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A B S T R A C T

This study investigates the influence of correlations between particle morphology and gradation on the critical
shear strength of three-dimensional granular assemblies via numerical simulations. While grain shape is
acknowledged to play a central role in the mechanical behavior of granular media, only a few works have
explored the combined effects of grain shapes varying with grain size. Employing three-dimensional discrete-
element simulations, we explore the shear behavior of samples with diverse particle size distributions, where
grain shapes (ranging from spheres to very angular polyhedra) are assigned based on the relative size of
each particle. Using drained triaxial shear tests, we analyze the macroscopic behavior up to large deformation
levels. Micro-mechanical analyses are also conducted to understand the underlying mechanisms governing the
observed macroscopic behavior, highlighting the role of grain connectivity and force transmission. Surprisingly,
well graded samples composed of coarse angular grains and fine rounded ones are not capable of developing
higher shear strengths than uniform samples with the same diversity on grain shapes. Conversely, samples
where coarser grains are rounded and fines are angular, show constant shear strength as the particle size
distribution becomes broader. These findings underscore the importance of simultaneously considering grain
size and shape distributions for the assessment of realistic granular soil behavior.
1. Introduction

Geotechnical and mining engineering often deal with materials
whose mechanical properties are challenging to characterize. This is
particularly evident for coarse granular materials, such as crushed rock
obtained after blasting and grinding. These materials, composed of
grains of varied geological origin and displaying a wide range of sizes,
shapes and strengths, are the building blocks for structures such as
rockfill dams and mine waste rock piles (Marsal, 1967; Barton and
Kjærnsli, 1981; Aubertin et al., 2002; Ovalle et al., 2014). The chal-
lenges for the mechanical characterization of coarse grain assemblies lie
in the fact that, while laboratory tests can be performed on materials
composed of fine gravels, sands or any finer grains, coarse granular
materials may contain large cobbles and clasts that are impossible to
fit in standard testing devices (Ovalle et al., 2020). Historical attempts
to overcome this limitation have consisted of building large laboratory
shearing devices (Marachi et al., 1972; Bauer and Zhao, 1993; Verdugo
and de La Hoz, 2007; Hu et al., 2011; Linero-Molina et al., 2020), large
oedometric cells (Oldecop and Alonso, 2004; Osses et al., 2024) and
in situ direct shear boxes (Barton and Kjærnsli, 1981; Matsuoka et al.,
2001; Ovalle et al., 2023).

∗ Corresponding author at: Department of Civil, Geological and Mining Engineering, Polytechnique Montréal, Québec, Canada.
E-mail address: carlos.ovalle@polymtl.ca (C. Ovalle).

The condition to test a representative mass of material relates the
minimal sample dimension with its maximum particle size (Cerato
and Lutenegger, 2006; Amirpour Harehdasht et al., 2019; Cantor and
Ovalle, 2023; Girumugisha et al., 2024). Even when very large testing
methods are used, it is often necessary to reduce the characteristic
grain size of rockfill materials by removing the coarsest size fraction to
meet standard geotechnical testing requirements (ASTM D7181, 2020).
This is usually achieved using downscaling methods, such as parallel
grading or scalping, which inevitably alter the particle size distribution
(PSD) of the original material. In doing so, other material properties
may also change, such as particle shape distribution, if the material
presents grain size-shape correlations (Linero et al., 2017; Meng et al.,
2023). A number of studies have proven that changes in PSD do not
affect the critical shear strength as long as the particle shape remains
constant (Muir-Wood and Maeda, 2008; Li et al., 2013; Yang and Luo,
2018; Polanía et al., 2023). However, if the characteristic grain shape
is altered by removing coarse particles, the mechanical behavior of
the small-scaled sample might not be representative of the original
material (Cho et al., 2006; Cavarretta et al., 2010). Scaling methods are
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then not appropriate in materials having grain size-shape correlations.
This topic, however, remains poorly understood and the coupled effects
of varying grain shape as a function of grain size has only been covered
by a few works, such as the experimental studies by Yang and Wei
(2012) and Ovalle and Dano (2020), or more recently, using two-
dimensional discrete-element simulations (Linero et al., 2019; Carrasco
t al., 2022, 2023).

The discrete-element method (DEM) (Cundall and Strack, 1979;
Moreau, 1988) provides a privileged framework to explore the me-
hanics of granular media, as it allows for the explicit description of
he particle geometry while exploring the multi-scale response of the
aterial. These discrete multi-scale approaches have become key to
nderstanding the complex behavior of disordered granular systems
omposed of spheres, regular polyhedra, and ellipsoids (Nicot et al.,

2005; Azéma et al., 2013; Wu et al., 2021a; Adesina et al., 2023). More
realistic grain shapes have also been considered through the use of
rregular polyhedra and clusters of spheres (Nie et al., 2019; Xu et al.,

2021; Fan et al., 2024), although the number of particles and length of
imulations are quickly limited by computational costs. These studies

have certainly provided a comprehensive understanding of macro- and
icro-mechanical behavior of granular materials, but have neglected

the fact that soil often presents grain shape variations across grain sizes.
In this paper, we introduce a systematic DEM study of the effects

of the particle shape distribution on the mechanical behavior of gran-
ular materials. While previous works have used mono-size mixtures of
different grain shapes (bi-shape or mixtures) (Gong et al., 2024; Illana
t al., 2024), this work explores a wide range of gradings in samples

presenting grain size-shape correlations. Despite the fact that our study
motivation focuses on the critical shear strength of coarse granular
materials, our outcomes and observations are also valuable to other
granular mechanics problems such as determining the runout distance
of dry granular flows (Nie et al., 2024) or the analysis of mechanisms
ehind grain segregation and layering (Makse et al., 1997/03/01).

