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SPACE-TIME RESONANCES AND HIGH-FREQUENCY RAMAN

INSTABILITIES IN THE TWO-FLUID EULER-MAXWELL SYSTEM

ERIC DUMAS, YONG LU, AND BENJAMIN TEXIER

ABSTRACT. We show that space-time resonances induce high-frequency Raman instabili-
ties in the two-fluid Euler-Maxwell system describing laser-plasma interactions. A conse-
quence is that the Zakharov WKB approximation to Euler-Maxwell is unstable for non-zero
group velocities. A key step in the proof is the reformulation of the set of resonant frequen-
cies as the locus of weak hyperbolicity for linearized equations around the WKB solution.
We analyze those linearized equations with the symbolic flow method. Due to large trans-
verse variations in the WKB profile, the equation satisfied by the symbolic flow around
resonant frequencies is a linear partial differential equation. At space-time resonances cor-
responding to Raman instabilities, we observe a fast growth of the symbolic flow, which
translates into an instability result for the original system. The strongest instability is
caused by backscattered Raman waves.

Mathematics Subject Classification 2020: 35103, 35B35, 35Q60.
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1. INTRODUCTION

Resonances may destabilize WKB approximate solutions, no matter how accurate the
approximation is. This was proved and made precise in the monograph [25], for semi-linear
hyperbolic systems and large-amplitude solutions.

We extend here the results of [25] in two distinct directions, as we consider quasi-linear
systems, and fast transverse variations of the WKB profile. Quasi-linear terms model fluid-
dynamical convective phenomena; Gaussian laser beams used in current experiments present
fast transverse variations.

For quasi-linear systems of partial differential equations, we describe how space-time reso-
nances may destabilize highly accurate WKB approximations issued from highly-oscillating
initial data with fast transverse variations.

The instability is due to incompatible nonlinearities — that is, non-transparent nonlinear-
ities in the sense of Joly, Métivier and Rauch [I3], or nonlinearities which do not satisfy
null forms in the sense of Klainerman [16].

Here as in the work of Germain, Masmoudi and Shatah [9, [10], time resonances are
defined as the set {® = 0} in frequency space, where ® is some relevant characteristic
phase; space-time resonances are time resonances which in addition belong to {V® = 0},
where V| is the gradient in the frequency directions corresponding to transverse spatial
directions.

Our results apply to (indeed, are stated for) the two-fluid Euler-Maxwell system de-
scribing laser-plasma interactions. We show that the Zakharov WKB approximation to
Euler-Maxwell is unstable in the case of a non-zero group velocity. The leading instability
is caused by the growth of a backscattered Raman component of the electrical field. The
growth takes place, in the frequency domain, at a space-time resonance between electromag-
netic waves and electronic plasma waves. Thus our analysis rigorously describes the Raman
instability (the growth of backscattered Raman waves) in the context of the Fuler-Mazwell
equations. Forward Raman instabilities are also observed in our analysis.

The instability phenomenon in Theorem |1} is important in applications, and known as
backscattered Raman instability. According to the physics literature, high-frequency in-
stabilities play an important role in the current failure of large-scale inertial confinement
fusion experiments to deliver significant amounts of energy. This is described for instance in
[3], and in the 2019 White paper on opportunities in plasma physics, which we quote here:
“Laser-plasma instabilities inhibit the deposition of energy ... [New broad-bandwith lasers
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could potentially] suppress high-frequency instabilities like [...] stimulated Raman scatter-
ing” ([30], pages 2-3). The Lawrence Livermore National Laboratory [17, 1] reported that
in recent experiments, an energy output greater than the laser energy input was achieved.

A consequence of our results is that the model system famously postulated by Zakharov
[41] [40] does not always accurately describe the nonlinear interactions between the envelope
of the electric field of a laser and the mean mode of fluctuation of density in a plasma.

1.1. The Euler-Maxwell equations. The non-dimensional form of the equations intro-
duced in [37], based on orders of magnitude of physical parameters observed in experiments
targeting inertial confinement fusion (see [37] and [4} [7]), is
B+V x E =0,
OF -V x B=j,

1
Opve + 0o (Veve - V)ve = —0.Vn, — gLe,

(EM) One + 0.V - ve + 0 (V/eve - Vne =0,

1
i +e(v; - Vv, = —ai\/eVn; + mLi,

On; + VeV -v; +e(v; - V)n; =0,

where (B, E) € R® is the electromagnetic field. The field v, € R3 is the velocity of the
electrons, and v; € R3 is the velocity of the ions. For notational simplicity, the ions are
assumed to have charge +e (that is, +1 in non-dimensional variables). The fluctuations of
density are ne € R and n; € R. The current density j is defined by

o1 1 ,
= —eVeney, — eVEniy,.

7=z O/

The Lorentz forces are
L. =FE + 0,/ev. x B, L; = F +¢v; x B.
The parameters € > 0, . > 0 and «;. > 0, are defined as

e e, el T
4re2notd’ N mec2’ ¢ T

where ng is the density at equilibrium, m, the mass of the electrons, and tg the duration of
the incident light pulse. The high-frequency regime corresponds to € — 0. The parameter
~e is the specific heat ratio of the electrons, T, their temperature, and c the speed of light
in vacuum. The temperature of the ions is 7;. We have 6, < 1 and ¢4, < 1, but both
are much larger than ¢ in applications. We will consider 6. and oy, to be fixed in the limit
¢ — 0. To ensure the existence of unstable resonances and explore the backscattered Raman
instability, we shall assume 6. sufficiently small (still independent of ¢), which is true in
practice. We do not give further restriction on the size of aje.
The divergence equations are

1
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We will make sure that the divergence equations are satisfied by our data. The solutions
will then satisfy for all times.

The form of (EM) as given above derives from two assumptions: the first is a cold ions
hypothesis, in the sense that we posited the ratio 6; of the ionic acoustic velocity /T./m;
to the speed of light ¢ to be O(y/¢); the second is a choice of amplitude O(y/¢), which can
be seen in particular in the convective terms (after rescaling, in the present form (EM) of
the equations, we consider solutions of size O(1) with respect to e; rescaling introduces a
V€ factor in quadratic terms).

For more details on these parameters, and the passage from the physical equations to
their non-dimensional forms, we refer to Section 2 in [37].

For fixed € > 0, local-in-time existence of solutions issued from data in Sobolev spaces
H*(R3), with s > 1 + 3/2, derives from the quasi-linear, symmetric hyperbolic nature of
(EM). The maximal existence time a priori depends on e.

For data with amplitudes O(1), the /2 prefactor in front of the nonlinearity suggests
an existence time 0(51/ 2). We prove here that some small initial perturbations generate
solutions which are defined and amplified in time O(¢/?|Ing).

In a different scaling, and for non-oscillating data (corresponding to k = 0; by constrast
we need |k| > /3 here: see Theorembelow), the result of [38] shows existence and stability
of solutions to (EM) up to time O(1).

The global existence results of [10), [I1] concern small initial data, while in our context
the data are O(1) with respect to the small parameter .

1.2. The Zakharov approximation to Euler-Maxwell. In Section 6.2 of [37], it is
shown how an approximate WKB solution u, to the above (EM) system (with unknown
u = (B, E, ve,ne,vi,n;)) can be constructed with an arbitrarily high degree of precision.

1.2.1. The WKB approzimate solution. The approximate solution u, = u,(e,t, x,y) given
in [37] for small enough ¢ > 0, solves (EM) with a small O(¢%¢) error, over a fixed time
interval [0, T,], with T, > 0 independent of . We denote %+ R, (e, t, z,y) the error: it is
the extra term in the right-hand side of (EM) when we put v = u,. The exponent K, that
is the order of the approximation, can be made arbitrarily large provided the WKB datum
has a large enough Sobolev regularity. The remainder R, is bounded, pointwise in (t,x,y)
and in appropriately weighted Sobolev norms, uniformly in . Details are given in Section
L9

1.2.2. The leading term in the WKB datum. The leading term in the datum for u, is a
Gaussian laser pulse:

(1.2) uq(e,0,2,y) = cos (/m) a (a:, y) + O(Ve), e>0, reR, yeR?
€ Ve
with a wavenumber k € R\ {0}.

The initial amplitude a is for instance smooth and compactly supported: a € CZ°(R3 ),
but our analysis holds in the more general setting described in Section below. We
assume that a is not identically equal to 0, and that it satisfies the polarization condition
I, (k)a(z,y) = a(x,y), where II; is an appropriate spectral projector (see Section and
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Section . This polarization condition is a necessary condition for the propagation from
of oscillations according to a single phase.

The datum defines the characteristic length scales. There are three scales: the fast
scale 1/e in the longitudinal z direction, the intermediate scale 1//¢ in the transverse y
directions, and the slow O(1) scale of variation of the e-independent amplitude a. In partic-
ular, characteristic frequencies in the x direction are O(1/¢). Equivalently, the characteristic
scale of variation in the z direction, or wavelength, is O(¢).

1.2.3. Corrector terms. The approximate solution u, is a WKB solution, in the sense that
it decomposes as

for some K| € N depending on K,. The leading term is ug, and the first corrector is u;.
Due to the oscillations in (1.2)), all the profiles u, further decompose into oscillating and
non-oscillating terms:

up =y TN Eyy (4w y ) VE),

qEH,

where H, is a finite subset of Z containing 0, and w = /1 + k2 is a characteristic time
frequency associated with the initial spatial frequency k. WKB computations (see Section
and [37]) show that

(13) wo = Re (5= 2y 1 (1, 2,y/V/E)), w1 = w1 o(t, 2, y/v/E) + fast oscillating terms

and that the higher-order corrector terms u,, for £ > 2, are functions of the uy,, with ¢/ < ¢,
and their spatial derivatives.

1.2.4. The Zakharov system. In view of (EM), the amplitudes ug; and ;o decompose into
electromagnetic fields, electronic and ionic velocities, and fluctuations of density. Let E be
the electrical component of up; and 7 be the (electronic or ionic) fluctuation of density of
u1,0- Let also E(t,z,Y) and n(¢,z,Y) be such that

E(t,z,y) = E(t,z,y/Ve), na(t,z,y) =n(t,z,y/Ve).
Then, (E,n) solves a Zakharov system of the form

(i(0s + c(k)0y) — Ay)E = nE,
’ { (97— Ay)n = Ay[E2

where c¢(k) is a group velocity, different from 0 if k # 0. (For legibility, we did not include
physical parameters in (Z) other than the group velocity c(k). The exact (Z) system derived
by a WKB expansion from (EM) in [37] is precisely given in Section [19})

The Schrodinger equation for the envelope of the electrical field in (Z) is typical of three-
scale approximations (see for instance [12), 18 B0, 23], and [§] for a survey of geometric
optics). The wave operator in (Z) is an acoustic (two-scale) approximation of the electronic
compressible Euler system. We refer to Section 6.2 of [37], and Section (19| of the present
article, for details on the WKB approximation of (EM) by (Z). A formal derivation of (Z)
from (EM) is also found in [32].
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There is an extensive mathematical literature on the Zakharov system. The short-time
well-posedness result in Sobolev spaces that we use here is due to Linares, Ponce and Saut
[22]. It ensures the existence of a solution to (Z) at least for some small (positive) time
— of course, independent of € —, and then the whole WKB approximate solution can be
constructed up to this time, as sketched in Section [I9] Notable earlier work on the Cauchy
problem for the (Z) system with zero group velocity (c¢(k) = 0) include [33] and [29].

Since E is a component of ug, the leading term in the WKB expansion, and n a component
of u, a corrector term in the expansion, the (Z) system is an example of a ghost effect, in
which a corrector has a measurable effect on an observable, but is not itself an observable
quantity [31, B4]. The ghost effect is a consequence of a lack of transparency (in Joly,
Métivier and Rauch’s terminology [I3]) of the Euler-Maxwell system, a property that is
described in detail in [37].

1.2.5. Background on the Zakharov approrimation to Euler-Mazwell. The stability theory
of the Zakharov approximation to Euler-Maxwell was initiated in [37, 6, 38]. In [37], trans-
parency properties of the (EM) system were written out, and a WKB approximate solution
was constructed. The article [6] gave a stability proof of the Zakharov approximation to
Klein-Gordon-waves systems, which have the same characteristic variety as Euler-Maxwell
(see Section (3| and in particular Figure [If). For the Zakharov approximation to Euler-
Maxwell, the stability result of [38] addresses specifically the case k = 0 (then the group
velocity in (Z) vanishes: ¢(0) = 0); by contrast the present instability Theorem (1| holds only
for k away from 0.

1.3. Main result: instability of the Zakharov approximation to Euler-Maxwell.
The WKB approximate solution u, to (EM), as described above in Section is unstable
in the following sense. Consider an initial datum of the form

(1'4) u(O,x,y) :ua(s,O,x,y) +5K¢s(ﬂfay)7
with
(15) Ox(a,y) = Re ( (/g 1 ol ) g (w %) )

where ¢ is scalar, smooth and compactly supported around (xg,0), with g € R and £ € R,
and €y and fy are fixed vectors. The perturbation profile ¢ depends on y/+/c just like the

WKB datum (1.2)). Note that with (L.4)-(L.5), we have
(1.6) 1w = 1) (0, ) || oo sy + 1(€02)* (VED) (1 = a) (0, )| L2qrsy S €5
for any a, § € N3.

Theorem 1. Given |k| > /3, for 0. small enough: given a € C°(R3), with a # 0 satisfying
the polarization condition , given K >0 and K’ > 0 : for some ¢. € C°(R3) as in
, for some T > 0, for any small enough € > 0, the initial-value problem (EM)— has
a unique solution u € Ng>oC0([0,T(¢)], H*(R3)) which satisfies

1w = wa)(T(e), )| oo 3y = 5
with T'(e) ~ T+/e|lne|.
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Theorem [I] describes the growth of the distance |[u—u,|| between exact and approximate
solutions: initially it is O(¢®) in pointwise (L>°) and weighted Sobolev norms, as
seen in (L.6); in short time O(y/z|Inel) it becomes greater than e’ pointwise in space.
The key is that K can be chosen arbitrarily large, and K’ arbitrarily small. We can allow
for a weaker condition bearing on the WKB amplitude a : see Theorem [2| below. As pointed
above, our result holds for & away from 0. This translates into the (sufficient) conditions
|k| > /3 and 6. small enough, which ensure the existence of unstable resonances: see

Proposition [3.2}

1.4. A quick overview of the proof. The proof of Theorem [I] consists in changes of
variables, a representation formula, and estimates in weighted Sobolev and FL! norms.
We work with the perturbations equations about the WKB approximate solution. Once an
initial instability direction is found (that’s & and &y and fo in ), the main task is to
control the solution to the Cauchy problem, in order to show that the growth does indeed
occur. To this aim, the instability direction must be chosen with the optimal amplification
rate.

The tools we use to carry this out are reductions to normal forms and the symbolic flow
method. The normal form procedure is a (pseudo-differential) change of unknown which
eliminates fictitious coupling coefficients in the linearized system (i.e., coupling coefficients
associated with null forms, or coupling coefficients far from resonances). We use two distinct
normal forms. For the systems in normal forms, further changes of variables which exploit
a property of separation of resonances reveal that the fast oscillations in the WKB solution
can be factored out to first order. The symbolic flow method then provides an approximate
solution operator leading to appropriate estimates.

Sections and in this introduction contain much more on the ideas and key
concepts of the proof.

1.5. Plan. The proof (of Theorembelovv7 which generalizes Theorem covers Sections
to In Sections [2| and [3], we set up notation for the perturbation system about the WKB
solution and describe the spectral elements (characteristic variety, resonances and space-
time resonances) that are involved. Normal form reductions are performed in Sections {4/ and
Sections [6] to [I7] are devoted to further changes of variables and estimates, and the end of
the proof of Theorem [I]is given in Section Sections [19] to [21] contain the computations
concerning the WKB approximate solution, the abovementioned spectral elements and the
optimal growth rate. Section [22| gathers some notation and classical results pertaining to
pseudo-differential operators. The symbolic flow theorem (Theorem |3 is given in Section
Sections [24] to [26] provide a notation index, a terminology index, and lists of most
parameters used in the text.

This introduction concludes with three subsections in which we expound on the ideas in
the proof of Theorem [I} Before that, we formulate a slight generalization of Theorem

1.6. A more general condition bearing on the WKB amplitude. We prove Theorem
not under the assumption a € C°(R3?), but under the weaker assumptions that the
amplitude a :

(a0) is not identically equal to zero: a # 0,



8 ERIC DUMAS, YONG LU, AND BENJAMIN TEXIER

(al) satisfies the classical polarization condition (19.1]),

(a2) has Sobolev regularity: a € H® (R3),

(a3) and satisfies the exponential decay bound : for some R, > 0, some r, > 0, some
ke > 0: for all |a] < s, —d/2, for some Cy,, > 0, for all |(z,y)] > Ry :

|09 ja(z,y)] < Coexp (—raly|™).

In condition (a3), the radius R, can be arbitrarily large, and the radius r, and the exponent
Kq can be arbitrarily small.

Theorem [2| generalizes Theorem [1f in the situation that the assumption a € C° \ {0} is
replaced by (a2)-(a3). In Theorem [2| we also formulate precisely the conditions bearing on
the initial wavenumber k € R and the physical parameter . > 0, and we describe the final
observation time T'/e|Ine|.

Theorem 2. Given kmaz > kmin > V3, for 0. small enough: given |k| € [kmin, Emaz], given
an initial WKB amplitude a satisfying conditions (a0)-(a3), given K > 0 and K' > 0 :
if s > 0 is large enough, for an appropriate choice of ¢. € CX(R3) as in , for
any small enough € > 0, the initial-value problem (EM)— has a unique solution u €
CO([0,T(e)], H*(R3)) for some s > d/2, which satisfies

1w = wa)(T(e), )z = €5,

for T(e) ~ T/e|lne|, with T = (K — K')/v, where ~y is the optimal linear amplification
rate, which depends only on the Euler-Maxwell system and the initial WKB amplitude a.

The key unstable frequencies (that is & in the initial perturbation ((1.5))) are pictured on
Figure 4

1.7. Main ideas in the proof of Theorem resonances as the locus of weak
hyperbolicity, and the symbolic flow method. There are two key steps in the proof.
We believe that each is of interest beyond the scope of this article.

The first is a series of changes of variables which reveal that resonances are the locus of
weak hyperbolicity for a linearized operator about the WKB approximate solution. That
operator is deduced from the linearized (EM) system by admissible changes of variables.
By admissible changes of variables, we mean that bounds for the unknown after changes
of variables will translate into bounds for the original unknown (the solution of linearized
(EM) we started from).

The second is an application of the symbolic flow method to our context, in which the
symbolic flow equation is a linear partial differential equation (as opposed to an ordinary
differential equation, in previous uses of the symbolic flow method [39, 21, 25]).

Resonances as the locus of weak hyperbolicity. The focus is on the linearized Euler-
Maxwell operator about the WKB approximate solution, which, simplifying a biiﬂ for the
sake of this discussion, takes the form

1 1 z
(17) at + ng(axa 8y) + %LO({:? gamay)'

n (1.7), we overlook in particular the fast dependence in y. We point out the role played by fast
transverse variations later on, in Section [1.9} see also the paragraph “The role of space-time resonances”
below.
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The operator L is order-one, hyperbolic and constant-coefficient. The operator L is order-
zero, has no symmetry and has coefficients which depend on x/e. This operator comes from
the quadratic terms in (EM), and thus represents “interaction coefficients” (that is, coupling
terms after a decomposition onto the eigenmodes of the linear hyperbolic operator). By
hyperbolicity of L, and lack of symmetry of L, the normal existence time is O(4/¢), in the
sense that an L? estimate for a priori shows a growth in time of the form e/VE  for
some vy > 0.

We first find normal forms for this operator, an idea that dates back to Poincaré (and
for which a good reference is chapter 5 from [2]). Somehow there are two distinct relevant
normal forms here, due to the convective terms.

The reductions to normal forms allow to remove the interaction coefficients in Ly away
from resonant frequencies, defined as the zeros of the phase functions

(1.8) D0 (§,m) = N (€ + k,m) = Ajr(€,m) — w,

where ¢ € R represent longitudinal frequencies, € R? transverse frequencies, the i\j are
characteristic modes of Ly (pictured on Figure [1} so that j and j’ range from 1 to 5), and
w = v/1+ k2, where k is the initial wavenumber in the WKB oscillations. Examples of
resonances are pictured on Figures 3] and [l The normal form reductions are performed in
Sections [ and [

The first normal form involves a pseudo-differential operator of order 0. It allows for the
removal of auto-interaction coefficients, but due to the presence of convection, it creates at
the same time a spurious order-one and non-singular-in-¢ “source” term. The other normal
form involves a pseudo-differential operator of order —1. No spurious order-one terms are
created, but auto-interaction coefficients cannot be removed from L¢ in this way. Details
are given in Section [4] and

The second normal form reduction is used in order to derive a rough Sobolev bound for
the solution operator to (|1.7). The bound is rough in the sense that it features a rate of
exponential growth in time that is far from optimal.

The first normal form reduction is used in most of the rest of the analysis. The key is
that the spurious order-one term is not singular in . This term implies a loss of derivatives
in Sobolev estimates. This issue is circumvented by use of the rough bound.

At this point, the non-symmetric “source” L is supported near the resonant set. Thus,
by hyperbolicity of L1, away from the resonant set the solution operator for is bounded
in time from L? to itself. This implies that we can restrict the analysis to a neighborhood
of the resonant set, which happens to be bounded. The operators, L1 and Lg, are thus now
compactly supported in frequency, in particular they are order zero.

Next we exploit some “separation” properties of the resonant set, which essentially state
that the zeros of ®; ;, and ®; ;. are distinct if (j1,72) # (J1,j5), in order to show that an

J1J2
equivalent operator has the form

1- 1 -
(1.9) O + ng(ax,ay) + %Lo(t,x,y).
The operator (1.9) has three key features:

e it is equivalent to (|1.7]) in the sense that bounds for the solution operator for (|1.9))
imply bounds for the solution operator for (|1.7));
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e the resonant set (the zeros of the ®;; phase functions) is the locus of weak hyper-
bolicity for L; (more about this below).
e the operator Ly does not depend singularly on z (as opposed to Lg, see (1.7)).

The equality between resonant set and locus of weak hyperbolicity shows that the operator
(1.9) is especially relevant in this analysis: at frequencies for which two eigenvalues of L
coalesce, the lower-order (in ¢) operator Lo comes into play and may possibly cause the
spectrum to bifurcate away from the imaginary axis into the rest of the complex plane.
Indeed, simplifying again we consider that takes the form
. . _ +
(1.10) 9, + Lop, < (AR —w) Veb, ) :
5 Vb, i\

where op, denotes an appropriate anisotropic and semi-classical quantization of operators,
and the interaction coefficients bjj, and bj_, j depend on (z,y,&,n). The spectrum of the

symbol in ([1.10]) is

Away from the zeros of ®;;/, the operator is hyperbolic. At frequencies such that
;5 = 0, the spectrum stays purely imaginary if and only if b;rj,bjij <0.If b;rj,bji. >(0at a
resonant frequency, then the operator (1.11)) is elliptic and instabilities may arise”l A more
refined analysis shows however that the relevant spectral computation is not (1.11)): due to
the presence of fast transverse variations, it is space-time resonances that matter. See the
discussion on the role of space-time resonances, below.

The symbolic flow. In this second key step in the proof, we show how to translate the
above spectral analysis of the symbol in or (1.9) into bounds for the solution operator
for , by application of the symbolic flow met

The symbolic flow method gives us an approximate solution operator for (in which
the operators are order zero), in short time O(y/e|Ine|), which is precisely the relevant time
window.

The approximate solution operator is given by the pseudo-differential operator in anisotropic
quantization

op:(5(0;2)),
where the symbol S = S(0;t, x,y, &, n) solves the linear partial differential equation in (¢,y) :
1- . 1 - (=), =
(1.12) 0SS + ng(zﬁ,’m)S + %LO(%y)S + fﬁnLl(zﬁ, in) - 0yS =0,

with the datum S(r;7) = 1d.

2For the related but different problem of the onset of instability occurring from spectra bifurcating away
from iR as time reaches a critical value, see [24] for a study in geometric optics; for general first-order
operators, we refer to [20] for scalar equations; the results of [20] were extended to systems in Sobolev spaces
in [21], 27], 28], and to Gevrey spaces in [26].

3For more on the symbolic flow method, and its connection with Garding’s inequality, which is the
standard way of translating spectral information for the symbol into bounds for the operator, see [39].
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Thus bounds for S translate into bounds for the linearized (EM) system. We show that
at space-time resonances (and not just resonances) (£, 7), defined as the solutions of

(113) (I)jj’ (‘Ea 77) =0, ar]q)jj’ (57 77) =0,
the solution S to the above linear system grows exponentially in time. We also find the
optimal rate of growth for S. This translates into an optimal rate of exponential growth
for the solution to the linearized (EM) system , and concludes the proof. The key
space-time resonance is a Raman resonance between fast and slow Klein-Gordon modes,
and the growth rate involves the interplay between the current density and Lorentz force
terms.

Above, the pseudo-differential operator op.(.S) is defined by its action on the Schwartz
class by

op(S(0;t))ul(t, z,y) = /11@3 TN G (05 ¢, 2, y, €€, VEn)u(€,m) dé dn,

where @ is the Fourier transform of u. The above anisotropy reflects the anisotropy in the
WKB amplitude ([1.2]). In the next paragraph, we explain in more detail how fast transverse
variations shift the focus from resonances to space-time resonances.

The role of space-time resonances. Consider the symbol of the differential operator in
the symbolic flow equation (1.12)):

g . o
M(Eatamvé.an;:%y) = E(Ll + \/gLO + \/‘gy : a’r]Ll)-

Here ¢,t, x, &, n are parameters, and g is the dual Fourier variable of y. With Ly and Ly in

the form ([1.10]), we have
<¢(Aj(-+/-c) —w+EY O (- + k) VEb )

Mol
- NG i(\jr + VED - Oghir)

3

with eigenvalues
1 1
+ 1/2

A= §trMi?€5M ,

where
Opt = =5y — Ve - 0y(D%) + e(4b) b5 — (5 9,P550)%),

with ®;;, the phase function defined in (1.8). The trace of M is purely imaginary. The
nature of its spectrum )\ﬁl depends on the sign of da :

e away from resonances, that is for (&,7) € R? such that ®;0(€,m) # 0 : for small €, we
have dp¢ < 0, since then the term —<I>]2j/ dominates in dpq. At such frequencies, the symbol
M is hyperbolic.

e at a resonant frequency (§,m) which is not a space-time resonant frequency: D &n) =
0 but 9,®;;/(£,m) # 0. We observe that for such frequences
_ - 2 -
Relevant spatial coordinates y are small(-ish), since the initial WKB amplitude is assumed
to be compactly supported. (In the slightly more general version of our argument, we can
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invoke the spatial decay of the initial WKB amplitude: assumption (a3) on page [§). By
the Heisenberg uncertainty principle, relevant frequencies g are thus large. In particular,
away from a small cone in the  plane around the line orthogonal to 9,®;;/(§,7), the term
(9 - 0,9, (€,m))? dominates in duq, hence S < 0, corresponding again to a hyperbolic
symbol.

e at a space-time resonance: at (§,7n) such that (1.13]) holds true, then
— AehT B
5./\/1 = 45bjj’bj’j’
and the symbol is hyperbolic if b;rj,bj_, ;< 0 and elliptic otherwise.

The conclusion of this informal discussion is that instabilities for the solution S to (|1.12])
are susceptible to develop only at space-time resonances, and only in the elliptic case. Our
analysis puts these arguments on a rigorous footing (see in particular Section [12]).

1.8. A little more on the proof of Theorem [2; on a loss of derivatives in Sobolev
estimates, a rough bound, and overcoming the large norm of the Sobolev em-
bedding in a high-frequency setting. While Section exposed mostly the algebraic
aspects of our proof, we sketch here how bounds are derived.

On a loss of derivatives. As described in the above Section our first normal form
reduction brings out an order-one, non-skew-symmetric operator, due to the presence of
convective terms in the (EM) system. This results in a loss of derivatives, and, after much
of the analysis sketched out in Section[1.7} estimates which in a considerably simplified form
look like

(1.14) litlle,s, S e eM/VE 47t /2HE /Ot IOV it |e 141 A

and

(1.15) | D™ s S K eVE 4 /2K /0 e OIVE DM i
Above,

e 1 is the perturbative unknown, which can be thought of as being more or less equal
to u — ug (difference between exact and approximate solution),

e the norm || - ||c 5, is a suitably weighted H*' norm;

e the index s; will eventually be chosen large, and smaller than the Sobolev regularity
s of the exact solution;

e the exponential "/VE with 4 > 0, is the || - |-.s;, — || - ||.s; norm of an appropriate
linear solution operator;

e the prefactor e /27K reflects both the singularity e~1/2 in front of the nonlinear
terms in the (EM) system, and the maximal size O(eX /) of the perturbative unknown
within the observation window O(/g|Ine¢l);

e the norm FL' is the L' norm of the Fourier transform; in , the operator
D™ denotes up to m suitably weighted derivative. If the perturbative unknown
belongs to H*, then by Sobolev embedding D™ belongs to FL! for m < s — 3/2.
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The estimate ([1.14]) is not in closed form. Fortunately the second normal form reduction
allows for an estimate in closed form, but with a much worse rate of exponential growth.

On a rough Sobolev bound. As a consequence of the second normal form reduction,
relatively standard estimates yield the bound (see Section [6] for details)

1.16 0l < eKett/ve
£,8 ~o 9

for s as large as s,, and some I' > 0 which a priori is much larger than the ~ that appears
in (L.14). The bound (1.16)) is our rough Sobolev bound. It holds true only so long as a
suitably weighted W1 norm of @ is controlled by %",

A closed and refined Sobolev bound. We can iterate the loss bound (1.14]) a large (equal to
s — 81 — 1) number of times, and, taking advantage of the smallness of the final observation
time (equal to O(y/|Ine|), obtain something like

t
(1.17) 1] o5, S eRelV/VE 4 g7 1/2HK (smo1=1)/2 Iy g% / eCEIIVE ()| o dt
0

Above, | Ine|* is some power of | In |, destined to be absorbed into a positive power of . In
the upper bound of ((1.17)), we now use the rough bound (1.16]). Under the conditionﬁ

2(K-K') T'—~

(1.18) s2 18+ =y N
this leads to the refined Sobolev bound
(1.19) [ t]]e.s, S eXet/VE

(This bound is rigorously derived in Proposition in one of the final steps of the proof.)
We see on ([1.18)) that for K large and K’ small, we have the refined bound ((1.19) for Sobolev
indices much smaller than the ones for which the rough bound (|1.16]) holds true.

Overcoming the large norm of the Sobolev embedding. At this point a nagging issue
shows up: in weighted norms, the Sobolev embeddings H® < W™ for m < s — 3/2, and
H® — FL' for 0 < s — 3/2, have large norms. Precisely, given u € H*, we only have a
priori

D™z S ID™ ]l Frr S & 2 fulles,
if || - [|c,s involves (0, 8,), with z € R and y € R?. Thus the use of the Sobolev embedding
in (T.15) results in a loss equal to e 1/2. That is, iterating (T.15]) as we did above for (T.14)),

we obtain
t
IDVallpps S eXehVE e /2K )2 1y g / IV D2 oy
0
and then, using the Sobolev embedding and the refined bound ((1.19):

ID a1 S e eM/VE 4 KRR =82 Iy g e/ VE,

4This informal discussion only reflects our proof approximately, and condition (|1.18) is not exactly the
one that shows up in our analysis. See the proof of Proposition and condition (14.7))
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Thus under a condition of the form (here again, this condition is not exactly the one that
appears in the analysis)

1 K'(sp—3)

—+ =" 5,

2 + 2
we find for || D771 the same upper bound as in (1.16)):
(1.20) | DY rpr < eXet/VE,

Continuation of the bounds up to the optimal amplification time. From , we see that
the refined Sobolev bound , which a priori held only conditional to a W% bound,
holds true until the amplification time T'\/¢|Ine|, with T = (K — K')/~. It is the time at
which the FL! bound gives || DV zp1 < e

Optimal rate of growth and lower bound. A key feature of the upper bound (|1.16)) is that
v is optimal, meaning that we are able to show a lower bound of the form

(1.21) 18l L2 (B(ao o o)) = EX TP 2eVE,

where the exponent [ that is involved in the radius of the ball is not too large, and (xq, o)
is a point in space at which the norm of the initial WKB amplitude a is maximal. Thanks to
the above upper bounds, the lower bound holds until the amplification time T'/¢| In |,
with T'= (K — K') /v, which concludes the proof.

1.9. Another viewpoint on fast transverse variations and space-time resonances:
points of stationarity for a relevant phase. We put forward another viewpoint here,
in which resonances are seen as points of stationarity for a relevant phase. This viewpoint
is not the one adopted in the present article, but it might be interesting nonetheless.

One key difference with [25] is the consideration of fast transverse variations in the data.
We explain here how these fast variations are likely to play a stabilizing role, and why space-
time resonances matter here, while the focus in [25] was on time resonances. Convective
phenomena are overlooked in this discussion.

We consider large longitudinal frequencies of size 1/e in x, the direction of propagation.
This calls for considering €9, derivatives. Similarly, we consider fast variations in y, with a
characteristic length of variation equal to /. This calls for considering /0, derivatives.

The focus is on the perturbation variable % defined by u = u, + %, where u solves Euler-
Maxwell and u, is the approximate solution to Euler-Maxwell described above in Section
[[.2] The goal is to prove that @ grows exponentially in short time.

For the sake of simplicity, we overlook convective terms in this discussion. The pertur-
bation variable % solves a system of the form

1
NG
where B(ug)td is linear in u, and 4. The hyperbolic operator A has a smooth spectral
decomposition (see Figure 1 below) into Klein-Gordon modes and null modes:

(1.23) A0y, V/E0,) = Y iAj(De)IL(De),

1<y5<5

(1.22) Ot + éA(gax, VED, )i = —=B(ug)i,
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where the \; are real eigenvalues and the II; are eigenprojectors. The anisotropic Fourier
multipliers are defined by

m(De)f = F~H (m(e&, Ven) Ff),
where F denotes Fourier transform, and (£, n) are the dual Fourier variables of (x,y).
In ([1.23)), the eigenvalues A; and Ao are of Klein-Gordon type:

)\1(5777) = 1+ ’(§7n)|27 >\2(§a77) =V 1 +0§|(€7n)‘2’

where 6. > 0 is a physical parameter in (EM). The mode A3 = 0 is a degenerate acoustic
mode. The other modes are Ay = —Ay and A5 = — ;. This decomposition of Euler-Maxwell
into Klein-Gordon and acoustic modes dates back at least to [37].

The constant-coefficient hyperbolic operator has a solution operator

t .
(1:21) S(t, D2) = exp (Z A0k, VED,) ) = 3 NPV (D).
1<5<5
We may then represent the solution % to the perturbation equations ((1.22)) in the form

o(t) = a0+ = [se-v ug)u(t') dt
(1.25) a(t) = S(t, D.) (0)+\@/0 S(t— ', D.)B(ug)ilt') dt'

For very short time ¢ < /¢, the cumulated response of the large source term is small, and
we expect the free solution to approximate u(t') :

(1.26) u(t) ~ S(t, D:)u(0), t < Ve
Plugging (1.26)) into ([1.25)), we find that

. . 1 ! / / . /
i) 2 (0. D.)i(0) + - /0 S(t— ¥, D)B(ua)S(t, D.)a(0) dt'.

The question is whether the perturbation @ grows in time. The solution operator S is
unitary by hyperbolicity of A. The initial perturbation % is very small, and so S(¢, D.)u(0)
stays very small in time. Thus the focus is on a bound for the integral

1 t ’ / . /
\/5/0 S(t —t', De)B(uq)S(t', D:)a(0) dt’.

Using the description of the solution operator in ((1.24]), and estimating commutators, we
find the above integral to be a sum of terms of the form

1 [t 1 [t e, R
1.27 / e't <I)(Df)/‘sf t)dt' = / / elwétiyntit <I>(8§7\/577)/5f(t”§,77) d¢ dndt’
( ) Ve Jo ( Ve Jo Jrs
where the phase ® and the interaction coefficient f are defined as, for p € {—1,1} :

(&, m) = Nj(E+pk,n) —pw = Ai(§n),  f(t') = 1L;(pk + D:)B(uop(t")ILy (De)i(0).
We see above that the key phase and interaction coefficients depend on (in the order of
appearance):

e the eigenmodes A; of the hyperbolic operator, introduced in ;
e the fundamental phase (w, k) € R x R of the WKB solution u, (see Section and
in particular (1.3));
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e the eigenprojectors II; of the hyperbolic operator, introduced in ;

e the linearized source B, which comprises convective terms, current densities and
Lorentz forces from the physical (EM) equations introduced in Section

e the leading WKB profiles ug 1 and ug—1 = ug; introduced in (1.3).

Resonant frequencies are defined as the zeros of ®. Far from resonant frequencies, we may
integrate by parts in time in . To illustrate this point, consider a resonant frequency
(€0,m0) € R3, and assume for simplicity that it is the only zero of ®. We focus on the
restriction of the oscillatory integral in a vicinity of the resonant frequency:

t
(1.28) 1// eir§+iy'"+it/‘1’(55’ﬁ")/ef(t’,5,77)dfdndt’.
Ve Jo Jieevem-gomo<t

We assumed for simplicity that ® is bounded away from zero in the domain in . We
may thus integrate by parts, and the integral in appears to be O(/¢) since 0 fis
uniformly bounded in ¢ (indeed, the dependence of f in time is through the WKB amplitude,
which does not depend on ¢).

Next consider the oscillatory integral (1.27]) in the vicinity of a resonant frequency. The
question is whether it can be bounded uniformly in ¢, in short time. Let (§p,79) such that
®(&p,mp) = 0. That is, we consider

t
(1.29) \}g/ /550/5|<R eiz§+iy'77eit“I’(E&\/gﬁ)/sf(t/’57T]) de¢ dn dr.

