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How turbulent convective fluctuations organise to form large-scale

structures in planetary atmospheres remains a question that eludes

quantitative answers. The assumption that this process is the re-

sult of an inverse cascade was suggested half a century ago in

1



two-dimensional fluids, but its applicability to atmospheric and

oceanic flows remains heavily debated, hampering our understand-

ing of the energy balance in planetary systems. We show with

direct numerical simulations of spatial resolutions of 122882 ×

384 points that rotating and stratified flows can support a bi-

directional cascade of energy, in three dimensions, with a ratio

of Rossby to Froude numbers comparable to that of the Earth’s

atmosphere. Our results establish that in dry atmospheres spon-

taneous order can arise via an inverse cascade to the largest spa-

tial scales.

1 Introduction

Flow structures thousands of kilometers wide are not uncommon in the atmo-

sphere of the Earth and of other planets. The energy of these structures could

originate from processes associated with the global atmospheric circulation, but

also from smaller scale convective turbulence. In the latter case, small-scale ed-

dies conspire to self-organise into larger structures. Such a process goes against

our daily life experience where turbulence generates smaller-scale erratic struc-

tures as one observes when pouring milk in a coffee cup. One thus needs to come

up with convincing mechanisms for how such large-scale organization can take

place in planetary atmospheres.

One of the most important theoretical discoveries in the twentieth century

in the field of non-equilibrium physics is the phenomenon of self-organization,
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which spontaneously creates large-scale order out of small-scale disorder. One

of the first examples of this process was given by Onsager with the statistical me-

chanics of a gas of point vortices [1] that was later generalized to two-dimensional

turbulent flows [2, 3, 4, 5]. A two-dimensional flow conserves an additional in-

variant, the enstrophy, given by the mean squared vorticity. The relation between

energy and enstrophy leads to an incompatibility for the simultaneous bulk trans-

fer of both quantities to the small scales. As a result vortices self-interact trans-

ferring enstrophy to smaller scales while energy is transferred to larger scales.

This process takes place on a continuum of scales, forming a constant flux of en-

ergy from small to large scales in what is known as an inverse energy cascade, as

opposed to the disordered forward energy cascade observed in three-dimensional

turbulence that is directed to small scales.

Although planetary atmospheres are often very thin (the Earth’s atmosphere

has horizontal synoptic scales of the order of 1000 km, and a pressure scale height

of 15 km), the corresponding flows are far from being two-dimensional. Nonethe-

less, two-dimensionality is not imperative for the appearance of self-organisation.

Three-dimensional rotating and stratified flows (two key ingredients of atmo-

spheric dynamics) conserve a different invariant, the potential vorticity, that can

also lead to an inverse cascade. This happens in the quasi-geostrophic limit where

rotation and stratification are asymptotically strong [6]. In this regime the flow

is restricted to modes that satisfy hydrostatic balance, and as a result gravito-

inertial waves are filtered out. Inverse cascades can also be present in rotating

Rayleigh-Bénard convection [7, 8, 9, 10, 11], where in this case a generalized
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quasi-geostrophy limit can be considered that partially preserves gravito-inertial

modes. However for most planetary flows, the quasi-geostrophic limit is at best

a crude approximation, with gravito-inertial waves composing a significant part

of the energy budget cascading energy forward [12, 13, 14, 15]. Thus, an inverse

cascade in planetary atmospheres caused either by two-dimensionality or quasi-

geostrophy remains conjectural.

Could atmospheric dynamics display an inverse cascade away from these lim-

its? In recent years it has been demonstrated that a hybrid state can be reached

such that large scales cascade energy inversely while smaller scales cascade en-

ergy forward in what is now known as a bidirectional cascade [16]. Bidirectional

cascades have been observed early on with direct numerical simulations (DNS)

[17, 18, 19, 20, 21, 22]. In rotating and stratified flows, simulations also indicate

the presence of bidirectional cascades [23, 24, 25], though in a regime where ro-

tation and stratification are comparable in strength, which is typical for the ocean

but not for the atmosphere.