This manuscript is organized as follows. In Section 2, we introduce
the material model and size–shape correlation that allowed us to build
 set of 3D numerical samples, from mono-size to highly variable

in particle sizes, and containing grain shapes from spheres to very
angular polyhedra. In Section 3, we analyze the macro-mechanical
ehavior of the numerical samples when subjected to triaxial shearing

up to relatively large deformations. In Section 4, we use a series of
icro-structural descriptors to characterize the effect of size–shape cor-

elations on grain connectivity and force transmission mechanisms. We
lso identify the contribution each shape class makes to macroscopic

shear strength. Finally, we conclude and draw perspectives of this work.

2. Numerical model

2.1. Dispersity of grain size and shape

The dispersity of grain geometry and properties, also referred as
o polydispersity, is common in natural and industrial granular mate-
ials (Ovalle and Dano, 2020; Zhao et al., 2023). First, in terms of size
ariability of grains, the PSD is usually the preferred tool to quantify the

size classes present in a material, based on the mass of sample coarser
or finer than a certain size. However, the PSD alone does not provide
any insight into particle shape properties. The grain shapes can be
described by countless factors, being the most common the angularity,
elongation, sphericity and roughness (Linero et al., 2017; Angelidakis
et al., 2021).

In this work, we consider three-dimensional numerical assemblies
with PSD varying from mono-size, uniform samples up to well-graded
grain assemblies. The spectrum of particle shapes is varied from regular
ctahedral to perfect spheres. Fig. 1 displays the six different shapes
𝑃 1 to 𝑃6) considered in this study. Note that the typical size of grain
is related to the circumscribing sphere around the grain.
2 
Table 1
Geometrical characteristics of grains 𝑃1 to 𝑃 6. 𝑛𝑣 is the number of vertices, 𝑛𝑓 is the
umber of faces, the angularity is the ratio between the volume of particle (𝑉𝑃 ) and
he corresponding circumscribing sphere (𝑉𝑠) (Angelidakis et al., 2021), and  is the

sphericity, which denotes the ratio of the surface area of a sphere with equivalent
olume to that of the given particle (Wadell, 1933).
Particle 𝑛𝑣 𝑛𝑓 Angularity Sphericity ()
P1 6 8 0.32 0.84
P2 8 12 0.37 0.80
P3 12 20 0.61 0.93
P4 74 144 0.91 0.98
P5 130 256 0.95 0.99
P6 Spheres – 1 1

Table 1 displays a summary of some relevant geometrical properties
of each particle, relative to a spherical shape. Note that the shapes
selected for this work have different degrees of axial symmetry. For
instance, particles 𝑃 1 (octahedra), 𝑃 2 (cube) and 𝑃 3 (icosahedron)
are platonic solids and all their faces have the same shape, while
olyhedra 𝑃4 and 𝑃 5 are symmetric at least along one of their axis.
hile we could have chosen other irregular or non-convex polyhedral

shapes, there are a few factors motivating the current selection: (1)
 gradual increment of vertices or sides of polyhedra is a simple
trategy to modify the angularity of the grains, and more complex
hapes might have required a set of multiple parameters for their
eometrical description; (2) contact detection between polyhedra is not
 trivial problem, and venturing into non-convex grain shapes implies
sing less optimized strategies to contact detection that would increase
omputational cost. For the selected particle shapes, the elongation
ndex, flatness index, and convexity are equal to 1, leaving sphericity
nd angularity as the primary shape descriptors that vary among the
tudied grain shapes (Zhao et al., 2015; Wu et al., 2023).

In terms of the relations between grain size and shape, two correla-
tions were explored:

• Case A: larger grains are rounded while smaller ones are angular.
• Case B: larger grains are angular while smaller ones are rounded.

The choice of these correlations is not arbitrary. Experimental works
focused on assessing grain size-shape correlations have observed that
both correlations may exist in natural geological materials (Linero
et al., 2017; Ovalle and Dano, 2020), due to the configuration of
mineral in the rock from which the grains derived. The process of
creating correlated size-shape grains can be broken down into the
following steps:

• (i) The PSD breadth is defined by selecting a maximum and min-
imum particle diameter, 𝑑max and 𝑑min, respectively, and the ratio
𝑅𝐷 = 𝑑max∕𝑑min varied from 𝑅𝐷 = 1 (mono-size) to 𝑅𝐷 = 5.7.

• (ii) The range 𝑑min to 𝑑max is divided into six and the particles
shapes 𝑃 1 to 𝑃 6 are assigned to each sub-size. This produces a
certain number of grains per size that ensures that a uniform
particle distribution by mass is achieved. In other words, there
are more particles in number of the finer class of grains than in
the coarser class; see PSDs in Fig. 2.

• (iii) Depending on whether Case A or B is being generated, an
appropriate shape is assigned to each specific particle size 𝑑.