® "o/ VEl<R
We expand the phase near the resonant frequency, as we may if the eigenmodes are smooth
(they are in Euler-Maxwell, in spite of the coalescing point at the origin): for (£,7) such

that [e€ — | < eR and |en — ol < VVeR:
D(e€, Ven) = ®(€o,1m0) + (€ — £0)0e®(§0,m0) + (VEn —mo) - 9@ (€0, 70) + O(e),
that is
O(e€, Ven) = (Ven —mo) - 9y ®(&o, m0) + O(e).-
We plug the above (minus the irrelevant O(e) remainder) in to find

L jnE+i / ;
il —ict'-no/e ixédin-(y+ct’ /\E) Fryf /
[ e en € F(t' &.m) ds dn .
In—no/vel<R
where ¢ = 0,®(£o,10). We may ignore the purely oscillatory time factor. We also ignore
the frequency domain in this informal discussion, and focus on

1/t L , . 1 [t ct!
1. ixé+in-(y+ct’ [\/E) £t r_ / / a2

We distinguish two subcases:

e The resonant frequency is a space-time resonance: ¢ = 0. Then the integral is typically
O(t/+/€), and we can expect an exponential amplification in the linearized equations. Note
however that if the ratio f/® is bounded near the resonant frequency (£o,7) then it is
possible to integrate by parts in the integral (1.29) in spite of ®(&y,79) = 0, and this
provides a uniform bound in . The condition f/® bounded is a compatibility condition
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(called “transparency” in [13] and analogue to “null form” in [16]). Many physical equations
exhibit this type of property: in particular Maxwell-Bloch (see [13]), Maxwell-Euler (see
[38], in a slightly different context than here) and Maxwell-Landau-Lifshitz (see [23]). The
present result (Theorem [2) reveals a lack of transparency for Euler-Maxwell: the ratio f /P
is not bounded, so that an integration by parts in time variable is not possible in ,
which leads to the rightmost integral in , and if ¢ = 0 we record an instability.

e The resonant frequency is a time resonance but not a space-time resonance or ¢ # 0.
Then, we may posit s = t'/y/e, and the above integral becomes

NG
/ f(Ves,x,y + cs) ds.
0

Since f is differentiable in time, and d;f is uniformly bounded in ¢, in short time the above
integral is approximated by

t/\/e
/ f(0,z,y + cs) ds,
0

and since ¢ # 0, this is the integral along a line in the plane RZ of the function f which
belongs to L!. The integral is finite, and we obtain an e-uniform bound.
2. THE PERTURBATION EQUATIONS

The proof of Theorem [2] starts here.

We work with the Euler-Maxwell system (EM) introduced in Section In this prepara-
tory step, we set up notations and introduce the perturbation equations (2.38))-(2.39) about
the WKB approximate solution.

2.1. Coordinatization. We coordinatize solutions u to (EM) as
u= (B, E,ve,Ne,v3,n;) = (B, E| v, ne| vi,n;) € RS x R* x R?,

with vertical dividers for legibility. Solutions u depend on time t > 0 and space (z,y) =
(x,91,y2) € R x R?, and of course on the small parameter £ > 0.

2.2. The FL! norm. Introduce the norm

(2.1) 1 lrz =1l

We note that the FL' norm controls the L> norm:

(2.2) Iz S N7

and that a control in H2(R3) gives a control in FL" :

(2.3) 1fl7e S Iy, since 2> d/2 = 3/2.
Also, FL' is an algebra:

(2.4) 1fall7r < [fl7rallgllFrr-

Finally, we will use the elementary interpolation inequality

(2.5) 11073 f 059l 7o < [l fllFpr - 0y y9ll o + gl 7L - X ol 107,y fll 7L

max || ma
18]=|a1|+]ez] 1B]=lc1|+]
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Inequality ({2.5)) persists if derivatives are replaced with weighted derivatives. In particular,
we will use (2.5) with 0. derivatives; the operator J; is defined below in (2.10).

2.3. The WKB approximate solution. It has the form
Uq = Z 56/2”@» Uy = E eiq(k$_wt)/€uf,q(ta x??//\/g)v

0<I<K!, q€H,

where the amplitudes uy, 4 depend on e only through y//e. Above w = /1 + k? is the char-
acteristic frequency associated with the initial wavenumber k via the polarization condition
IT; (k)a = a. See Section for the definition of the eigenprojectors II;, and Section (19| for
an explicit version of the polarization condition.

The leading terms (ug, u1) solve the Zakharov (Z) system given explicitly in Section
for which an existence T, > 0 is given in [22]. In particular, the Sobolev regularity of ug
and up is sq and s, — 1, respectively.

The higher-order terms (ug, ugy1) solve system (Z) linearized at (ug, u1), with additional
source terms which depend on spatial derivatives of u,, for / < ¢ — 1. In particular, the
higher-order terms are all defined over the same existence time [0, 73] as (ug, u1), and the
Sobolev regularity of uy is s, — k. As a consequence, the full approximate solution u, is
defined over [0, T,], and has the Sobolev regularity s, — K.

In the cascade of WKB equations, the leading term ug cancels the terms of order O(s1).
The first correctors cancel the terms of order O(¢~/2). And so on, so that in order to have
a remainder 5+ R,, with R, bounded in ¢, we need K ! = 2K, + 1. This means that the
Sobolev regularity of u,, and R, is sq — 2K, — 1. We have the bound

Sup max ”(um Ra)(‘€7 t, ')HLOO(R‘Q’) + ”(8817)a<\/gay)6(ua7 RG)(€7 t, ')HL2(R3) < 00,
e>0 0<t<T,
for any (o, 3) € N3 such that |a| + |8| < s, — 2K, — 1, where T, > 0 is an existence time
for u,.
We will find a local-in-time solution u with the same Sobolev regularity as u, :

(2.6) s =5q— 2K, —1,

The proof goes through if s, is large enough, depending in particular on K and K’. The
constraint bearing on s, is specified in Remark

2.4. The unique solution to (EM) issued from (1.4). The system (EM) is first-order,
quasi-linear, symmetric hyperbolic. For fixed € > 0, the datum , which belongs to H*
with s defined in , generates a unique solution v which is defined over some maximal
time interval [0, T4 (¢)), with T, (¢) > 0, and has the same Sobolev regularity as the datum:

u € CO([Ovt]aHs(Rs))y for allt<T*(5)
Moreover, the maximal existence time Ty () is such that
T ()
0
Define
(2.7) T="""
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where ~ is the optimal rate of growth defined in (12.22). Our goal is to show that the
solution is defined over [0, T.+1/¢|Ine|], where T} is just a little smaller than T (see Section
and that within that time interval, the solution u diverges from the approximate solution
Ug.

At time t = 0, the distance u — u, is very small. In particular,

1(602) (u — ua) () 2 + | (VEDy)*(u — ua)(0) [ 2 S €™,

with |a] < s.
The function t — ||(u — ug)(t)| gs is continuous over [0, T, (¢)). Maps in FL! belong to
H?, via the embedding ({2.3]), which with weighted derivatives takes the form

1flree S 30 11(e02)7 (VD) fll 2.
lal+[8]<2
Thus the function ¢ — ||(u — ug)(t)|| 711 is continuous over [0, 7% (¢)), and so is the function

N, : t— max

— t .
| (= ) (1) 7

Since N, is continuous and nondecreasing, [0, v/2T|Ine|] NN ([0,5']) is a closed interval
in [0, T (¢)), and since we may assume K > 1+ K’, this interval contains 0. We denote t,(¢)
its endpoint, so that t,(¢) is the largest time within [0, /T |Ine|] N[0, T%(e)) for which

(2:8) max (11— w)(0) i 411 (200, VE0,) (= ) (1)1 ) <

0<t<t.(

2.5. Rescaling the transverse coordinates. In view of the form of the initial WKB
profile (1.2)), we rescale the transverse coordinate, and define

(2.9) (e, t,z,y) :==u (5, t,x, \@y) .
We will use two different weighted gradients:
(2.10) Ve := (e0y,V€0y), and 0. := (£0,,0y).

The datum for « is

(0, z,y) = cos (T) a(z,y) + X Re ( (eim(§0+k)/aé'o + eimgo/eﬁ) o(x,y) )
The bound ([2.8)) becomes

(211) sup (18— @) (®)llrr +110- (@ — @) (8)] 71 ) <.
0<t<t(e)

After the rescaling (2.9), the WKB profiles are not singular in y. In particular,
HagaﬁaHLoo < Ca:

for |o less than some function of s,, where s, is the Sobolev regularity of the initial WKB
amplitude. The constant C, is uniform in time and ¢, for ¢ € [0,7,], where T, > 0 is an
existence time for the WKB approximate solution.
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2.6. The linear hyperbolic operator. Consider system (EM) from Section In the
coordinatization introduced in ([2.1)), the linear spatial differential operator in (EM) is

0 V x 0 0 0 0
—Vx 0 —1/e 0 | 1/(0e\/5) 0

0 1/e 0 6.V 0 0

0 0 6.V- 0 0 0

0 —1/(6/E)| O 0 0 a?\/eV

0 0 0 0 VEV: 0

In view of the change of variable of Section [2.5] we thus find the linear differential operator

1
in (¢, x,y) variables in the equations in @ to be 9y + —A(V.) with
£

0 Ve x 0 0 0 0

—Vex 0 —1 0 | /b, 0

_ 0 1 0 6.V.| o0 0

A(Ve) = 0 0 0.V 0 0 0
0 —e/b.| 0 0 0 a?/eVv.

0 0 0 0 | eV, 0

The characteristic variety of the hyperbolic operator evaluated at ¢ = 0 is pictured on
Figure

2.7. Convection. The convection in Euler contributes quasilinear terms to system (EM)
introduced in Section [I.I] page[3] In view of the change of variable of Section we denote

j(ﬂ, va) == je(ﬁey Vs) + \/g\ji('bia ve)a

with notation

je(ﬁea ve) = 08(66 : ve)lea

and

Jo=|olo|l o
IdRzL

Ji(0i, Ve) = (0; - V),

in the coordinatization of Section 2.1l

2.8. The large semilinear source terms. The current density j and the Lorentz forces
L. and L; contribute semilinear terms to (EM). The nonlinear current density terms are

1 1 1

Z(eVEe — 1)y

e — —=ltele 1'
- N ﬁnv +0(1)

(eﬁ"i — 1),
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e

VE

The nonlinear electronic Lorentz force term is ———wv, X B. We denote, in the coordinati-

zation introduced in Section 2.1
(2.12) Blu,u) = (oRg,neve\ — fove x B,0| 0R3,0>.
In the equation in @, the bilinear term B comes in with a large 1/4/¢ prefactor. The other

semilinear terms are denoted F(@). These incluse the O(1) terms in the current density
above, and the nonlinear ionic Lorentz force term. Precisely,

/21 .
F(a) = (oRg, e (Ao — \fﬁf@-) , Opd, \f@i x B, o).
>2 € e

2.9. The equations in @. Summing up, the initial value problem in 4 is
1
NG
@(0, z,y) = cos(kz/e)a(z,y) + X ¢,

L @ voa-

7z B(u,w) + F(a),

D+ LAV +
(2.13) €

with notation
(2.14) 5 (2,y) = Re (PG 70 ) oz, ) ).

We will choose &y and ¢, and vectors €y and f_é in the course of this proof. In the left-hand
side of the evolution equation, the linear symmetric hyperbolic term A a priori generates only
fast oscillations in space-time. Our goal is to show that B generates short-time instabilities
for (2.13)).

2.10. The perturbation equations. Introduce the perturbation unknown  :
(2.15) U= U — Ug,

where 4,(t,x,y) = uq(t,z,v/ey), and u, is the WKB approximate solution solving the
Euler-Maxwell system with a remainder e%« R for K, > K +1/2, and R, bounded in || - || s
norm, uniformly in € and in ¢ in the time interval under consideration. Here s is as in the
statement of Theorem [2| The construction of w, is sketched in Section We will work
with the perturbation unknown @ and subsequent unknowns defined in terms of % in the
rest of the proof.

From (2.13]) and the definition of @ in , we deduce the initial-value problem in % :

o1 1 T
i + EA(VE)U + %Ops(‘])u - %Ops(lg)u + F,

w(0,2,y) = e ¢°.

(2.16)

The matrix-valued symbol B € S° (see Section [22| for the definition of the symbol classes
S™ with m € R, and the associated operators op,(+) in anisotropic quantization) is defined
as

B(Eat7$7y7fﬂ7) = B(ﬂ’(b ) + B(',ﬂa) - ‘7(7 vé‘)aa

2.17
247 — (1 = Xnign) (& )T (@, i€, in) € CH x CH,
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the dependence in (g,t¢,z,y) being through ,. In the above definition of B, the smooth
frequency cut-off Xnign € Coo(Rgn;R) is a high-frequency cut-off, such that 0 < xpign <1
and

(2.18) Xhigh =0 for small frequencies, Xhigh =1 for very large frequencies.

Above, by “very” large frequencies, we mean a frequency threshold that depend on param-
eters K (specifically, which tends to infinity as K — oc), but not on €. A precise choice for
the support of xign is made in Section m; see in particular Figure [§l The high-frequency
convective symbol J is defined by

(2.19) J(e,t,2,9,6,m) = Xnigh(§, 1) T (Ua(e, t, 2,Y), 1€, in).

The operator op,(J) is the pseudo-differential operator with symbol J in the anisotropic
semiclassical quantization defined in Section [22]
Section below gives a description of F', the remainder terms in ([2.16)).

2.11. The linear convective terms in the perturbation equations. By property of
the WKB solution (see ((19.3])), we observe the cancellation:

(2.20) Ve * (&m 0, O) =0,

where 0, is the leading term in e in the (rescaled in y) WKB electronic velocity 0, (where
e stands for electronic and a for approximate). This implies
(2.21) Uea * Ve = Veoy + VEOy + VEWe - Ve,
where w, comprises the electronic velocities of all correctors terms in the WKB expansion.
We can write (2.21)) in the form
1 . - -

%’Uea . v5 = Vg0 * ag + We - Vg.

Besides, the leading ionic velocity term vanishes in the WKB expansion (see ((19.3) again):
vip = 0,

so that 0; = \/ew;, where w; is bounded in || - ||cs norm. As a consequence, the linear
convective terms in (2.16]) takes the form

1 - - N
(2.22) %01)5(*” = (Veo + Oc + W - ve)()pe(Xhighie) + \/g(wz : Vs)OPa(Xhighli)'

In particular, the linear convective terms are not singular in ¢, thanks to the cancellation
(2.20). The quasilinear convective terms, however, are singular, as seen in the next Section.

2.12. The “source” terms in the perturbation equations. The term F in (2.16))
comprises nonlinear terms and the WKB remainder:

(2.23) F = Flig + ) — Flig) — e Y2 (T (i, Ve)i + Bla, @) — X R,

In (2.23)), the term £X«R, is the remainder in the WKB approximation, which takes the
form X« R, after the change of transversal spatial variable of Section
By definition of F'; we have the bound

1)l z2 S Clla +ill )il g2 + e V/2| Vet ool 2 + 52,
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where C' : Ry — R is non-decreasing. By the short-time bound (2.11)) on 1, this translates
into

IE O]z S e V2 a)||: + e, for t < ti(e).
In the upcoming Sections, we will prove weighted Sobolev and FL! bounds for F.

2.13. Weighted Sobolev norms. Our weighted Sobolev norms are defined in terms of L?
bounds for 0% derivatives, with
(2.24) 0% = ((02)*,057),  a=(a1,a2) € NxN?

in accordance with the definition of 0: in (2.10). The associated weighted-in-z-only Sobolev
norm is defined as
2 2
(2.25) A2, = 7 10 22 oy
ol <s

In particular, in (2.25) we are considering 0, derivatives, not /0, derivatives in the
transverse coordinates y € R?. The definition (2.24) is in contrast with the operator
V. = (€0,, /€0y) that appears in particular in the initial-value problem in % ([2.16). Note
that when dealing with pseudo-differential operators, we keep, however, the anisotropic
op.(+) quantization, in which symbols are evaluated at (¢£,+/en). Both operators, V. and

Oe, are relevant in our analysis.
Note that the H% — FL' embedding, for so > 3/2, takes the form

(2.26) £l S e 2]
in the weighted Sobolev norm ([2.25)).

£,507

2.14. Sobolev bounds for the source. By symmetry of the quasilinear convective terms
(see Section [2.7)), we have

1 . o _ . .
\%%e (T (0, Vo)O%i, 020) | S e VAIVeil|pollill? e ol <,
where the weighted Sobolev norm || - || s is defined in the Section just above. Besides, by

the Gagliardo-Nirenberg inequality,
1 . o
’ﬁ%e ([85 , J (1, Vg)]u), 0 u)L2
Thus we have, for F' defined in (2.23)):
Re (B, )y 5 (Ol + i) + V2 il e + 2ot g ) [, + 5 i)

where C' : Ry — Ry is non-decreasing. By the short-time bound (2.11)) on %, and the
embedding (2.2)), this translates into

(2.27) Re (F(t),1(t))e,s S e Ja)]2, + 5 lu(t)]es,  for t < tu(e).
We also have
1P |l,s < e V2 [l oo | Vett]|c,s + &2 ([l oo + ([ Vetil| zoe) ltt]|c,s)

+ O([aa +all o) alle,s + 2,

S e V2| Vel a2 o] <'s.

€,87

(2.28)
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implying, by the short-time bound (2.11]) on %, and the embedding (2.2)):
(2.29) 1E@)lles S &2 i(t)|ese1 + 52, for t < (o).

~

2.15. FL' bounds for the source. We turn to FL! bounds for the remainder F' defined
in (2.23)), where the FL! norm (L! norm of the Fourier transform) is defined in (2.1]). Since
FL" is an algebra, we have

1Bz S (Cllzpn) + e 2Nl 70 + e V200l 2 ) il 721 + €5,
where C': Ry — Ry is nondecreasing. Using the short-time bound on %, this implies
(2.30) 1) 7 S V2 a(t) 7 + 5, < ().
We bound in a similar way .F in the FL! norm:

10-F || 71 < (C(l|a]l zr2 + E71/2”75‘”]%1 + 871/2”35'&”le )10=0(t)] 710

V2| ppal|02al| o+ R,

+e
so that
10-Fllrr1 S e P (0 prr + 1020l 1) + €5, ¢ < (o).

Higher derivatives 2 F' involve
02 (F(tiq + ) — F(iia)) = / 1 2 (F' (g + T0)u) dr,
which takes the form '
> Gy / 1 Frl(ig +ra)- [ 07woadr,
a1+az=a 0 1<j<m

1<m<|a1]
B+ +Bm=a1

with positive coefficients Cjg,. We then use the interpolation inequality (2.5):

N . 8 . . N . . .
1F (g + i) - J] 0002 rrr < Clliall e, il zr0) it s max 1023 L1,

1<5<m 181=la
for some nonnegative and nondecreasing function C. With (2.11)), this gives
102 (F (g + 1) = F o) |1 S € max 004l 7, ¢ < tle).

18]=lc|
The other terms in F are bounded by the same arguments. In particular, for t < t,(e),
e V2|00 B, )| pp1 S e V2K max 04z,
=|a

and

e 12007 (0, Ve )i) | o S e V2K |§13‘§|(\\8§a\\w + |08V ctt]| F ).

Summing up, we have for |a| > 1 (and |a| not greater than some large index depending on
high regularity of the WKB solution) the bound

2.31)  NO2Fllp S e+ e7V2 max (|00 + 02V el ), ¢ < tule).

Bl=le
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2.16. Uniform remainders and equivalent sources. The solution « to will go
through a series of changes of variables in the course of the proof, and so will the “source”
term F. The changes of variables often involve operators which are bounded in weighted
Sobolev norms and in FL! norm.

Definition 2.1. Any linear operator R which satisfies the bounds
[Rflle.s S [Inel*]|f]

£,5) 10SRf|| prr S |Inel* max Hag’BfoLh
1BI<]a|

for all f € H® with ﬁgf € FL' for |B| < |a|, for all a not greater than some large index
depending on the reqularity of the WKB solution, is said to be a uniform remainder if the
implicit constants do not depend on € nor on t, for t < t.(e).

In Definition we use notation |Ine|* := |Ine|V* for some N, > 0 which depends on
all parameters in the problem, but neither on € nor on the space-frequency variables.

In view of Lemma [22.6] we see that given g € N, given b, a term in the WKB expansion,
given @ € L"O(Rgn), the operator op,(e'%b,(x,y)Q(&,7)) is a uniform remainder. Indeed,
all terms in the WKB expansion have a high Sobolev regularity, hence belong to W for
large s’, by propagation of regularity for the Zakharov equations. (The leading terms in
the expansion solve the nonlinear Zakharov system (Z) given in the introduction, and the
correctors terms solve linearized Zakharov equations around the leading terms, with source

terms depending on previous terms in the expansion and their derivatives. Details are given
in [37].)

Definition 2.2. Consider ui an avatar of the perturbative unknown , defined through
linear changes of variables in terms of 1, and which satisfies a system with a source Fy. (As
a starting point: uy = U and F} = F) Consider a linear change of variable Q1o which is
a uniform remainder, and the associated unknown us = Q1_oui. We say that a source Fs
in the system satisfied by uo is equivalent to Fi if it has the form

Fy = Q152F1 + Ruy,
where R is a uniform remainder.
Note that the (-, ). s bound (2.27)) depends on a symmetry assumption that is a priori lost

by changes of variables. In Section [8] we will verify that our series of changes of variables
preserves the symmetry to first order.

2.17. The leading singular terms in the perturbation equations. The approximate
solution u, has the form

Ug = ug + Ve(ur +...),
and is such that (g — tp)/+/€ is bounded in the weighted Sobolev norm || - || s and in the
FL' norm. The leading term ug has fast space-time oscillations
ao(t, z,y) = e_wﬂo,,l(t, x,y) + ewﬂo,l(t, x,y),
in the rescaled spatial frame , where
0 = (kx — wt)/e.



26 ERIC DUMAS, YONG LU, AND BENJAMIN TEXIER

The fundamental phase (k,w) € RxR (or (k,w) € R3 xR if k is identified with (k,0,0) € R?)
is pictured on Figure [3]

We further know that the amplitudes ug , are polarized, in the sense that there are scalar
functions g(,) and fixed spatial directions €, such that

(2.32) 110719 = g(p)é'p.

Details (in particular the definition of vectors €,) are found in Section By symmetry,
we have

(2.33) 9-1) =90y, €-1=(e1)",

where z* denotes the complex conjugate of z, and conjugation for vectors is meant entry-

wise.
Next we evaluate g, at ¢ = 0, and introduce a truncation that takes advantage of the

assumption that the initial WKB amplitude a decays like e /%" (this is assumption (a3)
below (1.2))). Let Xtrans be smooth, with values in [0, 1], and such that

1, ’y| < Rtrans| 1n€|1/"'€a’
07 ’y| Z 2Rtrans’ lndl/ﬁa
In order to achieve (2.34), we can for instance choose a fixed “plateau” function yo €
C(R?) with values in [0, 1], such that xo(y) = 1 for |y| < 1 and xo(y) = 0 for |y| > 2,

and let Xyrans(y) == XO(R;%Lns’ lne\_l/ Fay). We observe then that yirens has somewhat slow
variations in y, in the sense that

109 Xtrans| L= S Roen [ Ine|7lol/ma o) > 0.

trans

1/ka
(234) Xtmns(y) = { with Rirans = (i) :

The leading term in B involves only Xirans(¥)9(p)(0,7,y). Indeed, we have, for [a| < s, —
d/2,t < Ty/e|lne|, and if ¢ is small enough, the bound

(235) ‘a;?,y (g(p) (t, z, y) — Xtrans (y)g(p) (07 x, y)) ‘ 5 51/2| 111€|*,

where notation |Ine|* is introduced in Definition
We now verify (2.35). A starting point is the decomposition
(2.36)

89?4; (g(p) (t7 xz, y) — Xtrans (y)g(p) (07 z, y))
= 8§,y(9(p) (tv z, y) — 9(p) (Ov z, y)) + 8:?,3/((1 — Xtrans (y))g(p) (07 z, y))
The first term in the above right-hand side is controlled pointwise by

t
/ g (' z,y) dt| St sup [|Orgepllze.
0 o<t’'<t

As we see in Section the components of the amplitudes g(,) are expressed in terms of
the electric field E which solves the (Z) (Zakharov) system of Section By propagation
of Sobolev regularity for the Zakharov system (Z) (proved in [22]), this means that g,
has a high Sobolev regularity, uniformly in time over an O(1) time interval. Via the (Z)
equation, we can express Jig(, in terms of spatial derivatives and products of E (and n,
which is a corrector term in the WKB ansatz, and has a lower, but still large, regularity).
In particular, d;g(, is bounded in (z,y), uniformly in time O(1).
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For the other term in the right-hand side of ([2.36]), by definition of Xrans : on the support
of 1 = Xtrans, we have |(x,y)| > |y| > Rirans|Ine|/%* > R, if ¢ is small enough. Thus by
assumption (a3) on the WKB amplitude:

105, (1 = Xerans(9))9() (0,2, 9) 12 S €7 W™ [ Inel” S /2| e,

since |y| > Rirans|In g|V/fa. Thus (2.35) is proved.
We denote

(2.37) 9p(2,Y) = Xtrans(1)9(p) (0, 2, 3).
By (2.35), the leading term in symbol B defined in (2.17) is

B = Z eipegp(xay) (B(5p7 )+ B(, €p) — Te(-yipk)ep — (1 — Xhigh,+p)j6(gpai§ain)>'

pe{flvl}

In the above definition of B, we used notation pertaining to frequency shifts of symbols
introduced in Remark Note that among the convective terms J, only Je, which is the
contribution of the electrons to the convective terms (defined in Section , remains in B.
The perturbation equations (2.16)) in @ take the form

1 1 1 .
atu + EA(VE)U + ?OPE(J)I[L = 7Op€(B)’L'L + G:

(2.38) Ve Ve
(0, 2,y) =" ¢%,
where
: . 1 : .
(2.39) G:=F+ \ﬁope (B — B)u.

Note that the second term in G does not have a singular prefactor, contrary to what it
seems at first sight, since B = B+ 4/2(...). The remainder G is equivalent to F', in the sense
of Definition 2.2

3. THE CHARACTERISTIC VARIETY AND RESONANT FREQUENCIES

The characteristic variety of A(V.) = A(€0;, \/€0y) is, by definition, the union of branches
of eigenvalues of A(i€,in), as (£,n) ranges in R x R2. According to the definition of A in
Section [2.6] the symbol is

0 i(€,m)x 0 0 0 0

—i(€,m) % 0 ~1 0 Ve/be 0

L 0 1 0 i0.(¢,m) 0 0

A(ig, in) = 0 0 | i6.(&n) 0 0 0
0 R 0 0 0 az\/e(&n)

0 0 0 0 VeE(&,n)- 0

The vertical and horizontal dividers follow the convention of Section 2.1l

The variety for A|.—o is pictured on Figure It shows two Klein-Gordon modes and
acoustic modes. The fast Klein-Gordon modes are called electromagnetic waves, and the
slow Klein-Gordon modes are called electronic plasma waves in the physics literature. In a
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iR

A () =i/ 1+ |¢?

sp A(i¢)j—p C iR

—_— (O =i IF P

Z)\gEO

¢ eR3

F1GURE 1. The linear electronic characteristic variety for the Euler-Maxwell
equations. This is the union of branches iA;(¢) of eigenvalues of A(i()|c=0,
for ¢ € R3. The variety is rotation invariant in ¢. In the above figure for
the sake of representation we let 6, = v/5- 107!, In physical applications, 6,
is quite smaller. In the physics literature, the fast Klein-Gordon modes are
called electromagnetic waves, while the slow Klein-Gordon modes are called
electronic plasma waves.

different context, the decomposition of (EM) into Klein-Gordon with different speeds and
acoustic subsystems is central in [1T].

3.1. Eigenmodes and projectors. Details of the computations for the eigenmodes and
eigenvectors of the symbol A of the hyperbolic operator are given in Section[20] We sum up
some of the results of Sectionhere. The matrices A(i€, in) have eigenvalues iA5(€, n), with
j€{1,2,37,3,3%,4,5}. By symmetry, A5 € R. There are two fast transverse Klein-Gordon
branches

_ 1/2
M= X = (140,24 82+ )2,
with multiplicity two. There are two slow longitudinal Klein-Gordon branches

1/2

A5 = =M= (1+62(¢)*) 7"+ O(e),
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A2

1,)\350

V3 ok ¢eR[n=0

FIGURE 2. The fundamental phase in the WKB oscillations is (k,w), with
k| > /3, and w = A\1(k,0) = V1 + k2. It describes the space-time oscilla-
tions of the initial (or incident) electromagnetic wave which interacts nonlin-
early with the plasma. We often identify & € R with the vector (k,0,0) € R3.
Condition |k| > /3 guarantees the existence of the key unstable (1,4) and
(2,5) resonances, see Proposition and Figure

uniformly in frequency. The slow Klein-Gordon modes have multiplicity one. The eigenval-
ues A5 and Aj have multiplicity one. The other modes are acoustic:

5+ =0(Vell),  A3=0,

uniformly in frequency. The eigenvalues 5. are simple, and A§ has multiplicity 6. The

branches A§ and A5 (similarly, \§ and A§) intersect at (0,0) € R3, with no loss of smooth-

ness. The acoustic modes also coalesce at the zero frequency, with no loss of smoothness.

Associated with /\j, denote Hj, with j € {1,2,37,3,3%,4,5}, the eigenprojector of A onto

the eigenspace associated with )\j, and parallel to the direct sum of the other eigenspaces.
From the above, we deduce the approximate spectral decomposition

(3.1) Ai¢) = Y iM(OTL(C) + VERA(S),

1<5<5
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and the decomposition of identity

(3.2) Id= Y I,  ILI =41,
1<j<5

where

e the \; and II; are the eigenvalues and eigenprojectors of Aj._g, so that

Mo==ds=(1+E+ )2 A=0, do= A= (14062 + )"
and, in particular
I = (IT5- + 115 + H§+)|8:O.

The approximate eigenvalues \; depend smoothly on (. By inspection (see Section
, the projectors II;, for j # 3, also depend smoothly on ¢. By (3.2)), this implies
that II3 depends smoothly on (.

e The remainder R4 is order one, since the acoustic longitudinal modes A5 are order
one in frequency. It is bounded in € (in particular by the uniform bound (20.4))),
and smooth in ¢ by (3.1)) (since all other symbols in (3.1)) are smooth).

From (3.1)), we deduce
(3:3) A(Ve) = > op.(iX)op.(IT;) + veop(Ra),
1<5<5

since all the symbols in (3.1) are Fourier multipliers, that is independent of the spatial
variables. Note that the remainder op.(R4) is not a uniform remainder in the sense of
Definition [2.1], since it is order one.

3.2. Resonances. The resonant frequencies first appear in our analysis as small divisors
in homological equations (see (4.8)) in the proof of Proposition 4.1).

Definition 3.1. The resonant frequencies are defined as the solutions (£,1) € R3 to

w=N\;(§+k,m) — Ay (&n),
for 1 < j,j'" <5, where the \j are the eigenmodes described in Section evaluated at
e =0.In , k is the fundamental wavenumber that appears in the datum , and
w=(1+ k‘2)1/2 is the associated characteristic time frequency. If there exists (§,1) such
that holds, we say that a (j,j") resonance occurs at (£,7), and that (4, j') is a resonant
pair. We denote Rj; the set of (j,j') resonant frequencies, and R the union of all R .

3.3. Structure of the resonant set. Based on the explicit description of the eigenvalues
given in Section |3| (see also Figure 1), we make a number of important observations for the
resonant set R introduced in Definition [3.1k
Proposition 3.2 (Resonant set).

(1) The phase functions

(3.4) Dy (&) = N(EHEm) = Ai(€,n) —w

are all bounded away from zero in a neighborhood of infinity in R3. In particular,
the resonant set R is bounded. Moreover, unless j = j', we have for some c¢;j >0
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s &y &h

FIGURE 3. Some stable space-time resonances are pictured here. By Propo-
sition space-time resonances are resonances with 7 = 0. We see above
the (1,3) resonances, which in the small 6, limit occur at ;3 = —2k and
&5 = 0; a (1,2) resonance at £y = —k + (w? + 2w)'/? (the other (1,2) res-
onance, occurring at £, = —k — (w? + 2w)1/2, is outside the scope of the
picture), and a (4,5) resonance occurring at &,z = —(w? + 2w)/2. All those
frequencies are understood in the small 6. limit. The analysis will reveal
that (1,2), (1,3), (3,5) and (4,5) resonances are stable.

and some Rjj > 0, the lower bound |®;;/(&,n)| > cj|(§,n)], for all (§,m) with
|(§,m)| = Rjjr. Finally, if the phase function ®;; does not have any zero, then it is
bounded away from 0 uniformly in (&,n).

(2) There may occur a (j,7") resonance only if j < j'.

(3) There are no (1,5) resonances.

(4) Given |k| > k. = V/34+0(0?), where k. is defined in in the proof below, then all
possible resonances do occur, that is we observe resonances of the type (1,2), (1,3),
(1,4), (2,3), (2,4), (2,5), (3.4), (3,5) and (4,5).

Proof. (1) We may verify the first two claims by straightforward computations based on the
explicit expressions of the eigenvalues A; of A._o, given in Section See also Figure
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iR

&l

€5

FIGURE 4. The unstable space-time resonances associated with pairs (1,4)
and (2,5) are shown on this figure. In the small . limit, we have fﬁ =
—k= (w?—2w)Y?, and &£ = +(w? —2w)'/2. The analysis will show that these
space-time resonances, between electromagnetic waves (fast Klein-Gordon)
and electronic plasma waves (slow Klein-Gordon), are responsible for the
Raman amplification.

The third claim, about non-existence of near-resonances, follows from the proof of (2) and
(3) below.

(2) Consider first the possibility of (j,j) resonances, sometimes called auto-resonances.
The (7, j) phase function is

;& m) = N(§+ k) — Ai(€n) —w,
so that
|56, m)| > |w| = [VA;(E,n)][K]-

Based on the explicit expressions of the \;, we observe that [V\;(£,7)| < 1 (euclidian norm),
for all j and all (£, 7). Thus

[P (&, m)| > |w| — |kl =1+ K|2)Y2 — |k

is uniformly bounded away from zero. This proves that auto-resonances do not occur.
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The (2,1) phase function is

D21(&,m) = A2(§+K,m) — A€, m) —w = A2(E,m) — A€, m) + (A2(§+K,m) — A2(€,m) —w).

In the above right-hand side, the first term A2 — A1 is at most equal to 0. The second term
is strictly smaller than zero, by

A2 (€ + K, m) = Ao(&m)| < [VAgllk] < K| < w.

Thus there are no (2, 1) resonances. By symmetry, the same argument shows that there are
no (5,4) resonances either.

By a simple consideration of sign, we can rule out the other resonances of the type (4, ;")
with j > j/, that is (3,1), (3,2), (4,1), (4,2), (4,3) and (5,1), (5,2).

(3) We prove the inequality
(3.5) 14+ E+BH2+Q+HY2 > w, forall€eR.

It is then easy to put in 7 and deduce from (3.5|) that there are no (1,5) resonances. For a
proof of ([3.5), first note that if |k| < |€], then the inequality is obvious, since w = (14k2)'/2.
Also, if k and & are the same sign, the inequality is obvious. Hence we focus on the case
|€] < |k| and &k < 0. Then, inequality (3.5)) is implied by

1+ (E+k)?2 >0+ 1+ —2w(1+ &)V

which is equivalent to
1
(3.6) gh > - (14 kY214 €212,
Recall, {k < 0. Thus (3.6)) is equivalent to
1
(14 k)21 + €)Y > o+ [¢]IK,

which holds true.

(4) There are 10 pairs of the form (j,j’) with 1 < j < j/ < 5. The (1,5) resonance is
ruled out. Thus we have to verify that all 9 possible resonances do occur under the stated
condition on |k|.

For (1,2), we simply observe that ®12(0,0) = —1 < 0, while ®12 — 400 in the large-
frequency limit. By continuity, this proves the existence of (1,2) resonances.

For (1, 3), the zero frequency is resonant: ®;3(0,0) = 0.

We turn to (1,4). The associated phase function is

(1)14(5’ 77) = >‘1(£ + kv 77) —wt )‘2(57 T])
We observe that ®14(0,0) = 1, and ®14(—k,0) = 1 —w + (1 + 62k%)'/2. Thus by continuity,
the condition
(3.7) 1+ (14 02K>)Y2 < (14 k2?2

guarantees the existence of (1,4) resonances. Elementary computations show that inequality

(3.7)) is equivalent to
KU1 - 62)% = 2k*(1 4+ 6%) — 3> 0.
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For |k| > k. defined by

o 1 2 02, ph 1/2)1/ 2 2
68 k= s (2(1+66)+4(1 02 +60%) V3 +0(62),
the above inequality holds true.

We have ®93(0,0) = (1 + 02k%)%/2 —w < 0, since f, < 1. Besides, @93 is large in the
large-frequency limit. Hence the existence of (2, 3) resonances by continuity.

Consider next the (2,4) phase function. We have ®4(0,0) = (1+6.k?)"/? —w+ 1, which
under the condition |k| > k. is strictly negative. In the large-frequency limit, ®24 tends to
infinity. This proves the existence of (2,4) resonances by continuity.

The same argument works for the (2,5) resonance as well, since ®25(0,0) = $24(0,0),
and P95 tends to infinity for large |(&,n)].

Resonances of type (3,4) are deduced from resonances of type (2,3) by translation.

Similarly, resonances of type (3,5) are deduced from resonances of type (1,3) by trans-
lation.

