal V;. Conditional on
(i*, Vi), the other V; are uniform on [0, V;«] (and independent). In other words, the other variables U;
are iid uniform below the plane (x, y, h(x, y) V;x) while U;» is on that plane.

From here we can deduce that

Qr(n):=Qr(1,n—-1) =P ({Up,+,Un-1} c0CH(F U{Uy,"-,Up-1}))

where in this new question, a point Uy is placed at position (X, Y, h(X, Y)) on the surface of the top trian-
gle, where the density of the variable (X, Y) being h(x, y) (the reason is that the position ((X;, Y;),1 <i < n)
are independent of the V; and then, can even be sampled after them (the notation (1,7 — 1) is here to
help to remember that there are indeed 7 — 1 uniform points plus one additional special point on the
top triangle). Hence, to compute Q’.(1,n— 1) we place U as said, and Uj,---, U1 inside T uniformly
at random, independently from Uy. Conditionally on Uy = (x, y, h(x, y)) (which is 7;(q) in the previous
discussion), consider the subsets of the indices J; and J, of the U; belonging to T (gq) and T»(q). If the
points Uy, Uy, ,Up-1 € 0CH(F U {Uy,:-+,Up-1}), then J; and J, must form a partition of {1,---,n—1}. In
particular, we must have

{Ui,ie it € 0CH{U; i€ htU{A B, (q)}, (4.53)
{Uiyie o} € OCH{U; i€ 2} U{A Come(g)} (4.54)
so that, we are back in the initial floor problem settings. We then deduce that
n—1 -1
Qrn) = QL(,n-1) sf Y (" )h(x,y)VoI(Tl)kVoI(Tg)"_k_lQT(k)QT(n—k—l)dxdy.
(x,)€ABC j=o\ Kk
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The sign "<" comes from the fact that the union over (/;, J») of the events (4.53) contains positions of
points that are not globally in convex position. Observe that

-1
alnk) = (n )f Vi(x, ) Valx, " F i, yydxdy
k |J,yeasc
-1
= t’ )]1 YRk = (x+ ) dxdy
k x+y<1
x,y=0
Using again (3.29),
1 . 1-x j 1 K j+1 k!j!
DIk, ']:=f xf dydx = f xXA-x)" G+ 1)dx=—"——
J x=0 y=0 yey x=0 J (k+ ]+ 2)!
and then
-1 ~1)!
aln K =6|" "Dtk n=1-Kl = DUk, n— ki = DIk +1,n— 1 k]) = 622
k (n+2)!
In fine, putting all together, Q7(n) < Zz;é 6((,?;21))!! Qr(k)Qr(n— k) from what the result follows. a
4.2.2 Lower bound
Theorem 4.8. Let (¢, n =0) be the sequence defined by ¢y = 1, for
-Dint !
n=6 Nk for nz1, (4.55)

Cn+1)! =
then P, = ¢, foralln.

The first terms of the sequence (¢},), for n from 0 to 6 are

11 11 431 2371
5’50° 10500’ 12127500’ 2801452500 | °

1,1,

This bound is better than the general bound given in

Proof. We proceed in the beginning as in the proof of[Theorem 4.7|until the addition of the point Uy, and
again use that Qr(n) = Q%.(1,n-1).

Consider B'C’ the segment obtained as the intersection of the top triangle BC D with the line parallel
to BC containing 7 ;(q), oriented as in Figure

Now, take the indices /1 and J> of the U; (with1 < i <n-1),suchthati€ J; < U; € T, := ABn(q)B’
andi€ J, = U;eT,:= ACn:(q)C'.

We claim that if /; and J, forms a partition of {1,---,n— 1} and if

{Ui,ie hit < CH{U; i€ ituABn«(g)
{Uiyie o} < CH{U; i€} uACn(g)

then, the points Uy, -+, U,—1 € CH({Uy, -, U,—1}U ABC). The reason is that the plane AB’C’ is therefore a
supporting plane of the CH({Uy, -+, U,-1} U {4, B, C}) and indeed, allows to separate in two independent
parts as claimed, the convexity verification.
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Conditional on Uy = 714(q) = (x, y, h(x,y)), B = (x,0, h(x,y)) and C’ = (0, y, h(x, y)) we get (using the
determinant formula for the computation of the volume),

Vi(x,y) := Vol(T))=y(Q-(x+y)), (4.56)
Vy(x,y) = Vol(Ty) =x(1-(x+y)). (4.57)
We then have that a lower bound is given by
n-1
[n = Z !kén,kg(n,k)
k=0
with
n-1 _1-
gnk) = ( ) f Vik G, vy R G y) i, y)dxdy
k |Jasc

-1
= 6(n ) ykx”_l_k(l—(x+y))"dxdy
k |Jasc

Set t = x + y, and since x + y < 1 we get by expanding y* = Z’,;:O (,fl) th (—x)k-k

n-1 £ [k k—ky ki n—1—k n
gnk) = 6 ff E (DM "x "1-0"dxdt
o=x=t=1 42 \ K1

n-1 ko [k 1
= 6 f (k" — - prdr
0<r<1 klzzo(kl) n-k
n—1 N2 k(K 1
(n’) Z (_1)k—k1
k (2n+1)!k1:0 k1 n—k;

N
-

Sn

we claim that this last sum S;, equals (n(";l))’1 so that we get g(n, k) := 6nl(n—1)!/(2n + 1)! in the end,
which is the theorem statement.
To prove the claim, set y/(x) := Z,’;:O (,fl) (-nkhk % and observe that

k
wl(x) — Z ( k )(_l)k—klx(n—l)—kl — xn—l(_l + l/x)k — xn—l—k(l _x)k.
K=o\ k1
1
Since v is the primitive of ¢’ which is null at zero, we have S, = w(1) = f; w'(x)dx = [; x"" 17 (1 - x)¥dx,

so that with (3.29), S,, = (n(" )"
O
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