2.2. Particle simulation

This numerical study is developed on a discrete-element approach
named non-smooth contact dynamics (NSCD). Different to ‘smooth’
DEM, such as that proposed by Cundall and Strack (1979), the NSCD is
 discrete method that considers particles as perfectly rigid bodies inter-

acting through mutual exclusion and dry friction (Moreau, 1988; Jean
and Moreau, 1992; Dubois et al., 2018). This approach removes the
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Fig. 1. Set of different particle shapes considered in this work.
Fig. 2. Particle size distribution (PSD) where each particle diameter 𝑑 is normalized
by the maximum particle diameter 𝑑max. The different curves correspond to different
ratios 𝑅𝐷 = 𝑑max∕𝑑min.

necessity for a regularized relationship between particle overlapping
and contact force often characterized by contact stiffness and damping
coefficients. Instead, the NSCD operates by considering interactions
between grains being ruled by Newton’s coefficient of restitution and
Coulomb’s friction law. In effect, the time-stepping strategy in NSCD
relies on tracking changes in relative velocities between particles and
momentum transfer, which can be integrated to find contact forces
and body displacements. Although a complete rigidity of grains cannot
be numerically assured, initializing each step with preceding force
calculations reduces fluctuations below acceptable levels, generally
falling beneath the numerical solution. For more details about the
mathematical framework and numerical implementation of the NSCD
method, please see Refs. Renouf et al. (2004) and Radjai and Richefeu
(2009b).

The NSCD time-stepping is composed of three main ingredients: (i)
contact detection, (ii) resolution of contact force and particle relative
velocities, and (iii) update of body positions and forces. The contact
detection is based on the distance between the particles, and this
distance can be computed differently depending on the interaction type.
In numerical assemblies composed of bodies of different angularity,
from spheres to very angular particles, a variety of interactions can
be produced as sphere–sphere, polyhedron–polyhedron, or sphere–
polyhedron touch. Note that – still today – DEM simulations very often
are developed using spherical grains or clumps of spheres that mimic
more complex grain shapes. Real polyhedral grains are less common
due to the complexity of interactions, limitations in computational
power and management of the data structure whose size can be sig-
nificant. In this work, we use full polyhedral bodies as well as an
implementation that allows us to combine, for the first time in the
frame of NSCD, polyhedra with spherical grains. Such a large variety
of grain shapes and interactions is rarely seen in DEM simulations.

Eight different contact situations between particles can arise when
including polyhedra and spheres in an assembly. Among sphere-sphere
contacts we can find (a) point contacts; while between polyhedra we
can find (b) vertex-to-face, (c) edge-to-face, (d) face-to-face and (e)
edge-to-edge. Finally, between spheres and polyhedra we can find (f)
point-to-vertex, (g) point-to-edge and (h) point-to-face. See Fig. 3 for a
3 
schematic representation of each contact type. Numerically, the contact
geometry can be represented by a contact point, a contact line or
a contact surface. A contact point represents the contact geometry
of all sphere–particle, vertex–face, and edge–edge contacts between
polyhedra. To model contact transmitted by a line (edge–face contacts)
or surface (face–face contacts), it is assumed that the contact is trans-
mitted by a finite number of points; a contact line is defined by two
points and a contact surface by a minimum of three points. Although
the location for these contact points may vary along the interaction,
only their resultant force and point of application have a physical
meaning (Cantor et al., 2020).

In terms of contact detection, Fig. 4(a) shows the simplest set
of interactions that can occur in our simulations referring to touch-
ing spheres, where the distance between two spheres is calculated
using the center-to-center distance and respective radii. More challeng-
ing is the contact detection between polyhedra, where the distance
between a pair of bodies is determined by calculating a separation
plane using Cundall’s ‘‘common plane’’ technique (Cundall, 1988), as
shown in Figs. 4(b)–4(e). This method iteratively defines the plane that
minimizes the distances from the vertices of each polyhedra to the
separating plane, based on the perturbation of the orientation of the
normal vector of the plane (Dubois, 2011). Finally, Fig. 4(f) shows that
the distance between a sphere and a polyhedron is calculated by pro-
jecting the sphere center onto the polyhedra surface and determining
the distance between the projected point and the sphere’s center. For
a more detailed explanation of the contact detection mechanisms used
in our simulations, we refer the reader to Radjai and Dubois (2011).

The contact force resolution in NSCD is an iterative process that sta-
bilizes contact force and particle relative velocities fluctuations within
a certain tolerance. The implicit nature of the time integrator makes
it unconditionally stable. Only the time step (𝛥𝑡) needs to be adapted
for each simulation or set of boundary conditions, so it is a fraction of
the collision time between particles 𝜏𝑐 . In practice, this is achieved by
prescribing the relationship 𝛥𝑡 ≪ 𝜏𝑐 ≈ 𝑑∕𝑣𝑚𝑎𝑥, where 𝑑 is the typical
particle size and 𝑣𝑚𝑎𝑥 is the maximum velocity a particle can reach at
any given time.