Finally, we observe that ®,45(0,0) = —(1 + 02k%)"/2 —w +1 < 0, and ®45 — +oo in the
large-frequency limit, implying the existence of (4,5) resonances by continuity. O

Remark 3.3. If |k| < 3/4, then (1,4), (2,4) and (2,5) resonances do not occur. Indeed,

we have
(1)14(6777) = Al(ga 77) + )‘2(5777) =+ ()‘1(6 + k777) - Al(é‘u 77)) —w
>2— k| —w,

since |V ;| < 1, and condition 2 — |k| —w > 0 translates into |k| < 3/4. The same holds for
(2,4) and (2,5).

We now state and prove a proposition which describes separation properties of the res-
onant sets. These will be used much further along in the analysis, in Section There
Proposition [3.4] will imply the existence of coordinates for the in subsystem that are asso-
ciated with a non-oscillating interaction matriz. This removal of the fast oscillations in the
leading source term will turn out to be a crucial step in the analysis.

Proposition 3.4 (Resonance separation). We observe the following separations properties
for the resonant set, if |k| > 1 and 0. is small enough:

(3.9) Riz N ( (Roz + k) U (Roa + k) ) =0,
(3.10) Raz N Ras = 0,

(3.11) Ras N (Rag UR24) =0,

(3.12) (R14 UR24) N Ry =0,

(3.13) R3a NRys + k= 0.

The proof below gives more details on the conditions bearing on |k| and 6,.



SPACE-TIME RESONANCES AND RAMAN INSTABILITIES IN EULER-MAXWELL 35

Proof. First separation in (3.9): Let ¢ = (§,7n) belong to Rz, and also to Reg + k. We
denote ¢ + k for (£ + k,n). This means that ¢ solves

A+C+HED2 =w+ 1 +02¢HY2, and (14622 = w.

Thus, denoting S(X, R) the sphere with center X and radius R in R3, we find that ¢ belongs
to the intersection

S(—k, (3+4kH)Y2) N S(0, |k|/0e)
(above k denotes the vector (k,0) € R x R?; we often use this slight abuse of notation)
which is empty if |k| > kpin, With ki, defined by
Emin = V3 - ((06_1 — 1)2 — 4)71/2 ~ 3.6, forsmall 6.

Indeed, an element in S(—k, (3 + 4k%)%/?) has norm at most |k| + (3 + 4k2)Y/2, and an
element in S(0, |k|/6.) has norm exactly |k|/6.; under condition |k| > Kkpin, we have |k|/6, >
k| + (3 + 4k?)1/2,

Second separation in : If ¢ belongs to both Ri2 and R4 + k, then
(L+ (C+ k)2 = 20 = (L4 02(C = k)2,
{ (14022 = w = (1+02(C = k)2,
From the first equation we derive
¢+ k1 < 4(0? - w), implying  |¢| < |k| + 2V/w? — w.
From the second equation we derive

w—2— 260.|k|

w < 2+ 60.(2¢|+ |k|), implying .

< ¢l
Thus the intersection is empty as soon as

(1+EHY2 > 240,31k + 2V w? — w).

which is a condition bearing on 6. and |k|, that can be reformulated as

(3.14) V14 k2 >240.(3k| + V3 + 4k?).
In the small 6, limit, it suffices to have |k| > 1 in order to (3.14)) to be satisfied.

Verification of (3.10) and (3.11)): those are straightforward. We have Ra3 N Ro; = 0,
with j =4 or j = 5, simply because |[\4] > 1 and |A5| > 1. Besides, if { € Ra5 N Ra4, then
¢ = 0 (otherwise A\g # \5), but then w # (1 4 02k%)Y/2 for 6, < 1.

Verification of (3.12): this is straightforward, like the above.

Verification of (3.13]): it goes just like the first one in this proof. We find that if ¢ belongs
to (R45 + k) N R34, then it must belong to S((k:, 0), (3+ 4k2)1/2) N S(O, |l£]/98), which is
empty if |k| > Enmin.

0
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3.4. Space-time resonances. We let S;j» be the frequency set of (j, j’)-space-time reso-
nances, defined as

(3.15) Sjjr = {(ﬁ,n) € R3, (&,m) € Rjjr and  Op\j(E+ k,m) = OpAy (€ + k‘,n)}.
Proposition 3.5 (Localization of space-time resonances). Under condition
(3.16) (1+ K2 < (1— 62)/62,
which amounts roughly to |k| < 022, we have for all resonant pair (j,5') the equality
Sjjr = Ry N {n = 0}.
Proof. Given ¢ = (§,n) € Si2, we have
M (E+ K, m) = w+ Aa(€,m),

OpA(§+k,m) = m = hh2(&,m) =

02n
)\2 (57 77) ’

or, equivalently,
)\1(5 + ka 77) =w+ )‘2(57 77))

{77((1 —02)Xa(&,m) — 62w) = 0.
If n # 0, then the second equation above implies
0
162
which is impossible under condition (3.16). Thus under that condition we have Si2 =
Ria N {77 = 0}.

By symmetry, the same arguments imply that Sy5 = Ra5 N {n = 0}.

For the space-time resonances S3; or &3, involving A3 = 0 and a Klein-Gordon mode j,
this is even more straightforward: the equality of n derivatives implies that J,\; = 0 at
the space-time resonance. But the Klein-Gordon modes have non-zero 7 derivatives unless
n = 0.

It only remains to prove the statement for (j,7") € {(1,4),(2,4),(2,5)}. Here a sign
argument directly implies the result. For instance, in the case of (4, ;') = (1,4), we have

U 02n

A (C+ k) = TR hA(Q) = Wik

implying 7 = 0 since A; > 0 and Ag > 0. The same is true for (2,4) and (2,5).

(L+62I¢*)? =

0

3.5. Further separation properties for the resonances and space-time resonances.
Next we need a further separation result for (space-time) resonances. This is best under-
stood in the context of Section Remark and Figure [7] explain how the following
separation properties will be useful later on in the analysis.

Proposition 3.6 (Further separation properties). For any kmaz > V3, if 6. is small
enough, for any given k| € (V/3, kmaz), we have

(3.17) Ri2 NR13 = @, RioNRig = @, RisNRig = (Z),
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(3.18) Ri2NRas + k =10,
(3.19) Ra3 N Ras = 0,

RizsNRa3 =0, RisNRas+k=0,
Ri13NR35 + k = S13N S35 + k = {0},

3.20

( ) RosNR3y+k#0, SezsNSsy+ k=0,
Ro3NR3s +k =0, RzsNR3s5 =10,

(3‘21) Ri4aNRog = @7 Ria NRus + k = @, Ros N Rys + k = @,

(3.22) Ros MR35 =0, RosNRys =0, RssNRas =0.

Proof. Verification of (3.17)): this is straightforward, since A\; > 0 and Ay > 0.

Verification of (3.18)): Given (&,7n) € R12, we have
(L+ (E+ k) + 0" =0+ (1+ 627 + |n*) 2.
We verify first that £ and || are bounded in the small 6, limit. We have
L+ (E+ k) + [0l <2(0* + 1+ 628 + nl*),
so that
(1= 02)(& + nl*) + 26k < w? + 2.
With —2[¢k| > —2e06? — 51 k?, this gives

1
(1-02 = 220)8* + (1 = ) nf* < w? +2+ —k,
0

and we can choose €9 = (1 — §2)/4. This proves that if ¢ = (£,7) belongs to Ri2, then |(]
is bounded by a function of k, uniformly in 6. for 8. smaller than a universal constant.
Back to ¢ = (&,7n) in R12, we can now write

L+ €+ k) +nf* = (w+1+40(6),

which gives

(E+ k) +|n* =w? + 2w+ O(62),
so that (&,7) € S(—k, (w? + 2w + O(62))'/?). If in addition (£,7) belongs to Ras + k, then

(L+ 027+ [nP)"? = w = (14 (= k) + )",

so that

(€= k)" + " = w* = 20+ 0(67)),
and (£,7) belongs to the sphere S(k, (w? — 2w + O(62))'/2). By inspection (see Figure [5)),
for any kmaz > V/3,

(3.23) inf (k—R_(k)— (=k+ Ry(k)) >0,
ke[\/gykma:c}

and

(3.24) inf (=k—Ry(k)— (k+ R_(k)) >0,

ke[—kma:m—\/g]
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FIGURE 5. The blue curve is above the black curve: for k > /3, this il-
lustrates , and for k < —+/3 this illustrates (3.24). Taken together,
these inequalities imply the separation property Ris N Ro5 + k = 0. The red
curve is above the yellow curve: for k > /3, this illustrates , and for
k < —+/3 this illustrates . These inequalities imply R14 N Roy +k = 0.

with notation
(3.25) Rei(k) = (w? £ 2w)'/?, w=(1+ k)2,
and this implies
S(— k, (W + 2w+ 0(62)Y2) N S (k, (w? — 2w + O(62))1/?) = 0,

no matter the sign of k, for |k| € [v/3, kmaz] and 6. small enough, depending only on ky,az-
Hence (3.18)) for . small enough.

Verification of (3.19): it is straightforward, just like the verification of (3.17).

First and fourth lines in .' we observe that Rq3 N Ra3 = 0 since 6, < 1. Next we
observe that if ¢ belongs to the intersection Ri3 N R34 + k, then it belongs to S(—k, |k|) N
S(k,|k|/6), which is empty as soon as #, < 1/3. By symmetry, the verification of Ra3 N
Rss + k = () goes exactly as the verification of Ri3 N R34 + k = (0, and the verification of
R34 N R35 = () goes exactly as the one for Ri3 N Ras.

Second line in (3.20) : The intersection R13NR35+k is equal to S(—k, |k|)NS(k, |k|) = {0}.
By Proposition[3.5] the intersection of the associated space-time resonant sets is also reduced
to {0}.

Third line in (3.20): The set Ra3 NRa4 + k lies at the intersection of the sphere centered
at (—k,0) € Rgn with radius |k|/0. and the sphere centered at (k,0) € R377 with radius
|k|/6.. This intersection is the disc centered at n = 0 with radius (k2/62 — k> — 1)1/2 in
the {£ = 0} plane. In particular, this disc does not intersect { = 0}. Since space-time
resonances are confined to {n = 0}, this implies that So3 N S34 + k = 0.
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Verification of (3.21)): the first intersection is empty simply because 6, < 1. Next if
(&,m) € Ri4 N Ry5 + k, then we have

(L+ €+ k) + )2 =0 — (1+ 2% + n*)'/2,
{(1 H(E= R+ ) = w+ (14 02(E + nf*) 2.
Similarly to the analysis for Ris N Ra5 + k, this implies
E+E+ =0 =20+ 0(62), (£—k)°+nf* =+ 20+ 0(62),
so that
(&) € S(—k, (w? — 2w + O(0)*) /%) N S (k, (w? + 2w + O(62))'/?).

The fact that these two spheres do not intersect is implied, for a given kpqe > v/3 and for
0. small enough, depending only on k4., by the inequalities

(3.26) inf k- Ro(k)— (—k+ R_(k)) > 0,
ke[\/gykmaz}
and
(3.27) inf  —k—R_(k)— (k+ Ry(k)) >0,
ke[_kmazv_\/g]

with the radii Ry defined in (3.25)). Inequalities (3.26]) and (3.27)) are illustrated on Figure
Bl

Finally, if (£,1) € Ry45 + k, we find that £ and |n| are bounded in the small . limit, as
we did for the (1,2) resonance. If in addition (§,7) € Ra4, then from

(L+02((& + k) + [nP)Y2 + (L + 62(6 + In*) !/ = w,
we deduce 2 + O(6?) = w?, which is not true for k > /3 and 6, small enough.

Verification of (3.22): this is straightforward, just like the verification of (3.17)), by sym-
metry. ]

Remark 3.7. Why do we focus on the separation properties of Proposition[3.6)? Here it’s
useful to jump ahead to the end of Section[I0] In Section[10.4], we introduce matriz B which
will play a key role in the equation for the symbolic flow. Proposition[3.6] is here precisely to
describe how the rows and columns of matriz B are uncoupled, or coupled. This is illustrated
in Figure [T}

3.6. Eigenspace decomposition for the linearized singular source. We may decom-
pose the symbol B onto the eigenspaces of the symbol of A. According to (3.2), we have,
pointwise in (t,z,y,&,n) :
B= Y TILBTy,

1<5,5'<5

so that
B(t7 z,y,§, 77) = Z ezpﬂgp(t’ z, y)Bpjj/(ga 77)a
P
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Ras Rss+ k

/ Ris Ras + k \
: v ) R

3

FIGURE 6. We see here the non-empty intersection Roz N R3q + k : it is
a circle in the {£& = 0} plane, which does not pass by the origin. As a
consequence, So3 N S34 + k = (. By contrast, Ri3 and R35 + k intersect
precisely that the zero frequency, implying S13 N S35 + k& = {0}.

F1GURE 7. This is a picture of the ways the rows and columns of matrix B
from Section are coupled. Seventeen intersections of resonant sets need
to be considered. There are 3 arrows going out of the 1 node, corresponding
to 3 intersections: those are described in . There are only 2 arrows
connected to the 2,,4 node, corresponding to one possible intersection: this

one is described in (3.18)). Etc.

where g, is defined in (2.37)), and B,;;» are the (t,z,y)-independent matrix-valued symbols
Bpjj/ (57 77) = Hj,+p(£7 77)8(51” Hj/ (gv 77) ) + Hj,er(f? n)B(H]'(£7 77) ) Ep)
(3.28) — 0 4p (& M) Te (e (€, m) - ipk)€p
— (1 = Xnigh)ILj 1p(&, 1) Te(€p, 1€, i) (€, m).

Here I1; (&, m) == I1;(€ + pk,n). The subscript +p refers to a frequency shift induced by
the fast WKB oscillations (see Remark [22.5)).
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Above in the decomposition of B into a sum over (p, j,j’), we used the shorthand
p:jv.j/ (pvjvj/)e{_lvl}X{172137475}2
3.7. Frequency cut-offs. Given any smooth function x € C2° such that 0 < x <1, we
use notation (borrowed from [21])
(3.29) Y < x <X
to denote a couple (XI’, x*) of smooth and compactly supported functions, each taking values
in [0, 1], which satisfy the relations
1-x)x"=0, (1-x)x=0.

In other words: x = 1 on the support of x*, x! = 1 on the support of x. Somehow, y extends
(or “is above”, hence the musical notation) x’, and x¥ extends . When the analysis requires
a further extension, we use a tilde:

(3.30) X <X
Let xo : R — [0,1] be a standard smooth “plateau” cut-off, that is such that yo(x) =1
if |z| < 1, and xo(z) = 0 if |z| > 2, with 0 < x¢ < 1, and x¢ monotonic and smooth. (In

the definition of xtrans 0N page we used a two-dimensional version of this type of cut-off
and also denoted it xo.)

Definition 3.8. Given a resonant pair (j,j') and &yes > 0, we define x;;» € C2°(R?) to be
the cut-off around R defined by

(3.31) X (E1) = X0 (C“‘I’“’ (&) & Crea/ 6)2> L c=2

5"’68

If (4, j') is not a resonant pair, we let x;j; = 0. For X?‘jw X?’j’ and Xjj, we use the right-
hand side of (3.31) where we change C into C* = 4, C* =1, C = 1/2. This guarantees
X = X5 = X = Kt

With the above definition, we note that x;; is smooth (the d,¢,/6 term is here to guar-
antee smoothness).

We note that x;;(&,n) = 1 is equivalent to (®;;/(£,1)2 + (3res/6)?)/? < 6res/2, that is
1@ (&,m)| < bres(1/4—1/36)1/2. In particular, the resonant set R is included in X;ﬁ({l})
We also note that if (¢,7) belongs to the support of X7, then [®;;/(£,1)] < dpes(1—1/36)'/2.
If X (€,m) < 1, then 2(®2 4 (6res/6)%) /2 > byes, implying | @0 (€, 1) > Gres(1/4—1/36)1/2,
In particular:

(3.32)  The phase function ®;; is bounded away from zero on the support of 1 — x ;.

Lemma 3.9. Under the assumptions of Proposition [3.4, we can choose 605 to be small
enough so that all the separation properties of Proposition [3.4] extend to all the cut-offs
associated with resonant pairs, as introduced in Definition [3.8 For instance, we have

(3.33) X23(§ — k,m)X12(§,m) = 0.
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Proof. By Proposition if |k| > kpin, then the sets R12 and Ro3+ k do not intersect. By
continuity of the phase functions , the resonant sets are closed. Since they are disjoint,
there are open neighborhoods Uj2 and Uss of R1s and Ra3 + k& which do not intersect. The
phase functions associated with resonances are proper (see Proposition [3.21)), and this
implies that we can find 0 < § < 1 such that {|®12| < 0} C Uiz and {|Pa3(- — k,-)| < 0} C
U23. Thus

{|®12| < 0} N{|Pos(- — k,-)| <0} = 0.
It only remains to show that if §,.s is small enough, then the support of Y12 is included
in {|®12] < 0} (and similarly for the (2, 3) resonance). By definition of x;; (see Definition
, the support of Y19 is included in {|®12] < 6,es(16 — 1/36)/2}. Thus the condition is
Sres(16 — 1/36)1/2 < 6. Under this condition, the support of X1z is included in {|®15] < 6},
and holds true. For each of the other separation properties of Proposition we
find a similar condition bearing on §,.s. Note that § > 0 a priori depends on the resonant

pair. Since there are a finite number of separation conditions, we can find é,.s small enough
which satisfies them all. g

A further smallness constraint bearing on §,.s will be formulated in Corollary

4. REDUCTION TO NORMAL FORM

This is a central, if now classical, piece in the analysis. In the context of ordinary
differential equations, the idea dates back to Poincaré; in this high-frequency context to
Joly, Métivier and Rauch [I3] (see also [38, [, 23, 25]). With a linear change of variable to
normal form, we eliminate here all interaction coefficients away from resonant frequencies.

Proposition 4.1 (Normal form reduction). For some Q € S, for @ defined by
(4.1) 0= (1d + vEop,(Q)) ",
with @ the solution to (2.38)), we have

(4.2) oy + %A(VE)TL + \zopa(J)ﬂ = \kopa(B)u + opa(j) + F,

where

(4.3) op.(J) := —(Id + Veop.(Q)) '[op.(J + Ra),0p.(Q)],  so that J € 57,
and

op.(B)i = gi(t,z,y) > €Pop.(x;jBijj)i
e

+9-1tzy) Y opeOay (Bogy)n)(e ).
GVER

The scalar amplitudes g+ are introduced in ([2.32). In ([&.2)), the source F is equivalent to
F, in the sense of Deﬁm’tion

(4.4)



SPACE-TIME RESONANCES AND RAMAN INSTABILITIES IN EULER-MAXWELL 43

In (4.4) below, the sum Z ... means the sum over all resonant pairs, as described in
(44")ER
Proposition [3.2}

In Proposition the subscript +1 in (By,_1;7;)+1 refers to a frequency shift induced
by the fast WKB oscillations (see notation introduced in Remark [22.5). The interaction
coefficients B,;; are defined in (3.28). The cut-offs x;;» are introduced in Definition

Compared to [25], the key new term is J, which captures the interplay between the

convective terms and the normal form, and the error R4 in the approximation of A by A.—g
(see (3.1)) and the normal form.

Proof. We use the description of B given in Section |3.6

Step 1: taking out a single interaction coefficient from B with p = 1. We single out a pair
of indices (4, j') and the oscillation corresponding to p = 1. We work in a neighborhood of
the set R;; comprising (j, j')-resonant frequencies.

In this first step, we look for a symbol Q) € SO, supported in a neighborhood of R/, such
that, letting (4.1)), the unknown @ satisfies the reduced perturbation equation

1 1 1 . .
(4.5) Oyt + EA(Vg)u + ﬁope(J)u = ﬁope(Bo)u +op.(J)u + F,
where F is equivalent to F', the symbol By is the reduced source
(46) BO = €ieglxj'j/B1jj/ + Z €iq9quqgg/,
(0,6, )#(1,5,5")
and J is an order-one symbol that is not singular in . Once ([.5))-(.6)) is achieved, we may
sum up Step 1 as follows:

The term gy (1 — Xjj')Bijj is removed from the source, via the change of variable (4.1)).

The price to pay for this removal is the creation of a possibly non-symmetric, order-one
symbol J, which is not singular in .

Many pair of indices (j, j’) do not correspond to resonant pairs. The associated “cut-off”
is then y;;v = 0 (see Definition [.8). In the change of variable that we now describe, for
those pairs the whole interaction coefficient By ;s is removed from the source.

Thus we posit (4.1)), and look for @ in the form
(47) Q(€7t7x7y7£7n) = eiggl(tﬂx)y)Hj,+1(§7n)Qljj’(gun)Hj’(£7n)) Qljj’ € SO‘
Then, from the perturbation equations (2.38)) in %, we deduce that @ solves

o1 § 1 y
Oyt + EA(VE)U = %01)5(3 —J)u
1

+ (104 VEop.(Q) 7~ ZAW:) +0p(B ~ ), 0p.(Q)

— (Id + vz0p.(Q)) "top.(vedQ)u + (1d + Vzop.(Q)) *G.

Consider first the leading, O(1/4/¢) terms in the above right-hand side. There are three of
these:
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e the original “source” term (1/1/¢)B;
o the commutator [A(V,),op.(Q)];
e and also the term involving 0,Q), since @ contains O(1/¢) time oscillations.

With (3.3) and the a priori form of @ (4.7]), we have
[A(vs)a Ope(Q)] = Z [Ops(i)\ana)y Ops(ewglnj,+lQ1jj/Hj’)] + \/E[Ops(RA)7 Ops(Q)]v

«

where the sum in a ranges over {1,2,3,4,5}. The fast spatial oscillations in @ induce a
shift, as described in Remark

[A(Ve),0p.(Q)] = Z eieope(iAa,+1Ha,+l)0pa(ng]}-i-lQljj/Hj')

«

—) "€ op (9111, 41Q15/ 11 )op, (iXalla)

+ Velop.(Ra), op.(Q)]-

By orthogonality of the eigenprojectors of A and composition of pseudo-differential opera-
tors (see Appendix , since the above symbols are not oscillating fast in space (note that
the % factors were pulled out), the leading term above is

gt z, y)Opg(i(Aj,H - Aj')ﬂj,HQm'Hj')-

At this point what is left out, in the leading term in ¢ in [A(V.),op.(Q)] commutator, is
a term that is both order 0 as a pseudo-differential operator and non singular in . Such
a term belongs to the remainder term F'. Since Q is a priori order zero, the commutator
VE[op.(RA),0p.(Q)] is order one and cannot be seen as a remainder. We put it in the .J
error term.

Taking into account the contribution of the original source term B and of 0;Q) we arrive
at a leading term in the form

1 "
2P (el g1llj 41 <Bljj' — (N = A - w)Qljj'>Hj'>

1 .
-+ %0p6< —J + Z €Zq9BqM/) .
(g.£.)#(p.5.5")
We let

-1
(4.8) Qujjr = (1= x5 (&m) (N1 — Ay —w) By
This is an admissible definition: if (j, j') is a resonant pair, then the phase function \j 11 —
Aj» — w is bounded away from zero on the support of 1 — x;;/, as observed in (3.32), and if
(7,7") is not a resonant pair, then the phase function is uniformly bounded away from zero
(see Proposition (1)) Thus the symbol Q is well defined and belongs to S°. With this
choice, we have

Bujjr = (Aj1 = Ay — w) Qujjr = O(e),

uniformly in frequency. The equation in @ takes the form (.5)), with op.(J) given by (&.3).
This concludes Step 1.
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Step 2: same as Step 1 but with p = —1. Consider now oscillations associated with
p = —1. By symmetry with Step 1, we will consider indices (5, ). Thus the symbol in the
source under consideration is e_wB_lj/j. Working as in Step 1, we find a phase

)\j’,—l +w — )‘j = _(Aj,-i—l — W — )\j/)—17

using notation for shifted symbols introduced in Remark Thus, what is left of B_yj/;
after the reduction to normal form is

e g1 (t,x,y)op. (x5, -1 B-115)-
According to Remark this operator can also be written

g,l(t, Z, y)ope(ij'B—lj'jd-l) (e—iG : ) .
Step 3. Next we observe that the above procedure of normal form reduction is an additive
process, in the following sense: given two distinct triples (p, j, j') and (p1, j1,71), Step 1 and

2 provide associated symbols Q and Q; € S°. If we posit
-1

(4.9) i = (1d+ VE(e"Pop.(Q1) + ePop.(Q)) i,

we obtain a reduced source with truncated (p,j,j’) term and truncated (p1,j1,77) term.
The same holds if we posit

- j - ; —1.
(4.10) @ = (Id + vee"op,(Q1)) 1 (Id + vee™op,(Q)) .
In (4.9), we take out the different components of the source away from their respective
resonances simultaneously. In (4.10)), we take these components out consecutively. Up to
leading order in the source, the result is the same.

Conclusion. We remove all the source terms away from resonant frequencies and arrive
at ——. By inspection, the source F' is equivalent to F, in the sense of Definition
2.2

O

Remark 4.2. With Q) defined as in the proof of Proposition we have Q5 € S—1
unless j = j'. Indeed, if j # j', the phase function ®;; belongs to St (see Proposition
3.2(1). Similarly, Q—1jr; belongs to S~ unless j = j'. We will exploit this remark in the
upcoming Section.

5. ANOTHER REDUCTION TO NORMAL FORM

We perform here a variation on the normal form reduction of Section What was
achieved in Proposition [£.1] was the elimination of terms in the source B away from the
frequency set R. Due to the presence of convective terms, and the high-frequency behavior
of the longitudinal acoustic modesﬂ the price to pay for that elimination was the creation of
the non-singular but non-symmetric and order-one term ope(j ). We exploit here Remark
as we show that we may perform a reduction to normal form which does not create order-
one terms. The downside is that the reduction is incomplete: auto-interaction coefficients
persist.

5This high-frequency behavior is responsible for the error term R4 in (3.1) being order one; see Sections

and
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Proposition 5.1 (Second reduction to normal form). For some Q1) € S~L for v defined
by

(5.1) ¥ := (Id + Veop.(Q(-1)) ',

with @ the solution to (2.38), we have

o1 . 1 . 1 - L
(52) 8tv + gA(VE)U + %OPE(J)’U = %OPE(B(_D)'U + (=1)»

where, informally,
(5.3) B(,l) =B+ (auto—z’ntemction coefficients in restriction to the support of X?Ligh)’

that is, precisely,
Ops(B(—l))’D = Ope(B)®

+o1(t,z,y) Y €op.(XhignBiis)®
(5.4) 1<j<5

+ga(t,2,y) Y op((XhignB-177)+1) (e D).
1<5<5
The scalar amplitudes g+1 are introduced in (2.32). In (5.2)), the remainder F(_l) s equiv-
alent to F in the sense of Deﬁm'tion

Proof. 1t suffices to follow the proof of Proposition and leave the auto-interaction co-
efficients untouched on the support of X';”»gh. Then, the associated Q(_p) is equal to @

minus the X?Ligthjj and X?n;gthljj terms. In particular, as noticed in Remark we
have Q1) € S~1. Indeed, the symbols Qpj; with j # j' belong to S~!. The symbols
(1—- X?zigh)ijj also belong to S~! because 1 — X?ligh is a low-frequency truncation. The
associated commutator [J+ R4, Q_1)] belongs to S°, hence what was op,(J) in Proposition

is now an ordgr—zero, non-singular-in-¢ pseudo-differential operator which belongs in the
remainder term F(_y). O

At this point, we have two distinct reductions to normal form for the system in « :

e a system in ¥ , in which some spurious source terms are present in the right-
hand side; spurious since they do not correspond to resonances. The system in ©
will be used, in Section [6 in order to produce a “rough” Sobolev bound on the
solution.

e a system in u , in which all source terms have been eliminated away from

resonant frequencies, but there appears an order-one non-symmetric term op, (/).

6. A ROUGH SOBOLEV BOUND

Here we prove a rough a priori Sobolev bound for the solution % of the initial-value
problem , based on the system in ¥. The bound is rough in the sense that
it features a rate of exponential growth (I below) that is far from optimal. Much of the
subsequent analysis after this Section will be devoted to deriving the optimal rate of growth.



SPACE-TIME RESONANCES AND RAMAN INSTABILITIES IN EULER-MAXWELL 47

We use the weighted-in-z-only Sobolev norm || - || s defined in (2.25]). This norm is nat-
urally associated with the weighted-in-z-only differential operator 0. introduced in (2.10)).

We first observe that Sobolev bounds in % or ¥ imply Sobolev bounds in «, and vice
versa:

Lemma 6.1. For allt < t,(g), we have

(6.1) [a(@)lle,s < (1 4+ VeC)a)lles,  laB)lles < (1+ VeCo)[|a(t)]e.s,

where @ is our solution after the first normal form reduction, defined in (4.1) In (6.1)),
the positive constants C and Cy are independent of €,t. The same bounds, with different
constants C1 and Co, hold also with ¥, our solution after the second normal form reduction,

defined in (5.1)).
Identical bounds hold in FL' norms: we have, for t < t,(¢), and for |a| constrained only
by the reqularity of ug :

102a(t)]| 7y < (14V/ECH) max l0Za() | prr,  102u(t)] o2 < (14+VECH) max 1020 (b)) 511,
and same with ¥ instead of .
Proof. By definition of @ ,

%0 = 9% + £'/20%p,(Q) .

We see in the proof of Proposition that every entry of @ is a tensor product of the form
eipegp(x, Y)Q(&, ), with @ € S°. Thus by Lemma we have the bounds for % in terms
of .

Conversely, we expand in Neumann series:

=3 (~e)"20p.(Q)"i

n>0

For fixed n, we may now use Lemma [22.6| repeatedly, and this proves for the bounds for @
in terms of 1.
The same arguments hold for o, with @ € S ~! instead of Qe S9. O

Proposition 6.2. For 0 <t < t,(¢), so that bound (2.11)) holds, the solution u to (2.38)
satisfies the bound

(6.2) la(®)]e,s < 5eT/VE,

~

for some I > 0 that is made semi-explicit in the proof below. The weighted-in-x-only Sobolev

norm || - ||e,s is defined in (2.25)).

Proof. For the most part, this is a standard Sobolev estimate. We use the system in 0,
derived in the second norm form reduction (Section . We carefully follow the dependence
in €. Multiplicative constants do matter since they translate into rates of exponential growth.

For |a| < s, we let v, := 020, where 0 is defined in , and consider the real part of
the L? scalar product with v,. Since A(V.) is a hyperbolic Fourier multiplier, we have

Re (9 A(V.)5,va) 12 = 0.
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We turn to convective terms. As discussed in Section these take the form ([2.22)), which
we partially reproduce here:

1
Ve
The ionic convective terms are symmetric in the same sense as the electronic convective

terms (see Section , and smaller than the electronic convective terms. Thus in the
convection we focus on the role played by the electrons.

We have, using ([2.20) and symmetry of J,,

‘%6 (('Ee(] : 88)0135 (Xhighie)vag 'Ua)Lg

0P (J) = (Veo - Oz + We - Ve)OPe(Xhigh,.) + smaller ionic terms.

1 .
‘ ) ((83; : 'UeOy)Opa(Xhighle)Um UO‘)LQ

< §||8y ) 7760y||L°°HUoz||%2'
The commutator term is bounded as follows

FRG ( Z (8?1{]60) : &:‘Ops(Xhighle)Uagyva)Lz

al1toaz=w
|a1|>0

< max \|a%€0

~

18I<

The w, term contributes a similar quantity. The key is that 3? Veo and 85’3 W, are bounded,
uniformly in (e,¢,x,y), for t < t,(g), since we are considering e-derivatives in . Thus we
obtain

Re (0% op.(J)v,020)

7
the implicit constant depending on the WKB solution and s.
Next onto the singular term in B(_;) in the right-hand side of (5.2)). Every entry of the

symbol B(,l) has the form eipggpﬁ, where p € {—1,1} and B = B(&,n) is independent of
(t,z,y) and bounded. Thus, by Lemmam
|Re (0p(B(-1))8,9) 2| < T[9]|72,
with
(6.3) = |gai|re | Byl pee.
We now consider the remainder term F(_l), introduced in Proposition with the

goal of proving a bound of the form . That Sobolev bound for F involved a sym-
metry argument for the order-one convective term. The key is that multiplication by
(Id + /eop.(Q(—1))) " to the left does not harm the symmetry argument, since Q1)
is order —1.

Precisely, consider the contribution of F' in F(,l), that is

Re (F777)5,5 = Re ( , (Id 4 V/eop.(Q( )))_121)578.
For the leading term, we can use and Lemma and obtain
[Re (Fa), | < e*/%K’Henis + e 0]le,s-
The other term is

Re (F, (Id + veop.(Q(—1))) ' —Id)a)_ .

)
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We can expand the operator (Id + /2op.(Q(_1))) ' —Id in Neumann series, as in the proof
of Lemma to find the bound

(64) (1 + vEop.(Q 1) —1d) fllo S VEllflesor, for all f e HEL.

Above in (6.4) we used the fact that Q) is order —1. The L? adjoint of the operator
(Id + /eop.(Q(—1))) " — Id satisfies the same bound. Thus

‘%6 (F, ((Id + \/gOPa(Q(—l)))_l - Id)u)a,s

K’ K
S eM6)2 5 + Xt

[=8

lo
where we used (2.29) and Lemma

It remains to handle the contribution of (Id + v/zop.(Q(_1)))~' — Id)F to the scalar
product involving F, (—1)- For that term, we use (6.4) and (2.29)) again. Summing up, we find

o - . )
|Re (Fi_1),0), | S e 2 0)12 + "ol s,

for t < t.(e).
At this point we have bounds in s norms for all terms except the leading singular term
B(_1), for which we have an L? bound. This gives the L? estimate

1., _ N .
SOPE)I3s < e VAT + O jol2, + CeXe o) 2,

where C' > 0 is independent of ¢, hence, by Gronwall’s lemma and Lemma the rough
bound in the case s = 0.

Assuming now that the bound holds true for some integer s, we endeavour to bound
|0]le,s+1- The focus is on the commutator between 02, with |a| = s + 1, and opE(B(_l)),
since

102 (op=(B_1)8)llz> < T2 + 192, 00 (B1)Joll 2
We have

1102, 0pe(B-)ole < Cs Y Nlope(92 Bay)ll o 210220 2,

a1toas=a
|a1|>0
and we may use the induction hypothesis, since |ag| < s. Besides, every entry of 850‘13(_1)
has the form 921 (e*?g,)B, so that the L? — L? norm of opa(ag"lB(,l)) is bounded inde-
pendently of €. Summing up, we found
10 (ope (B(—1))8) || 2 < T(|025] 12 + CeXeT/VE,

where C' > 0 depends on s, not on €. Together with the Sobolev bounds for the other terms,
above, we find

1 _ ’ -
§at‘|17(t)|\§s<€ V2D 4 C)6]12, + Cee|0]|es + CeX2T/VE |16,

and another application of Gronwall’s lemma completes the induction and the proof, by
noticing that the time interval [0, ¢,(g)) is at most of order y/¢|In¢].
O
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Remark 6.3. It’s in the proof of high-frequency estimates (see Section that the weak
bound of Proposition [6.2] will be needed. The need for a weak bound will then come from
the necessity to control the order-one term Ops(j) which enters the system after the first
normal form reduction in Section [4

7. THE PREPARED SYSTEM

Our starting point is the perturbation equations in normal form, which we derived in
and . We perform more changes of unknowns in this Section, as we introduce a
partition of the phase space (x,y,£,m) € R3 x R3, and associated unknowns w;p, tey and
Uhigh, defined in below in term of @ and o.

Here “out” stands for out in space: the unknown ., is supported in the spatial far-field
domain, in particular where the effect of the linearized source B(u,) is not much felt, since
the amplitude in wu, decays to 0 at spatial infinity (due to its high Sobolev regularity).

In wupign, “high” stands for high-frequency: the unknown wup;gp, is supported far from the
(bounded) resonant set.

In particular, it’s around the support of u;,, that the amplification takes place (see Sections

and.

7.1. The in/out/high variables. Let x;ony be a smooth spatial cut-off in the x variable,
with
0 < Xlong(x) < 17 Xlong(x) =1 for ‘$| < Rlongv

where Rjong > 0 will ultimately chosen to be very large, in terms of K and K’, and depending
on the spatial decay of the initial WKB profile a (which is assumed to have a high Sobolev
regularity, hence decays to 0 at spatial infinity). Precisely, we will need Rjong to be large
enough so that the associated rate of growth ~,,; derived in Section [J]is smaller than the
optimal rate of growth derived in Sections [12] and [21]

Let also xjow be a smooth frequency cut-off, such that

(7.1) 0 < Xiow < 1, Xiow(§,m) =1 on a large enough neighborhood of R.

It is specified in the proof of Proposition below how large we need the support of X;ow
to be.
We introduce the unknowns

Uin = 0P (Xiow) (Xiong®),
(7.2) Uout := 0P (Xiow)((1 = Xiong)?),
Unigh = (1 — 0Pz (Xiow)) s
where @ is defined in Proposition [4.1] and v is defined in Proposition [5.1

Lemma 7.1. Estimates for win, Uout and upign 1mply estimates for  :

||ﬂ”67s + HV?QH&S <(1+ \ﬁcl)(Huin”a,s + HuoutHa,s + Hv?uhithE,S)a
lall 7 + Vel £ < (1 + VeCa) (Juinll 7ot + ltoutl7rr + VEURighll £11),

with « = 0 and |a| =1, and constants C1 > 0 and Cy > 0 which are independent of €, t.
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Proof. By ([7.2)), we have
(7.3) U = Upigh + Uin + tout + 0P (Xiow) (1 = Xiong) (@ — ) ),
so that
(1 + rout)a = Uhigh + Win + Uout,
with notation
Tout = Ope(Xlow) o (1 - Xlong) © ((Id + \/EOPE(Q(—I)))_I(Id + \/EOPE(Q)) - Id)'

Here we used

o = (Id 4+ veop,(Q(-1)))"& = (Id + veop.(Q(_1))) " (Id + vEop.(Q)).

