
HAL Id: hal-04779289
https://hal.science/hal-04779289v1

Submitted on 13 Nov 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Dispersion and ellipticity of Rayleigh waves in a soil
substrate supporting resonant beams and plates

Jean-Jacques Marigo, Kim Pham, Agnès Maurel, Sébastien Guenneau

To cite this version:
Jean-Jacques Marigo, Kim Pham, Agnès Maurel, Sébastien Guenneau. Dispersion and ellipticity of
Rayleigh waves in a soil substrate supporting resonant beams and plates. Physical Review B, 2024,
110 (9), pp.094110. �10.1103/PhysRevB.110.094110�. �hal-04779289�

https://hal.science/hal-04779289v1
https://hal.archives-ouvertes.fr


Dispersion and ellipticity of Rayleigh waves in a soil supporting resonant beams/plates

Jean-Jacques Marigo
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The behavior of surface waves in a soil supporting an array of beams in three dimensions, or an
array of plates in two dimensions, with compressional and flexural resonances is examined both theo-
retically and numerically. Our findings demonstrate that Love waves, characterized by displacements
perpendicular to the sagittal plane, can propagate even without a homogeneous guiding layer, ow-
ing to the influence of flexural resonances in beams. Within the sagittal plane, hybridized Rayleigh
waves exhibit a dispersion that is notably altered by the presence of the array, with their properties
emerging from the interaction between flexural and compressional resonances. Notably, we uncover
the coexistence of two Rayleigh waves with distinct wavenumbers within specific frequency ranges,
corresponding to prograde and retrograde motions. Additionally, both waves significantly amplify
ground motion, either horizontally or vertically. Similar physics, yet quantitatively different, is
demonstrated in the case of plate arrays.

I. INTRODUCTION

Elastic surface waves can propagate within a soil sub-
strate supporting a periodic array of resonant elements.
Initial studies in this area primarily focused on this phe-
nomenon in the GHz regime, utilizing resonant pillars
typically on the scale of 1/10 micrometers [1–4]. How-
ever, when considering length scales on the order of me-
ters, the frequency range falls within the seismic wave
spectrum. In this context, a network of beams on a
soil substrate serves as the idealized canonical configu-
ration used in seismology to illustrate the ”site-city in-
teraction” problem, which was first explored in pioneer-
ing studies by [5], see also [6]. Theoretical descriptions
of resonators supported by soil often rely on canonical
resonant systems with one or more degrees of freedom
coupled with the soil. These models typically lead to
effective Robin-type boundary conditions for the soil it-
self [7–9]. Building upon these models, advances have
demonstrated the effectiveness of seismic metasurface de-
vices in efficiently shielding both Rayleigh waves [10–15]
and Love waves [16–18]. When the specificity of the res-
onators, such as beam or plate-like elastic structures, was
considered, only one type of resonance was initially ad-
dressed, namely compressional resonances, which were
deemed more significant, as in [19], followed by flexural
resonances [20–23]. Recently, the comprehensive case,
including both types of resonances simultaneously, has
been addressed [24], and the resulting model has been
validated through comparison with simulations for scat-
tering problems. Here, we build upon this study, ex-

tending it to analyze surface waves in the case of three-
dimensional beams and two-dimensional plates, as illus-
trated in figure 1.

Specifically, in this study, we demonstrate that the ef-
fect of resonant structures can be encapsulated in bound-
ary conditions linking normal stress to displacements
in the soil, and these conditions involve, besides fre-
quency, two dimensionless parameters: the slenderness
of the elastic structures and a coupling parameter be-
tween these resonant structures and the soil. The result-
ing dispersion relations of surface waves highlight two
types of waves. In the sagittal plane, we identify hy-
bridized Rayleigh waves whose dispersion arises from the
intertwined influence of flexural and compressional res-
onances. Particularly, in specific frequency ranges as-
sociated with flexural resonances, we show the coexis-
tence of two Rayleigh waves. This results in soil dis-
placements characterized by predominantly horizontal or
vertical motions, indicating either high ellipticity or near-
zero ellipticity. In the case of three-dimensional beams,
we also demonstrate the existence of Love waves, asso-
ciated with displacements perpendicular to the sagittal
plane. These waves, sensitive only to flexural resonances,
are the elastic counterparts of plasmon polaritons in elec-
tromagnetism [25].