Nonetheless, the existence of self-organisation processes through a bidirec-

tional cascade in planetary atmospheres becomes a compelling possibility as re-

cent research using satellite images with cloud tracking analysis, and in-situ air-

craft measurements, estimated the flux (and thus also the direction) of the energy

cascades in planetary flows in the Earth’s atmosphere [26, 27], the ocean [28],

and the Jovian atmosphere [29, 11]. These studies affirmed the presence of both

inverse and forward energy cascades depending on the scale examined or on the al-

titude. However, satellite images constrain the measurements to two-dimensional
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slices ignoring thus any processes occurring in the third direction.

Up to today there is no definite evidence of whether planetary atmospheric

flows satisfy the necessary conditions for a bidirectional cascade to establish it-

self. The difficulty in answering such questions lies on the one hand in the fact

that information from satellite images is limited, and on the other hand in the ex-

treme parameter values that are met in planetary atmospheres which are hard to

obtain in DNS. However, not only the technology to perform high-cadence high-

resolution observations of the atmosphere has just started to come along, but also

the computational power to perform DNS of stratified atmospheres in a realis-

tic parameter space has become available. Here, with the use of DNS in a large

grid using 40,000,000 CPU hours, we establish that the fluid model of a rotating

and stably stratified dry atmosphere described by the non-hydrostatic Boussinesq

equations can generate a bidirectional cascade leading to large-scale organisation

of the flow.

2 Results

We consider a fluid in a Cartesian, triply periodic domain of vertical height H and

horizontal dimension L = 32H , in the presence of gravity, a stable mean density

gradient and solid body rotation in the vertical direction [30]. The dynamics of

the system are described by the incompressible velocity field u and the normalized
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density variation φ, governed by the Boussinesq equations [31, 32]:

∂tu + u · ∇u + 2Ω× u = −∇P − ezNφ+ ν∇2u + f , (1)

∂tφ+ u · ∇φ = Nez · u + κ∇2φ, (2)

where Ω is the solid body rotation rate, N the Brunt-Väisälä frequency, P is the

pressure, ν the viscosity, κ the density diffusivity, and f an external forcing acting

at scales `
F
∼ H injecting energy at a rate ε. Although this model has some

strong simplifications, like periodicity or a simplified forcing mechanism, it is the

most elementary model capturing the necessary physics to reproduce atmospheric

dynamics.

This system has four independent non-dimensional control parameters: (i) the

Reynolds number Reε = ε1/3k−4/3
H

/ν, (ii) the Prandtl number Pr = ν/κ, that here

is set to unity, (iii) the Rossby number, Roε = ε1/3k2/3
H
/Ω, and (iv) the Froude

number Frε = ε1/3k2/3
H
/N (with kH = 2π/H). We can also define dimension-

less parameters based on the domain size L and the flow r.m.s. velocity U , as,

e.g., Re = UL/ν, Ro = U/(HΩ), and Fr = U/(NH), which are closer to the

definitions used in atmospheric measurements.

Simulations were performed at resolutions of 122882 × 384 grid points [33,

30]. As a reference, for H = 15 km this corresponds to a domain length of

480 km, and a vertical and horizontal resolution of 39 m. Our simulations are

characterised by Reε = 2000, Roε = 1, and Frε = 0.025, or alternatively Re ≈

2× 106, Ro ≈ 0.4, and Fr ≈ 0.01. These values are compatible, e.g., with that of

the Mesosphere-Lower Thermosphere (MLT) [34].
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Figure 1: Visualisation of density fluctuations φ and of the velocity field in the
computational domain. Structures at scales much larger than the forcing (i.e.,
at the scale of the domain height, with wavenumber kf = 2π/H) are abundant
in the visible horizontal plane (left), indicative of an efficient transfer of the en-
ergy towards the lowest modes along the perpendicular direction in Fourier space.
The large-scale patterns are visible in the flow visualisation shown by arrows in
a zoom in the top right. At the same time, three-dimensional instability patterns
and small-scale features are detectable in both horizontal and vertical cuts of the
zoomed simulation domain (bottom right), suggesting the action of a forward tur-
bulent cascade. See the Sumplementary Information for a movie of the density
fluctuations in the entire domain. Visualisations were done with VAPOR [35].