We note that V¥op,(Xiow) is bounded, from H® to itself, and from FL! to itself, inde-
pendently of € :

(7.4) IVEop: (Xiow) flles S I flles,  forall f e H?,

and similarly in FL'. The operator e~ */2(Id + Veop.(Q(-1)))1(Id + eop.(Q)) —1d) is

similarly || - ||c,s = || - |le,s and || - || 71 = || - || 71 bounded, uniformly in e. Thus
IVeriowilles S € 2lilles,  IVEroutllFrr S 2|0 £pr.

It now suffices to use (7.3) and (7.4), the latter implying ||V@uin|lc.s S |[tinlle,s, and the
same for ugy, also in FL! norms. O

Choosing the support of the initial amplitude ¢ in the initial perturbation (|1.4]) to satisfy
supp ¢ C {chmg = 1}7

we find that the datum for wu,, satisfies
(7‘5) ||Uin(0a Z, y) - 5K0ps(Xlow)¢€H€,s 5 5K+1/2'
7.2. The prepared system.

Proposition 7.2. For an appropriate choice of Xiow and Xnigh, the unknowns (Win, Uout, Uhigh)

defined in (7.2)) solve

1 .
Oyuin + EA(VE)U’NL = (X?ongB)Um + Fip,

1
EOPE
Onttont + LAY Yttot = ——0p((1 = X% VB )ttot + F.

tUout - e)Uout = \/EOPE Xlong)P(-1))Uout outs

1 1 .
Ortnigh + EA(ve)uhigh + 7\/50p5(<])uhigh = op.(J)unigh + Fhighs
\

where we used convention (3.29)) for the truncation functions. The remainders Fy, and Fp;qn
are equivalent to F', and Foyt is equivalent to F(_yy, in the sense of Definition .

Proof. In a first step, we focus on the A(V.) terms in the systems in w,, tour and upigh.
We repeatedly use

[Ope(X*)v A(VE)] =0,
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with x € {low, high}, which holds true since op,(xx) are scalar Fourier multipliers, and
A(V.) is a constant-coefficient differential operator. Thus

1 1 g
gope(Xlow)(XlongA(vﬁ)a) = EA(Ve)Um — 0. (Xtow) (A(z, 0) Xiong) U,

since Xjong depends only on z. The second term in the above right-hand side satisfies the
remainder bounds

Hopg(Xlow)(A(axa O)Xlong) a”a,s S ”aHE,Sa
102 0P, (X1ow) (A(z, O)Xlong) Ul Frr S ﬁlg‘?;' @]l 7L,
so that it is a uniform remainder in the sense of Definition Similarly,

1 5 1 5
gops(Xlow)( (1 - Xlong)A(vs)U) = EA(vs)Uout + Ro,
where R is a uniform remainder.
Now onto the contribution of B to the prepared system. Since Xjong is independent of
the frequency variables, we have

XiongOP:(B) = 0p. (XiongB),
and, with convention (3.29) bearing on the cut-offs,

Ope(XlongB) = Ope(XlongX§ongB)7
and
OP¢ (XlongX?ongB) = OpE(X?ongB) (Xlong ’ ) + ER’

where R is a uniform remainder. Next, as seen in (4.4]), the term X?on gB is a sum of terms

of the form gy (t, x, y)x;;» B+ and e g (t,x, Y)Xjj',—1B—, where the Fourier multipliers
By, are order zero. We compute

oP: (Xiow) (€?0pe(g1x;5B+) ) = €”®0p.(Xiow,+191X;j»B+) + VER,

where R is a uniform remainder. Note that we have /R here, as opposed to R above,
because g1 does depend on y. We may choose the support of Yo, to be a large enough
neighborhood of the resonant set R so that

Xlow,+1X355" = Xjj’»
for all j, j'. For the terms corresponding to p = —1, the condition is xowXjj» = Xjj, for all
7,7". Under these conditions bearing on the support of xj..,, we have

0P= (Xiow)OPe (Xfong B) = 0P (Xf g B) + VER = 0D (X{opg B)OD- (Xtow) + VER,

where R is a uniform remainder.

There is one more thing to verify for the equation in u;,, namely that the J and J terms
do not feature in it. This can be ensured by an adequate choice of the truncation xpigh,
introduced in . Observe indeed that J is a sum of terms of the form eip“QXhithl,
where p, is a WKB harmonics and J; € S'. Associated with K and K’, we have a WKB
index K, which describes the order of the WKB approximation. For a given order of
the WKB expansion, we have a finite number of harmonics. So for given K and K’, the
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WKB harmonics p, range in a finite subset of Z. We choose the support of xpgn to be so
high-frequency that

Xlow,era Xhigh = 07

for all WKB harmonics p,. Then,

(76) Opg(Xlow) © Xlong © OPE(J) = \/ER,
where R is a uniform remainder. We have similarly
(7-7) Opa(Xlow) © Xlong © 0pg<j) = \/ER,

where R is a uniform remainder, if the supports of X;o,, and xp;gn are well separated. Indeed,
by definition of J in Proposition

Ops(Xlaw)Ops(j) = _(Id + ﬁops(Q))_lops(Xlow)[Ops(‘])7 OPE(Q)] + \ER

In view of (7.6]), we only have to consider op,(Xiow)op.(Q)op.(J). By definition of @) in the
proof of Proposition the composition op,(Xiow)op.(Q) is a sum of terms of the form
e’peopg(xlow7+pr), with @, € SY and |p| = 1. Thus if Xlow,+p+pa Xhigh = 0, with |p| =1 and
pe any WKB harmonics, then

0P (X1ow)oD: (Q)op.(J) = VER,
which implies
oP- (Xiow)op:(J) = VR

We then handle the extra truncation xjong for instance by writing

Opa(Xlow) O Xlong = Opa(XlongXlow) +eR,

where R is a uniform remainder. This implies (|7.7]).
At this point we verified that the equation in wu;, is as stated in the Proposition.
For the equation in y;, the same arguments give the source term op,((1— Xlong)ﬁB(—1)>uout;

and we observe that we may write (1 — Xlong)ﬁ =1- X?ong'

For the equation in upsen, We observe that, with the above choice for Xju,, we have

op.(1 — Xiow)op-(B) = \/eR, where R is a uniform remainder. Besides, by the arguments
used to prove (|7.6) and ([7.7), we find that op.(1 — Xiow)op.(J) = op.(J) + VeR, where R

is a uniform remainder, and an analogous equality with J. U

Remark 7.3. We see in the proof of Proposition @ that if the spatial truncation Xjong
depended on y, then the prepared system would contain extra singular terms, of the form

1
TOPE(XZOW)(A(()? dy)Xiong) . That is why we do not truncate in y in (7.2).
€
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1 Xlow Xlow \ ‘ f
1 1 3
0 = (&,m) €R

FIGURE 8. The resonant set R is bounded (Proposition [3.2]). The frequency
cut-off xjow, defined in is identically equal to 1 on a large enough
neighborhood of R. How large this neighborhood must be is specified in
the proof of Proposition In order to allow for K large and K’ small, we
need the WKB approximation to be very precise, hence the largest harmonics

> 0 in the WKB expansion to be very large. Thus the support of the
shifted cut-off (Xiow)—p, extends far beyond the support of xjon. The high-
frequency cut-off xpigp is chosen so that (Xiow)—p, Xhigh = 0.

8. HIGH-FREQUENCY ESTIMATES

The system in upign defined in (7.2) is, according to Proposition
1 1 .
(8.1) Orunigh + EA(VE)uhigh + %OPE(J)Uhigh = op.(J)unigh + Fhigh-

We obtain here an upper bound for u;gp, in spite of the first-order, non-symmetric term
op.(J) in the above right-hand side. The term .J comes from the interplay between the
normal form symbol @) and the convection J. It is order one and not symmetric. Hence
it causes a loss of one derivative in the Sobolev estimates. By exploiting the smallness of
the time window under consideration, the smallness of the datum for w4, and the rough
Sobolev bound derived in Section [6] we are able to derive a closed estimate for Sobolev
norms of up;gp, in terms of g, and Ugys.

Lemma 8.1. For an appropriate choice of Xjow we have for small enough € the bound, for
all o :

[unigh(0)le,s + 102 unign(0) || 71 S €™

Proof. The datum for wup;g, is

uhigh<0) = EKOpe(l - Xlo’w)(l + \/gOps(Q))_1¢aa
with ¢° defined in (2.14). We may expand (1 + v/zop.(Q))~! in Neumann series. Thus we
consider terms of the form eX+"/20p_(1 — Xlow)ope(Q)”(emfo/ £¢°). Now recall that every
entry of () has the form e#?g,Q,, where Q, is an order-zero Fourier multiplier, and |p| = 1.
Thus the composition of op.(1 — Xiow) With op.(Q)™ results in shifts to 1 — xjouw by
multiples of pk/e. If we choose the support of X, to be large enough, then the first n
terms in the Neumann expansion of upg,(0) have the form op,(x)¢, where x is supported

far from the zero frequency. Since ¢ is compactly supported, its Fourier transform q; belongs
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to the Schwartz class, hence ¢ evaluated at frequencies IC| > ¢/+/€, for some ¢ > 0, is of
order £, in particular smaller than e, O

8.1. High-frequency Sobolev estimates. In the proposition below, we use the Sobolev
index s defined in (2.6)). In particular, as noted in Remark the index s is very large in
the large K limit, and in the small K’ limit.

Proposition 8.2. Fort < t,(¢) < Tv/e|lne|, for all s1 and sy with s1 + s < s, we have
Jor Unigh, Win and ugys introduced in (7.2) the bound

lunign ()12 o, S &2+ 2552  Inefre! GTHman)/Ve

~

+ e Ine[*etmion/VE max (||uin(t)
o<t'<t

21 luou ()12 ,),

where Ypign > 0 is arbitrarily small. The implicit constant is independent of €,t, but depends
on Yhigh- The rate I' > 0 is the rough growth rate from Proposition

Proof. In a first step, we prove

[[uhign(t) Hgm < gaglimign/ Ve

t
—~1/24+K' —t)Vni . 2 2
52) T [ e (i )+ )2, )

t
12 [ Lt i/ VE SNCGTE /
+¢€ /O e high ng}%(t, Huhzgh(t )iia,sl-‘rl dat’,

where vpign, > 0 is arbitrarily small (and the implicit constant depends on Ypgp)-
The terms in the left-hand side of the system in (8.1)) are identical to the left-hand side
in the system (5.2)) in 9. Thus, following the proof of Proposition we have

1 .
§at||uhz‘gh 2 o0 S llunignll?.s, + Re (0p(J)unign + Fhigh, Unign)

£,81 .
We first examine the contribution of the .J term, which was defined in Proposition

op.(J) = —(1d + veop.(Q)) " [op.(J + Ra), 0p:(Q)].

We saw in the proof of Lemmathat (Id +v/zop.(Q)) ! is bounded from || - || s, to itself,
uniformly in . Thus we focus on the commutator [op,(J+ R4),op.(Q)]. It follows from the
definition of the convective term J in (2.19)) and the remainder R4 in Section that

llop-(J + Ba) flless S [1flles141-
Besides, op.(@Q) is a uniform remainder, in the sense of Definition Thus

lop(J + Ra), 0 (@)1 flless S 1 fllessis1s
implying

Je (Opg(j)uhigh,umgh)ml < Cj”“hz’gh e,sl+1Huh¢ths,3p
for some C'; > 0.

We handle the source term Fj;4, very much like we took care of F_y) in the proof of
Proposition We note indeed that Fj;gp is equivalent to F , as indicated in Proposition
(equivalent in the sense of Definition[2.2). Precisely, in the scalar product Re (Frign, Unigh)e, s
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we find the term Re (op,(1 — Xiow) F, Uhigh )e,s, in which the leading term in € is Re (op, (1 —
Xlow)F,ope(l — Xlow)U)e,s- For this term, we can use the estimate , since the scalar
operators op, (1 — Xjow) do not destroy the symmetry in the nonlinear convection. All the
other terms in the contribution of Fj;g, are O(1) in €. For those terms, the symbol @ € S0
does disrupt the symmetry, and we have to use instead of . This implies a
loss of derivative, but with Lemma this loss occurs only for the high component of the
solution. We find

< Chigh (Eil/QJrKl”qu,sl +€KaHu||67s1 +€KlHuhithE,ﬂ-‘rlHuhigh 8,81)7

|§R6 (th‘gh7 uhigh)a,S1 ’

for some Chign, > 0. Next we bound

1/2|

/ 2
€,81 < Chigh‘E g,51+1

(C5 + & Chigh) lnigh le,s+1 ] wnign |Uhigh

~1/2 2
+ e P hignltnign 2 o,
for any ypign > 0, and some Ci/u'gh > 0 which depends on C'y, Ch;g, and Ypgn. Summing up,
we obtained

1

— —1/2+K’C//
2 h

615Huhithg,sl S €2Ka =+ C;Lighgl/QHuhithg,sﬁ-l +e igh”qu,sl
+ 5_1/2’7high||uhigh”§,sla

where Ypign, > 0 is arbitrarily small, and C;Ligh > 0 and ,’{igh > 0 depend on Yuign. With
Lemma this implies

—1/2+K’(

lwinl2 5, + 0w, )

1 2 2K, 1/2 2
gatnuhighue,sl <e€ + Oi/w'gh5 / ||Uhigh ‘s,sl—i-l +e

+ e 2 YnignlunignllZ., -

with a different ;45 > 0 that is still arbitrarily small. The bound (8.2)) then follows from
Gronwall’s lemma and Lemma [8.T]
In a second step, we use the loss estimate (8.2)) iteratively, and the smallness of the time
interval: at this point we use t,(¢) < T'\/e|Ine|. This gives
lunign ()2, < €2 + e Mion/Vee  Ine| max (||uin(t')
<t'<t

£,81 v

2o o ()25, 1)

t
+ 63/2‘ 1I1€| /O e(t ) Vhigh/VE Og,%%(t, ||uhigh(t”)Hg,sl+2 dt'.

We observe that
elluin()2. 01 S elllwin (@) 5, + 10-uin ()2 4,),
and that

6”(95um(t/)\|g781 = HVeUm(t')H?,sl = Huin(t/)”g,sp
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by definition of 0., V. (2.10) and u;, (7.2)). Thus the estimate (8.2) implies no loss for the
in (and, similarly, for the out) components of the solution: we obtain

lunign ()25, S € + "o/ Ve In ] max (|fuin(E)I1Z,5, + lttour (£)]2,5,)

~

t
3/2 (t=t)Vnign/ Ve o (EN1? !
+ e | In €| /0 e high Og’é}%{t’ ||uhzgh(t )Hs,s1+2 dt’.

Iterating, we obtain

2 2o | K tyhi , 2 2
lnign(E)12.c, S €25 e etV el s (uin ()], + Jtiona ()2,
¢
4 652_1/2| ln5|*/0 (=t )Vhign/VE oinﬁi{t/ Huhigh(t/,)ngsl_;_@ dar'.
With the rough bound of Proposition [6.2] we finally obtain the result. O

8.2. Estimates in the FL! norm. Next we turn to estimates for Upigh in the FL' norm.
This norm is defined in (2.1)). We denote

(8.3) 102 s = o 108 flzus for all f € HEFP(RD).

Proposition 8.3. Fort < t,(e) < T/e|lne|, we have for unigh, Uin and gy from (7.2)
the bound
t
Junig(®lLrzs S 5 + 5 (i @llp + () 710)
(8.4) . 0
b [ Nounign ()7
0

and, forl<m<s—2:

t
102 unign(t) || Frr S gha 4 e=1/2+K /0 (108 win ()| 71 + 1107 tout () || 712 di’
(8.5)

t
eI / 10 i (1) | .
0

Proof. The equation satisfied by wp;gn is (8.1). The solution operator associated with the
hyperbolic differential operator is defined as

etA(Ve)/E . f N ]:—1 (etA(iag,i\/En)/a)fA)’ teR.
It is bounded in the FL!' norm, by strong hyperbolicity of A :
(8.6) €AYVl zpn S IfllFpr,  for all f € FLY,

The above bound holds since the eigenvalues of A(i¢) are real and semi-simple, and the
eigenprojectors are bounded (see Section [20]).

First step: proof of (8.4)). We start with the description (2.22)) of the convective terms,
which we reproduce here:

1 3 5 5
(8.7) EOPE(J ) = (Ve0 + O + We - Ve )ope(Xhighde) + V(Wi - Ve)op. (Xnighd;)-
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The WKB maps 7,9 and @w; and their 02 derivatives are bounded in F L' norm, uniformly
in . Indeed, we have

- A
e gpllzr = [lgp(z — pk/e, )l = lgpllzrr S llgpll 220,

for s9 > 3/2. Now, by virtue of the WKB expansion, the maps 7.9 and @w; have the form of
polynomials in e times profiles which are defined in terms of the solution to the Zakharov
system. In particular, by propagation of Sobolev regularity by the Zakharov system [22],
those profiles and their derivatives are bounded in FL' norm.

Since XnighJ, is a bounded Fourier multiplier, we have

lobe (Xnighd ) fllzrr S fllFrr, forall fe FLY,
Thus by the product law (2.4), we deduce
[(Veo - O + we - Ve)ob (Xnighe)unighll 71 S (Ilveoll 701 + [Jwell 711 ) 1|0ctnigh || 711

The same holds true for the @; and J terms, so that

1
EHOPE(J)Uhithle + [[ope (S unignllzrr S 1|0=unign |l Fr1-

Note that here, crucially, the upper bound does not have a singular prefactor in €, thanks
to the linear convective transparency (cancellation) observed in (8.7)).

Thus, by , Lemma and (22.26)), we obtain
¢
[whigh ()] 71 < e +/0 0cvunignll 71 + | Fhign (') || 71 dt’.

It remains to bound, in FL! norm, the source (given by Proposition [7.2)

Fhigh = (1 - Opa(Xlow))((l + ﬁOpa(Q))ilp + R?:L),

where R is a uniform remainder in the sense of Definition Since 0 < 1 — x10w(§,m) < 1,
we have

lope(1 = Xiow) fllrrr < | fllpr,  forall fe FL.
We also have
(8.8) 1(Id + veop (@)l Frpimrr S 1,

by the arguments of the proof of Lemma Indeed, we may write (Id 4 y/zop.(Q)) ' f as
a sum of terms ¢/ 20p.(Q)"f, and we use the fact that @ is a tensor product of a function
in FL' by a bounded Fourier multiplier. Thus

lop-(@)fllzr S W flFes  fe FLY,

and for £ small enough the Neumann series converges, proving (8.8). Summing up, we have
[ Frighll 7t S 1F | 702 + |0l L1

Thus we proved

t
(89)  llunigh(t)|Frr S o' +/0 (10=tthign ()| 21 + I1FE) 7o + @) £21) dt'.
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We now use the bound (2.30) for F', which we reproduce here: for ¢ < t,(e) :
IE@llrre < e 2 i) | o + e

We plug the above in and, with Lemmas and and an application of Gronwall’s
lemma, arrive at (8.4)), which ends the first step of this proof.

Second step: proof of (8.5)). We apply 02 to the equation in up;gn, and find

102 Unigh(t) | 71 S gha=1/2

t
+/0 (™2 )10%0p () unigh ()| 71 + 080D () unigh ()| 7ot + 102 Frigh ()] 711) dt'.

Using the same arguments as in the first step for the convective terms, and notation ([8.3),
we find

5_1/2’\3?0p5(<])uhz‘gh)\|fL1 + ’\8?0P5(j)uhz‘gh|’fL1 S Ha‘eaHluhith}'Ll'
Besides,
102 Frignll 72 < 109F (|70 + 010 70 < 101 F || s + (101 a1]| s

Now we appeal to (2.31). That bound involves ||ai"'v5u|| 711, which we want to relate to
FL' norms of w;y,, Uy and Upigh- This norm involved a mixed differential operator is not
exactly covered by Lemmas and but a quick look at the proof of Lemma [6.1] shows
that

1011V ]| 1 S |0V ) e
and the proof of Lemma [7.1] shows that
101V ]| 211 S 10 unignll Fr + 1101 winl| 71 + 101 o] 711
Thus
102" Frignll rrr S efe 4 5_1/2”(/( Ha‘sal—’_luhith}'Ll + Ha‘aalumeLl + H@Muom\\fﬂ )7

and (8.5 follows. O

9. ESTIMATES IN THE out

We prove here upper bounds for the u,,; component in weighted Sobolev and FL! norms.
The system is (see Section :

1 1 .
Ortout + EA(ve)uout = ﬁopg((l - X?ong)B(fl))uout + Fout-

We start with a Lemma describing the datum for gy :

Lemma 9.1. If the support of the initial perturbation ¢ is included in the interior of
{Xiong = 1}, then uoys introduced in (7.2)) satisfies the bounds, for |a| < sp —2:

Uout||e,s e Uout||FL1 S € -
[toutlle.s + 108 tout | 11 S €%
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Proof. By definition of ¢ in (5.1) and the description of the datum for % in (2.38|),

uout(o) = EKOP&(Xlow)((l - Xlong)(Id + \/gopa(Q(fl)))ilés)v
where ¢° is defined in (2.14]). Consider a term from the Neumann series:

"2(1 = Xtong)oP.(Q)"¢° = £"%0p.(Q)" (1 = Xtong) ") — £"*[Xiong: 0P (Q)"]6".
If we choose the support of ¢ to be included in {xjong = 1}, then
(1 - Xlong)qb‘e =0.
Besides, by (22.2)), Proposition and (22.3),
(91) [Xlonga Opg(Q)n]¢€ = Ops(Xlonan,m) + 5mRma

where R, is a uniform remainder, and X;ong is some smooth and compactly supported map
which is supported away from {Xiong = 1}, implying Xiong® = 0. The above holds for any
m € N, for some Qnm depending on @, n, and m, and which is a sum of fast oscillations
times functions of the WKB amplitudes times Fourier multiplier of order —1. Next, using
again the composition result from Section

Ops(XSan’m) = Opé(Q”vm) o Xlong + -+ Em,Ra

where m’ € N is arbitrary, R is a uniform remainder, and the dots represent a finite sum
of terms involving spatial truncations supported within the support of Xjong. In particular
those spatial truncations times ¢ vanish identically. This implies that the commutator in
is arbitrarily small, and

IXtong> 0P(Q)"]9 [le.s + 10 [Xtong, 0P (@)l 71 < €™,
with m arbitrarily large, and the result follows. U
Next we have a Sobolev bound with no loss of derivative for the out component. This is

due to the fact that we used v, resulting from the second normal form reduction, in order
to define woys :

Proposition 9.2. For any Your > 0, we can choose the support of the spatial truncation
Xiong to be large enough so that, for t < t.(e) and s1 < s, we have for Uous, Uin and upigh

from (|7.2)):

’
lttout (B2, S e/ (250 K el mas (uan(®)I2., + lunign (#) 2., ) ).

Proof. By hyperbolicity of A, we have
1
NG
Recall that by definition of B (see Section ) and B(_l) in terms of B (in Section ,
every entry of the matrix-valued symbol (1 — X?ong)B(—l) is a sum of terms of the form

1 .
§at||uout”§,s S Re (Ops((l - X?ong)B(—l))uouty uout)&s + Re (Fouta uout)

£,s°

e?l(1 — X?ong)uo’pBP’ p = £1, where Bp € SY is a Fourier multiplier. The L? — L? norm
of the corresponding operators is controlled by [(1 — leong)u07p| Lgoy|Bp| Lge, - By Sobolev
regularity, the amplitudes ugj, decay to zero at spatial infinity. Hence for any 7o, > 0, we
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can find a spatial truncation x;ong with large enough support so that |(1 — X?Ong)UmiﬂLoo <

Yout- The same holds for a finite number of spatial derivatives 0% (1 — X?on g)uo,p. This gives

s+ Re ( out» uout)

1
SOluaue (1), S 2

We handle the F,,; term similarly to the Fj,;,, term in the proof of high- frequency estimates
in Section That is, by definition of Fp,: in Proposmon-and estimates ((6.4]) and (2.29 -,

we may focus on

(92) Re (Opg(Xlow)((l - Xlong)F>7 (Opa(Xlow)((l - Xlong)u))g )

meaning that the difference between Re (Fout, tout)s,s and is controlled by

(9-3) (€2 lleys + €5 luoutle,s-

Now for (9.2), we can use the symmetry and Gagliardo-Nirenberg arguments that led to
(2.27)), since the scalar operators op, (Xiow) and 1 —Xjong do not disrupt the symmetry. This

gives a control of (9.2)) also by (9.3).

Summing up, we obtained

1 _ .
iatHuout(t)Hgs < Jout ||U0ut||55 (e UQJFK/”“H&S + EK&)”UoutH&&

~ Ve
and the result then follows from Gronwall’s lemma. OJ

Proposition 9.3. Fort < t,(g), we have, with the same Yoyt as in Proposition [9.2)
(9.4)
Huout(t)H Il S gKaet'\/out/\/g

t
+eTV2HK / et =0u/VE max (|lugn (") Frr + [unign ()| Fo1) dt',
0 o<t <t/
and, forl<m<s—2:
(9.5)
107 vout || Frr S gllaetrout/ Ve
t
+ e 1/2+K! / eEout/VE( max (|0 () | For + max [[07  upign ()] £ )
0

o<t'’'<t o<t'’'<t'

where we used notation (8.3)).

There is no loss of derivatives for upigp in (9.4). This is due to the estimate for F ,
where no derivatives are lost because of the short-time bound (| -

Proof. We give the details for the proof of (9.5, since the proof of (9.4) is similar and
simpler. Just like in the proof of Proposition by strong hyperbolicity of A we find the
bound

t
108 Uout (B) | 72 S /0 (e /2)|02op.((1 - leong)B(fl))uout”}—Ll + (|02 Fout|| 7r1) dt'.
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We use the fact that B(_l) has a tensor structure: B(_l) = eipegpﬁ(_l), for some Fourier
multiplier B(_;y € S0, Thus, by Lemma pointwise decay of g,, and choice of the
support of Xjong (as in the proof of Proposition , we find

Yout
m; %?g“af“outu}‘ﬂ-

8_1/2”8?0];)5((1 - szong)B(—l))uOUtH]:L1 <

By definition of F,; in Proposition and property of the linear operator that defines
Uyt in terms of ¥, we have

108 Foutll 711 S %lg;((Ha?FHle + 1020 F11).
Next by definition of F' in Proposition and property of the linear operator that defines
¥ in terms of 1, we have

108 F|| 71 + 1050|711 S g}gg(”af Fllrp1 41107 4l 710).

With ([2.31)) and notation (8.3)), this gives
102 Foutllzrr S €™ 4 &7 V2H (0l 711 + 1011V et 10).

Just like in the proof of Proposition [8.3] we find that the loss of derivative affects only the
high-frequency component w4, of the solution 1, so that

102 Foutl| 71 S €50 4+ V2K (101 win || 71 + 1010wt || 71) + 101  uign | 21 )-

Thus we find, using Lemma [9.1

t
10 gt s S €5 + / Dot |t () | 11
0

NG
t
+€1/2+K//0 (102 win | 11 + 107 tout | 710 + 107 upign | 711 ) dt,

whence the result by Gronwall’s lemma. g

10. COORDINATIZATION FOR THE in SUBSYSTEM

The in subsystem is the equation in u;, derived in Proposition [7.2] We reproduce this
equation here:

1 1 .
(101) 8tuin + EOPE (XlﬁowA)uin = 76Opa(XlﬁongB)uin + an

NG

The goal of the changes of variables in this Section is twofold:

e we will eliminate the fast oscillations in the source Xlﬁon gB ;
e and the resonant set will be revealed to be the locus of weak hyperbolicity for the

leading hyperbolic operator.

These changes of variables depend heavily on the structure of the set R of resonant fre-
quencies (described in Propositions and |3.4)).
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10.1. First step: diagonalization. Using identity (3.2)) for the eigenprojectors of A, we
decompose any function f of (¢, z,y) with values in C'*, in particular the solution u;, to

the prepared system ((10.1)), as

1<j<5

We frequently identify f with (f1,..., f5) in the following, that is, we view the decomposition

(10.2)) as a coordinatization.
We denote U; the coordinates of u;y, in decomposition ([10.2)):

(10.3) win =Y Ujs  Uj = op(I1)uin.
1<j<5
Lemma 10.1 (Approximate diagonalization). In the coordinatization (10.2)), the first-order

operator in (10.1)) takes the form
(10.4)

Ope(XgowA)f = Ope(Xlﬁow)(iOps()\l)fi? iope(X2) f2, 0, iop.(Aa)fa, i0p.(As5)f5) + VERS,

where R is a uniform remainder in the sense of Deﬁnitian and the source B defined in
(4.4) takes the form

0 ‘ ei@bf2 eziebfg e’iebﬂ '0
bz_le_’e 0 ewb;3 ewbér4 e“gbg5
(10.5) B=| bye™ bne™@ 0 efvd,  e%br | + VER,
by e bbe—fe bgge_fe 0 b
0 nge_w b5_3e_19 bg4e_“9 0

where R is another uniform remainder, with notation
biy = g1z, y)x;5 (& m) By (€,m)

bir; = g-1(2,y)x;5 (& M) B-1ji (€ + K, n)}

where gy is the truncated WKB amplitude introduced in .

(10.6)

if (4,7') is a resonant pair,

The diagonal in B is equal to 0 since there are no auto-resonances. The (1,5) and (5, 1)
entries in B are equal to 0 since there are no (1,5) resonances.

Note 10.2. Above in , when we write op.(ce™?) we really mean the linear operator
u — op.(0)(e™"u). That is, the fast oscillations e~ should be understood as a multiplica-
tion operator to the right. This is clearly an abuse of notation, but a convenient one, which
we will use only for composition to the right by e~.

Proof. The decomposition ([10.4]) directly follows from (3.3]). Indeed, the symbol XlﬁowRA is

order zero, hence a uniform remainder.
For the source term, we start from (4.4)). Consider the terms associated with p =1 in B.
Those have the form

ei‘gglxjj/BljjI, for any resonant pair (7, j').
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In decomposition ([10.3)), the (jo, j§,) coordinate of the above term in B is
0 i0
ope (T, ) (€ g10p. (X Bujjr) ) op. (1) = € grope (X1 Tjo,+1Bujjr 1Ly ) + VER,
where R is a uniform remainder. The interaction coefficient Bj;; satisfies
Bljj’ = Hj7+1B1jj/Hj/.

Thus, by orthogonality of the eigenprojectors ([3.2)), the (1,7, j') term in B takes the form
e’eglb;rj,, as in (|10.5)).

Consider next the terms with p = —1 in B. Those have the form
g-1(t, 2, 9)op: (g (Borjrj)+1)(e™),  (Boyjr)er = i(Boyjry) a1l 1.
Applying op, (I ) to the left and op.(IL;,) to the right, we find
OP¢ (Hjé)g—l(tv z, y>0p6 (ij'(Bflj'j)-i-l)(e_ie()ps(njo) )
= Ops(Hj(’))gfl(ta x, y)OPE(ij’(B—lj’j)+1)0p5(nj0,+1) ((6_19 ) )
= 0y0;1j,0P(9-1(B_155)+1))(e ) + VER,
hence ((10.5)). O

10.2. Second step: shifting the extremal components U; and Us. We further sim-
plify equation (10.1)), now viewed in the coordinatization ({10.2]).

Lemma 10.3. Let
U = (Ul, ey U5) = (e_ieUl, UQ, Ug, U4, ei9U5), 0= (kx - wt)/a,
where the coordinates Uj of u, are defined in (10.3)). Then, U solves

- . 1 o
(10.7) U + gope(A)U = %ope(B)U + F,

with
A= Xﬁowdiag ()\17_;,_1 — W, A2, A3, A4, )\57_1 + w),
. . + . .
and, using notation bj j, introduced in Lemmam

o Wb, M, 0
. by 0 62%33 61,0534 (535)—1
(10.8) B =Xy | bz bme™ 0 g (b))
by bpe ™ bge ™ 0 (biz)-1

0 (bs)-1 (bgz)-1 (bsy)-1 O
In (10.7)), the remainder F is equivalent to F in the sense of Deﬁm’tion

In the definition of B above, we use notation o_; to denote a shift of the argument of
symbol o by —k in the £ direction (see Remark [22.5)). The convention introduced in Note

applies to B.
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Proof. Given a symbol p € S° and f € L?, consider the differential equation
(10.9) O + gopg(u)v =f.

Let © := Py, with p € {~1,1}. Then, using notation introduced in Remark the
shifted unknown v solves

0 - ;
011+ Lop. 1y + p)i = €.

The equation in Uy, as given by and Lemma has the form , with a source
term f = e%g. We may thus apply the above, with p = —1, to the equation in Uj, and this
gives the equation in U as announced.

The equation in Us (again, and Lemma has the form with a source
f = g(e7®.). We apply the above with p = 1, and this gives the equation in Us, since
e®ge= = g_,. (Here as before, oscillations e’ are understood as multiplication operators
and g_; denotes a shift of the symbol g by —k in the £ direction.)

Besides, the first column of B (10.5)) involves source terms in U;. Consider for instance the
source opa(bi)e*wU 1 in the equation in Us, as given by Lemma This term is obviously
equal to opg(bgl)(?l. Similarly, the last column of B involves terms in Us. Consider for
instance the term e?op, (b35)Us in the equation in Us. This term is equal to op,((b35)—1)Us
(here we use again the notation for translates of symbol introduced in Remark and
we arrive at B (10.8)). g

10.3. Third step: decomposition of U; into “in” and “out” variables. In view of the
form of the source B in Lemma m it would be tempting to define V5 := e*wUQ in order
to get rid of the fast oscillations in the entries of B involving the (2,3) resonance, just like
defining U; = e~"U, allowed us, in Lemmam to get rid of the fast oscillations associated
with the (1,2) resonance. But then clearly this would introduce another oscillation in the
Uy /Uy coupling term. Thus we may take out fast oscillations only away from the support

of X12-
This is done in Lemma [10.4] below, in which we use notation pertaining to frequency
cut-off functions introduced in Section 3.2

Lemma 10.4. Let
Ut .= (U, U™, U™, Us, Uy, Us),
with
Us" := op.(1 — Xﬁ23,—1 - Xﬁ24,—1)U27 Uy = Ope(Xﬁz3 + Xg4)(€_i9U2)v

where the U; are the coordinates of v (10.3) and Uy and Us are defined in Lemma
Then, Ut solves

1 1
(10.10) O U* + gopE(Aﬁ)Uﬁ = \ﬁopa(Bﬂ)Uﬁ + F*,
with notation (using notation for cut-offs introduced in Section

Al =X§0wdiag (M 1—w, (T=x23-1—X24,-1)A2, (X23+X24) A2, 41—w), A3, Mg, A5 —14w),
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and
0 bl 0 b biy 0
bay 0 0 0 0 (b35)-1
g |0 0 0w
o eng | by 0 b3, 0 ebgy  (bds) -1
by 0 by bge™™ 0 (b35)-1

0 (bsz)-1 0 (bg3)1 (b5)1 O
In (10.10)), the remainder F* is equivalent to I in the sense of Deﬁnition

Proof. The proof relies on Proposition We start with the equation in Ui". First we
consider the oscillating term. Just like in the equation in Ui, the fast oscillation in the
definition of U3" gives

i .
(10.11) (0 + gope(AQ,H —w))US* = ...
Next we remark that

US™ = op.(X23 + X24) U™, Xﬁ23 < X23, Xg4 < X24,

where we use notation introduced in . Thus the operator in may be changed
into op,((X23 + X24)(A2,41 — w)). The source term in the equation in U3" is, omitting the
1//e prefactor:

(10.12)

Ops(Xg?, + ng;)
- (e (op.(x12b3,) Ut + €™op.(x23b33)Us + €op.(x24b3,)Us + 0p(x25b35)-1U5) ).

Consider the term in U; above. Up to a uniform remainder of the form VERU?, it is equal
to

i .
e’ Ope((Xﬁ23,—1 + Xg4,—1)b21)U1-

By Lemma [3.9] we have

(10.13) (Xﬁzg,—1 + Xg4,—1)X12 =0,

hence the term in U; in the equation in U™ vanishes to first order.
Consider now the terms in Us and Uy in (10.12)). Up to a uniform remainder of the form
VERU!, they are equal to

(10.14) 0p.((1+ X50)b55)Us + op.((1 + x33)b,)Ua.
By Lemma [3.9] we have
(10.15) Xﬁ23X24 =0, X23Xg4 =0,
hence (10.14)) takes the form
Ope(b;—?))Ug + Opa(b;—4)U4'
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Finally consider the term in Us in (10.12). Up to a uniform remainder of the form VERUY,
it is equal to

eieopg( ((Xﬁ23 + Xg4)_152_5)71 )65
We appeal again to Lemma |3.9, which asserts that
(10.16) (x5s + Xa)x25 = 0,

so that the term in Us in (10.12) vanishes to first order. We obtained the third row in BY.
We turn to the equation in U$“. The oscillating term is handled as above, by

Ué’“t = Ops(l — X23,-1 — X24,—1)U§m'

The source term involves Ul, Us, Uy and 05 just like in (|10.12)) but with a different operator
to the left. We use again the cancellations ((10.13))-(10.15)-(10.16|). From

(1- Xu23,_1 - Xg4,—1)X12 = X12
we deduce that the source term in U is op,(by;)U1, to first order. From
(1= —X5)x; =0, je{3,4},
we verify that the source term in Us and Uy vanish to first order, and finally
(1- X%g - Xﬁ24)X25 = X25

implies that the source term in Us is op,((bgz)—1)Us.