The rest of the paper is organized as follows. In §II,
we present the modeling. This includes a reminder of
the main result obtained in [24], namely a model re-
duction for slender elastic structures that leads to Robin
conditions applicable to the soil. We rely on this mod-



2

rb
<latexit sha1_base64="L1g6H2FZ01wckjeaSAatjLDMwqM="></latexit>

(⇢s,�s, µs)
<latexit sha1_base64="u9+L4sJ4fn5i0ox7eM2/DtcEMqw="></latexit>

hb
<latexit sha1_base64="o4P8qyoARbPRU146sui3kNGIRJ8="></latexit>

(⇢b, Eb, ⌫b)
<latexit sha1_base64="XPSElJ8Hfa5IroWHXNzRUb2wevU="></latexit>

x
<latexit sha1_base64="ujWcmwCXK80mrPsr4yEaleaV6WQ="></latexit>

y
<latexit sha1_base64="9zoJ+yZixem4Je+puZznH31iCYk="></latexit>

z
<latexit sha1_base64="SCAG39+GdDGoruf7sFr73NKPOBQ="></latexit>

a2
<latexit sha1_base64="+2guJxq77H2yRcQ8Otvke10XlXE="></latexit>

<latexit sha1_base64="Qda3gjojLsLWC0tVuo/3NaBglDE="></latexit>

k

(a)
<latexit sha1_base64="JvMr4Bk9pj8AncnzujJEszp5gV0="></latexit>

(b)
<latexit sha1_base64="zvS9Po8ggvdpC1JB3dITdaYTtro="></latexit>

x
<latexit sha1_base64="ujWcmwCXK80mrPsr4yEaleaV6WQ="></latexit>

z
<latexit sha1_base64="SCAG39+GdDGoruf7sFr73NKPOBQ="></latexit>

<latexit sha1_base64="Qda3gjojLsLWC0tVuo/3NaBglDE="></latexit>

k

hb
<latexit sha1_base64="o4P8qyoARbPRU146sui3kNGIRJ8="></latexit>

<latexit sha1_base64="cS4giLFQd+nvBlfWm6lbDZ8F+S4="></latexit>

2rb

a
<latexit sha1_base64="ZVBBXXbACrSXAEeeSDZxfAsbHpk="></latexit>

FIG. 1: Schematic views of a soil substrate supporting an
array of beams in 3D (a) and of plates in 2D (b) with flex-
ural and compressional resonances. Surface waves propagate
with wavenumber in (a) k = (kx, ky, 0) responsible for the
propagation of hybridized Rayleigh waves with sagittal-plane
motions (blue arrows) and elastic SPPs with out-of-plane mo-
tions (green arrows) and in (b) k = (kx, 0, 0) and hybridized
Rayleigh waves with in-plane motions in the (x, z)-plane (blue
arrows).

eling to derive the dispersion relations of hybridized
Rayleigh waves and Love waves, as well as the elliptic-
ity of Rayleigh waves. The validation of these theoreti-
cal predictions on wave numbers and associated displace-
ments is presented in §III through comparison with re-
sults from direct numerical simulations.

II. MODELLING

This section introduces the reduced model of 3D beams
that leads to effective boundary conditions applicable to
the soil, namely to an elastic half-space (z < 0 in figure
1). The dispersion relations characterizing the propaga-
tion of surface waves are derived, along with the form
of the associated displacements, enabling a prediction of

the ellipticity of Rayleigh waves. In our analysis, we ex-
amine the three dimensional (3D) scenario involving an
array of beams. The formulation for the two-dimensional
(2D) scenario involving an array of plates is identical, ow-
ing to the definitions in Table I (additional information
is provided in the Appendix A).

In the following, we denote (ρb, Eb, νb) as the mass den-
sity, Young’s modulus and Poisson’s ratio of the beams,
respectively, and (ρS, λS, µS) as the mass density and the
two Lamé’s coefficients of the elastic soil substrate. The
array of beams is periodic. In 3D, the unit cell has a hor-
izontal section area of a2, and each beam with a height
hb has a circular cross-section with a radius rb. In 2D,
the unit cell extends a, and each plate with a height of
hb has a thickness of 2rb.

A. Effective boundary conditions

For slender beams, as outlined in [24], it is feasible to
reduce the model from three dimensions to one (vertical)
dimension. This reduction yields the well-known equa-
tions