2.3. Sample generation

Numerical samples for this study were created with a number of
particles (𝑁𝑝) that varied depending on the particle size distribution.
𝑁𝑝 ranged between 10 000 for 𝑅𝐷 = 1 to 25 000 for 𝑅𝐷 = 5.7. Assemblies
of grains were built by sequentially placing grains in a box of square
base 𝑊 and height 𝐷, using geometrical protocols (Jullien et al.,
1992; Voivret et al., 2007). The box dimensions and scale followed the
laboratory testing standard ASTM D7181, thus, keeping a consistent
sample ratio 𝐻∕𝑊 = 2 and a sample size that ensured a ratio 𝑊 ∕𝑑max ≥
10. Fig. 5(a) shows a screenshot of a sample created following such a
protocol.

In order to prepare the samples for triaxial shearing, they were
previously compressed by applying controlled forces to rigid walls on
all faces of the sample box up to an isotropic pressure 𝑃 = 10 k Pa.
This compression is continued until the void ratio 𝑒 = 𝑉𝑣∕𝑉𝑠 (𝑉𝑣
denotes the volume of voids and 𝑉𝑠 the volume of solid grains) is
stabilized. Fig. 5(b) to (e) display screenshots of the samples after
isotropic compression for the different size-shape correlations and 𝑅 .
𝐷
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Fig. 3. Contact types between spheres, polyhedra, and spheres in contact with polyhedra.

Fig. 4. Contact detection scheme between spheres, polyhedra, and spheres in contact with polyhedra.
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Fig. 5. Screenshot of a sample after construction protocol for 𝑅𝐷 = 1 (a); samples with particle size span 𝑅𝐷 = 1.2 (b) and (c), and 𝑅𝐷 = 5.7 (d) and (e) for different size-shape
correlations.
During isotropic compression, gravity and friction between particles
and walls were set to zero, so no internal pressure gradients are created
and the applied stresses on the box correspond to principal stresses.

Drained triaxial shear tests were conducted by applying a constant
vertical velocity (𝑣𝑠) to the upper and lower walls, while lateral walls
maintain constant confinement pressure 𝑃 ; see schematic representa-
tion of boundary conditions in Fig. 6. We used rigid boundaries in
our simulations to simplify the model and avoid strain localization.
However, it is well known that the critical shear strength is not sig-
nificantly influenced by the boundary conditions (Binesh et al., 2018;
Wu et al., 2021b). Upon shearing, the interaction between grains was
modeled using a Coulomb’s dry frictional coefficient 𝜇 = 0.4 and
Newton’s coefficient of restitution 𝑒𝑅 = 0 . The shearing rate was
determined based on the inertial number 𝐼 = 𝑑 ̇𝛾√𝜌∕𝑃 , where 𝜌 =
2600 k g∕m3 is the particle’s density, �̇� = 𝑣𝑠∕ℎ0 is the shear rate and
ℎ0 is the height of the sample after isotropic compression. In order to
ensure a quasi-static shearing regime, the inertial number was set to
1 × 10−3 (GDR-MiDi, 2004). The axial strain 𝜀𝑎 = 𝛥ℎ∕ℎ0, where 𝛥ℎ is
the change in sample height along the direction of shearing, reached
0.4 in all the simulations.

All the simulations were performed on the modeling platform
LMGC90 (Dubois et al., 2011, 2023), a free, open-source software
capable of simulating discrete mechanical systems using the NSCD
method.

3. Macroscopic mechanical behavior

The mechanical behavior was studied through measurements for
stress, strain and deformation quantities during shearing. First, the
volumetric strain was computed using its relationship with the sample’s
void ratio as 𝜀𝑣 = (𝑒 − 𝑒0)∕(1 + 𝑒0), where 𝑒0 is void ratio after
isotropic consolidation. Fig. 7 illustrates the evolution of volumetric
strain as a function of the applied vertical strain 𝜀𝑎. At lower levels
of axial deformation, samples with low 𝑅𝐷 display an initial phase of
contraction from 𝜀𝑎 = 0 to 0.15, followed by a period of dilatation. All
samples exhibited a steady volumetric strain beyond 𝜀𝑎 ≈ 0.3, except
samples with 𝑅𝐷 = 1.2 and 𝑅𝐷 = 1.5 of Case 𝐴, which nonetheless
exhibit a tendency to stabilize. This is a classical limitation of triaxial
5 
Fig. 6. Schematic representation of triaxial boundary conditions employing rigid lateral
walls around the sample.

shearing on dense samples, which usually require larger strains to fully
reach the critical void ratio (Azéma et al., 2013; Cantor et al., 2024).

Secondly, the macroscopic mechanical response was characterized
through the normalized shear stress 𝑞∕𝑝, where 𝑞 is the deviatoric stress
and 𝑝 is the average pressure within the assembly. These quantities are
measured using the granular stress tensor 𝜎, defined as (Potyondy and
Cundall, 2004; Andreotti et al., 2013; Nicot et al., 2013):

𝜎𝑖𝑗 =
1
𝑉

∑

∀𝑐
𝑓 𝑐
𝑖 𝓁

𝑐
𝑗 , (1)

where 𝑓 𝑐
𝑖 is the 𝑖 component of the force at contact 𝑐, and 𝓁𝑐

𝑗 is the 𝑗
component of the branch vector, the vector joining the center of mass
of touching particles at contacts 𝑐; these definitions are illustrated in
Fig. 8. We use the principal stresses of 𝜎 (i.e., 𝜎1, 𝜎2, 𝜎3) to calculate
𝑞 = (𝜎 −𝜎 ) and 𝑝 = (𝜎 +𝜎 +𝜎 )∕3. The evolution of 𝑞∕𝑝 as a function
1 3 1 2 3
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Fig. 7. Evolution volumetric deformation 𝜀𝑣 for Cases A (a) and B (b) as a function of the axial deformation 𝜀𝑎.
Fig. 8. Schematic representation of two interacting grains, displaying the associated
force and branch vectors.

of the axial strain is presented Fig. 9. We can observe a gradual increase
in shear resistance in all cases up to 𝜀𝑎 ≈ 0.1. Beyond this point, and
despite some fluctuations, 𝑞∕𝑝 reaches a steady value. The stress–strain
behavior lets us suggest that the set of granular samples consistently
reach a critical strength after an axial strain 𝜀𝑎 ≈ 0.3, even if 𝜀𝑣 may
still not fully stabilize in some samples.