Fig. 1 shows visualisations of the flow and the density field. Large-scale struc-

tures of horizontal width ten times larger than H can already be seen by visual

inspection. At the same time, looking at the zoomed-in cross-sections one real-

izes that these structures are far from being two-dimensional. In the large scales,

pancake structures of alternating sign of φ along the vertical, and the emergence

of macroscopic cyclones and anti-cyclones, are visible in Fig. 1 (top right panel).

These features are observed in weather maps and are a landmark of the large-
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scale energy-containing structures in the Earth’s atmosphere. At the same time

small-scale overturning events can be seen in the zoomed in section that are ten

times smaller thanH (see the bottom right panel in Fig. 1), and are also detectable

sometimes in the sky as Kelvin-Helmholtz billows. Thus, already at this qualita-

tive level one can testify the presence of a bidirectional cascade.

To become more quantitative we note that the inviscid Boussinesq equations

conserve the total energy ET given by the sum of kinetic energy EK and poten-

tial energy EP . Alternatively we decomposed it into the energy of gravito-inertial

modes EGW and energy of quasi-geostrophic modes EQG where ET = EGW +EQG.

Gravito-inertial modes are dispersive waves-modes due to the combined restor-

ing force of gravity and Coriolis, while quasi-geostrophic modes are modes that

satisfy hydrostatic balance (see Methods for their exact definitions). These ener-

gies are distributed differently in the Fourier space, among the wavenumbers k‖,

identifying horizontal planes, and k⊥, identifying vertically axisymmetric cylin-

ders. We define three different energy spectra averaged over fixed k‖, k⊥, and

k =
√
k2‖ + k2⊥. We do not define a new symbol for each spectrum, but distin-

guish between them by their argument, i.e., Ei(k), Ei(k⊥), and Ei(k‖) where i

is T , K, P , GW , or QG, which stand for total, kinetic, potential, gravito-inertia

wave, and quasi-geostrophic respectively. In addition we define Ei(k⊥, k‖) that

shows the spectral energy density for a given pair k⊥, k‖.

The left panels in Fig. 2 show the energy spectra Ei(k), Ei(k⊥) and Ei(k‖)

with the energy component i as indicated in the legend. The inset also shows the

ratios RGW = EGW/ET and RQG = EQG/ET . In the top panel, for k > k
H

, the
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Figure 2: Energy spectra and fluxes. Left panels: Spherically (top), Cylindri-
cally (middle), and plane (bottom) averaged energy spectra, for all energy com-
ponents. Insets show the ratios of energy components RGW = EGW/ET (pink)
and RQG = EQG/ET (green). Right panels: Energy fluxes across spheres (top),
cylinders (middle), planes (bottom) in spectral space. Total energy flux (black
line), energy flux of kinetic energy (blue line), energy flux of potential energy
(red line). The forcing wavenumber k

F
≈ k

H
(where energy is injected), the

buoyancy wavenumber kB = N/U , and the dissipation wavenumber kν (where
energy is dissipated) are indicated by vertical dashed lines. The inset in the top
right panel shows the inverse flux as a function of Re obtained from different runs.

spectra have been averaged over shells of width k
H

since otherwise large peaks

of period k
H

are observed due to the strong domain anisotropy, shown by the

light grey lines for the total energy spectrum. For wavenumbers larger than k
H
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and smaller than the viscous wavenumber kν the spherically averaged spectrum

displays a power-law behavior with an exponent very close to Kolmogorov’s pre-

diction k−5/3 for homogeneous isotropic turbulence. This power-law behavior,

composed 70% by gravito-inertial waves, is indicative of a forward energy cas-

cade. At k smaller than k
H

a similar power-law is observed (albeit with a smaller

prefactor). This indicates the presence of an inverse cascade. This energy at small

k is almost exclusively kinetic, dominated by 2D quasi-geostrophic modes.

For Ei(k⊥) three different power-laws can be observed. First, in the range

k
L
< k⊥ < k

H
a k−5/3⊥ law is observed, where k

L
= 2π/L. Second, in the range

k
H
< k⊥ < k

B
= N/U a steeper power-law close to k−3⊥ is observed, where k

B

is the buoyancy wavenumber. Finally, at larger k⊥, a shallower power-law slope

starts to appear with exponent close to −5/3. The spectra for k⊥ > k
H

resemble

the so-called Nastrom-Gage spectra [36] observed in the Earth’s troposphere, al-

though we should note here that, in the atmospheric case, the transition from the

k−3 regime to the k−5/3 occurs at a scale k′ < k
H

while here it occurs for k > k
H

.