∂4Uα
∂z4

− κ4Uα = 0, α = x, y,

∂2Uz
∂z2

+K2Uz = 0,

(1)

where Uα and Uz represent the displacements in the beam
region and

κ =

(
4ρbω

2

Ebr2b

)1/4

, K = ω

√
ρb

Eb

, (2)

are the wavenumbers associated with the flexural and
compressional resonances, respectively. Equations (1) are
supplemented by boundary conditions at the top of the
beams and at their junction with the soil substrate. In
the actual problem, stress-free boundary condition apply
at the top of the beams and continuity of displacements
and normal stresses apply at the beam/soil interface. In
the reduced model, this leads to effective clamped-free

slenderness S filling fraction θ

3D (beams) S = 2hb/rb θ = πr2b/a
2

2D (plates) S =
√

3hb/rb θ = 2rb/a

TABLE I: Slenderness S and filling fraction θ for beams (3D)
and plates (2D) used in the model.
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boundary conditions, namely

at z = 0 : Uα = uα,
∂Uα
∂z

= 0, Uz = uz,

σzα = −θEb

r2b
4

∂3Uα
∂z3

, σzz = θEb

∂Uz
∂z

,

at z = hb

∂2Uα
∂z2

=
∂3Uα
∂z3

= 0,
∂Uz
∂z

= 0,

(3)
where (uα, uz) represent the displacements in the soil,
(σzα, σzz) denote the associated normal stress and θ is
the ratio of the beam or plate cross-section to the hori-
zontal unit cell, see Table I. It is worth noting that similar
conditions can be postulated as in [21, 26] or derived us-
ing asymptotic analysis combined with homogenization
[17, 18, 24] (in our case, we rely on [24]).

From (1)-(3), we can express the problem in the beam
region as two decoupled problems set on Uα and Uz, each
linear with respect to uα|z=0 and uz |z=0, respectively.
Specifically, denoting r = (x, y), then we have

Ua(r, z) = ua(r, 0)VF (z − hb) ,

Uz(r, z) = uz(r, 0)VC(z),
(4)

where

VF(z) = V1(coshκz + cosκz) + V2(sinhκz + sinκz),

VC(z) = cosKz + tanKhb sinKz,

with V1 = d−1(coshκhb + cosκhb), V2 = d−1(sinhκhb −
sinκhb) and d = 2(1 + coshκhb cosκhb). Consequently,
by denoting ω0 as the characteristic resonance flexural
frequency and ε as the coupling parameter defined by

ω0 =
1

Shb

√
Eb

ρb

, ε =
θ

S

√
ρbEb

ρSµS

, (5)

(with S and θ from table I), we obtain Robin-type bound-
ary conditions for the substrate alone in the form σαz(r, 0) = µSkTε fF(Ω) uα(r, 0), α = x, y

σzz(r, 0) = µSkTε fC(Ω) uz(r, 0),

(6)

with kT = ω/cT (cT =
√
µS/ρS), Ω = ω/ω0 = (κhb)2 the

non-dimensional frequency and where

fF(Ω) =
√

Ω
sin
√

Ω cosh
√

Ω + cos
√

Ω sinh
√

Ω

1 + cosh
√

Ω cos
√

Ω
,

fC(Ω) = S tan (Ω/S) ,

(7)

are the impedance functions encapsulating the flexural
and compressional resonances of the beams. Note that
condition (6) predicts isotropic propagation in the (x, y)
plane, and it is independent of the array arrangement,
provided that the unit cell dimensions are subwavelength.

This is a general result of homogenization models con-
ducted at the dominant order, and it is discussed in more
details in Appendix B.

Equation (6) is the important result stemming from
the modeling, and we will now utilize it to characterize
the surface waves supported by the soil in the presence
of the array.

B. Solution for surface waves

The solution for surface waves is expressed in terms of
the elastic potentials (ϕ,ψ), with

u = ∇ϕ+ ∇×ψ, (8)

and ∇ · ψ = 0. By denoting k = kt, t = (tx, ty, 0), the
(horizontal) wavevector of the surface wave, we have

ϕ(r, z) = AekαLz+ik·r, ψ(r, z) = B ekαTz+ik·r, (9)

where the non-dimensional parameters αL and αT char-
acterize the decrease in surface wave amplitudes with
depth.

We express the displacements fields in the soil in
terms of the components u‖ = txux + tyuy in the sag-
ital plane, and u⊥ = −tyux + txuy perpendicular to
the sagital plane. Similarly, for B in (9), we express
B‖ = −tyBx + txBy and B⊥ = txBx + tyBy. By defining

β =
kT

k
, 1− α2

T = β2, 1− α2
L = ξβ2, (10)

with ξ = µS/(λS + 2µS) (0 ≤ β ≤ 1), we obtain
u‖(r, z) = k

(
iAekαLz − αTB‖ekαTz

)
eik·r,

u⊥(r, z) = k (αTB⊥ +Bz) e
kαTzeik·r,

uz(r, z) = k
(
αLAe

kαLz + iB‖ekαTz
)
eik·r,

(11)

with (B⊥ + αTBz) = 0. Similarly for the normal stress,
with σ‖ = txσxz + tyσxz in the sagital plane, and σ⊥ =
−tyσxz + txσyz, we obtain

σ‖(r, z) = µSk
2
(
2iαLAe

kαLz − (1 + α2
T)B‖e

kαTz
)
eik·r,

σ⊥(r, z) = µSk
2αT (αTB⊥ +Bz) e

kαTz eik·r,

σzz(r, z) = µSk
2
(
(1 + α2

T)AekαLz + 2iαTB‖e
kαTz

)
eik·r.