We now have a complete description of the second and third rows of Bf. It remains to
consider the source terms involving Us in B, that is the second column of B (10.8). The
first of these terms is op, (bf5)Us in the equation in U,. We use

(10.17) Uy = eieUén + Uémt = 6i90Pa(>Z23 + >~<24)Uén + Ope((l - X§3,—1 - X§4,71))U§Ut,
where x2; < X3, < ng, for j = 3 and j = 4. Using ((10.13)) once more, and ((10.17)), we find

0. (x12b73) U = op.(x12b15) US™".
Using once more, and , we find
ope(bﬁ)eieUg = ope(bj*Q)Uén, Jj € {3,4}.
Finally, for the source in Us from the equation in Us, we use and find

op. ((b5) 1)Uz = op, ((b3)—1)US™.

This completes the justification of the third column in BY. ([l
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10.4. Fourth step: decomposition of Uy into “in” and “out” variables. In a last

factorization step, we apply to Uy operations that are (almost) symmetrical to the ones
applied to Us in the previous step:

Lemma 10.5. Let
(10.18) Vin := (U1, US™ U Us, U U™, Us),
with notation
Ui = op.(xhy_1)(€%U1),  U§™ := op.(1 — x&,) U,

where the Uj are the coordinates of u;y, (10.3) and Uy and (75 are defined in Lemmam
Then, the unknown v;, solves

1 1
(10.19) Ovip + gopE(A)vm = —op.(B)vi, + F,

Ve

where
A= X?owdiag <A1,+1 —w, (1 —=x23,-1 — Xx24,-1)A2, (X23 + X24)(A2,41 —w), A3,

X34,-1(M4,—1 +w), (1 —x34)Aa, A5 1+ w),

and
0 b 0 b 0 bl 0
b, 0 0 0 0 0 (b35)1
0 0 0 by 0 ba, 0
B:= Xlﬁong b?:l 0 b372 0 (63_4)—1 0 (bg_S)—l
0 0 0 (bz)-1 O 0 0
by 0 by 0 0 0 (bis)—l
0 (bsp)-1 0 (bs3)-r 0 (bgy)1 O

In (10.19)), the remainder F is equivalent to F' in the sense of Deﬁm’tz’on

Proof. We proceed as in the proof of Lemma [10.4] and Proposition [3.4] and its extension to
cut-offs in Lemma[3.9] O

In , we achieved our goal for this Section, which was to go from equation
with a source containing fast oscillations in space-time to equation , an equivalent
system with a source containing no fast oscillations. The “equivalence” here means only
that bounds for v;, translate into bounds for u;,.

Another key point of the formulation of the in equation is that the resonant set
now corresponds to the locus of weak hyperbolicity. Thus at the resonances, the term B is
susceptible to generate instabilities (as sketched in Section .

By definition of v;, in , the first two components of the datum v;,,(0) satisfy

(10.20) vin(0) = (7%*/0p_(TT1)uin(0), 0p-(1 = Xby,_1)op. (T2} (0). ... )

where u;,,(0) is described in ((7.5]).
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11. THE SYMBOLIC FLOW

This is the central piece of the analysis, in which we solve (|10.19) by the symbolic flow
method introduced in [39] and used in similar contexts in [25] 21].

In view of proving estimates for ((10.19)), we introduce the auxiliary linear partial differ-
ential equation

(11.1) 0S(5t) + %(ZA —VeB)S(r;t) + \}ganAayS(T;t) =0, S(r;7T) =1d,

where A and B are introduced in Lemma, and Id is the identity matrix with the same
size as A and B. The solution S to (11.1) (the symbolic flow) depends on

(r;t,z,y,&,m), with 0 <7 <t <Tye|lne|, (z,y) eR?, (£,n) € R?,

and is matrix-valued (same dimensions as A and B). In (1L1.I), by 9,A8,S we mean
Oy Ay, S + 0, ADy, S.

Theorem [3] stated in Section 23] below, sums up the symbolic flow method applied to our
context. It says roughly that the solution S to provides a good approximation to the
symbol of the solution operator to the initial-value problem for in the sense that

(11.2) Vin(t) =~ 0p.(S(0;t))vin(0).

The approximation is made precise in Section In the remainder of this Section,
we show that S is uniquely determined by the initial-value problem , and describe
explicitly its far-field behavior.

In the course of the analysis, we will have to consider the symbolic equation with a source
f and datum g :

1 1
(11.3) ¢Sy q(T3t) + g(zA — \/EB)Sf’g(T;t) + \fanA@ySf,g(T; t) = f, Stg(T:7) =g,

where f and g depend on (¢, x,y,&,n), are bounded, and their (z,y,{,n) derivatives up to
a large degree are also bounded.

11.1. Separation and block decomposition. We use here the separation properties of

the resonant set, as given in Proposition and the block structure of B (defined in Lemma

, in order to show that the system (11.1]) in S decouples into smaller subsystems.
First, by Proposition [3.6| and the structure of the interaction matrix B, we identify in

(11.1)) the subsystems
.~ i + ~
(114) S+ - Wy Vb ) gy ( O 0 > 9,5 =0,
€ \@Xlongbj/j [227% \/g nlj’
for the pairs of indices

(11.5) (47,5") € {(1,2),(1,4),(2,4),(2,5), (4,5)},

with notation for the eigenvalues:

e for (1,2), we have

(11.6) =X, A1 —w), iz = Xh, (1= X231 — Xoa-1)A2;
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e for (1,4), we have

n1 = X?ow()‘lv"’l - W), g = Xgow(l - X34))‘4;

e for (2,4):

(11.7) fiz = Xb o (X23 + Xoa) A1 — W), fia = Xh (1= X30)Ma,
e for (2,5):

(11.8) fio = xb (1= X2 — x20) Aoy fi5 = Xy (N5 + W),

e and for (4,5):

(11.9) i1 = X (1= X314 M1 i = Xy (5 + ).
Thus notation fi; is flexible, hence potentially a little ambiguous. It depends on the resonant
pair that is considered. Precisely, for modes 2 and 4, the definition of fis and fiy depends
on whether the pair that is considered has the form (2,5’) or (j,2), and similarly (4, j') or
(7,4). This explains the difference between (11.6)) and (11.8)) for fiz, and between and
for fig.

Next, looking at the fourth row and fourth column of B, and taking into account Propo-
sition we find within the system the subsystems

(11.10)
ifijy + Vet Oy VEXong 0
oS + - \/EX?ongbj_zjl ifigy + VO fij, - Oy \/EX?ong(bj;js)_l 5=0,
0 ﬁx?ong(b£j2)—1 ifijs + \/E0nilj; - Oy
with
(11.11) (i,d2sds) = (1,3,5) or  (jr.jarjs) = (2,3,4),
and

e for the triplet (1, 3,5), which has to be considered due to a lack of separation between
(1,3) and (3,5), as stated in Proposition

(11.12) i1 = X Mt1 = @), iz = X3 15 = Xfop (A5, 1 + w);
e and for the triplet (2,3,4), which accounts for the fact that the resonances (2, 3)
and (3,4) are not fully separated (see Proposition :

(11.13) iz = X}y (X2s + X2a) N2t — @), fis = X A3, fia = Xy X341 (Aay—1 + ).
Note that in the triplet (2,3,4), the mode 2 is in first position, hence a definition of fiy
identical to the one in (2,4) above. Symmetrically, the mode 4 in second position, hence a
definition of fi4 identical to the one in (1,4) above.

We will consider systems (11.4)) and (11.10)) separately, hence the fact that the definition
of the fi; is context-dependent should be not a factor of confusion.

In (11.10)), the notation (-)_; refers to the translation £ — £ — k, see Remark ([22.5)).
Note finally that by Proposition [3.6] and structure of the matrix B, the collection of

subsystems ([11.4) with (j,5') as in (11.5) and subsystems (11.10) with (j1,j2,73) as in
[)

(11.11)) account for the whole of system
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Note 11.1. A note on dimensions: the symbolic flow S is defined as the solution to :
it is a matriz with dimensions equal to those of A and B. The solution to for a
given pair (ji,J2), is only a submatriz of S. We denote it S rather than S; j,. Thus the S
from and is not the same as the one from (11.1)). Furthermore, it will be
convenient to handle S (whether the full matriz or one of its distinguished submatrices) as
a vector with length equal to the dimensions of A and B. Precisely, given a fixed vector
i, we coordinatize Su =: (S1,52). The computations are linear in 4 and the upper bounds
are linear in |i|, so that we omit @ altogether. Sometimes, in particular when we use the
far-field description of the upcoming Lemma [11.2], we go even further and identify S with
one of its entries.

11.2. A second look at the subsystems for S. We observe here that the subsystems
and , the frequency truncations that appear in the definitions of fi; can be
taken out with no loss of information.

Consider first with (j,7") = (1,2). Given (§,n) outside of the support of xi2,
the partial differential system in (¢,y) becomes constant-coefficient, since the (z,y)-
dependent terms b}, and by, contain x12 (see (10.6)). Thus for (¢, 7) outside of the support
of x12, the system with (7, 7) = (1,2) decouples into subsystems

i 1, .

(11.14) oS + E,Usz + \f(‘)n,uj(?yS =0.
Besides, by Lemma (a consequence of Proposition 1)), we have x12(x23,—1+X24,—1) =
0. Thus given (£, 1) such that x12(£,n7) # 0, for fio defined in (11.6), we have fi2(&,n) =
A2 (57 77) :

By symmetry, and separation of resonances, the same holds for all other resonant pairs
in (1T.5).

This shows that in the analysis of (11.4), we will be able to focus on the constant-
coefficient equations (11.14]), and on the slightly simpler subsystems

il“’j + \Eanl‘j ’ ay \/gxlﬁongbjj’
VEXiongbyy i+ VO
for (j,4') as in ([1.5), and

(11.16)
pj is defined just like fi; in Section [I1.1]

1
(11.15) 9S + - < ) §=0,  (&n) € suppxjj,
9 ay

but without any truncation, that is Xlﬁow changed into 1 and x;js . changed into 1.

Next we turn to the subsystems (11.10)). First we observe that for

(1) € (supp X2 \ SUPP Xajs,—1) [ (SUPP Xjjs, 1 \ sUDP X152 ).

then the system ({11.10) decouples into a system of the form (11.4) and an equation of the
form (11.14]). This means in particular that we have to consider systems (11.15) also for
(J1,72) € {(1,3),(3,5),(2,3),(3,4)}. Now if (£, n) belongs to the intersection of the supports

of X;j,j» and Xj,j,,—1, then we observe that the truncations in the fi; (11.12)) and ([11.13)) are
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identically equal to one. Thus for triplets the systems are

(11.17)
1 ity + \/‘Eaﬁujl ’ 8?/ \/gxlﬁongbjtjz 0
oS + = \/gxgongb;zjl ifj, + \/ganrujz -0y \/gxgong(b;rzh)_l §=0,
0 \/gxlﬂong(b;’)jQ)*l itjs + V/EOy 1G5 - Oy

with p; defined in terms of fi; from (11.12)) and (11.13), with the frequency truncations
replace by 1, and (§,7) € supp Xjyjo N SUPP Xjajs,—1-

Summing up: besides constant-coefficient equations of the form ((11.14]), the symbolic
flow equation ([11.1)) reduces to :

e subsystems of the form for any resonant pair (ji, j2), where the definition of
pj, and pj, depends on the pair (ji,j2) : we have p; = A;j up to translation & — £+k
and plus or minus w, in such a way that the frequency set {u;, — pj, = 0} is the
resonant set R, j,.

e subsystems of the form for “triplets” (1,3,5) and (2,3,4). Those triplets
are really pairs of non-separated resonant pairs (ji,j2) — (j2,73) as described in
Proposition [3.6

11.3. Far-field behavior. Given a resonant pair (7, j'), introduce the truncation function

(1118) XQ(fE, Y, &, 77) = Xlong(x)xtrans(y)xg‘j/ (f: 77)7

where, in accordance with (3.29) and (3.30)), we have Xlnon g = Xiong and x;jr < Xg'jw and the
transverse truncation Xirqns is defined by

1, |yl < (Rirans| Ine[Y"e + T|Ingl),

(1119) Xtrcms(y) =
0, ‘y’ > 2(Rtrans“n€|1/ﬁa +T’1n€’),

where Ryrqns 18 the radius that appears in the definition of x¢rans in . The partial
definition is completed by having xtrans sSmoothly and monotonically transition from
1 to 0 as |y| increases, just like for instance in the definition of X¢rans . We define ()
to be the support of yq :

(11.20) 2 := supp xaq.

Note that yq and € depend on the particular resonant pair that we consider, but we denote
(2 and not ;. By definition of xq, we see that () is a product:

Q=: Q4 X Qpreq
= BRz (07 R) X BR% (O’Q(Rtmns‘ lng‘l/na + T’ IHED) X {(5777) S Rg’ X?j’(&ﬁn) > O}'

The projection ¢, of 2 over Rg,n is the support of Xg' e Above, R > 0 is a radius in

R, such that R > R, where R is the radius associated with the longitudinal cut-off xjong
introduced in Section [7.1]
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Lemma 11.2 (Far-field behavior for (11.15)). For the solution Sy 4 to (11.15) with a source
f and datum g, we have the explicit description outside of Q : for 0 < 7 <t < T'\/e|In¢|

and (z,y,&,m) ¢ Q,

] —i(t—7) Oty
St = Tl <w,y— :'@”(t—T),i,n>

b Op i

+/ e Omlepy (g — P — 1) en) dt, (my.En) E 9,
. vz

where j € {1,2} denotes the coordinate in the size-two-by-block system (11.15]).

(11.21)

Figure [9] illustrates the proof below.

Proof. For notational simplicity, we let (j1, j2) = (1, 2) in this proof, and denote B the extra-
diagonal terms in . The analysis applies to any resonant pair. For (z,y,&,n) to satisfy
xa(z,y,& 1) =0, we have either (a) Xiong(z) =0 or X%z(fﬂl) =0, or (b) Xtrans(y) = 0.

In case (a), y is arbitrary in R?. Consider the partial differential equation satisfied by S tg
in this case. It’s an equation in (t,y) € [r,Tv/e|Ing|] x R2, where (x,€,7) are parameters.
By assumption on (z,£,n), we have B = 0, for all y. The system splits into two
uncoupled transport equations
(11.22)

<8t+;+ \n/gjay> Sjt7g:fj7 S}7g(T;T)Zgj7 y€R27 TStST\/‘EHDE‘a

with j = 1 or j = 2. Following the characteristics backward in time, we find that the unique

solution to (|11.22)) is given by (11.21]).

In case (b), we also have B = 0 since |y| > 2Rrqns| In 6|1/”“. (Indeed, for such y we have
Xtrans(y) = 0, by definition of Xirqns in hence g, = 0, by definition of g, in ,
hence bfz = 0:see (10.6)). The cancellation B = 0 is however not uniform in y : for smaller
values of |y|, we have B # 0 a priori. The equation in Sy, being a transport equation in
(t,y), the behavior of Sy, in the B = 0 region is potentially affected by the behavior of Sy 4
in the B # 0 region.

But by Xtrans(y) = 0, we have in fact |y| > 2(Rirans|Ine|'/*s 4 T|Ineg|), and, since
|0y < 1, uniformly in (§,7) (see Section , for 0 <7 <t < Ty/e|lne|, this implies

|y — Oppj(t — 7)/ Vel > 2Rirans| hlg’l/ﬁa'

Thus the characteristics is entirely drawn within the B = 0 region (see Figure E[), whence

the explicit formulation (11.21)). d

Given a triplet (j1, j2, j3) (as in Section|11.2} this means (j1, j2,73) = (1,3,5) or (1, jo, j3) =
(2,3,4)), the associated truncation is

(11.23) XQ (@, Y, £.1) = Xtong (#)Xtrans () (0,1, (6:1) + X501 (€1)),

and then we define Q as in (11.20)). This £ is compact just like the ones associated with
resonant pairs.
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t
T|lne| 3 3
B#0 | B=0 .
: | (t/’ y/) Yp = 2Rtrans| In 5|1/’ia
| ‘ yy =y + 27| Ine|
T o = = (= s
Yo y y

FIGURE 9. In the (¢,y) domain, we find the B # 0 region to the left of yj, :
this is the region where the symbolic flow equation has varying coeflicients.
The B = 0 region is to the right of yp. Given (¢',y/) with 7 <t < T'/e|In¢]
and |y'| > y;", the characteristics passing by (#/,¢/) is issued from (7, o), with
|Yo| > ys, since |Oyuj| < 1. In particular, the characteristics is entirely con-
tained in the B = 0 region. This implies that for |y| > y;", the representation
holds. The characteristics pictured here is incoming, corresponding
to Opuj > 0; for outgoing characteristics the buffer zone [y, ygr] is not nec-
essary: in the case Opu; < 0, any (¢',y') with |¢/| > y sees its backward
characteristics drawn entirely in the B = 0 region.

Lemma 11.3 (Far-field behavior for (11.17)). For the solution Sy 4 to with a source
f and a datum g : for each triplet (j1,jo2, j3), we have an associated compact domain € (see
above) and an explicit description outside of Q that is analogous to and implies in
particular that St 4 does not grow in time outside of 2, for 0 <7 <t < Ty/e|Inel.

Proof. For (z,y,£,n) away from Q defined in terms of (11.23]), the system (11.17) is a

family of three uncoupled, constant-coefficient partial differential equations in (¢,y), which
we solve by following the characteristics backward in time. As in the proof of Lemma [11.2
the y truncation Xirqns ensures that within the small time window that we consider, the
characteristics are entirely drawn in the constant-coefficient region. O

11.4. Existence and uniqueness for the symbolic flow. We consider now the near-
field behavior of S, that is inside 2 defined in . This means in particular that we
consider a particular subsystem, whether in the form or in the form . It is
convenient to use the notation A and B from the original system to denote also the
operators in that particular subsystem, and we do so here. We have

1,. 1 1
8t(X§25f,g) + g(lA - \@B) (ngsf,g) + 7anA8y(XE25fyg) = 76anA(3yXﬁQ)Sf,g + X?]fv

Ve Ve

with xq < XﬁQ. If we let

Sq = X?zsf,g? SG = (1~ X?z)sﬂg’
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we obtain

1 1
<8t + 8817A8y> So + <€(iA — VeB)

% —18M%%Q&

ﬁﬁ

1
= %anA(ayxg)sa +xof.
The equation (11.24)) is linear and symmetric hyperbolic, since 9, A is real diagonal. There
are two source terms. First, we find (ayxﬁz)sg, where S5 is explicitly given by Lemma

(11.24)

in terms of f and ¢g. The function ayxg) is compactly supported. Thus (@,XuQ)SSCZ is
compactly supported, and has the pointwise regularity of f and g. The other source term
is xq,f : also compactly supported, with the same pointwise regularity as f.

The classical theory of linear symmetric hyperbolic system applies: there exists a unique
solution Sq to , with a large degree of pointwise regularity in all variables, since the
coefficients A and B are regular, and so are the source f and datum g.

In conjunction with Lemmas and this proves the existence and uniqueness of

a solution S¢ 4 to (11.3) and S to (11.1).

11.5. Control of the L? norm by the L™ norm. Another consequence of Lemmas
and describing the far-field behavior of S is the following bound, which gives a control
of the Lz(Rz) norm of .S, pointwise in (z,&,n), by its supremum in y :

Lemma 11.4. Given (z,£,1) € R x R3, we have, for Stg solution to (11.3), for 0 < 17 <
t <Tye|lne| and |a] < sq —d/2:

Hag,ysﬁg(T; tyx, &, n)"LZ(Rg) S | lngl*HatxX,ySf,g(T; ty &, 77)HL°°(R§)
t
+ el (108,00t 2 &l + [ 1080t &l )

Proof. Given (z,£,n) € R x R3,if (£,1) ¢ Qfreq, or  is not in the support of Xjong, then
the explicit representation of Lemma or holds. Transverse derivatives bring out
(t — 7)/+/e factors, which are O(|Ine|*). Hence the desired bound in that case.

Given (£,7) € Qfreq, and x in the support of Xjong, Wwe decompose R?2 into the support
of Xtrans and its complement. In the complement, the representation holds, hence
a control of the L?((suppXtrans)©) norm of 8%, S by the L*(R?) norms of 92,9 and 0%, f.
On the other hand, the support of X¢rens has size O(|Ine[*), hence the bound

||a:(r1,ySf,g(T; t,x,-, 57 77)||L2(suppx”am) 5 ’ lnE’*Ha:?,ySf,g(T; t,x,-, 57 77) HLO"(R?%%
and the result follows. O

12. UPPER BOUNDS FOR THE SYMBOLIC FLOW

In this section, we will derive the optimal growth rate in time for the symbolic flow. We
do so step by step, starting from suboptimal bounds. Keep in mind that, as shown in the
previous section, the symbolic flow Sf, does not grow in time outside of {2, which is the
compact support of yq defined in . The cut-off xq is defined in (11.18)) or (11.23)),
depending on the context. The frequency set {2, is the projection of {2 onto Rgm'
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12.1. A rough upper bound. We consider first the symbolic flow equation in the form

(11.15). For definiteness we write j; = 1 and jo = 2, but the analysis applies to all resonant

pairs. The bound that we prove here is not optimal but it is a stepping stone in the analysis.
Given f,g as in (so that f represents a “source” in the symbolic flow equation,

and g a datum), given a frequency domain Uf,eq C ]R‘zn, we denote for o € N3 :

(12.1)

t
Noo,a(ﬂtafvg;]Rg X Ufreq) == %13(}5 <||359||L°°(R3fomq) +/ ||8£,yf(7—;t,)||L°°(R3><Ufreq)> )

and
(12.2)
N2,oz(7—; t, fv g; Rg X Ufreq)

t
. 3 &) Yy
= 1max (HaxgHLoo(waUfmq,B(Rg)) +/T Hax,yf(Tat)HLOO(waUfmq,L%R%))) :

Definition 12.1 (Growth rate). Given Ugyeq C Rgn, we let U = Ri,y X Ufreq, and say
that v(U) > 0 is a growth rate for the symbolic flow over U if we have the bounds, for

la] < sq —d/2:
102 4S7,4(T5 85 ) Loo (1)
S, |ln€|*<Noo,a(7—;t7f7g§R3 X Ufreq) + N2,a(7'§t7 fag;Rg X Ufreq))
|Ine|*

Ve
where the implicit constant depends only on the L*°(U) norms of bia, bei, but not on
g1, tx,y,&n.

In the above definition, we used notation |Ilne[* := |Ing|™ for some N, > 0 which
depends on all parameters in the problem, in particular on «, but not on ¢, 7, ¢, z,y,&,n.

t
/ elt—t )“’(U)/\E(NOO’Q(T; 15’,f,g;]R3 X Ufreq) + N2,a(7—;t,7fag;R3 X Uf?"eq)) dt’,

Lemma 12.2 (Rough bound for the symbolic flow with a source). For the symbolic flow
equation in the form (11.15) with a source f and datum g as in (11.3)), given any U as in

Definition [12.1],

B 1/2
(12.3) O 1= (16 ey - W, ey ) s
is a rate of growth.

Proof. For notational simplicity, we let (ji,j2) = (1,2) in this proof. We coordinatize
Stq = (51, 5%) (keeping in mind Note [11.1)) and factor out the fast oscillations:

gl(T; t):= ei“l(t_T)/sSl(T; t), 52(7'; t):= eiM(t-ﬂ/ESQ(T;t).
The system in (S', 5?) is

= 1 ; ~ 1 ~ . -
8t81 B %Xbigel(#1*#2)(tfr)/€s2 + %&7#1 '8y51 — e”“(t*T)/Efl = f1,

_ 1 . _ 1 _ . _
5% — %sz_ﬁﬂ(mim)(tﬂ—)/ﬁsl + %817/1«2 : 8y52 = er(tiT)/Eﬁ =: fa,
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where y is short for X?gﬂg, the longitudinal truncation in x. We will keep this convention

throughout the present Section on S bounds. We let

. ~ . 0, .
SJ(T;thayvgan) =9 (T;tvxaij‘fan)a yjiy_‘_ \n//gj(t_T)a j:1727

and
(124) vV =112, Vjija = aﬂ(#]l - :LLJQ)
wich yields

( etui—p2)(t—T)/e

8t'§1(7;t7x7y7§7n)_T(be2) (xvylagvn)g (T t r y+ \/*76 77)

= fl (T;tax7y>£7n)7
e~ iui—p2)(t—1)/e

o _ v vt
atSQ(T; tvxv ya&?ﬁ)_ (Xb21) (x7y2>§7n) SI(T; tvxv Yy—= 775777)
vz Ve

= f2 (7'5t7$,y7§777)7

where fj are defined in terms of f‘] just like 57 in terms of S9. With

b1 = bisll ey, b2 i=lbnllpe@y, 85 = 157(75 )| Loy
this gives
t bl / /
s1(75t) < [lgallre + (%Sz(T;t )+ (7)) || pee) dt
(12.5) i

b b
s2(75t) < [|gal[ Lo +/ (ﬁﬂ(ﬂt’) + L fa(7: )l ~) dt

Above the sup norms in f and g are naturally with respect to U. At this point we may
assume by # 0, b # 0 (otherwise the bound in the Lemma obviously holds) and we deduce

from ([12.5) that 5 := \/bas; + /b1so satisfies

< (Vb1 + Vo)l + (Vb1 + Vi) / 1 ()| e dt
n b1by
/o

Gronwall’s inequality concludes the proof in the case a = 0.
The case |a| > 0 follows by a simple induction argument, based on the equation satisfied
by 03, Sf.q- Indeed, we observe that Sy f4 := 05, S¢ 4 solves

1
OnAOySa g =04, f,

1
82550&%9 + E(ZA - \EB)Sa,fg 05 B]vag + %

\f o
Sa,f,g(7'§ T) = 834;9
That is (using notation St 4 to denote the solution to (11.3))

a;c)é,ysf,g = Sfurgar
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with notation
fa = ag,yf \[[agzn ]SﬁQ’ Ja = azyg'

Thus, we obtain, by the first step (o = 0):

t
108, 8107t le= 5 el (102 ol + [ 1atrst) o )
T

|Inel* ¢ (t— t/) v L I /
RVl Al G- 10z y9ll Lo + ) [fa(7387) |Loo dt”™ | dt’,
where v is short for v, (U). The commutator [0

> B]Sy 4 in fo is handled by the induction
argument, since it involves strictly less than « spatial derivatives of Sy ,. That is, by the
induction hypothesis,
(12.7)

1118* '\~ t
alrst)lie S 105, floe + D2l 5 (raf,ygnm <[
B<a

(12.6)

/

||aﬁnyL°0> :

We then plug (12.7)) into (12.6)) and take advantage of the smallness of the time interval, to
arrive at the result. ]

Remark 12.3. The existence of a growth rate for which the bounds of lemma hold true
does not rely on the structure of B, only on the real diagonal structure of A. The sharp rate
of growth found in Corollary|(12.13| does however strongly depend on the structure of B.

Over frequency sets for which the equation takes the form (11.17)), the same analysis
applies:

Lemma 12.4. For the symbolic flow equation in the form (11.17) with a source f and
datum g as in (11.3)), given any U as in Definition a rate of growth is given by

1/2
(128) 7;;]2]3( ) (H ]1]2” || ]2]1HL +|| 32]3|| || ]3]2||L°°) ’

with sup norms taken over U.

Proof. Essentially it suffices to follow the proof of Lemma[12.2] and account for the slightly
different matrix structure of B. We glve however the correspondlng system in S7 here since
it will be useful in the proof of Lemma We coordinatize Sy, = (51, 5%, 9%), and define
as in the proof of Lemma [12.2

§7 — S (it g )y vy =y 4 S~ 1), g€ {1,2,3).

NG
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This leads to
ei(ﬂh _:ujg)(t_T)/‘f

;5" — NG Xb7 5, (1) S* (y12) = i,
N (g =ty ) (E—T) /€ . i(pa—p3)(t—)/e 9 9
(& _ e
(12.9) < 9,82 — NG xbyy (y2)S* (y21) — Txbjtj?’ (42)5% (y23) = fa,

<3 elus—p)(t=")/e
0pS” — Txbjwé (y3)S? (ys2) = fs,
where x is short for Xlﬁong’ and yj,j, =y + V5, (t — 7)//€, and f] are defined in terms of
fj just like S7 in terms of S9. We can then argue as in the proof of Lemma m O

Corollary 12.5 (Rough bound for the symbolic flow). The solution S to the symbolic flow
system (11.1)) satisfies the bounds, for 0 < 7 <t < Ty/e|lne| and |a| < s —d/2 :

« .
105, S (73 t)HLoo(Rg’ym) < |1n5|*e(t ')y /\/E7

where

12.10 t= max T (R, 4. . (RY),

( ) K (41.52),(41,52,73) (%1]2( ) 7]13233( ))

the mazimum being taken over all resonant pairs (j1,j2) (listed in Proposition and
all non-separated triplets (j1, j2,j3) : that is, according to Proposition 3.4(3): (j1,j2,J3) =
(17375) and (jlaj?aj?)) = (2>374)

Proof. 1t suffices to use the block decomposition of Section and apply Lemma [12.2
with f =0, ¢ = Id, and U = RS for blocks of size 2, and Lemma with f =0, g = 1Id,
and U = R for blocks of size 3. ]

12.2. Away from space-time resonances. We consider first subsystems of the form
(11.15). Given a resonant pair (j,j), recall that the domain Q = Qg X Qppeq C R3 x R3
was introduced in , and that Lemmam gave an explicit description of Sy, outside
of Q2. Consider now the domain

(12.11) U™ = {(&m) € Upreqs 55§ m)] = 6},

for § > 0, where notation v;;; = 0, (p; — ptj7) is introduced in (12.4)). Just like we didn’t use
subscripts for ©, we do not for Uy, This is convenient, but we need to keep in mind that
U depends on the pair (for now) or triplet (later) that is being considered.

Lemma 12.6. For any resonant pair (j,7'), any 6 > 0, we have for the symbolic flow system

in the form ([LL.15) a rate of growth ~;;(R® x U{™), in the sense of Definition which

satisfies

! 3 awayy _ o
EI_IPVJJ( x Us™™) =0

Proof. Here again, we let (j,7') = (1,2), but the analysis applies to all resonant pairs. We
shorten v19 = v. Consider (£,7n) such that |v(£,n)| > §. We go back to the proof of Lemma
specifically to the system in S7, and use notation y; introduced just above (12.4).
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In the system in S’j, we find bfg evaluated at y1, and by, evaluated at y2. We have
o(t—1)
— > —-".
‘yl y2‘ = \/g
This implies
ly;| > ot—1)
yj - 2\/5 9
Assume without loss of generality that j = 1 above. By condition (a3) bearing on the WKB
amplitude (see page [8)) and linearity of bzij in g+1, this implies
)] S ex (<o

ot —1) "™
2\/e '
Given the contraint ¢t — 7 < T'\/e|Ine|, this implies
bl (y1)| S exp (—=C|lnel),

with C = C(rg, 6, kq) > 0. In particular, the associated rate v{5(R3 x {&,1}) (12.3)) tends
to 0 as £ — 0, uniformly in (£, n) with |v(£,n)| > 6. O

forj=1orj=2.

We now perform a similar “away from space-time resonances” analysis for the subsystems
(11.17). In this view, given (j1,j2,73) equal either to (1,3,5) or to (2,3,4), consider the
associated €2 defined in ([11.23]) and (11.20)), its projection €2 ¢,., over the frequency domain,
and

(12.12) U™ = {(&n) € Upreqy  [Vjnja (&) 26 o1 |vjy55(&,m)] = 8.
Lemma 12.7. Given (j1, j2,j3) equal to (1,3,5) or to (2,3,4), we have for the symbolic flow
system in the form (L1.17) a rate of growth v;, j,i, (R® x U™ ™), in the sense of Definition
12.1], which satisfies
Y1253 (R3 X Uélway) < e + max ('lejQ (R6)v Yj2g3 (RG))’

with [Ine[*y. — 0 as € — 0, for any rate of growth vj j, for (j1,72) and vj,4, for (j2,73).

The key is that the above bound for v;, j,;, is valid for any admissible rate for (ji, j2) and
(j27 .73)
Proof. We follow the proof of Lemma based on the $7 formulation (12.9)) of the system
[L17).

Given (&, n) such that |v},;,(&,n)| > J, we argue as in the first part of the proof of Lemma
and find that either |b;r1j2(y1)| S exp (—Cllnel™), or |b;; (y2)| < exp (—Cllne|t),
for any y. Assume for now that it’s ]b;rl j,| that is small.

We integrate in time the equation in S from (12.9), and find

gl(T;tvl"ayag?n) - gl
il — ) (7 e
[

t
+/ fl (T§t/,337y1(7'§t/)75777) dt/7

= Vi s t/_T
(b} 3) (@0 (), 6 m) SP (it 2y + M‘Efe)

L&) dt’
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where as before yx(7;t') := y + (Oyp;,) (' — 7)/+/E. Denoting L the L>(R? x {(&,n)})
norm, and omitting the initial time 7, this gives

t
IS* @z~ < loaliw + [ Iillie + e mass S%() o,
T

for some . > 0 which tends to 0 as € — 0, and such that |lne|*y. — 0 as € — 0. Above,
we used the bound ¢ < T'|Ine¢|, and the fact that |1n gle=Clnel™ 50 as e — 0.

And now we sece the system in ($7)j=;23 as a system in (S7);—y3, with a source
term which includes the contribution of S 1 A rate of growth 7, js = Yjajs (R3x{(¢,m)}) for a
fixed (&, n) with |v;,5,(&,m)| > 6 is also a rate of growth for the (52, 53) system, for the same
(€,m). (Note that it makes sense for consider a domain R3 x {(&,7)}, where the frequency
domain is a singleton, for a growth rate as in Deﬁnition since the frequency (£, n) is only
a parameter in the symbolic flow system.) Thus, denoting ||S%3||z = ||S?||pe + [|S®| Lo,
with the same convention as above for L™, we obtain the bound

158 S gl + [ 15l= + T [0 (gl + [l ) at

/ (1~ 13050 /VE / lgillz= + / Iillee + e max [IS%(¢") =) d” '

T <!

Above, we omitted the |Inel* from Definition in order to gain space. From the above
bound, it is easy to deduce, for a given (&,n) with |v;,;,(£,1)| > 6, the inequality

(12.13) Virjega (RS x{(&n)}) < |lnely: + 7]’2]‘3(R3 x {(&m)}),

where |Ine[*y. — 0 as e — 0, as noted above. Thus we covered the subcase \b; j,| small in
the case |vj,,| > 0.

Assuming |v;, j2(&,n)| > 0 still, consider now thti situuation thatv\bj_2 j, | is small. The same
arguments apply: we consider the subsystem in (52, 5%), where S! is a source term, which
we can bound in terms of 52. In the end it’s the product |biyby; | that matters, and we find

again the bound m
O

12.3. Further separation analysis for the (2,3,4) system. Here we focus on system
with (1, ja2, j3) = (2,3,4) and use Proposition[3.4(4), to show that the rate of growth
associated with the (2,3) — (3,4) resonances is no greater than the maximum of the rate of
growth for the (2, 3) resonance and the one for the (3,4) resonance.

Lemma 12.8. For § > 0 small enough, with the phases ®;; defined in Pmposition the
frequency set

{I®23] <0} N {[ P34, x| <0} N {rag <} N {|vaga] <6}
18 empty.

Proof. Assume, by contradiction, that we can find § arbitrarily small such that the frequency
set in the statement contains (5. By Proposition the phase functions ®93 and ®34 are
proper. Thus from the fact that ®93({s) is bounded, we deduce that (s is bounded. Up to
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a subsequence, it converges to (s, which belongs to S23 M 834 1, by continuity of ®;; and
vjy. But this is in contradiction with (3.20) in Proposition O

Corollary 12.9. If the constant é,.s that intervenes in the definition of the frequency cut-
off around resonances (see Deﬁm’tion is small enough, depending on 6 > 0 from Lemma

then for system (11.17) with (j1, jo, j3) = (2,3,4), we have a rate of growth ~y234(R%)
such that

7231(R%) < e + max(723(R%), 134(R?)),
with |lne[*y. — 0 as € — 0, for any rate of growth ve3 for (2,3) and v34 for (3,4).

Proof. Given (£,1n) € Qfreq, if (§,1) does not belong to the support of x23 or to the support
of x34 1, then the (2,3) — (3,4) system reduces to a (2, 3) system or a (3,4) system
, and the result follows immediately.

Thus we may restrict to (£,7) in the intersection of the support of x23 and the support
of x34,—1. Then, by (3.32)), the phase functions |®23] and |®34,_1| are bounded from above
by codres, where cg > 0 is a fixed constant, and §,.; > 0 was introduced in Definition |3.8
We choose 6,5 such that cgd,.s < &, where d is as in Lemma, [12.8

With such a choice of § and 8y, we observe that Qppeq \ Uy is empty, by Lemma
Hence we have y234(R%) < y934(R3 x U*Y), and it suffices to appeal to Lemmam O

12.4. Where we stand so far on the pursuit of an optimal bound for S. In this
short Section we pause for a moment and consider where we stand in the derivation of an
upper bound for S :

e we split (in Sections and[11.2)) the large original system in .S (11.1)) (equivalently,
(11.3))) into subsystems for resonant pairs: those are (11.15]), and subsystems for

pairs of resonant pairs which cannot be separated in the sense of Proposition
those pairs are (2,3) — (3,4) and (1,3) — (3,5) and the corresponding subsystems
are (T1.17).

e With Lemmas and Lemma [12.8 we effectively reduced the question of finding
an optimal rate of growth for system in the case (j1,J2,7J3) = (2,3,4) into
finding an optimal rate of growth for systems for resonances (2, 3) and (3,4)
separately. This throws the triplet (2,3,4) out of the equation.

e For the remaining triplet (1,3,5), we will eventually (in Section see that the
rough rate from Lemma is small enough.

e Thus our analysis of systems is complete, and we focus in the following on
systems (|11.15]). For these we proved in Lemma that not much growth occurs
far from space-time resonances. The analysis near space-time resonances is the focus
of the next two Sections.