To compare the size-shape correlation effects on the mechanical
behavior, we plot in Fig. 10(a) the evolution of the mean values for
⟨𝑒⟩ and ⟨𝑞∕𝑝⟩ at critical state, as a function of 𝑅𝐷. Note that ⟨𝑒⟩ and
⟨𝑞∕𝑝⟩ are computed using the last 10% of axial deformation 𝜀𝑎. For
⟨𝑒⟩, Case A exhibits a gradual decrease as function of 𝑅𝐷, while Case
B displays a parabolic evolution, first increasing up to 𝑅𝐷 ≈ 1.5 and
then gradually decreasing for larger grain size spans. This behavior is
consistent with the results of previous studies, which showed that the
void ratio of granular materials decreases as the 𝑅𝐷 increases (Voivret
et al., 2007; Azéma et al., 2017). This effect is clearly more pronounced
in Case A since the smaller particles have angular shapes, allowing them
to fit more closely together.

In terms of the normalized shear stress in the critical state ⟨𝑞∕𝑝⟩,
Fig. 10(b) shows that shear strength is practically independent of 𝑅𝐷
for Case A (around ⟨𝑞∕𝑝⟩ ≈ 1.2), while Case B exhibits a drop in
⟨𝑞∕𝑝⟩ as 𝑅𝐷 increases. The minor discrepancies between Case A and
Case B at 𝑅𝐷 = 1.0 can be attributed to variations in the random
seed used during sample generation and a slight deviation in the 𝑅𝐷
value (1.005 instead of 1.0 to avoid crystallization). However, these
differences are statistically insignificant, as the standard deviations
closely align with the mean values. For the grain dispersion studied,
Case A shows a similar behavior to that observed in mono-shape
grain assemblies where critical shear strength remains unchanged for
differences PSDs (Muir-Wood and Maeda, 2008; Cantor et al., 2020).
Nevertheless, Case B shows a counterintuitive behavior, where samples
with larger angular grains and fine rounded ones are incapable of
6 
developing any larger strength when the grain size dispersion increases.
While the behavior of correlations B were first observed numerically on
2D simulations (Carrasco et al., 2023), it is remarkable that these 3D
simulations strongly differ from the 2D studies regarding correlations
A.

In order to better understand the mechanisms at the origin of
these macroscopic observations, the following sections explore the
microstructural and micromechanical characteristics of the different
samples during shear steady flow.

4. Characterization at the microscale

4.1. Connectivity

Particle connectivity refers to the degree to which solid grains
are in contact with each other. The first indicator of connectivity we
analyze is the number of load-bearing grains (𝑁∗

𝑝 ). Fig. 11 illustrates
screenshots of the specimens in the critical state for Cases A and B, with
𝑅𝐷 values of 1.5 and 5.7. Load-bearing grains are visualized in gray,
while no-force-bearing (floating) particles are displayed in black.

For both correlations A and B, we remark that fewer particles belong
to the force-bearing structure as PSD becomes broader as small particles
are able to fit in the void spaces between larger ones. Fig. 12(a)
shows the evolution of the ratio of force-bearing grains at critical state,
with respect to the total number of grains in the sample (𝑁∗

𝑝 ∕𝑁𝑝)
as a function of 𝑅𝐷. As expected, the ratio 𝑁∗

𝑝 ∕𝑁𝑝 decreases as 𝑅𝐷
increases. There is only a slight increment of the proportion of grains
engaged in force-bearing for Case B up to 𝑅𝐷 ≈ 1.5, presumably due
to the capacity of angular large grains to reach more distant particles
with their sharp edges. Such gain in connectivity is then lost as soon
as the smaller grains start to rattle in the poral space and no longer
contribute to force transmission.

Regarding mean number of contact per load-bearing grain or me-
chanical coordination number (𝑍𝑚 = 2𝑁𝑐∕𝑁∗

𝑝 , where 𝑁𝑐 is the number
of force-carrying contacts) (Thornton, 2000), Fig. 12(b) presents the
evolution of this parameter at critical state as 𝑅𝐷 increases. For cor-
relation A, 𝑍𝑚 seems to be not affected by the grain size distribution,
presenting a value of 𝑍𝑚 ≃ 3.5. In contrast, in Case B 𝑍𝑚 shows an
asymptotic trend, increasing from 𝑍𝑚 = 3.5 for 𝑅𝐷 = 1 to 𝑍𝑚 =
4.5 for 𝑅𝐷 = 2. It is again surprising that Case B presents a larger
average number of contacts per grain at critical state, while the shear
strength of such samples decreases with 𝑅𝐷. This behavior reveals that
other microstructural elements, instead of the relatively simple scalar
measure 𝑍𝑚, must be acting together to explain the drop of macroscopic
shear strength.