(12)

Applying (6) with the expressions (11)-(12) yields two
decoupled systems: one for the displacements in the
sagittal plane (t, ez) and another for displacements per-
pendicular to the sagittal plane. Specifically, we obtain
the dispersion of hybridized Rayleigh waves
(
1 + α2

T

)2 − 4αTαL + Cε(β,Ω) = 0,

Cε(β,Ω) = εβ3 [fCαL + fFαT] + ε2β2fCfF (αLαT − 1) ,
(13)
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where (fF, fC) are defined in (7). Note that the dispersion
(13) is a unified version of that obtained in [19], where
flexural resonances were neglected (fF = 0), and in [24]
which was restricted to the frequency range well below
the first longitudinal resonance (fC(Ω) ∼ Ω).

Displacements perpendicular to the sagittal plane, on
the other hand, are associated with surface waves whose
dispersion reads

β =
1√

1 + ε2f2F (Ω)
, fF(Ω) ≥ 0, (14)

representing Love-type waves but in the absence of a ho-
mogeneous guiding layer [17]. In this scenario, the guid-
ing layer that provides classical Love waves is actually
replaced by a fictitious effective layer, which is homoge-
neous and anisotropic, for z ∈ (0, hb) where (1) applies.
These waves, which do not exist in the absence of beams,
are the elastic analogs of electromagnetic spoof plasmons
[25]. Finally, when ε = 0, we observe the retrieval of
classical Rayleigh waves from (13), while Love waves dis-
appear from (14) with β = 1 hence k = kT.

In the following, we shall use that the displacement in
the sagittal plane (11) take the form

 u‖(r, z) = kB‖
(
rekαLz − αTe

kαTz
)
eik·r,

uz(r, z) = −ikB‖
(
αLre

kαLz − ekαTz
)
eik·r,

(15)

with r = (iA/B‖) the real valued function of Ω

r =
(1 + α2

T)− εβαTfF

(2αL − εβ fF )
=

(2αT − εβfC)

(1 + α2
T)− εβαLfC

. (16)

C. Ellipticity of the hybridized Rayleigh waves

We now move to an important indicator of the delete-
rious power of surface waves that has rarely been com-
mented for soils supporting resonant elements. This is
ellipticity χ, also called H/V because it measures the
relative amplitudes of horizontal and vertical displace-
ments induced by waves as they propagate [27]. As such,
it only concerns Rayleigh waves as Love waves only pro-
duce horizontal ground shaking.

To capture the elliptical motion of displacement at
ground level, ellipticity refers to the horizontal and ver-
tical displacements in the time domain, meaning

 uH(r, t) = <
[
u‖(r, 0)e−iωt

]
,

uV(r, t) = <
[
uz(r, 0)e−iωt

]
.

(17)

Using (15), we obtain uH(r, t) = a cos(k · r − ω(t− t0)),

uV(r, t) = b sin(k · r − ω(t− t0)),
(18)

where ωt0 is the phase of B‖, and denoting u0 = k|B‖|,
a = u0(r − αT) and b = u0(αLr − 1), with r defined in
(16), and eventually

χ =
αTβ

2 + εβfC(αLαT − 1)

2αLαT − (1 + α2
T)

=
2αLαT − (1 + α2

T)

αLβ2 + εβfF(αLαT − 1)
.

(19)

III. VALIDATION

In this section, we evaluate the predictive power of the
model by comparing it with results obtained from di-
rect numerical simulations conducted using Comsol Mul-
tiphysics. The physical parameters are set as follows:
ES = 0.1 GPa, ρS = 103 kg.m−3 and Eb = 10ES,
ρb = 10ρS; νS = νb = 0.3 (hence ξ ' 0.28 resulting in
a classical Rayleigh wave with β = 0.96). We consider
arrays of beams/plates with rb = 0.25 m and a = 1 m
(for the 3D beam array, a square lattice is considered)
and heights hb = 15 and 30 m. The resulting parameters
entering (5) are provided in Table II according to Table
I.

hb = 30 m 15 m

3D
ω0 = 0.04 rad.s−1

ε = 1.3 10−2,S = 240

ω0 = 0.17 rad.s−1

ε = 2.6 10−2,S = 120

2D
ω0 = 0.05 rad.s−1

ε = 4.1 10−2,S = 208

ω0 = 0.21 rad.s−1

ε = 8.1 10−2,S = 104

TABLE II: Reference frequency ω0 (Ω = ω/ω0) and dimen-
sionless coupling parameter ε and slenderness S entering (6)-
(7) for beams (3D) and plates (2D), see Table I.