12.5. In the small-trace region: little growth. We derive here bounds for S for fre-
quency parameters away from the frequency domain Uy "* that was defined above in Section
12.2)

The trace tr bjl iabini of the product of the interaction coefficients plays a crucial role in

J2J1
the argument. From ((10.6]), we have
ltr b 055 (@0, 6,m)| = g (2, y) PI6r Bujy gy B 150 (€, 1))
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Given a resonant pair (ji,72), and 6 > 0, we let

(1214) Ugmall = {(f,n) S ereq \ Ugway, ‘trBlj1jQB—1j2j1,+1(£a77)‘ S 5}

For some &', we do not record much growth for S in R3 x Ug,m“” , and this is due to the
fact that near space-time resonances the trace tr By, j, B_1,j;,+1 is small only when one of
B1j1j2 or B*1j2j1,+1 is small:

Lemma 12.10 (Bound in the small-trace region). For any resonant pair (j1,j2), some
C >0, any § > 0, for some 0’ < 6, if the constant d,es that appears in the definition of the
frequency cut-off xj,j, is small enough depending on &', the rate of growth 7;{]-2 (R3 x Ugfmll)
as defined in (12.3) satisfies

v, RS x Ugrlty < ¢5'/?.

Proof. As we did previously, we let (j1,72) = (1,2) in this proof.
The computations of Section [21{show that at space-time resonances (§,n) € S12 the trace
tr Bi12B_121,+1 is equal to zero only if one of Byij2 or B_121 41 is equal to zero.
If we denote @ = ®y9q,, . the phase function (see (3.4)) in restriction to Qfreq, and
similarly v = (0, (p1 — ug))mfmq, and tr := (tr BllzB_1217+1)‘ereq, this means
-1

(v, ®,tr)" ' ({0}) C (anmfreq>_1 ({ohu <37121,+1\Qfmq> ({0}).

By continuity of B,;;/, this implies that for any 6 > 0, the set

(12.15) (anmfmq)il (B(0,6)) U (B—121,+1\Qfmq) (B(0,9)),

where B(0,6) is the ball of center 0 and radius ¢ in the target space of By;;/, is an open
neigborhood of (v, ®)~1({0}). By compactness of .., and continuity of (v, ®,tr), any
open neighborhood of (v, ®,tr)~*({0}), in particular (12.15)), contains an open set of the
form (v, ®,tr)~1(B(0,4’)). Now recall that on the support of ng, we have the upper bound
|®jir| < codpes- We choose dres such that codpes < ¢’. Then, Ug}m“” C (v, ®,tr)"1(B(0,5)),
which implies, by the above, that Ug,mall is included in : given a frequency (&,7) in
Ug,m“”, one of |Byi2| or |B_121 41| is smaller than §. Thus the rough bound of Lemma m
gives an upper rate of growth
’71+2(]R3 % Ug[mall) < 051/2’

where C' = (|gi1|oo max(|Bllg|Loo, ’B_121|Loo))1/2.

If it happens that ¢’ > 6, then Uy™ C U749, and, U54! being included in the open
set (12.15)), we deduce that Uf,g’f‘g” itself is included in that open set, which implies that
0’ = ¢ is an admissible choice. O

12.6. In the large-trace region: an optimal rate of growth. Given a resonant pair
(j1,J2), given 6 > 0 and an associated ¢’ as in Lemma [12.10, the frequency region that is
left to consider is

l
Us/™ = Qpreq \ (U™ L UZ™ )

(12.16) / /
={(&n) € Qpreqy  Vjrjol <0, |tr BujjoB-1joji 1| > '}
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In particular, U9 is open and relatively compact in }RZ’ - We will use the following lemma

from [25]:

Lemma 12.11. Consider two smooth families Cio and Ca1 of square matrices with equal
dimensions, defined over an open and relatively compact set D and such that

rank Cio =rankCo1 =1 and trC12Cy # 0, over D.

Then, there exist smooth scalar maps ci2, ca1 and a smooth block-diagonal change of basis

P = <Pél PO > such that tr C19Co1 = c19c01, and, given Tia,701 € C:
22

_ 0 7'12012 0 6'12 ~ TiiCij 0
P 1 P = B C'i‘ — 7= ,
< 7'21021 0 ) <021 0 > ’ J < 0 O(C(Nfl)x(Nfl) )

sup |09P(2)| + |02 P~ (2)| < oo.

z€D
Proof. See Lemma 3.19 in [25]. In Corollary below, a little more information is required
about matrix P. The proof of Lemma 3.19 in [25] shows that the change of basis P is defined
by columns as

and

P = col (eﬁ,aq,--- ,ai_l,fu,blu, e 7bn—1ﬁ)a

where, for a vector z € CV, we denote z* = (z,0) € C?V and z; = (0,z) € C*. The vector
e generates the range of C1a. The vector f generates the range of Co;. U

Corollary 12.12. For any resonant pair (j1,j2), there exists a family of smooth Fourier
multipliers P defined over the closure of Uéfwge such that

sup [2P(Q)] +[0¢PTHQ) <00, a €N,

cevtarse

and, denoting S:= P18,

_ 1 . . ~
(12.17) 9,S + EMS+ On sy 0 ) -0yS(T;t) =0, (z,y,&,1m) € R3 x Uéfwge,

1
NG ( 0 Oyujy
with, pij,, g, defined in Section [I1.2}, where

: i+
M = U \/gbjle pt = Xg41 < Sig \/|tl" Bijijs B-1joji, 1] 0 )
. \/gb_ ] Z . bl ]jl . O O )
J2J1 Hja

where the top left blocks of IN)?J: are scalar, and sjy € {—1,1} are such that the product

. . Jr —
Sj1j25j21 18 equal to the sign of tr bjljzijjl‘

We will see in Section [21| that for some resonant pairs the sign of tr b;“1 iz bj_2 " is positive,
corresponding to a spectral instability for M.
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Proof. We let (j1,72) = (1,2) in this proof. We apply Lemmawith D= Uéi"ge defined
in and 012 = B112 and Cgl = B_1217+1. We will use T12 = X491 and 21 = X9-1-
Indeed, by definition of U lilrge at the beginning of this Section, we have tr C19C5; # 0
in the compact set D. Thus Lemma applies and yields a change of basis P, which
depends only on the frequency variables, and scalar symbols cjo, co1. These scalar sym-
bols are bounded away from zero in D and we may consider the further change of basis

Py, := diag { ALE] 1, 71} . Then, P := PP, is an adequate change of basis such that

(12.18) .
12.18
p_l 07 ij—[i_z P _ v0 012 ’ with éij — Tij\/ |012021|Sgncij 0 )
xby O Cor 0 0 0

By the block diagonal structure of P, and the fact that P is independent of (t,z,y), we
obtain that S = P~18 solves

(12.19) PS5 + iP( i VEXbr )S 1p( Oppn - 0 ) L0,58 =0.

Vexby i Ve 0 Oppe
We then apply P! to (12.19) and use (12.18). This gives the announced equation (12.17).
]

We now further decompose Uéf”ge into positive and negative regions for the trace:
I - l
(1220) U;; = {(f, ’I’]) eU ?rge’ trBljleB,1j2j1’+ > 6/}, Ug/ =U ?rge \ U;,
The maximum growth is recorded in U(;f :

Corollary 12.13 (Refined bound for the symbolic flow). For ¢ small enough, for any
resonant pair (j,7'), for the symbolic flow equation in the form (11.15) with a source f and

datum g as in (11.3)), a rate of growth given by

(12.21) Yig'(R®) = S lga (@9l Moyt Re \/tr Bijyjs B-1jaji+1(&m)-
) 51 s’

As a consequence, for the full symbolic flow Sy 4 solution of (11.3), a rate of growth is given
by
(12.22) 1(RS) = max (ﬁ%(w x (RS U2w)), ?;aw«w)) |

5d’'
for e and § small enough. We often write v for v(R®). In the definition of ~y, the maximum
is taken over all resonant pairs (j,7).

The computations of Section [21]reveal that in the definition of 7, the maximum is strictly
positive and attained at (ji1,j2) = (1,4) and (j1,72) = (2,5). The lower bound analysis of
Section [L7] will show that this v is optimal, which is crucial in our analysis.

The proof below uses Corollary in the treatment of the (2,3) — (3,4) subsystem, so
that technically there is an extra 7. term in the growth rate. But since |lne|y. — 0 as
e — 0, and the maximal time is T'v/z|In¢|, the exponential e7*/VZ is bounded uniformly in
€ and t, and we may disregard that term in ~.
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Proof. By Corollary a growth rate for (2,3) — (3,4) is bounded by the maximum of a
growth rate for (2, 3) and one for (3,4). By Lemma([l2.7] the same is true for (1,3) — (3,5),
away from space-time resonances. Thus both triplets are accounted for in (12.22)), and we
have the global growth rate if we are able to validate the growth for
any resonant pair (j,j’). As before, we let (j,j") = (1,2) for notational simplicity.

Given ¢ > 0, which we will eventually choose to be small enough, let 6’ > 0 as in Lemma
1210

First we consider the R3 x Uﬁ"ge region. The starting point is the equation in Sy, :=
I:’_le’g given in Corollary We coordinatize (see Note S'f,g =: (5‘1, 5283, 5’4),
so that S! and S3 are scalar. Thus 52 and S* solve transport equations with source terms
that involve only f, and no amplification occurs for these components (i.e, 7 = 0 is a rate
of growth). We focus on S* and 53, and denote S = (S*, §%). The corresponding system is

i O 1 .
(8t + % + :7//;1 89)51 + %ngm |t bTQbm’Sg = (P 1f>17
iy 0 5, 1 & (pe
(0 + A;Q + :]/%2 0y)5° + N [tr 5051 ST = (P71 f)s.

The key is that the coupling terms above are scalar. Thus for the above system the rough
rate of growth deduced from Lemma [12.2]is actually optimal.

Indeed, consider first Uy, C Uéf”"ge, where Uy, is defined in (12:20). Starting from system
(12.23)), we can go through the arguments of the proof of Lemma and find

(12.23)

Hagys(T;t)HLoo(R3xU;) < |ln 5‘*@'7('5_7)/\/5’
with § such that 5 > 0 and (5)* s equal to

max z,y)s191/tr bbb, (€,m) | - max 1z, y)s \/ﬁ ‘
S [xon (@ y)siyfrbisbn (€ m) [ - max | fxgoa (@ y)sary e bisbn (€ 1)

(Emeuy, (EmeUy,

Since g—1 = g7 (2.33)), we find 4 to be equal to the announced growth rate 72 :

Y12 := max |gi1(z,y)|- max \/tr Bi12B_121.+1(&,n).
(z,y)€R? (&meuy,

At this point we proved that y15 defined above is a growth rate in R? x U;. It remains to

put the pieces together and verify that v;5 is a growth rate in the entirety of RS.

Consider now (§,7) € Uy,. By Corollary [12.12} we may consider system (12.23)) again.

Here s12 = —s91. Without loss of generality, assume s1o = 1. We observe the cancellation
1 B L g Vetr bjm
(12.24) Re E(M057 S)LQ(Rg) = 0, M() = ( —\@tr b;,_ljz i/LQ )

with S here identified with (S', S3), the coordinates of S that intervene in (12.23). The L2
scalar product in ((12.24]) is defined in terms of a Hermitian scalar product in C“™, where
m is the dimension of S and S3 (we refer to Note (I1.1)) here; the exact value of m is
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unimportant). Thus from system (12.23) we deduce
Re (05, 5) 12 (r2) = Re (f. S)r2(r2), (&n) € Uy,

implying no growth in time for ||SHL2(R§), for fixed (z,&,n), with (§,7) € Uy,

Keeping (§,7) in Uy, we now verify that spatial derivatives dg,.S do not grow in LQ(Rf/)
norm either. That is, we now prove, by induction, the bound

(12.25) 105, Sl 22y S | el Noo(75t, f, ;R x Uy,

with notation N3 , introduced in ((12.2)) just above Definition We verified above ((12.25))
for a = 0. By (12.24), applying first 93, to (12.23)) and then taking the L? scalar product
with 03, S, we observe that

(6% 1 (63 (6%
(12.26) 005, 23y < <19, MolS e + 105, 12 e

The commutator [0S, Mop] involves only terms in My that are O(y/€). Thus we have by the

x?y’

induction hypothesis

1 (64
llo

z,y?

1 _
Mo]S|| 2 (rz) ax |07, S 2 r2) S max %Nz,ﬁ(ﬂ t, f,g; R x Uy,).

1
< —m
~ \@ B<a
With ([12.26]), this implies

1 _
10z Sllr2rz) S 1107y fllr2r2) + max %Nzﬂ(ﬂ@f’g;Rg x Uy, ),
and, integrating in time over [7;¢] with t = O(y/¢|In¢]), we find (12.25)) for any o.

The bound ((12.25)) is pointwise in (z,£,n). Given «a, an index of maximal size for which
(12.25)) holds true, by Sobolev embedding we deduce the pointwise bound, for o < o —
[d/2] —1:

108,81l oy S | el Noa(rit, f,6:R® x Uy ).

That is, we have a growth rate in R? x U 5» in the sense of Definition which is equal
to 0.

We now choose § > 0 to be small enough so that C'61/2 < ~, where C is the constant that
appears in Lemma [12.10] Lemma [12.6] asserts that for € small enough, 712 is also a rate of
growth in R? x U§"".

Thus it appears that for € small enough 12 is a rate of growth in

R? x (USY Y UZ ™ Y UL™) = R® X Qfreq-

Finally, Lemma shows that there is no growth outside of 2, so that ~19 is also a rate
of growth in R6 \ Q. Since

(R? X Qfreq) U R\ Q) = RO,

we verified 12 is indeed a growth rate (over R®) for the (1,2) subsystem for S. The same
goes for every other resonant pair, and we arrive at (12.21]). ([l
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12.7. Bounds for frequency derivatives. Frequency derivatives of S enjoy the same
growth rate but each frequency derivative brings out an e ~/2 factor. Crucially, the prefactor
is smaller for &, derivatives near space-time resonances:

Lemma 12.14. The symbolic flow S from (11.1) enjoys the bounds, with the rate v defined
in (12.22)):

(12.27) P2(1107 02, S(rs )l + 102,08, (7 Dl r2ray ) S |7 /E,

Near n = 0, we have the improved bound for transverse frequency derivatives:

E|m/4(|aga;’ys(7; ta,y, &)l + 10802 ,S(rit, @, -,m)IILz(R;))

(12.28)
Smerer@mVE g < et

uniformly in (e,7,t,2,y,€,n), for 0 <1 <t < T\/e|lne| and |n| < /4.

Proof. For 8 = 0, both bounds hold true for all a by Corollary and Lemma
For a proof of the first bound , we work by induction on |3|, as we assume now
that holds true for up to k frequency derivatives of S, for some positive integer k,
for any number of spatial derivatives of S. Let 3 € N® with |3| = k + 1. We now work by
induction on |a|. By applying 9P 92, to the symbolic flow equation (11.1]), we obtain

5177 I,y
1.8 qa - 1
——[82 9 iA — EB|S — —

B8 aa _ ._ &)
(12.29) o; 0O S—Sfaﬁ,(), fQﬁ = =20y \/g[a

& 671A] a;(vx,yaysa

5777 Y

with notation Sy 4 introduced in (11.3)).
We initiate the induction on || : the source fy 5 contains strictly less than |3| frequency
derivatives of the symbol, and we can use the induction hypothesis. This gives

1 fo,8(rst)llzoe + ILfo,5(; )l oo z2y S €' UITD 2 Inefre =/ Ve,
where L°(L?) is short for L>° (Ri,g,m L?*(R?)). Then we use Corollary [12.13 which gives
10,55 )l = 1S 073 Dllase S &!/2e™ AN Inefrent=IVE,

Lemma m then gives the same bound for the L>(L?) norm of Sty 5,0, and the case a =0
is proved.
Now we assume that the bound (12.27) is known for 87 9%, S, for all || < k' — 1, and

fﬂ? T,y
use (12.29) with |« = k. The first term in f, g is a sum of terms of the form
(12.30) e (0100, (iA — VEB))(92052,S),  with |as| + 81| > 0.

If |B1] > 0, then this term is amenable to the first induction hypothesis (where the induction
is on |B]). If |aq| > 0, then this term is amenable to the second induction hypothesis
(induction on |a|). The second term in f, g contains at most |3| — 1 frequency derivatives
of the source, and we use the first induction hypothesis. Thus f, g satisfies the same bound
as fop above, and another application of Corollary and Lemma allows us to
complete the induction, just like in the case a = 0.

We turn to , the bound near n = 0. We use the same scheme of proof, that is
an induction on « within an induction of 8, but this time we pay attention to the size of
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the source f, g. Here frequency derivatives are in the transverse frequency variables: in the
definition of f, g, we replace 86 Wlth 85

As noted above, if 3 =0 then ) holds true for all a. Now we assume that it does
hold true for all \5| < k, for some k Z 0 and for all a. Consider 8 € N3 with |3| = k + 1.
First we consider the case o = 0, and the first term in fy g . It contains terms of the

form 5_1(851 (1A — \/EB))(ang). If |51] = 1, then we observe the following:
(12.31) 07 (A —VEB)| St (Bl =1, Inl et

Indeed, we have |9,);| = O(|n|) for j # 3, and A3 and its derivatives are O(y/2[(&,n)]),
uniformly in frequency (see Section in particular Section [20.1.2)). This takes care of the

A terms in ((12.31). The B terms are O(y/¢) and so are their frequency derivatives. This
12.31)

verifies (|1
As a consequence, by the induction hypothesis, we have

e (D51 (iA — VEB))(925)| S e tel e UBI=N/4 In gprelt=m)1/VE,

(12.32)
if |81] = 1 and |B2| = |B| — 1, for |n| < '/

In the case |f1]| > 2, we cannot use (12.31]), but then we simply use the induction hypothesis,
which implies

5—1‘(851 (1A — \@B))(aéﬁg)‘ < 5—15—(\6|—2)/4| 1n€|*e(t—’r)’y/\/€’

(12.33)
if [B1] > 2 and |Bo| < [B] -2, for [y] < &'/
The second term in fy 3 contains terms of the form (851A) (85281/5), with [51] > 2 and
|B1] + |82] = | B8] + 1. In particular, |B2| < |3| — 1, so that, by the induction hypothesis, we
have

5_1/2}(851A)(8528y5)‘ < e V2= UBI=0/4 1n5‘*€(t—7)7/\@,

(12.34)
with [51] > 2, 82| < |B] = 1, and [p] < &'/

With (12.32), (12.33) and (12.34), we obtain

(12.35) \fop] S e V2 B/ meret=mVE L for ] < e/
We now apply Corollary [12.13] and Lemma as we did for the proof of (12.27)), and
13.23)

this gives, thanks to the time integration in the bound of Lemma the bound (|1
in the case « =0 and || = k + 1.

Finally we assume that for any 8 with |8| = k + 1, for some &’ > 1, the bound
holds for all |a| < k' — 1, and, for some o € N® with |a| = &/, we bound f, g. As in the

proof of (12.27)), the first term is (12.30). If in (12.30]), we have |51]| > 0, then we use the
induction on 3, and bound the corresponding term exactly as in (12.32)) and ((12.33)). If we
12.30]

have || > 0, then we can use the induction on «. Thus we find the term in (12.30) to be
controlled just like fy 5 (12.35)) above. The second term in f, g has the same upper bound,
by the induction on 8. We conclude again with Corollary [12.13] and Lemma [11.4] ([l
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12.8. Bounds on the symbolic flow operator. The above pointwise bounds on the
symbolic flow translate into bounds, in L? and FL!, for the action of the symbolic flow
operator:

Proposition 12.15. We have the bound for the symbolic flow S from (L1.1]), for 0 < 7 <
t <Tye|lne|:

lop< (S(73 )12 12 + [loP=(S(T3 )| L1 rrr S [Tel"el =T/ VE,

where v is the growth rate defined in ((12.22]).

Proof. By Proposition the L? — L% norm of op.(S(7;t)) is bounded by a constant
(depending only on dimensions) times

sup (102, S(rs )l e -
(¢m)ER? '
0<|al<4

By Proposition m, the FL' — FL! norm of op.(S(7;t)) is bounded by a constant (de-
pending only on dimensions) times

sup [|07,S(7: )l 2R3 )-
(&:m)eR?
0<|a|<2

We decompose
S =8xh +S(1—xb),
where yq < X?)’ with xq defined in (11.18) and (11.23). By property of Q (see Section
, we may choose the size of the support of ng to be O(|Inel*). In particular,
105, (ST ) e S [el05,S(ri )=, p € {1,2}.

and by Corollary [12.13] the above is controlled by |Ine[*e?(t—7)/VE,

The symbol (1—x¢,)S is supported away from ©, and by Lemma we have an explicit
description of S in that region. Indeed, applying Lemma with f =0 and g = Id, we
find (keeping in mind Note [11.1])

Since X?) can be chosen to be a tensor product, Lemma applies to the operators

associated with both symbols in the above right-hand side, and we obtain
lop. (1 = x&)S) 2oz 1, and [op.((1 = x6)S) |l Frimrrr S el
where the | Ing[* factor comes from the FL! norm of xgmns. O

12.9. Action of the symbolic flow on an oscillating datum. The action of the sym-
bolic flow operator on the product of a fast oscillation times a fast decaying function has a
simple form:
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Lemma 12.16. For the symbolic flow S from (11.1)), for 0 <t < Ty/e|lneg|, for any f in
the Schwartz class, any &y € R :

HopE(S(O; t)) (eméo/sf) — emgo/ES(O; t,x,y, o, O)fHX < 51/4\ In €|*et7/‘ﬁ,

with X = L? and X = FL', the implicit constants depending on various W*P norms of f.

Lemma [12.16]| will be used in Lemma and Corollary in both cases with f =
¢, where ¢ is the smooth and compactly supported amplitude which carries the initial

perturbation ([1.4))-(1.5]).

Proof. We use the fact that derivatives of S are not too large, as described in Lemma

and that f is very small for large frequencies. Precisely, Taylor expanding the symbol, we
find

e~ T0/E0p (S(05)) (€505 £) — S(0;t, 2,9, £0,0) f = fu + fys

with notation

1
fx = 5/0 Opl(afs(oa t,x,y, 50 + 57—67 \/ETU))axde
1
fy = \/E/O opl(anS(O, t,x, 3/750 + 57—&7 \/57-77)) : 8yf dr.

For the f, term we first decompose, with yq as in the proof of Proposition [12.15| (throughout
this proof, in a harmless abuse of notation we identify xqo with its extension X?}):

—it0elti it
(12.36) 0¢S = x0¢S + (1 — x)0:S = x0:S + (1 — xq) (Egﬂje_”’”/e) ,
J
the second equality by definition of 2 by Lemma
As in the proof of Proposition [12.15] for the xq0:S part we can use Corollary [12.13]in
conjunction with Propositions and

lops ( (xadeS(0:0)(w,y, €0 + 76, VETN) 212

S osup (1907, (xS (0:1))(, &0 + e, VeTn)) s )
(&m)eR? ’
0<al<4

el sup 0608, S(0:0) (&) e, )

(¢&m)€ER?
0<|a|<4

< e 2 el VE,
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For the FL' — FL' bound, an L? norm of the symbol replaces the above L' norm, as per
Proposition 22.3] This gives

lops ( (x00eS(0:0)) (9. & + £7E,vVZTn) ) 1

S osup Haﬁag,y(XQS(OQt))('yfo+€T§,\@7’77))HL2(R§W)
(&m)€ER?

0<|al<4

S osup [|0¢97,S(054) (5 & m)l| Lo r2 )

(&m)€eR?

0<|al<4

< e V2| mefrelt=m/VE,

The far-field contribution (1 — xq)0¢S remains. It is given explicity on the second line of

(12.36)). We observe that

Ztaf:uj eit,uj/s S 671/2’ IHE‘,
9

in the time interval under consideration. By the fact that xq is a tensor product and Lemma
[22.6] this implies
lJopy (((1 = x0)0e8) (05 ) (=, y, & + e7€,Vern)) || 1o, ;o S e /% Ine],
and
lJopy (1 = x2)3e9) (0: ) (@, y, &0 + e76 V) || 211 ppn S €2 el
At this point we proved

[ fellpz + [ fallFrr S 81/2| ln5|*et'7/\@,

since f is rapidly decaying.
For the f, term we use the bound ((12.28) from Lemma|12.14, We need another argument,
though, since ([12.28) gives us a good control of 9,05, S only for || small. For large 7, we

use the fast decay of 6/’?3 , which derives from the assumption that f be in the Schwartz
space.
In this view, we introduce a decomposition of 9, f into

Oy f = xrr(EY*D,)d, f + (1 — xLr(e/4D,))d, f,

where xpr is a smooth low-frequency cut-off, identically equal to 1 in a small ball and
identically equal to 0 outside of the unit ball. By fast decay of f, we have

(12.37) II(1— XLF(€1/4Dy)5nyL2 < Cpe™, for any m > 0, for some Cy, > 0.
We use the decomposition

8,8 = xadyS + (1 — xa) <_n§7luje—ituj/a> 7
j

analogous to ([12.36)). With this decomposition of the symbol in f,, and the above decom-
position of f, there are four terms to bound.
First we observe that

(12.38) op.(M)xrr(e/*Dy) = op.(xpr(e /4 )M), for any symbol M,
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by definition of the anisotropic semiclassical quantization (22.1). By definition of xr, this
means that the composition to the right by xr, F(al/ 4Dy) implies a localization of the symbol
to the domain || < €'/4. Thus

llop. ((x28yS(0;8))(x,y, & + - ) xLr (€Y Dy)dy f| .-

S sup |05, (xd,S) xrr(e™ ) HLl(Rg’y)
(&m)eR3
0<|a<4

(12.39) Slmel® sup  [[07,0,S | Lo s )
¢eR ’
In|<el/4
0<lal<4

< e V4 nele/VE,

the second-to-last inequality by size of the support of xq, and the last by in Lemma
m The FL! bound is handled by the same arguments (see the f, term above). If we
take into account the /e prefactor in f,, the above takes care of the first (near-field/low-
transversal frequency) term in f;.

In view of (12.38)), the far-field/low-transversal frequency term in f, is

WO i _
OPE((l - XQ)%MJ@WJ/EXLF(E 1/4'))5yf,

where the shift +&p in £ is implicit. As in the proof of Lemma [12.14] we observe that
|Oppt5] < max(|n], +/€). Thus, in the time interval under consideration

O pithi/e

<e Y4 el :
e

xLr(e ™)

we gained a factor 1/g|Ine| from ¢ and a factor £'/* from nyrr(¢~'/*n). By Lemma m
this implies

Hops(((l - XQ)a’r]S)(Ov t)(il?, ya 50 + '))XLF(51/4Dy)anyL2 5 81/4| 1115’,
and
lop= (((1 = x)2e8)(0; )z, y. o + ) xLr (e *Dy)dy f || 0 S '/ Inel

The high-transversal frequency terms remain. We handle the near-field /high-transversal
frequency term very much like we did in (12.39): this gives

lJop. ((x28, S(0; 1)) (z, y, & + ) (1 — xL.r (e Dy)3y f|| 2

< sup (107, (xe0nS) s ) lI(1 — XLr (e /4 Dy))0y £ 12
(€m)eR3
0<al<4
Sllnel sup (05,05 Lo zs )| (1= xpr(e/*Dy))0y fl 2
(€m)eR3
0<al<4

S e V2 nel*e"/ Ve (1 — xLr (e Dy)) 0y £ 2

(12.40)
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Note above the e~1/2 prefactor instead of e =1/ in . But now we can use in
, so that this term is appropriately small. The FL! bound is similar, with an L?
norm of the symbol which is promptly bounded by an L norm.

For the fourth, far-field/high-transversal frequency term in f,, we use Lemma and

(12.37)) again.
13. ESTIMATES IN THE in

We go back to equation (10.19)), which we reproduce here:

) 1
atvi’n + EOPg(A>'Um - %Ope(B)vin + F7
where F is equivalent to F, in the sense of Definition The datum v;;,(0) is partially
described in ((10.20)). A complete description of v;,(0) will be given in Section With L
defined by

(13.1) L :=iA — /B,

Theorem (3| (stated and proved in Section applies to the initial-value problem for the
system in v;,, as we verify now:

Proposition 13.1. The solution vy, to (10.19)) issued from v;,(0) is

(13.2) vin(t) = op.(S(0;t))vin(0) + /0 op.(S(#;¢))(Id + €7 Ry) (F + 60R2(.)vm(0)) (') at’,

where o > 0 and the remainders Ry and Ry satisfy
sup  [[Riz1(t)]lesy S [l sup 21 (t)]|e,s s
0<t<T/e|ln¢| 0<t<T/e|lne¢|
sup | Ra(t) 22
0<t<T\/e|Ine|
for all z; € L®(0,T+/€|Ine|, H*(R3)), 20 € H*(R3). The symbol S above is defined in
(23.8) in Section with Sy = S and L defined in (13.1). The symbol S is the symbolic
flow studied in Section The exponent o defined in (23.14) can be made arbitrarily large
if the WKB solution is smooth.

Proof. We invoke Theorem [3] which relies on Assumptions [23.1] 23:2] and 23.3]

The symbol L defined in in terms of A and B (both defined in Lemma
satisfies Assumption by property of A (order zero, independent of (z,y)), and B
(order 0, uniformly bounded in in (e,t)).

Assumption holds too, by Corollary and Lemma [11.4

Assumption holds by Lemma [11.2

Thus Theorem (3| applies, and gives the representation . ]

€,81 S | 1115’*”22”5,51;

We note that w;, and v, have equivalent weighted Sobolev and FL' norms, in the
following sense:

ClHUinHE,s < ||7)inH£,s < C2Huin”a,s;

13.3
(13.3) A 0wl rin < [0 vinlpin < callrtinllrpn,
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for some ¢; > 0, ca > 0, for all m < s—3/2. (The notation 02" is introduced in (8.3)).) Indeed,
v;n, was defined in terms of u;, in the course of Section @, by changes of variables which
involve a spectral decomposition, multiplications by e** and projections and localizations.

The corresponding operators are linear bounded in weighted Sobolev and FL! norms (see
Lemma and the paragraph just above Definition .

Corollary 13.2. For 0 <t < t,(e) < T+/e|lne|, for u;, defined in (7.2)), we have

[in(t)lle,s, S €X[Inel*e/Ve
t
4T [ O
0

where the rate of growth v is defined in ((12.22)).

€,81 + Huhigh”a,sl—i—l)(t,) dtl.

A choice for s; is made at the end of the proof of Proposition In particular, s; is
chosen much smaller than s.

Proof. The datum for w;, is O(¢%) in Sobolev weighted norm. Proposition [12.15| gives an
L? — L? bound for op,(S). Since

Oop(S)f = > op.(919)0L2 f,

a1 tas=«

and since S and 92S enjoy the same bounds (see Corollary , we have

llop.(S) flles: S |ln£|*et7/‘/g\|f\|5781, for all f € H*, all s1 < s.
By Lemma the correctors S, satisfy the same spatial derivative bounds. This implies
(13.4) [opo(S)fllesy S |mel*e?D/VE| fl.sy, forall fe H, all s < s.

The remainder F is equivalent to Fj,. Thus by the Sobolev estimate ([2.29) and Lemmas
(equivalence of Sobolev norms for @ and @) and (control of @ by win, Uour and upign), we
have

(13.5) 1 lless S €2 (luinllesss + lutoutlle sy + lutnighle,si+1) + .
With ((13.3) and the Sobolev bound on R; and Rs (see Proposition [13.1)), we then obtain

llwin (2) eX|Inel et/ Ve

<
£,51 ~

t
+ g~/2K / et )v/ﬁ(nuinnem + ||“out||z-:,81 + Huhigh||€,81+1)(t,) dt,v
0

which implies the result, by Gronwall’s lemma. (|
Lemma 13.3. Fort <t,(e):

latin ()| 1 S X/ VE

t
—1/24K’ t—t’
(136) + € / /0 6( )’Y/\/E(Og’%;(t’ ||u0ut(t//)||]‘—L1 + ng’a%{t’ ||uhigh(t’/) H]__Ll) dt/

t
T / OVVE 4t e g
0
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where o > 0 is introduced in Proposition Besides, using notation (8.3)), for 1 < m <
s1—3:

1O win (8)| 711 S 5 e7VE

t
—1/2+ K t—t! 1
+ [ Ine[*e1/2F /0 el )W/ﬁ(ofg}é 102 wout (t') || L1 + oo, 102 uign (t) | 71) dt’

t
-%a“1+Kﬂ1nar¥/ie@fyﬂv@uu(ﬂﬂgﬂn+3dﬂ.
0

The exponent o is defined in (23.14)), in terms of ¢p, which corresponds to the order of the
Taylor expansion in the proof of Corollary The only limitation on ¢q is the regularity
of the WKB solution.

Proof. By Proposition [12.15{ and the bound (23.10)) in Lemma we have

lop=(S)ll 711t S [Inef*efV/VE,

Thus from the integral representation ((13.2)) and (13.3)), we deduce the bound

i ()| 21 S €5 nel*e/VE
t
0

Consider first the |F|| 771 norm above. We use (2.30)), and the fact that F is equivalent to
F;,,. This gives

(m+fmmF+f&mww0W)

FL

1Bl S e PH i)l prs + €50, < tule).

Next consider the R1F term. Here R; is a remainder coming from Proposition (itself
a consequence of Theorem 3| in the appendix). We use the Sobolev embedding ([2.26)) and
the bound on R; from Proposition [13.1

| RiF | prr S 7 A RIF e, S €72 el |[Fles,,  since s > 3/2.

Thus by (13.5),
| RiF || S 5o &7 el lil]e,s 410
For the Ry term the same reasoning gives
1(Id + €7 R1)e” Rovin (0)l| 1 < €™

Summing up, we obtained
¢
winllFrr S X[ Ine[*e/VE 4 e 1/2HK 1115’*/ eTIIVE | g dt!
0
¢
e e [ d
0

and the bound (13.6]) follows.
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Next we apply 0" to (13.2). Looking at the proof of Proposition [12.15, we see that
0. (029)|| Frims it S |Ine|*e??/VE, Thus we find

t
J0r winl 71 S XV 4 I S / VN (O B a4 7 2| ryo) dt
0

0<m’<m

Then we use for 9I"F the bound ({2.31]), which gives

107 F | 7 S 5o 4 e P (|00 win | + 107 woutll 720 + 107 M unignllFr1), ¢ < (o).
Finally, for the Sobolev norm of F that appears above, we use ((13.5)). O

14. A REFINED SOBOLEV BOUND

We now put together the upper bounds for g, (Section , Uout (Section E[) and s,
(Section , and derive an upper bound for u that is much improved compared to the
rough bound of Section [6]

Proposition 14.1 (Refined Sobolev bound). For an appropriate choice of the spatial trun-
cation Xiong, depending on T and K', if s — s1 is large enough (meaning s, large enough),
depending on T, K' and T'—~, fort < t,(e) the solution U to the initial-value problem ([2.16))
satisfies the bound:
16 ef|Inel*e/VE.

The rate « given in Proposition [14.1]is much smaller than the rate I' given in Proposition
The key is that « is optimal, as seen in Section [17] below. The condition bearing on
s — s1 is inequality ([14.7)) in the proof below.

<
£,51 ~o

Proof. Consider first the upper bound for uy,; from Proposition for all s1 < s,

ltout ()25, S e et/ VE 4 K| Ingfelrout/ Ve max ([[uin(t) 12,5, + llnign(®)]2,s, ).

For t < T/e|Ing|, we have etrout/VE < g=Tvout We may choose the spatial truncation x;ong
to have such a large support that 7,y is so small that K’ — Ty, > 0. In particular, the
above out bound then implies

Ko—Tvou K'—T7ou
(14.1) Nuou (1)|2 5, S e out 4 BT tllnel*orgggt(Iluz-n(t’)lli,sl+||uwgh(t’)||§,sl)-

Next consider the upper bound for uy;4;, from Proposition for all s1, s9 with s1+s2 < s,

lutnigh (12,0, S €2 4 K752 In g BT Hmian) Ve

+&"|In e\*e“’”gh/ﬁOrgtagt(lluin(t’)llﬁ,sl + ltout ()12 o, )-

(14.2)

We now choose yp;gn, (this parameter is indeed arbitrarily small, see the proof of Proposition

so that
K' — T(Yout + Yhign) > 0.
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Then, when we plug (14.1)) into (14.2)), we find

max ||Upigh ()

< €2Ka + €2K+32 ’ ln&.’*et(2l“+’wn'gh)/\@
0<t’'<t

||g,81 ~
(14.3)

K'—Tvphigh * A
+e ig HHE‘ Oréltill}gituum(t)“e,sl.

We now plug (14.3)) into (|14.1]), and find

||uout(t)||§751 < g2Ka=Tyout 4 €2K+82+K’—T%ut’1n€|*et(2F+7mgh)/\/5
(14.4)

K'—T~, * C(#[12
+e out| Ing| Orélg)gctHum(t) S

At this point we took out the out term in the high bound, and conversely the high term in
the out bound.

We want to use both (14.3)) and (14.4) into the in bound from Corollary which we
reproduce here:

[tin (8) o1 S €| Inel*e/VE

14.5 t
( ) _’_571/2+K' / e(tft’)'y/\/g(nuout
0

€,81 + Huhigh||a7sl+1)(t/) dt/.