Finally, the last panel of Fig. 2 shows Ei(k‖), which displays a k−5/3 power-law

behavior.

The right panels of Fig. 2 show the energy fluxes across different surfaces

in wavenumber space: across constant k spheres Πi(k), constant k⊥ cylinders

Πi(k⊥) and constant k‖ planes Πi(k‖). As with the spectra, we distinguish be-

tween fluxes based on their arguments. Here i is T , K or P that stand for total,

kinetic, and potential energies respectively. Positive values imply a flux of en-

ergy towards large wavenumbers, while negative values indicate a flux towards
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small wavenumbers. ΠT (k) flux is positive for k > k
H

indicating a forward cas-

cade. However, a small fraction, corresponding to 5% of total energy injection

rate, cascades towards the large scales. This is seen in the negative flux observed

at k < k
H

. This flux is also constant for more than a decade of wavenumbers

almost up to k
L

. The inset in Fig. 2 shows the amplitude of this negative flux

measured from different simulations varying only Re. The flux increases with Re

and saturates at the largest Re. ΠT (k⊥) is also positive for k⊥ > k
H

and negative

for k⊥ < k
H

. However, in this case the fraction of energy that cascades towards

smaller k⊥ is five times larger than ΠT (k). ΠT (k‖) is positive everywhere.

Figure 3: Two-dimensional energy spectra in log-log scale. White dashed lines
indicate isotropic contours (i.e., modes with constant wavenumber k). The solid
white line indicates the maximum resolved wavenumbers. Left: Total energy
spectrum. Right: Gravity wave energy spectrum ratio. The black dotted lines
marks 2Ωk‖ = Nk⊥ where inertial wave frequency matches gravity wave fre-
quency. The arrows indicate the direction of the flux of energy.

While in one-dimensional spectra and fluxes it is easier to identify power laws,

the energy distribution depends on k‖ and k⊥ independently. In Fig. 3 we show

colour shaded plots of ET (k⊥, k‖) and RGW = EGW (k⊥, k‖)/ET (k⊥, k‖). The
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arrows indicate the direction of the energy transfers based on the fluxes in Fig.

2. A part of the injected energy is transferred to larger k⊥, producing the k−3⊥

spectrum observed in the k
H
< k⊥ < k

B
range. RGW (k⊥, k‖) indicates that

this forward transfer takes place through GW modes. The peak of E(k⊥, k‖) is

observed at k⊥ ' 2k
L

and k‖ ' 2k
H

formed by an inverse transfer indicated by

the black arrow and is dominated by QG modes. This energy is responsible for

the formation of the k−5/3⊥ scaling at small k⊥ in Fig. 2. When rotation dominated

scales are reached at 2Ωk‖ ' Nk⊥ (black dotted line), QG modes transfer their

energy to GW modes that cascade it back to small scales. Of the energy that

has moved to smaller k⊥, a finite amount is transferred (cyan arrow) below the

smallest dashed white line (k2⊥ + k2‖ = k2
H

). The energy in these modes forms the

E(k) ∝ k−5/3 spectrum for k < k
H

. This energy is the only that escapes to the

largest scales k → 0 and corresponds to a true inverse cascade.

3 Conclusions

This work has shown that dry turbulent atmospheres modeled by the non-hydrostatic

Boussinesq equations can lead to a bidirectional energy cascade. The results

showed that indeed there is a flux of energy directed to the small wavenumbers

k, corresponding to 5% of the total energy injection rate at the largest Reynolds

number. This flux, albeit small, is shown to persist up to the largest scales of the

system and is Re-independent as large values of Re are reached.