A. Dispersions of hybridized Rayleigh waves and
Love waves

To determine the dispersions of guided waves, we solve
the full elastic problem numerically in 2D and in 3D
within a unit cell using Bloch-Floquet conditions (we
used the Solid Mechanics interface within the Acoustic
module of Comsol). We consider the frequency range
Ω ∈ (0, 200), which maintains the first five flexural res-
onances at constant values Ωn ' 3.5, 22, 62, 121 and
200 (fF → ∞ in (7)) while the frequency Ω = (πS/2) of
the first compressional resonance decreases with hb, from
Ω = 377 to 188 in 3D and from 326 to 163 in 2D.

We begin with the case of beams in three-dimensions.
Figure 2 shows dispersion branches β(Ω) obtained numer-
ically (grey symbols). The results closely match the the-
oretical predictions for hybridized Rayleigh waves, from
(13) (solid blue lines) and for Love-type waves, from (14)
(dashed green lines).

As predicted by (14), the dispersion of Love waves is
solely dictated by flexural resonances; in particular, the
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FIG. 2: Dispersion of hybridized Rayleigh waves from (13)
(blue lines) and of Love waves from (14) (green dashed lines)
as a function of Ω = ω/ω0 for beam arrays in 3D. Red dashed
lines are a guide for the eye showing dispersions when flexu-
ral resonances are neglected. Gray symbols show dispersion
branches obtained by direct numerical calculations (Comsol).
Regions shaded blue correspond to frequency ranges where
two Rayleigh wave branches coexist, those shaded red the ar-
eas outside the Brillouin zone.

positions and thicknesses of their bandgaps, for fF < 0,
are independent of both the coupling parameter ε and
the slenderness S. Within the pass-bands, the dispersion
varies between β = 1, meaning k = kT and the surface
wave does not exist (it is a bulk wave), to very small val-
ues of β at the edge of the Brillouin zone, where k = π/a.
The edge of the Brillouin β = [aω0/(πa)] Ω is indicated
by dashed-dotted black lines, and it is notable that the
theory does not account for the spectrum folding due to
the periodicity of the structure.

Unlike Love waves, hybridized Rayleigh waves are sen-
sitive to both flexural and compressional resonances (the
red dashed curves serve as a visual guide showing the
dispersion curves when flexural resonances are neglected
[19]). A notable characteristic of the observed disper-
sion is that each branch bn+1, n ≥ 1, begins with β = 1
slightly before the flexural resonance at Ωn and ends with
β = 0 exactly at the subsequent resonance at Ωn+1. Con-
sequently, two successive branches bn and bn+1 coexist in
a frequency interval just before Ωn (indicated by shaded
blue regions).

The same trends are observed for the hybridized
Rayleigh waves when considering two-dimensional arrays
of plates, as shown in figure 3. As one would expect, the
coupling of plates to the soil is higher than that of beams
for the same thickness and height (see table II). However,
the slenderness S is slightly lower, which is also expected
since plates have a higher flexural rigidity than beams.
The results are displayed in figure 3. Overall agreement
is good, although slightly less good than for beams, in
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FIG. 3: Dispersion of hybridized Rayleigh wave for plate ar-
rays in 2D – Same representation as in figure 2.

particular at higher frequencies.

B. Rayleigh wave ellipticity

We derived the ellipticity χ using (19), accounting for
Rayleigh wave dispersion given by (13). Figure 4 illus-
trates the variation of χ with respect to Ω for a height
of hb = 15 m, specifically considering beams and plates.
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FIG. 4: Ellipticity χ of hybridized Rayleigh waves as a func-
tion of Ω for beams in 3D (top panel) and for plates in 2D
(bottom panel); for the branch b6, 1/χ is shown for readi-
bility. Blue lines show χ from (19), dashed red lines are a
reference when neglecting flexion (fF = 0 in (19)). The insets
show the deformations in the plates, computed numerically,
and the corresponding ellipticity χnum (see main text).
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We already note that the presence of arrays induces sig-
nificant deviations from the conventional ellipticity value
of -0.66 associated with classical Rayleigh waves, where
β remains constant at 0.93.