4.2. Force network

At the contact scale, a local framework (�̂�, 𝑡) is formed by �̂�, the unit
vector perpendicular to the contact plane between grains, and 𝑡, an
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Fig. 9. Evolution of the normalized shear stress 𝑞∕𝑝 for size-shape correlations A and B, respectively, as a function of the axial deformation 𝜀𝑎.
Fig. 10. Critical state parameters: (a) evolution of mean void ratio ⟨𝑒⟩ and (b) normalized mean shear strength in the critical state ⟨𝑞∕𝑝⟩ as a function of grains size span 𝑅𝐷 .
Error bars display the standard deviation of the data.
orthonormal unit vector oriented along the tangential force direction,
as displayed in Fig. 8. In such frame, interparticle forces can be defined
as 𝑓 = 𝑓𝑛�̂�+𝑓𝑡𝑡, where 𝑓𝑛 and 𝑓𝑡 are the normal and tangential contact
forces, respectively.

Fig. 13 illustrates a map of the normal forces at critical state,
displayed as columns between the mass centers of touching grains. The
thickness of the columns are related to the magnitude of the corre-
sponding normal contact force. Visual inspection reveals the anisotropic
and heterogeneous nature of these force networks. In Case A, where
smaller particles are angular and larger ones are rounded, the het-
erogeneity of contact forces appears to be amplified at higher values
of 𝑅𝐷. However, in Case B there are no major differences in force
network architecture as 𝑅𝐷 changes (see Figs. 13(b) and 13(d)). This
finding, together with the connectivity analysis in the previous section,
indicates that a class of fine rounded particles improves connectivity
at critical state and contributes to a more uniform force distribution in
our granular samples.

Force distribution within a granular assembly is commonly studied
through the probability density function (PDF) of contact force magni-
tudes, generally exhibiting two features: (i) the PDF generally follows
a decreasing exponential pattern of forces exceeding the average; (ii)
for forces below the mean, the probability of having small-magnitude
forces does not decline to zero (Richefeu et al., 2009; Cantor et al.,
2018).

Fig. 14 shows the probability density functions of normal forces
𝑃 (𝑓𝑛) in log-linear scales for cases A and B at critical state, normalized
by the mean normal force ⟨𝑓𝑛⟩. For Case A, we note an important
increase in the capability of the grain assembly to transmit larger
forces as 𝑅𝐷 increases. Samples with a broad particle size distribution
can present forces up to three times the maximum forces observed
7 
in a mono-size sample. On the other hand, Case B presents only a
slight increase in force magnitude as 𝑅𝐷 increases. These figures are
in agreement with the previous observations in grain connectivity and
force network at critical state.

4.3. Fabric and contact and force anisotropies

To understand the drop of critical strength for Case B as a function
of 𝑅𝐷 and the apparent independence of strength on 𝑅𝐷 for case A, it
is useful to use the decomposition of the granular stress tensor in terms
of micromechanical descriptors, following the works of Oda (1982)
and Rothenburg and Bathurst (1989). This approach is based on the
fact that contacts, forces and branch vectors have distributions in space
that can be described using harmonic functions.

First, the contact anisotropy (𝑎𝑐) represents the excess of contacts
oriented in a certain direction and the lack of contacts along the
perpendicular direction. This anisotropy is linked to the Fabric tensor
(𝐹𝑖𝑗), which is defined based on the contact normal vectors �̂� as:

𝐹𝑖𝑗 =
1
𝑁𝑐

∑

𝑐∈𝑉
𝑛𝑐𝑖 𝑛

𝑐
𝑗 , (2)

so 𝑎𝑐 = 5∕6(𝐹33 − 𝐹11), where 𝐹33 is the component of the fabric tensor
in the vertical direction (i.e., along axis 𝑧) and 𝐹11 is the horizontal
component (along axis 𝑥).

Secondly, the geometric arrangement of grains of different shapes
and sizes leads to vector branch lengths that can vary in space and
present preferred orientations. Consider the branch vector (i.e., the
vector connecting the centers of two touching particles) represented
in the contact framework as 𝓁 = 𝓁𝑛�̂� + 𝓁𝑡𝑡, where 𝓁𝑛 is the branch
projection on the normal contact orientation, and 𝓁 is the branch
𝑡
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Fig. 11. Screenshots of floating particles (black) and bearing-force particles (gray) for Case A (left) and Case B (b) for different grain size dispersion at critical state.
Fig. 12. Evolution of (a) ratio of particles engaged in force transmission respect to the total number of particles in the sample and (b) mechanical coordination number as a
function of grain size span 𝑅𝐷 , both measured at critical state.
projection on the tangential orientation to the contact. In this case,
the anisotropy of branch orientations needs to be considered for its
normal and tangential components. In other words, this anisotropy is
associated to two different tensors defined as:

𝐿𝑛
𝑖𝑗 =

1 ∑

𝓁𝑐
𝑛𝑛

𝑐
𝑖 𝑛

𝑐
𝑗 , (3)
⟨𝓁𝑛⟩ 𝑐∈𝑉

8 
and

𝐿𝑡
𝑖𝑗 =

1
⟨𝓁𝑛⟩

∑

𝑐∈𝑉
𝓁𝑐
𝑡 𝑛

𝑐
𝑖 𝑡
𝑐
𝑗 , (4)

where ⟨𝓁𝑛⟩ is the average branch length projected onto the normal
contact orientation. Using these definitions, the associated anisotropy
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Fig. 13. Screenshots of force network at critical state for Case A (left) and Case B (b) for different grain size rations 𝑅𝐷 . The red connections between the centers of touching
grains represent the normal forces whose thickness is proportional to magnitude of normal forces.
Fig. 14. Probability density functions of normal contact forces at critical state in log-linear scales for Case A (a) and Case B (b).
in branch length orientations is simply defined as 𝑎𝓁𝑛 = 5
6

𝐿𝑛
11−𝐿

𝑛
33

𝐿𝑛
11+𝐿

𝑛
22+𝐿

𝑛
33

−

𝑎𝑐 and 𝑎𝓁𝑡 = 5
6

𝐿11−𝐿33
𝐿11+𝐿22+𝐿33

− 𝑎𝑐 − 𝑎𝓁𝑛 , where 𝐿𝑛
𝑖𝑗 corresponds to the 𝑖𝑗

component of the tensor 𝐿𝑛, and 𝐿𝑖𝑗 corresponds to the 𝑖𝑗 component
of the tensor 𝐿𝑖𝑗 = 𝐿𝑛

𝑖𝑗 + 𝐿𝑡
𝑖𝑗 .

Finally, anisotropies in the orientation of contact forces can also be
represented using similar tensors, defined as

𝜉𝑛 = 1 ∑

𝑓 𝑐𝑛𝑐𝑛𝑐 (5)
𝑖𝑗
⟨𝑓𝑛⟩ 𝑐∈𝑉

𝑛 𝑖 𝑗

9 
and

𝜉𝑡𝑖𝑗 =
1

⟨𝑓𝑛⟩
∑

𝑐∈𝑉
𝑓 𝑐
𝑡 𝑛

𝑐
𝑖 𝑡
𝑐
𝑗 . (6)

The corresponding anisotropies of normal and tangential force mag-
nitudes can be found as 𝑎𝑓𝑛 = 5

6
𝜉𝑛11−𝜉

𝑛
33

𝜉𝑛11+𝜉
𝑛
22+𝜉

𝑛
33

− 𝑎𝑐 and 𝑎𝑓𝑡 =
5
6

𝜉11−𝜉33
𝜉11+𝜉22+𝜉33

−
𝑎𝑐 −𝑎𝑓 𝑡, where 𝜉𝑛𝑖𝑗 corresponds to the 𝑖𝑗 component of the tensor 𝜉𝑛 and
𝜉 corresponds to the 𝑖𝑗 component of the tensor 𝜉 = 𝜉𝑛 + 𝜉𝑡 .
𝑖𝑗 𝑖𝑗 𝑖𝑗 𝑖𝑗
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Fig. 15. Microstructural descriptors at critical state: (a) evolution of geometrical and mechanical anisotropies as a function of the grain size ratio 𝑅𝐷 ; (b) comparison between
⟨𝑞∕𝑝⟩ computed using the granular stress tensor (Eq. (1)) and its decomposition in microscopic anisotropies (Eq. (7)).
The variables 𝑎𝑐 , 𝑎𝓁𝑛 , 𝑎𝓁𝑡 , 𝑎𝑓𝑛 and 𝑎𝑓𝑡 not only provide indicators
for the degree of anisotropy in spacial orientations for each of their
corresponding parameters. They also have a deeper connection with
the stress state. As shown analytically and validated in the litera-
ture (Rothenburg and Bathurst, 1989; Radjai and Richefeu, 2009a;
Voivret et al., 2009; Guo and Zhao, 2013; Carrasco et al., 2022), their
relationship with 𝑞∕𝑝 reads as follows:
𝑞
𝑝
= 6

5
(𝑎𝑐 + 𝑎𝓁𝑛 + 𝑎𝓁𝑡 + 𝑎𝑓𝑛 + 𝑎𝑓𝑡 ) . (7)

This remarkable property allows us to understand the underlying
geometrical and mechanical mechanisms at the origin of macroscopic
critical shear strength variations discussed before.

Fig. 15(a) shows the evolution of 𝑎𝑐 , 𝑎𝓁𝑛 , 𝑎𝓁𝑡 , 𝑎𝑓 𝑛 and 𝑎𝑓 𝑡 as a
function of 𝑅𝐷 for both Cases A and B at critical state. In terms of
geometrical anisotropies, we observe that 𝑎𝑐 decreases as the grain size
dispersion increases, which suggests that adding small particles to the
assemblies contributes to creating contacts more homogeneously in all
orientations. This phenomenon occurs despite the fact that many of the
small particles may rattle the poral space during shearing. In any case,
the drop in contact orientation anisotropy is relatively similar in both
correlations A and B. For branch length anisotropies, similar trends are
observed for both cases A and B, with a slightly increment in their
values as the grain size ratio 𝑅𝐷 increases. This behavior is simply
due to the fact that branch lengths have all the same length for mono-
size grains, but, as the grain size dispersion broadens, different branch
lengths can be created as particles of different classes interact.