Our analysis provides a detailed description of how energy is transferred across

scales and between different modes. These transfers, indicated by the arrows
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sketched in Fig. 3, summarise the results in this work. Stratification, rotation and

the geometric constraint of finite H all play a role in the formation of this inverse

cascade. In physical terms, at the scale of the forcing stratification is dominant,

constraining a large fraction of the energy to hydrostatic (QG) modes. This leads

to the formation of pancake structures, known in stratified turbulence [37], that

move energy to smaller k⊥ and larger k‖. This process ceases at wavenumbers

where stratification is comparable to rotation Nk⊥ ∝ 2Ωk‖. Rotation, that tends

to bi-dimentionalise the flow [38], prevents larger k‖ modes from appearing and

energy is converted to gravito-inertial mode energy that cascades back to larger k.

This is true for all k except for the k‖ = 0 modes that are unaffected by rotation.

These modes that follow two-dimensional dynamics cascade the energy to ever

smaller k⊥. Their stability against three-dimensional perturbations is assured by

rotation and the finiteness ofH that leads to the k‖ = 0 modes being isolated [16].

As a result they cascade energy to ever smaller k⊥ with no channel to return this

energy back to the small scales.

An important outcome from this picture is that energy fluxes obtained from

horizontal averages can significantly overestimate the inverse energy flux. In the

presently examined simulation ΠT (k⊥) was five times larger than the true inverse

flux ΠT (k). This important result limits the observational estimates ΠT (k). Most

present estimates of the inverse flux are based on averages of two-dimensional

slices obtained by satellite images. They thus contain no information on the fields

variation in the third direction and as a result it is ΠT (k⊥) that is measured and not

ΠT (k) that represents the true inverse flux. As a reference, and for comparisons

13



with observations, we provide as supplementary material (see Fig. S1 in [30])

spectra and third-order structure functions along horizontal tracks, such as those

resulting from airplane or satellite measurements. The structure functions display

a change in sign indicative of an inverse cascade, but overestimate the inverse flux

just as horizontal averages do. Thus these estimates of the inverse flux could be

significantly larger than their true value.
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4 Supplementary material

Materials and Methods

The Boussinesq equations (1) and (2) in the main text describe a rotating and

stably stratified non-hydrostatic incompressible fluid. The pressure P provides

the correction to the hydrostatic pressure. The field u = (u, v, w) is the full three-

dimensional velocity field, and the pointwise fluid density is ρ = ρ0 +z(dρ̄/dz)+

ρ′, where ρ0 is the mean fluid density, dρ̄/dz is the uniform background density

gradient, and the density fluctuations ρ′ are written in terms of the normalised

density variation φ as ρ′ = [−(ρ0/g)(dρ̄/dz)]1/2φ, where g is the acceleration

of gravity. Here we consider the case of stable stratification, dρ̄/dz < 0, which

is the case for a large part of the Earth’s atmosphere. The squared Brunt-Väisälä

frequency is thenN2 = −(g/ρ0)(dρ̄/dz). For largeN and in the presence of rota-

tion we expect to approach the quasi-geostrophic limit, where gravity is balanced

by pressure variations and vertical velocities and gravity waves are suppressed.

In some regions of the atmosphere the stratification can be unstable, dρ̄/dz > 0,

which has been the focus of many studies [7, 8, 9, 10, 11]. In this case and for

strong rotation a quasi-geostrophic limit can also be defined [9, 10, 11] and even

develop inverse energy cascades. It is worth noting that in the unstably stratified

quasi-geostrophic regime gravitational modes are not entirely filtered out.

Simulations were done using the GHOST code, which is publicly available

at bluehttps://doi.org/10.5281/zenodo.8015308 [39]. Equations are integrated at

double precision, using a parallel pseudo-spectral method to compute spatial deriva-
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tives, and a second-order Runge-Kutta method to evolve the fields in time [33].

Aliasing instabilities were controlled using the 2/3 rule. No subgrid model or ef-

fective transport parameters were used, and all relevant spatial and temporal scales

in the system were explicitly resolved.

The forcing was delta-correlated in time, acting only on the horizontal com-

ponents of the velocity (u and v), and on all modes in the Fourier shell k ∈

[0.9, 1.1]kH . To initialise the flow, simulations were done at increasing spatial

resolutions of 15362×48, 30722×96, 61442×192, and 122882×384 grid points.