Especially near flexural resonances, the soil experi-
ences substantial horizontal shaking (high ellipticity) as
well as large vertical motion (when ellipticity crosses
zero), transitioning from retrograde (χ < 0) to prograde
(χ > 0) particle motions. These transitions occur in
frequency ranges where the soil supports two Rayleigh
waves. Specifically, bn+1 exhibits peculiar ellipticity val-
ues at three typical points: (i) slightly before the reso-
nance frequency Ωn at the starting point β = 1 where
χ ∼ εfC(Ωn) > 0, whose value increases with Ωn, hence
with n; (ii) at exactly Ωn, where particule motions change
from prograde to retrograde around χ = 0; here, fF →∞,
which is consistent with (6) which predicts uH = 0 at
flexural resonances, (iii) at the following resonance Ωn+1

(the end point β = 0) resulting in χ = −1/ξ < 0 for any
branch. Consequently, within the frequency range where
the soil supports two Rayleigh waves, the lower branch bn
induces retrograde motions while the upper branch bn+1

induces prograde motions, deviating significantly from
the behavior of soil without arrays.

In the same way that flexural resonances enforce ux =
0 at z = 0, longitudinal resonances enforce uz = 0. Along
branch b6 encompassing the longitudinal resonance fre-
quency at Ω = 188 in 3D and 163 in 2D, uz typically
exhibits an amplitude about 10−3 smaller than ux, re-
sulting in significant values of ellipticity. (Figure 4 de-
picts 1/χ for b6). It is worth noting that this branch
arises from the interaction of flexural and compressional
resonances, as it would not exist if flexural resonances
were not considered.

These theoretical predictions regarding ellipticity are
corroborated by numerical simulations of surface dis-
placements and plate deformations, particularly within
frequency ranges where two branches coexist. The re-
sults, displayed in the insets of figure 4, illustrate the
plate deformations alongside the corresponding elliptic-
ity χnum. The qualitative agreement with equation (19) is
observed, partially attributed to the presence of bound-
ary layers at the interface between the plates and the
soil. In the subsequent section, we delve deeper into a
frequency range corresponding to the simultaneous exis-
tence of two branches.

C. Coexistence of two hybridized Rayleigh waves

In this section, we investigate the behavior of a clas-
sical Rayleigh wave upon encountering a region of soil
supporting an array of plates, with a particular focus
on the frequency range where two hybridized Rayleigh
waves are expected to occur beneath the array. To
achieve this, we conduct numerical experiments where
the elastic substrate occupies a computational domain
{x ∈ (−730, 690) m, z ∈ (−160, 0) m} and supports

plates within the range x ∈ (0, 660) m. In the harmonic
regime, at frequencies f ∈ (3, 4.5) Hz corresponding to
Ω ∈ (88.6, 132.9), a source positioned on the free surface
at x = −640 m excites a Rayleigh wave, which then en-
counters the array at x = 0, as depicted in figure 5 (fur-
ther details on the numerics are provided in Appendix
C). There, the wave undergoes partial conversion into a
bulk wave and partial conversion into surface, hybridized
Rayleigh waves. Zooming in on the region of the soil
beneath the array reveals the coexistence of two waves,
with wavelengths λ1 and λ2 � λ1.

f=3.2
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f = 3.2 Hz

FIG. 5: Real part of the vertical displacement uz(x, z) pro-
duced by a source at f = 3.2 Hz, centered at x = −640 on
the free surface. The zoom on a region in the soil below the
beam array reveals the coexistence of two Rayleigh waves with
wavelength λ1 and λ2.

To validate this observation against the model, we
replicate the numerical experiments, but with the array
of plates replaced by the effective boundary conditions
(6) for x ∈ (0, 660) m. The results, depicted in figure
6, demonstrate excellent qualitative agreement regarding
the conversion of the classical Rayleigh wave into a bulk
wave (particularly the refraction angle) and the coexis-
tence of the two Rayleigh waves in the effective region
mimicking the effect of the array of plates.

f=3.2
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f = 3.2 Hz

FIG. 6: Same representation as in figure 5, computed in the
effective problem, where the array of plates is absent, and
instead, the effective boundary conditions (6) are applied at
z = 0 for x ∈ (0, 660) m.

To deepen our analysis, we collect the numerical dis-
placements recorded beneath the array. We take into
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FIG. 7: Real part of ux and uz as a function of x at f = 3.2
Hz, recorded beneath the array from figure 5 (solid grey lines,
z = −2.5 m), corresponding to the superposition of four waves
with wavenumbers ±k1 and ±k2 isolated by Fourier transform
(dotted blue lines).

account that the results correspond to a superposition of
four waves: two right-going waves (k · r = kx in (18),
with wavenumber k = k1, k2 > 0 in (18)) and two left-
going waves (with wavenumber −k), where the left-going
waves are the ones reflected at the end of the array. By
Fourier transforming the complex signal, we isolate the
contributions of these four waves, whose superposition
is illustrated in figure 7, along with the recorded signal.
Knowing these individual contributions ultimately gives
us access to measurements of the ellipticity (further de-
tails can be found in Appendix C).