First, we have to modify a little the above in bound, so that it features squares of norms.
We let

U, s(t) := e tV/VE Jnax lus(t)]|z.s s’ <s, *é&{in,out, high}.
<t'<t ’

In (14.5)), we use Cauchy-Schwarz on the small time interval [0,¢] C [0,7v/¢|lnel], and find
¢
Uzgrz,sl (t) S 82K’ lne‘* + 6_1/2+2K /0 (Uo2ut,sl (t/) + Ui%igh,sl—i-l(t,)) dt/'

Using max | - |> = (max| - |)?, the in bound ([14.5) takes the form

max |[uin ()2, S 2| Inel*e?/VE

0<t'<t ~

2 2
€,51 + O;Itl’z’i%(t’ Huhigh(t//)||a751+1)dt/'

t
+5_1/2+2K/\1n6\*/ EIIVE(C max |uow ()
0 OStHSt/

We use ((14.4) (with so = s — s1) in the above, and find

!
?,51 S 52K| 1n6|*62tw/\/€ + 52(K—|—K )+s—s1 | lne‘*SQtF/ﬁ

(¢
Orgf}}étHum( )

t
TR gl [ s, ()2,
0

Ogtl/ St/

t
—1/2+42K’ * 2(t—t")y/\eE ) "y112 /
+e |Ine| /Oe oaX, [tnign ()25, 101
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We now use ([14.3]) in the above. For the high bound (14.3), the index is s; + 1, so that
So = s — s1 — 1 is admissible. This gives
0 [t ()2, S € Ine] 60/ V2 . P b1 LT gy 2T VE

t
+€—1/2+3K’—T70ut‘1n6|*/ /e max |luin(t”)

|12
0 0<t! <t/ &51

t
—1/243K'— T w [ 20—ty E a2 /
+e high| In g| /0 e Oglz/x%(t/ win (F7)|1Z 5, 41t -

Going back to the U;, ¢ notation and using the smallness of 4y, we find

U2

in.s (t) < 52K| Inel* + 52(K+K')+s—51—1—T7high‘ ln€|*€2t(F—y)/\/E

+ 3K =T mign | lne\*Ufan(t).
We now choose s and s1 such that s > 1+ s1 + 27 (' — 7). (A stronger constraint on s — $1
awaits.) Then, for t < T'\/e|lne]|,
62(K+K,)+5_31_1_T"/hi9h| ln»s]*e%(r_”)/‘/g S EZK’ lne\*,

implying
U?

in,s1

and, by a straightforward induction,

U2, . (t) S e®XInel* + E(gKLTWW)(S*Sl)UﬁL S(1).

in,s1

At this point we use the rough bound of Proposition which implies
Uin,s(t) SJ EK‘ In 5‘*et(r_7)/\ﬁ_

(t) < 2K Ine|* + 3K ~Tmion| Inel*UZ, 5 41 (8),

This gives
(14.6) U2, (8) < €2 Ine]* 4 2KHOK o) (o=on) 2HUT-DIVE
Under the condition
2T(I )
14.7 il S )

we can choose 7y small enough so that (14.6) implies the bound
Uins, (t) < 5K‘ Inel*,

which translates into the expected bound for ||uip||c s, . By (14.3]) and (14.7)), this implies the
same bound for ||upignlle,s;, and by (14.4) and (14.7) the same for the out component. [

15. AN UPPER BOUND IN THE FL! NORM
We now put together the upper bounds in FL! norm from Sections |§| and

Proposition 15.1 (Upper bound in the FL' norm). For t < t.(e), if s1 satisfies the
condition given in below, the solution U to the initial-value problem satisfies
the bound:

()| 7rr + 10-a(t) | 72 S €™ nel*e/VE,
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The rate « is the same as in Proposition it is defined in (12.22]).

Proof. We let

Vam(8) i= e”7VE - max (020 () | 71
0<]a|<m

Then the high-frequency bounds of Proposition take the form
Viighm(t) < e 4+ X Ine| (Vhighm+1(t) 4+ Vinm (t) + Vour,m (¢)).
The out bounds of Proposition take the form
Vout,m (t) S efa=Tout o K =Tout (V) (4) + Viighomat (1))
With the refined Sobolev bound of Proposition the in bounds of Lemma imply
Vinm(t) S &% + & el (Voutm (1) + Vaighm 41 (1))
We denote Vi, = Vipm + Vout,m + Vhigh,m, and obtain, by a straightforward induction,
Vi <ef 4 e(m_l)(K/_T%“t)] Inel*V,,.

For m < s; — 2, we can use the Sobolev embedding (2.26)) then the refined Sobolev bound
of Proposition This gives

Vi S K + g(m—l)(K’—T'yout)E—l/2+K| 1H6|*.

Thus (with m = s; — 3) the condition bearing on s; appears to be

1
(15.1) (s1 — 4) (K" — Tyour) > 7
Under this condition, we find V;, < e |Ine|*, which translates into the result. We choose
s1 to be the smallest integer such that (15.1)) holds true. O

Remark 15.2. We find in Pmposition the constraint bearing on s. In Proposi-
tion we have a constraint bearing on s1. Taking into account the definitions of T ,
the upper bound for s in terms of s, , and the constraint K, > K + 1/2, this means
for sq the lower bound

1 20—v) K-K'
15.2 6+ 2K : .
( ) 8q > 6+ + 5K + 3 7
The proof of the symbolic flow Theorem 3| introduces another constraint on s, in the form
Sa > qo+s1+4+d/2, with qo satisfying j23.14i. With the constraint on s1 from Proposition

this means

3
(15.3) Sa> T+ 5 +200+ 57

where Cy is the constant depending only on the spatial dimension which appears in Corollary
23.6] In the small K' and large K limit, the first lower bound (15.2)) implies the second
(115.3)).

+2(K — K'),



SPACE-TIME RESONANCES AND RAMAN INSTABILITIES IN EULER-MAXWELL 101

16. EXISTENCE UP TO THE OPTIMAL AMPLIFICATION TIME

Much of the analysis so far has been devoted to showing that so long as the solution (in
weighted W1 norm) is controlled by eX' it is actually controlled by K et/ Ve,

Precisely, recall that t,(¢) was defined in the last paragraph of Section as the largest
time t € [0,T/e|Ine|] N[0, T (g)) for which

. . < K
max ([i(0) s + 1020 | 71) < &

!/

Here T, (¢) is the maximal existence time. Now we know from the above Section [L5(that for
t < t.(e), we have the improved bound

(16.1) ()| 71 + 10-0(t)l| 71 < ClIne|@eX e/ VE,
for some constants C' > 0 and C’ > 0 which are independent of € and t. We observe that
eKeVE — K for ¢ =T/e|Ine|,
with T" defined in (2.7). Let T. be defined by
C'In|l InC K- K’
nllnel+InC o KK g

where C' and C’ are the constants that appear in . Then,
Cllne|“eRXe/Ve =K' for t = Ti/e|Inel.

This means in particular that

(16.3) Tev/e|lne| < ti(e).

Indeed, if were not true, then the weighted W norm over [0, t,(¢)] would be strictly
smaller than &, By the continuation criterionﬁ for solutions to first-order, quasilinear
symmetric hyperbolic systems, we could extend the solution a little beyond ¢,(g), and by
continuity of the maximum in time of the weighted W1 norm, this norm would not reach
K’ even a little after t,(¢), contradicting the definition of ¢, (e).

In conclusion, the perturbative solution  is defined up to time T./¢|Ine|, and satisfies
the bound over [0,7:+1/¢|In¢l], and also the weighted Sobolev bound of Proposition

[[4.1] within that interval.

_ C'ln|lne[+InC
Y

(16.2) T.:=T— Ve,

17. LOWER BOUND

In order to conclude the proof of Theorem [2|it now suffices to show that the datum vy, (0)
is maximally amplified by the solution operator op,(S(0;t)).

In the following Lemma, we denote v;,(0); € C™, with 7 € {1, 20ut, 2in, 3, 4out, 4in, 5} the
components of v, (0), with v, defined in .

We define vectors €y and ﬁ; by their components in the decomposition of Section SO
that Bjg, denotes the magnetic field (B) component of €y, etc., as follows:

(171) B|é'0 =0, E|€0 =0, Velep = (07 1, 0)7 Neley = 0, Vilegy = 0, Njley = 0,

6Equivalently, by the strict inequality ¢.(e) < Tk (), with notation from Section
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and

(17.2) Blﬁ) :0, E“% :07 ve\ﬁ) = (1,0,0), ne‘ﬁ) :0, vi\fé ZO, nl|fO =0.
Note that, with these definitions of € and ﬁ), the divergence equations ((1.1)) are trivially
satisfied by the datum (|1.4)).

In accordance with the computations of Section we choose {y € R (describing the

oscillation in the initial perturbation) to be

: & ik >3,
0 &, itk < —V3.
Lemma 17.1. With the above choice (I7.1) and (I7.2) for the vectors & and fo that appear

in the initial datum (2.14)), and (17.3) for the frequency &y that appear in the initial datum,
the datum v, (0) satisfies

vin(0) e o) A€o+ k) ter(éo + k,0)
< Uin(0)4olut ) _ﬁe “ ¢($’y) < o 64(&),10)0 >

+ other oscillating terms + O(eX+1/2).

(17.3)

Above, the vector ey is a transverse eigenvector of the hyperbolic symbol, and e4 is a lon-
gitudinal eigenvector of the hyperbolic symbol, as defined in (20.2) and (20.6). The other
components are given by

vin(0); = other oscillating terms + O(el+1/2), J ¢4l 4ou},

where

e “other oscillating terms” refer to terms of the form eXe@€1/eg, (z,y), for some & €
R and some compactly supported and vector-valued ¢1, which will be seen not to be
mazximally amplified by the solution operator, in the sense that

|lop. (S(0; t))(EKemél/Em)HLg < &?K] In 5\*6”1/\E + €K+1/4| lna]*stV/\/E,

fort < T\/e|lne|, with v, < 7y, where v is the optimal growth rate given in Corollary

[12.13}

e remainders O(eX+1/2) are understood in L? norm.
Proof. By definition of ¢° in and description of u;,(0) in (7.5), we have
uin (0) = e EH Eop_(xigu(éo + k + ) (90)
+ 5™ %0p, (Xiow (&0 + ) (@0)
+ eKefm(foJrk)/EOpa(Xlow(—50 —k+ '))(¢€0)
+0.0.t. + O(KH/2),

where o0.0.t. stands for “other oscillating terms” and O(-) is understood in || - ||z s norm. The
term in the third line in the above right-hand side belongs to the o.o.t. category. We will
describe its fate in detail; the other o.0.t. terms are similar.
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By description of v;,,(0) in m the above implies
vin(0)1 = eKe“fo/EopE((xloan(fo +k +))(¢é0)
+ X e op ((XiowIT1) (0 + ) (6 f0)
+ el (072 5 0p (NiowIT1)(—&0 — k + ) (6€0)
+o0.0.t. + O(eKF1/2),
Since ¢ is smooth and compactly supported,

0P ((XiowII1) (€0 + k + ) (8€0) = ((Xtowll1) (&0 + k) (6E0) + O('/?),

with O(-) understood in || - ||c,s norm still. The support of X, being large enough around
the resonant set R (see Figure , we have

Xlow(é()) =1, Xlow(&) + k?) =1.

By definition of €y in (17.1)) and the spectral computations of Section [20| and [21| in which
eigenvectors of the hyperbolic symbol are given in detail, we have:

0 (€ + K)ép = Wﬂ@w), and T (€0)fy = 0.
Thus
001 =~ e 4 ) + eI (T~ — k)(650)
" V2 (& + k) o

+0.0.t. + O(KF1/2),

We focus now on the second term in the above right-hand side. The goal is to show that
this term is not maximally amplified, as in the statement of the present Lemma. This term
has the form eXe@(=£0=2k)/¢ 4, (1, 4)), for some smooth and compactly supported ¢;. We
use Lemma

llop. (S(0; t))aKe*m(*gO*zk)/sqﬁl (z,y) — EKe*m(*gof%)/gS(O; t,x,y,—& — 2k,0)P1]| 2
< B4 I et/ VE,

Thus it only remains to show that S(0;¢,z,y, —&o — 2k, 0) grows at an exponential rate
smaller than the optimal rate ~.
If k> /3, then & = §14- We see on Figure [10{and (21.12) that the only other frequency

at which the maximal growth rate is attained is &y = (w? — 2w)/2. We have

—& — 2k = (w? —2w)'/2 —k ¢ {¢k, &)

so that the flow at (—& — 2k,0) is not maximally amplified. (If ¥ < —+/3, then it’s the
same story.)
This completes the description of v,(0)1. The computations for v;,(0)

use I14(60) fo = Z5ea(éo), and I14(&)éo = 0.

Now onto the other components of v, (0). In these components, the above arguments
show that only the terms with oscillations e%°%/¢ are susceptible to be maximally amplified.
Looking at the components of v;;, as defined in , we see that those terms are

4,,; are similar; we
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e the term with oscillations in e!€0+k)#/s in Uin since Ui® comes in with a e~%
prefactor; this term is denoted ws;
e and the term with oscillations in €%0%/¢ in Us, since Us is not shifted; this term is
denoted ws.

We have ' '
wy = e ™*/20p_ (a3, 1 X10wlla) (€ E0TRT/E pe))

= e ™0/%y 93 (€0) T2 (&0 + k)Epd + O(XT1/2).

By definition of €j in and property of longitudinal eigenvectors (see Section their
electronic velocities at frequency ¢ € R? are parallel to ¢), we have II3(£o + k)& = 0. Thus
wy = O(eX+1/2),

The other term is

wy = e op, (IT3) ("/* fog) = X ™/ T3 (&) fod + O(XH/2).

Recall that II3 (defined in Section [3.1]) comprises eigenmodes that belong to the kernel of
the operator (described in Section [20.2)) and longitudinal acoustic modes that are O(y/£[(|)
(those are described in Section . The eigenmodes in the kernel have electronic ve-
locities which are transverse to the frequency. Thus at frequency (&p,0), those electronic
velocities are perpendicular to the electronic velocity in f(; defined in . Besides, as
aboserved in Section 21.7] the longitudinal acoustic eigenmodes have electronic velocities
O(1/€). Thus w3 = O(e5+1/2), which concludes the proof. O

Corollary 17.2. Given a perturbation datum as in Lemma with ¢ such that ¢(zo, yo) #
0, we have the lower bound, for 0 <t < T\/e|lne|:

lop2 (S (0; £))vin (O 2 (B (o.0).e8) = O™ T2 V/VE,

Above, (z0,10) € R? is the argmazx of |g+1| over R3, and B < 1/6.

Proof. The computations of Section show that the maximal rate v defined in
is positive and associated with the (1,4) and (2,5) space-time resonances. We choose the
initial datum to be polarized along (1,4). (The other choice, polarizing along (2, 5), would
of course have been equally acceptable.)

Thus we may focus on the solution S to system with (j,7') = (1,4), and the
v::’(@é;):m > =: Vi, (0)1 4,,, of the datum.
By Lemmas and

component <

K

€_ix60/€0p5(5(03 t))vin(0)1,4out = %5(07 t,z,y, 50» 0)¢ (

+ 8K€t71/\/5f1€ + €K+1/4etv/ﬁf€7

M (& + k) ter(&o + k., 0) >
64(5070)

where ~; is a suboptimal rate: 73 < v and f{ and f¢ are bounded in L?, uniformly in ¢ and
t within the observation interval.

The focus is on the space-time resonance (§p,0), with & defined in . The trace
tr B114B_141 41 is maximal at (p,0). We use Corollary (and its proof): there exists
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a change of basis P such that S := P~ solves, at (2,&,1) = (2, &, 0), the system

ir1(60,0)y 5 1 0 bu g & 51
O+ —————=)5+ — | - S=0 S(r;7)=P
( t + B ) + \/g b41 0 Y (Ta 7—) )
with
7 Y% 0 7 Y% 0 -
b14 = gl(xvy) ( 0 0 ) ) b41 = 9—1(90,2/) < 0 0 > = b125
where

o = \/tan4B_141,+1(§o,0), so that v = |g.£1(0, y0) o,

where (zg,y0) is the argmax of the modulus of g; and g 1 over R3 (recall, the complex
conjugate of g_; is equal to g1, by reality of the initial datum for the WKB approximate
solution). The top left blocks of b;; are scalar. Above, we used 9, \4(£i,0) = 0. This gives

TN/ G (71t 2, y,6,0) = RP~' + Z eE(t=Dlgz1(@y)ho/vep, p-1
+

where Py and P4 are the eigenprojectors of matrix
0 Jl 28 %28 . o 1 0((:13
< Ji 0 > CTT with =1 0pimas )

e—ix&o/aopE(S(O; ))Vin (0)1,4,0

- e 1(z,y)|vo/Ve D p— A (§ +k)7le (€ +k70)
= \ﬁetlgi( D0/VE G (5, 4) PPy P 1< 1150 64(50’10)0 )

+ 6K+1/4€t'y/\/5fa + EKet’Yl/\/gfif’

Thus

with 71, and f<, ff as above. Let 8 > 0. Since g11 € C?, for some C' > 0, given (z,y) €
B((z0,y0),€"), we have

g+1(2,9)| > |g41(20,y0)| — Ce*.
This implies
20.10)|—Ce28
0P (S(0; £)vin (0)1,40ue | 22(B((z0,0).6%)) = Coel tll9=1(@o.y0)|=Ce? )VO|¢|L2(B((;cO,y0),EB))
_ Cl(€K+1/4et'y/\/E + 6[('6t'y1/\/5)7

where C7 > 0 and

1|+ ~_ A (fo-l—k)_lel(fo-f—k 0) >’
Co:=—F|PP.P ([ ™! ’ :
T Ve ’ ' < e1(%,0)
We need to verify that Cy > 0. Since P is invertible, it suffices to check that
— 1 [ Mo+ k) Ter(éo + k,0)
(17.4) z:=P < e4(0,0) ¢ ker P, .

Given 2’ € C?, the norm of P; 2’ is a non-zero constant times |z} + 2{5|. At this point we
go back to the proof of Lemma [12.11} the vector z in the left-hand side of (17.4)) is equal
to the coordinates of Pz in the basis (eﬁ, a%, e ,ai_l, fe, b1y, - ,bn,w), where the vector
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e generates the range of I1; (& + k,0)B(€1)I14(&, 0), and the vector f generates the range
of H4(§Oa O)B(e_;l)nl(éo + ka 0)7 and eﬁ = (6, 0)’ fﬁ = (07 f) Thus

|Pyz] = |21 4 z15] = | A1 (6o + k) (e1(éo + k,0), €) + (e (£, 0), f)],

with (-,-) the Hermitian scalar product in C'*. The Hermitian products (e1(& + k,0),¢€)
and (e4(&p,0), f) are equal to one. Hence 0 < A1(§p + k,0) + 1 implies that Pyz # 0, which
in turns implies that Cy is indeed positive.

Finally, we choose ¢ so that ¢(zo,y0) # 0. Then [|¢]|12(p((
co > 0 and € small enough. Thus we obtained

/2
wo.0),eh) = COE B2 for some

102 (S(0: £)vin (0)1.21| 22(B((x0.40) 25)) > K et IVE(cyCoe®/? — Crel/*),

and it suffices to choose 5 < 1/6 (recall, the spatial dimension is d = 3) in order to conclude,

since the other components of v;,,(0) are not maximally amplified by op,(5(0;t)), as proved
in Lemma [I7.1] O

18. ENDGAME

From the representation ((13.2)) via the symbolic flow, we find, with (z9,yp) and S as in
Lemma [17.2

[Vin (DN L2(B((wo.0),e8) = 10Pe(S(0;8))vin(0)] L2(B((20,50),67))
t
~ [ lep-(st: )+ 7 Ra) (B + = Rayon ) )]
0
By Lemma and ([13.4)):

[op=(8(05%))vin (0)[| L2(B((20,50) %))

A bound for F is given by (13.5)), in terms of ||@| 2. With the refined upper bound of
Corollary this gives

L2(R?)

> CEK+5d/2€t’Y/\/E.

|2 S e V2K Ing|eh/VE 4 e,

We may assume K, > K + K’ —1/2. By Theorem [3| the operator norms of the remainders
R; and Ry are controlled by |lne|*. An upper bound for the operator norm of op,(S) is

given in (13.4). Thus for ¢t < \/eT|Ine| :

/ot HOpa(S(t’; £))(1d + &°Ry) (F + 56R2(')“”> (#)

L2(R3)
t
S flnd*/ V) VE =124 KA K ot/ Ve gy
0
< KHE I gretr/ Ve,
We obtained finally

[vin ()| 22(B((zo.0) ey = € €V VE(CEPY2 — O | Inel),
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for some C' > 0 and some C' > 0 which depend neither on ¢ nor on t. Let § = K'/d
(without loss of generality, we may assume K’ < 1/2, so that the condition of Lemma m
is satisfied). Then, for ¢ small enough,
CePil2 — C/aK/| Ing|* > Cel'/2)
so that
HUZH(TE\/a lng‘)HLQ(B(xo,yO,EKI/:’)) > CEK +K /2’
with T, defined in (16.2). Since

Kl
va(Te\E’ IHED HLZ(B(onyong’/S)) 5 £ /2 ‘x_x0|+|121?;|<6}(’/3 |Uzn(TE\/g| h’l&", €, y)|7

we have
(18.1) [ vin (Ten/2| Ing|, -)| e > CEX’,

for some constant C' > 0 which is independent of € and t.
We finally go back to the original unknown . To this effect, we observe that v;, has the

form '
Vip, = Z ¢ Pop_(H,)u,
qeEH

where H, € S° does not depend singularly on ¢, and H is finite. By Proposition this
implies

(18.2) [vinllze S lil Lo (1 + [Ine] + [ In [[],s]).-
By the refined bound of Proposition and ((16.3)),
sup  |Infli(t)les] < el

0<t<T. /z|Ine]

Putting (18.1)) and (18.2) together, we arrive at
C™' (14 [Ine|) ™" < [lilTe Ve Ine]) | poe,
which implies the result, since K’ is arbitrarily small.

This concludes the main part of the proof of Theorem In Section we sketch the
WKB computations. In Section we describe the eigenvalues and eigenvectors of the
leading hyperbolic operator. Section [21] contains a detailed computation of the interaction
coefficients at space-time resonances. In Section classical results on pseudo-differential
operators are gathered. Section gives an anisotropic formulation of the symbolic flow
method. The final Sections comprise a notation index, an index, and lists of parameters.

19. WKB COMPUTATIONS

The fundamental phase is (w, (k,0,0)) € R x R3. We often consider k to be a vector in
R3, that is we identify when convenient & € R with the vector (k,0,0) € R3,

The wavenumber k£ is given in the initial WKB datum . The associated characteristic
frequency is encoded in the polarization condition for the WKB profile a : we assume that
for all (z,y) € R3, we have

(19.1) (k)a(z,y) = alz,y),
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where II; is the spectral projector introduced in Section This implies that the initial

oscillations at frequency k are propagated by the hyperbolic system at the time frequency
w =M (k) = (1+ k)2,
In the rescaled spatial frame (2.9)), the Zakharov ansatz is

(19.2) ua(e tw,y) = > €2 @ Pug 4t 2, y),

0<l<2K, q€H,

where H, C 7Z is finite, § := (kx — wt)/e, and the amplitudes u, ¢, are independent of .
We denote (By.q, Ek. g, Ve,t,q: Te,t,g+ Vi t,q Wi ell,g) the components of ug ¢ . We plug (19.2)) into
the Euler-Maxwell system and find a cascade of equations. The first are the equations at
order O(e™ 1) :

—iqwBy,q +igk X Egq =0,

—iqwlo ¢ — igk X By g — ve0,qg = 0,

—1qwven,q + 2‘qkeenqu + Eoq =0,

—1qWNe0,q + G0k - Vep g = 0,

—iqwvo,q = 0,

—iqwnip,q = 0.

Given any k # 0, and (k,w) = (k,A1(k)) on the variety, we have Hy = {-1,0,1}, by
symmetry of the characteristic variety (see Figure [l on page , and since #, < 1 and
|IVA;| <1, uniformly in (§,7), for all j € {1,...,5}.

It will be convenient to express the components of the leading WKB profile in terms of

the leading electronic velocity veg, which is orthogonal to (1,0,0), and which we choose to
be proportional to (0,1,0). We have, for p € {—1,1}:

0
er,p - g(p) (t’ x, y) 1 )
0
(19.3) E(],p = ipwveo,p,
ipk 0
BO,p = 9(p) (iL', y) 0 X 1
0 0

Besides, the leading mean modes are all equal to zero:
Boo=0, Epo=0, wve,o=0,

and
nep =0, wvip =0, nyp=~0.

The above defines vectors €, with p € {—1,1}, such that g, = g(p)€p (2.32)). We denote

(19.4) g= 1], #:=1]0
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Then, the vector €, takes the form
(19.5) g, = (uw’, ipwid, 7, 0, 0, o).

The next equations are the equations at order O(s~1/2). These involve the large semilinear
source terms. After lengthy computations, detailed in [37], and which involve equations up
to order O(¢!/?), we arrive at the Zakharov system (Z):

k 1 1 1
(0 + —0. —Ay)Eyp, — ——=Fop = —n1oFE
(l( 't + o ) + 2w Y) 0,p 2pl? 0,p 2pwn1,o 0,p5

Y/
. 9?2 o +1)2A =2 Ay
(07 — (e + 1) Y)nl,O—_E v|Eopl*,

where 11 g = ne1,0 = ni10 is the (electronic or ionic) mean mode of the fluctuation of density
in the first corrector u; of the WKB ansatz.

The equations for the corrector terms (FEsp,n20) are the linearized (Z) equations at
(E1,p,n1,0) applied to (E2p,n2,0), with extra source terms depending on (Ej p,n10). The
same goes for higher-order terms: we find the (Z) system linearized at (E; p,n1,0) at every
step with extra source terms depending on the lower-order terms of the ansatz. In particular,
an existence time for (Z) is an existence time for the whole WKB approximate solution.

20. SPECTRAL DECOMPOSITION

We compute here the eigenvalues and eigenprojectors of the symbol of the linear hy-
perbolic operator A(i,in) introduced in Section Denoting ¢ = (£,7n), we find that
eigenmodes A and associated eigenvectors (B, E, ve, ne, v, n;) of A(i¢) satisfy

i x E=)\B, —i(xB—ve+\fUz~:)\E,
E +i0.(ne = v, 10:C - Ve = AN,

—\fE +ia2\eCn; = Mg, inEC v = .

20.1. Away from the kernel. If A # 0, the above is equivalent to
i
D)
1

Loxcx By e+ Yon =,

e

.

B=1CxB, ne="tCu m="¢ 0,

bc
B = (G ve)C = Ave,

2
E— O‘Z'Tes(g 01)C = i

=&
® | m
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20.1.1. Transverse modes. If v, and v; are orthogonal to (, then the above system becomes

B=i{xXv., ve=A'E, n.=0, v;= —\EQE_IA_IE, n; =0,

(20.1) (1 1P 4662 + Az)E = 0.
We find two transverse modes iA] = —iA5 with

A== (1+ef 4 [CP)
Clearly

2 O(e) M)+ O(e)
(1+|C|2)1/2 1 (1+1¢2)"*

where the remainder O(g) is real and uniform in ¢ € R3.

The first equations in are polarization conditions which specify the eigenspace.
The last equation in (20.1]) is an etkonal equation which describes the eigenmodes.

These transverse modes are “electromagnetic” modes, since they correspond to n. = 0,
n; = 0. Bach of these modes has multiplicity two, since ¢ defines a plane in R>.

We denote e the transverse eigenvectors, so that

(20.2) e1(¢) = e1(A1(€),€),  es(C) = er(As(¢),¢).

A= =X = (1+1¢P)

20.1.2. Longitudinal modes. If v, and v; are parallel to ( then the system at the start of
Section 20.1] becomes

6? 0
B = ()7 Ve = (/\_|_ X6|C’2)71E7 Ne = Lc.ve,

\/g A Z\/>
=Y B, i
e AN +03¢C)?

02 A2 4eallC?

(1+)\2+9§\g|2+ >E:0.

\

The longitudinal eikonal equation is

N (L B21CP 20l + g ) + eldP(ed + a2 +1) = 0

We find two solutions ¢A5 and iA\] = —iA5 such that
o() Y2 2, O
= 1+92<2+) 14 62(¢ :
(1+omcP + i) = 0o NPT

where the remainder O(e) is real and uniform in ¢ € R3. The other two solutions, which
we denote +iA5 are such that, for ¢ small enough with respect to o;e and 6,

. 1 1 3 O
(20.4) N =i (ﬁ(a?e\él2+gg_9£(htw> - (1+(|22)3>
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with an O(e) remainder which is real (in fact, non-negative) and uniform in . The low-
frequency behavior of these “acoustic” modes £Aj is given by

)2 2 1 2 O(e?)

(20'5) <)‘3) - 8(042-6 + 1+ 92‘C|2>K| (1 + 92‘C|2)7
where the remainder O(e?) is positive and uniform in |¢| < a_lee.

The four longitudinal eigenmodes are simple hence analytic;;l with analytical eigenvectors
given by the first two lines of . Those modes are “electronic” modes since their 7,
component is non-zero (and their n; component is equal to zero) and their B component
is equal to zero. They correspond to the response of the plasma to the incoming (for us,
initial) electromagnetic wave.

We denote ¢ the longitudinal eigenvectors associated with the slow Klein-Gordon eigen-
values, so that

(20.6) e2(C) = e (X2(C), ), ea(Q) = e (Ma(Q), C)-

We denote e3| the longitudinal acoustic eigenvectors.

1< <

)
aieee

20.2. The kernel. Since components v, and v; of an eigenmode associated with A Z 0 are
either both parallel to ¢ or both orthogonal to (, it remains only to describe the kernel
of A(i¢). The kernel has dimension 6. A family of independent eigenvectors spanning the
kernel is given by (for ¢ # 0):

es1: B ¢, all other components equal to 0;

€3,2<J<5: —i(xB—ve—i—\fq}i:O, E=0, ne=n; =0, anyve,v L
&

€36: MNe= a%eni, E = —if.(n., and all other components equal to 0.

21. INTERACTION COEFFICIENTS AT SPACE-TIME RESONANCES

The goal here is to show that the rate v from ([12.22)) is positive, and identify the resonant
pair at which the maximum in (12.22) is attained.

21.1. Reduction: it suffices to compute the growth rate at space-time resonances.
The growth rate involves a maximum over Uéfwge, not over the set S;j of (4,7)-
space-time resonances. It suffices however to compute the rate at space-time resonances,
by virtue of

(21.1) (Slllglod(Uéf”ge, S;;1) =0,

where d is the distance function.

By and continuity of tr(Byj;B_1j;), we find that the rate function computed by
taking the maximum over §;; converges to v;;. Since in our analysis ¢ can be chosen to
be arbitrarily small, and §' < § (see Lemma , this implies that we may replace U279
with S;; in the computation of v .

Verification of (21.1)). Otherwise, for some &’ > 0, for all n, we could find ¢, € U{?de such

that d(¢,,S;j;) > €. Since ¢, € U{C/L:lge, we have for n large enough |®;;/(¢,)| < 1/n. Since
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®,;, is proper, this implies that ¢, is bounded, and, passing to the limit in a subsequence,
we find convergence to an element of S;;, by continuity of ®;;/ and v;;/, which contradicts
the lower bound d(¢,,S) > &'.

21.2. The leading source term at space-time resonances. The goal is to compute
B,;jr, then the trace tr Byj;B_1;;. The interaction coefficients B,,;;» are defined in.

First, we go back to the definition of the “source” term Bﬂ defined in Section in
terms of the current density, Lorentz force, and convective terms. Here we may overlook
the ionic components of the vectors altogether, since the ionic terms do not contribute to
B. So we are looking at vectors u = (B, E,v,n) € C'.

For the contribution of B to B, we use the definition of B in and the explicit
expression of €, in , in terms of the vectors ¥ and ¢ defined in :

0
nv

—0. (7 x B +ipkv x @) |’
0

B(u, €p) + B(ep, u) = u = (B, E,v,n) € C'.

Next we compute the contribution of the electronic convective term J (defined in Section
2.7) to B. We have, given u = (B, E,v,n) € C'0:

0

Ry Lo 0
Tt R (1= Xhiah 0] T TN g (0 iph) 5+ (1= g 19 @ i€)0)

0

Space-time resonances occur only for frequencies ¢ € R x {0}g2 (see Proposition [3.4(4)). In
particular, for those frequencies we have, according to the definition of ¢ in ((19.4]

7-C=0, (€Rx{0}ge.

Thus the leading source term B defined in Section [2.17]is

B:= Z e g,(x,y) By,
pe{flvl}

with
0

_ nv . 10
Byu = —0,(F x B+ ipkv x 7' + (v-ipk)d) |’ u=(B,E,vn)eC

0

where ¢ and @ are defined in (19.4)).

"We are aware that our notation is potentially confusing, with the letter B being used both for the
magnetic field and the linearized bilinear source term. But we believe that in practive the context makes it
clear which B we are dealing with.
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21.3. Action of the leading source term over longitudinal and transverse eigen-
vectors. Given ¢ = (£,0,0) (recall, we focus on space-time resonances, for which n =
0), the plane (' is generated by ¢ and ¢’ (19.4). We denote e, and €| the trans-
verse eigenvectors of A(i().—o, described in Section The associated eigenvalues are

AL(C) = £i(1+ [C[)Y2, up to O(y/2), uniformly in frequency (so that A\; = i\; + O(y/€)
or A\| = —iA1 +O(ye) =iXs + O(y/€)). According to Section we have
(21.2) el = (ig x T, AL(O)T, 7, o), ¢, = (i( x T, AT, a’,o),
with norms
les] = 1eL| = V2IAL(Q)].
We have @ - ipk = T - ipk = 0, since k = k(1,0,0). Thus the cancellation

Bye', = 0.
Besides, in Bpe; the third term in the electronic velocity cancels, and
0
(21.3) Byey = —if 0
' pELT e (k4 Q) x @
0
In particular,
(21.4)
the electronic velocity in Bpe (third coordinate above) is parallel to @ := (1,0,0).

Denote e = ¢|(¢) a longitudinal mode of A(i(), as described in Section [20.1.2} with associ-
ated eigenvalues \|(¢) = £i(1+ 02|¢|?)'/2, up to O(y/€), uniformly in frequency. According

to Section [20.1.2} we have, at ( = (£,0) :
AE

/N iﬂe Nz
(21.5) e = (O, (>\H —I—TH)U , U, )\”5)7 v = R

S O =

with Euclidian norm [e|| = V2. We compute, at ¢ = (£,0) :

0
10€ 7

0

21.4. Interaction coefficients: the (1,2) and (4,5) resonances. With notation from
the previous Section, the orthogonal eigenprojectors II; and Iy of A, are

Mu= e (u,e)er + e [Huel)e,  Tu=[eg| 7 (uephey,
where (-,-) denotes the Hermitian scalar product in C!% (by convention, linear to the left
and anti-linear to the right). Taking into account the description of Section this gives
(B-1el 41,€))

‘e”’Q‘eJ_ +1‘2 <U, 6J_7+1>€H,

B_191,41u =
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and

(Brej, e +1)(B-1€e1 +1,€|)

(21.7) tr Bii2B_121,41 =
lejleL 1l

)

where e is the transverse eigenvector (21.2) with A\; = iA;, and e| is the longitudinal
eigenvector (21.5) with A = iA2. According to Section we have, at ¢ = (£,0) € R3:

_1:966>\1(£ + k‘)

d (B_ = —1i6.£.
WE , and  (B_ieq y1,e)) = —ibe§

(Biej,eL41) =

so that
—028M(E+k) —62¢?
AN (E)3A1(E+ K)? AN (E+ k) A(E)®

The trace is negative, implying stability (no growth for the symbolic flow; see the proof of
Corollary [14.1)). We focus on a space-time resonance ¢ = (£,0) € R12, so that

tr B112B_121,41 =

ME+HE) = HIE+R)YE =wt X =w+ 1+ 621D
In the small 6. limit this gives
€+ K| = (@ +20)"/2 + 0(02),
with solutions
o=~k + W +2)2+06),  Ep=—k— (W +2w)"?+002),
as we saw in the proof of Proposition Thus

—0%(—k £ (w? + 2w)1/?)?
4(w+1)

+0(6%).

[

tr B112B_121,+1 (5{2) =

Similarly, the computations for the (4, 5) resonance lead to

—0Z(£ + k)?
ANg(E+F)3N5(8)

In the small 6, limit, we find the (4,5) space-time resonances to be (5555, 0) with

(21.8) tr Bias B_154,41 =

&5 = (W +20) 2+ 0(62).

The trace in (21.8)) is negative: the (4,5) resonance does not generate any instability. We
observe that

tr Buas B-154,11(£{5) = tr BiiaB_121,41(£15) + O(6e)?,
and
tr Bias B_154,41(§45) = tr B112B—121,+1(§f2) +0(62).
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21.5. Interaction coefficients: the (1,4) and (2,5) space-time resonances. For the
(1,4) resonance, we have, similarly to (21.7):
(Bie, el 11)(B-1e1 11,€))
ey PleL+1]?

The difference with (21.7) is that in (21.9)), the vector e is the transverse eigenvector
(21.2) with A} = iA1, and e is the longitudinal eigenvector (21.5) with A\ = i\gy = —iXa.
According to Section we have, at ¢ = (£,0) € R3:
iBEN(E + )

A(6)

Note the sign difference in (Biej, el y1) compared to the computation for the (1,2) reso-
nance in Section just above. This gives

(21.9) tr B11aB_141,41 =

(Bie, el 11) = and  (B_iey t1,¢)) = —ibeL.

0z¢°
AXa(§)3 M (§ + k)

As seen in the proof of Proposition the (1,4) space-time resonances occur at (fﬁ,O)
with

> 0.

tr Bi1aB_141,41 =

(21.10) &y = —k + (W — 2)2 + 0(62).
Thus
02(—k + (w? — 2w)1/2)2
(2111) tr 31143714174,1(5?:4) = e( ( ) ) + 0(93)
: 4(w—1)
For the (2,5) resonance, we find symmetrically
02(€ + k)*
tr Bios B_ = = 0.
T bBi1255-152,41 4/\2(§+k)3)\1(§) >

The (2,5) space-time resonances occur at §§f5 such that

&5 = £(w? —2w)2 + 0(62).
There is a symmetry between (1,4) and (2,5), just like between (1,2) and (4,5) :
(21.12) tr Bias B_152,41(&55) = tr BiiaB_1a1,41(614) + O(6e)?,

and
tr Bios B_152,41(§55) = tr BiiaB_141,41(67 ) + O(62).