In the simulations with 15362 × 48 and with 30722 × 96 grid points the flow was

started from rest, and the simulations were spun up for≈ 70 forcing-scale turnover

times, τf = (εk2H)−1/3, which was sufficient to display a well developed inverse

cascade. The simulation at 61442×192 resolution was then done starting from the

re-scaled last output of the previous simulation, running for at least≈ 25 turnover

times. Finally, the simulation using 122882 × 384 grid points was integrated for

≈ 6 turnover times from the last re-scaled state of the 61442 × 192 run. This time

was sufficient for any transients to die out, and for a clear increase of energy due

to the inverse cascade to be observed. To ensure the flows were spatially resolved

we also performed other simulations at lower resolution using different Reynolds

numbers. To remove initial transients, all analyses were performed using the last

turnover times of each simulation, averaging over time.

We also performed a simulation with a resolution of 15362 × 48 grid points

with no-slip boundary conditions at z = 0 and z = H using a Fourier continu-

ation method [40], to verify that the inverse cascade also develops with different
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boundary conditions in the vertical direction. Finally, note that all simulations

were stopped at a time such that energy did not accumulate at the lowest hori-

zontal wave numbers, thus avoiding the formation of domain-scale features that

would be impacted by the finite domain size.

Three-dimensional visualisations were done with the software VAPOR [35],

publicly available at [41].

Supplementary Text

Energy decomposition

The total energy per mass unit of the system, ET , is given by the sum of the

kinetic and potential energies, given respectively by EK = 〈|u|2〉/2 and EP =

〈φ2〉/2, where 〈·〉 indicates the volume average over the domain. Alternatively,

the energy can be split into the energy contained in gravity wave modes and in

quasi-geostrophic modes. Following [42, 43], we write for each wave number k

the modes in terms of the vertical vorticity ŵ‖(k), the vertical velocity û‖(k), and

the density variation φ̂(k) as

Z(k) = [ŵ‖(k), −ikû‖(k), −k⊥φ̂(k)].

Assuming a periodic time dependence eiσt and diagonalizing the linear part of the

Boussinesq equations, we obtain three eigenfrequencies

σ
QG

(k) = 0, and σ±
GW

(k) = ±
√

(4Ω2k‖ +N2k2⊥)/k2,

with σ
QG

corresponding to the quasi-geostrophic mode and the other two to the
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gravity wave modes. The eigenvectors are given by

ZQG(k) = [iNk⊥, 0, 2Ωk‖], and Z±GW (k) = [i2Ωk‖, −kσ±(k), Nk⊥].

The projection P(Z) of a mode Z to the quasi-geostrophic modes is given by

PQG(Z) = ZQG[Z∗QG · Z]/|ZQG|2,

and for the gravito-inertial modes by

PGW (Z) = Z+
GW

(Z+
GW )∗ · Z
|Z+

GW |2
+ Z−GW

(Z−GW )∗ · Z
|Z−GW |2

.

Energies and energy spectra can then be calculated using these projections.

Energy spectra and fluxes

Energy is distributed across scales by nonlinear interactions. The simplest way

to quantify the distribution of energy among scales is by the Fourier transformed

fields û(k) and φ̂(k), where the notion of scale is given by the inverse wavenum-

ber k−1. The kinetic and potential energy spectra are then defined respectively

as

EK(ki) =
1

k
L

∑
q∈Sk

|û(q)|2, EP (ki) =
1

k
L

∑
q∈Sk

|φ̂(q)|2,

with k
L

= 2π/L, where Sk is the set of wavenumbers q that satisfy k ≤ |q| < k+

k
L

for the spherically averaged spectra, k⊥ ≤ |q⊥| < k⊥+k
L

for the cylindrically

averaged spectra, and k‖ ≤ |q‖| < k‖ + k
L

for the plane averaged spectra. For the

two dimensional spectra, Sk is the set that satisfies both k⊥ ≤ |q⊥| < k⊥ + k
L

and k‖ ≤ |q‖| < k‖ + k
L

. The total energy spectrum is always given by ET (k) =

EK(k) + EP (k).
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To construct the spectra of gravito-inertial modes and of quasi-geostrophic

modes, the same process is repeated after the modes û(k) and φ̂(k) are projected

to the relevant manifolds as described before.