Figure 8 present the final results. We depict β(f) ob-
tained from the Floquet analysis and the corresponding
ellipticity χ(f), derived from the theoretical prediction
(19), using grey symbols. The blue symbols represent β
and χ obtained from the data collected in the numerical
experiments using the analysis described earlier. We con-
sidered f = 3.2 Hz illustrated in figures 5 and 7, as well
as f = 3.3, 3.4, 3.5, 3.6 Hz, where two Rayleigh have
been observed. Additionally, we examined f = 3.7 Hz
and 4 Hz where a single Rayleigh wave is observed and
f = 4.5 Hz confirming the presence of a band-gap.

IV. CONCLUDING REMARKS

Beams or plates on a soil substrate impact seismic wave
propagation in a richer way than their acoustic counter-
parts. This complexity arises from the interplay between
flexural and compressional resonances. In particular, (i)
the dispersion of hybridized Rayleigh waves shows a sig-
nificant portion of the spectrum associated with higher
celerities compared to classical Rayleigh waves; (ii) these
waves exhibit prograde or retrograde motion at the soil
interface with significant variations in ellipticity; (iii) the
existence of an out-of-plane surface wave, along with the

coexistence of two Rayleigh waves in the sagittal plane
within certain frequency ranges, sheds new light on the
analysis of displacement components, especially for am-
bient noise records where horizontal displacement is the
sum of the two or three contributions [28, 29]. The pil-
lars or rods (such as trees in the META-FORET project
and wind turbines in subsequent studies [23, 29]) have
resonances and these resonances can then be used to in-
terfere with incoming waves (from urban noise, railways,
seismic activity, etc.) to redirect or block them.

Appendix A: Dispersion relation for the 2D case

In [24], it was shown that (1) (with α = x) applies to a
two-dimensional array of plates, where wavenumbers as-
sociated with the flexural and compressional resonances
are given by

κ =

(
3ρbω

2

E∗b r2b

)1/4

, K = ω

√
ρb

E∗b
, (A1)

with E∗b = Eb/(1−ν2b ), instead of (2). By performing the
same calculations as in 3D, we obtain the Robin condi-
tions (6) (with α = x) along with (7) and the substitution
Eb → E∗b in (5).

Appendix B: Actual anisotropy of the propagation
in the (x, y) - plane (3D case)

Here, we briefly discuss the isotropy in the (x, y) plane
for the 3D model. This isotropy is evident in (6) derived
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FIG. 8: Dispersion β(f) and resulting ellipticity χ(f) of
the hybridized Rayleigh waves within the frequency range
f ∈ (3, 4.5) Hz, measured using Bloch-Floquet analysis along
with (19) (grey symbols as in figure 3), and deduced from the
signal analysis in the numerical experiments with a source
as in figure 5, see main text (open blue symbols from the
right-going wave and plain blue symbols from the reflected,
left-going wave).
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in [24], which serves as the foundation of the present anal-
ysis. This is a general result of homogenization models
conducted at the dominant order, implying that the ef-
fects of the array arrangement, which would appear at
higher orders, have a relatively weak impact, see e.g.
[17, 20, 30].

To examine the influence of the array arrangement,
we consider two arrays with unit cells of the same area
a2 = axay = 1 m2 (where ax and ay represent the lengths
of the unit cell along x and y, respectively). One array
is square with ax = ay, and the other is rectangular with
ax = 3ay. In both cases, we solve the Bloch-Floquet
problem to determine the eigenfrequencies for propaga-
tion along the direction θk, i.e., k = k(cos θk, sin θk, 0)
with k = 0.025π and θk ∈ (0, 90◦). The dispersion dia-
gram f(k, θk = 0) for the square array is shown in figure
9(a) (this diagram, obtained hb = 15 m, corresponds to
the same data as those reported in figure 2). We select
the third and fourth branches, where the frequencies cor-
responding to k = 0.025π are marked by blue and red cir-
cles. Panel (b) shows the variations of these frequencies
with θk for the two arrays. We observe a low amplitude
of variation, indicating weak anisotropy. For the square
array, the amplitude of variation for the two branches
does not exceed 0.2%, while for the rectangular array, it
reaches up to 1%, as shown in the inset where we depict a
normalized relative deviation (with respect to its mean)
in polar form. These results support the conclusions of
the analysis in [24], indicating that the dispersion weakly
depends on the array arrangement and that propagation
is weakly anisotropic in the (x, y) plane.
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FIG. 9: (a) Dispersion diagram f(k, θk = 0) against k for a
square array of plates with height hb = 15 m (grey symbols
from the same data as in figure 3); the red and blue symbols
correspond to the third and fourth branches at k = 0.025π
m−1. (b) Variations of f(k = 0.025π m−1, θk) against θk for
the square array (dashed lines) and for the rectangular array
(solid lines).