21.6. Interaction coefficients: the (2,4) resonance. In view of and (21.6), we
see that

<B164, 627+1> = 0, (B_1627+1, 64> = 0,
denoting ey the e eigenvector associated with A2, and e4 the e eigenvector associated with
Ag. That is, the (2,4) resonance is transparent in the sense of Joly, Métivier and Rauch
[13]. According to the S bounds of Section this implies in particular that it does not
generate any instability.
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trB1j, 5o B1jaj1 +1(EF 5, ()

(154) at€1+,4 (174) at‘f;A

Layater, S o i LDael,

(1,2)at &, (1,2)at &,

FIGURE 10. The graphs of k +— tr BljleB,lejLH(gjith (k)), where (‘fjim, 0)
are the (j1, j2)-space-time resonances, are shown on this figure, for (j1,j2) =
(1,4) and (j1,72) = (1,2), and, by symmetry, for (ji,72) = (2,5) and
(j1,J2) = (4,5). We kept only the leading term in 6, and let 6, = 1. The
trace for (1,4) is given by (21.11). The curves in red correspond to the

trace evaluated at §ff 4 (21.10: . The curves in black correspond to the trace
evaluated at & 4. We see that the trace is positive for [k| > /3, indicating
instability. The greatest instability is recorded at &; 4 for k > /3 and at §I 4

for k < —/3. As noted at the end of Section m the (leading term of the)
trace for (2,5) at 5; 5 is equal to the trace for (1,4) at &§; 4, and conversely

the trace for (2,5) at &, 5 is equal to the trace for (1,4) at §i4. The trace for
(1,2) at fi o (equivalently, for (4,5) at £, 5) is shown in blue. The trace for
(1,2) at & 5 (or for (4,5) at 515) is shown in green. The resonances (1,2)
and (4,5) are stable.

21.7. Interaction coefficients: the (1,3) and (3,5) resonances. The (1,3) space-time
resonant frequencies (& 3,0) satisfy

(21.13) (14 €+ kY2 =w.

Recall indeed that we approximate the acoustic modes £\§ described in (20.4) by A3 = 0.
The error is significant only for large |(|. Since the resonant set is bounded, this approxi-
mation is good enough for our analysis.

The solutions to (21.13) are
51’3 = —2k‘ and 51,3 = 0.
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We observe the cancellation
(21.14) (Bpe,es;) =0, 1<j5<6, pe{-1,1},

which is due to and the description of the vectors in the kernel in Section m
It remains to consider the eigenvectors ez associated with the acoustic longitudinal
eigenvalues +i)\5, described in (20.4)). The associated eigenvectors are longitudinal modes,
described in Section R20.1.21
We observe that the v, component of these eigenvectors is O(+/2). Indeed, for ¢ far from
zero, this is a direct consequence of and . In the small-frequency limit, this is
found by taking the limit as ( — 0 of the eigenvector described in (20.3). Using ,
we find that the eigenvectors associated with A5 do converge in the ¢ — 0 limit, which
is not obvious in the first place since these acoustic modes coalesce at ( = 0. The limiting
eigenvectors are
tyfelaf, +1)
€3] (07 O) 0’ 07 03 ’ 96
(The other, ionic components of the full ez eigenvector at (£,7) = (0, 0) are equal to zero.)
Thus the ve component of eg) is O(y/€) everywhere, and as a consequence of the descrip-

tion of Bpe, in (21.3), this implies
(21.15) |<B_1€L7+1,€3H>‘ S \@

By symmetry, the same holds for the (3,5) space-time resonances 5;5. Those satisfy
0 =w— (1+[£*)"2, so that {%5 = k. Indeed, the cancellation (21.14]) holds, since A5
is a transverse mode just like ;. Then we use again the fact that v, = O(y/€) for the ey

modes.
These observations imply that the rough rate of growth ([12.8]) associated with the triplet

(1,3,5) is O(VZ).

21.8. Interaction coefficients: the (2,3) and (3,4) resonances. The (2,3) space-time
resonances occur for frequencies ¢ = (&,0) with

(L+62E + k)2 = w,
so that £ is somewhat large (since 6. is small):
g = —k = k/0,.

We note that )\2(5353 + k) = w. From the description of Bye in ([21.6), we note that in
(B_1€2,+1,€3), only the E component of e3 intervenes. Actually, only the component along
¥ of the E' component in eg comes into play, where eg is an eigenvector in the kernel
(described in Section or an acoustic eigenvector (described in Section . But
amongst the eigenvectors in the kernel, only e3¢ has a non-zero E component, and that
component is orthogonal to ¢. The acoustic eigenvectors also have E components orthogonal
to ¥. As a consequence,

(B_1€2,41,€e3) =0,
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Y14
backward =« | .= backward
forward ... s S \/g‘ “eenn... forward
H H k

FIGURE 11. The growth rate 14 (or 725) is pictured as a function of the
WKB wavenumber |k| > /3. This rate is associated with backscattered
Raman waves. The smaller rate of growth associated with forward Raman
waves is shown in dotted lines. In this figure, 6, = 1, and maxgs |a] = 1, so
that the graphs here are simply the square roots of the graphs of Figure
that are above the k axis. In the large |k| limit, the backscattered Raman rate
~v14 grows like |a|fec+/|k|fe, and the forward scattered Raman rate decays

like |a|Loo1/%.

for any eigenvector ez which is either in the kernel or acoustic. By symmetry, the same
applies to (3,4). By ([12.8]), this implies a zero growth rate for (2, 3).

21.9. Comparison of growth rates and Raman backscattered waves. From ,
(21.15)), the definition of 7{%5 in , and , we deduce that the growth rates 'yfr35(R3 X
(R3\ U“)), and 713(R®) and 35(R%) can all be made arbitrarily small if ¢ and & are small
enough.

From the previous Sections we deduce that

%R =0, (,5) € {(1,2),(4,5),(2,3),(3,4), (2,9},
and
m35(R°) S Ve
The (1,4) and (2, 5) resonances remain, and the maximal growth rate - defined in
is equal to 14 and 795 :

v = 714(R®) = 495(R%),  for any |k| > /3.

The graph of this growth rate as a function of k, with |k| > /3, is pictured on Figure
where for the sake of representation we chose a maximum of the norm of the WKB
amplitude equal to 1, and 6, = 1.

If K> 0 and w > 0, then the WKB wave propagates to the right; if £ < 0 and w > 0, the
WKB wave propagates to the left.

Consider for instance the case k > v/3. Then, we see on Figure [10|that the maximal rate
is attained at ;4 . By , it is also attained at 5;5, but we may focus on (1,4).

We choose the initial perturbation in to involve the branches 1 and 4 on the char-
acteristic variety, and { = £;;. The corresponding phases in the initial perturbation are
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(& + k.0, M1 (€, + K,0)) and (€74,0,M4(£74,0)). We have & < 0 and &, + &k < 0. In
particular, the plane wave carried by the phase ({7, + k,0,A1(§7, + £,0)), and which is
exponentially amplified in time, travels to the left: it is “backscatterred”, that is, travels
in a direction opposite to the WKB solution. The electronic plasma wave carried by the
phase (§14,0,A1(£14,0)) travels to the right.

In the case k < —v/3, the situation is symmetrical, with the maximal rate attained at
{ﬂ. The electromagnetic wave associated with A1 that is present in the initial perturbation
is exponentially amplified and propagates to the right, while the electronic plasma wave
associated with A4 in the initial perturbation (also exponentially amplified) and the WKB
solution travel to the left.

21.10. Forward Raman waves. Forward Raman waves are associated with 5;21 fork > /3
and &), for k£ < —+/3. Indeed, if for instance k > 0, then fﬂ <Oand &, +k > 0, so
that the wave carried by (¢, + k,0, A\1(&; + k,0)) travels to the right, just like the WKB
solution, and so does the wave carried by (£];,0,A4(£f;,0)). We see on Figure that
forward Raman waves have associated rates of growth which are positive, although smaller
than the backward Raman rates.

If we chose an initial perturbation that will ride those forward Raman waves, we would
expect the proof to break down before the optimal observation time, since those amplified
waves grow at a rate that is not maximal among all possible rates. This would imply a lower
bound on K, in the spirit of Theorem 2.11 in [25] (“all non-transparent resonances are am-
plified”) describing the instability generated by any incompatible (that is, non-transparent)
resonance, even those not associated with the maximal growth rate.

22. SYMBOLS AND OPERATORS

We denote 4(&,n) the Fourier transform of u(x,y). The dual Fourier variable of (z,y) €
R x R? is often denoted ¢ = (£,7) € R x R2. We consider waves with typical frequencies
1/e in x and 1/4/¢ in the transverse direction y. Accordingly, the relevant quantization of
operators is

(22.1) (op(a)u)(z, y) = / TV (z, y, o€, e 2n)a(€, n) dE dn.
R3
A symbol a, possibly matrix-valued, is said to belong to the classical class S™ = 577 if it

satisfies the bounds

sup (&)™ 12102 0f a(z,y,&m) < oo,  forall a,feN?,
x,y€R3
¢,neR®

with (€,7) := (1 + |(&,1)|?)/2. Pseudo-differential operators with symbols in S° are linear
bounded from L? to itself. The space of operators associated with symbols in S™ also enjoys
a form of stability by composition. Those are well-known results; in our case, since we're
dealing with singular symbols in ¢, the specific symbolic norms that come in those results
matter very much. They are made precise in the next three statements.
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Proposition 22.1. Given a € S°, we have the bound

@l £ 5 sup 08,00 €m) e .
o <4 (&m)eR3

the implicit constant depending only on dimensions.
Proof. This is Theorem 18.8.1’ in Hérmander’s treatise [14]. O

Stability by composition is expressed by the equality

—g)ld
op.(ar)op, (az) = op.(a1az) + Z el*lop, <( ci)l aq?ala?a?)
1<]al<q ’
(22.2)

il

1

+ Y ellop, <( a)! 8?“153612) +lilop, (Ry 2 (a1, a2)),
1<]|<[q/2]

and the following result about the remainder R :
Proposition 22.2. For all q, all ay € 8™, all ay € S™2, with mi,me € R and [q/2] —
m1 — meo < 0, the remainder Rq/Q(al, az) belongs to Smﬁm?*[q/ﬂ, and satisfies the bound,
for some C(d) > 0 which depends only the dimension d :

llope (Ry/2(ar, az))llp2— 2

S s (EATOOg e  sup (€ )R035 08 0.

la1|<C(d) |z |<q+C(d)
|B1]1<g+C(d) |B2|<C(d)
(z,,£,mERS (z,9,6,m)€RS

In our context d = 3; for clarity we wrote d in the statement of Proposition [22.2

Proof of Proposition[22.2] This is a classical result. Details of the remainder bound are
found for instance by putting together the results of Theorem 1.1.5, Theorem 1.1.20, Remark
4.1.2 and Remark 4.1.4 in Lerner’s book [19]. The extension to (anisotropic) semi-classical
quantization follows easily by introduction of dilations and weights, as described for instance
in the appendix of [25]. O

In (22.2)) we observe that (a1, a2)

mapstoop, (Ry2(a1,az)) is bilinear. In particular, for a € N3,

ag,yOpe(Rq/Q(ab a2)) = Z Ca17a276¥30p5(Rq/Q(a:(vXé/al’ 03,%@))3%7

ajtagstaz=a

for some Co, 05,05 € N, implying, with Proposition the Sobolev bound
(22.3)
|op. (Rg/2(a1, az2)u

S sup (emPlmgmalia | sup (g m)PlTm|902 0% 0y - lull,

£,8

~ s T,y s
o |<s 1 C(d) T Janl<st a4 O(d) S
|B1|<q+C(d) |B2|<C(d)

(z,y,£,m)ERS (z,y,6,m)ERE

for s € N, u € H®, aj € 8™ and ¢ large enough so that ¢/2 —m; —my > 0.
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The next result gives an elementary bound for the FL' — FL! norm of pseudo-differential
operators:

Proposition 22.3. Given a symbol a, if supe pycrs 105 ya(+, €, )| 2R3 ,) < oo for laf < 2,
then op.(a) maps FL' to itself, and
lope(a)l|Frisr S sup (107 allr2®s ),

(&m)eRr?
0<[a|<2

the implicit constant depending only on dimensions.

Proof. Given f € FL', we compute

F(op.(a)f)(&m) = / e/ ww) (&) / ¢ Mo,y e8!, en) f(€ ) dsdn da dy
-/ ( [ et e ata,y. ¢, Ve) dwdy> F(€ o) de'anf
=/d(£—5'777—n’,sé’,x/En')f(f’m’)df’dn’,

where a refers to the Fourier transform of a in its spatial variables. Thus

lop(a) fllFrr S /]R6 a(€ — €' n—n g€ e | f (€, n)|de dnf dedn
< / ( / aé,m, <€’ x@n’)\dﬁdn> £, o) e dn
r3 \JR3

< sup [la(, O sy fll7re-
C/ER3

Now for fixed ¢ € R3, we have
la(, Ol S llaC, Olla2msy, since 2 > 3/2,
and the result follows. O
We use a pointwise bound at the very end of the proof:
Proposition 22.4. Given a € S°, given u € H*(R3) with s > d/2, we have
lop(a)ullre < C(a) (1 + |nel + |In fJull.s),
for some constant C(a) > 0.

Proof. By introduction of dilations and weighted norms (see for instance the appendix of
[25]), we derive from estimate (B.1.1) in Appendix B of [35] the bound

Ns,s(u)> ‘ )

|| oo

jop(@)ulzs S llallolulze (1+ tne] + | n (

where N 4(-) is the weighted Sobolev norm associated with the anisotropic quantization
(22.1)):

Na,s(u) = H(l + |5€’2 =+ !ﬁn\Q)sﬂﬂ(t,& T])HLQ(RS)'
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In particular,
Nes(u) < flulle,s,

where the (weighted in = only) Sobolev norm || - || is introduced in (2.25). The Sobolev

embedding takes the form
—-1/2

ullzee S e lulle,s-

Thus we have

u
\ In (M\;) ‘ < | JJulle.s| + | In [Jullzoe] < |Ine| + |In Julleq,

and the result follows. O
Remark 22.5 (Action of a pseudo-differential operator on highly-oscillating functions).
The action of a pseudo-differential operator op.(a) on a function with space-time oscillations

in 0 = (kx — wt)/e (where k is fixed, equal to the fundamental wavenumber in the WKB
oscillations, and w = (1 + k2)Y/2) induces a shift in the argument of the symbol:

Ops(a)(eipef) = eipeopa(aer)fv 0= (k‘.%’ - Wt)/ga
with notation
a+p(937%§a77) = a(xaya€+pk7n)a pEZ

Many symbols that we meet in the proof are tensor products: b(z,y,&,n) = b1 (z,y)b2(&,n),
where b; is a term in the WKB approximate solution, and by is bounded. For the associated
operators, it is straightforward to derive bounds in weighted Sobolev and FL! norms:

Lemma 22.6. Given q € N, given a fast oscillation % with 0 = (kx — wt)/e, given an
e-independent Sobolev map b(x,y) € W with s € N, given a bounded map by € L“(Rgm),
we have for all u € H® the bound

lop (€ “brba)ulle,s S [1Ballzoe - D [Iballwscofuufle,s,.
S1+82=s
If0%'by € FL' and 8%"u € FL for all o/ < a, then
1020p. (e bibo)ullFrr S llballpes - D 108 b |l 7 022l 1
al1toas=«
Proof. Both bounds are elementary. For the first one, we observe
02(0p(e'bibou) = Y Clayania502 (€19)022b10p, (b2) 02w,
ajtaz+tas
for some Cq; 00,05 € N, and then we use
1621 ("7) 022 b10pe (b2) 02 ]| 12 S 110221 || Loc [|ope (b2) 2 u| 2,

and finally the fact that the L? — L? norm of the Fourier multiplier op,(bs) is controlled
by the sup norm of bs.

For the second bound, we use first the fact that the multiplication by €7’ corresponds to
a translation in Fourier, so that

1024 ®) flprr S If I prse
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Then we use the convolution bound

1022b10p, (b2) 2% ul| prr < [|022b1]| 7Lt lop: (b2) 02 ull 7Lt
and finally the fact that the L' — L! norm of the Fourier multiplier op.(bs) is controlled
by the sup norm of bs. O

23. THE SYMBOLIC FLOW THEOREM IN ANISOTROPIC QUANTIZATION

Consider the initial value problem
1
(23.1) B+ ~op(Lyu=fo,  u(0) € H*(RY),
€
where fo € L°°([0, T\/e|Inel], H* (R?)). Here as before z € R, y € R?, and R® = R, x R.

Assumption 23.1. The family of symbols L = L(e,t,x,y,&,m) € SO is bounded in S, in
the sense that it satisfies, for all o € N® with |a| < s, — d/2, for all B € N3,

(&) og,0F ) L, t. 2.y, & m)] < o0,

uniformly in € € (0,e9) for some g > 0, in t € [0,T\/e|lne|], and (x,y,&,n) € R,
Moreover, we have the decomposition L = Lo + /eLy, with Ly and Ly each separately
bounded in S°, and Lq independent of (x,y).

Associated with (23.1)), we consider the linear partial differential equation

(23.2) OpSo(T;t) + %L(t)SO(T;t) + (_\/?877L0(t)8y50(7';t) = fi, So(T;7) = fa,

where f1 and f depend on (7;t,x,y,£,n), and are differentiable up to order s, — d/2, with
bounded derivatives, and finite L? (]RZ) norms, uniformly in (z,&,7n). (That is: f; and f; are
such that the norms in the upcoming Assumption are finite.) For the solution Sy 7,
to (23.2), we assume an exponential growth in time:

Assumption 23.2. There exists a unique solution Sy y, 7, to (23.2)), which, for some vy > 0,
for all o € N3 with |a| < s, — d/2, satisfies the bound

19250, 11.72 (T3 )| oo 222y + 102,550,511 (T3 )| Low (mo)
S | 1n5’*<N00,a(7—; t? f1> f2; RG) + NQ@(T; t: flv f2; RG))

|Inel*

t
t—t")yU)/Ve 4! . o6 ! .6 '
\/g /7- € <Noo,a(77t7f17f27R )+N2,a(7-,t7f1,f2,R )) dt,

where the implicit constant depends on norms of L, but not on €, and is uniform in time for
0 <71 <t<Tellne|. Above, |Ine|* means |Ine|N* for some N, > 0 possibly depending
on all parameters, but independent of (e, 7,t,z,y,&,m).

The norms Nog o and Na o are defined in (12.1) and (12.2)).

We also assume a specific spatial far-field behavior for Sy ¢, ¢, :

Assumption 23.3. If f1 and fo are independent of (x,y) outside of a possibly e-dependent
bounded domain in R3 x R3, of area O(|In¢e|*), then outside of some bounded domain of the
same area, So 1, f, is also independent of (x,y) and uniformly bounded in (§,7).
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Remark 23.4. Assumptions23.2] and[23.3] are implicit in L. As argued in Remark[12.3], the
proof of Lemma shows that if L has the form L = iA+ \/eB, where A is real, diagonal
and independent of (x,y), then Assumption implies Assumption [23.2| If moreover
B vanishes outside of a bounded domain of size O(|lne|*), then Lemma shows that
Assumption 23.3] holds as well.

We denote
(23.3) So = 50,0,1d

the solution to (23.2) with f; = 0 and fo = Id. We see in the following computation (where
we use the composition result (22.2])) the role played by the 0,L¢0ySp term in (23.2), and
also how op,(Sp) fails to be an approximate solution operator for ([23.1)):

(23.4)

~010p-(50) = Zop.(L50) + Lop.(0,L00, )
1 (=)

=z <0p€(L)op€(So) — (—i)Veop. (95 Lo0ySo) + &(. .. )) + \/QOPs(anLoaySO)

1
= gOpE(L)Ops(SQ) + O(l)a
and now the goal is to change the above O(1) into something small. In this view, we

introduce correctors {Sq}1<¢<qq, for some gy € N to be determined, defined as the solutions
of the triangular system of linear partial differential equations

1 (—i) 1
“rs,+ YL D, =
(23.5) 0pSq + 6 Sq + 7z Oy Lo0ySq + =D 0,
Sq(T;7) = 0.

where the “source” term Dy = Dy(L, (Sy)o<q'<q—1) is chosen so that cancellations like the
one observed in (23.4]) occur at every order.
For ¢ = 1, this means that D; must contain all the terms of order O(1) in the expansion

(23.) o, (150) = Zop.(L)op. (Sh) + =(---).

Thus we let

(=)l : ,
D= Y 0y LodySo + (=)0, L1y So + (—1)9¢ LoDz So.
|a|=2 ’

Then we obtain, formally,

1
—d0p,(So +£'/28)) = —EOpE(L)OpE(SO +e25)) + O(V/?).
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We define similarly D, to include all terms of order e(@=1/2 i the expansion ([23.6):

(_7:)‘&| a a (_i)la‘ a a
Dyi= Y Loy Syt D O L0y Sy
(23.7) 2<|a|<g+1 1<]a|<q
(_i)a 1o} 1o} (_i)‘a| a a
+ Z o 85L08x5q+172\a|+ Z o 8§Llax8q72|a\7
1<a<[(g+1)/2] 1<a<[q/2] )

for 1 < g < qo, where a sum over an empty is by convention equal to zero. With S, and D,

defined in (23.5)) and (23.7)), and S defined as
(23.8) S:i= Y i3,

0<g=<qo
we will see that op.(S) is an approximate solution operator for (23.1)). But first, we prove
bounds for S; and the associated operators:

Lemma 23.5. Under Assumptions and the leading term Sy defined in and
correctors Sq defined in satisfy for all ¢ € [0, qo], all o € N3 with |a| < sq —d/2 — g,
and all B € N3, the bounds:

(23.9)

(€&m02, 02, Se(rst)| S e PP el exp(y(t — 7)/vE),  0<7<t<Tye|lnel,

with the same convention for |lne|* as in Assumption [23.2] With Assumption this
implies the bounds, for 0 < 1 <t < T\/e|lnel|, if s, > qo+4+d/2:

(23.10)  lop(Sq(T: 1))l 22— 2 + 0P (Se(T3 D) | Frrmrrr S [ el exp(y(t — 7)/Ve),
and, if sa > qo+s1+4+d/2:

(23.11)  Jlop(Sy(731)zlless, S |nel"exp(y(t —7)/VE)l2lesis  for all z € H*.

Proof. This is similar to the proof of Lemma We work by induction on ¢, and, within
the induction on ¢, perform a double induction on || and |3]| (on || only in the case ¢ = 0).
For ¢ =0 and 8 = 0, the bound (23.9) is given in Assumption For || > 0, we observe
that

0%,0¢,50 = Sora s(s0)0r  Lapi=—108,00,,e L+ (=i)e/20,Led,).
By the induction hypothesis (bearing on |5]), and Assumption we have
ITw.5(50)] < e~ (81172 1n€|*6“/(t77)/ﬁ.
Hence, by Assumption again, used here with f =T, 3(Sp) and g = 0, we obtain
|8§7y8?n50’ < e B2 gfrer =)/ VE,

At this point we proved the bound (23.9) for ¢ = 0 and all 8 (and all o). We assume now
that the bound ([23.9) holds for all ¢ < ¢ — 1, for some ¢ > 1. Then, by definition of the
correctors ([23.5)), for ¢ > 1 we have

8‘;“@82”8(1 = 50,f0,5.4.05 Jfapg=Tap(S) = 5_1/28?@85771)?
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If « =8 =0, then T'y g = 0, and D, involves only Sy, with ¢ < ¢ — 1. Hence, by the
induction hypothesis and Assumption 23.2} we find the expected bound for 5.

For any «, and f3, since D, involves only lower-order correctors Sy, with ¢’ < g — 1, the
D, term in f, g, contributes an appropriate upper bound, via the induction hypothesis on
q, Assumption [23.2] and the smallness of the time interval under consideration.

Thus in the induction on |a| and |B|, we may focus on the commutator term in f, g 4.
We assume that the bound (23.9) for Sy, for all  with 8’| < || — 1, for some |B] > 1.
Most terms in I'y g(.S,) contains strictly less than |5| frequency derivatives of Sy, hence the
induction hypothesis on |3| applies to those. The other terms have the form

e 20 110] 0928, a1taz=a, o] >0.

Here an induction on |« is made possible by the fact that ay is strictly positive. We obtain

< e~ (BIHD 24t/ VE

’faﬂ,q

and conclude with Assumption

Thus is proved and we move on to a proof of . In the case ¢ = 0, with
bound (23.9) and Assumption the bounds are proved exactly as in the proof
of Proposition [12.15

Then it suffices to observe that Assumption carries over to the correctors Sy, with
g > 1, since the source D, involves only Sy with ¢’ < ¢ — 1. Thus we may repeat again the
proof of Proposition in the case ¢ > 1, and arrive at .

The bound is then derived by differentiation with respect to the spatial directions.
The use of Proposition for 085, with ¢ < go and |a| < s1 + 4 requires s, > go + s1 +
4+d/2. O

Corollary 23.6. Under Assumptions[23.1], [23.2 and [23.3], we have, for S defined in (23.8)),
if S >qo+s1+4+d/2,

1
(23.12) op.(9:S) = —gopa(L)opE(S) + p,
where for 0 <7 <t <T+/e|lne|, for all z € H* :

(23.13) (T3 )2e,sr S €%/2 P Inel"exp (v(t = 7)/VE)[12]lcss1

for some constant Cy > 0 which depends only on the spatial dimension.

Proof. By definition of S and (23.5)),

“Oop.(S) = Y 0 0p (LS + N 0V 20p,(~i)9,Lod, S, + Dy).
0<g<qo 0<¢<qo
By composition of operators (Proposition :
> 0D op,(LS,) = e op.(L)op.(S) ~ T, ~ Tn — p,

0<q¢<qo0
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with notations

18]
L= Y eeznme 0T ;) ILALS,.
0<g<qo
1<|8l1<g0+1—¢
I, = S 224181 (=0)” o0 1o,
0<qg<qo g

1<B<[(q0+1—q)/2]
= Z 5(q—2)/25[(qo+1—Q)/2]R(qo_q)/Q(L, Sq)s
0<¢<qo0

where notation R;(a,b) for the remainder in the composition of two operators is introduced

in (22.2)). Reindexing, we obtain

6l
= Y cenpEDT /5) 8L S i

0<q<qo0
1<1B|<q+1
18|
= Y V(—i)g,Lo,5,+ > el” 02707 6) OBLASS, 1)
0<q<qo 1<¢<qo

2<|B]<q+1
We can decompose L = Ly + /L1 and reindex once more, to find
L= Y e V2(—i)9,L00,S;+ Y (terms in 9,/9, in Dy).
0<q¢<qo 0<q<qo
The same holds for I, in relation to the J¢ /0, terms in Dg,. Thus we obtain the cancellation
> eOTR((=i)0,Lo0, Sy + Dg) — 1. — 1, =0,
0<¢=<qo

and the equality (23.12) follows, with p defined above. According to (22.3) and bound
(23.9) in Lemma

lope(R(gy—q)/2(Ls Sq))zllesr S €~ /% Inel*

for all z € H®', where C(d) is the constant, depending only the spatial dimension d = 3,
that appears in Proposition Summing up in ¢ as in the above definition of p, we arrive

t ([23.13). O

Denote

X =00, Tve|lnel, H*(RY),  |flx:= swp  [[f()]es-
0<t<T+/e|In¢|

Theorem 3. Under Assumptions 23.1}, [23.2| and [23.3}, if sq > qo + s1 + 4 + d/2, where qq
1s large enough so that

(23.14) o= q2—0—Co—T'y>0
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then the initial value problem (23.1)) has a unique solution u € X, which satisfies the repre-
sentation

¢
(2315) = op.(S(0:1))u(0) + / op(S(t';1))(1d + < Ba) (fo -+ = Ra(-)u(0) ) () d,
0
with S defined in (23.8). The constant Cy depends only on the spatial dimension and was
introduced in Corollary The remainders Ry and Rs satisfy the bound
(23.16) [Billx—x S 1nel®,  [[Ra()zlles; S [mel™||z]e,s
for all z € H** and all t < \/eT|Ine|.

In (23.14), the integer gy enters in the definition of S (23.8)), the constant Cjy comes from
23.6

Corollary [23.6] and the rate 7 is introduced in Assumption m The notation |Ine|* is
introduced in Assumption [23.2

Proof. Let g € X. By Corollary [23.6] the map

t
wi= op. (SO )u(0) + [ op.(S(:)g(e) df
0
solves ([23.1)) if and only if for all 0 <t < T'\/¢|In¢|, we have the identity
(23.17) (Id +7)g(t) = fo(t) — p(0;t)u(0),

where r is the linear integral operator
¢
r:veX— (tH/ p(T;t)v(T)dT) € X.
0

Above, p is the remainder in Corollary We now choose the index gg that enters in the
definition of S such that o defined in (23.14)) is positive. Then, by estimate (23.13)), for all
0 <t <Ty/e|lngl|, the operator r maps X to itself, with the bound

(23.18) 7l xx < e%|lnel*.

In particular, for € small enough the operator Id + r is invertible, with inverse (Id + r)~*
bounded as an operator from X to itself, uniformly in €. As a consequence, we can solve

(23.17) in X and obtain the representation formula (23.15)), with
Ry :=0d+r)"t—1d,  €"Ry(t) := —p(0;1).

Bounds then directly follow from (23.18) and (23.13)). Since L € S°, op.(L) is linear
bounded L? — L? (Proposition w, hence, by spatial regularity of L, also linear bounded
H®% — H*', Thus is a differential equation in H*!, and uniqueness is a consequence
of the Cauchy-Lipschitz theorem. O

24. NOTATION INDEX

=<: (3.29) 0- : another weighted spatial gradient,

|Ine|* : unspecified power of |Ing|, page (2.10)

22 A(V,) : the main differential operator in

V. : weighted spatial gradient, (2.10)) (EM), Section
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A : the diagonal order-zero symbol result-
ing from the changes of variables of Section

[10} see Lemma
ép for p € {—1,1} : fixed vectors such that

Uop = g(p)€p, see (2.32)), (19.3)) and (19.5)

9g(p) : untruncated WKB amplitude ({2.32)
gp : truncated initial WKB amplitude
(12.37))

: optimal rate of growth, ((12.22))
()

2

2

: suboptimal rate of growth,

)

=
o
o=

Lol

”ytjzjg(U) : suboptimal rate of growth,
(112.8))

~T : suboptimal rate of growth,

I' : rough (suboptimal) rate of growth,
(6-3)

J : the convective terms in (EM), Section

¥

Je : the electronic convective terms, Sec-
tion

J; : the ionic convective terms, Section

J : the high-frequency component of the
electronic convective terms (2.19)

J : the order-one symbol created by the
first normal form reduction (4.3))

k : the initial WKB wavenumber defined
in (1.2)); often identified with k(1,0,0)

K : arbitrarily large parameter, page

K’ : arbitrarily small parameter, page

Aj : approximate eigenvalues of the sym-
bol of the main differential operator (3.3))

L : order-zero symbol in the abstract sym-
bolic flow theorem of Section[23} see Assump-
tion 23.1]

Lg : the leading term in L, see Assumption

231

fi; : defined in terms of the diagonal en-
tries of A; the precise definition depends on
the context, see Section [11.1

129

;- like the fi; but without the truncation;
the precise definition is context-dependent,

([L.16)
Vi = On(p — i) (12.4)
Noo o @ sup norm of the datum and source
in the resolvent flow equation

Ny, : transverse spatial L? norm of the
datum and source in the resolvent flow equa-
tion ((12.2))

II; : approximate spectral projectors (i3.3))

qo : the number of correctors required for
the symbolic flow, page

Rjj» : the frequency set of (j,j’) reso-
nances, Definition [3.1
R : the total resonant set, Definition [3.1

R4 : order-one symbol that appears as
a remainder in the approximation of A by

A|£:O§ "

S : the symbolic flow ([11.1))

St.g : symbolic flow with source (11.3])

Sq :
124

S : the complete symbolic flow (23.3))

S;jj» : the set of (j,j') space-time reso-
nances ([3.15])

o : exponent associated with the symbolic

flow remainders, (23.14))
0 = (kx — wt) /e, page
Uy frequency domain relative to a

given resonant pair or triplet (12.11f) or
(12.12])

Ugma” : frequency domain relative to a
given resonant pair or triplet (12.14))

U(éi"ge : frequency domain for a given res-
onant pair, Section [12.6]

U(;i, : frequency domain for a given reso-

nant pair,({12.20))
7,7 : fixed vectors defined in (19.4)

"=ix ¢ @1.4)

correctors to the symbolic flow, page

0l
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®,; : the phase function associated with

the (j,7’) resonance ((3.4)

ﬁjj.:j, : longitudinal frequency at which the
optimal growth rate associated with reso-
nance (7, j') is attained; Section

ERIC DUMAS, YONG LU, AND BENJAMIN TEXIER

w = (1 + k%)Y/2 : the characteristic fre-
quency associated with k, page [b| and Figure
B3l

Q : space-frequency domain defined in

(11.20]), based on ([11.18]) for resonant pairs,
and ((11.23)) for triplets

Qreq : projection of €2 over R?n (11.20]

25. INDEX

anisotropic quantization: (22.1))
equivalent source: Definition [2.2] page

FL' space: Section

growth rate: Definition page [70]
phase function: Proposition [3.2] page
resonance: Definition [3.1] page [30]
resonant pair: Definition [3.1] page

space-time resonance: (13.15))
symbolic flow: leading term: (11.1)) and

(23.2)-(23.3)); correctors: ([23.5)); full sym-

bolic flow: (23.8)
triplet: (11.11)

uniform remainder: Definition [2.1] page
weighted Sobolev norm: ([2.25)

26. PARAMETER LISTS AND FURTHER NOTATION

26.1. Time parameters. We work with ¢t > 0, z € R and y € R2.

e T,(e) is the maximal existence time for our main initial-value problem (EM)-(L.4),
given by the classical quasi-linear symmetric hyperbolic theory. It is introduced in

Section 2.4

e t,(¢) is the maximal time for which the perturbative unknown is controlled by ¥’
in weighted FL' norm. A precise definition is given in (2.§)).
e T'= (K — K')/v is such that the amplification takes place around time T'\/¢|In¢|.

It is introduced in ({2.7)).

e T_ is the precise amplification time. It is just a bit smaller than T, and introduced

near the end of the analysis in ((16.2]).

26.2. The main unknown v and its avatars.

o u = u(e,t,x,y) is the local-in-time solution to system (EM) given in Section

with initial datum ((1.4)).

U is defined in (2.15)) as @ := 4 — 1.

26.3. Sobolev indices.

@ is w in a rescaled time frame in which we change y into \/y. See (2.9).

4 is defined in terms of % in , as a result of the first normal form reduction.

¥ is defined in terms of 4 in , as a result of the second normal form reduction.
Uin, Uout, aNd Upign are defined in Section

vin 18 defined in terms of u;, in the course of Section

e s, is the Sobolev index of regularity of the WKB amplitude a; see below in Section

20.9
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e 51 is the Sobolev index such that the refined bound of Proposition holds in
|| - |le,s; norm. A lower bound on s; is given in (15.1)). See also Remark

o s =5, — 2K, — 1 is the Sobolev index of regularity of the exact solution. It is such
that the rough bound of Proposition holds in | - ||c s norm. In particular, s is
much larger than s; if K is large and K’ is small. See Remark

26.4. The main “source” term: convection, current density and Lorentz force.

e 3 : the current density and Lorentz force, defined in .

e B : the linearized current density and Lorentz force and the low-frequency contribu-
tion of the linearized convective terms, defined in (2.17). The linearization occurs
at the WKB solution u,.

e B : the leading term in B, defined just below . Not to be confused with the
magnetic field in the (EM) system, which we also denote B.

e B,y : these interaction coefficients are defined in .

e B : the avatar of B that results from the first normal form reduction. It is defined
in ({4).

. B(,l : the avatar of B that results from the second normal form reduction, defined
in and .

° bjij, : these interaction coefficients are defined in (|10.6]).

e B : the final avatar of B in the in equation, defined just below (|10.19)).

26.5. The WKB solution. Most parameters associated with the WKB approximate so-
lution bear the subscript a, as in “approximate”.

Uq is the (e-dependent family of) WKB solution(s).

a(z,y) € R™ is the leading initial WKB amplitude, introduced in Section

Sq is the Sobolev index of regularity of the initial WKB amplitude a. We have
Sq — 00 as K — oo and K’ — 0. See Remark [15.2]

K, is the order of precision of the WKB solution u,. It satisfies K, > K + 1/2.

p € {—1,1} is used to denote the harmonics of the leading term in the WKB solution.
R, is the remainder associated with the WKB solution. See Section [2.3

26.6. Cut-offs.

e Notation < is introduced in : we have x1 < x2 if x2 = 1 on the support of 1.

e If x is a cut-off, then we use, sometimes without introduction, associated cut-offs
x’, x* and ¥ such that \* < v < x# < {. See Section

e X0 is a smooth R? — [0, 1] “plateaun” cut-off. With d = 2, it is used in the definition
of Xtrans ON page With d = 1, it is used in the definition of the frequency cut-offs

Xj; in Definition
® Xiong is a cut-off in the longitudinal direction x, introduced in Section

e Y is a shorthand for Xlﬁ ong’ which we use exclusively in Section
® Xtrans is a cut-off in the transverse directions y, defined in ([2.34)).

® Xtrans 1S another cut-off in y, which takes into account a buffer zone. It is introduced
in (11.19)

e x;j is a frequency cut-off around the (7, j’) resonance, introduced in Definition

® Yiow 1S a low-frequency cut-off. It is introduced in .
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[1]
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® Xnigh is a high-frequency cut-off. It is introduced in The link between Xjow
and Xpign is pictured on Figure 8]

e xq is a space-frequency cut-off that is introduced in (11.18) or (11.23)), depending
on the context, in view of the description of the far-field behavior of S in Lemma
1w
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