The kinetic and potential energy fluxes ΠK(k) and ΠP (k) through a closed set

of wavenumbers Sk are defined as

ΠK(k) = 〈uSk
· (u ·∇u)〉, ΠP (k) = 〈φSk

(u · ∇φ)〉,

where uSk
and φSk

are obtained by filtering the fields u and φ so that only wavenum-

bers in the set Sk are kept. The total energy flux is then given by ΠT = ΠK + ΠP .

For the flux through a sphere the set Sk corresponds to the set of wavenumbers

q that satisfy |q| ≤ k, for the flux through cylinders it corresponds to the set of

wavenumbers q that satisfy |q⊥| ≤ k⊥, and for flux through planes it corresponds

to the set of wavenumbers q that satisfy |q‖| ≤ k‖.

Note that the averages over all these manifolds are defined in spectral space.

Thus, spectra and fluxes that depend on k‖ quantify vertical gradients and struc-

tures in real space. Spectra and fluxes that depend on k⊥ quantify horizontal

gradients (as those obtained in atmospheric measurement from flights). Isotropic

spectra and fluxes (i.e., dependent on k) mix gradients in all directions, and should

be interpreted with care in the presence of anisotropies. However, the latter are

the relevant spectral quantities to uniquely quantify cascades from a theoretical

point of view.

Velocity spectra and structure functions along vertical and horizontal tracks

We extracted 384 random horizontal tracks from the numerical data (to mimic,
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e.g., observations done along straight flight legs by airplanes, or reconstructions of

velocity fields using velocimetry techniques from satellite images). We computed

wind velocity (u component) power spectra along each individual track, and third-

order structure functions

S3(r) =
〈
[u(x + rex)− u(x)]3

〉
,

where ex is the unit vector along the track, and the average is done over all points

x in the horizontal track. This structure function is expected to follow a power

law and to be negative at scales in which energy is transfered to smaller scales,

and positive when the energy flux is reversed [44, 45].

Figure S1 shows the resulting spectra and structure functions along the syn-

thetic tracks. Note the change in sign of the average of S3 over all tracks at

kHr ≈ 1, as well as the strong fluctuations in the individual tracks. Assuming

S3(r) = −(4/5)εr [45], the analysis indicates that the energy flux at large scales

is negative (i.e., inverse), and results in an estimation of the inverse flux similar to

the one obtained from ΠT (k⊥) (i.e., on an overestimation of the inverse flux). The

estimation can be slightly improved by using scaling laws that take into account

the flow stratification and anisotropy [45], but as shown in [46], in the anisotropic

case proper determination of energy fluxes from S3 requires averaging along mul-

tiple directions.

Comparisons with observations should take into account the difficulty in ob-

taining airplane data along long legs, and the dependence of satellite data on indi-

rect methods to reconstruct velocity fields. In spite of these limitations, changes
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in the scaling law in airplane data [47] and positive third-order structure func-

tions in airplane and satellite data [44, 48, 49] have been reported. The scale at

which scaling laws or the sign of S3 change in these observations depends on

atmospheric conditions, varying also across different samples and types of obser-

vations. While the results presented here can provide a possible explanation for

this behavior, care must be taken to also consider fluctuations and noise in the

data, the already mentioned overestimation of the inverse energy flux resulting

solely from horizontal measurements, and sources of energy at large atmospheric

scales that can obfuscate inverse fluxes.
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Figure 4: Power spectrum and third-order structure function along synthetic
tracks. Top: Power spectrum of the u component of the velocity field averaged
along horizontal tracks in the x direction (red line). The power spectrum obtained
considering all directions and points in the simulation is shown in blue line. Gray
lines show several spectra obtained for individual tracks, to illustrate variability.
Characteristic scales and power laws are shown as a reference. Bottom: Third-
order structure function averaged over horizontal tracks (solid and dashed, de-
pending on the sign). Several structure functions for individual tracks are also
shown in gray to illustrate variability. A power law is indicated as a reference in
the range with negative energy flux.
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Movie S1. (separate file)

A movie showing density fluctuations at different heights in the entire domain

is provided as Supplementary Material. The movie features the development of

large-scale structures as well as the formation of small scales. Note the emergence

of macroscopic cyclones and anti-cyclones with relative lower and higer densi-

ties, as well as small-scale overturning events reminiscent of Kelvin-Helmholtz

billows.
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