Appendix C: Additional information on the
numerical experiments

The calculations are performed in the harmonic regime
within a computation domain of 1420 m x 160 m along
x and z, respectively (we used Comsol Multiphysics).
Within the region x ∈ (0, 660) m, plates regularly spaced
with interdistance of a = 1 m are placed. Addition-
ally, Perfectly Matched Layers of thickness 80 m are
used at the boundaries of the domain, and a Gaus-
sian source is imposed on the free surface z = 0 at
x = −640 m in terms of a vertical traction force σ · ez
= 108

√
50/πe−50(x−640)

2

ez, that is to say, with a lateral
extension of about 1 m, a quasi point-source.

Due to the finite extent of the array, one or two hy-
bridized Rayleigh wave are generated at x = 0 by the con-
version of the incoming classical Rayleigh wave. These
waves propagate in the soil supporting the array and are
reflected at the extremity of the array at x = 660 m. We
collect displacement signals along x at given z. To initi-
ate our analysis, we use Fourier transform of the recorded
signals. In the example shown in figure 10 for f = 3.2
Hz, ±k1 and ±k2, obtained from the Fourier transform

ûx(K, z) =

∫ xm

0

ux(x, z)e−iKxdx. (C1)

We then isolate the contributions of the waves us-
ing an inverse Fourier transform filtered at the desired
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FIG. 10: Data treatment – Fourier transform of ux measured
beneath the array at z = −2.5 m for f = 3.2 Hz, as obtained
from (C1). Reconstruction of the four waves using inverse
Fourier transform filtered at k = ±k1 and ±k2, from (C2).
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wavenumber k = ±k1,±k2, as follows:

u+(x, z) =

∫
I

ûx(K, z)e−(K−k)
2/σ2

eiKxdK, (C2)

the same for w± which denotes the inverse Fourier trans-
form filtered at k of ûz. We set σ = 0.03 m−1 and I as an
interval of about 10σ around k. The results are exempli-
fied in figure 10, where we report |ûx(k, z)| at z = −2.5
m and the resulting variations of u±1 (x, z) and u±2 (x, z)
corresponding to (C2) for k = ±k1 and ±k2. The su-
perposition of these four signals produces the fit of the
collected signal, as shown in figure 7.

The Fourier transform peaks being very narrow, we
approximate the fields using a single wavenumber k

u±(x, z) = U±(z)e±i|k|x, w±(r, z) = W±(z)e±i|k|x,
(C3)

where k = ±k1,±k2. Next, denoting (A±, B±) as the
complex amplitudes of the elastic potentials associated
to the right- and left-going waves, we have

U±(z) = |k|
(
±iA+e|k|αLz − αTB

+e|k|αTz
)
,

W±(z) = |k|
(
αLA

+e|k|αLz ± iB+e|k|αTz
)
,

(C4)

as seen in (11). Therefore, (A±, B±) are deduced from
the inversion

(
A±

B±

)
=

(
∓ie|k|αLz −αTe

|k|αTz

αLe
|k|αLz ∓ie|k|αTz

)−1(
U±(z)

W±(z)

)
,

(C5)
where the result is expected to be independent of z.

Eventually, the horizontal and vertical displace-
ments provide the ellipticity through the relation
U±(0) = ±iχW±(0), see (18), yielding χ =
± (iA± − αTB

±) / (iαLA
± −B±). At each z, we obtain

two set of predictions for (χ1, χ2) for the right- and left-
going waves, which differ by about 1%. Moreover, the

results are indeed found to be indeed independent of z,
with variations less than 2% when using two different
values of z (z = −2.5 m and z = −5 m).

Finally, for completeness, we report the uz displace-
ment fields (i) in figure 11 at f = 3.7 Hz, where the
zoom reveals a single hybridized Rayleigh wave, and (ii)
in figure 12 at 4.5 Hz, revealing a band-gap that prevents
the existence of any surface wave beneath the array.
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FIG. 11: Real part of the vertical displacement uz(x, z) pro-
duced by a source at f = 3.7 Hz, same representation as in
figure 5. A single hybridized Rayleigh wave propagates be-
neath the beam array.
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FIG. 12: Same representation as in figures 11 at f = 4.5 Hz,
within the band-gap which prevents from the propagation of
any Rayleigh wave beneath the array.
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