In terms of mechanical anisotropies, the tangential force anisotropy
𝑎𝑓𝑡 surprisingly remains constant for both cases, with a value of 𝑎𝑓𝑡 ≃
0.15. This suggests that the mobilization of friction forces is not signifi-
cantly affected by the size span and varied grain shapes. In contrast,
the anisotropy related to the normal contact force 𝑎𝑓𝑛 shows rather
different trends for both cases of size-shape correlations. For Case A,
𝑎𝑓𝑛 gradually increases as 𝑅𝐷 increases, while the variations of this
parameter in Case B are substantially smaller. This behavior is linked
to the force distributions displayed in Fig. 14, where the force network
shows a more heterogeneous spacial distribution in Case A, while the
architecture of the networks remains quite similar across different PSDs
in Case B.

In Fig. 15(b), the macroscopic critical shear strength is presented
using the granular stress tensor (Eq. (1)) and its approximation based
on the addition of anisotropies (Eq. (7)). As observed in the figure, the
microscopic description of anisotropies exhibit a very good match with
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the critical shear strength measures via ⟨𝑞∕𝑝⟩. Only small differences
are observed as the grain size distribution becomes broader, still the
values lie within the error bars for the data in the steady flow state.

We can now conclude that, for Case A, the increments in 𝑎𝑓𝑛
are offset by the drop in 𝑎𝑐 , which explains why the macroscopic
shear strength remains constant with 𝑅𝐷. A similar behavior has been
observed in mono-shape samples, where ⟨𝑞∕𝑝⟩ does not depend on PSD
because the increase in 𝑎𝑓𝑛 is matched by the decrease in 𝑎𝑐 (Cantor
et al., 2018, 2020). For Case B, such a compensation between geomet-
ric and mechanic anisotropies only partially occurs for certain grain
size ratios 𝑅𝐷. Before 𝑅𝐷 ≈ 3, we observe that both the contact
orientation and normal force anisotropies gradually decrease as grain
size dispersion increases. Only once 𝑅𝐷 ≥ 3, 𝑎𝑓𝑛 is able to increase
and can compensate further reductions in 𝑎𝑐 . This behavior highlights
the underrated role that rounded fine grains were thought to play in
polydisperse granular assemblies up to date.

5. Conclusions

This research investigated the mechanical behavior of granular
assemblies presenting correlations between the size and shape of grains.
Two distinct correlations, labeled Case A and Case B, were examined. In
Case A, fine grains are more angular than coarse ones, whereas in Case
B, fine grains are rounder. The study also considers granular assem-
blies ranging from mono-sized to polydisperse with a maximum size
ratio 𝑑max∕𝑑min ≃ 6. Utilizing the discrete-element method known as
non-smooth contact dynamics, three-dimensional granular assemblies
were built and tested under triaxial shearing conditions, reaching an
accumulated axial deformation of 𝜀𝑎 = 0.4.

The investigation of the shear behavior in steady flow state revealed
that size-shape correlations significantly influence the mechanical re-
sponse of granular materials. In Case A, shear strength remains prac-
tically unchanged as grain size dispersion increases, whereas Case B
exhibits a decline in shear strength with increasing grain size span.

This behavior is accompanied by complex microstructural mech-
anisms linked to contact organization and force transmission mech-
anisms. For instance, the loss of macroscopic shear strength in Case
B occurs together with particles having more contacts on average.
Conversely, Case A showed a rather constant mechanical coordination
number as grain size dispersion increased.

Further analysis involved decomposing the granular stress tensor in
terms of microstructural anisotropies that take into account the hetero-
geneous distribution in space of contacts and forces between grains.
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This approach has been systematically employed in the literature and
as successfully validated in this work. In particular, it was found

hat the anisotropy linked to contact orientations and normal force
agnitudes primarily drive variations in macroscopic shear strength.
his detailed microscopical analysis helped us reveal that smaller grains
ay have a larger role in mechanical strength than previously consid-

red. While for mono-shape granular assemblies the smaller grains are
ainly considered to belong to the class of grains that likely to rattle

n the poral space, this simplified vision seems no longer sufficient
hen dealing with assemblies of grains with varied particle shapes.

n particular, it seems that small rounded grains have a lubricating
ffect that restrain assemblies with coarse angular grains (Case B) from
eveloping larger shear strengths. In turn, assemblies of large rounded
rains with a class of angular fine grains (Case A) are also limited

from developing larger shear strengths, although they do not show
any relevant change in macroscopic shear strength as the grain size
dispersion is broadened.

The results of this investigation highlight the importance of analyz-
ing both particle size and shape distributions to establish the adequacy
of downscaling methods in coarse granular materials. Future studies in
the vein of this work should explore more realistic mechanisms that
may modify the mechanical behavior of granular matter. In particular,
grains with different sizes and shapes are prone to wear and break as
the material is sheared. For this, different fragmentation models can
be implemented along the grain size-shape correlations. Also, further
studies in size-shape correlated materials are needed on the effects of
different stress paths and boundary conditions, such as triaxial with
flexible walls and direct shear tests. Experimental validation is certainly
also critical and highly wanted in order to highlight the relevance of a
discrete-element approach. Finally, the poral space is another element
to explore in these assemblies where the geometry and size of pores
can be strongly affected by variable grain size and shape composition.
The analysis of this void space may be relevant for problems related to
hydraulic conductivity or internal erosion.
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